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ABSTRACT

Energy-storing molecular products of radiation in liquid
hydrogen are examined from the point of view that the explusion
of potentlal energy 1in the form of such products may lead to
lower design weights for nuclear rockets. It is found that a
significant fraction of the energy deposited by radiation in
liquid hydrogen is stored temporarily through the dissoclation
and excitation of Hy molecules. Experimental and theoretical
results are consistent with a rate of dissipation of such
energy lnto thermal motion which is much slower than the rate
at which the radlation products are expelled from the tank. It
is shown that, if this is the case, relatively high levels of
infrared radiation are to be expected but that such energy will
not rapidly be translated into thermal motion. It is concluded
that, insofar as radiation heating of the propellant 1is a
significant design factor, further consideration should be given
to radlation-induced reactions in liquid hydrogen and that any
radiation-heating experiments should be interpreted in terms of

possible energy-storage effects.
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REPORT SUMMARY

Hydrogen-propelled nuclear vehicles play a leading role in
presently envisaged space missions. Therefore, the processes
associated with radiation~heating in liquid hydrogen are worthy of
attention. Of particular interest from the standpoint of propellant-
shield design is the formation of energy-storing molecular species
through which the production of actual thermal energy is temporarily
postponed. Consideration of potential energy expelled from the
system in the form of such species may lead to lower overall design
weilghts, owlng to less stringent provisions for shielding, pressure-
vessel construction, and/or boil-off. The object of the present
study 1is to determine whether an appreciable amount of the energy
deposited by radiation is stored in radiation products and whether
such products survive in the liquid long enough to be expelled from
the system. In realistic cases most of the radiation products are
formed near the exit, and the time required for their expulsion is
only about 20 seconds.

Energy deposited in liquid hydrogen by neutral radiation is
initially transferred to recoil protons or Compton-scattered
electrons in the case of neutrons or gamma rays, respectively.

When such charged particle pass through the hydrogen, which is
normally almost entirely in the Ho ground state, approximately

equal amounts of energy go into the production of H-atom pairs,



through the formation of the repulsive 3zu Hyo state and into the

production of Hg ions. By means of reactions such as

+ + . gt -
Hy ¢ H,=H3 +H : Hy + e = HE + K,

the lonization process leads indirectly to further dissociation
and excitation. Through ionic and dissociative reactions alone,
about U43% of the energy deposited i1s temporarily stored in the
production of H atoms and excited Hp molecules. Most of the
remaining energy 1s initially released by the ejJection of H atoms
from repulsive molecular configurations, The total amount of
energy storage could be substantially higher than 43%, depending
upon the efflclency of energetic H atoms in producing excited Hp
states. Energy storage through para- to ortho-hydrogen conversion
is found to be insignificant because of the low excitation-energy

involved.

Whether the time required for the dissipation of stored energy

into thermal motlion is less or greater than the 20 seconds or so
spent in the system by irradlated molecules depends on the rate at
which radiation produects return to the Hpo ground state. This rate
1s determined by (1) the rate of recombination of H atoms, (2) the
rate of de-excitation of Ho molecules and (3) the rate of trans-
mission to the tank walls of infrared rays from molecular transi-

tions induced in the liquid.




It is probable that at liquid-hydrogen temperatures the recom-
bination of H-atom pairs proceeds by a 3-body reaction with an H atom
as the third body. Analysis of theoretical and experimental results
shows that the efficiency of 3-atom recomblnation is certainly low
enough to permit the expulsion of a significant fraction of H atoms
at H-atom densities corresponding to moderate radiation levels and,
furthermore, that the experimental data are consistent with an
efficiéncy low enough to permit significant H-atom expulsion at
arbitrarily high radiation levels.

De-excitation may occur through the superelastic scattering
process, iIn which a molecule 1in an excited state interacts with one
or more unexcited molecules and gives up its excitation energy as
rgdoil kinetic energy. A recent wave-mechanical treatment shows
that the cross section for this reaction falls off drastically at
low collision energies. Assuming that the energy dependence
revealed by the theoretical results can be extended to energies
corresponding to liquid-hydrogen temperatures and that only isolated
binary collisions are important, it 1s found that the mean lifetime
in the liquid against superelastic de-excitation of the first
vibrational level of Ho 18 of the order 100 minutes. The assump-
tion of 1isolated binary collisions on which the estimate is based
appears to be theoretically sound in the case of liquid hydrogen.
Confirmation is needed of the assumed temperature dependence of the
de-excitation rate for the first level, and the calculations should

be extended to include higher levels and H-atom recombination,



The probabllities of infrared-ray emission and absorption by
Ho molecules are related to the half-widths of experimentally
observed absorption peaks. Recent spectral measurements provide a
means of calculating the probabilities for some of the fundamental
transitions. It is found that the lifetime against emission in the
liquid 1is of the order of seconds but that the mean free path against
absorption by the formation of the original type of Ho state is so
short that infrared rays are not rapidly transmitted to the walls.
If energy storage mechanisms are important, 1t should be possible
to observe experimentally the flux of infrared rays trapped in the
irradiated liquid.

It is concluded that a significant fraction of radiation
energy 1s temporarily stored in liquld hydrogen. While information
on the rate at which stored energy is dissipated into thermal motion
1s not conclusive, what evidence exists l1s at least consistent with
a rate of dissipation which 1s much slower than the rate at which
radlation products are expelled from the system. Therefore, insofar
as radiation heating of the propellant has a signifilicant 1nfluence
on the design of a nuclear-powered vehicle, further calculations of
the rates of radiation-induced molecular reactions are warranted;
and any experimental data obtained on the radlation heating of
liquid hydrogen should be interpreted in the llight of possible

delays 1n the equipartition of energy stored in radiation products.
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I. INTRODUCTION

Hydrogen=-propelled nuclear-powered vehicles play a leading role
in presently envisaged space missions. Consequently, much considera-
tion has been given to the gross deposition of radiation energy
inside the propellant storage system. It is customarily assumed
that such radiation energy is instantly translated into familiar
thermal effects. It would seem, however, that the microscopic
processes associated with radiation heating in liquid hydrogen are
worthy of attention., Of particular interest from the standpoint of
propellant-shield and pressure~vessel design should be the formation
of energy-storing molecular species through which the production of
actual thermal energy is temporarily postponed. Consideration of
potential energy expelled from a storage system in the form of such
species could lead to lower overall design weights, owing to less
stringent provisions for shielding, pressure-vessel construction,
and/or boiloff.

The objJect of this study is to determine whether a significant
amount of energy is temporarily stored through the formation of
radiation products in liquid hydrogen and whether such products
survive in the liquid for a long enough period of time that their
mechanical expulsion competes favorably with their return to the
Ho ground state through the liberation of kinetic energy. It is
assumed that 1if radiation heating of the propellant has a signifi-

cant effect on the design of a space vehicle, then the possible
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expulsion of an apprecilable fraction of the deposited energy in non-
thermal form is an important consideration. What advantage 1n
design welght might accrue to the expulsion of a particular frac-
tion of the energy in the form of radiation products is beyond the
scope of the present inquiry.

That energy-storage mechanisms in liquid hydrogen should be
looked into 1is suggested by the general nature of the propellant
heating problem. In an important class of cases one has to reckon
with radiation-induced heatling only while the nuclear power source
is in operation and while the propellant is being expelled from the
storage tank at a high rate. FPFurthermore, in foreseeable space
vehicles, the fraction of the total volume of propellant which 1s
nearest the radiation source and which therefore absorbs most of the
radiation 1s also nearest the storage exit or pump. Therefore,
volume elements of the liquid are exposed to intense radiation only
shortly before they are expelled, and, hopefully, the potential
energy created may not have time to dissipate into thermal motion.

It is.expected that full-scale propellant tanks for "one way"
vehicles wlill be completely emptied in around ten minutes. Using a
typical tank length of the order of 100 feet and an effective energy-
flux relaxation length of three feet (which 1s reasonable for mixed
neutron and gamma radiation in liquid hydrogen), it is seen that the
majority of the molecules affected by radlation are expelled within

20 seconds after beilng affected. Hence, a 20-second perlod can be
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taken as the minimum time for which energy must remain stored in
radiation products if energy-storage effects are to be signifilcant.

An attempt is made in the following sections to determine
whether a significant fraction of the energy deposited by radiation
in liquid hydrogen 1s stored as potential energy and 1is not
dissipated into thermal energy in less than the 20-second time
requlred for the expulsion of the radiation products. In Section II,
the molecular reactions which lead to appreciable energy storage are
identified, and a lower limit is set on the amount of energy which
is stored at least temporarily. Section IIIoutlines the general
mechanisms of stored-energy dissipation. Section IV examines the
disslipation process in which H-atom pairs are recombined through
energy transfer to a third body. Section V 18 concerned with the
rate of molecular de-excitation through the production of relative
kinetic energy of recoll between molecules. Section VI considers
the moleculér emission and re-absorption probablllities which deter-
mine the rate of migration of infrared rays through the liquild and
to the walls of the system., Lastly, Sectlon VII is devoted to

conclusions,
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II. RADIATION-ENERGY DEPOSITION

2.1 Radiation-Induced Reactions in Hydrogen

Energy deposited in liquid hydrogen by neutral radiation is
initially transferred to recoil protons or Compton-scattered
electrons in the case of neutrons and gamma rays, respectively.

The energy imparted to such charged particles is very large compared
to the binding energy which holds atoms or molecules together (see
Table I). Consequently, energy deposition by energetic charged
particles involves the same kind of destructive processes regardless
of the charge of the energetic particle., If it is assumed that the
slowing down of charged particles of different types and energies
leads to the same production of ionic and molecular species per unif
energy deposited, then the types and proportions of molecular species
produced are independent of the composition and energy spectrum of
the radiation field. Although this assumption, that the amount
produced of a particular species depends only on the energy deposited,
may be only roughly valid, it should provide a reasonable basis for
energy-storage calculations.

A compatible assumption 1s that the products of a-particle
radiatibn in hydrogen gas, which are known from both theoretical
and experimental studies, are presentative of the products formed
by protons and electrons in the liquid. A 1936 paper by Eyring,
Hirschfelder, and Taylor (Ref. 1) presents much basic information

on the lonic and dissociative reactions induced by a-rays in
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hydrogen gas; more recent papers (Refs. 2, 3) indicate no major
revisions of thelr conclusions. The processes described in
Reference 1 do not appear to involve the mobility or density of
molecules in such a way that reactions due to protons and electrons
in the liquid should be much different from those due to a-rays in
the gas. It 1s therefore assumed that the types and proportions of
various radiation products are independent of the molecular density,
as well as the charged-particle type and energy.

Radiation in hydrogen produces, in addition to certain rela-
tively stable excited states of Hp, the followlng speclies which do
not disintegrate immediately: H, e, H&, Hg, Hg, H™, and H5. The
primary positive ions (those which are formed directly by the
passage of a charge particle) are quite predominantly of the type :
Hgo This type of lonlization requires 15.37 ev. However, it has
been found that for each such ion created the charged particle
somehow loses about 33 ev (Ref. 1), The extra energy must go into
excitation and kinetic energy of recoll. Eyring et al. inferred
that most of this extra energy goes into the so-called 3zu exclited
electronic state of Ho, the excitation energy of which 1is about
11.6 ev (Ref. 1; Ref. 4, p. 38). The 3zu state 1s a repulsive
configuration; it has no equilibrium position for the formation of
an H, molecule and therefore dissociates into two H atoms as soon
as it is formed (Ref. 5; Ref. 6, p. 344; Ref. 7). Since the
dissociation energy of the Ho molecule is 4.73 ev, the kinetic
energy of each H atom thus formed is (11.6-4.7)/2 or 3.4 ev. 1If

20



the inference of Eyring et al. is correct, it is seen that roughly
one pair of such H atoms 1s produced for each Hg ion formed. As the
concentration of radiation products 1s always relatively small,
energetic H atoms eventually go into thermal equilibrium through a
series of elastic and inelastic collisions with Hp molecules.

H atoms are produced by other means than 3zu excitation. When
a newly formed HZ ion comes into the vicinity of an Hp molecule

which has not been excited by the radiation, the reaction

HE + Hp ——‘-—,>H§ + H (2-1)

has a high probability of occurrence. Although a certain "energy
barrier" (activation energy) exists for this reaction, the height
of this barrier is found to be S0 low that most ion-molecule pairs
have enough kinetic energy to surmount it, even at liquid-hydrogen
temperatures. Other possible reactions for the decomposition of HE
are

Hg + e~ ——= 2H (formation of a momentary repulsive state),

Hb + e~ + H, = 2H) (3-body reaction resulting in excited
Hg)s and

Hg +»H2.===g>H2 + H + gt (endothermal reaction).

The last three reactions are believed to offer little competition
to that which leads to H3q Thus, H+, the predominant ion resulting
directly from radiation, is likely to enjoy only a fleeting
existence before reacting with Ho to beget H; and H.

21



The chaln of events which is started by the radiation-induced
ionization of the Hp molecule is terminated, as far as ions are
concerned, with the neutralization of the H; ion. Hg readily
combines with an electron in a 2-body reaction, since the energy
of formation may be absorbed in the excitation and kinetic energy
of the reaction products. When H§ is neutralized, the resulting H3
conflguration has an equal probability of being in either of two
repulsive states. In one of these states, two of the H atoms bind
together and repel the third atom; in the other state, all three of
the atoms are mutually repulsive. Thus, the neutralization of Hg

could be expressed as
+ - 1 1
H3 + " => 3 (H2+H)+—2- (3H).

(Free and lightly bound electrons should be available from the
ionization of Hp, )

The energy yields from the combination of HE and Hy and from
the neutralization of H§ can be calculated from the binding energies
given in Table I. Using the proton=binding energies of HE and of H%,
the energy yield of the reaction "

H) + Hy =—>H} +H (2-2)

is (2.74 - 2.64) = .10 ev. (Since the proton-binding energy of H§
is only known approximately, this result could easlly be in error,
and the reaction might even be slightly endothefmal; the calculation
serves to show that the energy yield, if any, is small.) The yield

22



of the reaction

Hy + e” —sHS + H (2-3)

is (13.54 - 2,74) = 10.8 ev, where the ionization energy of the
H atom (13.54 ev) has been used. When an Hp molecule is formed by
this process, it is apt to be 1in an excited state, as is indicated

by the asterisk. The reaction

HY + e~ —= 3H (2-4)

yields (13.54 - 2,74 - 4,73) = 6.07 ev, where use has been made of
the Ho dissociation energy (4.73 ev).

2.2 Production of Potential and Kinetic Energy by Means of Ionic
and Dissoclative Reactions

The energy ylelds of the most important ionic and dissociative
reactions are given in Section 2.1, but the form in which the energy
appears is a different matter. It was established that in the 3zu
reaction two H atoms are formed, each with a kinetic energy of 3.4 ev,
The yield of the reaction between HE and Ho {Eq. 2-2) is small
enough that the form of the energy is unimportant for this discussion.
The energy yield from the H; neutralization which results in 3H
(Eq. 2-4) must all be in the form of kinetic energy, since the
energy available is less than the lowest excited electronic level
of the H atom (10.2 ev). In this latter reaction, if the triatomic
hydrogen molecule formed in the neutralization is linear and
symmetrically repulsive, as seems likely (Refs. 11, 12), then the
kinetic'energy is equally divided between two H atoms, each of them

having 3.02 ev,



Table I

Binding Energies of Stable Hydrogen Configurations

Configuration and

Type of Binding Binding Energy Source

Hy : H <> H 4,73 ev (Ref. 8, p. 567)

Ho ¢ HE = e~ 15.37 ev (Ref. 1)

H : H «=—> ¢~ 13.54 ev (Ref. 9, p. 234)

HE : H <= H' 2.64 ev (Ref. 1; Ref. 6
(p. 354)

H : Hy <=—> H' 2.74 ev {Ref. 10)

In the case where neutralization of H3 results in an Hpy molecule
and an H atom (Eq. 2-3), the unstable H3 molecule 18 again linear
but the repulsion is not symmetric.
repel the third.

