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ABSTRACT 

SUMMARY - CONCLUSIONS 

Discussion and reporting of transient response charac- 
teristics of transducers and measuring systems is often 
cloGded by the confusing terminology associated with this 
particular branch of our modern technology. Meaningful 
communication between the designer, fabricator, evaluator, 
and user of such a system can result only if there is uni- 
fied agreement concerning use of the terminology. It is 
thus intended that this document should provide clarifica- 
tion of definitions of many terms used in transducer 
instrumentation technology. An alphabetical listing of 
common terms and their definitions is presented. In addi- 
tion, a discussion of the response of first- and second-order 
systems to step and ramp inputs,is included. 

It is shown that a single term does not adequately de- 
fine the transient response of a transducer system. Response 
characteristics should be given in terms of well-defined 
parameters which are important to the measurement. If 
steady-state frequency response is of prime importance, the 
3 dB bandwidth, phase characteristids, and amplitude peaking 
should be specified. If it is a transient response which 
is of importance, the risetime, delay time, overshoot, and 
settling time should be specified. The consistent use of 
well-defined terms will prevent many of the problems which 
have often been a part of the characterization of the tran- 
sient response of transducer systems. . 
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TRANSIENT RESPONSE OF TRANSDUCERS 

Definitions and Characteristics 

INTRODUCTION 

The "response time", "frequency response", or "speed of response" of 
a measurement system or component is often quoted in an ambiguous 
manner which leaves the reader uncertain as to the exact meaning of 
the parameter. Since many other terms are also used to describe the 
transient response characteristics of transducing systems, confusion 
is generally prevalent. Meaningful communication between the designer, 
fabricator, evaluator, and user of such a system can result only if 
there is uniform agreement on the terminology used to describe the 
system. It is thus intended that this document should provide defi- 
nitions of the terminology used in describing the response and be- 
havior of transducing systems. All phases of the system response, 
from application of the driving force until final steady-state outputs 
are attained, will be discussed. The transient response of a typical 
transducer can be divided into several regions including delay time, 
risetime, overshoot,' and settling time. Each plays an important part 
in defining the overall response of the transducing system or 
component. Additional terminology must be used to define the above 
parameters and to further evaluate the system performance. 

Accuracy, precision, range, span, and repeatability are terms which 
are also an integral part of the confusing transducer terminology ... 
Unified definitions of each are necessary before meaningful communi- 
cations in this field are possible. Thus, a list of pertinent terms 
and corresponding definitions has been prepared and is presented in 
following sections of this report. A discussion of transducer oper- 
ating characteristics is also included to provide a working model 
of transducer response relationships. 

TERMINOLOGY 

Terms used to describe instrumentation components and systems are 
often used incorrectly. There is often misunderstanding concerning 
the definition of terms. For example, the terms "accuracy" and 
"precision" are often used interchangeably. Time constant, response 
time, and risetime are often incorrectly used to describe the same 
parameter. Terms which are commonly used in discussing the dynamic 
response of a transducer system have been separated into three 
categories. These include the general' headings of A.) Response Time, 
B.) Accuracy, and c'.) General System Behavior. Listings of the 
three groups of terms follow. Definitions of each of the terms are 
given in Section I.LI. of this report. 



A. Response Time 

, Damping Time 

Dead Time 

Delay Time 

Equivalent  Time Constant 
(Te) 

Frequency Response 

I n i t i a l  Delay Time 

Lag Time 

Response Time 

Riset ime (T,) 

S e t t l i n g  Time 

Time Constant (T) 

T rans i en t  Response 

. . 
B. Accuracy 

Accuracy 

Deviat ion (d . ) 
1 

D r i f t  

Er ror  

Leas t  Detec tab le  
Increment 

L i n e a r i t y  

Noise 

P r e c i s i o n  

Random Er ro r s  

R e p e a t a b i l i t y  

S e n s i t i v i t y  

Systematic  E r r o r s  

T rans i en t  E r ro r  

Yariance (02)  

C. General System Behavior 

Amplitude Peaking (M) 

Average Measurement 

Bandwidth (BW) 

C h a r a c t e r i s t i c  Equation 

C r i t i c a l l y  Damped 

Damped Natura l  Frequency (wd) 

Damping Fac tor  ( 5 )  

 iff e r e n t  i a l  Measurement 

F i r s t -o rde r  System 

Hys te re s i s  

Natura l  Frequency (an) 

Overdamped 

Overshoot 

Phase S h i f t  

Range 

Resonant Frequency (wr) 

Ringing 

Second-Order System 

Span 

Trans fe r  Funct ion 

Underdamped 



111. DEFINITIONS 

Accuracy: 

The accuracy of an instrument  i n d i c a t e s  t h e  dev ia t ion  of t h e  reading  
from a known i n p u t .  It i s  usua l ly  -expressed a s  a number o r  q u a n t i t y  
d e f i n i n g  t h e  e r r o r  a s  t h e  d i f f e r e n c e  between t h e  ind ica t ed  and ac- 
t u a l  va lues .  These can be  expressed a s  a percent  of t he  instrument  
range o r  a s  a percent  of t h e  a c t u a l  value.  

