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Abstract  

A method i s  described f o r  obtaining an approximate solut ion t o  

the  equations describing a nucleon-meson cascade by using t he  angular 

dependence of the  secondary p a r t i c l e  production kernels a s  a perturba- 

t ion .  The usefulrless of the  method l i e s  i n  the  f a c t  t h a t  i n  a slab 

geometry t he  equations which must be solved numerically a r e  e s sen t i a l l y  

the  same as those which a r e  used i n  the  straight-ahead approximation 

and have been solved previously. 
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I. Introduction 

In  a s e r i e s  of recent the  equations which describe a 

nucleon-meson cascade have been solved numerically i n  the  s t ra igh t -ahed  ap- 

proximation. I n  t h i s  repor t  a method i s  described f o r  t r e a t i ng  the  angular 

dependence of the  secondary p a r t i c l e  production kernels  a s  a per turbat ion.  

The usefulness of the  method l i e s  i n  the  f a c t  t h a t  i n  a s lab  geometry ( t h e  

only geometry considered i n  t h i s  repor t )  the  angles en te r  only parametrical-  

l y  i n  the  f i r s t - o rde r  equations. For any spec i f ic  values of the  angles t he  

equations which must be solved nuner ical ly  a r e  e s sen t i a l l y  the  same a s  those 

which a r e  used i n  t h e  straight-ahead approximation. 

I n  Section I1 the  perturbation method i s  described and the  f i r s t -  

order equations i n  the  case of an i n f i n i t e  beam incident  normally on a s lab  
1 

a re  given. I n  Section 111 the  case of an i n f i n i t e  beam incident  i sot rop-  

i c a l l y  on a s lab  i s  discussed. I n  Sec,t;ioii I V  the  case of a very narrow 'beam 
, 
! 

incident  normally on a s lab  i s  considered and expressions f o r  t he  l a t e r a l  

s t ruc ture  functions of t he  cascade a r e  given. I n  Section V the .equat ions  

governing t he  muon component of the  cascade a r e  given. I n  the  Appendix 

the  perturbation s e r i e s  i n  a l l  orders i s  discussed. I n  par t i cu la r ,  it i s  

shown t h a t  f o r  the  case of an i n f i n i t e  beam incident  e i t h e r  normally or  

i so t rop i ca l l y  on a s lab  the  equation f o r  t he  n th  - order f l ux  i s  of t he  same 

fo1-111 a s  t h e  equa-tion f o r  the  f i r s t - o r d e r  f lux .  Thus, i f  a code e x i s t s  

which w i l l  solve the  f i r s t - o rde r  equations, one can i n  p r inc ip le  by repeated 

use ot' t h i s  code obtain an exact solution.  

1. R. G. Alsmiller, Jr., F. S. Alsmiller, and J. %I. Murphy, Nucleon-Meson 
Cascade Calculations: Transverse Shielding f o r  a 45 -~ev  Electron 
Accelerator ( pa r t s  I II, and 111) , 0 ~ ~ ~ - 3 2 8 ~ 1 ~ 6 ~ ~ ~ ~ ( 1 9 6 2 ) ,  

I and 0~~~-3412-3$ 

2. R. G. Alsmiller, Jr. and J.  E. Murphy, Nucleon-Meson Cascade Calcula- 
9 - a 2 4 - ~ e v  Proton Beam i n  Heavy --- 

3. R. G. Alsmiller, Jr. and J. E. Murphy, Nucleon-Meson Cascade Calcula- 
t ions:  Shielding Against - an 800-~ev  Proton Beam, O R N ~ ( ~  

4. R. G. Alsmiller, Jr. and J. E. Murphy, Space Vehicle Shielding Studies:  
Calculations of the  Attenuation of a Model Solar  Flare  and Mono- -- ------ 
energetic Proton Beams & Aluminum - Slab Shields, ORNL-3317 m63). 