Two of the H atoms unite and

The resulting Hpo molecule is presumably formed in

one of the vibrational states of the 'zg (lowest ) orbital state.

The reason for this inference is that the energy of the H3 state

which dissociates to H2+-H is lower than that which dissociates to

3H (Ref. 1, p. 486), Therefore, the orbitals involved should

correspond to three H atoms in their lowest electronic states, two
of which vibrate with an energy which 1s not large enough to over-

come their mutual binding.

Of course, this 1s a supposition based

on an assumed analogy between the two H3 states and does not

rigorously rule out the possibilities (1) that the H atom is formed

in its first excited electronic state with the consequence that

10.2 ev of the 10.8-ev yield is given up in the form of Lyman
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radiation or (2) that the Ho molecule is initially formed in the
B'zg orbital state (Ref. 5), afterwards going to a vibrational state
of 'zg by transition. (The latter process is possible only if the
10.8-ev calculated yield is slightly in error, since the lowest
B'Z, level is at 11.14 ev.)

Assuming that a molecule in a "Zg state (ground electronic
state) results from the reaction (Eq. 2-3), it is most probable
that the state is one of high vibrational excitation with an energy
approaching that of dissociation. That one of the many closely
spaced upper levels will be excited is suggested by a molecular
temperature model of the highly excited H3 complex, The vibrational
H3 modes involve maximum-energy-level spacings of the same order
as those in the Ho molecule;, i.e., about 0.5 ev. The 10.8=-ev
excitation produced in the neutralization of H§ is so high that a
classical equipartition of energy should occur among the degrees
of freedom of the triatomic molecule., Therefore, the probability
that the Hpo molecule 1s formed in a low-=lying level should be
small. Evidence which lends support to this point of view is given
in Section 2.3 and in Appendix A, where it is shown on a quantum-
mechanical basis that for an energetic H3 complex modes of decom-
position leading to low-lying Ho levels are improbable. Thus, the
vibration energy of the Hp molecule formed in the reaction (Eq. 2-3)
should be of the order of 4.7 ev, in which case the total kinetic
energy evolved is approximately (10.8 - 4,7) = 6.1 ev. Then, from
conservation of momentum, the kinetic energies of the atom and

molecule are 4.1 ev and 2,0 ev, respectively.

25



What might be called the principal events with respect to
ionic and dissoclative reactions are summarized in Figure 1. The
more obscure reactions are omitted, and the assumption of exactly
one 3zu excitation for each Ho lonization 1is merely a convenient
approximation. The two major branches represent reactlons which
are presumed to proceed concurrently (hot as optional branches)
after the deposition of 33 ev by energetic charged particles.
Figure 1 shows that five H atoms are formed for every 33 ev
deposited, Since the potential energy between pairs of H atoms
is 4.73 ev, the energy stored in the production of H atoms is
(1/2)(5)(4.73) = 11,8 ev, or 36% of the -energy deposited. If it
is assumed that the energy of the excited Hp state is of the
order of 4.7 ev, then the energy stored through ionic and dissocia-
tive reactions alone comes to U43%., Because of the effective
flimsiness of atoms and molecules, the deposition of energy by
primary charged particles and by energetic secondary ions does not
lead directly to a large amount of molecular translational energy
along the path of ionization (Ref. 1; Ref, 9, p. 336). Therefore,
most of the remaining 57% of deposited energy is initially released
in the disintegration of repulsive molecular configurations, going
mainly into the motion of energetic H atoms. PFigure 1 shows the

initial H-atom energles.
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Figure 1. Principal lonic and Dissociative Events
Resulting from the Irradiation of Hydrogen
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2.3 Production of Potential Energy Through Inelastic H-Ho Collisions

Considerably more than U43% of the deposited energy will be stored
if collisions between energetic H atoms and Ho molecules are effec-
tive at producing excited Hp states. The permissible energy levels
for an Hp molecule exclted to low states of vibration and rotation

{(in the ground electronic state) are described by (Ref. 13)
E;, = 0.015 (1/2)3(3+1) + 0.533v, (2-5)

where Ej, is the excitatlon energy in ev of a molecule in 1its Jth
rotational state and its vth vibrational state. It is seen that
excitation of the first vibrational or the first rotational level
takes up 0.533 ev or 0.015 ev, respectively (in the centre-of-mass
system). Vibrational excitation is accompanied by rotational
excitation in general but may be thought of as occurring indepen-
dently, since the two types of motion are only slightly coupled.
Since energetic H atoms are ejected with energlies on the order
of 3 ev, it is possible for this kinetic energy to be stored by both
rotational and vibrational excitation (excited electronic states are
inaccessible because of insufficient energy). Whether the amount of
energy stored in this way compares favorably with that which is
dissipated in the recoil of Ho mélécules depends on the cross section
for momentum transfer between the atom and molecule, as well a§ on

the excitation cross section., Although realistic momentum-transfer

cross sections might possibly be obtained from thermodynamical data,
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the only available and theoretical cross sections for the lnelastic
process (Ref. 14) are based upon rough quantum-mechanical approxima-
tions and have not been confirmed by experiment. Hence, only a
general argument for a significant amount of excitation is Justified.
The present discussion shall only be concerned with vibrational
excitation and, in Section 2.4, with a special case of rotational
excitation,

The vibrational excitation of an Hp molecule by an energetic
H atom occurs through the formation and decomposition of an Hpo-H
(or H3) complex. This triatomic complex is linear - i.e., all three
atoms lie on a line (Ref. 12) - and, of course, unstable. The
probability that an Ho, molecule will be excited to a particular
vibrational level in a collision with an H atom depends on (1) the
probability that an Hpo-H complex will be formed and (2) the
probability that the mode of decomposition corresponds to the
particular vibrational level of H,.

Whether or not a complex is formed is determined by the effec-
tive potential-energy field presented by the molecule and by the
energy and direction of the incoming H atom. Figure 2 shows a
contour map of the theoretical potential field in an ordinary 2-
dimensional coordinate system. The calculatlions were made by
Hirschfelder et al. (Refs. 11, 12) and are in close agreement with
calculations made recently by a more refined method (Ref., 15).

In order for a complex to be formed,the H atom must, in general,

cut across a potential "ridge" and enter one of the "basins" at
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elther end of the molecule. Viewing the collision in the center-
of-mass system (where atom and molecule approach each other with
equal momenta ), it is clear that, in collisions which are solid
enough to effect an appreciable momentum transfer, there should be
a high probability of complex formation in all but the most unfavor-
able configurations.

The motion of the entire system before and after the formation
of a complex can best be described by a potential-energy contour map
in configuration space. Figure 3 is a configuration space map of
the potential shown in Figure 2. Each possible set of positions for
the three H atoms is represented by a single point in configuration
space, and the movement of such a point along the surface corres-
ponds to the movements of all three atoms along various degrees of
freedom., The situation is in direct analogy to a frictionless point
mass moving on an uneven surface in a gravitational field. A system
point which has enough initial kinetic energy to cross the potential
barrier and enter the "valley" which corresponds to an H3 complex
may follow a long wandering trajectory before finding its way out
again. In reality, this means that the available energy is suffi-
cient to disintegrate the complex but that this does not occur until
the energy happens to become concentrated in the right degrees of
internal freedom. A long lifetime against disintegration allows
equipartition of energy among the various internal degrees of free-
dom and, hence, a high probability that the complex will disintegrate
with the Ho molecule in an excited state.
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It ié found that high-energy complexes, such as those formed
by H atoms with energies in the ev range, have extremely long life-
times (for unstable complexes). An intuitive explanation of the
increase of lifetime with complex energy has been given in terms of
the configuration space model by Hirschfelder and Wigner (Ref. 16).
They point out that, in general, part of the kinetic energy of the
system point goes into oscillations normal to the line of least
potential and that in energetic complexes this leads to a "baffling”
which makes the escape of the system point difficult. A quantum-
mechanical analysis of the complex lifetime shows the quantitative
effect of such a baffling.

Some H3 lifetimes have been calculated by the author (Appendix
A) using an adaptation of a perturbation method applied by Rosen
(Ref. 17) to the HOo complex, Table II gives the lifetimes of
various H3 modes of vibration (corresponding to various domains in
configuration space) against decomposition into an H atom and an
Ho molecule in its ground state. The numbers m and p characterize
the initial motion and refer to the degree of vibration between
adjacent pairs of atoms in the complex, Because of the long life-
times of energetic complexes, internal transitions (changes of m
and p) are much more probable than decomposition. Hence, it is
likely that when H3 disintegrates, the energy initially borne by the
H atom has been well "mixed" among various degrees of freedom and

that the Ho molecule is left in an excited state.
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Table II

H3 Lifetimes Against Disintegration Leading
to the Ground State of Hp

E (ev) m, p v (sec)
(Complex-Energy) | (H3 Mode) | (Lifetime)
0.5 6,30 1,0(=6)
0.5 4,28 1.7(-9)
0.5 3,26 2.2(-11)
0.5 1,20 3.6(-15)
1.0 4,26 1.2(-9)
1.0 3,23 1.5(-11)
2,0 7,26 6.5(=6)
2,0 5,22 1.6(-8)
3.0 10, 25 3.3(-3)
3.0 8,22 4,7(-5)
4.0 13,23 2,8(-1)
4,0 12,21 5.2(-2)

From the preceding considerations, 1t appears that H atoms
(1) should be able to brute=-force their way into the formation of
an Hy-complex in a large fraction of solid collisions and (2)
should produce long-lived H3 states which have a good probability
of leaving an excited Ho molecule upon disintegration. Thus, even
though the situation is complicated by such effects as elastic

collisions, rotational excitations, and collisions between the
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long-lived translating complex and molecules in the liquid, it can
be assumed that an appreciable amount of energy storage occurs
through the inelastic scattering of H atoms.

2.4 Para- to Ortho-hydrogen Conversion

In the present study the only type of rotational excitation
which will be considered is the special case of para- to ortho-
hydrogen conversion. This type of energy storage would at first
seem promising, since it is an important effect in the heating of
cold hydrogen gas to ordinary temperatures and since the state of
higher energy (orthohydrogen) is known to have an extremely long
lifetime in the liquid (Ref. 18, p. 290). However, consideration
of the mechanisms by which orthohydrogen is formed shows that
radiation-induced conversion 1s unimportant in systems that do not
permit a temperature rise of more than a few degrees.

The H, molecule may occur in either of two "modifications"”. 1In
an orthohydrogen molecule the proton spins are parallel; in a para-
hydrogen molecule the proton spins are antiparallel. Although
either type of molecule may assume a number of excited states,
orthohydrogen molecules are restricted to odd rotation numbers (i.e.,
odd multiples of the angular momentum'ﬁ)g whereas parahydrogen
molecules are restricted to even rotation numbers. Thus, the
"ground-state" rotation numbers for para- and ortho-hydrogen,
respectively, are J = 0 and J = 1. Equation 2-5 shows that the
energy difference between the lowest states of para- and ortho-

hydrogen is 0.015 ev.
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Orthohydrogen represents a triplet quantum-mechanical state,
whereas parahydrogen represents a singlet state. It can be shown
that in a re-arrangement in which there is no spin correlation, all
four of the states have an equal probability of formation (Ref. 19,
p. 400). Thus, in the absence of circumstances which lead to spin
correlation (such as insufficient energy for a triplet state) three
out of four re-arrangements lead to orthodhydrogen. Therefore, at
high temperatures, hydrogen gas 18 a mixture of three-fourths ortho-
hydrogen and one-~fourth parahydrogen. In liquid hydrogen, which
corresponds to a thermal energy of only 0.0017 ev, practically all
of the molecules eventually go to the lowest parahydrogen state.

Aslide from drastic changes in the vibrational or electronic
state of the molecule, conversion from one modification to the other
results from either (1) magnetic interactions between weak magnetic
dipoles, or (2) formation and subsequent decomposition of H3
complexes., Owing to parallel proton-spin alignments, orthohydrogen
molecules exhibit a slight paramagnetic behavior; ortho- to para-

hydrogen conversion can occur through the reaction
Hg+agsﬂg+ap, (2-6)

with a kinetic-energy release of 0,015 ev. However, this is a low-
probability process at all temperatures (Ref. 1). The reverse
reactlon, para- to ortho-hydrogen conversion, cannot occur by

magnetic interaction between parahydrogen molecules, even when the
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energy is available. The reason for this is that parahydrogen
molecules have no magnetic moments, owing to the antiparallel proton
spins (in either modification the electron spins are required by the
exclusion principle to be antiparallel). The conversion of gas from
"normal" (3/4 ortho-) hydrogen to parahydrogen when cooled from high
temperatures (and vice versa in the reverse process) is due almost
entirely to a small concentration of H atoms.

Conversion by complex formation may occur when an H atom of a
particular proton-spin orientation occupies the potential "pasin”
(Fig. 2) of an Ho molecule. The molecule formed in the subsequent
decomposition is a new medification if the dispossessed H atom is
the one opposite the incident H atom in the H3 complex and has the
opposite proton-spin orientation. A conversion of this sort can be
represented by a system point which moves into one end of the
potential "valley" (Fig. 3) and emerges from the other end. The
kinetic energy of the system point changes by 0.015 ev (although
the corresponding potential difference between the ends of the
valley is too small to show in the illustration).

It is seen from Figures 2 and 3 that a complex can be formed
only if sufficient kinetic energy is availlable to overcome an
"activation barrier" for the reaction. Figure 2 shows that for the
most favorable direction of approach the "height" of this barrier,
with respect to "ground" (infinite atom-molecule separation), is

about 7 kcal/mole, or 0,30 ev/m@lecule° Figure 3 shows the same



barrier in configuration space. In order to reach the "valley"
corresponding to a complex, the system point must have enough energy
to reach the saddle point or "activated state.”™ Although quantum-
mechanical "tunneling" of the system point through the barrier is
possible (Refs. 16, 20), the chance of complex formation is still
negligible for collision energies much less than 0,30 ev.

The exlstence of a 0.30-ev activation barrier prohibits massive
conversion in liquid hydrogen even though radiation might provide a
coplous source of H atoms. The fraction of collisions at equilibrium
which have more than the minimum energy (E) required for a particular
reaction is of the order exp(aE/kT), where k 1s Boltzmann's constant
and T is the absolute temperature. If there were no activation
barrier for the formation of the H3 complex, the fraction of colli-
sions which could cause para- to ortho-hydrogen conversion at liquid-
hydrogen temperatures would be roughly exp(-~.015/.0017) or exp(-9).
However, the fraction of collisions with enough energy to overcome
the activation barrier is exp(~.30/.0017) or exp(-176). Considering
that in liquid hydrogen a molecule undergoes not more than 1013
collisions per second (of all types), it is clear that in the
syétems of interest, where the allowable temperature is never much
more than 25°K, no significant conversion- cooling can result from
equilibrium processes 1n any reasonable length of time.