Amplitude Peaking (M): 

The abso lu t e  va lue  of t h e  r a t i o  'of t h e  maximum amplitude t o  t h e  
mean o r  average amplitude of an amplitude vs  frequency p l o t .  A 
second-order system response i s  presented i n  F igure  1. 

Average Measurement : 

M =  

The a r i t h m e t i c  average (mean) of two o r  more simultaneous o r  sequen- 
t i a l  measurements of t h e  parameter.  

A 
max - 

Amean 

Bandwidth (BW) : 

The band of f requencies  ly?ng between the  two f requencies  where t h e  
system frequency response i s  1/& ( 3  dB down) o r  70.7% of t h e  peak 
system response. The bandwidth-system response r e l a t i o n s h i p  i s  
shown i n  Figure 2.  Bandwidth can a l s o  be obta ined  from t h e  ampli- 
tude vs  frequency p l o t  (Bode diagram) presented i n  F igure  1. Band- 
width information i s  o f t e n  presented  a s  a normalized func t ion  of 
t h e  damped and undamped n a t u r a l  f requencies  of a system, i . e . ,  t h e  
r a t i o  of t he  3 dB frequency t o  t h e  n a t u r a l  frequency. Such a pre- 
s e n t a t i o n  is  made i n  F igure  1 5  of Sec t ion  IV of t h i s  r e p o r t .  

Cha rac t e r i s  t i c  Equation: 

am2 + bm + c = 0. The measuring system can be descr ibed  by a .  second- 
o r d e r  homogeneous d i f f e r e n t i a l  equat ion  of t h e  form 

This  can be expressed i n  terms of t h e  damping f a c t o r  < and n a t u r a l  
frequency .w  a s  fol lows : 

n 



Frequency, r a d  /sec 

F i g u r e  1 .  Amp1 i t u d e  versus Frequency . 
Diagram f o r  Second-Order 
Sys tems 



F igu re  2. Bandwidth of a Resonant C i r c u i t  



where 

S o l u t i o n  of Equation (2) is of t h e  form 

m t  x = A e  . 

1 S u b s t t t u t i o n  and f a c t o r i n g  of Equation (1) y i e l d s  t h e  gene ra i  form 

m t  
which must be s a t i s f i e d  i f  Equation (3) i s  a  s o l u t i o n .  S ince  e  
can never  be ze ro ,  i t  i s  necessary  t h a t  

d 

, Thi s  pure ly  a l g e b r a i c  equat ion  i s  known a s  t h e  c h a r a c t e r i s t i c  equat ion  
of Equation (1) . 
C r i t i c a l l y  Damped: 

The c h a r a c t e r i s t i c  equat ion  of t h e  system has two r e a l ,  equa l  r o o t s .  
The damping r a t i o  5 = 1. The response of a  c r i t i c a l l y  damped second- 
o r d e r  sys'tem can be seen i n  F igure  8 of Sec t ion  I V .  - 
Damped Natura l  Frequency (w ) : d 

The frequency of v i b r a t i o n  of r e a l  damped systems. The damped n a t u r a l  
f requency of a  second-order system can be expressed i n  terms of t h e  
undamped n a t u r a l  frequency w and t h e  damping f a c t o r  5 a s  fol lows:  n  



Damping Fac tor  (5) : 

A measure of t h e  o s c i l l a t o r y  behavior of t he  system. It has  t h e  
fol lowing phys ica l  s i g n i f i c a n c e :  

a c t u a l  dampin 
= damping f o r  c r i t i c a l g r e s p o n s e  . 

Since  5 in f luences  t h e  r o o t s  of t he  c h a r a c t e r i s t i c  equat ion  f o r  a  
system, i t s  va lue  i s  a  measure of t h e  a c t u a l  damping i n  t h e  system. 
When, 

5 < 1 t h e  system i s  underdamped, 

5 = 1 t h e  system i s  c r i t i c a l l y  damped, 

5  > 1 t h e  system is  overdamped. 