1.1. I n f i n i t e  Beam Normally Incident on a Slab - - -, - 
The discussion which w i l l  be given below can e a s i l y  be ca r r ied  

through f o r  an a r b i t r a r y  number of cascade components. However, i n  order 

t o  avoid unnecessary complexity, we s h a l l  r e s t r i c t  it t o  the  consideration 

of neutrons, protons, charged pions, and muons. * Furthermore, since we 

s h a l l  assume t h a t  muons do .no t  i n t e r a c t  with nuclei ,  the  muon equations 

a r e  much simpler than those f o r  t he  other components and w i l l  be t rea ted  

i n  Section V. 

Under these condit ions the  Boltzmann t ranspor t  equations f o r  the  

nucleon-meson cascade may be wr i t t en  

where 

a,@ = subscr ip t s  which here  and throughout t h i s  repor t  take 

values N, P, n', and n- corresponding t o  neutrons, 

protons, pos i t ive  pions, and negative pions, respec - 
t ive ly ,  

Q,($E,~) = angular f l u x  per  u n i t  energy range of p a r t i c l e s  of 

tYTe a, 
+ 
R = pos i t ion  vector,  

E = k ine t i c  energy, 

+ 
R = u n i t  vec tor  i n  t he  d i rec t ion  of the  momentum,, 

= macroscopic cross sect ion f o r  t he  nonelast ic c o l l i s i o n  

of a p a r t i c l e  of type a i n  the medium being considered, 

-he n e u t r a l  pion decays very rapidly  i n t o  two photons. These pions a r e  
no t  included here because we do no t  include photons. 



Q~ = probabi l i ty  per  u n i t  d is tance f o r  the  decay of the  
a t h  - kind of pa r t i c l e ,  

S a =  energy l o s s  per  un i t  distance of a p a r t i c l e  of type 

a i n  the  medium being considered, 

F (E1,E,8'.8) = the  number of p a r t i c l e s  of type a per un i t  energy range 
aB 

per  u n i t  so l i d  angle produced a t  energy E  and d i rec t ion  

3 w h e n  a p a r t i c l e  of type f5 with energy E ' and d i rec t ion  

8' undergoes a  nonelas t ic  co l l i s ion ,  

EQ = maximum k ine t i c  energy of any p a r t i c l e  consi.d.ereci. 

To f a c i l i t a t e  the appl icat ion of boundary conditions, we use the  

f a c t  t h a t  the  primary.flux, i .e . ,  the  f l ux  of incident  p a r t i c l e s  which have 

undergone ne i ther  nuclear co l l i s i on  nor decay, can be obtained ana ly t ica l ly ,  

and we separate the  t o t a l  f l ux  i n to  primary and secondary components. Let 

where 

mia(z,~,d) = angular f l ux  per un i t  energy range of prjmary 

p a r t i c l e s  of type a, 

msa(g,E,Z) = angular f l ux  per un i t  energy range of secondary 

p a r t i c l e s  of ,type a. 



The i n t e g r a l  terms containing t he  secondary f luxes  i n  Eq. (2.4) a r e  

t he  terms which make t he  equation d i f f i c u l t  t o  solve. For high-energy cas- 

cades t he  s i t ua t i on  i s  s impl i f ied considerably by v i r t ue  of the  f a c t  t h a t  

t h e  secondary p a r t i c l e s  a r e  p r e f e r en t i a l l y  emitted i n  the forward di rect ion.  

A t  high energies Fag may t o  a reasonable approximation be wri t ten  

where 

A = a small region of so l i d  angle centered about the  un i t  

vector  3' which covers the  forward peak i n  F agJ  
G ( E ' , E , ~ '  .d) = a correct ion term which i s  t o  make Eq. (2.6) approxi-  
aB 

mately cor rec t .  

It i s  c l e a r  t h a t  the re  e x i s t s  a Gag which w i l l  make Eq. (2.6) exact. How- 

ever, s ince  F i s  not  i n  general  s ingular  when 8'08 = l, t h i s  exact  G a g  
would contain a s ingu l a r i t y  and would be inconvenient fo r  furCl;her calcula-  

t ion.* I n  what follows i s  t o  be thougl1.l; of a s  a function which i s  equal 

t o  Fw outs ide  of the  region a and i s  neg l ig ib ly ' smal l  bu t  continuous 

ins ide  A. 

