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ABSTRACT 

An assembly of bendlilg magnets a nd magnetic quadrupo le lenses 

v.rt:.s fou!1d which causes the axio of a bea m of char~d par tic les of mo-

r:~enta p :t_ L). p to be shifted from its original axis to a par a lle l line dis -

placed fron~ its original axis by a distance d. A otudy of this transport 

systd-:1' in su .. h a wa.y that the ~ntix-e :tystere has an a cceptable effec t on 

the tr<:.nsvE:rsa motion of tb,.e baam, and so that the system is a chromat ic 

tv 15 . .;:· ~ !· orJ~;;r ln L). p/p. A typical transport system is given, _ and re -

Gults rut;:; rrescnted in graphical for~1 for a r ange of parameter s encom-

T)a:as~1>,~ the typical.values. 

*supported by 'the U. S. Atomic Energy Commission. 
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racy, complet.eneaa, or ueefulneu of the lnlormaUon contained lD th.le report, or that the use 
of any lnlormaUon, apparatus, method, or proceu diacloaed In thla report may not Infringe 
privately owned rta:b«~: or 

B . Auumea any Uabllltlu with rupect to the uM of, or for damages reaulUD& [rom the 
uae of any lnformaUon, a~ratua, method, or proceu dJaclolled tn this report. 
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I. INTRODUCTION 

. . . I 

Beam .transport systems generally consist of bending magnets 

· and magnetic quadrupole ·lenses which bend. focus. and defocus a beam 

.of chart;ed p2.rticles so that it moves in a "satisfactory way" from one 

pi-ace of apparatus to another. 

The need arose at this laboratory for a beam transport system 

. which would shift the axis of a charged particle beam from its original 

axis to son:te parallel lil1G> displaced from the original axis by a distance . . 
d. Transport systems of this type are referred to as beam translation 

systems. 

In order to accommodate particles of momenta. p !. Ap, it is 

desirable that the .net effect of the transport system be independent of 

D.p/p. Translation systems having this property are referred to as 

achron•atic. 

. ' 

It is importo.nt to consider the effect of such transport systems 

on the transverse dimension of the beam. These con.siderations state 

·simply that the transverse dimensions of t_he beam must not get unduly 

larg'3 at a.ny point within the trao-8p-:>rt system. The irnportance of this· 

eonzlu-<.H·ation for a partic:..:.lar transport systen~ depends on the size and 

c:ollir:n~tion of the incident beam. . . 

A general arrangement of beam transport elements was chosen 

which showed promise of yielding a satisfactory set of achromatic trans-

lc.tion systen":.!s. A procedure for· evaluating the performance .was estab-

lished, and a means was found for selecting suitable values for the 

.. 

.. 
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· Ti:is ctvr:;y is re~tricte:d to be::~.~ t:cansport systems having the 

ge:nerd.l ~.!.n·ar.gement of elements shovm in Fig. 1. · Tha first element 

O;J. til~ left is a bending. mag-11et .. 'I11e rJext five elements o.re magnetic 

quadrupole hmses and ·the las~, element is another bendil1g magnet. The 
. I . . . 

t:::-a':rlsport system is symmetric <About the center quadrupole lens. The· 

eien~ent Sfx'lcings a.;.· b, c, and th~ translation distance, d, are Ghown 

in .the Hzure. 

Both bending r:-t.t:tf£.1'lets bend axial particles of momentum p ori a 

r;;.dius of curv~.ture ,P •. ·through an angle of magnitude ex • The entrance 

and ezit edge angles of the· first element are j3 and zero respectiv~ly, 
~-

V!hel'0 the angles are defined as shown in Fig . .l. The· entrance and exit 
I . 

D.ngles of the ls.s.t element are zero and {3 respectively as required by: 

tho liymr.-.ietry~ ··-
The st~ant.rths of th~t: magnetic quadrupole lenses are given in 

terr:..1s of the lengths of the lenses and the gradients of the magnetic 

fields. All quadrupole lenses have the same length L. · The rcagnetic 

· fieid 2;'radient in the second, third anci fourth elcmeuta are s2, 33 anci" 

s4 respectively .. Tile gradients of the fifth and sixtn .ele::nents are s3 

1 and Sz respectively, again as a result of the SJinmetry. 'I'he second~ 

I· . 