The damping f a c t o r  of a  second-roder system can be expressed i n  terms ' 

of t h e  damped n a t u r a l  frequency w and t h e  undamped m a t e r i a l  f requency- .  
w a s  fol lows:  d  

n 

 dam^ i n e  ' Time 

Time i n t e r v a l  measured from when t h e  system output  f i r s t  reaches 90% 
of f i n a l  va lue  u n t i l  t h e  time a f t e r  which i t  remains wi th in  a  spec i -  
f i e d  percentage of t h e  f i n a l  value.  Damping time is  shown schemat ica l ly  
i n  t h e  f i r s t - o r d e r  response curve pre>ented i n  F igure  6 of Sec t ion  I V .  

Dead Time: 

The i n t e r v a l  of t ime between the impression of t h e  inpu t  on an 
element o r  system and t h e  i n i t i a l  response t o  t h e  inpu t ;  

Delay 'Time : 

Time i n t e r v a l  between t h e  a p p l i c a t i o n  of a  s t e p  func t ion  t o  a  sys- 
tem inpu t  and t h e  time a t  which t h e  system output  response reaches 
10% of i t s  f i n a l  value.  This  is shown i n  the  f i r s t - o r d e r  response 
curve presented  in Figure  6 of Sec t ion  LV. 

. ~ e v i a t  i on  (d  ) : 
. 

F 

The d i f f e r e n c e  between an i n d i v i d u a l  measurement and t h e  a r i t h m e t i c  
mean.or average of a l l  .measurements. Thus, 



I where 

x r e p r e s e n t s  an  i n d i v i d u a l  measurement, 
i 

x r e p r e s e n t s  t h e  a r i t h m e t i c  mean of t h e  measurements. m 

The s tandard  dev ia t ion  o r  root-mean-square dev ia t ion  is  def ined  by 

D i f f e r e n t i a l  Measurement: 

The a l g e b r a i c  d i f f e r e n c e  of two l i k e  parameters ob ta ined  by simultaneous 
measurement of t h e s e  o r ,  by d i r e c t  measurement of t h e . d i f f e r e n c e .  

D r i f t  : 

A very  low frequency component i n  output  which i s  not  produced 
by t h e  input  s i g n a l .  

Equiva len t  Time Constant ( . T ~ )  : 

The t ime requi red  f o r  an  output  quan t i t y  t o  change by an amount equal  
t o  63.2% of t h e  t o t a l  change t h a t  it w i l l  experience i n  response t o  
a  s t e p  change i n  i npu t . .  This  is  shown i n  t h e  f i r s t - o r d e r  response 
curve presented  i n  F igure  6  o f '  Sec t ion  I V .  

E r r o r :  - 
Dif fe rence  between ind ica t ed  and t r u e  va lue .  Usual ly expressed a s  a  
pe rcen t  of f u l l  s c a l e  o r  percent  of reading.  

F i r s  t-Order Sys tem: 

A system which has a  behavior  t h a t  can be descr ibed  b y ' a  f i r s t - o r d e r  
d i f f e r e n t i a l  equat ion .  The t r a n s f e r  func t ion  f o r  a  f i r s t - o r d e r  system 
i s  



where 

E ( s )  is  t h e  system output ,  
0 

E .  ( s )  i s  t h e  system input  o r  d r i v i n g  func t ion ,  
1 

T is  t h e  equ iva l en t  t ime cons tan t  of t h e  system, 
e 

s i s  t h e  Laplacian opera tor .  

Frequency Response: 

The frequency dependent r a t i o  of system output  t o  system input  f o r  
s i n u s o i d a l  s i g r ~ a l s .  IL Fs a complex func t ion  having both magnitude 
and phase. A frequency response p l o t  i n  terms of amplitude (Bode 
diagram) i s  shown i n  F igu re  1. Bandwidth s p e c i f i c a t i o n s  a r e  o f t e n  
e r r o n e o u s l y ' l i s t e d  a s  frequency response requirements.  

Hys t e re s i s  : 

An instrument  i s  s a i d  t o  e x h i b i t  h y s t e r e s i s  when t h e r e  i s  a d i f f e r e n c e  
i n  t h e  ind ica t ed  va lue  of a parameter a s  t h e  measurement is  approached 
from above o r  below t h e  real.  va lue .  That is,  t h e  output  i s  dependent 
upon t h e  s i g n  of t h e  rate-of-change of i n p u t ,  no t  upon t h e  magnitude 
of t h e  rate-of-change. Hys te re s i s  may be t h e  r e s u l t  of mechanical 
f r i c t i o n ,  magnetic e f f e c t s ,  e l a s t i c  deformation, o r  thermal e f f e c t s .  
It is  normally s p e c i f i e d  a s  a percent  of t h e  f u l l  range of t h e  
instrument .  

Lni t  i a l  ' Delay ' Time : 

See Dead Time. 