I n  the  straight-ahead approximation Gag i s  taken t o  be zero. I n  

t h i s  repor t  we assume Gag t o  be n'onzero bu t  s u f f i c i e n t l y  small t h a t  the  

terms containing k p  may be t r ea t ed  a s  small perturbations.  

*See t he  discussion following Eq. (2.18) and see a l s o  the  appendix. 



Using Eq. (2.6), Eq. (2.4) may be written* 

Here, the angular distribution of the first-generation secondaries, i.e., 

the secondaries produced by primaries, .is treated accurately and completely; 

the small-angle production of secondaries from secondaries is treated as 

being straight ahead, and the remaining wide-angle production of secondaries 

by secondaries is included in the term containing Gap. 

Since the term containing Gap is to be considered a small perturba- 

tion, we may introduce into this term a zeroth approximation Qsa. . To 

obtain this we shall assume that GOlp may be put equal to zero everywhere 

and define the zeroth approximation $a through the equation** 

*Here and throughout this report'we used the general theorem 

*qhe use of &@ in this equation. is to a certain extent arbitrary.. See 
the appendix. 



We then wri te  t h e  equation f o r  the  f i r s t  approximation t o  the  angular flux, 
/ -  \ 

) as, 
s a  ' 

where 

We now wish t o  apply t h i s  general  perturbation theory t o  the  spec i f ic  

case of an i n f i n i t e  beam incident  on a slab.  Taking-the z ax is  t o  be 

normal t o  the  slab,  it i s  c lear .  from.symmetry considerations. t h a t  the  f luxes- 

do not  depend on x and y. Therefore, we have 

where w = cosine of t he  angle between the  un i t  vector  8 and the z axis, 

and Eq. (2.3) may be solved immediately t o  y ie ld  



.where ( 0 , ~ )  = a r b i t r a r y  functions which must be specif ied a s  boundary ia 
conditions. Using Eq. (2.13) i n  Eq. (2 .9 ) )  $a may be wri t ten  

where 

Equation (2.16) i s ,  of course, j u s t  the  straight-ahead equation which has 

previously been solved numerj,ca.3 1 y. Since &@(Et ,E) omits i n  each c o l l i -  

sion the  secondaries produced a t  wide angles with respect  t o  t he  d i rec t ion  

of the  i n i t i a t h g  pa r t i c l e ,  Jra i s  t o  be regarded a s  an est imate of the  angu- 

lar f l ux  in tegrated over a small angular region about the  z a i s .  

Using Eqs. (2.13) and (2.15))  the  equation f o r  the  f i r s t  approxima- 

t i o n  t o  the  angular f l ux  becomes 



where 

It i s  t o  be noted t h a t  Eq. (2.17) i s  very s imilar  t o  the  equation which i s  

used i n  t he  straight-ahead approximation. The whole point  of the  discus- 

s ion i s  t h a t  the  angles en t e r  only parametrically i n  Eq. (2.17)) so  each 

value of w may be t r ea t ed  separate ly  using very near ly  the  same IBM code 

which was used previously.  

Note a l so  t h a t  i f  Gap i s  defined i n  such a manner t h a t  Eq. (2;6) i s  

s a t i s f i e d  exactly, then the  source term, Eq. (2.18), contains a term which 

i s  propor t ional  $0 6 ( 1  - W )  and t h i s  means t h a t  0") contains a p a r t  which 
sC1 

i s  s ingular .  Since such a s ingu l a r i t y  i s  unphysical, it seems preferable  

t o  def ine  G a s  being a nonsingular function which makes Eq. (2.6) only aB 
approximately cor rec t .  It must be understood t h a t  once the  per turbat ion 

approximation i s  made, i. e. ,  bsa i s  replaced by fa a s  i n  Eq. (2.  lo), there  

i s  no longer any very c l e a r  way of deciding what form of w i l l  lead t o  

t h e  b e s t  approximation f o r  41 * 
sa '  

*See the  appendix. 



