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ABSTRACT 

The overall objective of the work supported by this contract is 

to determine the extent to which the inertia of a large reactor structure 

will interact with the free-field seismic ground forces to alter the 

base motion of the structure from that of the free-field and hence to 

alter the structural forces caused by that base motion. In this report 

an analysis is made of the combined lateral and rocking motion of the 

foundation of an N-mass structure coupled to a two-dimensional elastic 

half-space the free-field motion of which simulates an earthquake. The 

problem model and the analytical technique are similar to the authors' 

earlier work in references (1) and (2) but this problem id considerably 

more complicated. The appropriate Lamb problem is solved in terms of 

integrals convergent in the Cauchy sense and three pairs of Volterra 

integral equations are derived - one pair neglecting base-mass effects 

and the other two pairs including them. The latter two pairs are programmed 

for numerical solution. Due to the fact that the Lamb solution is not 

sufficiently smooth to permit the required differentiations for obtaining 

those Volterra equations programmed, some integrals diverge and useful 

physical information in addition to that derived from the simpler models 

neglecting the rocking motion is not forthcoming. No attempt is made to 

program the equations which neglect base-mass effects. The integrals 

known to diverge do not appear in this formulation. 
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NOMENCLATURE 

Dilatation (F) wave velocity 

Area of the structure base 

Shear (S) wave velocity 

Half the base width 

Youngrs modulus 

Lateral force at the base of a structure 

Surface shear stress when |x| < c 

Moment of inertia of base about an axis 
through the origin and perpendicular to it 

Constants defined in equation (AS) 

Base mass 

Effective mass 

of the j t h mode 

The j**1 structure mass 

Transformed time variable 
Lateral displacement in the half-space 
(x-direction) 
Lateral displacement of the center of the base 

Free-field lateral displacement at the center 
of the base 

Vertical displacement in the half-space 
(y-dlrectlon) 

Raylelgh wave velocity 

Mode shape for the i**1 mass and j**1 mode 



NOMENCLATURE (cont'd.) 

3 Constant defined in equation (16) 

Y Constant defined in equation (29) 
0(x,y,t) Half the out-of-plane component of the curl 

of the displacement vector. Measure the 
counterclockwise rotation. 

0(t) Counterclockwise rotation at and about the 
origin 

th w^ Natural circular frequency of the j mode 

X Lame's constant X = vE 
(l+v)(l-2v) 

£ M Shear modulus u 
2(l+v) 

v Poissou's Ratio 

C Transformed x coordinate 

p Ground density 

0 Tensile stress in the x-direction 

ay Tensile stress in the y-direction 

x Shear stress xy 
$ Dilatation scalar potential 

4 Counteiclockwise rotation at the origin 
4 Spectrum integral (cf. equation (45)) 
k 

^ Equivoluminal (shear) wave function 

d2 d2 Laplace operator 72 - + 

vi 



INTRODUCTION 

The purpose of this report is to present the work done on the solution 

of the coupled rotational-lateral interaction problem associated with 

the motion of and forces on a structure laterally excited at the base by 

an earthquake. The structure subjected to this lateral motion at its 

base is modeled by considering its base rigidly displaced laterally and 

rigidly rotated about its center point:. The structure model is lumped 

so the two variables of paramount importance become the lateral displacement 

of the center point of the base and the rotation at and about the center 

point. The earth is modeled by a plane elastic half-space. The models 

and the method of solution are similar to those employed by the authors 

to solve simpler problems of the same kind in references (1) and (2). 

The lateral dlaplacement of the base center point and the rotation at and 

about it resulting from stress distributions on the plane elastic half-space 

which are implied from the assumption that the structure base moves rigidly 

laterally and rotates rigidly about the center point are determined by 

solving the appropriate Lamb problem. These solutions are found in terms 

integrals convergent in the Cauchy sense. The interaction equations 

exhibiting the relationship between the structure and the earth are formu-

lated via normal mode theory both for the case in which the base mass is 

neglected and for the case in which it is not. A pair of coupled Volterra 

Integral equations Is developed for each of three cases. The latter two 

sets contain divergent Integrals as confirmed analytically and also by the 

divergence of the corresponding digital computer programs. The three pairs 

of Volterra equations are presented in the Theory section, and the related 
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computer programs for the latter two pairs containing base-mass effects 

are listed in the Appendix In the hope that they can jointly be modified 

by' physically reasonable smoothing assumptions which will permit their 

solution. 
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THEORY 

THE SOLUTION OF THE LAMB PROBLEM 

On the boundary of a two-dimensional elastic half-space a time-

dependent shearing stress uniform over a finite portion and zero elsewhere 

and a time-dependent linear skew symmetrical normal stress over the same 

finite portion and zero elsewhere are applied. For this boundary condition 

the resultant horizontal displacement of a base point symmetrically located 

on the boundary of the half-space together with the rotation at and about 

this base point is determined. If cartesian coordinates x and y are 

introduced so that the half-space is y •> 0, the boundary-value problem 

consists of the Navler equations valid for y > 0 together with the pre-

scribed stresses on the boundary y » 0 and the condition that all stresses 

vanish at y • «. (cf. fig. 1) 

Specifically, 

eutt - (x+v) e^ + yv2u 

p v t t - (X+y) e y + yV2v 
, y > o (l) 

- <y(t). , | \ c , |x| < c 
o y 

T *y 

» |x| > c 

f(t) • |x| < c 

0 , |x| > c 

) , y - o (2) 

and - °y * Txy " 0 » * " * 

where f(t) • o(t) • 0 for t £ 0* (The symbols used in the equations hate 
r i 

and In the sequel are defined on the nomenclature page.) The quantities 
I1..' 
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to be determined from equations (1) and (2) ate u(0,0,t) and 0(0,0,t) 

where 0(x,y,t) - *i[iiy(x,y,t) - vx(x,y,t)]. In order to uncouple 

equations (1), let u v • and 6 - As Is shown in * y y x 
references (1) and (2), substitution into equations (1), (2), and Hooka's 

Law yields the following boundary-value problem in 4(x,y,t) and iKx,y,t). 

• t t - a 2 ? 2 * 
, y > 0 (3) 

^tt * h 2 v 2 * 

o - XV2<J> + 2u(<fr ) y yy xy 
, y - o (4) 

Equations (3) and (4) are solved for $ and tf> by using the Laplace trans-

formation with respect to t and the Fourier transformation with respect 

to x. Equations (5) define the notation and exhibit the invers Fourier 

transformation. 
<x> 

<Kx,y,p) - L{<Kx,y,t)} - / <)>(x,y,t) e~pt dt 
o 

4>(x,y,t) - ($(x,y,p)} 
00 

• — f — i£x 
• U.y.P) - F{$(x,y,p)} -J <K*,y,p) e dx 

oo —CO 

?(x,y,p) - ^ J e " u x dc 

(5) 

Similar equations define the bar and two-bar notation relative to other 

variables. At t • 0, ̂  * ^ » • • • 0. As in references (1) and (2) , 

the boundary-value problem for i(€,y,p) and Is 

-U 2+h 2H - 0 

fyy - a ^ k 2 ) ? - 0 

• 7 > 0 (6) 
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||| (sin c5 - c5 cos cO - X(i-25+5yy> + 2y(? 

97 4 * , y - o (7) 
2 f 9 f c S -

The solution of equation (6) which satisfies the condition at y - 00 has 

the form 

- \/<;2+h2 y 
<K*,y,p) - A(€,P) e 

, (8) 
- \/£2+k2 y 

5(5,y,p) - B(£,p) e 

where the square roots are the principal-valued roots. Substitution of 

<|> and ip from equations (8) with y • 0 into equations (7) yields two 

equations for A(£,p) and B(£,p). With A and B and thus $ and 5 determined, 

u can be computed from u • -i£<|>-hj<y and u is obtained from the Laplace and 

Fourier Inversion. Finally 0 is obtained by noting that the defining 

relationships among U,V,<|>,IJJ, and 0 together with the second of equations (3) 2 -imply 0 - -ij. i|»tt and 0 -

Since the boundary-value problem defined by equations (6) and (7) 

has already been solved In reference (1) for the case where o • 0, it is 

convenient at this point to split the work into two parts (1) a • 0 

f ̂  0 and (2) o jf 0 f - 0, to denote the corresponding solutions with 

appropriate subscripts 1 or 2, and to superpose the results to determine 

the solutions u(0,0,t) and d(0,0,t). Further since the origin is the 

only point of present Interest It is convenient to write u(0,0,t) - u(t) 

and 0(0,0,t) - 0(t). 
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From reference (2) (p.5 equations (12) and (14)) 

U l < ° " ' u ~ aSsir feJCf<° I m d 5 dT 

o o o 

Im ĝ (T)"3 < 
3T(1-T2) \/T2-1/3 

2 ( T 2 - * ) ( T 2 - ^ ) ( T 2 - - ^ ) 

0 < T 

- < T < 1 
(9) 

3 v/T2-l [(T2-^)2 + T2 y/T2-l/3 / F ^ I ] 

\ 2(T2-^)(T2- ^ ) ( T 2 -
, T > 1 

The integral in equation (9) is proper for 0 < t < . At T » ^ 
,bx -1 Im GI(~) has a singular point of order (T - £) . The displacement at 

c t • rr , however, is finite since the indetermlnant form in the integrand, 
lim R - -T 
i+c 
V I : 

-1 
f(vH»)d£(T- ~) , is finite. For t > v , because of the singular 

o . c point at t • — , to be meaningful the integral in equation (9) must be 

considered as its Cauchy principal value. In which case UJ(t) is a well 

defined finite value for all non negative t. 

For problem (1) (o • 0 and f j 0), the rotation solution evaluated 

on y «• 0 is 

P2 p2f(p)
 8 l n 

(10) 

d(C,p) ' a2+ A?) - e 
2b 2 

Inversion of Che Fourier transform using the last of equations (5) with $ 
ic£ replaced by i|;1 and with x - 0 and sin c£ - Im e yields 

2 

Xm e d£ Q. (0,0,p) - P — ^ f |lUf 4iryb2 J C D(^,p) (11) 
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which simplifies by halving the interval of integration and doubling the 

even integrand and by interchanging Im and the integration to 

As in the u(0,09t) computation of reference (1) changing the dummy of 

integration by letting ic£ » -px proves convenient. 

00 2 p 2 —loo 
f l l i b i eicC d 5 . f ( T ) e-pT d T ( 1 3 ) 
J 0 5 D(€,p) cp2 J 0 

where 
b T 

« m . 3C(T2-*S) [ (T2-^) 2 - T2 i/T7£T2 y/î T2"] ( 1 4 ) 

2bx(T2-*)(T2- ̂ ) ( T 2 - Jt^) 

and the integration In the complex x-plane is down the negative Imaginary 

axis. By using the fourth quadrant contour described in figure 2 and the 

* 2b2 ic£ 

same technique as in the u1(0,0>t) computation, 
-ioo 

S-PT 

"v " (15) 
f g2(T) e-pT dx - L {g 2(%> + + iri ) g2(T)e" 

J v 

where 

?!S 82<T)e-pT - ^ 

Res /-v -px 3c "v* g2<T>e " T e (16) 

3(X2-*s)[(X2-%)2 + X2 \/x2-l/3 \ZxQl 
4X2(X2J<)(X2- 3W3 )" 

X - * * v 
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Substitution from equations (13) through (16) into equation (12) yields 

Vo.o.p) - Im tL{g2(|£) > + i + 1 e ^ i (17) 

Noting that the first factor following Im in equation (17) is real and 

that Im and L can be interchanged allows equation (17) to be simplified to 

The first summand on the right side of equation (18) is in the form 

corresponding to a convolution in the t-space and the third summand is in 

the form corresponding to a shifting of the time scale in the t-space. 

This observation allows the inversion of the Laplace transformation. The 

solution in the notation 6^0,0,0 • 0}(t) is written In equation (19). 

0,(0 - ̂  f(t) + I- f (t - $> + { f(t-T)I» g2(|^dt 
o (19) 

where after simplification equation (14) yields 

3T(lg-T2) \/T2-1/3 \ll-T2 

2T2(T2-k) (T2-- 3±S£) ( t 2 . W ? 
Im g2(T) - ( 

A < T < 1 

(20) 

0, 0 < T < pz and T > 1 

and B is approximately .51. (3 Is given precisely from equations (16)). 
bt c c c Therefore Im g2 ("£""") Is zero for 0 < t < ~ , negative for "g < t , 

positive for < t < £ , and zero for t > £ . The integrel in equation VZb b o 
(19) is a proper integral. 

For problem (2) (a 4 0 and f - 0) equations (6) and (7) have the 

solution which for y • 0 can be written 



tt2+ 2^2) o(v)(sin c£ - CK cos c£)i 
52(«»0»P) ; c KZV D(5,p) 

I 2 " - ( 2 1 > 

5 ^ * (p) (sin c5 - c5 cos cO 
*2<«.°.P> c2 w/_ s c $zp D(5,p) 

Where D(£,p) is defined by equations (10) and where all square roots are 

the principal-valued roots. Substituting $2 and ij>2 from equations (21) 

into u2 • -i£ <Pz + ^2y a n d aiinPlifyin8 yields equations (22) for u2. 

?) - Q ( P ) ( 8 I N C G - C ° 8 + FG2 - Y ^ 2 + Y ^ 2 G I u 2(C,0,p) 
M C c D(€,p) 

(22) 

From use of the Fourier Inversion Integral (the last of equations (5) with 

4 replaced by u)with x • 0 and the fact that u is an even function of 

u2(0,0,p) - fj®1 (II - 12) (23) 

where 
2 

2 

I, - I 2i!L££ f j j b f v v d e 
O 6 DU.p) 

(24) 

I2 m I C O B dC J o D(5,P) 

icC icE By equating ein c£ to Im e and cos c£ to Re e , by noting all other 

factors other than the exponential in the integrands of Ii and I2 are 

real* and by interchanging Im and Re with the integration, I1 and I2 can 

be rewritten. 
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x,. « r f i i L j ^ f j S 
J 0 ct D(5,p) 

e l c « d 5 } 

oo s 2 + 

(25) 

I2 - Re <J - ^ v „ de } 

o 
By putting ic£ • -pt in equations (25) I1 and I2 can be rewritten in a 

convenient form. 

h3 r 
Ii > • ^ ( J s 3 < r > e " P T d T } 

_t- < 2 6> 

I2 - - Im { J T e r dT} b i T_ f I - . /bTx 

where 

3[T2-^ -\/T2-l/3\/T2-l][(T2-as)2 + TVT2-1/3 \/T2-1 1 
8 3 " 2T(T2-J<) (T2- 2l£)(T2-

^ ^ 4 (27) 

and the Integration in the complex T-plane is down the negative imaginary 

axis. By using the fourth quadrant contour described in figure 2, the 

integrals down the Imaginary axis can be written as a Laplace transformation 

plus residue terms. 