The fraction of radiation energy that can be stored in para-

to ortho-hydrogen conversion through more direct effects 1s also
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small, Molecules near the path of a high-energy neutron or gamma ray
suffer drastic changes, such as ionization and dissociation. While
it can be assumed that the return of radiation products to the Ho
fground-state"” leads to orthohydrogen in three-fourths of the cases,
the effective storage of energy is only 3/h X 0.015 ev per molecule -
which is negligible compared to the 15 ev or so that initially went
into the destruction of the molecule. And although low-energy
neutrons are known to cause ortho- to para-hydrogen conversion by
virtue of their magnetic moments (Ref. 13), the reverse process
cannot lead to much energy storage, since in this case there is
little energy to store.

Any measurable energy storage by non-equillibrium reactions must
involve the energetic secondary products of radiation. Although the
energetic H atoms resulting from disintegration processes (Fig. 1)
have a good chance of forming a number of H3 complexes before slowing
down to equilibrium, the energy absorbed in conversion from ground-
state parahydrogen to ground-state orthohydrogen is much less than
the energy imparted to the Ho molecules in the decomposition of such
complexes. In the early collisions; which absorb most of the
H-atom energy, the average energy imparted to Ho molecules is of the
order of 1 ev compared to 0,015 ev absorbed in conversion. (Owing
to the length of the H3 lifetime, it can be assumed that the line of
disintegration 1s randomly oriented in the center-of-mass system, )
The kinetic energy imparted to such molecules must be either distri-

buted as heat or else reabsorbed in the formation of other kinds of

39



excited states, since collislons between Hp molecules are ineffective
at causing proton spin-flips, i.e., conversions.,

Thus, an activation barrier and a relatively small energy-level
separation make conversion from ground-state parahydrogen to ground-
state orthohydrogen ineffective, so that one must look to the more
robust forms of molecular excitation for a more than minuscule

storage of radiation energy in liquid hydrogen.,
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III. DISSIPATION OF STORED ENERGY

Inspection of Figure 1 shows that the flinal appearance of
energy distributed among all the local degrees of freedom - that is,
of local temperature rise or hoiling - depends on the rate of
neutralization of H% iong, the rate of recombination of H atoms, and
the rate of de-excitatlion of Ho molecules, If the irradiated portion
of the liquid is not rapidly expelled from the system, the energy
released in the return of radiation products to the Ho ground state
may be transmitted through the volume of liquid by such processes as
bubble formation and thermal diffusion. One recent theoretical
treatment describes the heat flow along a temperature gradient in a
liquid in terms of propagations similar to high-frequency sound
waves (Ref., 21).

On the other hand, it is possible that the equipartition of
energy does not occur locally; for example, Van Kranendonk (Ref. 22)
has shown how rotational excitations are transferred from cne molecule
to another in solid hydrogen and that energy might be transmitted
through the liquid in the same way. Whatever the means of long-range
energy dissemination and whatever the state of energy partition at
which "heating" can be said to have occurred, the expulsion of the
immediate products of radiation may substantially reduce the amount
of heat that ultimately appears in the system. The present study
is restricted to the question of whether the energy going into
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product formation remains locally stored in radiation products for .
the 20 seconds or so required for the expulsion of the irradiated
portion of the liquid.

Liquid hydrogen at its normal bolling point is probably the
most "gas-like" of the polyatomic liquids. It has recently been
shown, for example, that for the analysls of coherent neutron
scattering the liquid may be assumed to consist of uncorrelated
molecules as in an ideal gas (Ref. 23), Moreover, Raman spectra
show that in liquid hydrogen (and even in solid hydrogen), the
effect of inter-molecular forces on the Ho vibration frequency is
only 0.25% and that the rotation of the Hpo molecule is practically
uninhibited (Refs. 24, 22)., Hence, there are grounds for supposing
that molecules of liquid hydrogen carry on more or less independently
of each other in thelr reactions with radiation products, although
neither many-~body reactions nor energy exchanges between reacting
configurations and lattice modes of vibration for the liquid as a
whole can definitely be ruled out.

Since the potential energy which must disappear in the neutrali-
zation of H% is readlily taken up in the ejection of H atoms from the
unstable complex so formed, the neutralization can occur through a
simple 2-body recombination. Therefore, the rate of neutralization
depends only on the avallability of electrons and should be
relatively high in intense radiation flelds, On the other hand,

assuming that liquid hydrogen (or the atom-molecule mixture) is
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gas~-like, the recombination of H-atom pairs and the de-excitation of
Ho molecules must involve either electromagnetic emission or the
transfer of energy to another body. Since both of these processes
have a low probability of occurrence compared with 2~ion reactions,
the energy-storing capability of liquid hydrogen is determined by
reactions involving neutral rather than ionic products of radiation.
Since most of the energy initially associated with H atoms and
excited Ho molecules is lost in only a few collisions with molecules
in the supposedly gas-like liquid, it can be assumed that the
relatively improbable effects of recombination and de-excitation
occur after the radiation products come into kinetic equilibrium
with the liquid. Considering that it is an overabundance of energy
that makes H-atom recombination difficult, there is no reason to
suppose that an energetic H atom is more efficient at causing 3-body
recombination than an unenergetic H atom. In the case of excited Hp
molecules, it is true that the de-excitation cross section increases
greatly with kinetic energy. However, it is shown in Appendix B {on
the basis of Sec. V) that even for a l-ev molecule the de-excitation
cross section i1s much less than the elastic-scattering cross section
and the chance of de-excitation during the 10 collisions or so
required for "thermalization®” is small, Therefore, the rate at
which H-atom pairs and Hp molecules return to the Hp ground state is
determined by energy transfers and electromagnetic emissions

involving products in kinetic equilibrium with the liquid.
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The recombination of H-atom pairs can be regarded as a limiting
case of Hé de~-excitation, involving an unstable molecule. In general,
recombination leads to a bound molecule in an excited vibrational
state, whether the energy released 1s carried off by a third body or
by an electromagnetic emission, Section IV discusses the probable
means of 3-body recombination in liquid hydrogen and the significance
of theoretically and experimentally determined recombination
efficiencies for H atoms. Recomblnation by electromagnetic emission
is not considered specifically, but the probability of this process
is presumably correlated with probabilities of emission by Ho
molecules in various excited states.

In a gas-like medium, molecular de-excitation may occur by means
of the "superelastic scattering” process in which the excited molecule
interacts with one or more molecules or atoms, giving up its excita-
tion energy as relative kinetic energy of recoil. This is the basic
mechanism by which stored energy 1is translated into random molecular
motion, or heat. Section V is devoted to the superelastic de-excita-
tion of Hp molecules in liquid hydrogen. Theoretical data are given
in connection with what might be regarded as the opposite extreme
from 3-body recombination, namely, the de-excitation of the lowest
excited vibrational level of Ho.

Radiative emission competes with superelastic scattering in
the de-exclitation of H, molecules. Through the emission process,

energy is transmitted away from the irradiated portion of the liquid.
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The emitted radiations do not directly lead to heat production unless
they are absorbed in the walls of the system, since absorption by a
molecule of the liquild effectively reproduces the original Hp states
at the point of absorption, with negligible momentum transfer.
Although emission and reabsorption together might properly come under
the heading of energy transport, the transmission of infrared rays to
the wall could conceivably be high enough to make the other rate
processes irrelevant. Therefore, in Section VI, the probability for
both emission and absorption are considered, mainly on the basis of

spectral data.
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Iv, RECOMBINATION OF H-ATOMS

4,1 Three-Body Recombination in Liquid Hydrogen

Both H atoms and Hp molecules are available to act as third
bodies in the recombination of H-atom pairs. Molecules are, of
course, much more numerous and are likely to predominate as third
bodies in recombination at high temperatures (provided the H-atom
concentration is not also extremely high). However, "molecule”
recombination probably becomes inoperative at liquid-hydrogen
temperatures, whereas H-atom recombination;, which involves no
activation energy, depends on temperature only insofar as velocities
affect the 3-atom collision rate. |

An efficacious means of "molecule” recombination would involve
the formation of an H3 complex followed by the approach of a second
H atom during the appreciable Hj lifetime (see Table II). However,
this cannot occur at liquid-hydrogen temperature, since the first
H atom does not have enough energy to surmount the 0.30-ev activa-
tion barrier. Therefore, at low tempera%ures molecule recombination
can only result from a simultaneous approach of two H atoms, so that
the two atoms together somehow nullify the activation barrier that
either would confront singly.

Recombination by the concurrent approach of H atoms to an Hp
molecule may be expected to involve an activation energy (Ref. 25).

The high activation energy for bimolecular H-atom exchange between
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pairs of Ho molecules (Ref. 26) and the repulsive nature of both
linear-symmetric and quadratic (square) configurations, as, revealed
by calculations of the H)j energy surface (Refo 27), imply that

H-H

H-H-H-H or | |

H-H
complexes cannot be formed by ground-state molecules and low=energy
H-atom pairs. Therefore, it is tentatively concluded that recombina-
tion in liquid hydrogen can only occur by means of collisions between
three H atoms.,
3

The classical expression for the number of triple "collisions'

per cm3 which involve only H atoms is (Ref. 28)

Zz = 32 N3 [H]3 r3/2 clﬁ 6y VRIM (4-1) g
or
7 = 30r3/2 (u)3 o; 6y VT , (4-2)

where N is Avogadro's number,[H]the‘hydrogenmatom concentration in
moles per cm3, R the universal gas constant, M the mass of the
hydrogen atom in grams per mole, T the absolute temperature, (H) the
number of hydrogen atoms per cm3, k the Boltzmann constant, oy the
atomic "diameter", and 6y the distance to which the third atom must
approach the center of mass of the other two atoms for a particular
effect to occur. Equation U4-1 simply gives the rate at which

H-atom trlios assume a certain proximity to each other. Nevertheless,
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a 3=body recombination coefficient, R3, can be defined so that
Z = Ry(H)3, (4-3)

where

- 3/2 4 V kT
Ry = 327 / o 6y VKT . (4=4)

Unfortunately, the values to use for Oy are not obvious and may even
depend on temperature and mass,

A general expression for R3 has been derived (Ref. 25) using a
semiclassical statistical approach known as the "transition-state"
method (Ref. 16). In this method, it is considered that a collection
of particles in equilibrium corresponds to a "gas'" of system points
moving upon the 3-atom potential-energy surface in configuration
space (eogo, Fig. 3). Assuming that equipartition of system-point
energy prevalls for all degrees of freedom on the surface, the
density of system points moving in a given direction at a given
point on the surface can be calculated by statistical methods,
provided the detailed shape of the surface is known. In this way,
the rate of a reaction can be determined without any explicit
information on molecular diameters or distances of approach.

Attempts to predict R3 by the transition-state method have
given a much higher recombination coefficient than those based on
approximate quantum-mechanical treatments of the cross section
(Ref. 14), The transition-state results are considered below, as
they are the more conservative from the standpoint of H-atom expul-

sion. (Experimental results are considered in Section 4.2, )
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In general, reactions treated by the transition-state method
involve an activation energy, or saddle point, but in 3«H recombina-
tion the activation energy is zero. The formal expression obtained

by the transition state method is

2F21*kT(c*h2)a1ﬁfi<i-exp[-hui(kT)“q>‘"1(2Wm*kT)3/?h°3 HY

R3 =

(enka)9/2 ho (4;5)

where I*¥, g%, and m* are, respectively, the moment of inertia,
symmetry number, and reduced mass of the H-H-H complex; m 1s the mass
of a single atom;

¥ = (kT/2mm*)1/2 (4-6)

is the velocity of the system point at the moment the complex is .
formed; and H 1s a probability integral which for the H3 potential

energy surface takes the value
H= 1,.64x10"8 n=2 (2m*kT). (4-7)

The v4 are transverse vibration frequencles for the system point at
the moment of complex formation and are determined by the degree of
curvature transverse to the path of the system particle., All of
the quantities in Eq. 4-5 can be reasonably estimated except the V4
and H; which are determined by the curvature of the surface in a
region where methods for calculating the surface are of dubious

validity.
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Equations 4-5, 4-6, and 4-7 show that in regard to temperature

dependence

Ry o< ‘I“'l/2 77—2 1=-exp[ -»hui/kT]B -1 , (4-8)
i=1 j

In the case where hvy <<{kT, 1t is seen that Rg3 o< 73/2, Tne disagree-
ment in temperature dependence between Eq. 4-5 and the "proximity"
Eq. 4=1 can be ascribed to a velocity dependence for oy with regard
to recombination collisions.

The coefficient R3 has been calculated for room temperature by
Eyring, Gershinowitz, and Sun (Ref, 25). The value taken for both
v and vo was 100 em™L or 3x1012 sec~1, corresponding to hoy /kT =
0.5 for room temperature, Thils choice of vi was the result of a
compromise between higher values of vj 1lndicated by the calculated Hj
surface and lower values of vy needed to give what was thought to be
the right dependence on mass. An experimental comparison between R3
for ordinary hydrogen and for deuterium (Ref. 28) had indicated an
m=1/2 dependence, which is obtained from Eq. 4-5 when hvs<<RT, and
no value of hvi/kT greater than 0.5 could even approximate this
condition., The use of this value could only lead to an order of
magnitude error if the actual v were much below 100 cm“l; yet
enough confidence was placed in the calculated H3 surface that this
was thought unlikely.

