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ABSTRACT 

The differentlal distributions in energy and angle of the nt in the 

reaction a -  t p - a t  t n- t n have been measured  with a scintillation 

counter telescope used for  at  detection and a magnetic spec t rometer  
t for  a energy determination a t  n- incident energies  of 365 MeV and 432 

MeV. At each of the labora tory-sys tem angles 20, 50, 80, and 110 

deg, nt were  detected in scintillation counters placed af te r  the spec-  

t romete r .  This sys tem covered a major  portion of the kinematically 

allowed nt energy spectrum. The values of T and ATAS2 for  each 

counter a f te r  t h e  spec t rometer  were determined by suspended-wire 

measurements .  Loss  in rt detection efficiency due to the decay of the 

n was calculated. The et  contamination in the nt telescope was calcu- 

lated and found to ag ree  with a measurement  made a t  20 deg. 

The total c r o s s  sections a t  365 MeV, 2.39k0.20 mb, and a t  432 

MeV, 3.98*0.20 mb, a r e  in agreement  with other recent  measurements .  

The angular distributions in the center  -of -mass  Gystem (c .  m .  ) a r e  
-9. 

d o / d ~ - ' ) ~ ~ ~  MeV = [(190*16) t (1 0+27) coseS] pb/sr and 
.lr 

d ~ / d ! i 2 " ' ) ~ ~ ~  MeV = [(317*16):+ (3 5*26) coseii] pb/sr .  At the higher 
t .  

energy the forward peaking of the n i s  l e s s  pronounced than in a p r e -  

vious measurement  of that charac ter i s t ic .  Both total c r o s s  section and 

angular distribution can be explained to present  accuracy  with two 
t 

models:  a nn interaction model and a n  isobaric  model. The n c .  m .  

energy distributions were observed to peak a t  lower energies  than p r e  - 

dicted by a phase-space distribution, thereby suggesting the presence  

of isobar  formation in the final s ta te .  An at tempt  was made to f i t  the 

energy-spec t rum data to an  isobaric  model using a s  many a s  three  

pa ramete r s .  At 375 MeV moderately good fi ts  a r e  obtained, whereas 

a t  432 MeV no reasonable f i t  to the measured  energy spec t rum could 

be found. 



I .  INTRODUCTION 

The success  of the Chew-Low static-model formalism1 in ex-  

plaining the so-called (3, 3) resonance ( T = 3 / 2 ,  J = 3 / 2 )  occurr ing a t  a n  

J energy wITN of about 1238 MeV in the IT-nucleon sys tem prompted sev-  

e r a l  theoreticians2 'to extend that formal i sm to the p rocess  of single 

-n-meson production in TN collisions a t  low energi,es (up to 400 MeV 

incident pion kinetic energy) .  The reactions involved a r e  

IT- t p - n t  t IT-  t n, (1) 
- - 0 

TT +p-+TT + T T  + p ,  (2 )  
- 0 0 

IT t p - . I T  + I T  t n ,  (3) 

nt t p -  rt t nt t n, 
0 

(4) 

and nt t p + k t  t n t p. (5)  

Experimental  evidence not in agreement  with theory f i r s t  appeared in 

the study of Reaction (1)  in  1958. A second experiment,  a l so  Reaction 

( l ) ,  by Pe rk ins  e t  a1.4 in 1959 showed the following resu l t s :  

(a )  The measured  total c r o s s  section was found to be higher by about 
. . 
a factox.of .10 than that predicted by the s tat ic  model. 

(b) The total c r o s s  section was a sharply r is ing function of the in- 
\ 

cident pion energy. 

( c )  The angular distribution of the IT+ in the overal l  center -of -mass  

sys t em was found to be forward peaked a t  317 and 427 MeV, and was 

isotropic at '370 MeV. 

Rodberg proposed that the s ize of the c r o s s  section might be due 

to an interaction of the incident IT and a IT in the nucleon cloud.5 He 

considered only s- and p-wave TIT interactions.  ( F o r  the incident 

energies  370 and 427 MeV the maximum values of a,,, the energy in 

the ITIT sys tem,  a r e  respectively 41 6 and 460 MeV. ) The sizable c r o s s  

section a t  low energies  sugge sted a la rge  s -wave interaction, whereas 

the sha rp  r i s e  a s  a function of energy required a p wave. He p e r -  p/ 
. - ' fo rmed the calculation in  the ze ro  -range approximation, assuming that '  

only the one-meson-exchange t e r m  contributed. He considered the 

possibil i ty that one of the final pions resca t te red  off the nucleon in  the 

(3,  3) s ta te ,  and concluded that the e f fec t  was s m a l l  because the value of 



"'TN averages 100 MeV below the resonance value a t  these incident 

energies .  w a t  370 MeV i s  about 1220 MeV and a t  427 about 
ITN m a x  

1255 MeV. 

F o r  a given par t ia l  wave in the ITIT sys tem the  model predicted (? 
a pion angular distribution in the over -a l l  center  of m a s s  f r ame  favor-  

a 

ing forward angles,  and a n  energy distribution "tending toward slightly 

higher energ ies  than predicted by phase space.  " The isotropy of the 

angular distribution a t  370 MeV (a t  which energy the p wave may 

become important) could be d u e  to a11 interference of the s -  and p-wave 

interactions.  S o m e  expcctatinnq fnr  Rndherg's mndel at, higher e n ~ r g i e s  

(about 400 MeV), where the p wave should be mos t  important,  were  

that. 

(a) a forward-backward a sy~r i r r l e l~y  sllould appeal- in tke wv i. lii. 

sys tem,  

(b) higher ITIT energies  should be favored, 

(c )  the rat io  of the c r o s s  section for  Reaction (1) to that for  Reaction 

(2) should approach 2. 

The resu l t s  found by Perk ins  e t  a l . ,  and Rodberg's proposal,  

were  sufficiently interesting that in 1960 our  group a t  the Lawrence 

Radiation Laboratory decided to concentrate on the measurement  of 

 IT^ inelastic react ions a t  low energies .  The study of IT- t + IT' t IT-  t n  

(Reaction 1 )  reported in this thesis  was undertaken to verify P e r k i n s ' s  

resu l t s ,  to improve the s ta t i s t ics  of the measurement ,  and in par t icu lar  

to study the IT' energy d i s l r i l u l iu~ l s ,  L e ~ a u s e  the l a s t  alSe se~ i s i t i ve  to  

any IT-n f inal-s tate  interactions.  Subsequently Reactions (2) and (3) 

were  a l so  measured .  They a r e  discussed in Sec. VII. A. 

Perk ins  e t  a l .  had used the IT' .+ pt + B decay scheme to verify 

the presence  of the IT', and a range scheme to measure  i ts  energy. 

The efficiency of the i r  IT' telescope averaged about 25%. In our  

measuremen t  a magnetic spec t rometer  and a scintillation counter 

telescope having a n  efficiency of about 9070 were  used to identify pos i -  

tively charged par t ic les  and to measure  the i r  momentum. Pro tons  

were  excluded f r o m  the rt telescope by range requirements .  



A second conjecture regarding P e r k i n s f s  data was advanced in 

1961 by V. V. Anisovich. He could fi t  a l l  of Pe rk ins ' s  data by ui ing 

a model that did not include a ITIT interaction, but required only the p r e -  

b f ~  , viously mentioned basic (3,  3) resonance. The final -s ta te  interaction 

was .sufficiently strong to.explain the sharp  r i s e  in the c r o s s  section 

a s  a function of energy. At 432 MeV, our  highest incident IT- energy, _ 
the maximum uTN attainable was 1240 MeV, so that the g rea te r  pa r t  

of the data l ies  below the peak of the resonance. Because IT-n i s  a 

pure T = 3/2 s tate  whereas ntn i s  both T = 3/2 and T = 1/2, there i s  a 

g rea te r  probability f o r  the isobar  to be formed between the IT- and the 

neutron than between the IT+ and the neutron. At 365 MeV IT- incident 

energy the total center -of -mass  energy, E:', i s  1359 MeV and a t  432 

MeV incident energy E'" = 1405 MeV. After the formation of a 1238rt50- 
t MeV isobar  very  l i t t le energy i s  left over  f o r  the recoi l  IT . 

The main  difference, therefore,  between the ITIT model and the 

isobar  model that could be determined f r o m  this experiment  would be 

in the IT+ energy spectra .  The isobar  model would favor low c.  m. 

energies  for  the IT+, while the model would favor higher c. m .  

energies .  The angular distributions cannot be simply inferred,  and 

a r c  discussed in Sec. VII. 



11. PION BEAM 

A. Design 

This experiment  was performed during July and August 1960 in 

the meson cave of the 184-inch synchrocyclotron a t  the Lawrence 

Radiation Laboratory.  

A r -  was produced in the reaction p + n + p + p + .rr- when the 

internal  732-MeV proton beam s t ruck  a beryllium target .  The r -  

"spray" was then bent out of the vacuum tank by the magnetic field of 

the G J ~ C ~ Q ~ T C ~ ~ ,  and a chosen m~merntum interval  xrra s ~nl1,ected hjr a 

quadrupole doublet Q1 ( s e e  Figs. 1 and 2) and rendered para l le l  through 

the meson wheel. The meson wheel i s  an 8-f t -diameter  i ron  cylinder, 

1 f t  high. T11e wheel ca i~ ta i i~s  a slot 12 in. wide, 8 in. high, and 8 ft 

long through which the emerging pion beam i s  passed.  Since the center  

about which the wheel rotates  i s  fixed, the s lot  mus t  be aligned a t  the 

angle that i s  optimum for  the pion energy des i red .  The wheel's angle 

i s  defined a s  the angle the s lot  makes with the normal  to the cyclotron 

tank wall (Fig.  1 ) .  The par t ic les  emerging f r o m  the cyclotron were 

momentum-analyzed by the bending magnet (a l so  in Fig. 1) .  The beam 

was then focused onto a liquid hydrogen ta rge t  by a second doublet 

quadrupolc Q2. Two c o l l i m s t o r ~  were u ~ e d  to fur ther  dcfinc thc beam 

spot and keep sp ray  off the aluminum flanges of the hydrogen target .  

A number of considerations were  important in the design of the 

beam: 

( a )  P lacement  of the Be ta rge t  and the wheel angle setting were nec-  

e s sa r i ly  different f o r  d i f fe rent  momentum beams because of the effect 

of the cyclotron magnetic field on the emerging negative pion beams.  

(b)  Assuming a phase -space distribution f o r  the ~ - - ~ r o d u c t i o n  p ro -  

c e s s ,  we expected the g rea te s t  flux of IT- f o r  0' production, and for  

the ta rge t  a t  cyclotron radius = 82 in. , the radius a t  which the internal  

proton beam achieves maximum energy. t '  

( c )  The nt-detection sys t em required a c i rcu lar  a r e a  10 ft  in d iam-  

e t e r .  Such an  a r e a  was available only in the northwest corner  of the 

meson cave. Therefore,  the approximate location of the hydrogen 

ta rge t  was predetermined.  



Meson 
wheel 

Cyclotron radius 

8 i n c h  quadrupole 

Be~!ding and analyzing 
magnet 

Fig.  1 .  Diagram of meson  cave beam setup. 
Detail  of exper imental  a r e a  i s  given in  Fig.  5, 
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Fig.  2. Diagram of beam optics.  
Q = quadrupole magnet  
C = quadrup,ole e lement  converging the beam. 
D = quadrupole e lement  diverging the beam. 



(d) I t  was undesirable to a l t e r  the exper imental  setup,  mainly the 

LH2 ta rge t  position, when changing n-  incident energ ies  f r o m  365 to 

432  MeV. 

By t racing pion orb i t s  through the known cyclotron magnet ic  field 

we de te rmined  the best  sett ing of the wheel angle for. the Be t a rge t  a t  

cyclotron radius  = 82 in. and fo r  0' production of the T -  off the ta rge t .  

Since the cen te r  of the meson  wheel i s  fixecl, the t a rge t  posit ion had to 

be adjusted in azimuth.  (F ig .  1 ) F u r t h e r  o rb i t  ana lys i s  yielded the 

effective object  d is tance of the ta rge t  f r o m  quadrupole Q1, which was 

used to calculate the Ql c u r r e n t s  and polar i t ies  requi red  to r ende r  the 

beam para l le l  inside the meson  wheel. The decis ion to r ende r  the beam 

para l le l  in the wheel was made because Q1 was not s t rong  enough to 

br ing pion beams  of the des i r ed  energy  to a focus.  

The angle of bend f o r  each  pion energy was then completely d e t e r -  

mined by the calculated wheel sett ing and the des i r ed  location for  the 

liquid hydrogen ta rge t .  To change over  f r o m  one energy  to the o ther  

necess i ta ted s m a l l  movements  of Q1 and of the bending magnet  and a 

re locat ion of the Be ta rge t .  

Bending -magnet  c u r r e n t s  giving the des i r ed  bend f o r  the se lec ted  

pion momenta  were  exper imental ly  de te rmined  before the ac tua l  run  .by 

suspended -wi re  measu remen t .  Quadrupole c u r r e n t s  we re  expe r imen i  

tal ly optimized to give the bes t  beam spot  and max imum pion flux a t  the 

hydrogen ta rge t .  A sample  beam prof i le  taken a t  the t a rge t  posit ion 

(432 MeV IT- energy)  i s  shown in Fig.  3 .  

B. Beam Energy  Determinat ion 

Integral  range cu rves  of T -  in copper  a b s o r b e r  we re  obtained 
- 

f o r  both IT incident ene rg i e s .  F igu re  4 shows the range  curve  fo r  

365 MeV. S t ra igh t  l ines  AB and BC were  d rawn  under  the assumpt ion  
- - 

of a rec tangula r  energy  dis t r ibut ion f o r  both the IT and p . The 

s t r a igh t  l ine  segf-nent l e f t  of A i s  a n  approximat ion of a s m a l l  p a r t  of 

. the exponential T-absorpt ion curve .  Po in t  A i s  the b r e a k  between the 

cu rve  f o r  T -  nuc lear  in teract ion l o s s  and the ac tua l  stopping of pions 



. . .  . .* ,. , , . . . ._ ' I .  

. . .  

Distance from center (in.) 

Fig.t3. Beam prof i les  a t  the hydrogen t a rge t  posit ion fo r  
432 MeV incident energy.  

, M1 M2BF = number  of coincidences of moni tor  and 
. 
beam f inder  counters .  

. . ' .' M1 M2 - :.= number  of .monitor counts. 



Th ickness  o f  Cu ( g / c m 2 )  
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Fig.  4. In tegra l  range curve  fo r  365-MeV -rr- beam. 
MlM2R - number  of coincidences of moni to r  and 

range  counter .  - 
~ 1 . ~ 2  = nu&ber of moni to r  counts.  



due to range.  B i s  the break between the n-stopping curve and the 
- 

p-stopping curve.  The energy l imits  of the n were determined f r o m  

range -energy tables using points RA and RB. The central  energy 

was takcn halfway between the two linlititlg erlergies. The energy spread 

given by the range -curve determination ag rees  with the spread expected 

f r o m  co~~siclerat ior l  of Llle magnet 's  proper t ies  and the geometry (f 37'0). 

C. Beam Contamination 

- - 
Tho b o s m  contamination0 conaiatcd of p and t . To Ll~e liglll 

oi point K in E'ig. 4 only par l ic les  of range grea ter  than 380 MeV B - 
remain . (pY s and e ' s ) .  Point RC m a r k s  the l imit  of p range. 

T u  llle rig111 uf R positrons and elecerons remain. However, these 
C 

a r e  not a m e a s u r e  of the actual  e -  contamination. They a r e  mainly due 

to charge exchange in the copper abso rbe r  which eventually resu l t s  in 

p a i r s  that produce showers in the copper. ( F o r  the reactions inv'olved 

see  Sec. V. B.) An order-of-magnitude es t imate  of the contribution to 

the total number of e lectrons and posi t rons a t  point RC of the range 

curve (Fig .  4) due to the charge-exchange-caused showers gave for  the 

ordinate a t  RC a calculated value of 0.01 6, whereas 0.@23 ,was the m e a s  - 

ured value. The e -  contamination was not measured  during the run, 

but was measured  fo r  a s imi lar  type of beam with a gas  Cerenkov 

counter and determined to be 0.370. 

The muon contamination due to muons of range grea ter  than 

2 2 5  g/cm2 was obtained by subtracting the electron background a t  

point B' f r o m  the muons plus electrons a t  point B in the range curve.  