.fom·th and Gi.'::th elen-;.ei.~ta are oriented so as tc.> be focushlf.! for trans-

verse motion in the plane of the translation. The third ali.t:t" fifth ele-. 

.. 
ments have. a defocusing ac_ticn 011 tru14sverse motion in this plane. 

I 
I· 
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!11. TR!·~J ECTORIES 

It ,.ius felt that the arrnngement of elerr..ents described above 

v.rould yield a set of satisfactory achron:atic tran.::lation systems. That 

this ia re;:tsonable can be advanced by co::1sidering the trajectorieE of 2. 

few particular test particles. 

A .• The Achromatic Condition 
i 

The trajectory of an axial particle of momenb.tm p is shown as 

a solid line in Fig. 2. An i\.~i.al particle of rr.omeritum p + .6.p will 

trnvel along some da3hed line as shown in the same fi~ure. The second 

and t!1ird elements form a quadrupole doublet lens cornbination which 

causes axial particles of loJOmenta p :t_ ~p to intersect the axis near 

the ·point of sy:r:rtLetry in the center of the fourth element. The axial 

pa:r·ticle of ·momentum p + 1:1 p will continue relatively undisturbed 

through the ·weak field. i.n the center of the fourth element, through the 

quadrupole doublet lena formed by the fifth and sb,th elernents, and 

finally through the second bending magnet. As .a result of the sy·m-

~etr.y about the center of the tranaP?rt system~ this off-mon,entum 

particle will rejoin the a>:is of the transport system on leaving the bend-

iag magnet. \Ve see ~hnt a:-::ial partie les of momenta p !. ..6 p all suffer 

a translation of a distance d, and a zero net change iu angular direc· 

· tion independent of ~ p/p to first order. Hence ·v..-e say the beam has 
. ··-

tmdergone an achromatic translation • 

·. 
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·B. . 'fhe Transverse 1\!otion 

oi' n.orv.::\ta p . . ~~i: x be th~ coordiP..ate normal to the axis of the trans-

p0rt :~yste m lying b the plarie of the translation, which we will for· 

Let y be the vertical coordinate (i.e .• 

is t~e arc length alo;1g 'the axis. 

1. The Vertical ?.,:lotion 
... 

thiG dotiblct 5n the vertical plane. 

n::d t?:N e~~j.t f..;:.cc of ihc s-:-~c~·nd m:::gnet through. an angle jJ f:rom normal. 

:.<"lci:.i·.Jih.:c. The ar::.gle· jJ can be ci1os~n so that a para:.:ial particle clis-

)kce:i. i;:itic.~ly a. .distance ·y a.1:.ryv·e the plane of the translation is forc·.:;d 

~)l::.ccd ;::. distance y below the ;)lc'lue. A ray diagram of this motion is 
• 

rrhe tr.ansfo:cino.tion through the entire beam trans­

- 1 
r;o:rt s~n:::t(:r:J for the (y. y') vector is, in matrix notatio_n 

0 - 1 
1,"?:-;:r.~ it not for the rdm.1s signs. the matrix would represent simply a 

· rei~rrcd to o.s ·the 'y'' drift l~ng'&:h . 



2. ':'he Hori zontul !-.1otion 

L~t us now co;1e:dder the traje<~tory of a paraxial ray in the plane 

of th~ trnnslc:.tion displaced horizontally a distance x from the axis on 

entrance ·co the transport system. 

The focusing requii~ed by the achromatic condition causes an over• 

foc' .. wed situation for th~: x moti.on. · Tlu'lt is, the paraxial ray crosses 

the axis before arriving at the center of the transport system.. Tha ray· 

o.rrivcsat the plane of the fourth element with an x and an x' coordinate 

of the sac1·~ t~.lgebraic sig::1. The ro.le of the fourth element is to transfo~rn 

the (:OL)rdlnaf~~a of such p~rticles fron:; {.x, x'). to (x, - :c'). This par:ticle . . . 

then continues through the transport systGm and,as a result of the symmetry, 

leaven the tranr:port system n3 a paraxial ray displaced by a distance x 
... 

from the s~is. This motion is ohown in Fig. 4. The transforr.Gation 

through. the entire tr::msport syt::t~r:1 for the (x. x') vector is, in matrix 
1 . Lx 

~:otion Th:;..s is simply the trans!orn:aticin for a drift of · 
0 1 

a. distance Lx• where 1-x is called the "x'i drift length. 