The value obtained for R3 based upon the rather ad hoc choice

of vy was 3.,1x1015 cm® mole=? sec™l or 8°5x10°33cm6 atom™2 sec~1,
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In contrast, the value calculated by an approximate quantum-
mechanical approach (Ref. 14) is R3‘= 10~42embatom=2sec-1, Adjust-
ment of the higher value to 20°K by the use of Eq. 4-8 reduces it by
a factor of 1.67, giving Ry = 5x10”33 cmsatom“2se0"‘1° Assuming thils
coefficient is correct, it can be used to estimate the fraction of

H atoms expelled from the propulsion system of interest. The
fraction of H atoms which recombine per second at a point where the

concentration is (H) can be written as
F = R3 (H)3/(H) = Rg(H)?, (4-9)

It is seen that F i1s a small fraction as long as (H) does not exceed
1015 H atoms per cm3,

A crude estimate of the radiation level corresponding to 1015
H atoms per em3 at the instant of emission for the expulsion rate of
interest can be made without writing a differential equation to
describe the production and recombination as a function of position
(such an equation is found to be both nonlinear and inhomogeneous ).
Taking an energy-flux relaxation length of 100 cm and an effective
exposure time of 20 seconds for volume elements of liquid, the total
energy deposited per cm3 of element is roughly of the order of
(100)”1(¢6e°1) (20), where @, is the incident energy flux. According
to Figure 1, 5/33 atoms are produced for each electron volt deposited.
Therefore, for low rates of recombination the average concentration

produced by the flux ﬁb before the liquid element is expelled is
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(100)~1(g,e"1)(20)(5/33), or 0.018, (with @, in ev). Setting this
equal to 1015 atoms per cm3, it is seen that the fraction of recom-
bining H atoms 1s small as long as the incident energy flux is not
much greater than 1017 ev/cmg-sec, provided of course that the
calculated value of R3 is right. This would mean, for example, that
most H atoms would be expelled unrecombined for fast-neutron fluxes
up to 1011 neutrons/cm2=-sec° Althéugh this 1s a higher flux than
would be found near the core of many conventlional reactors, it must
be considered as moderate from the standpoint of fluxes expected for
nuclear space vehicles, However, since Eq. 4-5 gives the number of
Hy recombinations of all types, including those which lead to highly
excited Hp states, the value used for Ry might be consistent with the
expulsion of a large fraction of unpartitioned energy for much
higher flux levels,

The calculation of R3 by Eq. 4=5 involves the H3 potential
energy surface not only through the choice of the v4 but through the
probability integral H. Considering that the value of vi given by
the surface is not consistent with the experimental mass dependence
(which may be correct even though part of the experiment was
probably misinterpretéd, as willl be seen in Eq. 4-2), 1t is quite
conceivable that the value of H given in Eq. 4-7 is wrong by orders
of magnitude (as is indicated by the quantum-mechanical approxima-
tion). However, direct experimental determinations of R3, discussed

in Eq. 4-2, show that the calculated value is at least not toc small,
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4,2 Experimental Results on Recombination

Attempts in 1934 to measure the hydrogen atom recombination
coefficient experimentally resulted in an almost classic conundrum,
Amdur (Ref, 28) found that at room temperature H atoms are ten times
more effective than Ho molecules as third bodies in the recombination
of H-atom pairs. Steiner (Ref. 29) came to just the contrary
conclusion, namely, that Ho molecules are at least ten times more
effective than H atoms. Both experiments were remarkable for the
internal consistency of their data. (An experimental value for R3
cited in Reference 14 is approximately that obtained by Amdur and is
presumably based on his experiment or one similar to it.)

Both Amdur and Steiner used a discharge tube to obtain H atoms
from hydrogen gas, with Amdur reporting degrees of hydrogen dissocila-
tion ranging from 18% to 69%. In each case, the atom-molecule
mixture was allowed to drift down a recombination tube. The methods
used to determine the H-atom concentration at various positions along
the tube were radically different in the two experiments. Amdur
measured the amount of heat absorbed by a "catalyst-calorimeter" as
a function of position. The heat absorbed was assumed to be propor-
tional to the number of catalyzed H-atom recombinations and, there-
fore, to the number of H atoms which had escaped natural recombina-
tion in drifting to the point of measurement. On the other hand,
Steiner determined the relative H-atom concentration by spectroscopy,
presumably by the observation of Lyman-line absorption (which is
different for H and Hp),
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Amdur found that the rate of change of heat absorption in the
calorimeter (as a function of position) was proportional to the cube
of the heat absorbed. Assumling that all the heat generated was due
to the recombination of H-atom pairs, he inferred that the third
bodies involved in the recombination were predominantly H atoms.,
However, Steinerts spectroscopic observations showed that the rate
of change of H-atom concentration was proportional to the square of
the H-atom concentration, which implied that the third bodies were
predominantly not H atoms and were therefore Hp molecules.

An explanation for the disagreement which seems plausible in
light of the high degree of dissociation is that in both experiments
the Hp molecules present were in highly excited vibrational states.
A discharge capable of dissociating a large fraction of the molecules
would have initially left most of the remaining molecules with
excitation energies comparable to the dissociation energy; moreover,
the lifetimes of excited Hp states against emission are known to be
extremely long (see Sec. VI). It is thereby proposed that equi-
partition of energy did not occur in either experiment. This
supposition - that the atom-molecule mixture was at "room tempera-
ture"” only with regard to translational energy - becomes credible
when it is considered that provisions were made to prevent the
recombination of H atoms at the walls of the system and that this
would also have inhibited the de-excitation of Hp molecules at the

walls.
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The above hypothesis can be reconciled with all the experi-
mental data. Since few molecules could have been raised to excited
electronic states, Stelner's spectroscopic examination would not
have revealed any Hp excitation., Steiner's observation that the
third bodies in the experiment were H2 molecules 1s quite plausible,
considering that a long=1lived H3 complex could easily be formed from
an H atom and a highly excited Hpo molecule (since, due to internal
excitation, the "kinetic energy" of the system point would be much
higher than the activation energy). The energetic H3 complex could,
in turn, easily react with a second H atom. The two processes in
sequence should be much more likely than the simultaneous collision
of three H atoms., If this is the case, the recombination rate
should depend on the square of the atomic concentration as observed
by Steiner.

Even though H3-complex formation may be a primary step in
recombination, relatively few of the H3 complexes that are formed
have time to react with another H atom before disintegrating. (The
actual H3z lifetimes are much shorter than those shown in Table II,
because of the probable formation of a highly excited Ho state. )
Therefore, the principal means by which excitation energy is
converted into kinetic energy should be the de-excitation of Hp
states through the formation and decomposition of H3 complexes,
Since H3 decomposition leading to a completely de-excited molecule

is unlikely and since an eventual balance should be reached between
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kinetic energy production through H3 decomposition and the formation
of new excited Hp molecules by recombination, the depopulation of
excited Hp states should have only a small effect on the recombina-
tion rates as observed by Steiner. On the other hand, the de-excita-
tion of highly excited Hp molecules by the formation and decomposition
of H3 would be almost all that could be observed in the calorimetric
method used by Amdur, considering that H atoms can certainly bring
about the de-excltation of Hp molecules more easily than the recombina-
tion of H-atom pairs.

Using the calorimetric method, it would be impossible to distin-
guish between H-atom pairs and highly excited Hpo molecules. Hence,
it is logical that the depopulation of excited Hp states by the
formation and decomposition of H3 complexes should have been inter-
preted by Amdur 1s recombination with H atoms as third bodies. Amdur
actually did observe the effect of reactions involving trios of H
atoms, in the sense that a highly excited Ho molecule is composed of
two H atoms which are barely bound together. However, the rate of
return to low=1lying Hp states was much different than what would have
been obtained from the recombination of free H atoms, owing to the
much smaller "entropy decrease" required for the de-excitation
process.,

It is concluded that Amdur'’s findings are based upon an incorrect
interpretation of the data and that his value of R3 and the one cited

in Reference 14 (~3x10"’32 cmPatom=2sec=1 in each case) are too high.
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Stelner's conclusions are assumed to be right, except that the
recombination coefficient he obtained for molecules as third bodies
should actually apply only to excited Ho molecules. One would hope
that the spectroscopic observations were precise enough to give the
effectiveness of the relatively improbable "3-atom” recombination
process, since the quantity of interest in the case of liquid
hydrogen 1s R3, the recomblnation coefficient for H atoms as third
bodies.,

Unfortunately, Steiner's data only provided an upper limit on
R3 for room temperature. Steiner interpreted his results in terms
of each of the followlng separate assumptions regarding R3: (1) R3
is equal to Rp, the recombination coefficient for molecules as third
bodies; (2) R3 is one-tenth as large as Rp; (3) R3 1s completely
negligible compared to Rp. The first assumption, of course, proved
to be wholly inconsistent with the data. The second and third
assumptions were both consistent with the data, the arblitrariness
arising from the unknown rate of wall recombinations. For Rp, Steiner
got l°3x1016 cm6mole“23ec“1° This means that R3 for room temperature
is somewhere between O and l°3x1015 cm6mole"gsec"1°

It is seen that the room temperature, R3, calculated by Eyring
et al. (3.1x1015 cmPmole=2sec=l) is too large and, on the basis of
either theory or experiment, quite possibly far too large. If the
method used in Eq. 4-1 to adjust R3 to liguid-hydrogen temperature
is valid, then R3 for 1liquid hydrogen is not more than (1.3/3.1)
(5x10‘33) cm6atom“gsec“l and is possibly much less. This means that
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the maximum H-atom concentration permitting a high rate of H-atom
expulsion in the systems of interest is conceivably much greater than
1015 atoms/em3: for example, 1020 atoms/em3 if the theoretical R3 of
Reference 14, 10‘42 cm6atom“2sec“1, is correct. The avallable
experimental data are, in fact, consistent with predominant H-atom
expulsion at arbiltrarily high radiation levels,

The assumption that the values of R3 for liquid hydrogen and for
hydrogen gas at room temperature are related by Eq. 4-8, is of course
subjJect to question. The effective R3 for liquid hydrogen would be
larger than expected if H atoms in the liquid were constrained to
move in certain planes or channels by lattice effects. On the other
hand, R3 at 209K could be lower than is indicated by the use of
Eq. 4-8, because of wave-mechanical interference; a low-energy system
point dropping into a "basin" in configuration space is subject to
reflection after the fashion of a light wave entering air from a
denser medium (Ref. 16), Effects of this sort will not be considered

here.
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V. SUPERELASTIC DE-EXCITATION OF Hpo MOLECULES

5.1 Superelastic Process in Liguid Hydrogen

The amount of energy stored in excited Hp states through ionic
and dissociative processes is relatively small (see Fig. 1). However,
excited Hp molecules are also formed by inelastic collisions with the
energetic H atoms or Hp molecules produced by radiation-induced
reactions and by the recombination of H-atom pairs. (Electromagnetic
excitation is considered in Section VI,) Therefore, the process of
de-excitation could have more influence on the energy-storing
capabilities of liquid hydrogen than the recombination process.

Aside from radiative emission, de-excitation results from
superelastic scattering between the excited molecule and another
molecule or atom., On an individual basis, H atoms should be more
effective than ground-state Ho molecules at bringing about de-excita-
tion, Thus, in the experiments described in Section IV, where the

dissociation was of the order of 50%, it was assumed that Ho

de-excitation was mainly due to H atoms. But in the propellant

systems of interest, there will be around 104 times as many molecules
available as atoms (assuming the maximum rate of H-atom recombina-
tion): and, owing to the fact that a molecule-molecule system point
surmounts an activation barrier almost as readily as an atom-
molecule system point in reactions involving an excited molecule,

the efficiency for molecule-molecule de-excitation should not be

less than that for atom-molecule de-excifation by a factor as large
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as 10“0 Hence, it is provisionally assumed that the predominant
means of superelastic de-excitation is through molecule-molecule
reactions.

It is a commonly accepted fact that energy exchanges between
internal and external degrees of freedom occur only with difficulty
(Ref, 30, p. 293; Ref., 31, p. 143) in the sense that only a minute
fraction of collisions are favorable for de-excitation at ordinary
temperatures, At liquid-hydrogen temperatures, where the distance
of closest approach between molecules 1s relatively large and where
the internal molecular flelds are only slightly perturbed,
de~-excitation should be much more difficult still. In other words,
the "relaxation time", or mean lifetime against de-excitation,
should be much longer in liquid hydrogen than in hydrogen gas at the
same density. Whether it is longer than the 20-second expulsion
time depends on the superelastic scattering cross section averaged
over a Boltzmann distribution.

Ordinarily, experimental information on relaxation times can be
obtained through measurements of the dispersion and absorption of
sound, using interference techniques, Thus, the rotational relaxa-
tion time for Hp and the vibrational relaxation time for CO2 have
been obtained under standard conditions (Ref. 32), However, the
first vibrational level of Ho is too high to be readily accessible
by ultrasonics. Moreover, as there is no evident way of determining
the temperature dependence of the relaxation process, any acoustical

measurements of the vibrational rate in the liquid would have to be
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carried out at low temperatures. Since no such experiments appear

to have been made, one is forced for the present to rely on a relaxation
time based on calculated superelastic scattering cross sections as

a function of energy. (Direct cross-section measurements are not

out of the question, but the target problem would be formidable. )

5.2 Wave-Mechanical Treatment of Inelastic and Superelastic
Scattering Between Ho Molecules

Both the internal force that holds the Hp molecule together and
the external force between pairs of Hp molecules that are not colliding
too violently are relatively well known. Hence, there are grounds
for supposing that, for low-collision energies, the energy-dependent
superelastic cross section can be predicted reasonably well by
theoretical methods. A direct wave-mechanlcal treatment is more
sultable for this purpose than the illustrative transition-state
method, which, in any case, requires a wave-mechanical determination
of energy surfaces. A method has been developed by Bauer and
Salkoff (Ref. 33) which, in principle, can be used to give either
the inelastic or superelastic cross sections for collisions between
two H, molecules. The procedure 1s important enough to outline here.

The baslic features of the general formalism of Salkoff and Bauer
can be enumerated as follows:

1. The nucleil of the colliding molecules are assumed to move

so much more slowly than the electrons that electronic
equilibrium prevaills at each instant during the collision
(this is known as the Born-Oppenheimer approximation).

2., The nuclear motions are described by wave mechanics,
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3. One of the molecules - the one that is not to change its
vibrational state - is treated as a point mass; the other
is regarded as a pair of H atoms,

4, The force between atom and "point" molecule is assumed to
have the same spatlal dependence for each atom; i.e., the
atom nearest the molecule does not interfere with the
interaction between the molecule and the more remote
H atom.,

5. The atom-molecule and atom=atom forces are treated on
different bases; a Morse potential is used to describe
the "external" atom-molecule interaction, whereas-the
attractive "internal" atom-atom force is based upon
known properties of the Ho molecule.

6. The "change" in the net external potential (the sum of
the two atom-molecule potentials) arising from the
distortion of the average separation of the H atoms,
which occurs because of the proximity of the molecule,
is assumed to be relatively small; i.e., it is taken as
a perturbation.

7. Only purely vibrational transitions are considered
(although the formalism could easily be extended to
include rotational excitation). Therefore, all non-
central features of the total potential energy of the
system are ignored; the center of mass of the "point"
molecule is assumed to lie on a line with the two
atoms during the brief collisions interval (although
the direction of relative motion is not assumed to be
along this line in general; i.e., the angular momentum
is not necessarily zero).

