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ABSTRACT
Axn assewbly of hending magnets and magnetic quadrupole lenses

was found which causes the axis of a heam of charyged particles of mo-

!

rmeata p + Ap to be shifted from its original axis to a parallel line dis-
placed from its original axis by a distance d. A study of this trqnaport
sveten: demonstivates that 1t ig possible to choose the parameters of the
gystem in such a way that the entire systemr has an acceptable effect on

the transverss motion of the beam, and so that the system is achromatic

st order in Ap/p. A typical transport system is given, and re-

L]

1O 11

wre presented. in graphicdl form for a range of parameters encom-

pasging the typlcal values,
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I. INTRODUCTION

Beam transport systems generally consist of bending magneta

- and magnetic quadryupole lenses which bend, focus, and defocéus a beam
of charged particles-so that it moves in a "satisfactory way" from one

piece of apparatus to another,

- The need arose at this laboratory for a beam transport system

1

which would shift the axis of a charged particle beam from its original

axis to some parallel line displaced from the original axis by a distance

d. Transport systems of this type are referred o as beam translation

gyGtems.

In order to accommecdate particles of momenta p + Ap,‘ it is
desirable that the net effect of the transport sys’gem be independent of
Ap/p. Translation systems having this property are referred to as
achronatic, |

it is importent to consider the efiect of such 'cranspo"rt gystems

on the transverse dimension of the beam. These congiderations state

-gimply that the transverse dimensions of the beam must not get unduly

large at any point within the transport syste m.  The impbrtanée of this
consldesution for a particular trensport system: depends on the size and
c:olliz:eafiox;l of the incident beam,

A general errangement of beam transport elements was chosen
which showed promise of yielding a satisfactory set of acbromaticltrans-
letion systems. A procedure for evaluating the performaunce was estab-

lished, and a means was found for selecting suitable values for the




- Tais study is restricted to

seamn transport ystar 18 b«..vmt, the
general zx*angcn“em of eleracnts shov;n in Fiq 1, The f;rs*t element-
on thé lei‘t iz a bending_ rrzé@aet. A 'The next five elemen_té are magnetic
quadrupcle lgnses and me, last element is another Lending magnet. The
| transport éysterﬁ is symrmetric abqut the center .quadrigpole leus, The_ ’
' él_ement,si ings a,-'_,b,- c, alnd, thé translation distan.ce,v <.i', are stlldwa'.
in the i’ig&re. | o
Botn bsndmr ma..g | bend axial f)artlcl';s of : omemuml p on a.
'{'Ddluaa of curvature /o throu;}h an angles of magaitude o€, The entrance
and exit edn angles of the first f*letoemt are ﬁ and zero respex.tlvely,
where the angles are de.fined as shown in Fig. L. The en‘_trance and exit |
..o.ngles of thgiast e}emeni are zero and e r'espei:tively aS‘rquu‘i‘x'ed by
tho";'ymmetry'. . . . | .,,,
The stsengtiia of the magnetic quadrupole le_nses,are' given in

N

terms- of the lengths of the lenses and the gradie'nts of the magnetic

fields. All quadrupole lenses have the same lengih L. The magnetic

field gra élent in the second, taird and fourth elemems are Sz, 33 and

UJ

Sg feépectively. :The gradienis of the fifth and Sixth ,ele:nents are Sz
i- and SZF fes;sectively, again ag a result of the syinmetry. The sécond‘,
fourth and ‘zéL :th elemeits are oriented so as to be focusing for trans-
verée mmotion in the plane of the translation. The t'n’ird aud'fifth ele-.

mente have a defocusing a ticn on transverse wiotion in this plane,




undergone an achromatic translation.

1, TRAJECTORIES
It was felt that the arrangement of elements described above

would yield a set of satisfactory achromatic translation systems. That

this ig reasonable can be advanced by considering the trajectories of a

few particular test particles,

A. The Achromatic Condition

Thé trajectory of an axial par.ticleb of momentum p is sho% as
a solid line in Iig, 2. An axial particle of momenturo p + Ap wiil
travel along some dashed line as shown in the sanie figure. ‘ The second
and third. elements f@rm a quadrupole doublet lens combination which
causes axial parti}cles of inomenta p + Ap to iniersect the axis near
the point of sywimetry in the center of the fourtn clement. The axial
particle of momenturmn p + Ap will continue rela’cive}._y undisturbhed
through the weak field in the center of the fourth eleinent, through the
guadrupole doublet lens formed by the fifth and sixth elemoents, and
finally through .‘che second bending magnet, Asa result of the sym=

metry alout the center of the trangport syster, this off>mormentum

particle will rejoin the axis of the transport system on leaving the bend-

ing magnet. We see that axial particles of momenta p + Ap all suffer
a translation of a distance d, and a zero net change in angular direc-

tion independent of A p/p to first order. Hence we say the beam has
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1e Transverse Moiion