IY, THE APPROACH 

The systern is descr~bed in Section ti in terrns of twelve 

V2l.riableB; n.,. b, c, d, p~ L, Sz, s3, s4, . ex, f3 ' nnd p . The 

variable c is simply d/(2. sin ex ). 

It is of interest to group the variables in such a .way that they 

are readily applicable to transport systems producing a translation of 

tiistance d, for particles of momentum p ±. 6 p. The variables, other 

than d and p, are grouped ~s follows: a/c, b/c, L/d, Gz, G 3/Gz, G4, 

l ., 
'I 
i 
I 
I· 
l· 

·I 
·I 

I 

I 
,. 
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CX:, j3 ·, p /d: whe:ra the G 1E- a:re unltless parametars proportional a 

to tile qHadrt~p-.)le field gN\.dior.:ts s. Gn is defined a~ sn .cl 2 /p where 

~1 tla.D the units of gnuss /unit lsn~"'th, and p is e)..pr~sscd as ;nagnaUc. 

rigidity in units of gauso x unit length. All nine quantities above are 

unitless, and hence require no scaling between transport systems of 

different d's and p's. 

Assuming that d and p are given, we now seek a. \vay to deter-

rni..'1e suito.blFl values for the nine \Initless quantities ·required to com• 

pte'te thr~ description of the transport system. A,r:pB.cation of thG three 

conditions presented in Section Ill, serves to make thG three quantities 
. . . 

G 2, f3 , G4 dependent on the rer:Jaining six quantities. Given these. 

six quantities, a. proc~d·Jre described in Section VIII facilitates the 

solution for the v~lues of G2, f3 , and G 4. 

We began to probe the nature of these transport systems by 

0 
choosi...-1.g ()(. ::: 20 , p/d = 0. 5467, L/d c 0.1366, and b/c = 0. 25. A. 

'~ rn.nge of values was chosen for a/c and G3/G2. Specification of the 

lattc;r two parameters completes the required infor~.ation for a par• 

i:icuL'll" achromatic transbtion system. 

V. BEHAVIOR OF Ly 

Examination of the resulting beam translation systems confirms 

the fact that tlle net result on the y motion of the eilt?.re system is simply 

~ . 

u. drift-lik~ transfor-l.nSJ.tion .... with a drift length of ly· However, the 
' 

2::mf!L4di. i'tl?JL I 

.:~~ . . 
:::iCf: Section lli. 

;...· 

l 
·J 
I 

~I 
I 
j 

:I ,., 
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Vr:tl:1<:~D of Lv ·ranged froni valuef3 vvhich were una~ceptably larGe. hy 
. "' 

preoc·Ht(;d in Fig. 5. Bach dot represents r.. particular transport systam 

wheri:! ti1e.rc~ulting I~ is plott~d against the r<~tio G 3 /G2• Systems. 

h.:.;.viiJg the sanie ·value of aJ c are joined by a line and the value of il/ c. 

i 
'is indicnted. 
~ 

The x rr:Cition rr;ay likewise ·be described as a drift-liki~ trans-.: 

J.·orma:i:ion \dth a dri:t"i: lengd1 ~:· Lx is always sn:::all, and is apparently 

ir~.scn.s~t:;:ve: to ti1~ particular pars.m.eters of the transport sy~tem. 

'1'1.1~~. bd1~vlor of Ly gave rise to a fourth ccn~.itjon on the choice 

of. ps:rameter.s • Tile decioion was n::ade to ci!oos~the ratio G 3 /G
2 

so 

.sri;<Lll> and in. th~ subsequent runs, G 3 /G2 was chosen to 

c.o:.·l.·eGiK·Ud to the fi:cst root of Ly as shown in "i?ig. 5, for every set of 

vah:.<?f:l ch0sen for thd remainin~ variables. 

'
rr .1.. RESULTS 

Tl·H::re rcr11ain but five choices to be :nw.de no .. v to complete the· 

desc:~·iption of the transp:n·t system. The choices have been reduced to 

th!~ (.h~fled .. ion angle ex , and the radius of curvature p /d of the bending 

r;'\B.!}'nct, the quadrupole spacing-5 a/c and b/c, and the quadrupole 

This study \.vas n1ade in connection \Vith a sea1·r~h for a·beam 

t.c<.l.ll:;latioil syf:ltew fo:..· a f*.!.rdcular iJU...pose. Values were chosen for 
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tto five quantit.ie·s abov-a which were suitable for this pax-ticular ptU"posa ... 

narne:ly, CX. = 20°, · p/d = 0. 5467, a/c = 0. 50, b/c = 0. Z5, and 

L/d = 0. 1366. 