Consider the system as made up of atom A, atom B, and molecule
C from left to right in accordance with Item 7. Let R be the
position vector of the center of mass of the entire system with

respect to an arbitrarily placed coordinate system. Then,
R = (Mprp + Mprg + Marg )/(My + Mg+ Mg ), (5-1)

where the My = Mg 1is the atomic mass and Mg = 2Mp is the molecular
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mass., The vector between the "point" molecule and the center of

mass of the atoms is
r = rg - (Mpry + Mprg)/(My + Mg) (5-2)
and the vector between the atoms can be written as
p=xry-Ip. (5-3)
The reduced masses corresponding to p and r are, respectively,
M; = MpMp/(My + Mp) (5-4)

and

Mg = MC(MA + MB)/(MA + Mg + MC),

where the subscripts 1 and e refer to the "internal" coordinate
p and "external" coordinate r.
As observed from a frame at rest with respect to the center of

mass, R, the total energy of the system is then

2

H(r,p) = 3 My 44 M 22 + V(z,p), (5-5)

where V(r,p) is the total potential energy. In terms of wave

mechanics,

gL g
H(z,p) = 5%1— Ag - Mg 22 + V(r,p) (5-6)

and the Schrodinger equation is

H(z,p) V=BV, (5=7)
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where E is the total energy eigenvalue. In view of Item 7, V(r,p)
depends only on the magnitude of r and p. Then from Egs. 5-6 and
5_7) 2 2

- 2M Az\‘y = 1 Ag\y + V(I',P) Y & E\.V ° (5"8)

Mg

In accordance with Item 6, the total potential may be written
V(I',P) = Vg(roap) + VZ(I‘:PO) + V'(I':P): (5"9)

where the subscript and superscript o refers to the values that
would obtain for an external separation r,, assuming no distortion
of the field between H atoms V§(r,,p). The "unperturbed” external
potential, Vg(r,po), is the sum of the potentials between the two

H atoms and the "point" molecule for the average internal separation

Pos
Vg(rspo) = M(r + 90/2) + M(I‘ - PO/Q), (5-10)

where M represents the functional form of the Morse potential in

accordance with Item 5. The perturbation term is given by

v (e) 2[d Vlmp)] op =[5 v2(e0)] ) (o). (5-10)

o of o

The "unperturbed" equation is obtained by substituting Eq. 5-9 into
Eq. 5-8, with V' set equal to zeroQ First order perturbation theory
then gives the desired cross section in terms of V! and the solutions
to the unperturbed equation. (The Born approximation would be

obtained by ignoring V' entirely and taking Vg as the perturbation;
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however, this cannot be done here, since it 1s the coupling term V!
that leads to transitions.,) The "“unperturbed"” solution to Eg, 5-8
can be wrltten

¥, = gy (p) yy(r), (5-12)

where the ﬁj and ¢4 are the solutions of

.2
(-5 0 +¥(rp) - E) By () =0 (5-13)
and
£2 2.2
(- I2Me bp + Vg(r’,po) = L,2M€ ) '4’3(}.’.) = 0. (5-14)

The internal Eq. 5-13 is simply the wave equation for the

hydrogen molecule. The energy eigenvalues are given by
E; = h oy, (5-15)

where the Wy are the permissible frequencies. The solutions ﬁj,

in accordance with Item 5, are based upon experimental data. It 1s

found that the internal potential can be expressed as (Ref. 34,

p. 304)

V(6] = Uo {exp- 20p-po)/ar| - 2 em- <p-po>/a']},
(5-16)

which, for not too high levels of vibration, has the (normalized)

solution

9 S(ﬁF)% )%

ﬂ%qgjg ‘% HJ{“(P‘Po)]exp[='% a2(9=po)2], (5-17)

67



where, for the case of no rotation,

[2Mi Uo ]1/4
a = —s

ot

1:)2 a|2

and Hj 1s the jth Hermite polynomial.

Spectroscopic data (Ref. 35) give at = 5040x10°9 em and Ug = 7.97x1012

ergs.
The external Eq. 5-14 describes the relative motion of the
centers of mass of the two molecules with respect to a frame moving

with R; 'ﬁgkz/éMe is the relative kinetic energy of the molecules

before collision, The external potential is given by Eq. 5-10, where

M(x) = Ug{%xp[- 2a(x-d)]— exp[- a(x—dX& . (5-18)

Bauer and Salkoff used Ug = 1,82x10~ 14 ergs, a = 1.73x108 em~1, and
d = 3.00x10-8 cm,

The unperturbed solutions of Eq. 5-8 are obtained by expanding
the solutions of Eq. 5-14 in terms of Legendre polynomials and
substituting into Eq. 5-12. In this way, an unperturbed wave func-
tion is obtained for a system having a given internal vibration
level and a given collision energy. Analysis of the asymptotic
magnitudes of the scattered waves shows that the cross section for

transition from unperturbed state ¥, to unperturbed state Yf is

>

ke M3 2
0po(0,8) = Xo Goonk f‘l’o VvVt ¥p dt

where © and & give the direction of scatter and the integration is

68




over all the coordinates. Using the Legendre expanded form of
Eq. 5=12, integrating over all directions and making use of the

orthogonality properties gives, for the total cross section,

_ Tke (Mg 2 2
%o 5 Ry \FT %(23 +1)[f¢o Pr f Xz(kof)v'(r)xz(kfr’)dﬁdp] s
(5-19)
where V' is given by Eq. 5-11 and X, is the sclution of
2
a Xy [ 2 2Me (2 +1)
[T e M 0 s

The piece de resistance of the problem is the solution of
Eq. 5=20, Bauer and Salkoff obtained Xy numerically, using a high-
speed digital computer, A starting pcint for the integration was
obtained by taking the WKB solution (Ref., 34) for Eg. 5-20 in the
asymptotic region, where the coefficient of XZ varies slowly and the
WKB method 1s valid. Tests were performed to ensure that no range
of r contributing significantly to the crcss section was neglected.
A check was also made to determine whether the number of values of [
considered was sufficient.

The cross section for the inelastic excitation of the first
vibrational level of Hp was calculated as a function of energy. The
results are shown in Figure 4 (the subscripts on ¢ being omitted
for convenience). Although the possibility of rotational excitation

was not considered, it is reasonable to assume that the probability
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of vibrational excitation is of the same order of magnitude whether
or not a simultaneous rotational excitation occurs. The cross
sections for the reverse process of superelastic de-excitation were
not calculated directly. However, they are related to the inelastic
cross sections as described in Appendix B, and the desired relaxa-
tion time can be obtained from the inelastic cross sections as shown
in Section 5.3.

5.3 Relaxation Time of the First Vibrational Ho State in Iiquid
Hydrogen

The relaxation time, or mean lifetime, of an excited state in

a gas-like medium, where only the ground state, 0, and the first

excited state, 1, are accessible to molecules, is given by (Ref. 36)

- 1/f10,

where 1o 1s the‘probability per unlt time of the molecule under-
going the 1—=0 transition. Such transitions are induced by thermal
collisions. Unexcited molecules have a probability per unit time,
fo1s of undergoing the O0—e1 transition. At equilibrium, the rates
of excitation and de-excitation must be equal, 'Therefore, if n,

and Ny are the numbers of unexcited and excited molecules at

equilibrium,

f01 -ﬁo = flo -ﬁlo (5"“22)

For a system of n particles and a phase space of Jjust two cells,

it can be shown (Ref, 37, p. 289) that, if the energies of the cells
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are wo = 0 and w] = w, then the number of "points"” in the shells at

equilibrium are;, respectively,

1]

N, = n {1 + exp [ - w/kT]} -1 (5-23)

and

il

fil =n {1 + exp [w/kT]}°1° (5-24)
In the case of vibrational excitation,
w = ho, (5-25)
Thus, the ratio of excited to unexcited states at equilibrium is
n,/h, = {1-Pexp [» hu/kT]} /'{1-+exp [ho/kT] (5-26)
and, from Eq. 5=22,
f10 = £o1 {l+exp [ho/k’l‘]} / {l+exp [.,, hu/kT]} . (5-27)

The number of excitations per cm3 per sec due to collisions
where the relative velocity is between v and v +dv is, using Eq.
5-23,

Ny dfgy = fAg n(v) dv v o01 (v) n <l+e.xp [=~h'o/k:’r’]}“’1g (5=-28)

where n 1s now regarded as the total number of molecules per unit
volume and n(v) dv 1s the fraction of collisions where the relative

velocity is in the interval dv. Then, from Eqs. 5-27 and 5-28,

df1 = n(v) dv v og1 (v) {l+exp [hu/kT]} / <1+exp [- hv/kT‘]}ea
(5-29)
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At equilibrium, Eq. 5-29 holds rigorously. For hydrogen, hv is so
large compared to kT for reasonably low temperatures that the denomi-
nator in Eq. 5-29 can be set equal to unity. This says that the
depletion of unexcited states due to excitation by thermal collisions

has almost no effect on the probabllity of de=excitation. Therefore,

af10 = n(v) dv v ogy(v) {l-kexp [hu/kﬁb (5-30)

whether or not the concentration of exclted states is at equilibrium

for the temperature T. The total probability of de-excitation 1is

f10 = n kqg <l + exp [hu/kT]} , (5-31)
i
where kjp 1s obtained by averaging v ogi{v) over a Boltzmann distri-

bution of relative velocities. Then, from Eq. 5-21,

T = {n k10[1-+exp (ho/kTik'lo (5-32)

Salkoff and Bauer evaluated T as a function of temperature,
using the ogy(v) shown in Figure 4, Their results are shown in
Figure 5, For some reason, the value of n used was not given.
Under such circumstances, it could ordinarily be assumed that the
"sec" units indicated for T actually referred to "atomosphere-
seconds” - in other words, that the results corresponded to the
density of hydrogen at one atmosphere of pressure for the temperature
considered, However, it appears from a rough check of the results

that the value of n used was independent of temperature and of the

order 1018 molecules/cm3.
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A curve-fit which accurately reproduces both the magnitude and

slope of the calculated relaxation time over the calculated range is
7 = 6.41x10711 exp (115.2 T1/3),. (5-33)

If this temperature-dependence can be extended to liquid-hydrogen
temperatures, then 1t is found that 7 = 1074:(108 sec at 20°K and the
molecular density used by Bauer and Salkoff. Assuming their value of
n was 1018 molecules/cm3 and using the molecular density of liquid
hydrogen - 1i.e., 2,11x1022 molecules/cm3 - it is seen from Eq. 5=32
that for liquid hydrogen

7 = (1018/2,11x1022)(1.74x108) = 8271 sec,

Thus, contingent upon the admittedly Brobdingnagian extrapola-
tion of calculated values, the relaxation time of the first excited
vibrational level in liquid hydrogen is of the order of 100 minutes.

5.4 Applicability of the Isolated-Binary-Collision Assumption for
Liquid Hydrogen

It was tacitly assumed in Section 5.3 that the de-excitation
process in liquid hydrogen can be described in terms of a collision
between two molecules, neither of which is significantly perturbed
because of collisions with other molecules. This is called the
isolated binary collision, or IBC, assumption. According to a
criterion for its validity established by R. Z2Zwanzig in a theory
of vibrational relaxation rates in liquids (Ref. 38), the IBC

assumption is valid only if the frequency of vibration, v, is much
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higher than x, the average number of collisions experienced by a
molecule per second:

x <. (5-34)

This criterion can be thought of as a requirement that struck
molecules have time to "forget" before being struck again. Although
Zwanzig concluded that the IBC assumption does noft hold in liquids,
there are two factors which tend to make liquid hydrogen an exception.
One of these, of course, 1s the low collision frequency associated
with liquid-hydrogen temperatures. But more important is the
relative "stiffness" of the hydrogen molecule, which results in
vibration frequencies that are much higher than those of other
molecules,

If Hp molecules can be regarded as "hard spheres" which do not
participate in many-body collisions, then the number of collisions

experienced by one molecule per second is (Ref. 8, p. 631)

x =\V2 7T 0° s n, (5-35)

where ¢ 18 the effective molecular diameter, s 1s the mean
velocity and n 1is the number of molecules per em3. From Egs.

5-10 and 5-18, it is found that o¢ is roughly 3x10°18 cm {actually
the center-of-mass separation at which the repulsive force commences),
For 209K, s 41is about Mxlou cm/sec, and for liquid hydrogen

2,11x1022 molecules per em3. With these values, Eq. 5-35 gives

ot

n

ot

X 3°4x1012 sec=1,
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The value of x obtained above applies rigorously only to the
"hard sphere" case, where collisions are of negligible duration, and
it would lose its significance if a typical collision lasted long
enough for a third molecule to become involved. Whether 3-body
collisions are actually predominant can be determined by comparing
the collision duration with 1/x, the average time between 2-molecule
collisions. The maximum collision duration i1s obtained by dividing
twice the maximum "penetration” of the potential barrier given by
Eq. 5-10 by the average velocity. From Egs. 5-10 and 5-18, it is found
that, for molecules with energies corresponding to liquid-hydrogen
temperature and head-on (£ = 0) collisions, the maximum "classical
penetration” is about 7x10-10 em, The average velocity over the
collision is estimated, rather grossly, to be 2x10“ cm/sec° Hence,
the maximum collision duration for the most probable energy in liquid
hydrogen is of the order of 7x10=1u seconds. The average time
between collisions, l/k, is 3x10”13 seconds. Although the collision
duration is shorter only by a factor of 4 for head-on collisions, it
should be much less for a typical glancing collision. PFor energies
higher up on the distribution than the most probable energy, the
same kind of results should be obtained, since the penetration
distance does not increase as fast as the veolcity. In regard to
interactions that are close enough to cause superelastic scattering,

it is concluded that 2-molecule collisions are predominant.

76



- .

The IBC assumption can now be tested by comparing the 2-molecule

collision frequency with the vibration frequency. The latter is given
by (Ref. 34, p. 62)

v = (1/2r )Vt u, (5-36)

where p is the reduced mass, and f thelforce constant or “stretching
factor." For Hp, £ = 5.448x105 dynes/cm (Ref. 20) and p = 0.83x10~24
grams, Then, Eq. 5=35 gives v = 1029x1014 sec™l, and Eq. 5-34 is
satisfled. Hence, the IBC assumption should be good for any vibra-
tional level of Hop,

5.5 Need for Superelastic Cross Sections in Prediction of Propellant
Heating

Even though the IBC assumption appears to be theoretically sound

in the case of liquid hydrogen, it is still possible that the rate of
vibrational relaxation is affected by a constant perturbation of
electronic orbits through long-range forces in the liquid environment.
Therefore, the conclusion that the relaxation time for the first
level is of the order of 100 minutes must be regarded as tainted

with contingency, even if the extrapolation to liquid-hydrogen
temperature holds. Moreover, no information is available on the
relaxation rates of higher vibrational levels. In order to establish
the role of molecular excitation in definitely the propellant heating

problem, both theoretical and experimental data will be needed on

T



low~energy superelastic collision cross sections for Ho molecules .
excited to various levels and subject to perturbation by liquid
forces. The methods used to obtain such data might also be used

to provide information on recombination rates.
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VI, INFRARED-RAY EMISSION AND ABSORPTION

6.1 BEmission and Absorption Probabilities

The de-excitation of Hpo molecules may occur by electromagnetic
emission as well as by superelastic scattering. Although the ultimate
translation of stored energy into thermal effects depends upon the
rate of superelastic scattering (including recombination), the
competing process of infrared emission could be the determining factor
in the diffusion of energy through the liquid., If the transmission
of radiative energy to the walls of the system were more rapid than
the expulsion of the irradiated portion of the liquid, then the
energy initially stored in excitation would go into wall-heating
through lattice excitations (which are absent in the 1liquid, assuming
it is gas-1like), regardless of the inefficiency of the Ho superelastic
process,

Fortunately, the infrared rays emitted by excited molecules have
Just the right energy to be easily reabsorbed by neighboring mole=
cules in the liquid. This process effectively reproduces the original
exclited state (with a completely negligible transfer of momentum)
and, therefore, delays the transfer of energy to the walls. It is
found, in fact, that a high probability of emission implies a high
probability of absorption, so that the migration of electromagnetic
energy through the liquid could be slow even for short lifetimes
against emission, Experimental measurements of radiative energy-

transfer have been made for organic liquids (Ref. 39). Although no
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data of this type are available for liquid hydrogen, it should be -
possible to estimate emission and absorption - and, hence, trans-

mission - rates indirectly by an analysis of basic data in terms of
electromagnetic theory.