Muons ar i s ing  f rom T -  decays before the bending magnet were  

momentum-analyzed and those within the defined momentum interval  

were included in the above measurement .  Muons ar i s ing  f rom the decay 

of IT- a f te r  the bending magnet have a spec t rum of energies .  Only the 

fraction of these whose range was g rea te r  than the n range were  in-  

cluded in the measurement .  The p contamination af te r  the magnet 
i: 

was calculated and combined with resu l t s  of range -curve measuremen t  

to give a total muon contamination. 



The proper t ies  of the beam a r e  l isted in Table I. 

Table I. Beam propert ies .  

Energy (MeV) 

p- contamination (%) 

e - Contamination (%) 

Flux (rr/minute) 3 X 1 0 6  . . 1 X 1 0  
6 



111. EXPERIMENTAL APPARATUS 

A. Hydrogen Targe t  

The liquid hydrogen target used in this experiment was of the type 

descr ibed b? Newhart e t  al.1° The liquid hydrogen was s tored in a r e s -  - 
ervoi r  surrounded by a vacuum, an aluminum heat  shield, and a liquid 

nitrogen r e se rvo i r  in o r d e r  to minimize the boiling of the hydrogen. 

The f lask was a 2-in. -diameter  cylinder extending 4 in. along i t s  

cent ra l  ax is ,  which was para l lc l  to thc beam (h'ig. 5).  'The. walls of thc 

flask 7 ~ . T ~ r o  6 m i l  haylar, Thc flaolc t...ao ouopcndcd in s chambcr having 

an "aluminized" Mylar window 4 in. high and subtending a c i rcu lar  a r c  

of 240 deg. The flask walls and window wprp made thin so a s  to reduce. 

the ratio of background eo the hydrogen-derived part ic les .  

3 

B. Beam Monitor 

The n- beam a t  the cyclotron was produced a t  the ra te  of 64 

cycles p e r  second. Within each cycle the beam was spread  over  a 

period of about 400 microseconds.  The beam "spill" had. a fine s t ruc -  

tu re  about 13 nsec  wide every  54 nsec within the 400 psec. Our beam 

design gave us a n  increase  by a fac tor  of three  to five over intensit ies 

previously achieved in the meson cave. This inc rease  in intensity a l so  

gave us the problem of monitoring the beam accurately.  It put us in 

the region where the probability of getting two IT- in one 13-nsec fine- 

s t ruc ture  pulse was about 10%. This probability will be r e fe r red  to a s  

"beam bunching" o r  just  "bunching. " 

Two scintillation counters,  called the "beam monitor" counters,  

detected the incident n-  beam before i t  entered the hydrogen target  

( see  Fig.  5).  Since a pulse f r o m  each of the counters was required to 

turn  on the electronics  of the nt telescope, the counters defined the 
6 beam size a t  the target .  At high beam levels - -approx 3x1 0 /min-  -the 

beam monitor counters~,would count low by a s  much a s  10% owing to 
k' 

bunching. ~ h e r e f o k e  we a lso  s e t  up a two-c~ouriter:tklas:cope~'daSignated 

"Scattering Monitor, I '  which monitored the par t ic les  sca t te red  off our  

ion chamber.  This telescope did not have the bunching problem. because 
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F i g .  5. Diagram of experimental area. 
. . 

: I .  . . 

. . . . . . . .  . . . . . . .  . . . . . .  . . .  



i t s  ra te  was approximately 1/20 that of the beam monitor. The r e -  

sponse of our  ion chamber (Fig.  5) was found to drift ,  with a ra te  that 

was easi ly  measurable  but that var ied with t ime.  Since i t  was imprac'- 

t ical  to malcc dr i f t  measurements  every few hours ,  the ion chamber 

was not used a s  a monitor but was used to check the l inear  response of 
- * 

the other two monitors  a s  a function of beam level. Figure 6 shows 

that the response of the scat ter ing monitor was nearly l inear  a s  a func- 

tion of beam.leve1 whereas that of the monitor counters was not. With 
.. a .  ' ,  

the aid o i  thk'.'; ~ i i t t e  ring monifo r bunching co re c.tfdfi'.'%dd~B iriadt: tu  the 
I .  .::...: '. ' .'. ..*'. I. !., . . '  ..,. 

, beam monitor, giving the truc nunsbcr of ?-  p a ~ a i n g "  thl6'ugjl.~ l~eaul  

monitor counters.  , , 

. . .  
. . 

Tabl.t:lI. summa.r.iz.e.s the thre':e :pieces. of. :beam.+moni.t.nri.ng eqi~ ip ,~e, .n t t .  
. ,  2 

. .  
Tab le I I .  ; Beam-monlto r equipment. ' 

. . +  
Monitor..: Dimensions (in. ) . . Description 

,: I I : . -. 
Ion c h a h b t r  4 ( d h m e i e r )  Lucite f r ame ;  

.. . three 2-mil A1 plates ,  

two 5-mil  A1 walls.  

P r e s s u r e :  2 lb;  mixture 

Height Width  .Thickness 

Beam 
Monitor 

M1 1 2 1/8 p la s t i c  s cintillator 

M2 3/4 1 -.3/4 1/8 Plas t ic  scinti l lator . : 

Scattering 
monitor 

S1 5 5 1/2 P las t ic  scinti l lator 

S2 5 5 1/2 Plas t ic  scinti l lator 



10"' chdhber charge /.mi", doriected {dr dr i f t  (arbitrary units 1 

Fig. 6. Linear i ty  t e s t  of beam moni tor  and sca t te r ing  moni tor  
a s  a function of beam level.  

. . . . 



C. IT' Telescope and Spectrometer  

One a i m  of this experiment was to detect the rrt with a much 

g rea te r  efficiency than in the measurement  of this reaction by Pe rk ins  

e t  a1.4 They detected the n+ by i t s  decay, and determined i t s  energy 

f r o m  its range in copper. Their  efficiency averaged 25%. Our .rr 
t 

~teles 'cope used a magnetic ~ ' ~ e c t r o m e t e ' r  both for  'momentum analysis 

and for  identification of the charge of the par t ic le .  The losses  in ef- 

.ficiency were"due to (a )  absorption and multiple sca'tter.ing . , of the IT' 
. . ,  t in  pa r t s  of the telescope ( see  Fig. 5) ,  and (b) decay of the I .  n+ to p + V. 

Thc rclc s cope consis red of two s cintillaLiuli cu u11Le r s, C.1 alld C2, 

before the spec t rometer  magnet,  and five se t s  of two~scin t i l la tors ,  IT 

, and  n',  a f tc r  thc rnngnct. Protono wcrc not counted i n t h e  final TIT' 

counters because copper sheets  sufficiently thick to stop them were  

placed between the la t te r  counters.  The ext ra  absorber  lowered our  

efficiency by only 2%. This i s  because a ,pion and a proton of the same 
'!. 

momentum in our  momentum region have r'anges in the ratio of approx- 

imately 100: 1. 

'. .. What the IT'., telescope did not do .was to .separate the IT' f rom 
t the . pt .. o r  . e ., The pt that came . . .  about f r o m  the decay of the ITt 

could not experimentally be eliminated, and therefore a correct ion de -  

scr ibed in  Sec. V.  C. 1 and Appendix A was applied to the data. 

The et contamination came f r o m  the canversi.on of y rays  

a r i s ing  f r o m  the decay of the'  IT'. The reactions involved in et  p ro -  

duction a r e  

An at tempt  was made to experimentally eliminate the et by use 

of a 1 -cm-thick glycerol Cerenkov counter. It was inser ted between 
. . , . ,  . . 

counters C.! and C2 with the intention o f  detecting positrons but not the 
t 

IT . However, this counter failed because of poor light collection. 

Some of our  ea r ly  data were taken with the Cerenkov counter in place. 



These were compared with data taken l a t e r  without the Cere'nkov counter, 

and they agree'within the s tat is t ics  '.of e i ther  rneabureirient. The et  

contamination cor rec t ion4s  described. in Set. V. B. . ..''.': ' . ' 

The physical character is t ics '  of the ' counter telesc,ope a r e  given 

in -Table 111. All s c in t i l l a to r s~~used  in this exp.eriment were a mixture 

of terphenyl and polystyrene. ' The 'light pipes were 'lucite. The scinti l-  
. . l a to r s  were viewed 'by RCA 681 0A phototubes. 

. . . . .  

Table 111. nt telescope sciritillation counters. 

Counter  eight Width ~ h i c k n e s  s 
(i:n. ) ' .. - (in.") (in).  

. . . . . . . .  / j  .. 
t The -rr . spectrometer  was a 13x24-in. C magnet with pole pieces 

shaped to give vert ical  focusing action at. the entrance edge ( see  Fig.  5).  - . .  . - .. 
At the exit edge . there was. either ver t ical  focusing o r  . . defocusing depend- 

ing upon the rit* exit  angle. The gap width was 4 in. ,Data were taken 

a t  .two magnet- cur rent  settings . . i n  . . .  ,order  . to accommodate the range in . . .  
t the momenta of the IT ,. . which . varied a s  a,functjon of laboratory-system 

. . angle.,. (See Table IV. .) . I " . .  . . 

Table IV.' ~ ~ e c t r o m e t e r  prbpert iks .  
. . 

Angle (lab) Magnet cu r ren t  Magnetic field TT~. 
, (A) (deg) (gauss)  (MeV) 



The magnet, along with the counter telescope, was mounted on a 

s tee l  f r ame  fastened to a 4-ft  -diameter  gun mount in o r d e r  to facil-  
t i tate change of the angle of observation of the IT . The hydrogen ta rge t  

was suspended f r o m  above over the center  of rotation of the gun mount. 

Suspended-wire measurements  were made p r io r  to the run to 

determine where the nn' counters should be placed with respec t  to the 

magnet. In an  analogous case  in optics, i f  a light source of variable 

frequency emi ts  light that passes  through a p r i s m  a separate  image i s  

produced for  each frequency of light errlitted. I1 the Irequericy rdnge i s  

~antir1ut5ds the l~ rcus  01 Lhe iudge UI 111e ~ U U L  ~ e ' 5  ~ e l l L e L  ib d brrluulll 

curve. In our  case  we determined by suspended-wire measurements  

a curve of momentum foci, assuming a point ta rge t  source located a t  

the position of the center  of the hydrogen target .  During the run the 

TIT' counters were  positioned along this line perpendicular to the ray  

of the des i red  momentum that had passed through the center of counter 

C 2 .  Figure 5 shows where the measured  line of foci lay with respec t  

to the magnet f o r  both magnetic field values.  

The s izes  of the nn' counters tangent to the line of foci were 

varied s o  that the nn' counter momentum acceptances were  about 

+ 10% a t  a l l  nt energies .  The height of the nn' counters was chosen 

to be 1 2  in. so  that any possible ver t ical  d!kfocus i i~~ action a t  the exit . 

cdgc would not cauoc thc nt to rnioo thc - rca r  countcr3. 
\ 

The suspended-wire method was a l so  used to determine that the 

co r rec t  maximum vert ical  s ize of counters C l  and CL was 1 in. The 

requirement  was that no nC produced by an  incident n- passing through 

M 2  (3/4-in. ver t ica l  s ize)  should pass  through C 2  and be able to hit the 

magnet pole pieces.  The limiting aper ture  of the telescope in the ver  - 

t ical  direction, was therefore,  counter ' ~ 2 .  
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D. Electronics  

The block d iagram of the electronics  used i s  found in.Fig.  7 .  A 

beam-monitor count was given by a coincidence M1M2 in coincidence 

circui t  W1. ,The  sum of accidentals and of the bunching corr-ection for  

W1 was monitored s~imulta~neously~in W2 where M1 was delayed 54 nsec 

(1 fine pulse) with respec t  'to M2. The accidentals (about 57'0 

of W2) were  calculated f r o m  the measured  singles ra tes  and the reso lv-  

ing t ime of the circui t  (4  nsec) and subtracted f rom the total to give the 

hllnching correction. Si.nce accidentals were small ,  W2 essentially 

measured  the probability of two pions' being in adjacent fine - s t ruc ture  

pulses ,  which i s  the same a s  the probability of two pions' being in the 

s a m e  fine - s t ruc ture  pulse. 

A '!..!common" pulse occurre.d'.sf ;t'h:e:= was a coincidence M1 M2C1 C2 
, , 

: . in W3, , This 'coincidence circui t  regis tered a l l  the par t ic les  passing 

' through C1 and C2 produced in the ta rge t  by the incident IT- beam. The 

common pulse was, then placed in c0incidenc.e' .. .. with a l l  the separa te  'TT'. 

combinations in circ1.1j.t~ El t.hrn11gh E5; verifying that a positively 

charged part ic le  had passed through the spec t rometer .  "Accid&ntal" 

c ircui ts  E1A to E5A required the same coincidences except that the 

"common" pulse was delayed 108 nsec,  o r  2 f ine-structure widths. 

This delay was taken a s  1 08 nsec r a the r  than!.54.nses because the t ime 

acceptance of the E circui ts  was about 50 nsec.  
. , 

The.  k accidental  ra te  ave ra i ed  4% of the r ea l  ra te  ("reals") a t  

20 deg, where .the numb,er o f  commo.n pulses  was grea tes t  owing to the . .. 

forward  peaking of the elas.tic scattering. At 11 0 deg the accidentals 

were  highest, averaging 67'0 of the reals ;  b e c a k e  at this angle the ITIT' 

counters h e r e  closest  to the actual  beam iink. At the intermediate 

angle's the accidentals averaged 170 of the rea ls .  The lead shielding 

wall next to the ITIT' counters (E'ig: 5) was e ~ s e n t t a l  in keeping the 

accidentals low. . ~ k n d h i n ~ i n  the.. IT' telesdope was negligible, since 

the probability ofSdetect'ing one ?+ was very small .  



. , :. . . . . . . 

Cerenkov . .  - . . 

MI hi12 CI ) C2 lr, 7$l  I iT3-IT31 : 

. . . . 108 nsec delay 
, . 

. . 

. , . . . . Fig. 7. Electronics  block diagram. Descriptions of circuits . . . . may  be Ioul~d 111 Lilt: Rdclialiurl Laboratory Counting 
. . . . . Handbook, UCRL-3307 (Rev. ). 

. . . . W - three-channel fas t  coincidence circui t  (Wenzel) 
E - th ree  -chanliel coincidence and anticoincidence 

. . .. , unit (Evans) 
D - three -channel amplitude discr iminator  

. .  . . .  
' . ( P e r e z - ~ e n d e z )  

. . . . .  . . D4.0 - special  40-Mcd.iscrim,~na.tor--scale-.of-8 p r e -  

. . sca le r  (Jackson) . . . . . . . . .  . . 
..S - . .  scale 'rs . . 

J . . . A .  - Hewlett-Packard .A.distributed amplifier 
B - ' ~ e w l e t t - P a , c k a r d  B' distributed amplifier 

" .A;. L, . . . . .  . . added'-cable delay .. ' . ' . . .  



: _ . : 
IV. EXPERIMENTAL PROCEDURE, 

, . .  . . . . .  . . . .  . .  . 
, _. . .: : . ' .: 

. A. vf' Measurement  !. 

, I t  was neces sar$ '  to exp&rimenti l ly  se t  the 'lBd&ti&n of the internal 

Be target  before each day's running, owing to the inability of the cyc1o.k::. I 
.' tron-'crevri to exactly reproduce th.e target  sittirig. ' Th'e tar'get position 

was determined by maximizing the beam monitor ra te  in 'counters M1 
. . 

and M2. 
. . 

The ' .rr data were  taken with the hydrogen ta rge t  f lask both full 

and empty. The "flask-empty" counts were due to reactions in the 

ma te r i a l  surrounding the target ,  .and the "full" counts were  due to r e  - 
. . 

actions f rom both the hydrogen and the surrounding mater ia l .  The I '  in-  
.. . . . 

' 

out ratio,  " o r  the rat io  of the IT counts.'with the hydrogen ta rge t  full to 
, , . . 

a counts with the f lask empty, ave raged  2:l a t  backward angles and 3;::l. 
. . . . 

a t  forward angles.    he rat io  of target-full '  to target-empty 'running 
. . 

time was taken a s  the square  'root of the l i i i - ~ ~ t l l  ratio' in orde'r to op - 

timike thk c'ounting s tat is t ics  a t  each'point. ' The ta rge t  was filled o r  
. . , . .  . 