In. or de~ ~o r~veal the effect of each of the quantities ex. p /d, 

·a{c aud b/c, they were varied about their design value and the results 

are prese~1ted in graphica,l forrn in Figs. 6-9. It was felt that the effect 
I . 

of the pararu~tcr L/d on the performance of the ~anslation syst~:;m. was 

small and no attempt was made to study the system .while varying this 

Figure 6 is a plot of the parameters Gz, G4 and p as a function · 

of ex. for <X behveen 15° and 30°, where the parameters p/d, a/c, 

b/c, and L/d have their design value. The solution of G3/Gz proved 

to be O. 75 for all values of tX. The vertical dashed line marka the 

·design value of C( •. · 

Fig-ure· 7 is a plot of the pnran).eter:s G 2• ~4 and (3 as a function · 

of p/d, ':vhere the parameters ex. •. a/c. b/c and L/d have their design 

value. Here again, G3/Gz is 0. 7f) for all values of •p/d. 

Figure 8 is a plot. of the parameters Gz, G3 .. G4 and f3 as.a 

function of a/c, v.rhere the parameters· 0<., p /d. b/c and L/d tulve 

. their design vo.lue. The solution for G3/Gz i3 a function of a/c as . 

shown by the ·two curves .. 

Figure 9 is a plot of the param.eters Gz, G3, 0 4 and· f3 as a: 

funcUon of b/c, where the. parameters ex, p/d~ a/c and L/d have: 

their design value. Here tho solutionf>r G3/Gz is a function of b/c. 

• J 

d , L 
I 
i 

l. 
I. 

.\ 

. ' !
'· 
I 
l 

. I 
. l 
.I 

., 
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~: 
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The par·ticle bec:..ms exhibit. their maxhi.um width in the x plane 

nt "i.he c;;;ntral quadrupol~ L<.:!l1S. The ·ratio or Xmax to th~ width of the 

:lnddent bea:m, ~i:i• is shown in Figures 6·9. 

'I'abie I presents the actual parameters for o. beam translation 

syst~m# along with vE:'.lues fo1· the cor1·esponding unitless quantities dl8-

fined in this prrp-::r. The transh:.tion systen:. dea<..~ribed on tW; left-hand 

side of T.:tble I was designed to translate a bean1 of 20.0 Mev protons by 

a trauolatiun distance of 17. feet. 

TABLE I 

Actuz:.l Translation Sys~em 

Proton Be a n1 

Energy ~ 200 Mev 

· d = 12 ft. = · 365. 8 ern. 

p_ =: 2.1496 x 106 gauss em. 

a = 267. 5 em. 

b = 133.75 em. 

e :: 535.0 em. 

L = 50.0 em. 

s2 = 46~ gaussiern. 
. 

s3 ;:: 3'fr8 gauss/ em. 

s4 a 420 gauss/em. 

ex. = 20° 

(J = 28.75°. 

p = ZOO em. 

Unitless Repr~sentation 

( 

d 

p . ' 

a/c = 0. 50 

b/¢ = o. 25 

L/d =. 0.1366 

Gz = Z8. 95 

a3 /o2 ·= ·o. 75 

G4 = 26. !'4 

ec: = zo0 

o· /3 c . za. 75 

jJ/d = 0.'5467 

.. 
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Vll. . DISCUSSION 

The beam translation systems described here have·a number 

of desirable features. Th~y are achromatic to first order in ·~ p/p. 

The. transformations ·describing the transverse motions are essentially 

plus and minus the identit;Y. transformat.ion.' . The systems are made up 
. . 

· ·of ·standard beam transport elements and all systems are symmetric 
' 

·about their· center element. 

An achromatic beam translation -system1 ·was described 1n the 
. . 

literature· in 1954, which ia in fact a special case of the beam translation· 

systems described in the pr~sent paper. The system described in the 

earlier paper had no e1Gment1? corresponding to the third and fiith ele· 

ments of the present system. The earlier system, therefore, is the 

sp~cial caGe of the present system where G3 or the ratio G3/G2 ls zero •. 