It i s  s t i l l  necessary t o  consider the  boundary condit ions which 

must be used i n  solving Eqs. (2.16) and Eqs. (2.17) . Since t he  i n i t i a l  

values of the  f luxes  have been incorporated i n  the  primary solution,  the  

boundary conditions on the secondary f l ux  a r e ' t h a t  no p a r t i c l e s  en te r  

the  s lab from the region outside of the  slab, i. e., 

where R = thickness of the slab.  These boundary conditions are ,  of course, 

t o  be applied t o  both the zeroth-order and the  f i r s t - o rde r  f lux.  

I n  the  case of the  zeroth-order f lux,  , the  boundary conditions 

a r e  s a t i s f i e d  by using 

In  the  case of the  f i r s t - o r d e r  f lux,  these  boundary conditions may 

be used d i r e c t l y  i n  solving Eq. (2.17) and may be s a t i s f i e d  exactly.  That 

i s ,  f o r  each value of w t he  equation i s  solved using Eq. (2.19) a s  an 

i n i t i a l '  value on Q ( )  I n  the  case when w < 0, it i s  necessary t o  make the  
s a  ' 

subs t i tu t ion  

and solve the  equation with z '  going from zero t o  R since it i s  only a t  

z '  = 0 t h a t  the  i n i t i a l  -values are hiown. 

111. I n f i n i t e  - Beam Iso t rop ica l ly  Incident  on a Slab --- 
I n  t h i s  sect ion we apply the  perturbation theory of the  previous 

section t o  the  case of an i n f i n i t e  beam i so t rop i ca l l y  incident  on a slab.  

Taking the  z ax i s  t o  be normal t o  the  slab, it i s  again 'clear from 

symmetry considerations t h a t  the  f luxes  do not  depend on x and y. For 

t h i c  cacc the p ' r imry  f l ux  equation may be ~ o l v e d  t o  y ie ld  



where 

w has the  same meaning as before and @ia i s  the  function defined by Eq. 

(2.14).  

Using Eq. (3.1) i n  conjunction with Eq. (2.9),  the  zeroth approxi- , 

mation t o  the  f lux,may be wr i t t en  

where q a ( R J ~ )  s a t i s f i e s  t he  equation 

Equation (3.4) i s ,  of course, exact ly  the  same a s  Eq. (2.17). 

Using Eqs. (3.1) and (3.3),  the  equation f o r  the  f i r s t  approxima- 

t i o n  t o  t he  secondary f l u x  may be wr i t t en  



where 

@ (5 , E ' )  )( Q,(E') i B  dw' dE'. ( 3 - 6 )  
251 

Equation (3.5) i s ,  of course, exact ly  the  same as Eq. (2.17). The s ign i -  

f i c a n t  d i f ference between the  cases of an i n f i n i t e  beam incident  normally 

and i so t rop i ca l l y  on a s lab  l i e s  i n  form of t he  source terms, Eqs. (2.18) 

and (3.6). While i n  Eq. (2.18) the  angle in tegra t ions  could be ca r r ied  

out ana ly t ica l ly ,  t h i s  i s  not  the  case i n  Eq. (3.6). Thus the  computation 

required t o  obtain @('I with i so t rop ic  incidence i s  somewhat more lengthy sa 
than with normal incidence. 

Since we a r e  again considering a s lab  geometry, the  boundary condi- 

t i ons  on @ a re  those given i n  Eq. (2.19) . They may be s a t i s f i e d  i n  sa 
zeroth order by using 

and may be applied d i r e c t l y  and exact ly  i n  f i r s t  order, it being understood 

t h a t  when w < 0 the  transformation given i n  Eq. (2.20) must be employed. 



IV. Narrow Beam Normally Incident on a Slab - - - - 
The case of a very narrow beam normally incident  on a s lab  i s  both 

more i n t e r e s t i n g  and more d i f f i c u l t  than the  cases t r ea t ed  previously i n  

t h a t  we must consider t he  lateral spread. a s  well a s  . the  longi tudinal  develop- 

ment of t h e  cascade. 