The process of electromagnetic emission depends on a displace-
ment of the center of electronic charge of a molecule with respect
to the center of mass., In a homopolar molecule such as Ho, the
electric dipole moment 1s zero in the absence of perturbing forces,
and emission (or absorption) can only occur, with low probability,
by virture of the small quadrupole moment. Considering that for the
asymmetric HCl molecule the lifetime against vibrational de-excitation
by emission (Ref. 40) 1s of the order of 102 seconds (which is long
compared to the lifetimes of electronic states), 1t would not be
surprising if the lifetime of the unperturbed Hp molecule against
radiation proved to be extremely long.

The probabilities per unit time for various types of radiative
transitions in unperturbed Hp molecules have been calculated as
described in Appendix C. The method is based upon Maxwell's equations,
which define the classical electromagnetic laws, and on Bohr's
correspondence principle, which states that in a large assembly of
excited systems the average rate of quantum emission is equal to the
average rate of continuous emission predicted on the classical basis.
The results are shown in Table III. The spectroscopic notation for
a transition from state b to state a 1is given, where the

vibration numbers corresponding to b and a, respectively, are v! and
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v and where the rotation numbers corresponding to b and a, respectively,
are J!' and J. The wave number and wavelength of the emitted infrared
radiation are ¢ and A, respectively. The average lifetime against
the particular transition is the reciprocal of A(b,a), the prob-
ability of emission per unit time., It is seen that for the unperturbed
molecule (e.g., in gas at low pressure) the lifetimes against emission
are greater than 106 seconds.,

A(b,a) is referred to as the "Einstein coefficient for spontaneous
transition®” (for the type of moment involved), and it gives the
probability per unit time of spontaneous transition from state b ¢to
state a., A related Einstein coefficient, called B(a,b), represents
the effectiveness of a radiation field in causing transitions, i.e.,
in bringingthe system from a lower to a higher level or vice versa.
B(a,b) therefore determines the coefficient of absorption for
infrared rays. It is defined so that the number of radiation-
stimulated transitions from state a to state b per unit time and

per unit volume is given by
n = N(a)Bla,b)e(o), (6-1)

where N{a) is the number of a-states per unit volume, ¢ the wave
number corresponding to the transition, and p(c) the spectral energy-
density of the field which induces the transition. The cgs units of
p(c) are erg/cm3 per em™L or erg/cm2o The cgs units of A{b,a) and

B(a,b) are sec=1 and cmz/érgwsec, respectively. The Einstein
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coefficients, A(b,a) and B(a,b), can be related by the principle of
detailed balance (Ref., 41, p. 696), which states that in statistical
equilibrium the rates of an elementary process and 1ts inverse are
equal. Thus, although each coefficient has the same value whether
or not equilibrium exists, the correct connectlion between the two is

given by the statement of equilibrium,
N(a)B(a,b)p(c) = N(b)A(b,a) +N(b)B(b,a)p(s), (6-2)

where b 1is the higher state, so that A(a,b) = 0. The number of
states a and b per unit volume is given by the Maxwell-Boltzmann

relation,

N(a) = Ng(a) exp[-Ea/kT| , (6-3)

where N is the number of molecules per unit volume and where g(a) is
the statistical weight of a, accounting for possible degeneracy
(Ref. 41, p. 17). In the absence of an external field, g(a) equals
2Jg5 + 1, the number of possible magnetic alignments. The equilibrium
radiation energy-density distribution is given by Planck's formula
(Ref. 37, p. 325):

plo) = 8whco3/[exp(hco/kT)-l]. (6-4)

Substituting Eqs. 6-3 and 6-4 into Eq. 6-2 and observing that the

result must hold for all T, one obtains

A(b,a) = 8rheo3 B(b,a) (6-5)
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Table III

Emission and Absorption Coefficients for Unperturbed Ho Molecules

State b | State a| °© A A(b,a) B(a,b)
Band [Line | v' | J' | v [ J | (em=1) | (Angstroms) (sec=1l) |(cm2/erg-sec)
1-o0[s()| 1|2 | oo | uugs 22228 0.80ux10~7 | 8.84x10~%
1-0(s8(1)| 1 |3 0|1 4713 21213 1.30x10=7 5?81x10“4
1-ol1)| 1|1 | o1 | 4155 21060 1.08x10°7 | 3.02x10°%
1-o0{0(2)} 10 | o2 | 387 26263 1.75x10=7 | 1.27x10-4
2-0|s(0)| 2|2 | o|o | 8403 11898 2,58x10°7 | 4,35x10~4
3-0(8(0)] 3|2 | oo | 12080 8276.2 | 1.2x10-7 0.65x10~4




as well as

g(a)B(a,b) = g(v)B{b,a); g(a) = 27, + 1. (6-6)

Thus, B{a,b) and A(b,a) are related through Eqs. 6-5 and 6-6, Table
III gives the values of B(a,b) for unperturbed Ho molecules,

Since the electronic distribution of an Ho molecule in liquid
hydrogen may be distorted both by close interactions with other
molecules and by the integrated effect of long-range molecular forces
in the liquid, the values of A(b,a) and B(a,b) for unperturbed
molecules would not be expected to apply in the liquid. That pertur-
bations have a much greater effect on lifetimes against emission than
on "superelastic" relaxation times is empirically suggested by the
emission lifetimes and relaxation times for asymmetric molecules,
regarded as representative of Hp molecules subjJect to large distor=-
tions. For gas at low density and at room temperature, the emission
lifetime and relaxation time of Hp are of the order of 107 seconds
(Table III) and 10~% atmosphere-seconds (from Eq. 5-33), respectively.,
For asymmetric molecules (and presumably for highly perturbed Ho
molecules ), the corresponding times are of the order of 10=2 seconds
(Ref. 40) and 106 atmosphere~seconds (Ref. 31 and the references
cited therein). It is seen that, provided a comparison of this sort
is meaningful, perturbations influence emission lifetimes about 107
times as strongly as "superelastic" relaxation times, Therefore, the
effects of liquid perturbations on the emission and absorption
coefficients may be decisive. Although lack of information on the
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charge distortion prevents calculation of A(b,a) and B(a,b) by the
method of Appendix C, estimates of B(a,b) and, hence A(b,a), can be
made from infrared absorption data.

6.2 Significance of Experimental Infrared Absorption Spectra for
the Liguid

The Einstein coefficient for absorption, B(a,b), can be obtained
experimentally by the examination of the absorption spectrum produced
by the infrared irradiation of a small sample of material. From Eq.
6-1, it follows that the energy absorption per unit area and per unit
time of a beam of energy-intensity, Io(o), is given by

1008388 - | 1(8,80)a8 = no[N(a)B(a, 0)p(0)] o, (6-7)
o) @]

where Ax is the sample thickness and I(o,Ax) is the transmitted
energy lintensity. Since the incident radiation travels at velocity

¢, the energy-intensity is related to the energy-density by

Io(a) g ¢ P(U)o (6-8)
Therefore,
[= 2] o0
j”IO(g)dc - ‘[ (&, ax )do = Io(0) %g,B(a,b)N(a)Axo (6-9)
o o

In writing the integrals on the lefthand side of Egs. 6-7 and 6-9,
it 1is implicitly assumed that the "cross-section" for absorption is
proportional to the Dirac function, &8(c'-c).

Actually, an absorption or an emlssion line has a finite width

which is due to the flnite lifetimes of the initial and final levels
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(Ref., 42, p. 82). According to quantum theory, the probability that .
the wave number of the emitted or absorbed photon will be displaced
a "distance" ¢! from the values (o) predicted by Bohr!'s relation

between energy change and wavelength is

/0t ‘
14 (ct/c15)2 °

o' is the half-width of the line and can be determined empirically

p(ot) = 3 (6-10)

by relating Eq. 6-10 to the observed integrated absorption. It is
necessary to allow for the shape of the line in two situations:

(1) if an experiment beam, which is initially almost independent of
o', penetrates a large thickness, a "hole"” in the distribution will
be created in the neighborhood of o; and (2) if the penetrating
photons are due to emission in the absorbing medium, the initial
intensity distribution, Ig(c), will be peaked with the same shape as
the absorption probability (Eq. 6-10). In order to deal with such
cases, it 1s necessary to define the coefficient b{a,b,c') so that
the number of absorptions per unit volume, per unit time, and per

unit wave number is given in analogy to Egq. 6-1 as
n{o') = N{a)bla,b,0!)pl(c"). (6-11)

The cgs units of b(a,b,o') are cm3/erg~second° From the definitive
Eq. 6-11, it is clear that b(a,b,o!') must have the same kind of

distribution in wave number as p(c') in Eq. 6-10. This means that

1
l-+(0'/b'0)2

ba,b,a?) 2[ ] v(a,b,0). (6-12)
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Substituting Eq. 6-12 in Eq. 6-11 and integrating over o' with the

assumption that p(c) does not vary over the line width gives
n = j'n<oa)dcv = p(o)N(a)mod bla,b,0). (6-13)

Since, the assumption of a Dirac-type function for p(o“) has, in
effect, been made in Eq. 6-13, the result should be the same as in
Eq. 6-1, Hence, the Einstein coefficient B{a,b), which is obtained
experimentally if Io{cf)} is independent of o' and if Ax is small, is
related to b(a,b,0) by

bla,b,c) = Bla,b)/mal. (6-14)

From Eq. 6~11, the amount of energy absorption per unit volume, per

unit time, and per unit wave number is
hon{c*) = hv N{a)b{a,b,0! )p(s?) = I{c") %§>N(a)b(a,b,o')o (6-15)

Then the change in intensity associated with an increment Ax (the
energy absorbed in the increment per unit area; per unit time, and

per unit wave number) is
- AI{o?,x) = I{o’,x) &2 vla,p,01) Ax. (6-16)
Therefore, the spectral absorption is-described by
I{c',x) = I{c%,0) exp ,[%g N(a)b(a,b,c")] X (6-17)

or, using Eqs. 6-12 and 6-14,
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I{ot,x) = I(c',0) exp —[%‘3 (%.— 1+:(Lf;%)§) N(a)B(a,b)]x

(6-18)
The integrated absorption or transmission 1is obtained in general by
integrating Eq. 6-18 over ¢!. However, in the analysis of most
absorption experiments, Eq. 6-9 is adequate, since the beam depletion
is usually small. In the case of self-attenuation, where the distri-
bution in wave number of the emitted photons has the same shape as
the absorption probabllity, the effective absorption coefficient
should be approximately equal to the coefficient of x 1in Eq. 6-18
with o' = 0, Thus, the effective relaxation length for self-absorp-

tion is approximately (underestimating)

- T od
L= N(a)B?a,b) ° (6-19)

It 1s seen that a description of infrared-ray attenuation in a medium
can be based on "thin sample" measurements of the integrated absorp-
tion and half-width of the line, provided the experimental resolution
is sufficient.

6.3 Emission and Self-Absorption in Liquid Hydrogen

In hydrogen gas at high pressures and in liquid hydrogen, infra-
red transitions are predominantly due,not to the quadrupole moment of
the molecule but, rather, to a dipole moment which is induced by the
proximity of other molecules. A treatment of this effect for

densities low enough that only two or three molecules interact at
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once has been given in a series of papers by Van Kranendonk (Ref's.
43, 45), In his first paper, Van Kranendonk expands the absorption
coefficient in powers of density and develops a general formalism
for the density and temperature-dependence of induced infrared
transitions. This paper is followed by one in which the binary
(2-molecule) absorption coefficients of the fundamental (v = O,

vt = 1) band of hydrogen are derived. In his third paper,

Van Kranendonk calculates the ternary {3-molecule) absorption
coefficient for pure hydrogen and mixtures. His results are in
general accord with recent infrared absorption measurements on
hydrogen gas at high pressures (Ref. 46), It is found that the
process of charge distortion may be separated into two effects:

(1) a long-range action due to the quadrupole fields of other
molecules and (2) so-called overlap collisions in which the molecule
comes into close collislion with one or more of its neighbors. These
processes are active in the liquid as well as the gas, but

Van Kranendonk's treatment does not apply because of the high
densities involved.

Fortunately, a Canadian group has measured the infrared absorp-
tion of liquid hydrogen (Refs, 47, 48). Using a low-attenuation
sample, they obtained an intensity curve as a function of wave
number for solid, liquid, and gaseous hydrogen - all at approximately
the same density and at 11°K, 189K, and 2989K, respectively (Fig. 6).

Comparison of the three curves shows how the absorption peaks broaden
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with increasing temperature. This is due to the shorter state life-
times associated with more intimate contact between molecules. Since
Eq. 6-18, which describes the attenuation of infrared rays through a
material, applies regardless of the origin of the moment which causes
the absorption, it should be possible to determine B(a,b) from the
peak corresponding to a transition between states a and b. The
experimental data are given in terms of logio (Iy/I), where I, is the
same as the I{(o',0) of Eq. 6-18, From Eq. 6-18,

logig (Io/I) = Ei%ﬁ? [ho %-1_+(z{j§'o)2 N(a)B(a,b)] bx

(6-20)

Multiplying each side of Eq. 6-20 by do! and integrating over all

o' gives
o0
J[10810(I@/I) dg' = eago3 [ho N(a)B(a,b)} Ax (6-21)
-0
and oo
B(a,b) = 2,303 QC logyg(Io/I) do' / ho N(a) Ax, (6-22)

Thus, the Einstein coefficient is proportional to the area under
the appropriate peak in Figure 6., It should be noted that to the
right of each sharp peak in Figure 6 lles a poorly resolved broad
peak. In each case these cpr?espond to gquadrupole induced moments
and close collisions, respectivelyo The sharp peaks are supposedly
at the same location as for the free molecule., The broad peaks are

displaced because of the effects of collision between molecules.
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Since a given molecule is subject to each type of Interaction for a
certain proportion of the time, the probability of the particular
transition is obtained by evaluating Eq. 6-22 for each peak and
adding the results,

The liquid infrared absorption measurements were performed with
normal hydrogen, which is a mixture of 25% parahydrogen and 75%
orthohydrogen. This means that one-fourth of the molecules were

initially in the rotational state J

]

0 and three fourths were

initially in the rotational state J

1}

1., The experimenters identified
the sharp peaks near 4500 em~1 and 4700 cm~l with the S(0) and S(1)
lines, respectively (see Table III), Although the peak in the
neighborhood of 4150 cm~l was only identified as a "Q component"
(the Q(1) and Q(2) lines being separated only by 12 cm‘lj, it is
reasonable to associate it with the Q(1) line, since even at ordinary
temperatures the J = 2 level 1s relatively unpopulated. Under this
assumption, Eq. 6-22 can be used to calculate B(a,b) for the Q(1)
transition. 1In this case, N(a) = 3/4 N, where N is the number of
molecules per unit volume., For the S(0) and S(1) lines, respectively,
N(s) = 1/4 N and N(a) = 3/4 N. Defining W' and W" as the integrals
over corresponding sharp and broad peaks, respectively, the estimated
integrals are given 1n Table IV, Iabeling the corresponding
coefficients as B'(a,b) and B"(a,b), the total Einstein coefficient
is given by

B(a,b) = Bt(a,b) + B"(a,Db). (6-23)
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Table IV gives the values of Bf{a,b), B"(a,b), and B(a,b) that were
obtained with Ax = 0,84 cm, the experimental sample thickness.