We have found the third and fifth element essential for the reduc• _ . 

tion of the magnitude of the drift length Ly• A reference to Fig. 5 sup­

ports this findmg • 

.Vill. DIGITAL COMPUTATION PROGRAM 

'I'he large number of variables inv0rved, and the nature of the 

four conditions imposed on the solution# make it difficult to proceed 

a.11.al;ytically. We d~cided to seek our understanding of these transport 

systems with the aid o£ a digital computation program • 
.. 
A program entitled BEAM TR..l\..NSPORT2 was prepared for an 

IDM 704 computer I which could f3imulate the action of an arbitrary 

collection of beam transport elements on a beam of charged particles. 
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The tra!1:zform::ttions ·.vhich simulate• the action.of the elementll of the 

t:.·an:::p~rt cystern incl.udc oaly th·a linear terms and a.r~ conveniently 

ret!nrded in th8 form of (3 ~:: 3) rr,gtricf~S which operate on the· column 

vectors c:J and · 

An excellent review of the considerations leading to· these trans-
. ' . . 

formations appears in ;;m article by S." Penner. 0 

Tracing particle rays t'hrough a particular beam transport system 

with the uid of this progr-ar.i:1 is so rapid (o~ the order of one second), that 

it is .p:cactical to solve f;'Jr G2, (3 , G4, and G3 /G2 inan iterative way~ 

T!1e nature of the beam entering the first element of the trnns~rt 

. :;ysten1 was specified as a set of particles each having :{, x', y, y',. and 

6 p/p coordinates~ . Thio. set of particles included the three particles 

pertin~nt to the application. of the !our conditions described earlier. 

A run would be initiated by specification of the five quantities · ex, 

fJ /d, a/c~ b/c and L/d, along with guesses at the values of .Gz, f3, · 

G ' I''< fr! ~ 4~ ana. '.T3 u 2. The initial set of particles would then t.e traced 

through the tr::msport system. 

An ''adjust" subroutine \vas prepared for the computer program, 

v1hich applied the four conditions described earlie:z:o to the results of the 

ray tracing, and which r;.:.ade incremental changes to the values of G2, 

j3, G4, and C3/G2 in such a direction as to satisfy more clor:;ely the 

:imposed conditions. After an average of 100 iterations (i.e., 100 seconds), 

---------------------------------

I 
i 
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r;olutiow:J for ·~h.ei.le pm:·En: .. 1etr.Irs. 
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FIGUB.ES CAPTIONS 

~. 
~... , 
J..1 :.g. .t 0 Gcn..::rc . .l. o.rrangcment of elements. 

Fig. 

. . 

tid~ of n;1~:mentum p +· ~p. The F and D l"efcr to the action: of the 

' quadrupole lenses on trauaverse motio11 in the ptane of the tran;;la- . 

tiou. 

. Fig. 3'.- Ray diagram .shotvip.g as a da~hed line the y motion for a paraxial 

. f3.rticli: of :;,~on:tcntul.n p. 'I'he · y coordinate iG. th~ coordinate normal 

·. to th~ plane cf the .translatiOi.1. Here·. F and D. r~fer to the action 

of the quadrupole lensas on y. 

. . 

particle of moinentuzn p. The x coordiru;.~a is ·measured normal to 

0 " 

the r;..xio of the transport sy~'t~rrJ. in the plane of the translation. Hezoe 

2 n.nd D refex· to the ucticn of th~ quadrupple lenees on ~. 

Fig. 5. 'rho y d:clit l~n.gth versus tho 1·atio G3/G2. for tl'l..re~ different values ,. 

oi ~I c. 

Fig. 6~ 'Th.e effect of varyh-1g ex: <.).bout its design value of 20° on seve~al 

'I'M solution for G 3 /G2 is o. 75 for all val.ues of· ex. 

7. The <:!i'Ied. of vary:L."'lg p/d about its design value o. "546'1 ·on sev~ral 

pru:ar.cete:ts. The. soluHm1 fox- G3!Gz is 0. 75 for all values of jJ/d. 
I 

Fie. G. The ~ffcct of varying a/ c about Us dc~igu value of o. 50 on Sdveral 
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