Let the  z axi's be normal t o  t he  s lab  and l e t  the beam of p a r t i c l e s  

be inc iden t  a t  t h e  o r ig in  of coordinates. It i s  convenient t o  use cy l in -  

d r i c a l  coordinates i n  pos i t i on  space and spher ica l  coordinates i n  ve loc i ty  

space, so  we l e t  

+ 
r, z, O r  = cy l ind r i ca l  coordinates of R, 

+ 
w, O = spher ica l  coordinates of the  u n i t  vector R, 

W 

where, a s  before, w =. cosine of the  angle between the  u n i t  vector 8 and the  

z ax i s .  

Using t h i s  notation,  Eq. (2.3) f o r  the  primaries may be solved ' to  

y i e l d  

where O i s  again given by Eq. (2.14). ia 

Using Eq. (4.1) . i n  Eq. (2.9),  t he  zeroth-ordef f lux,  ~JI may be -aJ 
. wri t t en  . . 

where $ ( z , ~ )  s a t i s f i e s  Eq. (2.16). Since we a r e  again cogsidering a s lab  a 
geometry, theboundary condit ion of Q ( z , ~ )  i s ,  from Eq. (2.19), . . a 

. Introducing Eqs. (4.1) and (4.2) i n t o  Eq.. (2.10), the  equation f o r  

t he  f i r s t  approximation t o  ' the  angular f l ux  may be .wr i t t en  



(4.4) 
where 

Because of the  three  der ivat ives  which occur i n  B Eq. (4.4)  i s  a' 
s t i l l  not  i n  a form sui table .  f o r  numerical computation. To reduce the  equa- 

t i on  t o  a Inore su i tab le  folm, we introduce*. . 

q o  prove t h i s  r e l a t i on  note t h a t  

and t h a t  6 ( r  cosmr) requires t h a t  



and t he  ansatz 

where 

and t h e  plus  and minus sign i s  t o  be used t o  keep the  f l u x  pos i t ive  and non- 

zero; i . e . ,  the  pos i t i ve  s ign i s  used when cos0 cos0 i s  greater  than zero 
r W 

and t he  negative s ign i s  used when cos0 cos0 i s  l e s s  than zero.* Sub- 
r " W 

s t i t u t i n g  t h e  ansatz i n t o  the  equation, we f ind  

6'" cos"] ( ) x .C+ cos0 
&rsinrl 

c0sQw 
W 

"Note t h a t  6 ( r  ~ i n ~ / c o s 0 ~ )  requires  Ow = 0, everywhere except .poss ibly  
a t  r = 0. 



Equation (4.9) can have a solut ion only i f  t he  bracketed terms a r e  separate-  

l y  zero, so we have* 

Equation (4.10) i s  now a homogeneous equation subject  t o  the  boundary condi- 

t ion  expressed i n  Eq. (4.11). 

I f  we introduce the var iables  p and zo defined by 

Z - Z o  = pw, 

Eq. (4.10) and (4.11)  may be wri t ten  

xSince thy coeff ic ient  of 6 ( r  ~ i n ~ / c o s @ ~ )  6 ( r  cos@,) contains the  f ac to r  

(1 - ) the  case w = 1 i s  included i n  the following discussion only 

i n  the  sense t h a t  one may take the  l i m i t  as  w approaches one. 



where 

Equation (4.13) i s  the  usual straight-ahead equation subject  t o  the  

boundary. condikions expressed.by Eq. (4.13). The quan t i t i es  zo and w occur 

as.  parameters i n  the  equati.on,. so each value of these  var iables  may be 

t r e a t e d  separate ly  and t h e  f lux,  ( obtained by repeatedly solving @sa  .' 
Eq. (4.13).  

I n  terms of &we must have 

and using the  transformation given i n  Eqs. (4.12) and ('4.13) we must have 

Thus f o r  zo between 0 and R the  ca lcu la t ion  i s '  unres t r i c ted  and f o r  a l l o t h e r  

values of zo t he  f l ux  i s  zero. "a'. 
Assuming t h a t  @('I i s  an adequate approximation t o  the  p a r t i c l e  f lux,  a 

one may, of co'urse, ca lcu la te  a va r i e ty  of quan t i t i es  which a re  of i n t e r e s t .  