Lag 'Time: 

The t ime span between the a c t u a l  occurrence of a given va lue  of a , 

parameter and when t h e  ins t rumenta t ion  i n d i c a t e s  t h i s  value.  The 
l a g ' t i m e  i s  shown on t h e  t r a n s i e n t  e r r o r  diagram i n  F igure  3.  

The minimum change in inpu t  w h i c h w i l l  produce a d e t e c t a b l e  change 
i n  output .  

L i n e a r i t y  : 

A measure of t h e  d e v i a t i o n  of the t r a n s f e r  functton from a l i n e a r  
func t ion .  L i n e a r i t y  is  u s u a l l y  expressed a s  t h e  percent  of f u l l  
s c a l e  t h a t  t h e  output  d e v i a t e s  from a l i n e a r  func t ion .  This  con- 
cep t  is shown i n  F igu re  4. 
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Natura l  Frequency (w- ) :  

The frequency of v i b r a t i o n  o r  o s c i l l a t i o n  of an exc i t ed  system which 
i s  f r e e  from t h e  i n f l u e n c e . o f  e x t e r n a l  damping. Also c a l l e d  t h e  un- 
damped n a t u r a l  frequency. For a  second-order system whose behavior 
is  descr ibed  by: 

t h e  n a t u r a l  frequency is 

Noise: 

Var i a t ion  i n  system output  when t h e  system inpu t  i s  he ld  cons tan t .  
Noise l e v e l s  may be expressed a s  peak-to-peak va lues  o r  a s  a  root-  
mean-square (rms) va lue .  

Overdamped: 

The c h a r a c t e r i s t i c  equat ion  of t h e  system has two r e a l ,  unequal roo t s .  
The damping r a t i o  5 > 1. Overdampe& response in a  second-order system 
i s  shown i n  F igure  8 of Sec t ion  I V .  

Overshoot: 

The d i f f e r e n c e  between t h e  peak and s t eady- s t a t e  o r  equi l ibr ium s y s t h  , 

ou tpu t s  f o r  a  s t e p  change in inpu t .  Ln terms of t h e  damping f a c t o r  5, 
t h e  percent  overshoot is  expressed a s :  

5 % overshoot = 100 exp - - . e' 
Overshoot i n  t h e  output  of a  second-order system i s  shown i n  F igu re  7 
of Sec t ion  IV. 

phase S h i f t :  

The frequency dependent d i f f e r e n c e  between t h e  phase of an  output  
s inuso id  and t h e  phase of t h e  corresponding input  s inusoid .  Defined 
f o r  s i n u s o i d a l  s i g n a l s  only.  The e f f e c t  of t h e  damping f a c t o r  5 
on phase s h i f t  over  a  range o f . i n p u t  frequenckes i s  shown i n  F igure  

' 5; 

Prec i s ion :  

The a b i l i t y  . t o  reproduce an output  f o r  a  cons t an t  i npu t  wi th  a  given 
accuracy. 
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Random Er ro r s  : 

E r r o r s  r e s u l t i n g .  from random f l u c t u a t i o n s  i n  t h e  ins t ruments ,  v a r i o u s  
in f luences  of f r i c t i o n ,  e t c .  

Range: ' 

The d i f f e r e n c e  between t h e  maximum and minimum~parameter va lues  t o  
which a ' sys tem may be  appl ied .  

Repea tab i l i t y :  

See P rec i s ion .  

Resonant Frequency (w ) : r 

The frequency a t  which t h e  maximum ga in  ( r a t i o  of ou tput  t o  i npu t )  
occurs .  I n  t e r m s  of t h e  damping f a c t o r  5 ,  t h e  n a t u r a l  frequency 
on, t h e  resonant  frequency f o r  a  second-order system is:  

Response Time : 

The i n t e r v a l  of time from t h e  i n i t i a t i o n  of a  s t e p  change i n  i npu t  u n t i l  
t h e  output  reaches  90% of t h e  f i n a l  va lue .  The response time i s  shown 
schemat ica l ly  i n  F igure  6 of Sec t ion  I V .  

Ringing: . . 

O s c i l l a t o r y  ou tpu t  r e s u l t i n g  from a  s t e p  input .  A s  ih a  g rea t ly ' unde r -  
damped system. (See ~ i ~ u r e  8 of Sec t ion  LV, 5 = 0.1.) 

Risetime (.r-): 

The l e n g t h  of t i m e  between t h e  10% and 90% values  on t h e  t r a n s i e n t  
response curve f o r  a  s t e p  input .  The r i s e t i m e  i s  . ind ica ted  in Figure 
6 of Sec t ion  I V .  