'.' emptied every two hou'rs to as'kure a s  much a s  possible that any change 
. . 

in running conditions be present  in both target-full  and target-empty 

data. To minimize the rejection of runs  due to electronic equipment 
. . . . .  

fai lure  the data were  recorded every  hour o r  sot All  the runs were 

checked for  consistency and the runs having obvious mistakes were r e -  

jected.' .  Less .  than. 1% of a l l  runs were  rejected in this way. F o r  each 
. . .  - 

IT counter a t  each lab angle a l l  the separate  runs were  added together and 

the net  yield p e r  unit monitor,  Y ,  along with i t s  statist ical ,  uncertainty, 
. .  . . . 

AY, we r e  calculated by 



where 
. . 

5' = number ,of *. counts recorded.with' the hydrogen target  full, 

E = number of n counts recorded with the hydrogen target  empty, 

Af = number of rr accidental  counts recorded with the hydrogen ta rge t  

full, 

A = nulnber of n accidental  counts recordcd with the hydrogen ta rge t  
e 

Mf = number of M1M2 counts recorded with the hydrogen ta rge t  full, 

M = number of M1M2 counts recorded with the hydrogen targcl: cmgty. 
0 

B. . ATAL? Measurement  

The solid angle and energy acceptance for  each nn' co<nter a t  

each lab angle were measured  by the suspended-wire method. Figure 8 

shows the experimental setup and gives the coordinate sys tem used. 

Our method determined the acceptance, i. e. the product ATAQ of the 

nn' counters for  severa l  points of origin in the target .  The acceptance 

was then averaged over  the target  to give ATAS2 of each counter for  the 

whole target .  

The method used was based on the fact  that the limiting ver t ica l  

aper ture  of the telescope and spec t rometer  sys tem was counter C2 

( s e e  Sec. 111. C) and on the assumption that any difference between the 

energy acceptance of a nn' counter for  rays  out of the median plane of 

the spectrometer  and that for  rays in the median plane could be neglected, 

since the maximum deviation out of the plane was 26 degrees.  Under 

these conditions the acceptance of nn' was determined in t e r m s  of a 

coordinate sys tem x' with respec t  to counter C2. I t  was advantageous 

to do it in  this way ra ther  than by projecting C2. back on the nn1 counter 

because the use.ful a r e a  of C2 direct ly  determines the solid angle sub- 

tended by nn'. The method a l so  had the advantage that i t  was simple 

to determine the des i red  product ATAL? by tracing out the l imits  of the 
I 

acceptance in the T,-x coordinate sys tem and transforming to a T-Q 

coordinate sys'tem. 

The f i r s t  step was to m e a s u r e  fo r  a single point of origin in the 
1 

target ,  a s  a function 6f x (in cm),  the position in counter C2 (Fig.  8) ,  

fn6 6,rieigy bpr6ad AT(X') of n 's  passing through x 1  accepted by the nn' 



Center o f  
hydrogen 

target 

\ 
Incident ' 7 ~ -  

L e f t  

. F ig .  8. D iag ram of suspended-wire  se tup  f o r  A T A R  
de te rmina t ion .  



counters.  The limiting energies were determined by two suspended 

wires  originating a t  the target  point and passing o v e r  x v .  One of these 

(the lower energy) was terminated a t  the left  side of the counter and 

the other (higher energy) a t  the right side of m r v .  

F igure  9 gives the resu l t s  of typical suspended-wire measure -  

ments  made with the wire  origin a t  the pissition of the center of the 

hydr0ge.n; ta.rget. . In,  Fig. 9 fie absc i s sa  i s  the initial m kinetic energy : 

and :ihe ordinate x1 ( in  cm) i s  the position a t  which the,.wire passed over 
. . 

CZ when at equ11ibriui-n. C2':s:.center is aL x' = ~ . O . - J .  CUI-VCS A and E 

a r c  thc c~rtromiitios of C 2 .  The CI .~ ;~TTPS lahelkd TiCft and TLiglr t  r e fe r  
. . 

to the maximum and minimum energies  mentioned. 
. . 

The i e g i d i  enclbsed by the four curves A, B, Tlpft, and Tlight 
I 

is Llle acceptailce of thc TT' countcr in the..T-x :coordinate sys tem.  

Lines of constant x1 included in that region .give the aforementioned 

quantity A,T(x ' ) ;  while l ines of constant T in tha t  region give the p a r t  

of C2 in the horizontal  plane that i s  imaged a t  the back counter fo r  tha t .  
. , 

value of the pion .energy. Since the limiting vert ical  aper ture  of the - 
-': -: . . .  sys tem i s  counter C2, i ts  ver t ical  image mus t  necessar i ly  fall  inside 

the TT' counter. The a r e a  of C2 that determines the useful solid 

angle for  that. rrv counter i s  then the product of the height of counter 

C2 and the length of x '  that falls inside the above region. F u r  exa~rlple,  

in Fig. 9 at x' = 2.0 we have A ~ ( x ' )  = (79.4 - 63.6) MeV, and a t  

T = 68 MeV the portion of C2 that contributes to the solid angle extends 
I 1 f r o m  x = -2.25 tu  x 5.08. 

In o r d e r  to t ransform the acceptance u1 111e cuu~llel 11.0~ii a T-x'  

coordinate sys tem to a T-S2 coordinate sys tem and determine the de-  

s i r ed  ATAQ, each value of AT(X')  was weighted with a factor 
' . .  

hd;'cos6'(x1, 9) /k2(xv ,  y); and an in teg ra t ion  . . . w a s p e r f o r m e d o v e r  . x ' ,  

where 

h = height of counter C2 = 1.0  i n . ,  
- 
r = vector f r o m  targe t  point y to counter x ' ,  and 

6' = angle between the normal  to a r e a h d x '  and the vector r .  



Init. ial . kinet ic  e n e r g y  ' ,  ( M e V )  ., 

... . . . . .  , . . .  
t Fig.  9. Init ial  TT kinetic ,energy vs .  equi l ibr ium posit ion a t  

' 

counter C2 for  'doukter T T T T ' ~  a t  50° ,  365 MeV inc'ident 
energy,  originating a t  t a ' rge t , cen te r .y  = 0. . . : 

A, B , . , a r e  the ex t remi t ies  of c0unte.r C2. 
Left ,  Ri'ght 'refer' to th'e"kdges of T T ' ~ .  



In this s tep we have used the assumption that AT(X') was the same for  

rays  both in and out of the median plane. The expression for  ATAS2 

of the ITIT' counter fo r  a ta rge t  point y was 

Equation (9 )  was intcgrated numerically on the .T..RM 7 090 computer. 

The third s tep was to determine A T A 2  for  the whole target by 

ave rag i ig  the measured  A1l'ALl(y) over the target .  The averc~gi l~g  W A S  

performed by integrating that function over y and dividing by the ta rge t  

length. The integrativrl u v e r  Llie t a ~ g e t  length wao pcrformed on the 

basis  of three  values a t  y = 0, t 2 ,  and -2,the center  and ends of the 

target .  The uncertainty in  the determination of the value of Eq. (9)  was 

then mainly due to the y integration. Two methods were considered 

which usually gave the same  ans.wer to within 2%. Method 1 was to 

draw two trapezoids by connecting the three  points with s t raight  l ines.  

Method 2 was todraw a smooth curve between the three points and to 

integrate by hand. The values of ATASZ(y), the resu l t  of the x1 inte- 

gration, a s  a function of y f c r  naI2 a t  50 deg, 365 MeV i s  shown in 

Fig.  10 along will1 Lhe L w r v e s  for  the two m c t h o d ~  descr ibed.  

The previous tlcatiiicilt had aooumcd that s line target  w a s  a gnnd 

representation of the actual  cylindrical target .  This was a f a i r  approx- 

imation because 757'0 of the beam was contained within a c i rc le  of radius 

0.6 in. about the cent ra l  axis  of the cylinder. This distance i s  s m a l l  

compared with the distance to counter C2, so  that the average value 
2 2 of l / r  was approximately equal to l / rav .  

The uncertainty assigned to the ATASZ in mos t  cases  was taken 

a s  twice the difference between the values of Methods 1 and 2 descr ibed 

above. This uncertainty averaged 47'. However, some of the measure -  

ments  when plotted f o r  consistency showed a definite systematic  e r r o r .  

The uncertainties assigned to these points were  a s  high a s  1070. 
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Fig. 10. P lo t  of ATAR(y) .vs y for  counter ~ r . r r ' ~  a t  500, 365 MeV 
incident energy. 
Integration Method 1 gave ATAR = 0.370 MeV-sr and 
Integration Method 2 gave ATAR = 4.366 MeV.-sr. (See 
text for  description of methods. ) 



V. CORRECTIONS 

A. Beam Monitor.Correction 
. . 

Three s teps were  required to determink the actual number of T -  

striking the liquid hydrogen target .  

(a )  The total number of a l l  beam part ic les  passing through M1, M2, 

and the ta rge t  was determined by correct ing the number of.monitor 

counts a s  given by the M1M2 coincidence circui t  for  bunching, i. e. , the 

number of t imes that two o r  m o r e  part ic les  occurred  in one fine-strut: 
tu re  pulse. Bunching was measured  by delaying M 2  by one fine- s t ruc ture  

pulse with respec t  to M1 a s  descr ibed in Section 111. D. 

(b) The cor rec ted  number of monitor counts was adjusted to take into 

considera tion the p and electron contaminations (see  Table I in Sec. 11) .. 

(c )  The measured  beam profiles in Fig.  2 were  used to determine that 

8*17o of the counted beam completely missed  the hydrogen flask. 

At 432 MeV the bunching, the coincidence between M1 and M2 

delayed 54 nsec,  was measured  for  each run. The bunching correct ion 

a t  this energy averaged 2.5*0.570 of the measured  MlM2. The 365-MeV . 
data,  however, did not have the bunching measured  for  each run, but 

s e r i e s  of runs a t  s eve ra l  beam levels were  made periodically wherein 

the bunching. the number of monitor counts, arld the scat ter ing monitor 

were  recorded. Each  s e r i e s  was considered a calibration run. By use 

of the bes t  available measurements  of the bunching a t  365 MeV, the 

bunching correct ion was made and a value for  the cor rec ted  monitor,  

(Ml M2) determined. Next the fractional deviation 

I A(MlM2 c o r r  /S162)1 

( (MlM2 . c o r r  / ~ 1 ~ 2 )  I 
was evaluated for  each calibration run. A weighted average of the 

fract ional  deviations gave an  average deviation of 270~ The bunching- 

correct ion uncertainty was taken to be 2%. The average bunching 

cor rec t ion  a t  365 MeV was 1070. 



B. Pos i t ron  Contamination ' 

Since the charge-exchange c r o s s  section in'.the 350- to 450-MeV 

energy region i s  about ten t imes  the total inellastic, c r o s s  section for  
0 

n . production, the contaminating positrons a r o s e  main1.y f r o m  the decay 
4 

0 
of the ~ h a r g e ~ e x c h a n g e  T . The reactions involved a r e  

- 0 
-n. t p + v  t n ,  (1 0) 

0 
7T + y t , y , . . :  (1 1)  

0 
o r  n. -. y t et t e- ,  (1 2) 

and y,-. e t  t e- .  ' (13) . 

The decay of the no ,  Reactions- (1 1)  a n d ' ( l 2 ) ,  occurs  through 

Reaction (1 1) about 99% of the t ime and through Reaction (1 2) about 170 

of the t ime. The pa i r  produced in Reaction (12) i s  called the "Dalitz" 

pair.'" The pa i r  produced in Reaction (13) comes f r o m  the conversion 

of a y r ay  in the ta rge t  o r  some of i t s  surrounding mater ia l .  Thus i t  

was called the "conversion" pa i r .  

1. Calculation of Pos i t ron  contamination 

The differential  distribution of y ' s  a r i s ing  f r o m  the charge -ex-  
2 

change no decay, d u/dkdR, i s g i v e n  by squire1' in t e r m s  of the ex- 

pansionof  the no c a m .  c r o s s  section, d ~ / & " ' ) ~ o  = 1 a n P n ( a ) ,  (14) 

where a = cosine of rO c , m .  angle, 

Pn = the - nth-order  Legendre polyno&ial, 

a = coefficient of nth. .. ' t e r m ,  n - 
k = y momentum, 

and R = unit of solid angle (lab),  

The a g s  were  taken f r o m  the data  of Caris . '  The values of the a ' s  a t  

432 MeV were  extrapolated f r o m  his  data a t  lower energies;  the values 

used a t  365 MeV were  interpolated f r o m  his  data. , 

The probability of converting a y of momentum k i s  given by the 

pair-production attenuation coefficient of the ma te r i a l s  a s  a function of 

ko 14, 15 



The distribution of e t  momenta,  
* 

ar i s ing  f rom the conversion 

of a y r ay  of momentum k was taken to b; isotropic f r o m  p + = 0.0 to 
e 

p = k. The actual distribution bulges slightly a t  the high and low 
e+ 

ends,  but this was neglected in o rde r  to simplify the calculation. 
2 The distribution of d a /dp  dG? due to y conversion was then 

e + 

where a t ( k 9 )  = pair-production attenuation coefficient multiplied by the 

. , .  . 
. . thickness of abso rbe r  averaged over  a l l  the different 

l r ld l e~ ia l s  as a fuiiction of y momentum k'; 

2 c d2a  - . E . r r  .. d cr - -  
dTTTC1S2 .PTr 

= probability p e r  unit pion energy p e r  s teradian 
dp 

. . e of producing by y conversion and ef having 

momentum and direction the same  a s  those 

of the nf ,  

ET = pion energy, and 

P = pion momentum. 
Tr 2 d 

A silnilai- calculation wac performed to determine 
d a 
dTnds2 

unde r 

+ 
the simplifying assumption of zero  m a s s  f o r  the e . In the energy 

\ ~s 

region dea l t  with (60 to 300 MeV) this was not a bad assumption. S ta r t -  

ing f r o m  known angular and energy distribution of the Dalitz e t  in  the 

r e s t  f r a m e ,  l o  we t ransformed to the center -of -mass  f r ame .  This 

distribution was weighted by da/d!G?':') 0 of Car i s  and t ransformed to the 
2 d TT 

laboratory sys t em to yield d a /dE dS1; and again t ransformed to 

2 d 
e+ 

d a  . '  

. dTTTdS2 ' . . 

The resu l t s  of both these calculations a t  365 MeV a r e  shown in 

: .  Figs .  11 and 12:. 

. I . . :  . .. 



, . Fig. 11. P lo t  of d 2 0 ~ c / d ~ d S 2 v s  T,,for 365 MeV incident energy.  



Fig .  12. Plot  of d 2 p d / d ~ d f i  y s  T, for 3 .65Mev incident energy.  



2. Measurement  df e t  Contamination Due to y Conversion 

Table V gives a s  a function of lab  angle the values of 

/ k  . 
min 

where 
2 

i s  the probabili ty of producing a y momentum k p e r  solid 
rndk 

angle dS2 p e r  M ~ V / C ,  and da /m. : i s  that probability integrated over a l l  
12 allowable y energies  . 

Table V.  C r o s s  sections for  production of y by charge exchange 

Angle 
(lkb') j; 
(deg) 

k 
max  

( ~ e ~ / c )  

k ' min d a / d ~  

( ~ e v / c )  (mb/ s T) 

Table V shows that our  positron contamination was probably 

grea tes t  a t  20 deg. An experimental determination of the positron con- 

tamination was made a t  that angle fo r  both incident T -  energies .  The T 

data were recorded while ei ther  24 mi l s  o r  48 mi l s  of Cu was pasted 

on the front  of counter C1. The copper added m o r e  ma te r l a l  in which 

the y could convert  and had l e s s  than 1% effect upon the overal l  T effi- 

ciency. By fitting with a s t raight  line the TT counting ra te  a t  the three  

points (0, O.Q,ZrZ, and.0.048 in. Cu expressed  in t e r m s  of equivalent 

ta rge t  thickness),  we were  able to determine f r o m  the slope of the line 
. . 

,the posi t ron contamination due to conversion in the target .  With the 

IT' telescope a t  20 deg, and with 365 MeV incident energy, the m e a s u r e -  

ments  and bes t  f i t  for  T T T T ' ~  a r e  shown in Fig. 13. The e r r o r  flags r ep -  

resent  the s tat is t ical  uncertainty of the measurements .  
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Absorber ( target  thicknesses) 

Fig. 13. Measurement  of et contamination due to y conversion 
for  . r r ~ ' ~  a t  20' for  365 MeV incident energy. 



-35- 

3. et-contamination Correction 

Figure  14 i s  a comparison between the measured  and calculated 

contaminations due to conversion a t  20 deg (lab) angle for  365 MeV. 