O f  p a r t i cu l a r  i n t e r e s t  i n  the  present  case w i l l  be the .  l a t e r a l  s t ruc ture  

funct ion of t he  cascade. 



We s h a l l  define the l a t e r a l  s t ruc ture  function of primary p a r t i c l e s  

of type a, Lia~  as* 

~ ~ ~ ( r ~ z , ~ )  = j r mia(ii,~,it) ail dm r (4.17) 

and t he  l a t e r a l  s t ruc ture  function of secondary p a r t i c l e s  of ty-pec ( i n  f i r s t  

approximation), ('1 as* Lsa 

Using Eqs . ( 4.1) and ( 4.8) we have ". ' 

1' a r c  tan - z -R 

r a rc  t an  - 
z 

The l i m i t s  i n  Eq. (4.20) come from the  transformation given i n  Eq. (4..12) . 
Since la has a nonzero value only when zo i s  between 0 and 1, the  f l u x  

' w i l l  have a value only when 

S t r i c t l y  speaking, because of the  (3 function i n  Eq. (4.20) we must 

take the  l i m i t  a s  r approaches zero t o  obtain L ( l )  (0, z , ~ )  . However, from s a  
LC l'ollows t h a t  Ey. (4.11) ' 

*Note t h a t  i n  defining Lia and LLi) we have included an r f ac to r  t o  avoid a 

s ingular i ly  i n  Lhe rurlctions and have ca r r ied  out the  in tegra t ion  over dQr. 



and thus t h e  value of the  l a t e r a l  s t ruc ture  function on the  ax i s  of the  cas- 

cade may be obtained from a knowledge of yl and 0 
B i B *  

V. . Muon - Components -- of the.Cascade 

The muons could e a s i l y  have been included i n  the  previous discussion; 

however, they cons t i t u t e  such a spec ia l  case t h a t  they a r e  be s t  t r e a t ed  

separate ly .  

The very spec i a l  nature  of the  muon equations a r i s e s  from the  f a c t  

t h a t  we may neglect  the  muon in te rac t ion  with nucle i .  Orlce a lliuo11 i s  

formed -- by pion decay -- it has no fu r the r  e f f e c t  on the  cascade. '  

The t ranspor t  equations f o r ' t h e  primary and secondary muon fluxes may. 

be wr i t t en  

where 



xThe form of FP, and the quantities El and E2 are obtained by assuming that 
the muons are emitted isotropically in the rest frame of the'pion and then 
transforming into the laboratory system by Lorentz transformation. See 
B. Rossi, High Energy Particles, Prentice-Hall, Inc., New Jersey (1956), 
P 191- 



' +  & ( R , E , ~ )  = angular f l u x  pe r  un i t  energy range of primary muons with plus  
i pL  

and minus charge, respectively,  

. + 
cP ( R , E , ~ )  = angular f l u x  per  un i t  energy range of secondary muons with 

SV+ 
p lu s  and minus charge, respectively,  

+ 
@ ( Z , E , ~ )  = angular f l u x  pe r  u n i t  energy range of pions with p lus  and 

flL 
minus charge, respectively,  

SD = probab i l i t y  per  un i t  distance f o r  the  decay of the  muon, 

S = energy l o s s  p e r  un i t  distance of the  muon, 
CL 

m c2 = r e s t  energy of pion, 
fi 

m c2 = r e s t  energy of muon, 
I-1 

U* = t o t a l  energy of the muon i n  the  r e s t  frame 'of the  pion. 

The primary muon f l u x  can, of course, be obtained without reference 

t o  t he  other por t ions  of the  cascade and i s  therefore  of very l i t t l e  

i n t e r e s t  here. Throughout t he  'remainder of the  discussion we s h a l l  assculie 

t h a t  the re  a r e  no i n i t i a l  muons so 

I f  t he  pion f l u x  i s  known, Eq. (5.2) i s  a spec ia l  case of Eq. (2.10).  