A system which has a  behavior t h a t  can be  descr ibed  by a  second-order 
d i f f e r e n t i a l  equat ion .  The t r a n s f e r  func t ion  f o r  a  second-order system 
is  



where 

E (S) i s  t h e  system output  
0 

E.(S) i s  t h e  system inpu t  o r  d r i v i n g  func t ion  
1 

o i s  t h e  undamped n a t u r a l  frequency 
n 

5 i s  t h e  system damping f a c t o r  

S is  t h e  Laplacian ope ra to r .  

It should be noted t h a t  s2 + 250nS + = 0 is  t h e  c h a r a c t e r i s t i c  equa- 
t i o n  f o r  t h i s  system. 

S e n s i t i v i t y :  

The r a t i o  of t h e  output  change t o  a  s p e c i f i c  change i n  t h e  measured 
parameter. 

S e t t l i n g  Time (T*) : 

Sum of t h e  de lay  time, r i s e t i m e ,  and damping time. Time r equ i r ed  f o r  
t he  output  t o  reach  and s t a y  wi th in  a  s p e c i f i e d  percentage of t h e  
s t eady- s t a t e  va lue .  The time t o  s e t t l e  w i th in  5% is  ind ica t ed  i n  
Figure 6 of Sec t ion  LV. 

Span : 

That po r t ion  of t h e  instrument  range f o r  which t h e  instrument  i s  
c a l i b r a t e d  t o  perform a def inTte  func t ion .  

Svstematic  E r ro r s :  

Fixed e r r o r s  which cause repea ted  measurements t o  be i n  e r r o r  by 
roughly t h e  same amount. Usual ly i nhe ren t  i n  t h e  system. 

Time Constant CT) : 

Equal t o . t h e  equ iva l en t  t ime .cons t an t  .re f o r  t ransducer  systems. 
T = RC f o r  a  s imple c i r c u i t  conta in ing  r e s i s t a n c e  R and capac i tance  
C.  

Transfer  Function: 

The r e l a t i o n s h i p  between t h e  system inpu t  and i t s  output .  This  i s  . 

usua l ly  expressed i n  t h e  fol lowing form: . 

E ~ ( S )  = f  I E ~ ( S )  1, where S is  a ~ a p l a c i a n  
opera tor .  



Trans ien t  E r ro r :  

The d i f f e r e n c e  between t h e  system e r r o r  a t  any time and t h e  s teady-  
s t a t e  system e r r o r  f o r  a  s p e c i f i e d  inpu t .  The t r a n s i e n t  e r r o r  i s  
shown schemat ica l ly  i n  F igure  3 .  

/ 

Trans ien t  R e s ~ o n s e :  

The response o r  output  h i s t o r y  of a  system f o r  a  s t e p  input .  

Underdamped : 

The roo t s  of t h e  c h a r a c t e r i s t i c  equat ion a r e  complex conjugate  numbers. 
The damping f a c t o r  5 < 1. The system tends  t o  d i s p l a y  an o s c i l l a t o r y  
behavior  i n  response t o  a  s t e p  inpu t .  Underdamped response i n  a  
second-order system can be seen  i n  F igure  8 of Sec t ion  I V .  

Variance (a2) : 

The square of s t anda rd  o r  root-mean-square dev ia t ion .  
\ 

LV. TRANSDUCER. SYSTEM CHARACTERISTLCS - . TRANSLENT AND STEADY-STATE BEHAVIOR 

A s  p rev ious ly  mentioned, t h e r e  i s  much confusion about t h e  terminology 
app l i ed  t o  t r a n s i e n t  response c h a r a c t e r i s t i c s .  To he lp  c l a r i f y  t h e  
d e f i n i t i o n s  given i n  t h e  preceding s e c t i o n ,  a  d i scuss ion  of some of 
t hese  terms, a s  appl ied  t o  f i r s t  and second-order systems, i s  pre- 
sen ted  below. Parameters used t o  d e s c r i b e  t h e  t r a n s i e n t  response of 
a  t ransducer  system a r e  presented  i n  a  normalized form a s  func t ions  
of t h e  system damping f a c t o r .  Thus, a common b a s i s  of comparison 
i s  obtained.  

A. F i r s  t-Order Systems 

1. Step  Input  

Consider a f i r s t - o r d e r  system having no i n i t i a l  de lay .  The 
t r a n s f e r  func t ion  f o r  such a system i s  

where 

Eo(S) i s  the  system output  

E.(S) is  t h e  system i n p u t  o r  d r i v i n g  f u n c t i o n  
1 

T is  t h e  time cons tan t  of t h e  system 

S i s  t h e  Laplacian opera tor .  