The uncertainty assigned to the calculation was given by the uncertainty 

in the a ' s  of the charge -exchange cross,-section - measui.ements used for  

the calculation. The uncertainty assigned to the measured  contamina- 

tion was given by the e r r o r  ma t r ix  of the straight-l ine f i t  to 'the":measure - 
ments .  Since measured  and calculated contaminations for  conversion 

agreed reasonably well a t  20 deg, the correct ion for  positron contami'na- 

tion a t  a l l  angles was made by using the calculated values.  The above 

agreement  was about the same for  432 MeV, 20 deg. 

. The calculated total contaminations were 1670 'at 20 deg for  365 

MeV, a t  9% a t  20 deg for  432 MeV. The contamination dropped off 

rapidly with increasing angle. 

C. IT' Telescope Efficiency 

1 .  Effici.ency JAoss. Due to the Decay rt -+ pt + 
t The IT decays to a p.+ t 7 with a measured  mean life equal to 

2.55*0.03~1 sec.16 The path traveled by the rrt in the spec t rometer  

was long enough so  that 12 to 1870 of the  IT^ (depending upon i t s  energy) 

decayed in flight. . , 

The frac'tion of pions headed for  a par t icu lar  counter but los t  due 

to decay in flight was calculated on the IBM 7090 computer.  The los ses  

depended upon the total path traveled in the spec t rometer ,  hence upon 

the point of origin,  the direction, and the energy of the IT' leaving the 

target.  The average loss  in a IT counter was calculated in the follow- 

ing way: 

(a )  F o r  each pion "ray" t r ied the..fraction los t  by decay was calculated. 

(b) This fraction was weighted by the probability of production a s  a 

function of energy and angle of production. 

(c )  Rays were taken to o.riginate in seve ra l  locations in the target ,  

each having weighting f ac to r s  determined by the beam profiles and the 

target  volume that i t  represented,  
- .  

(d) The energy acceptance of the counter was considered. 



60 100 140 

TT I MeV ) 

Fig. 14. Comparison of measu red  and calculated et  contamination 
due to y convers ion ' for  a l l  .rr.rr.' counters  a t  20" ( lab) f o r  365 
MeV incident energy.  



. - 
(e)  '   he loss  was 'averaged over  the directions,  energies;  ' and origins 

' ' of a l l  rays  that could possibly enter  the. ' i  c'ounter'; (Details of the 

calculatidn may  be found in ~ ~ ~ e l i d i x  A. ) ~ i n = e  the p i th  in the spectrom- : , 

e t e r  was s o  important for  this calculation,: a correct idn was applied fo r  
. .. il?iperfections in the spectrometer-sim'ulation~~pro~cess. ' , . 

Every  IT counter lost  some counts owing to pion decay, but a l so  

gained back;;some counts owing to the 'detection' of muons. The muons 

refe ' r fed to a s  "the .gains, " which were' detected i n  a ITIT' counter centered 

about- IT energy T , h a y  haGe come froin three. sources.  
I T  

Source 1; Some frac'tiori 'of the muons f rom the decay of the original 

pions having energy T passed through 'the TIT  .. counter. 
. TT 

Source 2. Pions having energy different f rom TIT and decaying in 

the spectrometer  produced muons that may have passed through the T,, 
, . . . counter. 

Source 3 .  Some pions that .originally would not have passed through 

counters C 1  and C 2  decayed in such a way that some of the muons there - 

by produced successfully t r ave r sed  the spectrometer  and passed through 

the IT counters. . . 

The bulk of the muons--70 to 75% of the total number of muons 

'detected- -came f rom Source 1.  Source 2 usually contributed 20  to 2570 
. . . . 

of the ' total  "gains, " while Sdurce 3 gave only, 1 to 27';. Most of the 

Source 2 muons were  f rom the .decay of pions having higher momeritum 

than PIT. Only about 2570 of the muons ar i s ing  f rom the decay of a .pion 

of momentum p i  have lab  momentum 3pir. 

Because different counter a r rangements  were used a t  different 

laboratory-system angles, the "gains" calculations, requiring a very  
. . . . .  

long IBM 7090 computer program,  were computed for  a point target ,  

and for  a se t  of representative counters,  not the a.c:tud,. ones. In o r d e r  

to make the gain and loss  ~Alculat ions compatible, '  the lo s ses  were a l so  
- .  

caldulated for  the hoint target ;  and the rat io  of loss  to gain for  the point 

ta rge t  was as'sumed to be equal to'the ratio of lo s s  to gain for  the actual  

'system; T h e ' r k t i o  averag.ed over a l l  case6 was .1.7. 
t 

The correct ion to the ' IT -detektion efficiency of a par t icular  TIT' 

counter was given by the fraction A/B. A was the net number of IT 
t 

lost ,  which was equal to the difference between the number of ITt . . 



(headed for  that counter) that had decayed and the number of pt de-  
+ tected by the counter. B w a s  the original nurnb6r of ja produced a t  

. .  . .  . . . '  
the t a rge t  that would have been detected by the counter (neglecting any 

. . 

possible decay).  The correct ion,  therefore,  was the net fractional loss  
t 

of r -detection efficiency due to decay.' Because a t  higher lab angles 

the energy of the rt i s  relatively low and a lso  because there  i s  no la rge  

range, of energies  higher than the ones we measured ,  the gains f rom 

Sources 1 and 2 a r e  relatively l e s s  than, those gains a t  lower angles.  

The correct ion as  calculated in Apperlrli.~ A,  : therefore,  turncd out to be 
+ 

imootly a function of  labors t n r~ r - s~ r s t e rn  angle rather than of .rr energy. 
. I .  

The correct ions,  ' listed in Table VI. 

The same correct ions were applied to the 432-MeV and 365-MeV ' :..:.. . 

data  although the gain-to-loss ratioo were calculated a t  365 M e V .  A 

case  was run a t  432 MeV and the indications were that the correct ions 

would be the same  a t  the higher energy. ( F o r  details of the .calculation 

see  Appendix A. ) 

Table VI. Co' rection, a s  a function of angle f ( lab) ,  to the rr -detection efficiency necessitated 
by nt decay to y+ + v. 

~ a g n e t i c  field.: Angle (lab) O/o Correct ion 
(gauss)  (deg) 

-'- , - 
19.500 20 4.0tk1.0 

2.  ' ' ~ u c l e a r  Absorption and Multiple Coulomb Scattering 
.. . .  

Losses  due to nuclear absorption of the at in the telescope and 

hydrogen t a ige t  w e r e  calculatedfby using Stork's data.  l 7  The copper 

sheets placed between the rr and T' counters in the' high-energy chan- 
. . 

nels in o r d e r  to stop protons produced an  average  ' loss of 2% in the nt. 
. ,. , . 



The total absorption, including'the Cu, averaged 670 for  energies  above 

80 .MeV and f r o m .  . 2 . 'to 470 .. . f o r  . .  ene.rgies below 80 MeV. The uncertainty 

assigned to.  the ab.sorption correct ion . was . .  taken a,s 1070 ,of the correct ion.  
. . . .  - 

Losses  in the telescope due to multiple Coulomb scatteSing were 

calculated by using the Sternheimer formalis&l8 adapted to ' a  rectan-  

gular geometry. The calculation was performed for  Coulomb sca t t e r -  
. . . . . . .  

ing'.in.onl;y the vert ical  direction, for  i t  was assumed that each part ic le  

scattering left o r  right in the target  and missing the telescope was 

. . , 
compensated for  by a second part ic le  that was not headed for  the te le-  

. .. 
sc.ope but was scat tered into' i t . '  ~ l s o , ' t h e  same effect was assumed to 

hold for  par t ic les  sca t te red  by counters C1 and ' ~ 2  and supposed to 

count in the TIT' counters.  Since the IT and IT' counters were only 
. . . . 

1 inch apar t ,  the l o s s e ~  due to multiple scattering in passing f r o m  the 

IT td the Tt_..counter were negligible. - . ' 

.The.c.o,r.r.e.ction , . was found'to be.e'ssentially ze ro  in a l l  ca ses  ex- . . 

. . cept when data were taken with the Cerenkov . .. counter in place.  There 

the correct ion was 1.5% i n t h e l o w e s t  .energy channel (30 MeV) and ze ro  

in a l l  otlie 1;s.. 



.VI'. RESULTS 

A. Differential Dis tr'ibutions ' . 

. .  . 

The value of ' the laboratory-  sys tem differential distribution, 

d2&/dTdS2, was computed by 
. .  . . . 

where Y = net. yi,eld p e r  unif'inonitor, 
L L  3 

. . n = average number oi ta rge t  parr ic les  pe r  cm3-4. 1 5x1 0 / c m  I 

t := t a rge t  thickness = 10.16 cm, 
. . . . . . 

,E = fract ion of p- and e -  in beam, 
. . .  

ATAS2 = energy-solid-angle acceptance of the .  TT couiiter, 
. .  . .  . . 

2 c 
d a 

= c r o s s  section.for detecting a n  ef a r i s i n g f r o m  y conver-': . 

sion p e r  unit pion energy and ;unit solid angle, 
2 d d a 

dTdS2 = c r o s s  section for  detecting a Dalitz et p e r  unit pion 

energy and unit solid angle, 

r7 = telescope detection efficiency for  positrons,  
e + 

TI, = telescope detection efficiency f o r  the r+ (this includes 
t nuclear  absorptihn, p -decay correct ion,  a n d  multiple 

Coulomb scat ter ing) .  , , 

The uncertainty in d20/dT& wa.s determined fArom the uncertainlies ul 

the l is ted quantities under the a s  sumption that these were  no.rmtilly,r 
\ 
I 

distributed. 

F o r  each pion labora tory-sys tem angle, energy, and c r o s s  s e c -  

tion, the corresponding center -of -mass  quantities T':', 8':', and a 

d2c/dT:~m:k were  computed. Table VII i s  a listing of the f inal  values 

fo r  these quantities a t  both 365' and 432 MeV. 

The m o s t  interesting feature- bf the measured  rt c. m .  differen- 

t ia l  distributions i s  the low-energy peaking of the energy spectrum. 

A typical spec t rum,  the c .  m .  distributions for  the 50-deg laboratory-  
.C 

sys tem data,  8'"a,erage = 73 deg a t  365 MeV incident energy, i s  plotted 

in Fig.  15. The curve drawn i s  the phase-space distribution. A com- 

plete graphical presentation of the data m a y  be found in Sec. VII. A, 

F igs .  18  and 19. 
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2.41 + / -  0.19 
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Fig. 15. Measurement  of d20/d~"dL?" v s  T* a t  
.v< 

, .  e"*average = 7 3 " ,  eIab =. 5 0 ° ,  ,365 MeV. 



B. Angular Distributions 

Since the theories  describing single .rr p-reduction make use of 

the angular distribution of the IT' (Sec. VII), a method that was not 

model-dependent was used to evaluate that distribution. 

The c .  rn. angular distribution dddS2" was determined by integrat-  
ing d2u/dT"idR::: over  T" f o r  a constant 8':'. Although the points were 

not exactly a t  the same €I::', their  difference f r o m  the average 8':' was 

well within th,e angular resolution of the counters.  One problem en, 

countered in performing the integration over  T':' was rhar rhe luw- 

energy ends of about half the distributions were not c lear ly known. In 
2 

those cases  the lowest-energy point had the l a rges t  value for  d u/d?:'dd:'. 

Therefore,  there  was no absolute way of knowing where the spec t rum 

actually peaked. The remainder  of the differential distribution was 

usually determined ve ry  well. 

Two different methods were employed for  the two cases .  When 

the peak of the distribution was clear ly known the integration was p e r -  

formed a s  in Fig.  16, Case 1. The dashed curve represents  the curve 

that was integrated to give du/clL?":. The uncertainty in the integral was . 

given by the uncertainties in each measurement .  In the case  in which 

the peak of th'e curve had not been clear ly observed the integration was 

performed a s  in Case  2 of Fig. 16. The p a r t  of the curve in question 

i s  f rom T = 0 to T = A. The lower l imit  of the a r e a  under that p a r t  of 

the curve w a s  taken tn  he the a r e a  of triangle OBA. The upper l imit  , 

was assumed to be the a r e a  in rectangle OABD. The value used was 

taken a s  halfway between, with an  uncertainty of half the difference. 

This uncertainty i s  just  the a r e a  of tr iangle OCD. The values of 

du/dS2": a r e  l is ted in Table VIII. The average total  uncertainty of 

du/dS2':' a t  365 MeV was about 1670, and a t  432 MeV, 1070. 

At both incident .rr- energies  du/dL?':' appears  to have the l inear  
4. 

f o r m  d u / d ~ . '  = xo t x l  cos 8':'. The data,  along with the best  s t raight-  

line f i ts ,  a r e  plotted in Fig.  17. The values of xo and xl a r e  l is ted 

in Table VIII. 



Case I 

Case 2 

Fig.  16. D iag rams  showing methods  of pe r fo rming  T" integration.  
Case  1 is at Oiba, = 73" ,  Blab = 50° ,  365 MeV. 

. . .  

Case  2 i s  a t  = 31° ,  €Ilab = 20° ,  365 MeV. 



Fig.  17. Measured values of do/dn"' plotted versus  cos 13:''. 



t Table VIII. c. ml angular distributions and their  f i t  to the 
. f o r m  h / m "  = + xl coseti"i 

,. . . . 
Measurements  Calculations 

-0, 

T C Q S ~ " '  xo inc 1 
.(MeV) . . ( b r )  . . (pb;/sr) . . . (pb/s r )  

C., Total  Cross  Section 

The total c r o s s  section was evaluated by integrating over  m'" 
the value of do/&':' a s  given by the s t ra ight- l ine f i ts .  

The values for  the total c r o s s  section a r e  

. .. a t  365 MeV, - 2.39 * 0.20 mb;  and 

a t  432 MeV, 3.98 *.0.20 mb. 



VII. DISCUSSION 

. .  . 

The top halves of Figs.  18 and 19 show theDal i tz  p lo ts  for  the 

reaction 

a- t p - n t  t n- t n (1)  

a t  365 and 432 MeV. The ordinate i s  the IT- c .  m .  kinetic energy and 
t 

the absc i s sa  the T c. m .  kinetic energy. A second scale ,  the residual  

m a s s  squared of the other two par t ic les ,  i s  a l so  plotted. Since only 

the TT+ was detected in this expefiliient i t  was  U U L  pussible Lo d t t t r -  

mine points inside the Dalitz contour; r a the r ,  we determined the p r o -  

jection of the Dalitz plot onto the T axis .  The location of the isobar ,  
IT+ 

, i s  given where possible on the ( M , ~ )  sca le  along with the l i r ~ r  s 

represent ing the half -width of the isobar .  Lines of constant w,, a r e  

a l s o  shown. 

Let  us consider how the possible type of interaction can affect the 

n t .  energy spectrum. An effect which i s  purely a function of on, i s  

not easi ly  detected he re  because much of the nt energy spec t rum r e -  

ceives contributions f rom the same  on,. Only if there  were  a s t rong 

resonance a t  e i ther  very low o r  ve ry  high values of w,, would a sma l l  

,por t ion  of the nf energy spec t rum be affected. If isobar  formation i s  

the dominant interaction, then the IT! energy region rriost affedted is 

given by the projection of the isobar  bands shown ,onto the T I  axis. 

What cannot be displayed i s  that the formation of the isobar  between 

the IT' and the n and between the n- and the ' n  have different proba-  

bilities. Were the isobar  to be formed purely between the IT+ and the 

n the higher . . nt energies  would be favored. Were the isobar  formed 

purely between the T- and the n the low-energy portion of the rt 

spec t rum would be favored. In actuality i t  i s  some l inear  combination 

of the two p rocesses ,  including a possible interference between them. 

The details a r e  discussed in VII. C. 



Fig. 18. Kinematics and measured d2a/d~'"dS2::: vs  T::: f o r  
365 MeV incident energy. 

: ""av = 31" 
.I, 

' A: 9,"'av = 73". - .  

18, 

A :  e*''av = 106" Cerenkov counter in 
: 9':' = 132" Cerenkov counter in av  
: 6 ::: = 132" Cerenkov. counter out a v  

A = T . .  lnlt - - 3/2 s-wave i sobar  model 

B = Tinit .= 1/2 s-wave isobar  model 

C = Phase  space 
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Fig. 1 9. Kinematics and measured  d2a  / d ~ " : d ~ ' "  vs T':: for  
432 MeV incident energy. 