The values of B(a,b) in Table IV are determined by the average
charge distortion of hydrogen molecules in the lliquid. If energy
exchanges occurred only through electromagnetic transitions, it
would be possible to define an Einstein coefficient for emission
which was in effect the spontaneous transition coefficient A(b,a)
for a free molecule having the same average distorted charge distri-
bution. Since at appreciable densities the transition may be brought
about by superelastic scattering, in which the de-excitation energy
goes into kinetic energy, the probability per unit time of transi-
tion from b to a 1is no longer equal to that for electromagnetic
emission. However, it is still possible to define a probabllity of
electromagnetic emission A%(b,a) which can be calculated from B(a,b)
with Eq. 6-5. The reciprocal of A*(b,a) gives the average lifetime
of state b, assuming that superelastic scattering does not occur,
Table IV gives calculated values of A*{b,a) for 1liquid hydrogen.

The partial lifetimes against electromagnetic emission are seen to
be of order 10! seconds.

A final quantity of interest is the relaxation length, £, for
self-absorption in the liquid. This is given by the approximate
Eq. 6-19. It is less convenient to determine the half-width directly
from graphical data than to express £ 1n terms of the peak values

of logyg(Io/I). From Eq. 6-20,
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10g[1%8)] = 20%03 [hoN(a)Ax B(a,b)]wgyo . (6-24)

Solving Eq. 6-24 for o'y, and substituting in Eq. 6-19 gives

L= Am:/{2.303 logqg [IO/I(O)]><, (6-25)

An effective self-absorption length, £, can be obtained by
averaging over the two components of each line using W' and W" for
weights. Table IV gives £ for normal liquid hydrogen, i.e.,, for
values of N(a) for which three-fourths of the rotational states are
J = 1 and one~fourth is J = 0. It is reasonable to assume that ¢!
and B(a,b) do not depend strongly on the rotational states of the
molecules in the liquid. Therefore, one can obtaln the relaxation
length for a given line in liquid hydrogen of arbitrary para- and
ortho-hydrogen content by factoring appropriate values of N(a) into
the given values of £.

The information in Table IV is limited to three lines of the
"fundamental band" (v = 0, v! = 1). Although no data on the
"overtone bands® (v = 0, v' >1) have been found for the liquid,
measurements of the first overtone (v = 0, v' = 2) have been made
for the gas at approximately liquid density and at 80°K (Ref. 49).
With corrections for density and temperature differences between
the gas and the liquid, the absorption data indicate values of the
orders B(a,b)~10l cm2/erg-sec, A*(b,a)~10"2 sec~l, and £~50 cm
for the first overtone band (8000 - 9000 cm~1l),
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Table

Iv

Emission and Absorption Coefficients for Ho Molecules in Liquid Hydrogen
and Mean Free Path of Emitted Radiation

State a |[State b| W? W Bi{a,b) B"{a,b) B(a,Db) A%(b,a) ]
Line . (normal)

v | Jd | vi]a{em 1) |{(em=1) |(cm@/erg=sec) |{cm?/erg-sec ) |{cm?/erg-sec )| (sec=1) cm)
s{fo)lo o |1 |2 |27 35 4, 486(2) 5.724(2) 10.210(2) [0.929(-1)| .81
s{iylo |1 |13 ] 36 S 1.903{2) 2.335(2) h,238(2) [0.951(-1)| .54
)lo |11 1] 20 140 1.200(2) 8,196(2) 9.396(2) ]3.37 (-1)| .51




The values of A%*(b,a) and £ obtained for both the fundamental and
the overtone bands show that if energy 1s transmitted through the
liquid by infrared emission and absorption, the process is gradual.
The product 4 A*(b,a) may be regarded as the effective velocity of
infrared-ray propagation in the direction of emission. Since
I A*(b,a) ranges from around 0,1 cm/sec for the fundamental to about
0.5 cm/sec for the overtone, it is seen that the rate of infrared-
ray-energy diffusion in the liquid is much less than 1 cm/sec.

Data on purely rotational transitions in liquid hydrogen are
also available (Ref. 24), The absorption half-widths of the
3(0) (355 em-1) and S{1) (587 em=1l) lines of the 0-0 band were found
to be of the order 101 em, Since no separation into sharp and
broad peaks was reported, it can be assumed that the emission life-
times for purely rotational transitions are quite long.

From the standpoint of hydrogen propellant systems, the fore-
going results mean that:

1. If energy partition by superelastic scattering proceeds
slowly compared to the outflow of fluid from the system,
the effect of infrared-ray emission will not reduce the
expulsion of potential energy in the form of excited Hp
states, provided the irradiated fluld is expelled within
several hundred seconds,

2. If energy partition by superelastic scattering is slow, the
energy flux of infrared rays trapped in the liquid will be
high relative to the radiation-energy flow into the liquid.

3. Therefore, one experimental method for determining the
importance of delayed-energy partition would be to measure
the infrared intensity in an irradiated sample. Because of
the trapping of infrared rays in the liquid, it might be

possible to perform spectral measurements well away from
the nuclear radiation.
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VII, CONCLUSIONS

The conclusions of the present study are summarized below.

1.

At least 43% of the energy deposited by radiation in liquid
hydrogen is stored temporarily, mainly through the dissocia-
tion of Hp molecules., A large fraction of the remaining
energy may be stored through inelastic collisions between
energetic H atoms and molecules in the liquid.

For the flow rates presently envisioned, most of the H atoms
produced by radiation will be e Belled for incident energy
fluxes up to at least 1017 ev/cmf-sec. Experimental results
are congistent with predominant H=atom expulsion at arbitrarily
high radiation levels.,

Excited Hp molecules, which are apt to be formed in signifi-
cant concentrations by recombinations and by inelastic
scattering, may remain excited in the liquid for much longer
than the 20 seconds or so required for the expulsion of the
irradiated portion of the liquid. Extrapolation of the
theoretical relaxation time, while not conclusively valid,
indicates that the lifetime of the first vibrational level
in the liquid is of the order of 100 minutes,

The lifetime of excited Ho states against emission in the
liquid is of the order of seconds; however, the mean free
path against absorption by re-excitation of the original
type of Hp state 1s so small that the effective rate of
infrared-ray diffusion is much less than 1 cm/sec. Hence,
in the event that the partitioning of energy by superelastic
scattering goes slowly then the walls of the liquid hydrogen
tank will not be heated significantly by infrared radiation.
The storage of energy in the form of excited Hp states can
be verified experimentally by the observation of infrared
rays trapped in the liquid.

It is conciuded that, insofar as radiation heating of the
propellant has a significant influence on the design of a
nuclear-powered vehicle, further investigations into the
rates of radiation-induced molecular reactions are warranted.
Furthermore, any experimental data obtained on the radiation
heating of liquid hydrogen should be interpreted in the
light of possible delays in the equipartition of energy
stored in radiation products.
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APPENDIX A
CALCULATION OF H3 LIFETIME

The H3 complex is an unstable linear configuration (Ref. 12),
It holds together temporarily because the energy of the system has
been transferred from degrees of freedom corresponding to relative
motion of the H atom and Ho molecule to internal degrees of freedom
corresponding to vibration. There is a finite probability that the
energy wlll again become concentrated in a mode similar to the
original one, whereupon decomposition occurs,

An informative treatment of decomposition probabilities for
unstable molecules has been given by Rosen (Ref., 17), who applied
his results to obtain the decomposition probability for the HOo
(H-0-0) quasi-molecule, Rosen's treatment is quite approximate in
that a perturbation method is used and that certain terms are
neglected. However, it is in no sense a "small vibration" treatment,
as is evident from the fact that decomposition must be considered,
The outlines of the procedure are given here,

Consider a linear trlatomic complex composed of atom 1, atom 2,
and atom 3 from left to right, and assume for the sake of definite-
ness that it was formed by the collision of atom 1 with a diatomic
molecule composed of atoms 2 and 3. Let the masses of the atoms be
mj, mp, and m3, and let rp be the separation of the nuclel of atoms
2 and 3. Then the Schodinger equation for the nuclear motion may

be written
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-n2|1 3% 1 22 2 3P
8'n'2[u1 dr° * pe dr,° " my Srporp |t Vi(ry) +Vo(rp) +V3{ry +r2)( ¥

= E#’: (A‘“‘l)

where py = mymp/(mj+mp), pp = mom3/(mp+m3), and Vy, Vo, and V3 are
the potential energies between atom pairs 1 and 2, 2 and 3, and 1
and 3, respectively. In using the sum V14-V24“V3 in Eq. A=-1, it is
assumed that the interatomic potentials are strictly additive.
Although in reality such potentials are only partially additive
(Ref., 12), it can be assumed with reasonable accuracy that the
potential energy of a group of atoms can be expressed as a sum of
functions, each of which depends on the separation between a pair of
atoms, In other words, the potentials can, hopefully, be added as
in the case of conservative fields, provided the right functional
forms are used. A suiltable form is that proposed by Morse (Ref. 35)

for dlatomlic molecules:
V(r) = pe~22(r-ro) _ ppe-alr-ro), (A-2)

The parameters a and D to be used for a palr of atoms in a
many-atom problem are assumed to be the same as those for the
corresponding diatomic molecule., This greatly simplifies matters,
since the parameters for diatomic molecules can be obtained from

spectroscoplc data.
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In the solution of Eq. A-1l, Rosen's principal assumption is that

the quantity,

T = h? 9%
Uremp T dT2

) + V3: (A”B)

is small compared to the other terms,so that T can be treated as a
perturbation., Then it can be shown, in a manner equivalent (with a
suitable redefinition of coordinates) to the derivation of a
scattering cross section using the Born approximation, that the

probability of dissociation per unit time is (Ref. 34, p. 195 £, )

= (4r2/n) Jg[wo T ﬁ?s)k drqdro 20 (A-4)

The mean lifetime of the complex, T, is the reciprocal of TI'. As in

the case of the Born approximation, wgn and w?s)k are the solutions of
the unperturbed system (ioeo, Eq. A-1 with T = 0) before and after
the transition. In this instance, "before" refers to a non-dissocia-
tive H3 state. The subscripts m and n correspond to discrete
energy eligenvalues of the two equations into which the unperturbed

form of Eq. A-1 separates:

_(h?/gﬂ2u1) :2¢&1) lg(l) - E£1> ﬁgl) (A-5)
r1

and

d2¢$2 )

-(h2/81r2p2)—5;;§- + vpp(®) = gl2)g(2), (A=6)
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The solution of Eq. A-~l with T = 0 is
o = g{1)y(2)
oo = 4,78, (A-7)

with the energy eigenvalue belng

= 1) 52 (s-8)

The subscripts (s) and k refer to an unperturbed solution of Eq. A-1
for which one of the Equations A-5 and A-6 has a continuous and the
other a discrete solution.

Inspection of Egs. A-5 and A-6 shows that ﬁél) and ﬂgz) are
essentially the solutions for diatomic molecules formed from particles
1 and 2 and particles 2 and 3, respectively. Eél) and Egz) are the
corresponding energies of vlibration or, in the case of a dissoclative
state, E(g) corresponds to the total energy of a disintegrating
molecule., If the perturbation, T, were completely negligible, a given
pair of energies, Eél) and Eéz), would be constant in time, so that
no flow of energy to another mode of vibration could occur., Thus, a
change of mode, such as 1s necessary for the formation or decomposi-
tion of a complex, is made possible only through the perturbation T,

The solution of Egs. A-5 and A-6 with the potential Eq., A-2 was
first obtained by Morse (Ref. 35); Rosen re-derived it in slightly
different form. Rosen's results for a discrete state is (omitting

particle subscripts)

- (_q\0 _ ~Z/2 k-k-n % (_q3\d|D 7J
#, = (-1)°r(2k-n) e%/2 3 Jzo( VI3 sy - (A-9)
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where

(47 /ah )(2uD)% e"a(r"ro) (A-10)

N
i

and

(21 /ah)(2uD)%. (A-11)

~
]

In the case of the continuous state, it is the asymptotic expression
for ﬁ(s) which is of interest, since decomposition corresponds to
large separation. For an asymptotic relative kinetic energy E, this

was found to be (keeping only terms of the largest order of magnitude)

B(g)~2¢C cos(sar-sn + v), (A-12)
where s = (QW/éh)(2uE)%, (A-13)
A = arp + fn[4m(2uD)%/ah)], (A-14)

and G and ¢ are such that
G el = r(2is)/r(% - k + is). (2-15)

In order to normalize the wave function ﬁb to give unit prob-
ability for the space integral over a specific energy state, p, the

condition,

pm 1 T PV p+a/2
A—=0 Zj[f ﬁp(x)dpJ[ f ;a'p(x)ddex =1, (a-16)

(o]
p-4/2 p-4/2

must be met. This leads to the normalizatilon constants Nn and N(g):
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Np = {[21c-2n-1] a/[n!F(Ek-—n)]}% (A-17)

and

N(s) = {(ll/h) [u.sinh 2rs | I'(3-k +}\s)|2/a]%} . (A-18)

In order to simplify the evaluation of the dissociation prob-
ability, I'; Rosen made one further assumption, namely, that the V3
term in the expression for T can be neglected. If this is the

case, then

T ~ (h2/Ur%my )v2/yr, Yro. (A-19)

The neglect of V3 - the interaction between the outside atoms -
is supposed not to change the order of magnitude of the calculated T,
If the absolute value of V3 is small compared to V; and Vo, which are
only approximately additive in any event, its neglect should not be
important if the additivity assumption is permissible. Substituting
the above expressions for ¥, w?s)k and T into Eq. A-4, Rosen

obtalned for the transition probabllity per unit time, essentially,

hujas t (2k2-2m—1)[1"(k1+%)]2 m | I'(2kp-m)

m3 I(ky+d- t)r(kl'*'%"'t)r(?kg"l)jﬂ:[l+82/(kl+%+3 7 (A-20)

where ki and 8 are given by Egs. A-1l and A-13, respectively, p and
m are the quantum numbers of the non-dissociative state corresponding
to motion between particles 1 and 2 and particles 2 and 3,

respectively, and t = k; - p - 1/2. The total energy before and
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file:///init

after decomposition must be the same. This imposes the condition,

(5 /ny ) (kg -p-4) %4 (ap/p ) (kpm-2)2 = (a2/h; )24 (a3 up) (kp-n-} )2,
(A-21)

where n 1s the quantum number for a possible vibratiocnal excited
state of the residual Ho molecule. In the case of interest here
(as in Rosen's case), n = 0. Then s° for decomposition is the same
as that for collisions and only those m,p pairs are permissible
quantum numbers which satisfy Eq. A-2 with n = 0., The values of m
and p which satisfy Eq. A-21 need only be approximately integers.,
The reason for this is that the energy levels for permissible modes
have finite widths. Thus, the likelihood ¢f forming an H3 complex
in the first place depends on how clozely Eq. A-21 with the given
value of 82 corresponds to a pair of integers m,p, which almost
satlisfy Eq. A-21., Rosen made a final approximation which holds only
for small s2:
[1 +82/(ky+ % +J )2] N1, (A-22}
J=0

This applies for collision energies corresponding to those at
room temperatures. However, for collisions in the ev range, the
product may have a value as high as 106, so that it must be
evaluated rather laboriously.