I, - ̂  I- ».(.,<££)> + ( f + « )g3(^)e"PT ) 

(28) 

I2 - - Im { L<t g3(|t)} + rt j g3(|l)e-PT } 
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where 

Res (bx.) e-px . 2<3-*/5) c 
T«0 C 3 D 

g (£•) e"PT - y f e " ^ (29) 
V 

2 c Res ,bTx -px cr -"yP 
X . C T « 3 < — > e * Y b ^ 6 

3[x2-i$ - V ^ M T i V / ^ Z I ] [ ( X 2 ^ 5 ) 2 + x 2 y x 2 . 1 / 3 y ^ I T ] 
Y 

4 x 2 ( x 2 - H ) ( x 2 - M 3 ) 4 
b 

* " v 

Substitution from equations (28) and (29) into equation (23) and the 

interchange of Im and L gives 

II (O.o,p) - -£2, / fuim g3(|E.)} + 112=2^31 c + z iryc \ p I 3 b 

(30) 
+ Tt y £ e"*1 

Application of the operational formula L { J " o(n)dt) dt} » and the 
o o 

Convolution Theorem yields the final solution, u2(0,0,t), of the original 

boundary-value problem stated by equations (1) and (2) with f * 0. This 

solution in the notation u2(t) - u2(0,0,t) is written in equation (31). 

u2(t) - { - - 3 0 (t) + * K G (t- f) + * iryc J v 

/

t 

G (t-T) Im g3(|I) dx + (31) o 
rbt, 

;

t# 

G (t-T) T Im g3(fi-) dT > o 
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where t < 0 

G (t) - < 

I T o(n)dr) dt , t > 0 
(32) 

2Td 

Therefore Im g 3(^) Is zero for 0 < t < g- , negative for § < t < ^ , 

positive for JL ̂  < t < £ , and zero for t > ̂  . The Integrals in 

equation (31) are proper integrals. 

For problem (2) (a ^ 0 and f • 0), the rotation solution evaluated 

on y • 0 is 

e 2 U , o f P > - J - ^ u . o . p ) = — 
P2 O(P)/C2+ £ 
2yb^cC D(£,p) 

[Im elcC - c£ Re elcC] 

(33) 

Inversion of the Fourier tranformatlon using the last cf equation (5) 

with 4> replaced by with x » 0 and with Re and Im interchanged with 

the integration yields 

e 2(o,o,p) 2lT]ib2 (I, - Iu) (34) 

where 

Im J* c£ D(S,p) e dC } 

I.. - Re 
?/c2+ 4 
(fV a 2 , e i c C 

(35) 

d? > 

By putting ic£ • -px in equations (35), I3 and can be rewritten in a 

convenient form. 
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--1" 
b* if e ^ 13 Im {/ e ** dx> 

° < 3 6 > 

^ - - T T * 1 * ] dx> czpz ** 
where 

3 Y/L/3 -T2 [(%-T2)2 - T2 Y/L/3 -T2 ̂ L-T2 ] 
GU(T) - , . . . . .M - -..FR (37) 

2 T(T2-S«)(T2- W 5 J 

and the integration in the complex T-plane is down the negative imaginary 

axis. By using the fourth quadrant contour described in figure 2 and 

the technique illustrated earlier, the integrals down the imaginary axis 

can be written as a Laplace transformation plus residue terms. 

I 3 - - f - I » + (|i + ,1 ) 8 , ( | 1 ) e - p T } 
c p v 

(38) 

- - Im (L{t G „ # - ) } + iri R e ® T G L F(*£) E ~ P T > 
c2p2 C T-C 

where 
R e" g,<|i) e-Pt . (39) 
T " ° ,/J b 

and the other two residues are imaginary and therefore do not contribute 

to the value of I3 and Equations (38) simplify to 
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btN, 2irb; 
2-3 C'P 

h H L{t Im 8tt(|^)> 
c2p2 

and substitution into equation (34) gives 

e2(0,0,p) - 2 M L{Imglf(^)} + 
2irpc2 P 

,bt, 

(40) 

(41) 

rc — Application of the operational formula L{ j o(n)dn) " p and the 
Jo 

Convolution Theorem yields the solution, 02(0,0,t). This solution in 

the notation 02(t) * 02(0,0,t) is written In equation (42) 

where 

e2(t) 
0 PC 

G (t) + b 2 

2nuc4 

+ J o(t-t) x Im g„(|i) d J 
n J 

G (t-T) Im g u(^) dT + 

o ^ ,(42) 

G (t) - | o(n) dn 
o 

/ 0 

Im g^(T) 

0 < T < 

3^T2-l/3 (%-T2)2 
(43) 

2T(T2-Ht) (T2- i^I) (T2- 3jV3) 
< T < 1 

3i/T2-1/3 [fr-T2)2 + TVT2-1/3 \/T2-1 1 T > x 
2T(T2-%) (T2- - Itgl) 
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Vfc Q Q Q 

Therefore Im g^ (•£=•) is zero for 0 < t < - , positive for ~ < t < ̂  , 

positive for £ < t < — , and negative for t > § . The integrals in equation 
D V 

(42) are proper integrals for 0 < t < ̂  . At T = | In g^ (•£—) has a singular 
C -O C point of order (T - —) 1. The rotation at t « - , however, is finite since 

HID * c Q , i the lndetermlnant forms in the Integrand, _ c G (rr -T) (T- SR) L and v 

A - T ) ( T - are finite. For t > ~ , because of the singular point 
V 

c 
at T • ~ , to be meaningful the integrals in equation (42) must be considered 

as their Cauchy principal values. In which case 02(t) is a well defined 

finite value for all nonnegatlve t. 



16 

THE INERTIAL HORIZONTAL FORCE AND MOMENT OF THE STRUCTURE 

The multistoried structure Is modeled as a lumped system with 

masses m^ located at points distances above the base point of the 

structure on the surface and with a base mass m . The horizontal o 

force exerted at the base point is F(t) and the moment exerted about 

the base point is M(t). (cf.fig.3) From normal mode theory the 

following equations have been derived. (5) 

n .. n i .. 
I ML r (t) - E M. • (t) = F(t) 

k-1 K * k-1 R k 

where 

n i .. n 
E M. c (t) - E N. <J>. (t) = M(t) 
k-1 k k k=l k 

<k£i ml xik>2 

(44) 

2 mi Xik 

1 (j£i mi mi h xik> 
» 2 < 4 5 > E m, x.. 

i-1 1 1 K 

(i£l "i Xi Xik)? 
N -
k n 2 

E m. x 
i - i 1 i k 

th th . x ^ the 1 component of k eigenvector of (m̂  a^) 

A - (aij) t h e flexibility matrix 
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?k 88 Wk j S ± n Wk d T 
• 4 " 

• J * ^k * Wk J 8 i n Wk 
o 

2 wk the reciprocal of the k eigenvalue of (m̂  a^) 

U(t) is the displacement of the base point 

#(t) is the rotation of the base point > 0 counterclockwise) 

In this work F(t) is equated to the sum of the x-components of the 

force due to the prescribed boundary stresses over the entire boundary 

given by equations (1) and (2). Likewise M(t) is equated to the sum 

of the moments about the origin due to the same boundary stresses over 

the entire boundary. In computing F(t) the second set of stresses make 

no contribution and in computing M(t) the first set of stresses make 

no contribution. The Integration from minus infinity to plus infinity 

simplifies in both cases to an Integration from -c to c. 

F(t) - A f(t) 

cA <46> M(t) - ~ 0<t) 

where A Is the area underneath the structure. 



18 

THE COUPLING OF THE IAMB PROBLEM WITH THE STRUCTURE 

In equations (44) let 

U(t) - Uj(t) + u2(t) + Up(t) 

i(t) - 0i(t) + 02(t) + • (t) 
1 P (47) 

F(t) - A f(t) 

M(t) - SA a(t) 
3 

where Uj(t) is given by equation (9); u2(t) is given by equation (31); 

0j(t) is given by equation (19); 02(t) is given by equation (42); and 

U^(t) and ^(t) are particular solutions for the horizontal displacement 

and rotation at the origin corresponding to the earthquake input into 

the system. 
,t t t-T 

O O O 

b 
U2<fc> - ^ i2(t) - ̂  ( - 3 " " C (t) + ir y C (t- £) + 

+ *!£. G (t- §) + | J*G (t-x) Im g3(|l) dT 

tt(2N/3 -3) 
3 

o 

+ I J G (t-T) T Im g 3 ( ^ L ) dT } (48) 
o 

o 

o 
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The sum u^(t) + u2(t) represents the horizontal displacement of the 

base of a structure which exerts on the surface of the half-space the 

superposed shear and normal stress distributions given by equations (2). 

Up(t) represents the horizontal displacement of the base of a structure 

due to the excitation of an earthquake. Analytically, Up(t) is the 

evaluation at the origin of the x-component of the solution of the initial-

value boundary-value problem consisting of the Navier equations (1) valid 

for y > 0, the boundary conditions implied by ° x * a y * TXy • 0 on y • 0 

and by boundedness at infinity, and arbitrary initial conditions. 4>p(t) 

is the evaluation at the origin of half the component perpendicular the 

xy plane of the curl of the vector solution of this initial-value boundary-

value problem. 

After substitution of F(t) - A f(t) and M(t) - ~ o(t) equations (44) 

are solved for f(t) and o(t) and the result substituted into equations (47) 

solved for u^(t) -I* u2(t) and 0j(t) + ©2(t) respectively. These equations 

for ux(t) + u2(t) - U(t) - Up(t) and Oj(t) + 02(t) - *(t) - *p(t) are 

differentiated twice to give equations (49). 
j. t 

i(t) - - £ f(t) - ^ J f(t-x) im 8 l ( £ i ) d T - g o(t) 

rt 

o 
3 f t 

• i ? J A(t-X) T Im g 3<§^ dt + Up(t) 
o 

3 r € 

•<t> - 2 7 i(t) + f(t- I ) + ^ J ? J f (t-T) t 2 Im g 3 ( ^ ) dT 
o 
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where 

2 f e 

+ A ? J °(t-T) T In dt + V'* 
o 

t M t 

(25) 

Mfew. r \ . H w r .. 
f (t) - E A- * J U(T) sin wk(t-x) dx - E * J 4>(T) sin wk(t-x) dx 

o o 

^ k f >t/-\ /<. j. f ^ k f \ w k r- r -f (t) - E J U(x) COS wk(t-x) dx - E \ J cos dT 

H . w j M. w j .. 
f(t) « - E K

a * J U(X) sin wk(t-x) dx + (E U(t) 
o 

+ E JS^-i J *(x) sin wk(t-x) dx - (E *(t) 
o 

(50) 

and o(t), o(t), & o(t) are like f(t), f(t), & f(t) except with ^replaced by 

! 3N k — e n d H^ replaced by . 

• • • « 

The U equation is obtained by substitution of f, o, & o into the first 

of equations (49) 

ii(t) - - ~ E wk J fi(x) cos wk(t-x) dx 
o 

" "uaJ3** **i\f U < T ) 8in vfc(t-x) dx 

dx 
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+ 1 "k w k / " < T> c o " w k ( t - 7 "T> * 
O 

t^t-T 

^ Z \ \ I J 5(0 cos "k<<~-» « Ms1) ^ 
o o 

rt - t-X 3b3 i f f " hx 
+ ztlkvJ J u(5) flln wk(t-T-«> d« In dT 

o o 

+ S ̂  J J fi(T) cos Wk(t-T-C) d« T I. g 3(^) dt o o 
p t 

+ ^ z i i w k J * ( t ) cos v t - T > d t 

o 
(51) 

. (2i/3 -3)b2 f®-
* 5XC2 E Nk wk J 8 l n wk< t w x) dt 

c 
t - V 

. 2 3 E H k » k J^ *(x) sin Wk(t- § -x) dx 
]tAc 

o 

t - * 

I H k v* / i(x) CO. wk(t- f -X) dx 

b 2 
£ H^ wkJjTi(0 cos wk(t-x-C) d€ In g l ( t l ) dx 2irjiAc 

o o 

- r V k j j •«> , l n »kCt-T-€) dC I. gj(S2) dT 
o o 

- ^ 1 » k « k / J ' » « > C O » «k(t-t-5) dS T I . g3(|l) dT 
o o 

+ o p(t) 
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The * equation is obtained by substitution of f, 0, & a into the second 
of equations (49). 

[1 + 25a <E "k i ( t ) + 25A <E Mfc wk> *(t" v) 

1 „ _2V . 6 .. 2V c, 2 ^ a Mfc wk) U(t) + 25a <E Mk V u<c- V> 

1 Z \ W k J ® ( T ) 8 l n wk ( t~ T ) d T 2yA 
o 

t - f $ 3 f .. 
- 2 5 A 2 w k J U(T) sin w k (t- | -T) dx 

o 
t 

t/3 b 1 2 f •• + ̂ 1 \ "k J U(T) co" VM> dT 
o 

+ 1 ^ -k /5<t-t>'1 I- S 3 < ^ * 
O 

+ 2 "k wk J T Ml1) * 
b 

o 
3 . „ t^t-T 3 r r •« 

\ wk J J 5co Sin wk(t-x-0 d€ t2 In g3(|i) dT wiiAc* o o 

+ E M k ^ j »<« CO» « I - «,<£•) dT 

2 ft r t-T 

2wyAc3 

o o 

i - : r + 2uA 1 \ J "in dT 

o 
V 

Z t % J *(T> * l n wk(t~ V "T> d T 
6 1 3 I v c + J 2uA 

o 

(52) 
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y[j b N w 2 I 
k V J pAc2 1 \ \ J *<T) C08 W

k
(t-T> dT 

o 

12 rt 
1 ^ wk J i(t-T> t 2 I n *3<TT> d T 

irpAc 

3b2 2 f |,x 
- * W J T I n d T 

o 

+ 4 j j *<o . m v - T - c ) « I b « 3 < r - > d T 

o o 

- i f fo S Nk < i f f«° C0» "k(t-T"° « lB dT 
o o 

t -- t-T 3 b z 3 r - r * • sin w (t-T-C) dC T Im g^C?* dT 

+ • (t) P 
If the heavy beee ie teken intc account, aquations (44) ere modified 

to 

n Q . 

k-l k-l 11 * ° 

(53) 
® i .. n M 

M(t) £ K C.(t) - £ M •.(t) - #<t) 
k-l k k-l k k ° 

Substitution from equations (48) and manipulation eimilar to that llluetrated 

in obtaining equetione (51) end (52) yields the following pair of coupled 

Volterra aquations for 8(t) and e(t) In the caae where bese-aess effects 

are included. 