The response of t h i s  system t o  a  s t e p  inpu t  such t h a t  f o r  t ime 
t < 0,  E.(S) = 0 and f o r  t > 0 ,  Ei(s) = A i s  

1 

The response of such a  system t o  a  s t e p  inpu t  i s  shown 
g raph ica l ly  i n  F igure  6.  A s  can be seen from Figure 6 ,  t h e  
r i s e t i m e  T, i s  about 2 . 2  t imes t h e  time cons t an t  T .  Thus, 
f o r  a  f i r s t - o r d e r  system:. 

T = 2 . 2  T . 
r 

2. Ramp Lnput 

Because phys i ca l  phenomena occur a t  a  f i n i t e  r a t e ,  a  
s t e p  inpu t  a n a l y s i s  w i l l  n o t  always be  appropr i a t e .  Thus, 
cons ider  t h e  response of a  f i r s t - o r d e r  system t o  a  ramp 
inpu t .  For t h i s  c a s e  t h e  response can be expressed as 

where M is  t h e  r a t e  of change of t h e  input  o r  d r i v i n g  func t ion .  
The response of a  f i r s t - o r d e r  system t o  a  ramp inpu t  i s  shown 
i n  Figure 7. A s  can be  seen ,  t h e  dynainic e r r o r  soon a t t a i n s  
a  f i x e d  va lue .  This  r e s u l t s  i n  a  decreas ing  e r r o r  percentage 
a s  time progresses  ct >> - c ) .  Refer r ing  aga in  t o  F igure  7 ,  i t  
can be seen  t h a t  t h e  maximum e r r o r  o c c u r s ' a f t e r  s e v e r a l  t ime 
cons t an t s  have passed. The magnitude of t h e  e r r o r  is  t h e  
d i f f e r e n c e  between t h e  i d e a l  and a c t u a l  ou tpu t s  of t h e  system. 
Since t h i s  va lue  d iv ided  by time i n t e r v a l  T i s  equal  t o  t h e  
s lope  of the inpu t  ramp, t h e  maximum e r r o r  can be expressed 
a s  fo l lows ,  

Maximum e r r o r  = -rM. (5 1 

+ 

Where, T is  t h e  time cons tan t  of t h e  system and M i s  t h e  r a t e  
- of change of t h e  ramp input .  

Because t h e s e  systems a r e  represented  by l i n e a r  d i f f e r e n t i a l  
equat ions ,  t h e  s o l u t i o n s  can be superposed. Thus, combina- 
t i o n s  of ramp and s t e p  inpu t s  can be used i n  t h e  a n a l y s i s  of 
a  problem. Th i s  g r e a t l y  s i m p l i f i e s  t h e  a n a l y s i s  of t h e  dynamic 
response of f i r s t - o r d e r  systems. 
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Figure  6. Response o f  a F i r s t - O r d e r  System t o  a Step I n p u t  



Figure 7 .  Response of a First-Order System to  a 
Ramp I n p u t  



, 3 .  Steady-State Frequency Response 

The bandwidth of t h e  f i r s t -o , rde r  system i s  determined from 
the  two f requencies  a t  which t h e  system response is  reduced 
by 3 dB (70.7% of peak response) .  The 3.dB frequency i s  
given by 

B.  Second-Order Systems 

1,. S t e p  Input 

Although some t ransducer  systems can be adequately descr ibed  
by t h e  mathematics of a f i r s t - o r d e r  system, t h e  r e a l  e f f e c t s  
of f r i c t i o n ,  i n e r t i a ,  and f i n i t e  mass d i s t r i b u t i o n s  u s u a l l y  
p l ace  t ransducers  i n  t h e  realm of second-order systems. This  
i n  e f f e c t  r e q u i r e s  a  more p r e c i s e  mathematical d e s c r i p t i o n  
of t h e  system parameters.  

The gene ra l  t r a n s f e r  func t ion  f o r  t h e  second-order system i s :  

where 

Eo(S) is t h e  system output  

E. CS) is the system inpu t  - 1 

w = 2afn, t h e  undamped n a t u r a l  frequency n 

5 i s  t h e  damping f a c t o r  

s is a Laplacian ope ra to r .  

The t ransducer  response descr ibed  by Equation (7) can be ob- 
t a ined  by s o l v i n g  f o r  t h e  r o o t s  of i t s  c h a r a c t e r i s t i c  equat ion ,  

- Thus t h e  r o o t s  a r e  



From t h i s  s o l u t i o n  t h r e e  d i s t i n c t  ca se s  develop which a r e  
depexident upon t h e  va lue  of t h e  damping f a c t o r  5 .  

For : 

5 < 1, t h e  r o o t s  a r e  conjuga te  complex numbers and t h e  
system i s  underdamped. 