Rosen applied his result (Eq. A-20) to obtain the lifetime of

the H-0-0 quasi-molecule for several pairs of quantum numbers {(m,p)
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and for s2 corresponding to room-temperature collisions. For this
complex and mean lifetime, 1 = 1/T ranged from orders of 10'14 sec
to 10'8 sec,

For the present obJectives, Rosen's method has been applied to
the calculation of lifetimes of the H3 complex without modification,
except for the evaluation of the product in Eq. A-22, The 2-atom
potential parameters; a and D, were taken from Morse's compilation
(Ref. 35). In this case, a; = ap = 1085x108 em~1 and Dy =Do =
7.,97){10"12 ergs (Morse's data having been converted from angstrom
and wave-number units). Values of 82 corresponding to collision
kinetic energies of 0.5, 1, 2, 3, and 4 ev have been considered.

The most 1likely quantum pairs (m,p) for a given s2 were chosen by
solving Eq. A-21 for p and plotting the results as a function of
m (Fig. A;lk In the general case of a linear triatomic molecule,
the plot 1s an ellipse; in the case of H3, 1t 1s circular, since
the atoms are identical.

The lifetime T,

P
m,p is given in Table II. It should be noted that there are also

with respect to decomposition from the mode

lifetimes with respect to transitions to other discrete states, say
m!',p!. Such processes compete with the decomposition transition.
It is found that, if the system can go to anyone of several discrete

or contlinuous states, T is largest where the transition m —=m!

mp
and p—s=p! correspond to the smallest changes in m and p. It

is for this reason that only m,p palrs from the second quandrant
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{small m, large p) have been chosen; transitions from states corres-
ponding to pairs outside this range would be much more apt to yield

new discrete states than a decomposition state.
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APPENDIX B
THE SLOWING DOWN OF EXCITED Hp MOLECULES

The inelastlc and superelastic cross sections can be related on
a thermodynamic basis. Let Ey be the kinetic energy of colliding
molecules in the center of mass system, and let Ej be the corres-
ponding energy after inelastic scattering. If w 1is the level
excitation energy, then

Eo & E] + W, (B-1)
For a system in equilibrium, using the nctation of Section 5.3,

ny df1p9 = g dfpy (B-2)
or

ﬁl n(Vl )dvlvlﬁlo(vl) s EO T](Vo )dVOVOGOI(VO), (B=='3>

where vj and vpo are the relative veloclities corresponding to Ej and
Eo. Since equipartition of kinetic energy prevails for both excited

and un~excited states, n(v)dv is given by Maxwell'’s equation,
n(v)dv = 4?(m/2kT)3/2 v2 exp{-mv2/2kT }dv, (B-4)
where m 1s the reduced mass, It is seen that
n{v)dv oc v exp (-E/kT)dE, (B-5)

From Eqs. B-3 and B-5,
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_ 2 -
iy exp(-El/kT)vlolo(vl)dEl = 7, exp(—Eo/kT)vgcm(vo)dE°° (B-6)

From Eq. B-1, dE; = dEg, so that

010(v1) = (Bo/Ay Jexp [~ (Eg=Ey )/T] (v3/v8)o01(ve)s (B-T)

where Ny and nj are given by Egs. 5-23 and 5-24, respectively. Since
Eq. B=7 must hold for all values of T, it must be true that

o10(v1) = (v8/v§)ag1(vo) (B-8)

or, using Eq. B-l,

010(Ey) = [(By+w)/Ep] 0oy (Ey+w). (B-9)

(Eq. B-9 is only exact in the absence of rotational transitions
because of the stipulation in the derivation of n, and n; that only
two "cells" were accessible. )

Using Eq. B~9, the superelastic scattering cross section for the
de~excitation of the first vibrationally excited Ho level can easily
be obtained from the cross-section curve shown in Figure 4., In this
case, w = ho = 0,53 ev. It is seen that for a kinetic energy of
around 1 ev (which is about the maximum kinetic energy imparted to
excited Ho molecules) the superelastic cross section is of the order
of 4x10"17 cm®, The effective "diameter" for momentum transfer should
be about 3x10’8 cm (based on the Morse potential used by Bauer and
Salkoff; see Sec., 5.4). Therefore, the cross section for momentum

transfer should be of the order of 3x10‘15 cm2° Since on the average
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half of the kinetlic energy is lost in an elastic scatter and since
the superelastic cross section is seen to fall off drastically with
decreasing energy, there is little chance for de-exclitation of the

molecule in the 10 collisions or so required for effective "thermali-

zation",
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APPENDIX C
CALCULATION OF ELECTROMAGNETIC TRANSITION PROBABILITIES

Considered as a classical system, a vibrating or rotating Ho
molecule should radiate continuously according to the solution of

Maxwell!'s equations:

div E = l4wp
curl H - = = 4rI (c-1)
c— C T ~

(respectively representing non-existence of magnetic charge, Faraday's
law of electromagnetic induction, Coulomb!s law of electrostatics,

and Ampere's law for a current-induced field, together with Maxwell's
displacement current hypothesis), where E and H are the electric and
magnetic fields, respectively, I is the current density field, and p
is the charge density field. The solution of Eq. C-1 is obtained by
defining the scalar and vector potentials ¢ and A, so that

A

= - grad g - 5

=
B
Qs

and

b 24
X}

curl A, (c-2)
Then,
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&

1
- M+ = Urp,
reiae
1 024
- DAt+-=s =5 = U7,
02 32 = (c-3)
and
1Y .o,
Aiv Ayg o = O
and it follows that
! ! ! t
g(x)y.'z)t) ;[ p(x gngZ RAD dx'dy‘tdz’
and
! ] t 1
Alx,y,2,t) =f i Y :*1) gxrayraz, (c-4)

where R = r-r!, t!' = t - R/C,

Equations C-4 are the retarded potential formulae which show how
a volume element at r' contributes to the charge density at r
according to the value at r' at an earlier time. Equation C-3
demonstrates the propagation of the electromagnetic field as a wave.
Calculation of the potential energy stored in the electric and magnetic
fields and comparison of the result with a surface integral of the
form f E X H dA (Ref. 50, p. 175) show that the flow of energy at a
particular point and at a given instant according to the classical

theory is given by the Poynting vector:

s = -h% (E X H). (c-5)

Assuming that E and H vary harmonically with time, the average flow

of energy is given by
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- 1 C ~N oy
_Savmj_rw(Exﬂ-F_EXE), (c-6)
where E and E are the complex conjugates of E and H, respectively.
The classical theory may be put in terms suitable for use in quantum

theory (Ref., 42, p. 103). In view of the assumption that p and I
vary harmonically with time, so that they are of the form

orivt
p(x,7,2,t) = Re[p(x,7,2)e ]
and
orivt
I(x,7,2,t) = Re[I{x,y,2)e” " ), (c-7)
it follows from Eq. C-4 that
~-ikR

]

ﬂ(X’Y.vzst) egint[P(x'syvﬁz') £ R dv

and
-1ikR

orivt
Alx,y,z,t) = e v jil(x'gy',Z') = dv, (c-8)

where k = 2rvy/c.
Expansion of the factor egikR/R in Eq. C-8 in terms of w, the angle

between r' and r gives
e-ikR g?\(kr) 1/7\(1{:1‘” )

= 2n 1
R %go( ) ir kr!

Py (cosw ), (c-9)

where the P, are Legendre polynomials and §% and Y5, are Bessel

functions:
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Py (krt ) =\ Lrkr! J)\_’_%_(kr')
and

£ 4 (kr) =V irkr [JA_,.%(kr)+(~l)2iJ_)\_%(kr)]. (c-10)

Keeping only the leading terms in ¢4, one obtains

e?vivt—ikr N k2 31 5
= - — 1 - - ]
g = prodv +1ik(1 kr)fpr Pydv T[(1 kr)fpr‘ P,dv

+ %L[pr'gPodv} + oo

and

o oTivt-ikr 5 .
A= r f..I_PodV +1k(1- %F)fgr'Pldv - -1%— [(l- %i:_)flr' Podv

+ %f}_r'2Podv] + o), (C-11)

Eq. C=11 is simplified by introducing the shorthand notation-

Io = unit vector in the direction of r

P = J[Qg'dv (= "dipole moment of p" = vector)

N = J[ggﬁg'dv (= "quadrupole moment of p" = dyadic function
= of position)

Ng = jppr'2Podv (= invarient sum of the diagonal terms in N)
M = %[g'xldv (= magnetic moment of electric current

distribution = vector).

(c-12)
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From the equation of continuity (charge conservation)

-1
div I = == 98 = _1kp,
¢ S¢ - ~ike

From the finiteness of C, it follows that p and I vanish everywhere
outside a finite sphere.
Then,

ikjngVSIIng dv,

where g 18 any scalar, vector, or dyadic function of position.

Then
“[b dv = 0, _[i dv = ikP, jklg;fg;)dv = 1kN,

Eq. C~11 becomes

o2Tivt-lkr . .

g = T ik(1- 'E'r") ro - B = 3 k2[£o ° ,,_._1\1 * Lo = E(3P0°N°TO°NS)]
e2rivt—ikr 1 5 N

A= = 1kP-1k(1- =) Zo x M - #E(1- gZ)r, - ). (c-13)

From Egqs. C-2, C-5, and C-~13, the parts of E and H which involve P

to terms in r~l and r”e

are
o2mi(vt=or) ik . 21k
E(R) = = (k2 - —;)(g"_ﬁoﬁo)@'*“fb“ Toro ° B
2ri(vt-or)
a(p) = £ - k2 ~(%§) ro X P, (c-14)

where G = i1 + jJ + kk (= unit dyadic).

=
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Then, from Eqs. C-6 and C-13, the part of the radiation due to the
dipole moment P 1s, for large r and according to the classical

theory,

Y
S,v(B) ‘g%l:?g (F-2010) - B 2_1:0 . (c-15)

The parts of E and H lnvolving the quadrupole moment N to terms in

r“l are
eri(vt-or)
1k3
E == . r (%f” o o) ° X - ro)
and
ori(vt-or)
1k3
H= 2 - ro x (N * 1) (c-16)

and, from Eqs, C-6 and C-5, the part of the radiation due to the

quadrupole moment alone 1is,according to the classical theory,

-S-avzggrl'{% (Zf-zozo)'(§~£o)2£o° (c-17)
Higher-order terms of §av are generally held to be insignificant.
In reality, of course, the emission of radiation by molecular systems
is quantum mechanical and occurs through discrete transitions.
However, according to Bohr's correspondence principle, there is an
asymptotic correspondence between classical and and quantum mechanics,
so that the rate of quantum emission is on the average equal to the

rate of continuous emission predicted by classical mechanics.
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Specifically, the radliation field accompanying a quantum transition
is the same as that given by classical theory for a charge distribu-

tion whose moments are

2 Re {(b[ |2) eEVin} ,

where (bl la) is the matrix component of the kind of electric or
magnetic field being considered. It follows that the probability

per unit time of such a transition cccurring is

A{v,a) = ﬁ%=(b | jr§avdA|a), (c-18)
8

where the integration 1s over a large surface enclosing the system
and where b and a represent the initial and final states. The

matrix element in Eq. C-18 is defined by

(b| x Ia) = J(¢b@£)X(£) ¥, (z)ar, (¢c-19)

where ¥y, and ¥, are the initial and flnal wave functions of the
system (regarded as a collection of point charges) and r represents
all of the spatial variables. A(b,a) is the Einstein ccefficient
for emission. The Einstein coefficient for absorption is related to
A{v,a) by Eq. 6-5 of the text.

A hydrogen molecule whose charge distribution 18 not perturbed
by the proximity of other molecules has a vanishing dipole moment,

owing to its symmetry of charge wlth respect to its center of mass.
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Therefore, A(b,a) and B{a,b) are both zero for dipole transitions.

The quadrupole moment is of the form

N=3Xejryry, (c-20)
= 3

where the rj are the position vectors of the electrons and nuclel
with respect to the center of mass. If the wave functions ¥5 and
¥y, for the whole system are known, the Einstein coefficients can be

calculated by application of Eqs. C-17, C-18, and C-20, This has

been done by James and Coolidge (Ref. 51) for the case of vibration-

rotation transitions in the electronic ground state. They found that

the coefficient for spontaneous transition reduces to

6.5 ~
A(b,a) = 5—?—';-541%— (v]¥]a)y + (0|F|a)y (c-21)
where
(blgla)x = (b]g - % <N}S f(fla)o (C-22)

The dot product between dyadics in Eq. C=21 is so defined that

(%3 » x'y') = (x-x')g-xy*) (c-23)

and {E}S, the "scalar of N", is such that

—

y-¥ = {N°. (c-24)
s
The wave functions wa and Wb were separated in the form
¥a = Fe(r,r1,r2)r™L Ry, 3(r)Psy(6,9), (c-25)
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where the ry are the electronic coordinate, r 1s the nuclear separa-
tion, and © and @ are angles giving the orientation of the molecule

with respect to a fixed coordinate system., Carrying out the integra-
tion over the electronic coordinate in Egq. C-22, James and Coolidge

obtained an expression of the form

N, = N(rM(e,g). (C-26)

(The scaler N(r) is sometimes referred to as the quadrupole moment,
although this term should properly be reserved for the instantanecus
quadrupole moment,:go)

Carrying out the integration over g(g,ﬁ), James and Coolidge
obtained the selection rule, AJ = * 2 or 0 with 0—=0 forbidden;
that 1is, the matrix elements vanished for J = O—J = 0 transitions

and for all others except where AJ = + 2 or 0, Writing

¥ = [ Rewslr) Nir) Rgrygi(r)ar, (c-27)
they finally obtained /their main interest was in the absorption

. J
( %J+i%§;@+2+) AT = 2

5.2 2J{J+1) _
§%§§§ N° { 3To5-10127+3)> & = 2 [c-28)

coefficients)

B(b,a)} =

J{J=1)
\ (2J=-1){2J+1) °’

AT = 2
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To obtain an explicit function for N(r), James and Coolidge used an .
electronic wave function of their own device, having found the
customary Heiteler-London wave function to be inadequate. To a cubic

approximation, they obtained

N(r) = e (0,442 +0,303(r=1.4) ~ 0,212(r-1.4)2+0.028(r-1.4)3),
(c-29)
where r 1is in Bohr radii (0.529x109 em) and e is in units of
proton charge. Thelr analysis was then completed by evaluating N,
For this purpose, they used vibrational wave functions Rgyg(r)
corresponding to the "Posche-Teller" potential for diatomic molecules,

which is of the form

m -
vir) = hCR'E 2 [sinhgi?rigo) ) coszé:(;izo)}a (¢-30)
(This potential plays the same role as the more familiar Morse
potential but has an extra adjustable parameter.) By the use of a
differential analyzer they obtalned N for three particular vibra-
tional transitions.
Letting the subscripts v,v! indicate the initlal and final

vibrational states (from the point of view of an absorption), they

found
Ng,j = -0.0441
No,2 = =0.0166 ) x (4.8029x1010)(0.529x10-8)2 ,  (c-31)
ﬁ0,3 = -0,0044
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where the common factor converts N to the proper cgs units for a
quadrupole moment, namely, esu-cme or erg%-cmi/g.

Using Egs. C-28, C-31, 6-5, and 6-6, B(a,b) and A(b,a) for
vibration-rotation transitions between the ground vibrational state
and the first three excited vibrational states are easily computed.
Table III glves some representative values and the associated wave-
number and wavelength of the transition as given by Herzberg (Ref.

52). The unprimed and primed quantities refer to states a and b,

respectively.
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