We now consider the transvarse motion of the off-raxis narticles

of nonventa p. Let x be the coordinate normal to the axis of the trans-~

Y,

he plane of the translation, which we will for

»oy

siplici; \‘akc to be horizontal. Let y be the vertical coordinate (i.e.,
aoraal o the plane of the translation). Let x' and y' be dx/ds and.
dy/da,  where s i8 the arc length along the axis.

1. The Verm* 1 Motion

,,..:

The acaromatic condition reguires uadrupole doublet {second .

wd third elomrents) w mun hus some net ocu sing i the horizontal pla.w.

A met defanusing resulis frons this doublet in the vertical plane. Ver:‘cieal

Tocusing is introduccd by rotatiung the entrance face of the fArst magnet,

=it face of the saecond magnet ‘chrough an angle ﬁ from normal.

Ineidonce. The angle /3 can b ¢ aosen =) tha a paraxial particle dis-

Slnced initiclly a distance 'y &hove the plane of the translation ig forced

ra43 through the plane at the point of gymmetry an d as a result

W oymmotry, o oxit from the transport syster as a paraxial ray dis-

o @

~laced a distance y kelow the plane., A ray diagram of this motion is
L]

shown in Fig. 3. The transformation through the entire beain trans-

-1 4
wort sy m for the {y, y') vector is, in matrix notation , L-" .
: : 0 -
Were itn x’or the minus signs, the matrix would represent simply a

free-space drift of the vector {y, y') for a distauce L. Ly will be

‘reforred to a5 the 'y drift lengh.




cutrance to the transport system.

2. The Horizontal Motion

Let us now consider the trajectory of a paraxial ray in the plane

of the translation displaced horizontally a distance x from the axis on

The focusing required by the achromatic condition causes an over«

focused situation for the x motion. " That is, the paraxial ray crossges

the axis before arriving at the center of the iransport system.. The ray
arrives at the plane of the fourth ¢lement with an x and an x' coordi.ria’te '
of the same algebraic sign. The role of the fourth element is to transform

the coordinates of such particles from (x, x') to {x, - x'). This particle

then continues through the transport system and,as a result of the symmaetry, .

leaves the transport system as a paraxial ray displaced by a distance x
from the axis. This motion is shown in Fig. 4. The transformation

through the entire transport system for the (x, x') vector is, in matrix

L Ly

. moticn ‘ .. This is siroply the transformation for a drift of -

B |
a distance L., where Ly is called the "x" drift length. -

IV, THE APPROACH
The systern is described in Section II in terms of twelve -

variables; 'a,Ab, c, d, ‘p; L, 83, SS' 84-, T, ﬁ . 'zindi /o . The v

 variable ¢ is simply d/(2 sin o< ).

It is of interest to group the variables in such a way that they |
é,x;*e readily applicable to transport systems producing a translation 6f
istance d, fdzf particles of momentum p + Ap. The variables, other

than d and p, are groaped z8 follows: a/c, bfe, L/d‘,v' G, G3/Gp, Ggo

. -

-y
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. O<; /g’ /o /d, where .t'he‘{ii's tre unitless parametors proportionsrl ¢
10 "ahe-quadrxipole fi 1d gradients S. Gp is defined aé S 'dZ/p where
S, has the umt.; of gauss/unit length, and p is expressed as rpagnatic
rigidity in units of «*éusa % unit le.ngth All nine quantities above are
uniﬂefss, and hence require no scaling between transport systems of
different d's and: p's.

Asgguming that d and p are given, we now seek a way to defer-
mine suitable values fér the hima unitless quantitiés ‘re‘quiréd to com-
plete the description of the transport system. Agplication of the three
conditions pre‘senfed ip Section Ili, serves (o mal;:e the three éuantitieé
C—Z, ﬁ , Gy depezldent on the reraining six quantities, Given these
six quantitics, & procedure described in Section VIII facilitates the
solution for the values of Gy, /8 , and G4.

We began to probe the nature of these transport systems by

0 .
choosing o = 20, p/d = 0. 5467, L/d=0.1366, and bfc = 0.25. A

range of values wasg chosen for a/c and G3/G2. Specification of the

lntter two parameters c;ompletes the xfequired information for a par-
ticular achromatic translation system, |
V. BE;HAVEDR OorF Ly
Exarnination of the resulting beam translation systems confirms

the fact that the net result on the y motion of the eatire system is simply

¥ . ‘ = '
a drift-like transformation” with a drift length of Ly However, the

A}

“See Sectién fl.