U(t) - - — * ( t - - — r * J •(t-T) T Im g 3(?L) dT v c mo V *c3m0
 J

Q 

n 

J 'i(t-T) T Im g 3(|l) 

a * 1 © r t . T v 7 3 ( 2 - 7 5 " ) b i r'.. 
2 I ® ( T ) d T + 2 a I •(*) c m J J ° o w "o o « o 

v 
+ £ fe I 8 l n W (t-T) dT 

k - 1 "o J k 

O 
t - l 

3bv 
fc 

a f - e 
£ \ V k J *(t) sln wk(t" f "T> dT 
— 1 o 

r V t - T 
+ 2 ^ ^ v

k J J ; < « > 8 l n «ic(t-T-« dc Im g l ( | l ) 
o o 

• ^ H k V k f I i ( 5 ) ^ ( x - O d W T 

o o 
t - f 

" ̂  M "k " J J i a > ' in "k<T"5) "WT 
o o 

o o o 

.2 n t t-x 

o k - 1 

•m.2 A * £ 

^ » k « k J J i i O min w k ( t - x - C ) dC T Im g3(|^-) dT 
o o 
t t-T £ 

^^JJl* t c V o k - 1 
•(ft) tin m^tt-n) dud* I s g 3 ( | ^ ) dT 

o o o 

I 

« K 
. . U ( T ) dT - £ 

J te-1 o 
U(T) Silt ^ ( t - T ) dT 
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~ 2 T C / " ( t " T ) I m 8, (I 1) dT + ^ S M ^ w k J U(T) sin w k ( t - | - T ) dt 

2ftcsr. L * \ f J o o 

t ^ t-T 
bT, U(C) sin w k ( t - T - C ) dZ I » g ^ f - ) dT 

1/3"(2-1/3*) n 1 r V 1 -
v ^ ' S Mfc w k J J U(C) sin w k ( T - C ) dCdT 

o o 

n ' r V T 

r ^ wkl I 8 l n *k<*-«> d* d T 
c BQ * v J * 

o o 

+ 3b 2 n . 1 
irc3®^ 

1 r ' r C"T 

\ •kj J ®(c) Biu wk(t"x"€) d* t iB mI2* dx 
"o k« 

o o 

t t-T c 

? ^ w k j J / S i n W k ( C " T | ) d l | d* I W 8 3 ( C L ) d T 

+ ^ V f c > 

i(t> " I '"•«> « + iTTbi 
2 n 2 r ® r J 

O o k - l 
U ( T ) COS W ^ T - T ) dT 

2/3 bl 

iJSbi 

n 
£ 

k-l 

% c 
•(t) cos V t a > T > d T +

 2 ^ b l 0 *6#(t) 

c 2 B 

o k - l 

n 
£ 

k - l 

n 
8 * 

t - f 2 r » 
'k J 0<T> CO* » k ( t - $ - T ) dT 

(55) 

t - f 
\ / i ( czte 

•CT) C O . « k ( t - - - T ) ^ + — M 0 u-(t-1) 
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c * a T t r t - T 
+ 2^3 z \ \ J J u ( c ) c o s Wk(t-T"5> d* I m M r * o l e i 

dx 

2/3 irl 

mDc 
2ir73 I. 

o o 

- » 1 2 r t f t ' r o J ' bx, 4>(0 cos wk(t-x-5) d£ Im g 2(^) dx 
o o 

x) Im M r 1 ) dx 

1 « 
+ 7 2 

o k - 1 i w k / 8 U(x) sin wk(t-x) dx 

1 a 

o k - 1 
J * " T A \ W k ^ s l n w k ( t " T ) d T 

</3b ® . 1 
t t̂-x 

+ 2 i r c I « O fc , W / bx, V(0 sin wk<t-x-C) d€ Im g„<~") dx 
o o 

Hk » kJ / '•< 2l,<!lo k-1 o 
bx, •(C) sin wk(t-T-«) 45 Im dT 

Jib f - bf 

2*cl 

n t t - T 

~ k \ J co® wk(t"T"° d5 T ln dT 

'3 b 
2ircl 

o o 

n 
Z 

t rt-x 
• CO cos vk(t-x-0 de X Im g ^ — ) dx 

2irc 
o 

a
 Hk w k / / 

o o 

/ \ u - x ) X I . g „ ( ^ ) dx • j g L - / \ ( x > dx 

bx, 
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For prescribed U (t) and 9 (t) equations (54) and (55) are to be solved P P 
• • • • • • 

numerically for U(t) and *(t). The output U(t) and *(t) could then be 

compared with the input Up(t) and ip(t). Comparisons also could be made 

in the output and input spectra. 

Unfortunately, although the integrals in the ux(t), u2(t), 0x(t) 

and a r e ®eanlngful w h e n singular integrals are considered in the 

Cauchy sense, the differentiations necessary to obtain equations (54) and 

(55) render some of the integrals therein divergent. Hence equation (54) 

and (55) do not provide a meaningful set of equations for U(t) and $(t) • 

These computer programs are included in the Appendix fl. They could prove 

useful in subsequent calculations If reasonable smoothing conditions could 

be determined. A smoother revision of equation (55) which does not contain 

any third derivatives can be obtained by integrating that equation. The 

equation resulting is written following as equation (56). Equations (54) 

and (56) have been programmed for numerical solution but as in the case of 

equations (54) and (55), the Integrals still diverge. This program is also 

li8ted in the Appendix for possible use in jointly modifying the equations 

and the program. 
-t . T 

UC2A 
\/3 bl 

i(t) - J J 5<0 dCdt + — ^ U(x) sin(t-T) dr 
o o 

I * i ~1W J • "o* W J ®< T> 8 l n V k ( t - T ) d T + " P 
2 \pShl k-1 • * k O 2y/3bl 

c2g » T -
~ r — 1 W J U ( T ) 8 i n w k ( t - 1 2l/3bl W " k ; K V 



c*B 
— 7 - - E H. w J *<T) sin v. (t- £ -T) dt + — — 
2 73 bl^ k-1 k k o k v 2y/3bl 
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U(t- £) v' 

2 / r iri k-i 

t - t-T 

o o 

r r : 
v.J J 

t/tt) sin vfc(t-T-e)de IB g2(|l) dt 

— — R K v . J J H O sin (t-T-O de Im g2(|L) dT 
2 J3 iri k-1 k k " " c o o 

V 
lnyfTl r U(t-T) Im «,<]£) dT 

+ r * * £ v u J J 5(C) sin V.(T~0 de dT 
\> k-1 * k o o k 

(56) 
A 
E 

o k-1 
M k \ f j : •(€) sin wk(T-0 dC dT 

o o 

Jl b 
2ir clc kl ; < - M f * -1 k k o 

bT, U(n) sin wk(e-n)dn dc I» g ^ ^ ) dx 

</3b 
2* cl 

t t-T r r c 
* \ » j j J k-1 k ^o o <3 

bT, •(n) sin wfe(e-n)dn d€ Im g ^ — ) dT 

o o 

+ J , ^ * k / / 5 < ° flln T M i r * dT 
o k-1 o o 



t— n r ti-'",! 
- I H k "v / / •(«) »in w,,,(t-T-5)d? T Im gll<£D 2ir cl0 k-1 * 

- £ j > r i(t-T) T Im g„(|i) dT 

+ ( 

, / 3 b I P 
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CONCLUSIONS 

By the same technique and a similar modal as was utilised successfully 

In references (1) and (2), the aolutlon of an extended Lank Problem 

formulated In equations (1) and (2) for the horizontal dlsplacemant at 

the origin due to the earthquake excitation has been obtained. In addltl&i 

tha rotation at and about origin for this model has been determined. These 

results are summarized In equations (48) In terms of Integrals convergent 

In the Cauchy sense. Three sets of complicated coupled Volterra equations 

(aquations (51) and (52) for no-base-oass case and for the base-mass Included 

case equations (54) and (55) and equations (54) and (56)) are obtained. 

Equations (54) and (55) and equations (54) and (56) are progrannad for 

numerical computations which would permit comparisons of the input and output 

as well aa of tha input and output 8pectra. Each of these sets programmed, 

however, contains divergent Integrals and thus yield no results as written. 

The divergent computer programs for solving each of these sets of Volterra 

equations are listed In the Appendix B for the purpose of expediting later 

solution via possible joint modification of the equations and the corresponding 

programs. 

The source of the difficulty hss been that the solution of this Lanb 

Problem, unlike the simpler ones of references (1) and (2), is not sufficiently 

smooth to allow the differentiations necessary to obtain the Volterra equations 

In those caaes programed. (Equations (51) and (52) have not been programmed 

and Integrals known to diverge do not appear in them.) It could be that 

some physically reasonable smoothing Is possible. In which case the Volterra 

equations and digital computer programs tabulated herein might be useful. Or 

it could be that the model chosen is Inadequate for this refinement of the 

simpler problems for which It yielded the results of references (1) and (2). 
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APMMpK A 

FIGURES 
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Figure 1. The coordinate system used In the solution of the 
Laab Problem stated In equations (1) and (2). 
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Figure 2. The fourth quadrant contour used In evaluating the 
inverse Laplace transformtlona • 



Figure 3. The Imped-mes structure aodel used la the norml 
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AFFSKDXX B 

PROCSAM LISTINGS 

Two programs are developed In attempting to solve the coupled lateral-

rotation lntsractlon problem. However, as pointed out in the as la body 

of this report neither of these progress converted. Bach is list ted in 

order to show the progress to date node in the solution of thin problem. 

Program 1 is an attempt to use numerical iteration to solve the first 

formulation of the coupled Interaction problem with base inertia presented 

In equntiona (54) and (35). The second program, Program 2, Is s listing 

using the second formulation of the interaction problem with base inertia 

(equations (54) and (56)) • Tha main program controls the input data except 

u^(t) and +p(t), the summations of terms* the iteration procedure* tha 

convergsnca criterion and the program output. Each type of integral on tha 

rigjht hand nlde of the equations is solved in a subroutine. In the develop-

ment of theee subroutines• known functions of u(t) or f(t) are used aa input. 

Thus* analytical solutions could be compared to numerical values. TWo 

investigators verified each subroutine. The digitised input valuee, u ft) P 
and ip(t), nrn read from cards using function subroutines. 

Input quantitlaa are defined in the consent cnrda listed in each program. 

Becauaa tha programs do not converge* detailed input formate are not presented. 



PROGRAM 1 

/ / R S 2 J O B N 0 0 U M P * 1 1 7 7 R J S 
/ / E X E C F O R T R A N C B C O ) 
C M A I N P R O G R A M 

D I M E N S I O N F U # l O 0 O ) * O M M l 3 > • C C C C l t l O O O ) • S S S U . I O O O ) * S S D C 2 * 3 > * S S ! 2 * 3 
I I * 
l D S F ! 2 ) » S U J l 2 ) * S U P C 2 ) » D S l C 2 * 3 > * D S 2 ( 2 t * * 3 ) » U S F C * » 2 ) * U < 2 « 1 0 0 0 ) » 
2 0 5 3 1 2 * 9 ) * 5 T C 2 » A O ) * U D ! 2 * 2 ) * w ( 3 ) * t o L < 3 ) * W M < 3 ) * X L < 3 i * X B ! 3 * 3 > • 
3 W N ( 3 ) » C ( 2 2 ) • S L . C 1 9 ) 

C O M M O N F • O M M * C C C • S S S • S S D • S S • D S F t S U J • S U P * S U O • O S 1 • D S 2 * U S F t U t 
l O S a t S ' t U D ^ T . D T t O U S . B » A L # N P t N M * N D 

C I! f S » 0 - M O D A L I N P U T 
C C C * D I M F » C C C « S S S t U t F S U B - O S O L I t F T A U S U B D S 2 l L * C ! * S I S U B - D S D I L * V 
C S U B - T P L l 6 t £ T A 
C : : « : - S T R U C T U R E INPUT 
r IB I B * L E S S T H A N Z E R O O R Z E R O - N O R O C K I N G I N P U T 
C A B S C 9 J - 2 T E R M O U T P U T 
C 1 9 - 1 O R 2 - R O C K I N G I N P U T - V E L O C I T Y U N I T S 
C NM«NU*!!ER O F V O O E S 
C trflI I N E F F E C T I V E M A S S L B - S E C « S E C / F T 
C W L i J ) « M O O A L E F F E C T I V E F I R S T M O M E N T 
C w N C l l e M O O A L E F F E C T I V E S E C O N D M O M E N T 
C W I Q - B A S E M O M E N T O F I N E R T I A ( L B * S E C * S E C * F T * F T I / F T 
C W O « B A S C M A S S L 9 - S E C * S C E / F T 
C B * S H E A R W A V E V E L O C I T Y F T / S E C 
C G-SrtEAR M O D U L U S L B / F T / F T 
C A t - B U I L D I N G W I D T H F T 
C T » O T - S E C 
C A A B A S E A R E A F T » F T 
C J P I T I " L A T E R A L F R E E F I E L D A C C E L E R A T I O N 
C U R t T I . F R E E F I E L D R O T A T I O N ( V E L O C I T Y I 
C I N P U T 

I P U « 7 
1 R - 3 
I P - 6 

1 0 0 R E A O I ! R * l M ! » ! B « N M * T M A X * D T * B * e « A L * A A » E R R 
I F ( N M ) 1 0 1 • 1 0 0 1 1 0 3 

1 F O R M A T ( 1 X 3 1 3 t 7 E 1 0 « 3 ) 
1 0 3 R E A D C I R * 2 ) I I C * W I 0 

R E A D ! ! R » 2 ) ! O M M C t > * I * 1 * N M ) 
2 F O R M A T ( 8 E 1 0 . 3 ) 

W R I T S ! I P * 5 J 
9 F O R M A T ! 1 X 9 H It IB N M » i 0 X 4 H T M A X * 1 2 X 2 H D T « 1 3 X l H B * 1 3 » l H 6 * 
1 1 2 X 2 M A L • 1 2 X 2 H A A • 1 1 X 3 H E R R ) 
« f R I T E ( I P * 6 U I * I B * N M * T M A X * D T * B * G * A L t A A * E R R 

6 F O R M A T ! 1 X 3 1 3 • 7 £ i 4 « 4 ! 
W R I 7 ' J ( X P » 3 ) W O » W I O 

3 F O R M A T 1 1 S X 2 H M 0 * 1 2 X 2 H I O / ( l X 2 E l + « 2 ) I 
W R I T E ( I P # 7 ) ( 0 M M C 1 ) * I « 1 * N M ) 

7 F O R M A T ! 7 X 8 H O M E G A ! 1 ) / ( 1 X 8 F 1 4 » 3 ) I 
I F ( I I ) 2 0 * 2 0 * 2 1 

2 0 R E A D ! I R * 2 ) C K C 1 1 • I - 1 » N M ) 
R E A O t l R t ? ) ( W L ( I > t I " l t N M ) 
R E A D C I R * 2 > C W N C I I » I - 1 » N * I 
G O T O 2 4 

2 1 R E A D C I R * 2 ) C W M ! I I t I « 1 » N M I 



R E A D C I R * 2 ) C X L t I ) * I « l * N M ) 
D O 2 2 I » 1 * N M 

2 2 R E A D < I R » 2 ) ( X B t J * I > » J » 1 * N M ) 
D O 51 I » 1 # N M 
C l - 0 . 0 
C 2 - 0 . 0 
C 3 » 0 * 0 
D O 2 3 J « l t N M 
C 1 « C 1 W M ( J ) * X B ( J * I ) 
C 2 - C 2 W M ( J ) * X B t J * I ) * X B ( J » I ) 

2 3 C 3 - C 3 W M C J ) * X B ( J • t ) * X L ( J ) 
W ( I ) » C 1 « C 1 / C 2 
W L ( I ) • C 1 * C 3 / C 2 

5 1 W N t l ) « C 3 » C 3 / C 2 
W R I T E l I P * 1 1 ) ( W M ( I ) * I « 1 * N M ) 
W R I T E l I P # 1 2 ) ( X L 1 1 ) # I « 1 * N M ) 
W R I T E U P » 1 3 ) 
D O 2 5 I » 1 # N M 

2 5 W R I T E t I P • 1 5 ) (XB( J t l ) tJ«ltNMJ 
2 4 C O N T I N U E 

W * I T E ( I P * 1 4 ) 
W R I T E ( I P • S ) ( W ( I ) t l - l t N M ) 
W R I T E t I P » 9 > CWL(I> t I « l * N M ) 
W R I T E U P * 1 0 ) ( W N ( . U I - 1 « N M ) 