: "'av = 330 
A : e:::,, = 74O 

. . .  
A .= Tinit = 3/2 s -wave isobar  model 

B = Tinit = 1 /2  S-wave isobar  model 

C = Phase  space 
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The isotopic s t a t e s  of the final-state TIT 'systems for  single -a  - .. , . . . . . .  . . .  .; . . , :  

I : ' ,  .. . . , . , , :  

p > 6 d k t i o d  ap reactions a r e  given in   able IX. T; satisfy Bose 
. . 

statist ids the 'odd isotopic spin s tates  reqi;irkodd an iu la r  momentum 
. . . .  .... . . . . '  . . . . .  . . 

st'atki, e .  g., T ' =  1 r h u l r e s  J = I', 3,.5', , etc.  Isotopic spin con- 
. . .  

sei'vktion requi>es that the T ' =  2 final T T ~  s tate.  be produqed f r o m  the 
;, '.. : 

T = 3/2 initial rr; stdtk, a?d the T = 0 nn s tate  f r o m  the ;T = 1/2 ap 
. . .  

: ! . ;  . . .  . . . . . .  . . .  . . . . 
state.  

. . . , . . 
> I :  ... i . .  . . . .  . . . . . . 

. . . .  , . . . . . 
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..:! ..,:I. . . Table IX. Isotopic sp in .s ta tes  for  the . . . . . .  . . .  
final T T ~ T  sys tem in np i-eactlons'. 

. . .  
, 1 , , : . . : , .! . .: , . . . . .  - . .  

: I . .  . ! . . z : .  :. No. . . , ' Reaction . . . . T  . , 

,, .. . . . I  : .: . ...:;.::( . - . . . . . . . .  . . , .  . , ' .  ' .;. ' 
. . 1 + - + p i ~ t + n - + n  " 0 , 1 , 2  

.... :, ;.:,.!,,!>. ..: ;. : ., > .  ' . . .  0 
2.  n - + p - k - + n  t p '  ' 1 , 2  ' 

. . . . . . ; :  . . . . . . .  . . . . . .  ' . .  
The analysis  o f  single-nproduction~~ccording to a an interaction 

. ,  ;, . 8 ,  

. . ., . 

. - .  ., _ .  _ , 
model was made most  explicit by ~ o e b e l  i n d " ~ c h n i t z e r  ( h e r e i f t e r  d e s -  

. . . . .  . . . . . . . . .  
i g n a t e d . ' ~ ~ ) .  9 ~ h ' e  d d i i n a n t  d iagrams considered by GS 

.. I . : . .  . . , . . . . . .  . . .  :. 
a r e  g v e n  in Fig.  20' - 

. !  : .  .. * _  ' ,  ' . . ( . )  . , . . 

. . . . .  
: ..: . . ,  ' . ~ I .  : 

, . . (.a) . . .  - . (b) . . .  ..?. . . .  .. . . > .  

Fig .  20,t~:Dominant~production. diag.r.ams f r o m  Goebel and S,chnitzer. 



1n:Fig. 20, p rocess  (b) i s  the "rescat tered" production, in which 

the rescat ter ing i s  mainly in  the (3,  3) state.  P r o c e s s  ( a ) ,  the "direct  
. . . .  - . . 

kndck-dnii ;reduction, was found' to be 'much m o r e  important than the 
.. .: . . . . : . .  

' r e s  ~ a t t e $ e d ' ~ r o d u c t i o n .  
. . . - 

. . 
By adding s - and p-wave rr t e r m s  t o  the s tat ic-model  formal i sm,  

I . .  . . 

GS calculated total c r o s s  sections and pion angular distributions in :: . 
. - 

t e r m s  of the s - and p-wave coupling constants hs, X . Through the 
. . ? : 

total c r o s s  section, X, and X were  related to ao, a l ,  and a2; where 
P 

i s  the scat ter ing length for  isotopic spin s tate  T; a0 was assumed 

to be 5 a2/'2. 'They then fitted theii- expression for  the total c r o s s  s e c -  

tion of Reaction, (1) to Pe rk in ' s  data and determined a s e t  of scat ter ing 

1 1 1 1 1 s .  Frulrl lllese GS we rse able to predict  the a i~gu la r  distributions 

and the c r o s s  sections for  Reactions (1) through (5) .  In Reaction (1) 

the rf angular.  distribution was predicted to have a ve ry  strong forward 

and backward peaking in the c. m .  system. No specific predictions were  

made by Schnitzer regarding the rt energy distributions.  

P re l imina ry  data of our  measurement  of Reaction (1). reported 

an  angular distributiori20 which was not a s  forward o r  backyard  peaked 

a s  predicted by GS. Schnitzer therefore relaxed the a O  = 5 a2/2 r e -  

quirement  and allowed a l l  the scat ter ing lengths to be independent pa-  

1-alneter s .  IIe used the prel iminary angular distribution data a t  

438 MeV, 20  along with n rncoourcmcnt of thc total crooo ocction o f  

Reaction (4), 22  to determine two new se t s  of scat ter ing lengths (Table X). 

Both these se t s  fitted equally well the angular distribution 

data  a t  365 MeV. Both se t s  showed a dominance of the T = 0 rr in te r -  

action. The difference between the two lay mainly in the sign of a2. 
The final resu l t s  of this experiment have the same  qualitative 

behavior a s  the pre l iminary  data except that the magnitude of the c r o s s  

sections i s  about 1 5% higher than previously reported. The inclusion 

of systematic  e r r o r s  in the beam monit9.r correct ion and ATAS2 evalua- 

tion, and a m o r e  exact t rea tment  of the pf contamination (Sec. V. C. 1 

and,Appendix A) a re .ma in ly  responsible for  this shift. 



Table X. .rr? scat ter ing lengths (in;.X,) according to Schnitzer 
( f r o m  reference 21). 

. 
. - .. . . . - . . . Set.$ ... ' . ' Set 11 

"0 0.50 0.65 

Schnitzer a rb i t r a r i ly  chose 'Set I of Table-X with which to make 

predictions about Reactions (1 ) through (5). H i  found tha t ,  single -.rr 

production was mainly via the init ial  s ta tes  ( T  = 1/2, D3/2), ( T  = 1/2, 

P1/2) ,  and ( T  = 1/2, s ~ / ~ ) . ' -  He gives.the production c r o s s  section for  

these and the corresponding T = 3/2 s ta tes .  

~ e c e n t  experimental developments and how they ag ree  with 

Schnitzers s predictions based on the prel iminary data can be summa:-'. 

r ized a s  follows. 

1. The fnea-sured nt angular distributions of th; react ion 

.rr- + p ' + ' m f  t n- + n a r e  plotted in Fig.  21. The curves a s  predicted by 

Schni tzerss  two se t s  a r e  a l so  shown. The a lmost  isotropic behavior of 

the angular distribution i s  present  in Schni tzer 's  two curves,  but the 

absolute magnitude i s  too low to f i t  the final data. 

2 .  The measured  total  c r o s s  section f o r  T -  + p + nf + T -  + n a s  a func- 

tion of -rr- incident energy i s  given in  Fig.  22. Schni tzer 's  predicted 

curve falls just below mos t  of the measurements ;  however, the sha rp  

r i s e  of the c r o s s  section a s  a function of energy i s  p resen t  in the p r e -  

diction. 

3. The to ta l -c ross  - s ic t ion  measurement  of .rr- + p +  7 ~ -  + m 0  + p a t  
. . 

377 MeV made by our group a t  the ,Lawrence Radiation Laboratory i s  

in excellent agreement  with the predicteh value of 0.37 mb.23 (See 

Fig.  23; ) . . 

4. The c r p s s  se,ction fo'r .rr- + p+.rro t .rrO + n was a l so  measured  by our  
. . 

group a i d  found tq ,be about two. to three  t imes  that predicted by : 

Schnitzer.  24  The behavior of the total  c r o s s  section a s  a function of 



' 

Fig. 21. P lo t  of measured  IT+ angular distributions (c.  m.  ) and 
Schnitzer 's  predictions. . . 

- .  0 Perkins  et .a l .  (371 MeV) 
A Perkins  e t  al. (427 MeV) 
) This experiment  (365 MeV) 

., . . A This experiment (432 MeV) - Schnitzer - Set I scat ter ing lengths, 365 and 432 MeV. 
- - -  Schnitzer - Set I1 scat ter ing lengths, 365 and 432 MeV. 
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Fig. 22.  Total c r o s s  section f o r  the reaction n-  + t n-  t n 
a s  a function of e,nergy. 
1 - Perkins  e t  a l . ,  ref. 4 . . . .  . 
2 - Batusov e t  al .  , ref. ' 36 
3 - This experiment 
4 - Blokhintseva e t  al. , ref. 38 
5 - Kurz, ref. 24 
6 - Kirz e t  a l . ,  ref. 34 - 
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Fig. 23. Total c r o s s .  section for  the reactions sr- + + ir- + IT' + p 
and IT- + p + IT' + .ire + n a s  a function of energy. 

A - Barish, ref .  23< 
. 0 - Turley, ref. 37 . . . 

A - Blokhintseva e t  a l . ,  ref. 38 
@I :- Kurz, ref. 24 



I 
energy,  however,  i s  somewhat like Schni tzer ' s  predict ions  in that i t  

levels  off above, 350 MeV. We m e a s u r e  essent ia l ly  the s a m e  value fo r  

the c r o s s  sect ion (about 1.45 mb)  a t  both 374 and 417 MeV. (See Fig.23.) 

5. Kirz  e t  a l .  , using a Chew-Low extrapolation procedure  in the 

. . . . ,measurement  of nt t p +TI' t TI.++ n a t  :357 MeV, de te rmined  
2 5 ,  

a2  S 0.14 h,. 

6. Abashian,  Booth, .andaCrowe (ABC), in  the stud'y of pd col l is ions ,  26 

found a bump a t  a,, = 31 0 MeV which could be explained by a T = 0 

i r ~  resonance below threshold.  The a0  sca t te r ing  length requi red  to f i t  
7.7 

the ABC dala i s  from 1 to 3 h *. 
7 .  Khuri and Tre iman ,  in the ana lys i s  of the pion energy spec t rum 

f r o m  T decav,  requi re  a n  s-wave nn in teract ion to explain the an i so t -  

ropy observed, .  They der ive  the relat ionship a2  - a0 0.7. 28 Schn i t ze r l s  

values a r e  not consis tent  with this express ion .  

The nt energy  dis t r ibut ions  observed  in th is  exper iment  a r e  

peaked toward lower c .  m .  energ ies .  Although GS do not make  any 

predict ions  of the nt' energy  spec t rum,  t he re  i s  nothing in  the i r  model  

that  would ca l l  f o r  low-energy peaking. Rodberg ' s  model  requir ing a 

s t rong  p-wave nn resonance i s  in contradiction to the m e a s u r e d  d i s t r i -  

bution. 

C. Isobar ic .  Model 

1 .  s-Wave I soba r i c  Model 

t 
This  sect ion contains,  f i r s t ,  a n  ana lys i s  of the n c .  m .  energy  

spec t rum according to one isobar ic .  model ,  then a d i scuss ion  of the Tf 

angular  dis t r ibut ion and of the total.  c r o s s  sect ion of th is  and o ther  
' I . . 

single -n-production reac t ions  according to a second i soba r i c  model.  

Since the f i r s t  m o d e l l e n d s  itself to ana lys i s  of the i a w  data ,  whereas  

the second appl ies  to the da ta  only 'after  in tegrat ion ove r  the nt c .  m .  

energy,  the two models  a r e  t r ea t ed  separa te ly .  

The quali tat ive a s p e c t s  of the nt angula r  dis t r ibut ion and total  . 

c r o s s  sect ion a r e  in reasonable  ag reemen t  with the nn model of Goebel 

and Schni tzer ,  but the model does  not lead to a n  expectation of the low- 

energy  peaking observed  h e r e .  Such a peaking would m o r e  l ikely be 

explained by a n  i soba r i c  model .  



Ideally the isobar  N:" i s  an unstable par.ticle of m a s s  1238 MeV 

having a width equal to the (3,  3) resonance. F igures  24(a) and 24(b) 

show the two contributing pr,oc,esses .present in single -T prpduction con- 

s idered by the. isobaric  model. The' model a s sumes  that the isobar  

products do not interact  with the recoi l  pion. Such a higher-order-  t e r m  

i s  shown in Fig.  24(c) .  

Fig.  24. (a )  and (b) a r e  d i ag rams  corresponding to two 
channels of single - T  production according to the 
i sobar ic  model. 

( c )  i s  one of many h igher-order  t e r m s  neglected 
by the isobaric  model. 



... : :The .hode l  .s ta tes  that .th'e.,isobar! ..N': will be. produced :with e i ther  

. . . . .  of the .final p.ions r e s o n a t k g  'wi.th the nucleona: .The. probability of p ro -  

duction i s  a function of the ene:rgy'a~vailable..;to~the' 'nN' sys tem,  the d e -  

pendence in that sys tem . . being given by the (3,  3) resonance shape. 
. . . .  

The n and the nucleon must 'be  in a T = 3/2 and J = 3/2 state 

with respec t  . . .  to each other .  Table XI l i s t s  the isotopic spin probabili t ies 
. . 

( ~ ' l e b s c h - ~ o r d a n  coeffidients), ' dj that'  the 'nt ' o r  T T -  of Reaction (1) i s  
. . 

a member  of t h e i s o b b r ,  b i d  p, the probability thdt.either n i s  the 

that redhils bpposite to' the isobar  in the '  overal l  'center of m a s s .  

The u arld p . a r e '  functions 'of"thi5 ' init iai ' -~tate isotopic spili..: . . . . .  

The nt has  P gieate ' r  than ti' f o r  bbtH Tinit = 1/2 and Tinit = 3/2. 

. 'Table XI. ~ ~ s o t o ~ i c ' s ~ i n  pr.obabilities d,P for  pions in . react ion 
r r - + p + n + t ~ ~ - t n .  : 

Tinit Pa r t i c l e  Amplitude a of Amplitude P 
. . .  , . 

isobar  ' .member'  of recoi l  pion 

An at tempt  was 'made  to fi t  the energy spec t rum observed in this 
. . 

experiment to a n  isobaric  model according to Bergia,  Bonsignori, and 

Stanghellini (designated he iea f t e r  a s  BBS). 29  The BBS model i s  a n  ex-  

tension of the isobaric  model proposed by ~ i n d e n b a u m  and Sternheimer 
30 

(designated LS). 

In the LS model the observed energy spec t rum of a pion in the 

TTTN final state. . . .  i.s - the . . . .  s'um o.f .two.:spectra: . . .  ,The f i r s t  spec t rum i s  the 

resu l t  of. the decay of fhe .(,3, 3) is80bar, into a pion and .a nucleon and the 
I :. . - .  ; 2 ,  . . . .  , 

second i s  the spec t rum of the pion recoiling f r o m  the . isobar.  This 
- 0  . . . .  . . . . .  

model was applied to TN + nrN reactions in the region of 1 BeV with 

some success.31 BBS argued that the concept of two incoherent spec t r a  



summing to give the total  spec t rum was not exact.  Using the T-mat r ix  

formulation for  the solution of the (3, 3) resonance, BBS proposed, for  

the T ma t r ix  in single -IT production, the f o r m  

Tprod 
= aA + PB, (21) 

where 

a =' Clebsch-Gordan coefficient (that i s ,  probability that IT' i s  a 

member  of the i sobar)  ( see  Fig.  20), 

A = te~-171 giving the (3,  3) resonance amplitudc as a iurl~tiorl  01 

the: total energy of the In' t N) system, 
p = Clebsch-Gordan coefficient (probability that IT" i s  a member  

of the i sobar ) ,  

D - (3,  3) re sonalsee ,ainplitude a3 s function of thc encrgy in the 

(IT!' + N) sys tem.  

The c r o s s  section d o  a 1 TI', hence there  exis t  interference t e r m s .  At  

high energies  the BBS and LS spec t ra  a r e  somewhat s imi l a r , .  but a t  low 

energies  (600 MeV o r  l e s s )  the interference t e r m s  make a g rea t  differ-  

ence. Both BBS and LS calculate the n energy spec t ra  assuming the 

i sobar  i s  produced isotropically (s-wave production) and decays i so -  

tropically in i t s  own center  of m a s s  

The validity of the  RRS model. depends upon the assumption that 

the ( 3 , 3 )  resonance i s  the dominant resonance in the region. Because 

a t  our  energies  the i sobar  i s  not fully excited (w < 1240 MeV) we need 
ITN 

not worry  about the higher ITN resonances,  but. there  may  be TIT effects.  