Q

-'3{
mm‘ntudaﬂ ‘L,.}, -or?mncof th; svstems was quite a surp1;1ue. The
valieo c}i" L;.}, "ranged froni values w hich Were‘u ¢centably Iari;@,hy
most standarde douwn to ve ".:es_ of zero in sor::d cases, T‘h-cse "dat.a afé '
preé&'x:ted in 'E'ig, a Each do:t r.epresents & baftiéxxiar transport systa.m'

wherée the, nauh*w Ly is ploctg.d agamst the ratio (13/(,\? Systems .

. h-vm the same value of a/c are joinaed by a line and the value of 1/c

Hs indicated.
i

The x motion may likewise be described as a drift-like trans--

xermumu with o drift lena;n L. . 18 always swmeall, and is apparentl
. Yy PA : _

in:sensiti‘ve:_ to the particular parenieters of the transport 'system.
‘l“efx:‘ ¢havior of L.»y mxvn. rige to a fourth ccn"ition on the choice
ci naxrasneters, The decizion was m ade to cliwoose ’m«= ratic Gv;/f*z s0

as t

Q
l-‘
=
i
&

nake Ly' sﬁ:zm) énd iz'i'the subsequent runs, G3/G2 was chosen to
correspond o the firfst roct of Ly as shown in Fig.‘ 5, for avery sgt of
valuzs chosen for the remaining varmbleé |
Vi. RISULTS
There reiain but five choices to be niade now to complete the
agscription of t}w transport system. The choices have been reduced to
the deflection angle o , and the radius of curvature /O/d of the hending
Amag? wt, “he quadruuol spacingz afc and b/e, and the quadrupole \'

lenzih L/d.

This study was made in connection with a search for a beam

translation eystew for & purticular purpose, Values werae chosen for
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the five quantities above which were suitable for this particular pux"posal,

namely, X = ZG‘O, ' p/d = 0.654567, a/c=0.80, b/ec = 0,25, and

L/d = 0.1366,
In order to re veal the effect of each of the quantities 0( /o/d

afe and L/fc, ’chey were varied about their design value and the results

are presented in graphma} ferm in Figs, 6-9, It was felt that the effect |

of fhe pararm.eter L/d. on the performance of the transiation éysﬁe’m, was
small and no attemét wag made to study the systé.m while varying ;his |
paran:a".ter.

| figqré 6 "is' a plot of the parameters Gy, G4 and /8 as "a fu;xétidn ‘

of x for o« between 15° and 30°. where the parametérs p/d, ale, .

o ‘b/e, and L/d have their desidn value. The solution of 'GB/GZ proved
to be 0,78 for all values of oc The vertical dashed liﬁe marks the - -

- design value of o .

Figure 7 is a plot of the parameters Gy, G4 and p as a functionl

~ of /o/d vvhere the parar*cters o, a/c, b/ec and L/d have their des1g,n

 valve. Here again, G3/Gj 18 0.75 for all values of p/d.

-Fig-.iré 8 ié a plot of the parameters Gz, Gg, G4 and /B as a

function of afc, where the fx—zrameters' x, '/O/d.- b/e and L/d have

_their deeign value. Tho solution for G3/G, is a function of a/c as . -

shown hy the two curves.

Figure 9 is a plot of the pafamaters Gz, Gy, G4 and ,6 asa’

_fun-c’cio'n of b/c, where the parameters (X, ’p/d; 8/c and L/d have

their design value. Here the solution br G3/Gp is a function of b/e,

P IR
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The particle beams exhibit their maximum width in the x plane

at ihe centrsl quadrupole lews. The ratio of %, to the width of the

incident beam, x4, is shown in Figures 6-8,

Table I presente the actusl parametérs for a beam translation
systern, along with values for the corresponding unitless quantities de-
Jined in this paper.

aide of Table I was designed to translate a Lean: of 200 Mev protons. by

|

a trausiation distence of 12 feet.