1 0 F O R M A T ( 1 1 X 4 H N ( J J / t 1 X 8 F 1 4 * 3 1 1 
9 F O R M * ? < 1 0 X 5 H M L ( J ) / t l X 8 F 1 4 . 3 ) ) 
8 F O R M A T ( 1 1 X 4 H M ( J ) / ( 1 X 8 F 1 4 * 3 ) I 

1 4 * O R * > A T U X 1 6 H M O D A L P R O P E R T I E S ) 
1 1 F O R M A T I 1 X 2 0 H S T R U C T U R E P R O P E R T I E S / / 1 X 4 H W I I ) / 1 X 8 F 1 4 * 3 ) 
1 2 F 0 R M A T U X 4 H U I > / 1 X 8 F 1 4 « 3 ) 
1 3 F O R M A T ( 1 X 6 H X ( 1 1 J M 
1 5 F O R M A T ( 1 X 8 F 1 4 « 3 ) 
1 6 F O R M A T ( 1 X 6 H 0 U T P U T / / ( l ^ X ^ H T * X 0 X 4 H U ( T ) « 1 0 X 4 H R ( T ) » 9 X 5 H U P ( T ) t 9 X 5 H R P i T ) 

m 
1 7 F O R M A T ( 1 5 X 1 8 H T E R M S OF E Q U A T I O N S ) 
1 8 F O R M A T < 1 X 7 F 1 4 » 4 ) 
1 9 F O R M A T ( 1 5 X 6 E 1 4 . 5 ) 
5 0 F O R M A T ( 8 F 1 Q . 5 > 

1 0 4 F O R M A T (9H D I V E R G E D ) 
C O U T P U T 

W R I T E t 1 P * 1 6 ) 
I A » I A B S ( I B ) 

I F ( I A * 2 > 6 5 * 2 6 * 2 6 
2 6 W R I T E * I P * 1 7 ) 

U G 2 » 0 . 0 
E R A - E R R / 1 0 0 . 
E * S « E R R / 1 0 0 0 0 0 « 
U G 2 2 * 0 « 0 

C C O N S T A N T S F O R F I R S T E Q U A T I O N 
6 5 T l » G * A A / 8 / W 0 

T 2 * l « 0 / W 0 
P I * 3 « 1 4 1 5 9 
T 4 - 0 / 2 . O / P I / A L / W O 
T 6 « T 4 » W 0 
C I • 0 * 4 6 4 1 0 2 



T 7 « B * C 1 / A L / A L / W 0 
T 9 » T 7 * W I 0 
G A « 0 . 2 1 1 3 2 5 
T 1 0 « 3 « 0 * B * G A / A L / A L / W 0 
T 1 2 « T 1 0 » W I O 
V R s Q # 0 « 9 1 9 4 
T 1 3 » 3 « 0 * B * G A / V R / W 0 / A L 
T 1 5 « T 1 3 * W I O 
T 1 6 » 3 « 0 * B * B / P I / A L / A L / A L / W O 
T 1 8 » T 1 6 * W 1 0 

C C O N S T A N T S F O R S E C O N D E Q U A T I O N 
R 3 * l . 7 3 2 0 5 
B E T - 0 . 5 
N D - A L / 0 . 9 1 9 4 / B / 0 T 0 * 5 
W l « G » A L » A L * A A / R 3 / B / W I O 
W 2 « A L * A L / 2 . 0 / R 3 / B / W I 0 
W 4 » W 2 * W O 
tf5»W2*BET 
W 7 * W 5 * W O 
W 8 » A L / 2 « / R 3 / P I / W I O 
W 1 0 » W 8 « W O 
W l l » l t O / W I O 
W 1 3 * 3 » 0 * B / 2 » 0 / P I / R 3 / W I C / A L 
W 1 5 « W 1 3 » W I O 
W 1 9 » W 1 

C M O D A L C O N S T A N T S 
T « 0 . 0 
N P » T M A X / D T 
N P 1 » N P + 1 
D O 2 8 I » 1 « N M 
D O 2 8 J S 1 » N P 1 
C C C U t J ) « C O S < O M M < 1)»T> 
S S S t X » J > " S I N ( O M M ( I ) * T ) 

2 8 T « T D T 
U ( l t l ) « 0 « 0 
U ( 2 » l ) « 0 . 0 
T « 0 » 0 
U D ( 2 » 1 ) « 0 . 0 
U D ( 2 » 2 ) " 0 * 0 
C A L L F G 1 2 4 
1 F ( 2 8 ) 2 9 * 2 9 « 3 0 

3 0 U D < 2 « 2 ) « U R C T > 
2 9 U D ( 1 « 2 ) « U P ( T ) 

U G 2 D - 0 . 0 
U G 2 D D » 0 » 0 
T « 0 # 0 
W R I T E ! I P • l S J T f U C l t l ) # U < 2 » 1 I t U D I 1 * 2 1 • U D C 2 » 2 ^ 
T » D T 
0 0 1 T » 2 * N P 1 
I T X - I T - X 
I F ( ! B ) 3 1 # 3 1 » 3 2 

3 2 U D C 2 » 1 I « U D C 2 » 2 ) 
U D ( 2 • 2 ) « U R < T ) 

3 1 U D ( 1 » 1 ) - U D < 1 » 2 > 
U O ( 1 • 2 ) » U P (T > 



U U » 1 T ) - U C 1 » I T 1 ) 
V ( 2 * I T > « U C 2 « f T l ) 
C A L L T P L I G I T I 
C A L L 0 5 2 fL 
C A L L U F S 1 6 
C A L L S S K 6 L 
C A L L D S P ! L 
C A L L D S D L 1 
D O 3 5 I T T . 1 , 2 5 
C A L L S f G L l 
0 0 3 9 f « l # 2 2 

3 9 CC f ) » 0 # 0 
C m » - T l * S U J I l > 
C C 6 l ' ~ r * « U S F I l » l ) 
C I 9 ) » « T 9 * S U J < 2 > 
C I 9 ) * - T 9 « U G 2 
C I 9 ) * + 7 9 * U 6 2 
C I 1 2 I « * T 1 2 # S U 0 
C U 2 ) « ~ T 1 2 * S U 0 
C I 1 5 1 « 0 « O 
C U 0 ) * T 1 0 * 0 S F ( 1 ) # < - 1 « O > 
C < I 0 I « T 1 0 « 0 S F U ) 
lHO»n-HO 
l F ( S N 0 t 5 9 « 5 t * 5 2 

5 2 C U 5 ) « r i 9 « U I 2 » I * 0 > * < - l « O > 
5 2 C ( 1 5 W 1 5 * U ( 2 # I * 0 f 
5 9 C ( 2 1 l « r i M U S F ( 9 « 2 ! 
59 C(21)*flf«USF(3<2)«(-l»0t 

C < 2 2 > » T l * S t J P < l ) 
0 0 f s l # M M 
€ < 2 ) * C I 2 f - S S I l « I I » T 2 « t f < I I « O N M < f l 

C It I * C 13 H - S S 1 2 • 11 111 « 0 * H I f > 
f I « O N H ( f f • 0 5 2 ( 1 * 1 • f I 

C < 9 ! * C < 5 l ~ T 4 # t f L I S ) * O M M I f > « 0 S 2 I 2 * 1 * S I 
€ < 5 J « C < 9 J T r * * M L I I ) * 0 « M < I ) * 0 S 2 I 2 # 1 » S J 
C I ? f * C < 7 f - f ? # * t * I * * 0 S 9 1 1 • % t*omi 11 
C 1 0 1 * C I 0 ? - T T # * * | f l « 0 S 9 1 2 • f M O M t f l 11 
C I 0 J « C < 0 f + T 7 # t t N < S I « O S 9 l 2 # S f « O f l f t < I f 
c i * o » » c u o H » T i o « t f L i f f # 0 s m # f 1 * 0 * 1 1 1 1 

c c < u f « c m i + r i 0 « t f f t i f f « 0 s i i 2 # i > * 0 M N < f f 
c m i « c < u * - r i 0 # t f l » i t * # o s i < 2 # s J « o » o i < s ) 

c c i t >#SS0<2» I J#OMMI I I 
C I i * > * c < i*f-rtt#tfft< f J » * S O < 2 # i f * c m i $ i 

C C I | f f » £ < l ? ' * T l * « * ? < I f * S ? i 2 # t » S f # 0 M N I S f 
C I S7f • C i r H - T * * « * * l f f » * r < 2 # t « f f « 0 » M 1 I 

Il#9»2(2f9fIt«MII i 
S 94 ! )#0I2<2#9#I l«ONNI f t 

0 0 4+ \-Ut2 
* * M M ! C I S ! 

0 0 t o f « l # t « 



36 SL( X>-0*0 
SL < 4) a+W4*U( 1 • IT I 

C SL(4)»-tf4«UU«ST) 
SL(15I—W15«DSF(2) 
SLm«Wl«0U2*(-l*0) 
SL(7)«0.0 
!FUND>54»54»55 

55 SL(7)*+U(!•XND)#W7 
C 55 SLm*~U<l«IND)«W7 

54 SL(10J-+W10»USF<2#1) 
C 54 SL(10)•-W10*U5FC2•I) 

SL(18)—W15#USF(4#2) 
5L<19)-+W19#SUP<2) 

C SL(19)••W19»SUP(2) 
DO 37 I-l»hM 
SL<2)«SLC2J+W2*ttC X )#SSU*X >*OMM< X > 

C SL < 21 «SL < 2 >-W2«W( I )«SSC1 • I )«OMM< X) 
SLO)»SLI3}-W2*WL(!!*SS(2«!I*OMMCI) 

C SLCS)«SLC5)-W**W<n*SSDtl*n»0MMU> 
SL C 5)»SL15 tf (I)*SSO11•I> *OMM<!I 
SL f 6)-SL<6 >-W5»WL(I)*SS0<2»I)*OMM(I) 

C S L ( 8 t * S L ( i ) - w a * w m * D S 2 U * 2 * t > * O M M ( S I 
SL<6)*SL 18)+to8*tiH t )*0S2( 1*2* X )*OMMI 11 
SL<9)*$L(9)~W6*WLfX)*0S2<2»2»X>#0*M<X> 
SL 111 >«SLI 11 >4-Wll«tfL< t>«DSS< 1 • I >«0M*< 11 

C SL111)*SL(11l-Wll«WL<t)*DS3(!•X )«0M*<11 
SL <12)«SL U 2 ) 1 1 « W N <|)»0S312*1)»QMM11) 

C SLU3)-SL<13)-W13«WLU )«ST<l*4tX>»0MMm 
SLU3>«SLU3>+W13*»L<I)«STU*4»X)*0MMCI> 
SL(14)«SL(X4>-Wl3*tfNCX)#ST(2t4«X)«0MMl!) 

C SLa6)«SL(l6>-WlS*WLf X)*DS2U#4*X)«0MMU> 
SL(16)-SL(16)*W1S«WL<11*DS2 <1#4•11*OMM(X) 

97 SL(17)-SL(17)~W13*WN(X)*DS2<2t4«l)*0MKiII 
U 6 2 2 - U G 2 
U62«0«0 
0 0 40 X-l#19 

46 UG2-U02 S H I ) 
U G 3 « 0 » 0 * U G 2 ~ 4 # 0 * U G 2 0 U 0 2 0 0 ) / 0 T / 2 « 0 
U G 3 « C U G 2 - U G 2 D ) / D T 
XFIX T T - J ) 7 » # 7 5 t 7 9 

7 9 0 X r g » A 8 S f U 6 1 « U a « t T t ) 
0 X F S « A B S « U G S - U I 2 • ! T I » 
0 1 F V A 3 S C U G 2 - U G 2 2 I 
X F I D I r v - E f t * I 7 6 * 7 6 

C E R R O R C R I T E R I O N 
7 6 I F < 0 I F U - f * * l 9 f t 7 » » 7 » 
3 8 I F ( 0 X F S - e R A ) 4 0 * 7 5 t 7 5 
7 5 U U t t T M U S l 

U C 2 t I T ) « U 0 3 
5 5 C O N T I N U E 

6 0 T O l O t f 
4 0 U 0 2 0 C - U G 2 0 

L « 4 2 0 * U 0 2 
C A L L O S P I L 
C A L L 0 S 2 I L 



CALL TPLIG(T) 
CALL DSDL1 
CALL 51GL1 
CALL SSIGL 
CALL UFSIG 
U<ItITI-UG1 
U(2•IT )•UG3 
WRITE(IP»ie)T»U<l»IT )tU<2»IT )*UD(1*2)»UD(2»2) 
IF (IA-2)41»42 *42 

42 WRITE(IP«904) ITTtUGl»UG2#UG3 
WR I TE ( IP • 19 ) (C(I)»I«1«22 I 
WRITE(IP 119 ) (SL(I)»I*1t19) »SUJC2) 

41 T-T+DT 
904 FORMAT(20X15 «3E14«5) 

WRITE(IPU»50 ) IU<1#I)»I-lfNPl) 
WR 1 TE {IPU«50 HU(2«I)tI*l «NP1) 
GO TO 100 

1033 WRITE (IP »104) 
WRITE(IP #904) ITT *UG1*UG2»UG3 
WRITE(IP»19) <C(I)»I»1»22> 
WRITEUP#19) (SL(I)•1*1•19) «SUJ(2) 

101 CALL EXIT 
END 
SUBROUTINE DSDLl 

C INTEGRATION OF U<XI>*SINCW»<TAU-XI)) WITH TIME DELAY 
DIMENSION F{411000)»OMM(3)»CCC<It 1000)tS5S<l»1000)tSSD<2*3)•S5<2»3 

l)t 
1DSF(2)*SUJ(2)•SUPI2)»DS11 2 »3 ) tD52< 2 #4»3)»USF(4*2> tU(2*1000)• 
2DS3(2*3)«ST(2»4#3)*UD(2 #2 ) •DSS(2*3)tD33<2*3) 
2 »DUS(2 #3)•DUSSt2*3)tDUC < 2 »3)tDUCC(2t3)*FTAU«2»1tlOOO) 

COMMON F tOMMtCCCtSSS*SSD *SS*DSp'SUJtSUP•SUD«DS1*DS2 «USF»U t 
lDS3»£T»U0tT»0T»0'J21 StALtNPtNMtND 
IF(T-DT)12tl2»ll 

12 X«O.C 
NI«1 
DO 14 I»1 • NM 
00 14 J»lt2 
FTAU(jilii!*0»0 
DS3(J#I)«0.0 
DSl<Jtl)"0*0 
ouc( j»n-o.o 
DU5<J»I)»0.0 
DUS5(J*I)«0«0 

14 DUCC(J#I)-0.0 
l'i IF(X-T)10tl3tl3 
10 X-X+DT 

NI-NI+1 
Nll-NI-1 
DO 13 J"l»2 
DO 15 I-1»NM 
DUSSlJ»X)«DUStJ»I) 
DSS<J»I)-DSl(JfI) 
D33(J#I)-DS3(JtI) 

W HieCf JtX )«DUC(J»I> 
m "00 16 J»l#2 



DO 16 I«liNM ..t .. . % DUCI Jtl >«DUCC< J«! )4-DT/2«*(U< JtNl )«SSS(I*NI )+U< JtNX 1)»SSS< I tNI 1II 
DUS(J.I)-DUSS(Jtl)4-DT/2«0«(U(JfNI)»CCC(l»NI)+U(J*Nil)#CCCCItNllll 
FTAUUtI tNll«SSS<I•NI)#OUS<J»I>-CCC(ItNI)*DUC<Jtl) 