One complication to the analysis  of this reaction according to the i so -  

ba r i c  model i s  that in the initial s ta te  both T = 1/2 and T = 3/2 isotopic 

spin s tates  a r e  present .  The nC energy spec t rum due to the different 

init ial  isotopic spin s ta tes  i s  different, since a and P a r e  different 

for  the two cases .  

2. Angular Momentum Analysis and p-Wave Model 

Table XI1 gives the angular momentum analysis  for  the production 

of the i sobar .  The notation used i s  



Q = orbi tal  angular. momentum of one final s ta te  n with respec t  
- ,  .. . . 

, . to the. nucleon in their  own c. m .  , . . , , 

j = total  angular momentum in that TTN system, 

Q 2  
= angular momentum of the second n with respec t  to the c. m .  

of the i N  sys tem,  

L = orbi tal  angular momentum of T with respec t  to the nucleon 

in the initial s ta te ,  

J = total angular momentum .of the TN initial s ta te .  

Given in Table XI1 a r e  the final configurations ( I ,  jP ?,) and the 

initial s ta tes  L f r o m  which these may be reached. J 

\ 

Table XII. Angular -momentum analysis  of 
T = 3/2, J = 3/2 isobar  production. 

Final  configuration Initial s ta te  
(1 , J Q  L~ 

Because the distribution of the mt a t  432 MeV i s  not isotropic ,  

but has  a cos6':' dependence, I conjectured that this dependence may  be 

due to some p-wave production of the isobar .  ~ r o ' m  Table. XI1 we see  

that s-wave production of the isobar  may  proceed only f rom the D3/2 

initial s ta te .  On the other hand, p-wave production may  proceed f r o m  

initial p s ta tes .  Since the presence  of D waves has  been noted in this 

energy region,32 i t  i s  conceivable that angular momentum s ta tes  aS 
- 

high a s  D s tates  may contribute to isobar  formation in T p + nrN. 

I inser ted a te,rm of the f o r m  a t b c 0 s 6 ~ ; ; :  into the T matr ix ,  
. . . % I . .  . .  . 

where ON::: = C.  m. angle of the isobar .  As BBS and LS did, I a s sumed  
t . I  , . . 

that the isobar  decayed isotropic'ally in i t s  own center  o f ' m a s s .  This 

i s  equivalent to the i s o b a r F s  having no p re fe r red  orientation. At present  

there  a r e  no data on the actual  polarization of the isobar  and we make 

no at tempt  to consider it.  



2 /dT:::dQ::: 3. F i t  to. measured  values of d a 

An IBM-7090 FORTRAN computer p rogram was written to calcu- 
2 

la te  d o / d ~ h Q " a s  predicted by the isobar  model for  both Tinit = 1/2 and 

Tinit = 3/2 s ta tes  and f o r  both s -  and p-wave isobar  production. It a l so  

calculated a phase-space distribution. I t  then fitted the nt data to 

various l inear  combinations of a l l  these,  including possible in te r fer -  

ences .  Since the low-energy peaking implied that the isobar  was i m -  

portant he re  (F igs .  18 and 19 ) the object was to t r y  to determine just  

how much of the total reaction was due to the isobar  formation. See 

Appendix B for  detai ls  of the calculation. 

The bottom halves of Figs .  18 and 19 show the data along with the 

s -wave isobar  distributions and the phase -space distribution. The 

curves  a r e  normalized to the value of da/dL?':: quoted in Section VI. B. 

Curve A i s  the prediction of the Tinit = 3/2 s-wave isobar  model. 

Curve B gives the Tinit  = 1/2 s-wave isobar  model, and C i s  the phase-  

space  distribution. 

The relative importance of the decay, recoi l ,  and interference 
2 

t e r m s  i s  given by the coefficients a , P2,  and Zap weighted by the 

appropriate  isobar  kinematical factors .  F o r  Tinit = 1/2 the recoi l  
2 coefficient, a 2 ,  i s  relatively m o r e  important than a for  Tinlt = 3/2. 

The kinematical fac tors  f o r  the decay and interference t e r m s  increase  

in relative importance a s  the n -  incident energy increases ,  since the 

overlap of the two isobar  bands moves c loser  to the allowed kinematical 

region with higher incident energy (F igs .  18 and 19). The decay and 

interference t e r m s  dominate the high end of the nt energy spec t rum 

and average about 30 o r  5070 of the intermediate -energy distribution for  

Tinit = 1/2 o r  Tinit= 3/2. The low end of the energy spec t rum i s  com-  

pletely dominated by recoi l  t e r m s  (80 to 90%). We see  for  both 

Tinit = 1/2 and 3/2 that m o r e  than half of the calculated nt distributions 
t l i e s  in the lowest third of the IT energy range. F o r  the f o r m e r  the 

decay and interference t e r m s  a r e  about 2570 of the total  calculated d i s t r i -  

bution, and for  the l a t t e r  about 5070 of the total. 



1n' F igure  1'8 (365 MeV) the energy dis t r ibi t ions measured  a t  a l l  

the var ious c. m .  angles a r e  plotted. Only curve B, the Tinit = 1/2 

s-wave isobar  model, s eems  to have the co r rec t  shape;to.fi t  the data. 

At 432 MeV (Fig.  19) the energy spectrum a t  each c. m .  angle i s  peaked 

toward lo& energies ,  but the position of the peak seems  to shift with 
.', 

c. m .  angle. ' ~ t  O . i v  = 109 deg curve B comes closest  to fitting the 

data ,  but a t  the other angles the resemblance to the measured  spec t rum 

i s  poor. This was the reason the p-wave isobar  model was introduced. 
2 

The fitting procedure considered each value of d a/d~'"d@~as-:a.n 

independent piece of information. The fi t  was ca r r i ed  out to include 

a l l  the data points. No attempt was made to fit each c.  m.  angle sep-  

a ra t e ly  because the energy spec t rum was not determined well enough 

to warrant  that type of analysis .  

The resu l t s  of fitting the data a r e  given in Table XVII of Appendix 

B. The total c r o s s  section determined by the best-fi t  pa ramete r s  i s  

a l so  shown. . When . I attempted to f i t  the data to just 'one model, e i ther  

Tin;.+ = 1/2 s-wave i sobar ,  Tinit = 3/2 s-wave isobar, o r  a phase-  

space d i s t r i b ~ t i o n ~ t h e  Tinit = 1/2 s-wave isobar  was by f a r  the best ,  

but the fi t  s t i l l  was not good. The p-wave model did not appreciably 

improve the 'fit over  the s-wave model: The coefficient of the cos ON'" 

t e r m  turned out to be sma l l  in a l l  cases .  In at tempts  to f i t  l inear  com-  

binations of the models ,  reasonable f i t s  were achieved only a t  365 MeV. 

Two combinations were  modestly successful:  a Tinit =. 1/2 s -wave 

isobar  model with an  interfering nonresonant phase-space background, 

and the same  for  the Tinit '= 3/2 isobar .  The main difference i s  that in 

the f i r s t  case  the amplitudes of the i sobar .and  phase-space background 

were  1.55 and 0.30, respectively,  while for  Tinit = 3/2 the amplitudes 

were  0.68 and 1.05. 
, 

The 4 3 2 - ~ e ~  data were  not fitted well by any of the..line.a.+ com- 

binations t r ied ,  although again the best  of the fi ts  were the s-wave 

i sobar  models with a n  interfer ing phase-space background. The back- 

ground increased  slightly over  the 365-MeV fit  in the Tinit = 1/2 case ,  

but not in the Tinit = 3./2 case .  



The p-wave isobar  model a t  432, MeV gave a smal l  negative value 

fo r  the coefficient of the cos 6' -:;< t e r m  a t  432 MeV. This means the 
N 

i sobar  has  a slight preference  for  the backward direction (c. m.  ), which 

manifests  i tself  in the forward peaking of the nt. ' The bes t  f i ts  a t  both 

energies  a l s o  give values for  the total c r o s s  section that ag ree  with the 

value (quoted in tbe text) obtained by integrating da/d;2'l' over ~sz:". The 
. . 

Tinit = 1/2 isobar  model gives slightly better agreement  than the 

Tinit = 3/2 model.  

Onc thing must he n n t ~ d  a.hnllt: the f i t s  to the data. The spread  in 

energy and the uncertai~l ly  ill Llre c.cl>tYnl cncrgy of each data p n i n t  a re 

not considered in this fit. At 365 MeV in the Tinit = 1'/2 case  m o r e  than 

one-half of thc x 2  ' i s  due to three nf the 21 datum points. 
. .  . 

33 Two of 

these a r e  a t  high c.  m .  energies ,  where the ellt=rgy spread of csch  coun 

t e r  i s  l a rge  and where the absolute magnitude of the e r r o r  in the m e a s -  

urement  i s  sma l l  because the c r o s s  section is' smal l  close to the kine- 

mat ic  l imit .  I t  i s  likely that a bet ter  value of x 2  would have been 

achieved i f  the energy uncertainty and spread  had been taken into con; 

s ide ration. 

Since the Tinit = 1/2 s-wave isobar  model appears to have the 

c o r r e c t  energy spec t rum to f i t  the data a t  365 MeV (F ig .  l 8 ) ,  arid be- 

cause  the energy uncertainly dlid spread  of the data we re  ncgler,:i:r.t-l in 

the calculation, i t  s e e m s  reclsonable to aay that this model is  t.he best 

representat ion of the 365-MeV rt energy spectrum. If we ignore the 
2 low probability of 2 >  x meas,  the significant number i s  the rat io  of 

the i sobar  to background amplitudes,  which i s  5.2 a t  365 MeV. Al- 

though this  rat io  a t  432 MeV i s  not ve'ry meaningful, since the f i t  to the 

data  i s  not s ta t is t ical ly  strong, nevertheless  i t s  ratio i s  l e s s  than that 

fo r  365 MeV. 

F o r  both incident energies ,  365 and 432 MeV, the peaking of the 

nt a t  low c. m .  energy suggested the of the i sobar  ( s e e  F igs .  

18 and 19) .  In the model used h e r e  h igher -order  isobar  t e r m s  (Fig.  

24:(c)) and o ther  possible effects  present  in the reaction, such a s   IT^ 

interact ions,  were  not explicitly considered. The presence  in  this  

energy region of wr effects  in  this react ion .has been'suggested in 



. . 
another 'of our keasu remknt s - - the  different ial  distributions of the final- 

"state n e ' u t 2 0 n ~ ~ -  -and a lso  in t h e  recent data 'of Kirz,  'Schwartz, and 

~ r i ~ ~ : ~ ~  T h e  la t te r  a l so  saw evidence of isobar  formation. At 365 MeV 

we wer'e successful in fitting the data -with an  isobaric  model in com- 

bination with a phase-space distribution, but were  l e s s  successful  a t  

432 MeV. Evidently this approximate t reatment  i s  insufficient a t  the 

highe'r energy. The inability to fit the irt spec t ra  solely with isobar  

distributions i s  another indication of a m o r e  complex behavior. 

4. ~ n i s o v i c h l  s Isobaric  Model .- . 

. Anisovich, using an  isobaric  model, makes a prediction of the 

total c r o s s  sections of the nN+ nnN reactions a t  low energies .  He 

uses  a model- -not unlike the LS model- -that does not consider the in-  

terference t e r m s ,  but that separa tes  the energy and angular dependences 

of the isobar  production. He bypasses detailed consideration of the 

actual IT energy spec t ra  by performing an  integration over  energy. 

Anisovich does,  however, consider s - and p-wave production of the 

isobar .  He parameter izes  the production in both 'T = 1 /2  and T = 3/2 

s tates  by three amplitudes,  one for  s wave and two for  p wave. He 

der ives  expressions f o r  the total  c r o s s  section and.a~ngular . . 
distribution 

of the rP s in t e r m s  of these s ix pa ramete r s  and a s e t  of quantities which 

a r e  a 'function only of the total energy available in the c.  m .  In this 

manner '  he explains' the sha rp  r i s e  in the total c r o s s  section a s  a func - 
tion of energy in Reaction (1) and a lso  the forward peaking observed by 

Pe rk ins  a t  432 MeV. 

I t ' i s  possible to t e s t  the Anisovich model without knowledge of 

a l l  s ix  pa ramete r s .  The total c r o s s  sections m u s t  sat isfy the following 

two relations der ived by Anisovich: 

t  IT t p - .  n t n t + n t )  = 0.3 U ( T T + + ~  + ~ ~ + + n O t p ) ,  
, . 

(22) 

t 1 .4u(n  t p + n t t n t t n )  t 2  a ( = , - . t p +  n O t n O + n )  

Since mos t  of the experimental data available a r e  in the region o f '  

365 MeV, .I will evaluate Eq. (23) a t  that energy. Some interpolation 



i s  required because the measurements  were  not a l l  made a t  365 MeV, 

At present  there  i s  no measurement  available for  the t o t a l c r o s s  s e c -  

tion of the reaction nt + p + Tt . ao  p a t  this energy. Therefore,  Eq. (22) 

i s  not tested here .  Following i s  a l i s t  of the reactions and the in te r -  

.. polated o r  projected c r o s s  sections.  . , . . ., 

Reaction Measured Energy Projected 
c r o s s  section c r o s s  section 

nN A ( m b )  (MeV) 3.t. 3 h 5 'Me.V (mb) 

With these values,  Eq. (23) beco.mes 

The total c.ross sections of the four reactions,  therefore,  s e e m  to ful-  

f i l l  Anisovich' s requirements .  
. .  . 

. The angular distribution pf the n f ,  dv/@*,,~ a t  any one incident 

energy m a y  easi ly  be fitted by Anisovich because of the number of 

parame, te rs  he has  available. However, he:. predicts  that the coeffi- 

cient of the cos 0''' t e r m ,  x l ,  in the expansion of dm/&" has  the energy 

dependenc.e x1 (432 MeV) =: 2.2 x1 (365 MeV). Our measured  values a r e  

x1 (432 MeV) = 35*26 and x1 (365 MeV) = 10*27, yielding a rat io  of 

3.5rt9.8. The resu l t s  of this t e s t  of AnisovichP s theory a r e  not mean-  

ingful, . . owing to the g rea t  e r r o r  in the ratio.  However, should the 

accuracy  of this number by improved with l a t e r  experiments ,  the t e s t  
. . 

m a y  be made  meaningful. 



D. Comment 
. . 

Both the isobar  model and the  IT^ model have had some success  

in descr ibing the data of the single-a-produdtion reactions a t  low ene r -  

gies.  They both a l so  have limitations. The ITIT model does not take 

into account the possibility of nuclear recoil;  a l so  i t  uses  a zero- range  

approximation whic:h a t  high ITIT center-of-mass energies  may be a bad 

approximation. The isobaric  modkls calculated so  f a r  do not take into 

account the decay distribution of the isobar  in i ts  own c.  m .  , mainly 

owing to lack of knowledge of the isobar  polarization. They a lso  neg- 

lect  h igher -order  t e r m s  and any possible irn effects. 

The energy spec t rum of the nt in this experiment shows evidence 

of some isobar  formation. This does not refute the ITn model, ;but 

suggests that the "rescat ter ing" i s  l a rge r  than calculated by that model. 

The other  piece of experimental evidence that puts the ITT model in 

jeopardy i s  the ve ry  high value of the total c r o s s  section for  the reaction 

IT- + p + no + no + n. Although Schnitzer'  s predictions were based on the 

prel iminary data of this experiment,  i t  does not s e e m  reasonable that 

a 15% change in the r tn -n  total c r o s s  section can give him enough boost 

in the a0 o r  a 2  scat ter ing lengths to double o r  t r iple  his  n O a O n  c r o s s -  

section prediction s o  a s  to ag ree  with the experimental value. 

Both models explain the sha rp  r i s e  of the c r o s s  section of Reac-  

tion (1)  a s  a function of incident energy. One at t r ibutes  i t  to a p r e -  

dominance of TIT interaction in the T = 0 state  and the other to the in- 

c reas ing  probability f o r  isobar  formation. 

Goebel and Schnitzer find that the init ial  angular momentum 

s ta tes  D3/2, P1/2,  and S1/2 a l l  contribute to the inelastic react ions,  

with the f i r s t  two states  contributing about equally and about twice a s  

much a s  the third s ta te .  F o r  the isobar  model the single -IT-production 

reactions mus t  s t e m  f r o m  the D3/2 initial state a t  low energies  (s-wave 

production of the i sobar) ,  but a t  higher energies ,  where p -  and d-wave 

production of the isobar  mus t  be considered, the P3 /2 , .  P112,  F5/2,  

and S1/2 s ta tes  may  a lso  contribute. (See Table XII. ) F o r  the n r  

model the dominant initial isotopic spin s tate  i s  T = 1/2, since a T = 0 

Tn combination in final s ta te  cannot be produced f r o m  a T = 3/2 s tate .  