TABLE I

Actuel Translation Svsiem

The trancluation systern: described on the left-hand

Unitless Representation

Proton Beam

Energy - 200 Mev

d

d = 12 ft. = 365.8 cm.
n = 2.14§6x 108 gauss cm, P__..
2 = 267. 5 cm, " afc = 0.50
b = 133.75 cm. blec = 0.25
¢ = 535.0 cm. . -
L = 50.0 cm, L/d = 0.1366
8, = 448 gauss/em. Gz = 28.85
83 = 348 gauss/cm. G3/Gy = 0,75
S4 = 420 gauss/cm, Gq - 26.14
= 20° o = 20°
B = 28,75° B = .28.75°
. 200 cm,

/Ofd = 0,.5467
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VIi, DISCUSSION

The bearn translation systems described here have-a number

-of desirabla’fea;tufes ‘They are achrormatic to first order in 'A p/p. -

The tram orrﬂations descrxbmg the transverse motions are essenhally

' plus and minus the 1dent1"y transformation. The systems are made up
» of cimﬂdwrd beam transport elemerta aud all systems are symmetric

'abOut their‘ center ele ment.

1

“An achromatic beam translation system”™ was described in the

literature in 1954, which is in fact a special case of‘the beam translgtion '

System.s described in the present paper. The system described in the
earlier paper had no e¢lements corresponding to the third and fifth ele~

ments of the present system. The earlier gystem, therefore, is the

spzcial cage of the present system where Gg3 or the ratio G 3/Gz is zero.

We have found the third and fifth element essential for the reduc- _

tion of the magmtude of the drift length Ly. A rei’ereme to Fig. 5 sup-
ports this finding,
Vil DIGITAL COMPUTATION PROGRAM
The large humbef of variables im/i;lved, and the nature of the

four conditions imposed on the solution, make it difficult to proceed

analytically, We decided to seek our understanding of these transport

systems with the aid of a digital computation program.
A program entitled BEAM 'I“R,.lkNSPOR'I"Z was prepared for an
IBM 704 cpm;iuter, which could simulate the action of an afbitrary

collection of beam {ransport élements on a beam of charged particles.
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The transformations which simulate the action. of the alaments of the

tranzport system include only the lingar terine and ara conveniently

recorded in the form of (3 u 3) matrices which operate on the ¢olumn

E 4 A
vectors = - and y' .
Ap/p - \ap/p

An excellent review of the considerations leading to these ,tréné-
formations zzg)péa.rs in an alrticle by‘ S. Penner. ° |
' Tracing particie rays threough a particular beam .tranSport syétem
with 'the aid of this pfog’*ran‘u ifs- 50 rapﬁd (of the order of one second), that -
i‘ i‘s'pructical to sclve. for GZ,’.A 3 E Gy, and G3/G; inan iterative way

The nature of the beam entering the first element of the transport

Csystem was specified as a set of particles each having x, %', v, ‘yf,'.‘and

Apip 'coordinates}. . This set of particles included the three particles
ertinent to the application of the four conditions described earlier.,

-

A run would be initiated by specification of the five quantities " &,

P, afe, bfc and L/d, along with guesses at the values of G, e -

G4, and Gg/G,. The initial set of particles would then be traced
through the transport system,
An "adjust” subrouiine was prepared for the computer program, -

vhich applied the four conditions described earlier to the results of the -

- ray tracing, and which made incremental changes to the values of G,,

B, G4, and G3/G, in such a direction as to satisfy more clogely the '

imposed conditions, After an'avera‘.ge of 100 iterations (i.e., 100 seconds),

O IR Y
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C " : taz velues of Gy, /5 » Gy and GSIGZ would represent gppropx'iate
solutions for these parameters.
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FIGURES CAPTIONS

Generclarrangement of elements,

. Ray diagrars showing as & dashed lne the trajectory of an axial par-

ticle of momentue p + Ap. The F and D refer to the action of the

quadrupole lenses on transverse motion in the plane of the transla-

tion‘_ R ) . g o camrt

Rey diagram showing as a darhed line the 4y motion 'for.a ﬁaxfb,kial

+

~particle of momentwe p. The y coordinate is the coordinate normal

" to tho plane of the translation, ‘Here F and D refer to the action

of the guadrupole lenses on y.

FPay dicgram showing as a dashed line thiz x nwotion for-a paracxial

- particle of momentum p. The X coordinzie is measured normal to

the axic of the transport sysitern in the plane of the transiation. Here

¢ and D refer to the action of the quadrupole lenges on .

The y drift length versus ths ratio G4/G, for three ditferent values
. : _

of afe.

- The effect of varying o« about it design value of 207 on several

parameters. The solution for Gg/G, is 0,75 for all valués of
The effect of varying p/d about its design‘ value 0,35467 'oh.se’veral
pavesceters. The solution for G3/G, is 0.73 for all values of - O/d.
The effect of varying l.-aL/c about its design value of 9. 50 on saveral
paranieters, b | | |

The eifect of varying b/c about s design value of 0, 25 on several

peraineters,
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