16 DS3< Jtl )»D33< Jtl KDT/2«0*«FTAU< Jtl tNI )• FTAU< Jt I tNIiI ) 
IF(NI-ND)I7tl7tl8 

18 DO 20 J«lt2 
DO 20 1 *11NM 
N1«N-1 
DS1(JtI)«DSS(JtI) DT/2«0*(FTAU(J*ItNI FTAU(JtltNI)) 

20 CONTINUE 
17 RETURN 

END 
SUBROUTINE UFS1G 
UFS(F(4)tUD OR US) 
INTEGRATION OF U<JtT-TAU)»F<K*T) 
DIMENSION F(4•1090)tOMMC3)tCCC(111000)tSSSi111000)tSSD(2t3)tSS(2t3 
1) t 
1DSF (2 ) tSUJ 12 > tSUP (2) »DS1 i 2 • 3) tDS2 121413 > tUSF 14*2 > tUC 211000) t 
2DS3(2t3)*ST(2t4t3)tUD(2*2) 

COMMON FtOMMtCCC•SSStSSDtSStDSFtSUJtSUP tSUDtDSltDS2 tUSFtU • 
1DS3 tST tUDtTtDT *DU2• S tALtNPtNMtND 
IF{T-DT)12tl2«ll 

12 X»CtC 
Ni »1 

11 IF(X-T)10tl3tl3 
X*X+DT 
N1»NI+1 
NI1-NI-1 

13 N«NI 
DO 15 l«lt2 
DO 15 J«lt4 

15 USF(Jtl)"OtO 
TT»0«0 
DO 20 IT»1tNI1 
ITl-IT+l 
NN-N-1 
TT1-TT+0T 
DO 21 J«lt2 

21 USF< Jtl)«Dr/2tO*CU<ltN)#F( JtITM-U< 1»NN)»FC Jt IT1) M-USFC Jtl) 
DO 22 J«3t4 

22 USF(Jt2)*USF<Jt2)+DT/2«0»(U<2tN)*F{JsXTI*TT U(2tNN)»F(JtITl)*TTll 
TT«TT+DT 

20 N»N-l 
USF(F(4)t UD OR US) 
RETURN 
END 
S U B R O U T I N E F C 1 2 4 
CALCULATION OF LAMB FUNCTIONS 
DIMENSION F(4t1000)»0MM(3)tCCCiltlOOOltSSSlltlOOOltSSD(2»3ltSSl2t3 

11 • 
1DSF<2)tSUJ(2)tSUP(2)»DSl(2t3)*DS2121413) tUSFi*t2> *UC 2tl000) t 
2DS3(2t3)tSTC2t4t3)*UD(2t2) 

COMMON FtOMMtCCCtSSStSSDtSStDSFtSUJtSUPtSUDtOSltDS2tUSF9U • 



10S3»$TtU0»T*DT»DU2» B»AL#NP»NM*ND 
YRT»1«0/SQRT(3.0) 
Y«0«0 
MPi«NPn 
DO 21 I«1»NPI 
X»B»Y/AL 
X2*X«X 
X4*X2«X2 
CK1«(3«0^SQRT(3.0))/2#0 
CK2*(3«0-SQRT(3«0))/2.0 
CK3-CK1/2.0 
CK4-CK2 /2.0 
R1«X2-1»0 
RTD*X2-l«0/3«0 
RP5*X2-0»5 
R14-X2-0.25 
SR14P*X2-CK3 
SR14M-X2-CK4 
IF(X—YRT)20 * 20 * 11 

11 D0M4«2»0*X*Rl4*SRUP»SRl4M 
IF (X—1•0)12*12*13 

20 00 22 J»l«4 
2 2 F ( J # I I * 0 « 0 

60 TO 21 
12 D0M1«RP5»»4-X4*RT0»R1 

SR11»S0RT(1«0-X2) 
SRTO«SQRT<RTD> 
SOTD-SRTD 
SQ14-S0RTCR14) 
F<1*I>» X*R1*SRT0/00M1 
F < 2•M»-3••RP5*X2*SRTD«SR11/00M4 
F(3*n—3.0«RP5»SRTD»SRll/2tO/DOM4 
F14*1)«-3.0*SQTD*RP5»RP5/DOM4 
GO TO 21 

13 5R1«SQRT<X2-1»0J 
SRTD»SQRT t RTD) 
SQTD*SRTD 
SQ14«SQRT(R14) 
P(li!)*SR1/(X*(RP5*RPS-X2«SRTD«SR1)I 
PI2tl)«0.0 
F(3*I)-0.0 
F(4•X)3«0*SRTD*(RP5*RP5+X2«SRTD«SR1)/ OOM4 

21 Y«Yf-DT 
RETURN 
END 
SUBROUTINE TPLIG (X) 
TRIPLE XNTEGTATION 
DIMENSION FU»1000> *OMM(3>*CCC< 1*1000>*SSSUtlCOO> *SSD(2§3> tSS(2»3 

1 ) . 
10SF<2)tSUJ<2) tSUPC2) tDSl<2t3l *DS2<2*4*3i *USF<4»2) *U(2*10005* 
2DS3<2*3)*ST<2*4*3)*UDC2*2)* 
3FFP(2»3> *ETA<2*1*1000)*FF(2.3)*C(2*3)»S<2*3 ) *SXS(2*3> *SX0 2»3) 
COMMON F*0MM*CCC*SSS*SSD»SS*DSF*SUJ*SUP*SUD*DSl*DS2*USF*U * 

1DS3*ST»UD*T *0T*DU2* B*AL*NP*NM*ND 
IF(X-OT)12*12*11 



12 DO 13 I»1*NM 
DO 13 J«l*2 
SXS(J»I)«0*0 
SXC(Jtl)»0.0 
ETA(JtI»i)«0*0 
C(J*I)«0*0 
S(JtI).0.0 
FFP(Jtl)«0*0 

13 FF(J*l)«OtO 
Y-0.0 
NI-1 

11 IF(Y-X)10tl4*14 
10 Y«Y+DT 

N1»NH1 
NI1«NI-1 
DO 19 J»l*2 
DO 19 I«1*NM 
sxci j»n«c< j#n 
SXS(J*I)«S(J*I) 

19 FFP(J*I)«FF(J*I) 
C XX INTEGRATION 

14 DO 15 J«l*2 
DO IS I«1*NM 
C( JtX )«SXC( J*I )+DT/2*0«(U( J*NI )»CCCII*NI )+U( JtNll )*CCC( I *NX1)) 

15 S(Ji!)»SXS(J»IM-DT/2*0»(U(J*NI)»SSS(I*NI M-UCJ*Nil)«SSS(XtNIl> > 
C ETA INTEGRATION 

DO 16 J-l*2 
DO 16 I»1*NM 
FFCJ*l)«SSS(I*NI)*C(J»I)-CCC11 *NI)*S(J*I) 

16 ETA(J«I«NII«ETA(J»I«N11J+DT/2»0»(FF(J»I H-FFP < Jit)) 
C TAU INTEGRATION 

DO 18 L*1»NM 
DO 18 J»l*2 
DO 18 K«3*4 
N»NX 
ST(J»K»L)*0*0 
DO 18 I«1*NI1 
Nl-N-1 
NNl«t+l 
ST(J*K*L)«ST( J*K*LHDT/2»0»(F(K*NN1)»ETA| j»L«NlHF(KtI )*ETA( JfLtN) 

1 > 
18 N-N-l 

C ST(UD OR US*F(4)*M0DE) 
RETURN 
END 
SUBROUTINE SIGH 

C SIMPLE AND DOUBLE INTEGRATION ROUTINE 
DIMENSION F(4*1000)»OMM(3)*CCC(1*1000)*SSS(1#1000)*SSD(2*3)tSS<2»5 

l)t • " 
1DSF(2)*SUJ(2 9 *SUP(2)*DS1(2*3)»DS2(2*4*3)*U5F(4*2)*U(2*1000)* 
2053(2*3}*ST(2*4*3)»UD(2*2) 
3 *YU(2)*YP(2) 
COMMON F *OMM *CCC * SSS* SSD * SS * DSF * SUJ * SUP * SUD *D$1 * DS2*USF *U * 

1DS3*ST*UD*T *DT*DU2* BtAL*NP*NH*ND 
IF(T-DT)12*12*11 



12 X«0*0 
NI-1 
DO 16 J«l*2 
SUP<J)«0.0 

16 5UJ(JI«0*0 
SUD-0.0 
SUJJ-0.0 
DU2«0#0 

11 IF(X-T)10#13*13 
10 NI»Nl+l 

NU-NI-1 
X*X+DT 
D U « 0 U 2 
SUJJ»SUJ«2) 
SU«SUD 
DO 17 J«lt2 
YU(J)»SUJ(J) 

17 YPIJ)«SUP(J) 
13 DO 14 J»L«2 

SUJ( J)«YU(JRDT/2.0*CU(J*NI)+U<J*NU) I 
14 SUP(J)«VP(JV+DT/2««(UD(J*1)+UD<J*2) ) 

DU2-DU DT/2.0*(SUJ(2HSUJJ ) 
X F(NI-NO)19*16*19 

19 N«NI-ND+1 
N1»N-1 
SUD*SU4-DT/2«0*IU( 2 *N)+U( 2*N1) > 

16 RETURN 
END 
SUBROUTINE DS2IL 
DOUBLE INTEGRATION ROUTINE -» MODIFIED 
DIMENSION F(4*1000)*OMM<3)*CCC<1*1000)*SSSl1*1000)?$SD»2*3)#SS«2*3 

1)* 
1DSF(2) tSUjl2 ) »SUP (2) *DSl (2*3) «DS2 (2 *4*3) *USF (4 §2) #U(2<1000)* 
2DS3(2*3)»5T C 2 *4*3)*UD<2*2> 
3*CI(2*1*1000)*SI(2*1*1000) 
COMMON F*0MM»CCC*SSS«SS0«SS*DSF*SUJ*SUP*SUD»DS1*DS2*USF*U * 

1DS3*ST»UD»T»0T*0U2» B*AL*NP*NM*ND 
IF(T-DT)12*12*11 

12 X*0»0 
DO 14 1*1»NM 
DC 14 J«1t2 
CIIJ»I*1)«0.0 

14 SIIJtI(l)*OtO 
Nl »1 

11 IF(X-T) 10*13*13 
10 X-X+DT 

NI«NI+1 
NI1-NI-1 

13 DO 15 L*1*NH 
DO 15 J«l*2 
CI (J*LtNI)«CI (J»L*NimC U(J»NI1)*CCCIL*NI1 )*U(J*N1 )*CCCIL*NI I !*DT 

1 / 2 * 0 
15 SMJ*L*NI)»St(J*L*NIi)-M UC J*NI1 )»SSS<L*NI1 M-U( JtNl )*S5S<L*Nt I l«OT 

1 / 2 * 0 
DO 21 L*1*NM 



0 0 21 J * L # 2 
00 21 
Cl-0.0 
C3-0.0 
C2-0.0 
C4-0.0 
N-NI 
XT«0«0 
00 20 I'liNIl 
Nl-N-l 
NN1-I+1 
ir(K-3)i?#i0tia 

18 CC-F(K•I)*CCCIL•I)*XT 
RY*F(K11)*SSS(L • I)*XT 
XTl-XT-fDT 
SSl-F(K*NN1)«SSS< LtNNlI«XT1 
CC1-F< K tNNl)*CCC(L tNN1)«XT1 
60 TO 19 

17 RY-F(K*I)»SSS<L»I ) 
CC*F(K»I)*CCC(L«I> 
CCl-F(K #NN1)«CCC(L*NN11 
SS1«F(K»NN1)*SSS(LtNNl) 

19 C1-<CC*CI (J«L*N)+CC1*CI (J*L»N1) )*DT/2«0+Cl 
C2»(CC*SI<JtL*N)+CCl»SIU»L*Nm*DT/2»0+C2 
C3«CRY*CI(J«L*N)+SS1*CI(J*L*Nl))«0T/2«0+C3 
C««<RY*SKJ*LtN)+SSl*SIC J»LtNl))*DT/2«0fC* 
XT»XT*DT 

20 N-N—I 
CC'CCCCLtNI ) 
RY»SSS(L#NlI 

21 0S2(J*K*L)«RY»C1-CC*C2-CC*C3-RY»C4 
C 0S2(U0 OR US«F(4)tMODE) 

100 RETURN 
ENO 
SUBROUTINE OSPIL 

C DOUBLE INTEGRATION OF UC2»T)»F<3 OR 41TAU) 
DIMENSION F(4tl000)*0MM<3)fCCCC1*1000)tSSSU #1000) *SSD<2#3) *SS<2#3 

1 ) * 
lDSFt2)*SUJ(2)»SUP<2)*DS1<2*3)*DS2(2*4*3)*USF(4»2)*Ut2*1000l• 
2DS3< 2 13)* ST < 2 *4 *3)*UDI2•2)#V <1000) 
COMMON F * OMM•CCC «SSS«SSD»SS»DSF•SUJ * SUP•SUD•DS1 * DS2 * USF *U • 

1D53»ST»UD»T *DT#DU2* B*AL*NPtNM*ND 
IF(T—DT)12*12*11 

12 V<1)«0«0 
X»0«0 
NI»1 

11 IF(X-»T) 10* 13* 13 
10 NI«NI*1 

NI1-NI-1 
X-X*PT 

13 V(NI)»VCNIl)+DT/2*0*CU<2*NIH-U<2«Ntl>) 
O S F U ) « O * O 
DSF(2)«0.0 
DO 15 1-3*4 
N-NI 



0 0 19 l - l * N I l 
N l - N ~ l 
11*1+1 
K l - K - 2 
D S F ( K 1 ) » D S F ( K 1 H > D T / 2 « 0 # ( V ( N ) * F ( K * I ) * V ( N 1 ) « F ( K * I 1 ) ) 

1 9 N » N - 1 
0 I F I 9 T T 1 OR F ( 4 * T 1 1 FOR UI2«T> 
R E T U R N 
E N D 
SUBROUTINE S S I 6 L 
S INGLE INTEGRATION ROUTINE* MODIF IED - T I M E DELAY INCLUOED 
D I M E N S I O N F ( 4 t l O Q O ) » O M M ( 3 ) t C C C ( l t l O O O ) # S S S ( l t l O O O > # S S D ( 2 t 3 ) » S S ( 2 t 3 

l)f 
1 D S F ( 2 ) * S U J < 2 ) t S U P ( 2 ) * D S 1 ( 2 t 3 i * 0 5 2 t 2 * 4 * 9 ) * U S F C 4 * 2 ) t U ( 2 * 1 0 0 0 ) * 
2 D S 3 ( 2 * 3 ) * S T 1 2 * 4 * 9 ) * U O ( 2 * 2 ) 
4 * D X S ( 2 * 3 ) * D X C ( 2 * 3 ) t C ( 2 * 9 ) * S ( ? * 9 ) * C D I 2 * ) ) * S D ( 2 * 9 ) * O O C ( 2 * 9 ) * 0 0 S ( 2 * 
9 3 ) 