The magnitude of the total c r o s s  section for .  Reaction (4), which in-  

volves on1y:the T .  = 3/2 initi:al s ta te ,  indicates that the contribution of 

this state is, small .  The f i t  to the 1~~ energy spec t rum in Reaction (1) 

( s e e  Table XVII) suggests for  the isobar  model that the T = 1/2 initial 

s ta te  i s  a l s o  dominant. , The analysis  according to these two,models 

indicates that the single -IT -production reactions oc,cur mainly in the 

: = 1/2 s tate  of the r p  system, Also the same initial.angu1a.r . . momen2 

turn s tates  a r e  emphasized. Both of these conc1usi.on.s a r e  compatible 

with the many proposals  that inelastic reactions influence the r e so -  

ilailces observed in the elast ic  scattcrirlg sr: 600 and 900 NleV 11 - ill- 

cident energy. 35 

Frvm Ll~e experiiiieiital evideilct available on thc singlc p ro  . 

duction reactions in the region of 400 MeV i t  appears  that both TIT 

interaction and isobar  formation effects a r e  present ,  so that the actual  

productson.mechanism i s  no,t a simple one but i s  complex. 
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APPENDICES 

. A. Calculation of IT' Efficiency Loss  due to the Decay IT? + pt + 7 

". 1. Simulation of spec t romete r  on the IBM 7090.Computer ' . -  

The number of pions that decay 'in flight i s ' a '  function of the energy 

of the pion and the total path t raversed .  In o r d e r  to guarantee that the 
... 

computed path' length of a p i o h  in the spec t rometer  be a lmost  the same 
. . as' thk actual  path length the computer program had to fulfill two r e -  

.. .. c, . 
quirements .  L _  . 

9 .  

a .  The calculated line of energy foci for  a p.opnt source a t  the - . , ,. . . ' ,  

center  of the ta rge t  had to coincide with the experimentally measured  
.. . / 

line of foci. ' This line had' determined the placement of the IT counters.  

(See Sec. 1II.C. ) 

b. The entrance and exit angles for  the "rays" passing through 

the center  of C2 f r o m  the point source  had to ag ree  with the measured  

values . 
' 

~ i ~ u r e '  2 5  gives the ideal field shape assumed in the calculation along 

with the shape of the .actual pole pieces.  X1 and X2 a r e  pa ramete r s  that 

determine the s ize of the ideal field. The only other  variable i s  the 

magnitude of the field B . The values of the three  paraimeters that 
Z 

bes t  fi t  the measurements  made on the spec t rometer  a r e  given in 

Table XIII. 

Table XI11 

. . I .  Measured field Ideal field 
mag 

z X1 X2 

(A) (gauss)  (gauss)  (in. ) (in. ) 



Cente 
ydrogen 
target  

Assumed idea l  

Y 

Fig. 25. Diagram of ac tua l  magnet ic  spec t rome te r  pole p ieces  
along with field shape a s sumed  fo r  efficiency-loss calculation. 



Fig. 26. Coinpar i so i~  s f  values i i i c a s u ~ e d  oil actual ~llaglle Lic 
spec t rometer  with calculated values for the coordinates 
of the line of energy foci of a point ta rge t  located at the 
center  of the hydrogen ta rge t  position. 

Measurements  
0 :  x 
A :  -y 
e :  e 



Figure 26 i s  a plot of the coordinates of the line of energy foci 

for  a point ta rge t  as:.:a function of the pion energy in the spectrometer  

for  the 19,500-gauss case.  The coordinate sys tem used i s  given in 
..., . . . .. ... 

Fig. 25. The angle ' '8 i s  that between ce&al r ay  (a  ray  f r o m  the center  

of the t a rge tpass ing  throughthe  center  of.C2) and the x axis.  The 

smooth curve i s  taken f r o m  measurements ,  and the points a r e  the best  
., , . 

calculated values. Note that the a g r e e m e i t  i s  good except for  the y 

coordinate at 'high energies .  Sinc'e the high-energy rays  emerge  f rom 

the magnet a lmost  perpendicular.  to ~e edge, -70 deg 3 8  2 -90 deg, the 

difference b'etw'een the computed path,and actual path i s  a lmost  the 

difference ili the, y values.  he actual difference in path i s  

where Ax = diffe.rence between the computed and measured  values of 

the x coordinate of the line of energy foci, 

and . Ay = difference between the computed and measured  values of 

the./y coordinate .dfZhe line of pne  rgy  f n c i .  

It was then a s . ihple  ma t t e r  to c o r r e c t  ,the .computed path to give much 

'better agreement  with'the a<tual path a t  a l i  energies .  The mos t  prob-  

able reason for  the grea t  dev.iation a t  high 'energies was the s implifca-  

tion of the field shape for  the computation.in the region y 3 5  and x 2 1  5. 

The s e c o n d ~ c o ~ ~ n ~ i d e r a t i o n  with ikspec t  to the "computed spec t rom-  

eter"  was whether n counters placed a t  the computed energy foci had 

an  energy- solid-angle response, ATA a, that resembled the measure  - 

ments  descr ibed in Sec. 1V.B. A simplification made in the computation 

was that the n and IT' counters were lumped into one counter. The 

calculated values for  counter ni a t  50 deg, 365 MeV a r e  plotted along 

with the actual  m&a'surements in Fig;. 27.  'The computed energy accept-  
: 

ance width i s  a lmost  the same  a s  the actual wid&.,' but the computer 

favored lower-energy pions m o r e  than the ac' t&l ' : ipectrometer . . for  any 

given IT counter. This feature tended to slightly increase  the calculated 

fract ion los t  because i t  weighted the lower-energy rays  m o r e  than the 

actual spec t rometer  did. The inability to accurately duplicate the energy 

response of the IT counters then meant  that the calculation could be 



8 0  9 0 100 110 
In i t ia l  a+ kinetic energy , ( M e V )  

Fig. 27. Comparison of suspended-wire measurements  with 
simulation on computer for  counter T ~ I T ' ~  a t  50 deg for  
365 MeV incident energy. Origin of rays i s  a t  ta rge t  
center.  
o Measured 
A Simulated on computer 



done only for  a representative counter system. The represent&ti'Ge..; 

system, however, would behave very  much like the actual sys tem when 

i t  came to determining "which counters detect the muons lost  f r o m  IT 

rays  of other energies ,  and even what f ract ion of the muons get back 

into the counter for  which the decaying IT was headed. 

2. Calculation of L0sse.s. for  the Actual Targe t  

The average decaying fraction of the pions headed for  a TIT' 

counter was calculated by using the formula 

15  max  
2 

d a  . 

d ~ ~ d n  k' 
F = , 1 W ( j )  [ ; . . . ( T  x)  Ax\ 

j= l  k= l  . a Qmin 
)]] (25) Fj(+, x, Tk) A+ 

In this equation the t e r m s  a r e  a s  follows. 

W(j) = weight of the - j th hydrogen ta rge t  point, considering both 

the ta rge t  volume i t  represents  and the beam profile a t  

the target ,  
t 

x = c o ~ i n c  of thc anglc of IT production with respec t  to the 

incident beam, 

+ = azimuthal angle of the IT+ with respec t  to incident beam, 

Tk = - kth energy value. 

The energy acceptance of a IT' counter a s  a function of energy was taken 

to be flat ,  and the l imits  were taken to be the measurements  of the 

! energy acceptance. These energies  were slightly shifted with respec t  

to the computed acceptance, but i t  turned out that the loss  was a very  

$slowly varying function of the energy, because the higher -momentum 

part ic les  had longer paths than the lower-momentum part ic les  ( see  

Table XIV, this section. ) Three energies  we~xe chosen to represent  

the energy  acceptance of the counter. See Fig.  28. The central  energy 

was weighted twice a s  heavily a s  the end 'energies .  



: .  _ . 
1 

, , '  ' ' , i t  . . <  

Fig. 28. mf counter,.energy. acceptance a s  a function 
I .  . . .  o f ,  energy used fu r  Lhe l o s s  ca'lculation. , 

.. ,. . . . , .. , _, . I: . . .  : : . .  W(k) = weight of - kth energy value. 

. . . . 
~ . , ,:5 >: : : .d2a . "  . . .  . 

d T kda (TL, X) = . c r o s s  . section for  production of n+ of energy Tk 

. . - & t  an  angle to the' incident beam whose,cosine i s  x.  The 
. .  . . ... . .  . .  . 2 , . 

. . .  . pre l iminary  values of d a 
(T ,  x) were  used in this . .. 

dTk& 
3.0 

calculation. 

AxA+ = unit of solid angle (lab)'. 

+rniny +max 
= the l imiting Galuesof + subtended by counter C2 

F i ( x ,  +, Tk) = the decaying f rac t ion  of pions,wiith energy T k' 
II 

originating a t  the - j th t a rge t  point headed in a direct ion 
< .  

given by x ,  +. Each  pion was representat ive of a unit solid 

angle AxA+ centered a t  x ,  +. Approximately 30 r ays  passed  

through C2 f r o m  e,ach .. hydrogen . t a rge t  point. F o r  each 

ray ,  the path lengths f r o m  the t a rge t  to C2 and f r o m  C2 

to the ITIT' counters  were  determined.  In o r d e r  to take 

into consideration the energy los ses  due to ionization in 

the t a rge t  and counters  C1 and C2, the energy of the pion 

a t  the position of counter C2 was decreased  in the calcu-  

culation by the average  ionization los s  up to that point. 



The fracti0.h. .F'.(x,:+., Tk:) was, gi,v+n.by. 
J .. - 

where S1 = path length f rom - jth ta rge t  point to C2, 

S1 1 = mean path for  initial momentum, 

SZ = path length f rom C2 to rrl counter, 

S = mean path for  momentum of pion.in magnet. 2 
The fraction bf .rrt lost ,  F, varied ve ry  slowly a s  a function of 

energy because the lower -energy part ic les ,  although having a much 

sma l l e r  mean path than the high-energy pions, a l so  had a much sma l l e r  

total path length. The fract ion F, the total path traveled, and the cen--:. - . . 

t r a l  energies  a r e  l isted in Table XIV for  the r counter a r rangement  a t  

.50 deg for  365 MeV incident r energy. 

- 
Table XIV. F, average decaying fraction of nt for  365 MeV, 

50 deg (lab).  

- 
Counter Initial energy Total path F 

No. (MeV) (in. ) 

.3. Calculation of Gains and Losses  f o r  a Point Targe t  

a .  Definition of lo s s  and gain integrals  

L, the number of pions los t  to a. rr' counter,  i s  given by 

, = rmax u ( T .  x). [ 1 dTm, ( 2 6 )  

T 
min  L2 rr' 



where F(S,  S t ,  T) = exp [-s(T)/s'(~)' = probability of decay p e r  unit 
S f (  

path ds  of a pion having kinetic energy T a t  a distance s 
. . 

along i t s  path, 

s ' (T) = mean path length for  pion having kinetic energy T, 

. . .  2 rr 
(T ,  x)  = probability of production of a a+  p e r  unit (27) a ( T , x )  = - 

dTdQ 

- solid angle , p e r  unit energy a t  angle. c o s - l x  and having 
. , ,  , 

energy T, 

Rant = effective solid angle subtended by counter m' with respec t  to 

the ta rge t  (this usually was defined by counter C. .2) ,  

Tmin, Tmax = l imits  of the energy acceptance of the ma' counter . . 

( a  rectangular  energy distribution was assumed)., 

A = f ac to r  containing the flux of incident a -  and the number of ta rge t  
2 centers  pe r  c m  , 

Stot = total  path 

The number 

by the product Aa 

length. 
t of a produced p e r  unit solid angle p e r  MeV i s  given 

(T,  x) .  The number of at  decaying over  the a t  path 

i s  the integral  inside the bracket  of Eq. (26).  The total los t  to a TT' 

counter m u s t  be integrated over  the solid angle-energy acceptance of 

the counter.  

The number gained in  a counter ~ a '  i s  given by 

*KL max  

F(S, S t ,  T) Gaal(S) dS d T m ,  I 
(28) 

where Gaas(S) = fract ion of the pions of energy T that have decayed 
. . 

a t  point S and end up in counter am'. 

T~~ min' T ~ ~ m a x r  
a r e  the kinematic l imi t  energies .  

The integration of Eq. (28) m u s t  be per formed over  a l l  space and a l l  

available energies .  F o r  r ays  that do not pass  through C2, Stot i s  smal l ,  

however,  so  that the i r  contribution to G i s  small .  



b. ~ n t e ~ r a t i o n  over pion path 
. . 

The integration over the path s was performed on the computer 
t 

in the following &ay. At some point s along the path the pion was 
t allowed to decay to a . p  t 7. The decay in the pion c .  m .  i s  isotropic.  

The c .  m.  .solid angle was then broken up into 400 equal sized units and 

a representative s e t  of c,. m .  values of cos 8 , +  were  chosen to represent  

the unit of solid angle. The rays  havirig these values of cos 8, + were  

t ransformed into the moving rrt coordinate sys tem and fur ther  t r ans -  

formed to a coordinate sys t em with respec t  to the magnetic spec t rom-  

e t e r .  Each p was then t raced  until i tsi journey ended somehow--e.  g . ,  

i t  entered a counter o r  got los t  in one of the pole pieces.  The p's were  

put into 12 different bins, s ix  of these being .rr counters and s ix in 

other categories.  The rat io  of the number of counts in any bin to 400 - 

was then the fraction of the rr's that had decayed a t  point S and that 

ended up in that bin. F o r  the mrq bins this fraction was GT,t (S). 

A number of points were  chosen along the ray.  F o r  rays  not p a s s -  

ing through Counter C2 five points were  chusen, and for  those passing 

through C2 14 points were  taken. The integral  over  the path was 2 

broken up into two pa r t s ,  decays before and a f t e r  C2. Again a f t e r  C2 

the energy loss  was included and the pion energy decreased  f rom i t s  

initial value by the average energy los s  in the ta rge t  and C1 C2 counters.  

The integration was per formed by Simpson's rule for  rays  not passing 
2 

through C2, and bjr Gaussian quadratures  fo r  r ays  passing through C2. 

All the ti's were  placed in some bin and the sum of the separa te  inte- 

grations over the 12 bins was compared to the total  f ract ion of pions , 

that had decayed. These numbers  were the same,  therefore a l l  p ' s  

were  accounted for .  

A t r i a l  run was made using 800 rays  in the 7~ c . m .  and the resu l t s  

agreed  within 6% with those f o r  which 400 rays  were  used. Also runs 

were made by using 12 and 17 points of decay along the paths of pa r t i -  

c les  passing through C2. The resu l t s  of these two agreed  to 1070. 

~ o u r t e e ' n ' ~ 6 i n t s  of decay were  decided upon for  the final runs.  



The functions G,,t(S) for  and ~ r ' 2  a t  50 deg, 365 MeV a r e  

plotted in Fig.  29 for  a pion of energy 53 MeV that passes  through the 
i: 

center  of C2 and TIT'. 

t c. Choice of IT.. rays  

The muons re7sulting f rom T decay a r e  confined tu a cone (in the 

laboratory iy$ tem)  whose. axis  i s  along the original directton of the pion 

and whose done angle i s  given by the formula 
. . 

where Bc = muon cone angle ( lab) ,  

y; = ~ , / ~ : [ ~ i o f i  energy (lab)] /[rest ma + s  of the pion] , 

(3, = V,/C = [pion velocity (lab)] / c ,  

(3 = vp/c = [muon velocity ( in  the IT c. m .  ) ]  /c .  

F o r  each energy chosen the cone angle was dete.rmined and l imi ts  s e t  

on the IT' d i rect ions to be t r ied.  Next, representat ive rays  were  chosen 

within those l imi ts .  Six of these passed through C2 and 48 did not. 

These weresall  chosen in the region above the midplane of the spec-  

t romete r  because the sys tem was symmetr ic  above and below the plane. 

The computer t ime (on the IBM 7090) required to run these 54 r ays  for  

rt of one energy,  including a l l  the decay p rays,  was about 3 5 minutes.  

The calculation was per formed for  a representat ive s e t  of counters and 

energies  a t  50 dlld 110 deg, which have d i f f ~ r ~ n t  magnetic-field sett ings,  

and the corresponding quantities calculated for  a sys tem a t  30 deg l e s s ,  

o r  a t  20 deg and 80 deg. I t  was therefore possible to do a l l  four lab-  

o ra to ry - sys t em angles  in two se t s  of runs.  

d. Solid-angle and energy integration ' 

The solid-angle integration of Eqs .  (25) and (28) was done by hand. 