It i s  i n  p r inc ip l e  poss ible  t o  use t he  f i r s t - o r d e r  pion f lux  obtained i n  the  

previous sect ions  i n  Eq. (5.4) and t o  ca lcu la te  t he  muon f l ux  from Eq. 

(5.2).  However, it i s  r a the r  po in t less  .to t r e a t  the  iliuons more exact ly  

than we have t r ea t ed  t he  pions. It seems consis tent  with the  previous d i s -  

cussion t o  t r e a t  t he  muons from primary pions exact ly  bu t  t o  t r e a t  the  

muons' from secondary pions a s  being emitted i n  the  d i rec t ion  of t he  decay- 

i n g  pion. To t h i s  end, we introduce a f i r s t - o r d e r  illuoil f lux,  @ 
sCL+' 

through. t h e  equation 

where 



and F ( E '  ,E,df 03) I means t h a t  k i s  t o  be pu t  equal t o  1 i n  Eq. ( 5 . 5 )  
PJ.rc 1<=1 . 

For t he  case of an i n f i n i t e  beam normally incident  on a s l ab  we use 

the  r e s u l t s  of Section I1 i n  Eqs. (5.6) and ( 5.7) t o  obtain 

Equations (5.8)  and (5.9) a r e  of the  same form a s  Eqs. (2.17) and (2.18) 

so the  f i r s t - o rde r  muon f l ux  may be obtained i n  the  same manner a s  the 

other p a r t i c l e  f luxes .  The boundary conditions on the  secondary muons a r e  



t h e  same a s  on t h e  other  secondary pa r t i c l e s ,  Eq. (2.19), and may, of 

course, be s a t i s f i e d  exac t ly  a s  before. 

For the  case of an i n f i n i t e  beam incident  i so t rop i ca l l y  on a slab, 

we have. from Section I11 and Eqs. (5.6) and (5..7) 

For the  case of a narrow beam incident  normally on a slab,  Fq. (5.7) 

becomes 

and introducing a s  before the  ansatz 



we obtain 

Equations (5.15)  and (5.16) a r e  now completely equivalent  t o  Eqs. (4.10) 

and (4.11) and may be t r ea t ed  i n  the  same manner a s  these equations were 

t reated.  

The l a t e r a l  s t ruc ture  Tunction f o r  the  secondary muons may be 

wr i t t en  

r 
a rc  t an  - 

z -1 

r 
arc  tan  - 

Z 

with 



Appendix 

I n  the body of t h i s  paper the discussion was ca r r ied  through only t o  

f i r s t  order.  For th ick  s labs  such a s  those of i n t e r e s t  i n  high-energy ac- 

c e l e r a t o r  shielding,  the  f i r s t - o r d e r  computation i s  qu i te  lengthy and a 

higher order computation i s  probably not  feas ib le .  However, f o r  the  case of 

an i n f i n i t e  beam incident,  e i t h e r  normally o r  i so t rop ica l ly ,  on a t h in  s lab 

it may be poss ible  t o  ca r ry  the computation t o  higher than f i r s t  order with- 

out  involving excessive computing time. I n  t h i s  appendix we ind ica te  how 

f o r  the  i n f i n i t e  beam cases the  computation may be ca r r ied  out  t o  a l l  

orders.  

By adding and subtract ing terms Eq. (2.4) may be pu t  i n  the  form 

where 



The quantity $a which has been introduced in Eq. (A.2) is defined through 
the equation 

where h is a function which is to be defined. 
aB 
Now let us introduce successive approximations to the flux, @ ( I < )  

s ' 
through the equations 



With these  de f in i t i ons  Eq. (~.4) i s  an exact  solut ion t o  Eq. (A.1)  provided 

t h a t  the  s e r i e s  converges. It i s  c l ea r  t h a t  t he  f i r s t - o r d e r  equations a r e  

the  same a s  those introduced i n  Section 11. 
C 

Note t h a t  t h e  p a r t i c l e s  produced by $ have been included i n  the  f i r s t -  a 
order source tegn and subtracted from the  second-order source term. The 

reason f o r  do-irig t h i s  i s ,  of course, t o  ,make the  f i r s t  order as accurate 