C O M M O N F * O M M » C C C « S S S * S S D * S S * O S F * 1 S U J * S U P » S U O * O S 1 * D S 2 * U S F * U * 
1 D S 3 * S T * U D * T * D T * D U 2 * B * A L * N P * N M « N O 
I F ( T - D T ) 1 2 * 1 2 » I 1 

12 D O 15 I « 1 * N M 
D O 15 J « l * 2 
D I S U * I ) - 0 * 0 
D 1 C ( J * I ) « 0 * 0 
S S D C J * I ) « 0 * 0 
D D S ( J * 1 ) « 0 * 0 
D 0 C ( J * I ) * 0 * 0 
C D ( J » t ) * 0 « 0 
S D ( J t X ) * 0 « 0 
C ( J * I ) » 0 « 0 

1 5 S ( J * X ) » 0 « 0 
x«o»o 
N I « 1 

1 1 I F ( X * T ) 1 0 * 1 3 *13 
1 0 X»X-*OT 

N I » N I * 1 
N I 1 « N I - 1 
D O 16 J » l * 2 
D O 16 I » 1 * N M 
D D C ( J * I ) " D D C ( J »1)+ C O < J 1 1 ) 
D D S ( J t l > » D D S < J t I ) + S D ( J t X ) 
D X C ( J * I ) » D X C ( J * I ) t C < J * I ) 

16 D I S ( J * I ) » D I S ( J * I )+S( J * I ) 
13 D C 1 7 J « l * 2 

D O 1 7 X « l * M M 
C( J * I ) * ( U ( J * N I 1 ) * C C C ( I t N I 1 ) + U ( J * N I ) * C C C ( I * N I ) ) * D T / 2 * 0 
S( J * I ) « ( U ( J * N I 1 ) * S & S < X*NI1)+UCJ<>NI ) « S S S ( I *NI )-l*OT/2fO 

1 7 S S ( J * I ) « S S S ( I * N X ) » < C < J * I W » D I C ( J * X ) ) « » C C C < I * N X ) 4 H S U * 1 H D X S ( J * X ) ) 
IF(NI~ND)Ifi * 1 0 * 1 9 

1 9 N«NI-.ND 1 
N l » N - l 
D O 2 0 J « l * 2 
D O 2 0 I « 1 * N M 
C D ( J * X ) « ( U ( J t N l ) » C C C ( t »N1 ) + U ( J * N ) e C C C ( I * W ) ) « D T / 2 « 0 
S O ! J * X ) » ( U ( J * N l l « S S S f Z * F T L H U < J * N ) « S * S U T N H * 0 Y / 2 T 3 



20 SSD (J * I) "SSS ( X #N )*(COCJ»XlrOOC(J«m*CCC<XtHI*(SO(J*lH-OOS(Jtin 
16 RETURN 

END 
FUNCTION UPCX) 
DIMENSION F(4*1000)*OMM(3)*CCC(It10001*SSS(1*1000)*SSD(2*3)*SS(2*3 

I) • 
1DSF(2)*SUJ<2>»SUPi2)»DSl<2*3)*DS2<2*4*3)*USF(4#2>*U<2*10001• 
2DS3(2 *3)*S?(2*4*3)*UD(2*2) 

COMMON F•OMM•CCC•SSS * SSD * SS•DSF•SUJ * SUP t SUD * DS1•DS2 * USF *U • 
1D53 *ST *UD*T *DT *DU2 * B*AL*NP*NM*ND 
IF(X—0*8110*10*11 

10 UP»X/8*0*SIN(31«4159*X)*5«0 
GO TO 100 

11 IF(X—2«)12*12*13 
12 UP«(2•0-X)/14*0»SIN(31«4159»X)*S«0 

GO TO 100 
13 UP«0*0 

100 RETURN 
ENO 
FUNCTION UR(X) 
DIMENSION F(4*1000)*OMM(3)*CCCC1*1000)*SSS(1*1000)*Sf0(2*3)*SS(2*3 

1 ) * 
1DSF<2>*SUJ(2)*SU»(2)*DS1(2*3)*DS2(2*4*3)*USF(4*2)*U(2#1000)* 
2DS3<2»3)*ST(2*4*3)*UD(2»2) 

COMMON F*0MM»CCC*SSS*SSD*SS*DSF*SUJ*SUP*SUD*DSl*DS2*USF*y • 
1DS3*ST»UD*T»DT»DU2* B*AL*NP*NM*ND 
I!MX-0.8)10*10*U 

10 JR*X/8«0»SIN(31.4159»X)*3*0 
GO TO 100 

11 IF(X~2*)12*12*13 
12 UR»(2»0-X>/14«0*SXN(31«4159#X)«S«0 

GO TO 100 
13 UR«0*0 

100 RETURN 
END 

/ * 
// EXEC LNKEDT 
/• 
// EXEC 



PROGRAM 2 

//RS4TAEC JOB .NODUMP*1177 R SCAVU220 
// EXEC FORTRAN(BCD) 
C MAIN PROGRAM 

DIMENSION F(4* 900)*OMM(3)#CCC«1• 900)*SSS<1* 900)»SSD(2*3)*SS(2*3 
I) • SC(2»3) *UV( 100C> tUSdCOCi *XC0<2*3) *DYX(2*3> • 
1DSF(2)tSUJ<2)«SUP(2)*DSl(2t3> tDS2(2*4*3)*USFi4*2)*U(2* 900)* 
2DS3 ( 2 »3) • ST (2 >4 • 3 ) *UD ( 2 • 2 > • W ( 3) *Wt (3 » *WM13) *XL (3) *XB 13 • 3) * 
3WN (3) »C ( 22 ) » SL (19 ) 

COMMON F•OMM »CCC•SSS•SSD•SS *DSF•SIM •SUP•SUD *D£1•DS2 *USF »U • 
1DS3 *ST tUD* T * DT *DU2 » B*AL«NP*NM»ND*SC*UV*US»YFXtXCD*DYX 

C II II«0 - MODAL Ihs^UT 
C COM DIM FtCCC*SSStU*F SUB-DSDLItFTAU SUBDS2IL*CI*SI SCB-DSDIL*V 
C SUB—TPLIG»ETA 
C XI«1 - STRUCTURE INPUT 
C IB IB«LESS THAN ZERO OR 2ER0 - NO ROCKING INPUT 
C ABS(IB)*2 TERM OUTPUT 
C IB»1 OR 2 - ROCKING INPUT - VELOCITY UNITS 
C NM«NUMBER OF MODES 
C W(I INEFFECTIVE MASS LB-SEC»SEC/FT 
C WL11)"MODAL EFFECTIVE FIRST MOMENT 
C WN(I)"MODAL EFFECTIVE SECOND MOMENT 
C WIO-BASE MOMENT OF XNcRTIA (LB#SEC*5EC*FT»FT)/FT 
C WO "BASE MASS LB-SEC»SCE/FT 
C B-SHEAR WAVE VELOCITY FT/SEC 
C G-SHEAR MOOULUS LB/FT/FT 
C AL«BU1LD1NG WIDTH FT 
C T*DT-SEC 
C AA BASE AREA FT#FT 
C UP(T)-LATERAL FREE FIELD ACCELERATION 
C URtT)"FREE FIELD ROTATION (VELOCITY) 
C INPUT 

IPU-7 
IR"5 
IP»6 
REAL'S UG1*UG12*UG13*UG14*UG15*UG2*UG22*UG23*UG24*UG25 

100 READ(IR•1)II«IB»NM*TMAX*DT«B*G*At*AA»ERR 
IF(NM»101*100*103 

1 F0RMAT(1X313*7E1C*3) 
103 REA0(IR*2)W0*WI0 

READ(IR*2) (OMMtI)*I»1*NM) 
2 FORMAT (8E10.3) 

WRITE(IP*3) 
5 FORMAT<1X9H I! IB NM f10X4HTMAX tl2*2H0Tt13X1HB*13X1HG* 
112X2HAL*12X2HAA»11X3HERR) 
WRITE(IP*6>11 *!B*NM*TMAX*DT*B*G*AL*AA*ERR 

6 FORMAT(lX3i3*?E14«4) 
WRITE(IP*3)W0*WI0 

3 FORMAT(13X2HKO»12X2HlO/(IX2E14.2)) 
WRITE IIP*?)(0MM(i)»2«*>NV) 

7 FORMAT(7XBH0MEGA(I)/(1X6F14«3)I 
IF(It120*20*21 

20 READ(IR»2) (Will*I*1*NM) 
REA0(IR«2) ( W L d ) * I » 1 » N M ) 
READ! IR*2) ( W N ( P . f l . N M ) 
GO TO 24 



2 1 R E A D ( I R * 2 ) ( W M l I ) • I * 1 « N M ) 
R E A D ( I R * 2 ) ( X L ( I > * 1 » 1 * N M ) 
0 0 2 2 I - l t N M 

22 REA0(XR*2) (XB(J»I)•J«1*NM) 
00 51 Z-ltNM 
C l - 0 . 0 
C 2 - 0 . 0 
C 3 - 0 . 0 
00 23 J B1*NM 
C1»C1+WMU)«X9(J«I> 
C2*C2+WM(J)«XB(J*1)*XB(J*I) 

23 C3«C3+WM<J)*XBCJ»I)»XLU) 
WCI)«C1«C1/C2 
WL(I>»C1»C3/C2 

5 1 W N ( I ) « C 3 » C 3 / C 2 
WRITE(IP*11) (WMC I)•1*1 »NM) 
WRITE(IP«12) (XL<I)»I«1»NM1 
WRITE(IP•13) 
00 25 I • 1 • NM 

25 WRlTE(IPtlS) (XB (*»•!)• J*1»NM) 
CONTINUE 
WRITE(IP*14) 
WRi?ECfP*8) (W(I>•I*1»NM| 
WRITE(IP*9) <WL(IltI»l*N*) 
WRITE (i •'•10 ) CWN( I) »I«1*NM) 

1 0 F 0 R M A T ( 1 1 X 4 H N ( J I / ( 1 X 8 F 1 4 « 3 ) I 
9 F O R M A T ( 1 3 X 5 H M L < J ) / ( 1 X 8 F 1 4 0 ) ) 
8 F O R M A T ( 1 1 X 4 H M ( J ) / ( 1 X 8 F 1 4 « 3 I ) 

1 4 F O R M A T ( 1 X 1 6 H K C D A L P R O P E R T I E S ) 
1 1 F O R M A T ( 1 X 2 0 H S T R U C T U R E P R O P E R T I E $ / < ' 1 X 4 H W ( I ) / 1 X 8 F 1 4 » 3 ) 
12 F0RMAT(lX4rL( 1)/1X8F1«»»3) 
1 3 F O R M A T ( 1 X 6 H X ( I • J ) ) 
1 5 F O R M A T ( 1 X 8 F 1 * « 3 > 
1 6 FORMAT ( 1 X 6 H 0 U T P U T i t i 1 *>X1HT t l O X t H U C T ) • 1 0 X 4 M R C T I • 9 X * H U P ( T I * 9 X S H R P ( T ) 

1 1 ) 
1 ? F O R M A T U 5 X 1 8 H T E R M S OF E Q U A T I O N S ' 
18 FORMAT(1X7F1*«*? 
1 9 F O R M A T < 1 * X 6 E 1 * . 5 > 
S O F O R M A T ( 8 F 1 0 . 5 ) 

1 0 4 FORMAT ( 9 H D I V E R G E D 5 
C O U T P U T 

WRITEtIP*16) 
X A - i A B S ( l B ) 

IF(IA-2)65*26*26 
26 W R I T E d P t l ? ) 

UG2-Q.0 
ERA«ERR/100• 
E R S - E R R / t O O O O O . 
U G 2 2 * 0 « t 

C CONSTANTS FOR FIRST EQUATION 
69 Tl»G*AA,fB/WO 

T2*UO/>JO 
P*«3%14139 
T4«B/2*0/Pt/Al/MO 
T6*T4«II0 



Cl«0*464102 
T7«B*C1/AL/AL/W0 
T9«T7*W10 
GA-O.211325 
T10-3*0*B*GA/AL/AL/W0 
T12«HO*WIO 
VR»B*0.9194 
T13«3*0*B*GA/VR/W0/AL 
T15«T13»WIO 
T16«3.0»B*B/Pl/AL/AL/AL/W0 
T18»T16»WI0 

C CONSTANTS FOR SECOND EQUATION 
R3-1.73205 
8ET»0*5 
N0»AL/0•91^4/B/DT 0*5 
W1»G*AL*AL»AA/R3/B/WI0 
W2*AL*AL/2.0/R3/B/Wl0 
W4«W2*W0 
W5«W2»BET 
W7*W5*WO 
W8»AL/2*/R3/PI/WIO 
W10«W8*WO 
WU-l.O/WIO 
W13«3.0*B/2.0/PI/R3/WI0/AL 
W15«W13*WIO 
W19»W1 

C MODAL CONSTANTS 
T-0.0 
NP-TMAX/DT 
NPl-NP+1 
WRITECIP»38>T1*T2 *T4»T6»T7*T9fT10*T12 
WRITE<IP»881T13«Tl5*Tl6*Tl8»Cl*GA*VR 
WRITE( IP*88)tfl*W2 »W4«W5 »W7»W8 • W1C*V'U 
WRITE(IP#88)W13«W15#W19 

88 FORMAT(1X8E14*4) 
DO 28 I«1 •NM 
DO 28 J-ltNPl 
CCC(X•J)"COS(OMM(I)«T) 
SSS(I*J>»SIN<OMM<I)*T) 

28 T«T DT 
U(1*1)«0.0 
U ( 2 • 1 ) a 0 * 0 
T«0.0 
UD(2*1)B0«0 
UD<2#2>»0.0 
CALL FG124 
DO 108 J"1»NP1 

108 WRITEUP»15)(F(I*J)*I«1*4) 
IF <IB)29 t29 *30 

30 UD(2»2)«UR(T) 
29 UD<1*2>-UP<T> 

UV(l)-0»0 
US(1)«0.0 
T«0#0 
WRITE(IP*18)T*U<1*1 )•U(2tl )*UDl1*2)»UDt2*2> 



T«DT 
UGG1«0*0 
UG12-0.0 
JG13-0.0 
UG14-0.0 
UG15»0.0 
UG25-0.0 
UG24«0«0 
UG23*0«C 
UG22«0*0 
DO 41 IT«2iNPl 
IT1-IT-1 
IF(18)31#31*32 

32 UD(2 * 1)«UD(2 #2 ) 
UD(2 #2)»UR(T) 

31 UD(1#1)*UD(1#2) 
UD(1#2 )»UP(T) 
U(1*IT)*U(1 *IT1) 
U(2•IT)°U(2 #IT1) 
U\/(IT)«UV( IT1) 
US(IT)«US(IT1) 
CALL TPLIG(T) 
CALL DS2IL 
CALL UFSIG 
CALL SSIGL 
CALL DSPIL 
CALL DSDLI 
DO 35 ITT-1.25 
CALL SIGL1 
DO 33 I«1*22 

33 C(I)«0.0 
C( 1)—T1»SUJ( 1) 
C(6)»-T6*USF(1#1) 
C(9)»-T9«SUJ(2) 
C(12)»-T12*SUD 
C(15)«0#0 
C(18)»T18*DSF(1)•(-1*0) 
IND«IT-ND 
IF(IND)53*53 #52 