The ener.gy integration was performed in the following way:. Both los ses  

' and gains were. calculated for  pion energy values equal to the cent ra l  

energy of the representat ive counters.  F o r  each counter the value of 

the loss  o r  gain over  the whole energy acceptance of the counter was 

a s sumed  to be constant. The gains,  however, had contributions f r o m  



Fig. 29. G,,t , GnTtZ plotted a s  a function of path t raveled,  s ,  
1 

f o r  a 53-MeV IT+ passing through the cen t e r  of C2 and 
counter ~ ~ s r ' ~ .  The discontinuity a t  s = 12.25 i s  due to 
method of considering the l o s s  of energy by the IT+ up to 
that  point. See text  fo r  deta i ls .  

. . A, B: l imi t s  of magnetic field. 
C1, C2, TIT' l :  a r e  positions of those counters .  

A point of en t ry  to magnet. 
B point of exi t  f r o m  magnet.  



outside energies ,  therefore a curve including the other energy points 

was drawn and added to the rectangular distribution. A sample case ,  

the rrns counter a t  50 deg, was run, wherein the gains were calculated 2 
in f iner  s teps of energy within the range of the acceptance of the counter. 

The approximation of rectangular energy response in the counter was 

found to be a ' f a i r  one. This method was then used in a l l  cases .  The 

gains a s  a function of energy for  the 50-deg counters a t  365 MeV may 

; be seen in Fig.  30. The other  cases  w e r e  done in a like manner .  

' 4. Efficiency Correct ion Fac tor  
-. 

The rat io  of the gains to lo s ses  was calculated for  the point 

. target .  I t  was a s sumed  that this ra t io  was valid for  the actual ta rge t  

r.nnfiguration. The efficiency correct ion,  therefore,  was given in 

t e r m s  of gains G, lo s s  L, and the fraction F by the equation 

The uncertainty in the value o'f C was dependent upon the un- 

. certaint ies  in the numbers  and (G/L). Much c a r e  was taken to get 

a s  accurately a s  possible,  a s  descr ibed in the f i r s t  section of this 

Appendix. The fact  that F was a slowly varying function of the energy 

was Iur lu~la te  ill keeping i t s  uncertainty l n w  (about 570). 'The grea tes t  

u l l ~ e ~ . t a i n t y  in C comcs f r o m  the calr111a.tion of (G/L) and the a s sump-  

tion that (G/L) fo r  a point ta rge t  i s  the same  a s  (G'/L) for  the whole 

target .  

In the evaluation of G a number of uncertainties were introduced. 
t 

The choice of 400 representat ive rays  in the rr c. m .  and 14 decay 

points gave a value to the integral  over  the nt path that was good to 

within 7%. The energy integration was crude,  but i t  was performed 

in the s a m e  way for  both G and L so- tha t  the rat io  of G/L should not 

suffer much f r o m  the crudeness  of the method. F o r  the assumption 

that  (G/L) of a point t a rge t  was equal to the (G/L) for  the actual  ta rge t  

another 5% was added to the uncertar ta inty of (G/L). 

The uncertainty a s  signed to the efficiency correct ion C averaged 

20%. The calculated cor rec t ions  a s  a function of energy a r e  plotted 



50 I00 150 
T ( M e V )  

Fig.  30. P lo t  of G,  gains,  vs  IT+ energy  fo r  s eve ra l  nn' counters  
a t  50 deg fo r  365 MeV incident n -  energy.  The dashed curve  
i s  the calculated gains for  counter nn12. The h i s tograms .  
with ta i ls  a r e  the shapes  used fo r  the calculation. 
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T ( M e V )  

t -  
Fig. 31. Fraction of IT'S undetected because of decayto P t v .  

a s  a function of T,+ 
o 8 = 20" 
A 8 =  50" 
e e = 800 
A 8 =  110" 



in Fig.  31. Note that the correct ion i s  reasonably constant a s  a func- 

tion of energy, but changes with angle. The calculation was performed 

for  t r i a l  points a t  432 MeV and found to be about'the same  a s  for  the 

365-MeV points. The correct ion applied to 432 MeV was therefore 

taken to be the s a m e  a s  a t  365 MeV. The correct ions a r e :  \\ 

a t  20 deg, 0.040 * .010, 

50 deg, 0.055 * .010, 

80 deg, .0.084* .015, 

11 0 deg, 0.030 * .Ol5. 

. . 

B. Isobaric  Model 

1. S-Wave Isobaric  Model 

According to the "isobaric" model,  6 2  28* 29  two possible in te r -  

actions contribute. to the spec t rum of the final pions in single-T-produc- 

tion reactions.  These a r e  given in Fig.  32. The notation and definition . . .  

of  terms are  in Table XV. 

Fig.  32. Diagram corresponding to the two channels 
of the single -T-production react ion according to 
the i sobar ic  model. 



~ i n d e n b a u m  and Ster~lhe in ler  in the ea r ly  isobar  model assumed 
. .  . . . 

the two pr'odesses in Fig,  '32 we:re Bergia,  Bonsignori, 

and ~ t a n ~ h e l l i n i  (BBS) stated that the two p rocesses  in Fig.  32 a r e  not 
~. 

incoherekt, .but m a y  interfere  with each' other.  29 
. . 

~01 :  isotropic production and decay of the i sobar ,  BBS proposed 

The notat,ions used a r e  descr ibed in Table XV. 
. . 

Let  us-,consider the reaction in t h e  center -of -mass  sys tem,  a s  

repr.esented in Fig.  33, 

Fig. 33. Center  of m a s s  of final s ta te  in single -rr production. 

We have 
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 able XV. ~ o t a t i o n s  for  calculation of isobari'c modkl. 

A. Isotopic Spin 

y3Tr2 = isotopic spin function for  T = 3/2 isobar  

a = isotopic spin Clebsch-Gordan coefficient for  IT' a s  a 
member  of the . isobar  

p:. = isotopic spin ~ l e b s c h - G o k d a n  coefficient for  IT' a s  the 
recoil  par t ic le  

B. Kinematics 

All quantities a r e  evaluated in the over -a l l  center -of - m a s s  
system. Init ial-state quantities a r e  unprimed and final-state 
quahtitie s a r e  pr imed.  

P , P , E ,  and M = 4-momentum, 3-momentum, energy, and . 4 
,mass  of nucleons 

q4, q, W ,  and t.~ = 4-momentum, 3 -momentum, energy, and 
m a s s  of pions 

I = incident flux 

E'" = total c. m .  energy 

C. Isobar  Terminology. (applies to both pr imed and double -pr imed 
pions) 

m f 2  = ( q i + ~ i ) 2  = total energy squ i red ,  in a f N  center -of -mass  
f r ame  

q: = 3 -momentum in r ' N  center -of -mass  f r ame  

= (111~ M )  2.1 resonance 

f' ' = pseudovector coupling constant 

2 g = 4 f  w / 3 = : 0 * 2 2 / p  
r 

G ( m g ) =  g q;'/w9 
. . 

~ ( m ' ) ' =  ( m r , -  . .  ml) . - i G(mV)q '  
C 



Using the m,omentum 6 function, we integrate over dp' .  Next we inte- 

gra te  over  .dql', using the energy 6 function and .the identity 

where t i s  determined by the equation h( tO) = 0. In this case  h(ql')=O 
0 

i s  just  the conservation-of -ene rgy equation, which reduces to the quad- 

ra t ic  equation (35) fo r  W"(q") in t e r m s  of q',  W' , E", and 8, where 8 

i s  the angle between IT' and T": 

and cos 8 = ( B  - 2AW1!) /2 q" q'. (3  8) 

The positive square  root  of the discr iminant  applies for  - 1 d cos 8 d 0, 

and the negative root applies for  0 Gcos 8 6 1.  If we use Eq. (34), 
. , 

then Eq. (33), a f te r  being multiplied by q!!-/q!'. , becomes 

113 T 
1 q l '  1 prod 

d a  a .- qv 'dq9 dUq' 
IWE W9 I ( w " ~  - p"2 + ( ~ / 2 )  - AW") w " + ( w " ~ - ~ + " ~ ) ( A - w " ) ~  . 

We divide by dq'dS2q9 and fur ther  reduce the expression to give 

2 - (W''2-v2)3/2 I T " 
d u . a q g 2  prodl 2mq" .- 

(40) 
dqrdnqt I W E W ' ~  ((Bw'! /2) -, p + " 2 ~ )  

We mys t  next evaluate the expression 1 Tprod12, which i s  a func- 

tion of m '  , m" , q;, and q';. By expanding the invariant m '  in both the 

over -a l l  c. m .  sys t em and the ITN c. m.  s y s t e m  we get  the expressions 



. . 
0 . .  ' c 4ml2 

. and 

2 
= (wu2  - w12) - E ' ~  + 2E4W' t ir '2 t 2M . 

, . 
F r o m  Eqs.  (::3.(j .!) and (<:4-1. ) ,  
~. 

2 
d a a-- 

IWE W" GG'(O) I Tprod 
I Z  d(cos B)d+ , 

dq'rnq' 
Rq' ' 

where 

2 3/2 2 GG(6) = (w'12 - p" ) . / ( ( B / ~ ) w "  -: Ap' ) 

and 

1/2 
( m r  - m l ) ( m  r - m " ) t G ( m l ) G ( m " ) ~ q ' k  

+ 2ap [GCrn':)~G:(.'m1])~' 
2 2 2 2 [ ( m r  - m' ' )  + G (m')q:2] [ ( m r  - m") t G(m1')q'k ] ' 

The l a s t  t e r m  of Eq. (46) i s  the interference t e r m  of BBS; GG(O) 

i s  the phase space factor ;  

2 
i s  t he  quantity Ce  wish to compare with our  measu red  dT'dS2qP 

distributions.  . 



2. P-Wave Isobaric  Model 

The i sobar  i s  assumed to be produced in the fo rm a t  b c o s  ON:'.:, 

where ElN:; i s  the angle of production of the isobar  in the over -a l l  

center -of -mass  system. F o r  simplicity the decay i s  taken to be i so -  

t ropic  in the i sobar  c. m .  The ramifications of this assumption a r e  

d iscussed  in Sec. V1I.B. ' 

Figure  34 shows the coordinate sys t em used. In Fig.  34a, n' i s  a 

member  of thc i sobar  and in F i g .  34b r' is the recoi l  par t ic le .  

\ 

P' , direct ion . 

F i g .  34.  Final-s tate  c. m. sys tem fo r  both channels of isobar  
production. , 

In Fig.  '34(b) the i sobar  iecoi l s  opposite to n f ;  cos eN::, therefore,  
.I- 

i s  just .  -c.o;s 8'", where 0'" i s  the T' c. m. angle. In Fig.  34(a) we, have 

cos 0$ = cos (rr-0) cos 0' t sin (n-0) s in  0" cos ( (n  t +) - n) 

.I* . 
= - cos  0 cos 6':' + s in  8 s in  0"' cos +, 

where + i s  'the azimuthal angle of n" with respec t  to the coordinate 

sys t em whose . z  axis  l ies  along r r s .  If we rewri te  Eq. (31) in  the 

f o r m  
I I 

Tprod = a A(m'  ,.q;? + p B(ml1, qc) I (48) 

introducing the a + b cos dependence requi res  



, . 

Tprod 
= a A(ml ,  q> (a  t b) [ -  cos 8 cos 8' t s i n 8  , .  s in  8'" cos $1 - 

, f p ~ ( m l ' ,  q'') ( a  - b cos 8"). , 

, 
. . . . ". . . . 

When we s'quare T ' now we get +.-dependent. t e r m s .  T e r m s  con- 
. 1 P ' O ~  

taining cos Qj a r e  dropped because these integrate out to .zero when we 
. ,  

integrate over +. The resu l t  i s  

2 . 2  2 2 2 . 2 -I, 2 2 2 I T  I 2  = a A [a t b  (cos 6 cos 8". t s in 8 s i n  8':: cos +) ' pirod . . 

I .  . ;  . '  -2 .a b cos 8 cos @:::I 

2 2 2  2 2 ::: 
t p B ( a  t b  cos 8 -2a.b cos 8''') 

2 2 
t 2  ap  Re ~ " ' ~ [ a ~ t b  cos 13 cos 8"t a b  ( -cos  13"-cos 8 cos 8")] . (50) 

3. Computer P r o g r a m  and F i t  to Data 

"ZIGGY, ' I  a  p rogram written in FORTRAN for  the IBM 7090 
2 2 

computer,  pe r fo rms  the calculation of d a/dq1dS2 and d a /d~ 'd !2 '  a s  

given by phase-space distributions and the s -  and p-wave isobar  models.  

I t  f i r s t  does this a t  equal intervals  of energy T1 f r o m  T' = 0 to Tmax, 
2 

the maximum c. m.  energy allowed. I t  then integrates  d a / d ~ ' d Q '  
T 

over T1'and Q1 to determine the overal l  normalization of each function 

calculated. The p rogram next calculates the s a m e  quantities for  the 

measured  data points and uses  the IBM SHARE routine VARMINT to 

make a leas t - squares  f i t  to the functions themselves,  and to l inear  

combinations of the functions. 

The supposed l inear  combinations a r e  actually introduced into the 

T ma t r ix  in Eq. (44), e. g . ,  for  a phase-space background and an  s -  

wave isobar  model capable of interfering with each other ,  I a s sume  a 

T ma t r ix  of the f o r m  

' Tprod = x, + X2 exp (:kX3) (aA t PB). 



In this case ,  since A and B a r e  complex quantities, we get upon 
. . 

squaring, t e r m s  of the form 

2X1X2 (cos Xg Rc ( a ~ t  PB) t sin X j  ~ m ( h , ~ . t  PB)). 

An assumption of inte.rfe.re.nce. here ' introduces.  into the calculation 

the complex quantities themselves and not just  a product of two complex 

quantities. . The p,Togram var ies  X 1 ' X2' 
and Xg sd that the X 2  of the 

33 f i t  to the data i s  a minimum. Several types- of Tprod were assumed 

a'nd f i t s  were obtained for bbth Tillit = 1 /2  and Tinit : 3/2 .  They a r c  

total c r o s s  section a s  determined f rom the fitting pa ramete r s  and the 

calculated norlilalizaliu~ls a1.e also  listcd. 

In Table XVII, ' 

. x(2) i s  the s-wave isobar  amplitude in fi ts 1 to 10, 

x(1) i s  the phase-space background amplitude in 1 to 10, and 

x(3) i s  e i ther  a phase angle in f i t s  4, 9, and 12 o r  the coefficient of 
. . 

. . 
cos ON::' in  fi ts 5 and 10 (p' wave); . 



Table XVI. Descriptibn of models used to fi t  nt data.  

F i t  No. 

T=1/2 T=3/2 

Model 

phase space X2(1 

s -wave isobar  

s -wave isobar  + 2 .  2 2 
x (1) + x (2) 1, 

noninte rfe  ring 
.L 

phaseq'space 
background. 

s-wave isobar  + Ix(l) + x(2) kiX(3) lTI 
interfering phase -. 
space background 

.:: 2. 
p-wave isobar  1:1,(x:(2) + x(3) cos eN:$ 1 

2 2 
two T states  - -with- x (1) 13/2 + x (2) I 

1/2 out interference 
.' ,- , ~ X ( Z ) ~  

12 12. two ' l ' s t a t e s - -wi th  ( ~ ( l ) l ~ / ~ $ x ( L ) e  
1/2 interference 

a I - aTA + PTB, a s  descr ibed in Eq. (31). T - 
..... . . . . . .  .... . , , . .  . .... . . . .  . . - . .  . . . . .  . . .  . . .  . ..  .. 



Table XVLI. Eesul t s  of f i t  to rrt data  des&ibed.in Table XVI: 

365 MeV., 21 data points 432 MeV, 20 datz p m n t j  

b F i t  NO. x ( l )  x(2) x(5) .< 'a . prod.  T o  c ' ~ ( l )  +(3) x Prob .  oTot d 

a .  Ref. 33. Expected X 2  = number of d e g r e e s  of freedom = number of data points - number o i  ? a r a m e t e r s .  . . ... 
b. The probability i s  not l is ted if l e s s  than 10-4.  .: , 

, I' . . 

c. Measured c r o s s  sect ion 2.39*0.20. 

d.  Measured c r o s s  sect ion 3.97*0.20. 
2 e. Fitting program could not reach  a minimum for  positive values of x (I). . . . .  

: 0 , *  . .  
8 .  

, , .  . 
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