I n  a s l ab  geometry the  boundary condit ions given i n  Eq. (2.19) 

apply and a r e  t o  be applied i n  each order. Except f o r  t he  presence of t he  

s o i c e  term, s 2  the  equation f o r  i s  a homogeneous equation subject  a s a  
t o  zero boundary. co~ld i t ions  so the  ~econd-order f l ux  wri.l.1 be small ( o r  

zero) provided t h a t  s(*) i C  small ( o r  zero) .  Therefore, we should l i k e  t o  a 
choose t h e  funct ions  bp and G so a s  t o  make SF) a s  small a s  

aP 
possible .  



and i f  

It follows immediately from Eq. (A.8) t h a t  s(") w i l l .  be zero i f  a 

Equation (A.10) Is j u s t  the  statement t h a t  t he  f i r s t - o rde r  f l u x  i s  exact  

i f  t he  straight-ahead approximation i s  exact. Since t h i s  i s  not  the  case, 

the be s t  one can hope f o r  i s  t h a t  

where Al = some su i tab ly  defined so l i d  angle. 

Equation (A. 12) i s  not  a way of choosing $ but  ra ther  ' i s  a crude a 
t e s t  which can be applied t o  determine the  v a l i d i t y  of t he  f i r s t  approxi- 

mation a f t e r  it has been obtained. Th.e only a r b i t r a r i n e s ~  wc have i n  

choosing $a i s  through the choice of h 
aP' 

On the ba s i s  of (A.12) it seems 

reasonable t o  choose 

a s  we have done i n  the  body of the  paper, b u t  it must be understood t h a t  

there  i s  considerable a rb i t r a r i ne s s  i n  t h i s  choice. 

Equation (~~11) could be used a s  a de f in i t i on  of G 
a@ ' 

However, a s  

we have s t a t ed  e a r l i e r ,  t h i s  choice i s  so inconvenient from a computational 

point  oY view i t  seems preferable  t o  use the  de f in i t i on  given i n  the body 

of t he  paper. 



It i s  c l e a r  t h a t  the re  i s ,  i n  general, no way of deciding what 

choice of the  funct ions  g h and G w i l l  l ead  t o  the  be s t  f i r s t  ap- 
af3) af3' gel 

proximation. I f  t h e  computation i s  ca r r ied  out t o  a s u f f i c i e n t l y  high 

order, it i s  t o  be expected t h a t  the  r e s u l t s  w i l l  be independent of t he  

exact  choice made f o r  these  functions, but  it i s  c l ea r  t h a t  the  b e s t  one 

can hope f o r  i s  t h a t  the  f i r s t - o r d e r  r e s u l t  be approximately independent 

of t he  choice made f o r  these  functions.  

Let us now consider Eqs. (A.4) t o  (A.9 )  f o r  the  case o f . a n  i n f i n i t e  

beam incident  e i t h e r  normally o r  i so t rop i ca l l y  on a slab.  By introducing 

t he  appropriate form of t he  primary solut ion and u t i l i z i n g  Eqs. (2.12)) 

one f fnds  t h a t  Eq. ( ~ . 4 )  i n  a l l  orders i s  of the  form of Eqs. (2.10) and 

(3 .5) ;  i . e . ,  it i s  of the  form of the  f i r s t - o rde r  equations. Therefore, 

t he  same code which w i l l  give a numerical solut ion t o  t he  f i r s t - o r d e r  

equations may b e  used t o  obtain a solut ion i n  any orders. I n  pr inciple ,  

then, an exact  so lu t ion  can be obtained by an i t e r a t i o n  procedure. The 

boundary cond.itions, Eq. (2.19))  can, of course, be s a t i s f i e d  exact ly  i n  

each order.  

After  t h e  i t e r a t i o n  i s  complete and the  exact  pion f l ux  has been 

obtained, the muon f l u x  may be obtained d i r e c t l y  from Eqs. (5.2) and (5.4) . 
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