52 C(15)«T15#U(2*lND)*(-W0> 
53 C(21)«T18»USF(3*2)*(-1*0) 

C<22)-Tl*SUP(1) 
DO 34 I»1*NM 
C(2)«C(2)-SS(1*1)*T2«W(I)«OMM(I) 
C(3)*C(3)+SS(2*I)*T2*WL(I)*OMM(I) 
C(4)«C(4)-T4#W(I)*OMM(I)»DS2<1*1*1) 
C(5)»C(5)4T4*WL(I)*OMM(I)*DS2(2*1*I ) 
C(7)»C(7)-T7»WL(X)*DS3(1#I)»OMM(I) 
C(8)«C(8)+T7*WN(I)*DS3(2#I)*OMM(2) 
C(10 >-C(10) + T10*WL(I)*DS1(1•I)ftOMM(I) 
CtU)»C(11)-T10*WN(I)*DS1(2*I)*OMM(I) 
C(13)»C(13)*T13*WL(I)#SSD(1#I)*OMM(I) 
C(14)«C(14)-T13«WN(X)»SSD(2#I)*OMM(I) 
C (16) *C (16 H T 1 6 « W L (I )*ST < 1 #3* I )*OMM (I) 
CU7)«C(17)-T16»WN( I)*ST(2*3*I )*OMM(I > 



C(19)»C(19)+T16*WL(X)»DS2(1•3•I)»OMM<Z) 
34 C(20)«C(20 )~T16*WN(I)*0S2(2*3 *I)*0MM(X) 

UGl-O.O 
DO 44 1-1*22 

44 UGl*UGli>C< I > 
00 36 I • 1 * 19 

36 SL(X)-0*0 
SL(4)- W4#UV(ITI 
SL(15) «*"W15*USF (4*2) 
SL( 1)-W1*SUJ(2)*(—l«0) 
SL(71-0«0 
IF(INO)54*54 *55 

55 SL(7)«W7*UV(IND) 
54 SL<10)« M10*USF(2*1) 

SL(18)»-W15#YFX 
SL(19 )« W19*SUP(2) 
DO 37 I-1*NM 
SL(2)>SL(2)i-W2*W( I)*SC(1 • I)«OMM(I )#OMM< I) 
SL(3)-SL(3)-W2»WLIX)*SC(2*1)•OMM(X)#OMM(X) 
SL < 5)-SL< 5 >+W5«W <I)*XCO(1*1)»OMM(I)*OMM(I I 
SL(6)*SL < 6)-W5*WL(I)«XCD(2*1)*OMM(X)*OMM(I) 
SL(8)*SL(8)4W8«W(I)*DS2(1*2*1)*OMM(I)*OMM(X) 
SL(9)-5L(9)-W8*WL( I )*DS2(2*2M )»OKM( I )#OMM< I ) 
SL(11)«SLU1 >+WU«WL<I >• SS(1 * I )*OMM( I ) 
SL(12)«SL(12)-W11*WN(I)• SS<2* I)*CMM<X) 
SL(13)»SL(13)4W13*WL(!)*DYXU*I)«OMM(1) 
SL(14)»SL(14)-W13«WN(X)«DYX(2*1)*OMM(I) 
SL(16)*SLt16 )+W13*WL 11)*DS2 <1 *4 * I)*OMM(X)«CMM(X) 

37 SL<17)«SL(17>-W13»WN(X)«DS2(2*4*1)»OMM(X)*OMM(I) 
UG2*0«0 
00 48 I»l*19 

48 UG2-UG2+SL(I) 
UV( IT )«l»0/70*0/DT#( 26«0*UG15aB27*0*UGl4«40«0*UG13a»l3«0*UG12+54»0* 

1UG1) 
US(IT)«i.0/70»0/DT#C26*0»UG25-27.0*MG24-40.0»UG23-13»0»UG22^54«0» 

1UG2) 
892 IFCITT—3)75*75*79 

C ERROR CRITERION 
79 DIFU-DABS(UG1-U(1•IT)) 

DIF5-0ABS(UG2-U(2*IT)) 
76 IF<DIFU-ERR)38*75*75 
38 IF(DIFS-ERA)40*75*75 
75 U(1*XT)-UG1 

U(2*IT)-UG2 
35 CONTINUE 

GO TO 1033 
40 CALL DSPIL 

CALL DS2IL 
CALL DSDLI 
CALL SIGL1 
CALL TPLIGCT) 
CALL SSXGL 
CALL UFSIG 

203 U(1*IT)*UGl 
U(2 * IT)-UG2 



UG15-UG14 
UG14-UG13 
UG13-UG12 
UG12«UG1 
UG25»UG24 
UG24-UG23 
UG23-UG22 
UG22-UG2 

204 WRITE*IP*18)T*U(1»IT -)*U(2*IT )*UD<1*2)*UD12*2) 
IF (IA—2)4l*42 »42 

42 WRITECIP*904) ITT*UG1»UG2»UV(IT)*US(IT) 
WRITE<IP *19) (CC X ) *l«li22) 
WRITE(IP*19) (SL(I)*I«1*19) *SUJ<2) 

41 T«T+DT 
994 FORMAT(20X15 #4E14*5) 

WRITE(IPU*50 ) tU<l*I>*I«l*NPl) 
WRITE(IPU*50)<U(2*I> *I«1*NP1) 
GO TO 100 

1033 WRITE (IP*104) 
WRITE(IP *904> ITT «UG1*UG2 
WRITE I IP119) ICII)*Z-1*22> 
WRITE(IP*19) (SL(2)* I*1* 19) *SUJ<2> 

101 CALL EXIT 
END 
SUBROUTINE TPL1G (X) 

C TRIPLE INTEGTATION 
DIMENSION F U * 900) »OMM ( 3) *CCC (1 * 900).SSSd» 900) tSSD ( 2 #3) *SS( 2 • 3 

1)• SC(2»3)tUV(lOOO)*US(1000)*XCD(2*3)*DYX(2*3)• 
1DSFI 2)»SUJ(2)tSUP(2)«DS1(2*3)»DS2(2*4*3)»USF(4»2)»U(2* 990) * 
2DS3(2*3)*ST(2*4*3)*UD(2*2>t 
3FFP(2«3)»ETA(2»1* 900)*FF(2*3)*C<2*3)*S<2*3 )*SXS<2*3)*SXC(2»3) 

COMMON F*0MM*CCC»SSS»SSD»SS»DSF»SUJ»SUP«SUDtCSl»CS2»USF»U » 
1DS3*ST*UD*T*0T*DU2* B*AL*NP«NM«NDtSC•UV*US»YFX*XCD*DYX 
IF(X»DT)12*12*11 

12 DO 13 1*1*NM 
DO J»l*2 
SXS( J*I ) 0 . 0 
SXC(J*I)«O*0 
ETA(J*I*1)*0«0 
C(J»l)*0«0 
S(J*I)«0.0 
FFP<J*I)«0*0 

13 FF<J*I)*0*0 
Y»0*0 
NI*1 

11 IF<Y—X)10*14«14 
10 Y-Y4-0T 

NI«NI+1 
NIl«NI-l 
DO 19 J«l*2 
DO 19 I«1»NM 
SXC(J*I)«C(J*I) 
sxsu* i ) "s< J*n 

19 FFP(J*1)«FFU»I) 
C XI INTEGRATION 



14 00 15 J*1 »2 
00 15 I«1*NM 
C( J»I)«SXC(J*X )+DT/2*0*(Ul J»NI )*CCCU fNl H-U( J»NI 1 )*CCC( I *NI 1) ) 

15 S(J*I)«5XS(J»I)+DT/2.0*(U(J*NI)*5SS(I»Nl)+U(J*NI1)*SSS<I*NI1)) 
C ETA INTEGRATION 

DO 16 J«l*2 
DO 16 I»1*NM 
FF(J»I)»SSS(I*Nn*C(J»n-CCC(I*NI)*S(J*I> 

16 ETAt J*I *NI )«ETAl J*I *NI1 )t DT/2»0*{FF< J*I )+FFP(J»I) ) 
C TAU INTEGRATION 

DO 18 L*1*NM 
DO 18 J«l*2 
DO 18 K"3 *4 
N«NI 
ST tJ*K*L)*0«0 
DO 18 I«1*NX1 
Nl-N-1 
NN1» IHhl 
ST(J*K*L)bST(J*K*L J+DT/2 «0*(F ( K *NN1) *ETA (J«L «N*1 )+F <K*1) *ETA ( J *L *N ) 

1) 
18 N-N-l 

C ST(UD OR U5*F(4)•MODE) 
RETURN 
END 
SUBROUTINE DSDLI 

C INTEGRATION OF U<XI)»SIN(W»(TAU-XI)) WITH TIME DELAY 
DIMENSION F 14 • 900>*OMM(3>*CCC<1• 900)*SSS(1» 900)*SSD(2*3)*SS(2*3 

1) » SC(2 *3)•UV(1000)»US(1000)»XCD(2»3)*DYX(2»3>• 
1DSF(2)»SUJ(2)*SUP(2)»DSl(2»3)•DS2(2»4»3)»USF<4»2)«U(2« 900)• 
2DS3(2*3) *ST(2*4*3 ) *U0(2*2) •DSS(2 0 ) •033(2*3) 
2 *DUS(2*3)• DUSSt 2 *3)»DUC(2*3)•DUCC(2•3)»FTAU(2•1• 900) 

COMMON F»0MM.CCC»SSS»SSD»SS»DSF»SUJ»SUP»SUD»DS1#DS2»USF*U • 
1DS3»ST*UD*T*DT»DU2 » B»AL*NP»NM»ND»SC »UV»US*YFX•XCD»DYX 
IF(T-DT)12*12»11 

12 X»0«0 
NI«1 
DO 14 I*1»NM 
DO 14 J B1»2 
FTAUt J * X•1)»0«0 
DS3(J*I)"0«0 
DS1<J*I)«0*0 
DUC(J*l)«0.0 
DUS(J*1)»0*0 
DUSS(J*I)»0«0 

14 DUCC(J*I)«0«0 
11 IF(X-T)10*13*13 
10 X-X+DT 

NX«NX"*"1 
N U - N I - 1 
DO 15 J«l*2 
00 15 I»1*NM 
Dt'SS( J*I)«DUS(J*l ) 
DSS(J * X)*DS1(J • I) 
D33(J*X)-DS3(J*I) 

15 DUCC(J * I)"DUC(J »I) 



13 DO 16 J « L * 2 
DO 16 I«1tNM 
DUC (J11 ) «DUCC (J*I >-V-DT/2.*(U< J#NI )#SSS< I •/MZ M-U< J»NI 11 *SSS< I »N11) ) 
DUS(J» I)-DUSS(J»I)+DT/2»0*(U(J*NI)*CCC( I » N I )+U< J » N I1)*CCCt I T N I L)) 
FTAU(Jtl.NI)«SSS(Itttl>«DUS(J* I)-CCC(I*N1)*DUClJtI) 

16 DS3( J»I )»D33 i J*I )i-DT/2«0*(FTAUUtI »NI )+FTAU(Ji ItNl1) ) 
IF(NI-ND)17#17tl8 

18 DO 20 J»l*2 
DO 20 I «1#NM 
N - N I - N D + 1 
Nl-N-1 
DSltJ»I)«DSS<J«I)*DT/2«0*(FTAU<J»X»NHFTAU<Jtl»N1)) 

20 CONTINUE 
17 RETURN 

END 
SUBROUTINE UFSIG 

C U F S ( F U ) tUD OR US) 
C INTEGRATION OF U<J»T-TAU)*F<ft»T) 

DIMENSION F U » 900 ) »OMM ( 3 ) »CCC (11 900)»SSS(1» 900) #SSD ( 2 * 3 ) *SS ( 2 »3 
1)t SC(2 »3)»UV(1000)»US(1C00)«XCD(2«3)»DYX<2*3)• 
1DSF(2)tSUJ(2)»SUP<2)*DS1<2»3>#DS2*2»4»3> »USF(4#2> tU<2• 909)t 
2DS3(2*3)*ST{2t4*3)»UD(2»2) 

COMMON F»0MM»CCC»SSS»SSD»SS»DSF»SUJ»SUP»SUD»DS1»DS2*USF»U • 
lDS3tSTtUD»T»DT#DU2» B»ALtNP#NM»ND»SC•UV»US#YFX*XCDtDYX 
IF (T-DT)12•12 • 11 

12 X«0.0 
NI-1 

11 IF(X-T)10*13 • 13 
10 X-X+DT 

' N I « N 1 + 1 
N U - N I - 1 

13 N«NX 
DO 15 1*1*2 
DO 15 J*l#4 

15 USF(J »I)"0*0 
YFX-0.0 
TT»0.0 
DO 20 IT»ltNIl 
IT1-IT-M 
NN»N-1 
TT1-TT+DT 

21 USF<l#l)«DT/2*0MU<ltN)*F<ltIT)*UCl#NN)#F(l»ITl) J+USFiltl) 
USF (2 »1)*DT/2• 0*4 UV(N) *F (2• IT MrUV(NN)*F(2•IT1) )+USF<2tl) 
USFC3*2)«DT/2.0MU12»N)»F<3*IT)*TT Ut2*NN)*F(3,ITl)*TTl)+USFC3»2) 
USF 44•2)•USF(4»2)+DT/2 »0*(U(2 »N) *F i4» IT) + U<2»NN)*F(4*IT1)) 
YFX«YFX4DT/2«0*lUS(N)»F(4»IT)*TT-rUS (NN)*F(4*ITl)»TTl) 
TT«TT+DT 

20 N»N-1 
C USFCF C4)• UD OR US) 

RETURN 
END 
SUBROUTINE FG124 

c ciALduLATioN OF LAMB FUNCTIONS 
DIMENSION F ( 4 T 9 0 0 ) * O M M ( 3 ) T C C C ( L . 9 0 0 ) * S S S ( 1 * 9 0 0 ) * S S D < 2 * 3 ) » S S < 2 * 3 

1 )T S C ( 2 » 3 ) » U V ( 1 0 0 0 ) » U S < 1 0 0 0 ) » X C D < 2 » 3 ) » D Y X ( 2 » 3 ) * 



1DSFI2)»SUJ(2)tSUP(2)#DS1«2»3)tDS2<2*4»3)»USF<4»2> U(2* 990) 
2DS3(2»3)*ST(2»4»3)*UD(2»2) 

COMMON F»OMM#CCCfSSS»SSD»SS»DSF»SUJ»SUP»SUD»DS1»DS2 »USF»U 
10S3tSTtUD«T»DT»DU2» B•AL »NP eNM#ND «5C tUV»US fVFX »XCOfDYX 
YRT«1»0/SQRT<3.0) 
Y«0.0 
NPI-NP+1 
DO 21 I«li>NPI 
X«B*Y/AL 
X2«X*X 
X4-X2*X2 
CK1« ( 3«01-5QRT ( 3*0 ) J/2.0 
CK2«(3«0-SQRT(3 #0))/2.0 
CK3*CKl/2«0 
CK4»CK2 /2.0 
R1«X2—1»0 
RTD»X2-1.0/3.0 
RP5«X2-0«5 
R14*X2-0«25 
SR14P-X2-CK3 
SR14M-X2-CK4 
IF<X-YRT)20t20»ll 