\ 

' 5  = 1, t h e  r o o t s  are r e a l  and ' equa l ,  t h e  system i s  c r i -  
t i c a l l y  damped. 

5 > 1, t h e  r o o t s  a r e  r e a l  and unequal and t h e  s y s t e m  i s  
s a i d , t o  be  overdamped. 

Second-order system s o l u t i o n s  corresponding t o  t h e s e  t h r e e  
caocs are as fo l lows .  

For a s t e p  i n p u t  . i n  which Ei(S) = 0 f o r  t < 0 and Ei(S) = A 
f o r  t > 0 ,  the s o l u t i o n  f o r  t h e  underdamped case  (5 < 1 )  is: 

where $ = t a n  
-1 

5 

The system response t o  a s t e p  i n p u t  when c r i t i c a l l y  damped 
(5 = 1 )  ' i s  descr ibed  by: 

Eo(.t) = A 11-Cl+wnt) exp (-w t )  J . n (12) 

The overdamped system (5 > 1 )  w i l l  respond t o  a s t e p  i npu t  A 
in t h e  fo l lowing  manner: 

The response of a second-order system t o  a s t e p  i npu t  is shown 
f o r  va r ious  va lues  of t h e  damping f a c t o r  5 i n  F igure  8. 

The risetime T of a second-order system i n  response  t o  a s t e p  r 
i n p u t ' c a n  be  approximated by t h e  fo l lowing  expression:  



Figure 8. Response o f  a Second-Order System t o  a Step Inpu t  



The r i s e t i m e  of such a system i s  shown a s  a func t ion  of t h e  
damping f a c t o r  i n  Figure 9 .  It w i l l  b e  noted t h a t  two curves 
a r e  shown i n  t h i s  f i g u r e .  One curve r ep re sen t s  t h e  r i s e t i m e '  
which has  been normalized t o  t he  undamped n a t u r a l  .frequency 
on, w h i l e . t h e  o t h e r  i s  normalized to. t he  damped n a t u r a l  f r e -  
quency wd by us ing  t h e  r e l a t i o n s h i p  od = on m. The rise- 
time of a t y p i c a l  second-order response t o  a s t e p  inpu t  i s  
a l s o  ind ica t ed  i n  F igure  8.  

The equ iva l en t  t ime contant  T, ( t ime cons tan t )  i s  c a l c u l a t e d  
from second-order response curves such a s  shown i n  F igure  8. 
It i s  t h e  t ime requi red  f o r  t h e  output  t o  reach 63.2% of 
t h e  s t e p  inpu t  and., a s  can be seen ,  i s  a l s o  a s t r o n g ' f u n c t i o n  

' . of t h e  damping f a c t o r .  Equivalent  time cons t an t s ,  normalized 
i t o  both t h e  damped and undamped n a t u r a l  f r equenc ie s  a r e  shown 

i n  F igure  10.  

J u s t  a s  the cime conscanc can be determined from t h e  system 
response curves ,  s o  too  can t h e  s e t t l i n g  time TA.  S ince  t h e  
s e t t l i n g  time i s  def ined  a s  t h e  t-ime ,required f o r  t h e  output  
t o  s e t t l e  t o  w i t h i n  a s p e c i f i e d  percentage of t h e  steady- 
s t a t e  v a l u e , , o n e  time is obta ined  f o r  each s p e c i f i e d  percentage.  
P a r t  of t h i s  family of s e t t l i n g  time curve.s a r e  shown a s  
fwnctions of t h e  damping f a d t o r  i n  Figure 11. Again, t h e  
s e t t l i n g  time has been normalized t o  t h e  n a t u r a l  frequency o . 

n 

Also apparent  i n  t h e  response of a second-order system t o  a 
s t e p  i n p u t  i s  overshoot and r ing ing .  A s  shown i n  F igure  8,  
t hese  a l s o  a r e  con t ro l l ed  by the  system damping f a c t o r .  The 
percent  overshoot f o r  a second-order system can be c a l c u l a t e d  
from t h e  fol lowing expression.  

Percent  Overshoot = 100 exp 

The overshoot  a s  a func t ion  of t h e  damping f a c t o r  i s  shown i n  
F igure  12.  