11 DOM4«2.0*X«R14»SR14P»SR14M 
IF(X-1.0)12#12#13 

20 DO 22 J*1#4 
22 F«J#I)«0.0 

GO TO 21 
12 D0M1«RP5**4-X4*RTD»R1 

SRll«SQRTt1.0-X21 
SRTD*SQRT(RTD) 
SOTD-SRTD 
S014-S0RT(R14) 
F(1•I)« X*R1*SRTD/D0M1 
F(2.I)«-3.*RP5*X2*SRTD»SRll/DOM4 
F(3#X)«-3.0»RP5*SRTD»SRl1/2.0/D0M4 
F(4»X )—3.0*SQTD*RP5»RP5/D0M4 
GO TO 21 

13 SR1-SQRTIX2-1.0) 
SRTD»SORT(RTD) 
SOTD-SRTD 
S Q 1 4 * S 0 R T < R 1 4 ) 
F(1•I)*SRl/<X*(RP5*RP5-X2*SRT0«SR1)> 
F(2»X)*0«0 
F(3»I)«0.0 
F(4» I ) «**3» 0»SRTD* (RP5*RP5+X2*SRTD*SRl) / D0M4 
IF tABS(F11» X )>-24.)30#30»31 

31 F U t I >«24.0*F(lf I ) /ABS ( F (1 # I) ) 
30 IF(A8S(F<4fI))-24«)32»32*33 
33 F(4il)«24«0*F(4»1)/ABSlF(4»I)) 
32 CONTINUE 
21 Y«Y DT 

RETURN 
END 
SUBROUTINE SI6L1 
SIMPLE AND DOUBLE INTEGRATION ROUTINE 



DIMENSION FI4* 900)*OMMI 3)*CCC11• 900USSSC1* 900)*SSD<2*3)tSS«2*3 
1)* SC12*£> *UVt1000)*US(1000)*XCD<2*3)*DYX(2*3)• 
IDSFt2)»SUj(2)*SUP(2)*DSl(2 *3)*DS2(2*4*3)»USF(4.2)*U<2 * 900)• 
2DS3(2*3)*ST(2*4*3)*UD (2 * 2 ) 
3 • Y U ( 2 ) * Y P ( 2 ) 

COMMON F*0MM*CCC»SSS*SSD*SS»DSF*SUJ»SUP*SUD*DSl*DS2*USF*U * 
1DS3*ST*UD*T*DT *DU2* B•AL *NP *NMfND*SC *UV*US* YFX *XCD*DYX 
IF(T-DT)12*12*11 

12 X»0«0 
N I - 1 
DO 16 J s 1 *2 
SUPtJ)«0*0 

16 SUJ(J)«0.0 
SUD-0.0 
SUJJ«0*0 
DU2-0.0 

11 IF(X—T)10*13*13 
10 NI«NH-1 

NI1»NI-1 
X«X-H)T 
DU-0U2 
SUJJ-SUJ12) 
SU-SUD 
DO 17 J*l*2 
YUU)«SUJ<J) 

17 YPU)*SUP(J) 
13 DO 14 J = l#2 

SUJ< J)*YU< J)tDT/2«0«(U( JiNI )-KM J t N I D ) 
14 SUP< J)«YP( J)+DT/2«*(U0( JtlHUD( J*2) ) 

IF(NI-ND)18*18*19 
19 N-NI-ND+-1 

Nl-N-1 
SUD«SU+DT/2»0* (U( 2 »N)-*-U( 2.*Nl) ) 

18 RETURN 
END 
SUBROUTINE DS2IL 
DOUBLE INTEGRATION ROUTINE • MODIFIED 
DIMENSION F (4 * 900)*OMM(3)*CCC11 * 900)*SSSU* 900) *SSD(2*3) *SS(2*3 

1)* SC(2•3)«UV(1000)»US(1000)*XCD<2*3)*DYX(2#3)* 
lDSF<2)*SUJ(2)*SUP<2)*DS1(2*3)*DS2<2*4*3> *USF<4*2> *U<2* 900)» 
2DS3C2*3)*ST(2*4*3)*UDt2*2) 
3*CI(2 * 1 * 900)*SI(2 * 1 * 900) 

COMMON F»0MM*CCC*SSS*SSD*SS*DSF*SUJ*SUP*SUD*DSl*DS2*USF*U • 
1DS3*ST *UD*T*DT *DU2 * B *AL »NP *NM>ND*SC *UV *US* YFX »XCDtDY>; 
IF(T-DT)12*12*11 

12 X«0«0 
DO 14 I»1*NM 
DO 14 J«l#2 
C!(J*I*1>»0.0 

14 S 4(jilil)>0«0 
NI»1 

11 IF(X-T) 10*13*13 
10 X*Xf-DT 

NI-NI+1 
NI1-NI-1 



13 DO 15 L*1«NM 
DO 15 J-1 «2 
CI (J»L*NI I-CI (J»LtNIl)T( U< JtNU)»CCC<LtNll)t-U( J»Nl)*CCC<LtNl I l*DT 1/2.0 

15 SI (J»L»NI)-SI(J»L»NI1)-H U (J t N11) *SSS I L.Nl 1 K U ( J»NI ) »SSS< L»NI I )»DT 1/2.0 
DO 21 L-l»NM 
DO 21 J-l»2 
DO 21 K-lt4 
Cl-0.0 
C3-0.0 
C2-0.0 
C4-0.0 
N-NI 
XT-0.0 
DO 20 I-1»N11 
Nl-N-1 
NN1-I 1 
IF<IC-3)17»18#18 

18 CC-FCK«I)»CCC(LtI)*XT 
RY«F(K*I)*SSS(L*I)*XT 
XT1-XT DT 
SS1»F(K»NN1)*SSS< LtNNl)*XT1 
CC1-F<K.NN1)*CCC(L»NN1)#XT1 
60 TO 19 

17 RY-F t I) *SSS (L.* I > 
CC-F<K»I>*CCCIL»I) 
CCl-FU»NNl>«CCC<LtNNl> 
SS1«F < K *NN1)«SSS(L.NN1) 

19 C1-(CC«CIC J.L#N)*CC1»CI( J»L»Nin»DT/2.0*Cl 
C2*(CC«S I ( J • L »N )+-CCl«S I ( J »Nl) )*DT/2.0*C2 
C3-(RY*CI (J »L )+"SSl»C I (J»L»N1) )*DT/2»0+C3 
C4-tRY»SI( J»L»N)-rSSl»SI ( J.LtNl)>*DT/2.G+C4 
XT-XT DT 

20 N-N-l 
CC«CCC(L.NI) 
RY-SSS<L»NI) 
IFtK-2)30f31»32 

32 IF(K-4)30«31*21 
30 DS2(J »K »L) -RY»C1-CC«C2-CC*C3-RY«C4 

60 TO 21 
31 DS2< JtKtLUCC«CHRY»C2+RY»C3-CC»C4 
21 CONTINUE 

DO 23 L-l#NM 
DO 23 J-l#2 
Cl-0.0 
C2-0.0 
C3-0.0 
C4-0.0 
N-NI 
XT-0.0 
DO 24 I*1«NI1 
Nl-N-1 
NNl-I-t-1 
RY-F<4#I)*SSS<L»I) 



CC»F(4tI )»CCC<L»I ) 
CC1«F(4»NN1)*CCC(L»NN1) 
SSl*F(4»NNl)*SSS(L tNNl) 
C1*<CC*CI {J»L»N)*CC1*CM J*L*N1))#DT/2«0*C1 
C2®(CC*SI(J«L »N)+CC1*SI< J*L»N1)>«DT/2.0*C2 
C3»(RV*CI {J.L.N) + SS1*CI ( J#L#N1) )«DT/2*04-C3 
C4*<RY*SIt J*L»NKSS1*SI< J*L*N1) J*DT/2*04-C4 
XT*XT*DT 

24 N-N-l 
CC«CCC<L»NI) 
RY»SSS(L »NI) 

23 DYX(J »L) «RY*C1-CC*C2-CC*C3-RY*C4 
C DS2(UD OR US»F(4)*M0DE) 

100 RETURN 
END 
SUBROUTINE PSPIL 

C DOUBLE INTEGRATION OF U(2*T)*F<3 OR 4#TAU) 
DIMENSION F<4* 900)*0MM<3JtCCCi1 $ 900)»SSS<1» 900)*SSD(2#3 IiSS<2*3 

1)» SC<2*3)fUV(lOOO)»USt10001iXCD<2»3)*DYX<2*3)• 
1DSF<2)#SUJ<2)*SUP<2 ) O S l (2»3)»DS2<2»4»3)»U£F(4#2) »Ul2 i 900)• 
20S3(2*3)»ST(2»4*3)• UD(2 * 2)•V( 900) 

COMMON P#0,V,v.CCC tSS5fSSC»SS»05F»SUJ»SUP tSUD»DSl #DS2 tUSFtU • 
1DS3»ST»UD»T»DT»DU2» 3»AL*NP»NMtND *SC«UV»US«YFXtXCD»DYX 
IF(T-DT)12 »12 * 11 

12 V ( 1 ) * 0 « 0 
X « 0 . 0 
N I « 1 

11 IF(X-T)10tl3#13 
1C NI*NI*1 

NI1»NI-1 
X«X**DT 

13 V<NI >«V<NU)f0T/2«0«<U<2»NI )Ki<2*NIl) ) 
DSF(1)«0.0 
DSF(2)»0«0 
DO 15 K«3*4 
N*NI 
DO 15 I'liNIl 
N1*N-1 
U - I - M 
K l - K - 2 
DSF(Kl)«DSF(Kl)-VDT/2«0*( V(N)*F(KtI ) + V(Nl)#F(Kt I D ) 

15 N»N-1 
C D(F(3«T) OR F(4*T)) FOR U*2*T) 

RETURN 
END 
SUBROUTINE SSLFIL 

C SINGLE INTEGRATION ROUTINE- MODIFIED - TIME DELAY INCLUDED 
DIMENSION F<4* 900) oOMMC 3) *CCC(1 • 9C0)»SSS<1* 900)#SSD<2*3)tSS<2*3 

1)• SC(2 * 3)tUV<1000)*US<1000)tXCDC2*3)*DYX(2*3)• 
10SF(2)*SUJi2) *SUP(2)»DSl(2*3)«DS2(2*413)*USF<4*2)*U(2* 900)• 
2DS3(2«3)*ST(2*4*3)*UD(2*2) 
A* DIS(2*3)*DIC(2*3)*C(2*3)tS(2*3) *CD(2»3)*SD<2*3)*DDC(2*3)*DDS<2* 
53) 

COMMON F*0MM9CCC*SSS*SSD*SS*DSF«SUJ*SUP*SU0*0S1*DS2*USF*U * 
1DS3»ST*UD*T*DT*DU2« B*AL*NP»NM»ND*SC»UV*US*YFX»XCD«DYX 



IFlT-DT)12tl2tll 
12 DO 15 I • 1 f.NM 

DO 15 J«lt2 
DIStJil )«0.0 
DXC(J•I )«0«0 
x c D ( j » n « a . o 
5SD(Jtl)>0«0 
DDS(Jtl >«0«0 
DDC(Jtl)»0.0 
CD(Jtl>»0.0 
S0<J*!»«0.0 
C( J*!)«0.0 

15 S(JtlJ-0.0 
X-0.0 
NI-1 

11 IF(X-T)10tl3113 
10 X»X^Dt 

N l - N I + 1 
NI1-NI-1 
DO 16 J-lt2 
DO 16 I»1*NM 
DDC (j • i r«0Dcc j » m c D C j » n 
DOS(Jtl )«DDS( JtIH*SD(J#I ) 
DIC(Jtl )*DIC(Jtl )+C( JtX) 

16 D I S ( J t i > » D I S ( j t i > ~ s ( j t i ) 
13 DO 17 J»lt2 

DO 17 I«ltNM 
C(Jtl)•(UCJtNll)»CCC(I tNllM-U(JtNl>«CCC(I tNl))»DT/2«0 
S( Jtl )"(U( JtNIl)»SSS( ItNIl)4-U( JtNIl»SSS( ItNX) )*DT/2«0 
SC(JtI>«CCC ( I tNl J *(CC Jtl J+DICI Jtl ) )+SSS(ItNl )»<S(Jtl )+OlSUtI)1 

17 SS(JtI) «SSS (I tNl ) M C ( Jtl )4-0IC< Jtl ) J-CCCCI tNl )*(S(Jtl )-*-OlS( Jtl)) 
IF(Nl-ND)18tl8tl9 

19 N-NI-NDTl 
Nl-N-1 
DO 20 J»lt2 
DO 20 I«ltNM 
CD( JtI)-(U< J.N1)»CCC(I tNl)-HJ( JtN)#CCC( ItN) )«DT/2#0 
SD( J*I>«(U( JtNl>*SSS(I tNlM-U(JtN)»SSS( ItN) )*DT/2«0 
X C D U t I >«CCC( I tN)»(CD(JtI >-rDDC( Jtl ) H-SSSl I tN )• (SD( %?t I H D D 5 ( Jtl I) 

20 SSD(J»I >"SSS(!tN )»<CD( Jtl >-*ODC( JtX )>-CCC( I tNHMSD'. Jtl M-PDSI Jtl> I 
18 RETURN 

END 
FUNCTION UP(X) 
DIMENSION F U t 900)tOMM(3>tCCC«1t 900>tSSS(lt 900>tSSD<2t3)tSS(2t3 
1)t SC(2t3)tUV(lOOO)tUS(lOOO)tXCD<2t3)tDYX(2«3)t 
1DSFC2)tSUJ(2)tSUP(2)tDSl(2*3)tDS2(2t* t3)tUSF(4t2)tU(2t 900)• 
2D53(2t3)t£T(2t4t3)tUD(2t2l 

COMMON FtOMMtCCCtSSStSSDtSStDSFtSUJtSUPtSUDtDSltOS2tUSFtU t 
1DS3 tSTtUDtT tDT *DU2• B*AL»NP»NM»ND»SCtUVtUStYFXtXCDtDYX 
IF(X-0.8)lOtlOtll 

10 UP®X/8»0*SIN(31*4159*X)*5t0 
GO TO 100 

11 XF(X-2«)12tl2tl3 
12 UP*(2*0-X)/14«0»SIN(31«4159*X)*3.0 

GO TO 100 



13 UP«0»0 
100 RETURN 

END 
FUNCTION UR(X) 
DIMENSION FC4# 900>tOMMC3)*CCCC1» 900)»SSS(1* 900> •SSD* **3 WSS<2#3 

l)t SC<2t3)»UV<1000)»U$(1000)*XCDC2»3)•DYX<2.3). 
1DSF(?)iSUJ(2)*SUPC2)«DS1(2«3) •DS2C2»4»3)»USF(4»2)»U(;:« 900)* 
2DS3<2«3> *STC2*4*3)*UD<2*2) 

COMMON F*0MM*CCC*SS5*SSD*SS*DSF*SUJ*SUP*SUD*DS1*DS2*USF*U • 
1DS3*ST»UD#T»DT*DU2* B*Al,»NP»NMtND*$C*UV»gS*YFXjXCD*OVX 
IF(X-Cc8)lC#10tll 

10 UR*X/8«0*SlN(31«4159*X)*SfO 
GO TO 100 

11 IF<X-2.)12*12*13 
12 UR»C2«0~X)/14«0»SIN(31*4159»X)*9»0 

GO TO 100 
13 UR«0«0 

100 RETURN 
END 

/ » 
// EXEC LNKEDT 
/• 
// EXEC 