2. Ramp Input  

So lu t ions  t o  )the c h a r a c t e r i s t i c  e.quation [Eq. ( 8 ) ]  when t h e  input  
i n c r e a s e s  l i n e a r l y  wi th  time (ramp) a r e  given by t h e  fol lowing.  
For an underdamped system where 5 < 1:. 

exp (-<w n t )  s i n  ( m o n t + $  - 25hunt 

where $ = t a n  -1 5 m  and 
cL-112 

M i s  t h e  rate-of-change of t h e  inpu t .  
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F i g u r e  9. Normal ized Riset ime versus Damping 
F a c t o r  f o r  a  Second-Order System 
Having a  Step I n p u t  



bornping Factor,  5 

F i g u r e  10. Normalized E q u i v a l e n t  Time C o n s t a n t  
v e r s u s  Damping F a c t o r  f o r  a Second- ' 

Order  System Having .a S t e p  I n p u t  
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Figure 11. Normalized S e t t l i n g  Time versus 
Damping Factor f o r  a Second-Order 
Syste'm Having a Step lnput .  S e t t l i n g  
t o  within A' of the Final Value. 
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F i g u r e  12. Overshoot versus Damping F a c t o r  
f o r  a Second-Order System Having 
a Step I n p u t  



When t h e  system i s  c r i t i c a l l y  damped and < = 1: 

M 
Eo(t)  = ;[.(2+wnt) exp (-writ) + ant-21. (18) 

n 

The overdamped case  i n  which < > 1 i s  descr ibed  by the  fol lowing 
equat ion  : 

where ' v = 
5 + .Q-z 
5 - p = i  

The response of a second-order system t o  a ramp inpu t  is  shown 
f o r  s e v e r a l  va lues  of t h e  damping f a c t o r  5 i n  F igure  13. 

The maximum-error f o r  a given r a t e  of change of i n p u t  M i s  
given by: 

2 CM Maximum Er ro r  = - . 
w 

n 

This  w i l l  d e f i n e  t h e  response parameter < / w  and i f  t h e  damping 
n f a c t o r  5 i s  s e l e c t e d  t o  comply wi th  optimum des ign  c r i t e r i a ,  t h e  

r i s e t i m e ,  t ime cons t an t ,  e t c . ,  can be determined i n  a manner 
s i m i l a r  t o  t h a t  used f o r  t h e  s t e p  inpu t .  

3.  Steady-State Frequency Response 

The ampli tude peaking f o r  a second-order system can a l s o  be 
expressed as a func t ion  of the danlping f a c t o r .  The peaking 
f a c t o r  M, which r e p r e s e n t s  t h e  r a t i o  of t h e  maximum t o  mean 
s i g n a l  ampli tudes,  i s  expressed a s  a func t ion  of t h e  damping 
f a c t o r  a s  fo l lows:  

This  r e l a t i o n s h i p  i s  shown g raph ica l ly  i n  Figure 14. For 
convenience t h e  peaking i s  shown both  i n  terms of t h e  peaking 
f a c t o r  M, and dec ibe l s .  

The 3 dB bandwidth of a second-order system can a l s o  be ob- 
t a ined  from a knowledge of t h e  system damping f a c t o r .  For 

- 1 

25- 
M =  

A 
max - - -  

A 
mean 



F i g u r e  13. Response o f  a Second-Order Sy:tem t o  a 
a Ramp I n p u t  
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Figure 14. Amplitude Peaki-ng versus Damping Factor for a 
( Second-Order System Having a Step I n p u t  



convenience the bandwidth is normalized to either the damped 
or undamped natural frequencies of the system. The bandwidth 
normalized to the resonant frequency is expressed as follows: 

This relationship, and one in which w3d~ is normalized to wd, 
is shown in Figure 15. ' 

As revealed by the preceding figures, the damping factor 5 
exerts a strong influence on the response of a system. Thus, 
care should be taken to insure that the damping factor is such 
thaf the system response does not adversely effect the measure- 
men t . 
More complex systems are composed of combinations of ramp and 
step inputs and their analysis becomes increasingly cumbersome. 
However, the system response can sometimes be approximated by 
considering the lowest frequency term. If some initial delay 
is included as with acoustic, electrical, or pneumatic trans- 
mission lines, then this must be considered separately as an 
additional delay' in the transient response. 

V. - CONCLUSIONS AND RECOMMENDATIONS 

A single term such as "response time" does not adequately define the 
transient response behavior of a transducer system. Thus, such terms 
should not be used to specify transducer response requirements. Res- 
ponse characteristics should be given in terms of well-defined parameters 
which are important to the measurement. 

If ste'ady-state frequency response is of prime importance, the 3 dB 
bandwidth, phase characteristics, and amplitude peaking should be 
specified. If it is a transient response which is of importance, 
then the risetime, delay time, overshoot, and settling time .should 
be specified. Often the maximum allowable error for a given rate- 
of-change'of input is .a parameter yhich must be specified. The use. 
of well-defined terms, such as those given in Section I11 of this 
report, will help to prevent some,of the problems which have occurred 
in the preparation of specifications for transient response systems. 
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