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Abstract

A method is described for obtaining an approximate solution to
the equationgs describing a nucleon-meson cascade by using the angular
dependence of the secondary particle production kernels as a perturba-
tion. The uselfulness of the method lies in the fact that in a slab
geometry the equations which must be solved numerically are essentially
the same as those which are used in the straight~ahead approximation

and have been solved previously.
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I. Introduction

In a series of recent reportsl 4 the equations which describe a
nucleon-meson cascade have been solved numerically in the straight-aheal ap-
proximation. In this report a method is described for treating the angular
dependence of the secondary particle production kernels as a perturbation.
The usefulness of the method lies in the fact that in a slab geometry (the
only geometry considered in this report) the angles enter only parametrical-
ly in the first-order equations. For any specific values of the angles the
cquations which must be solved numerically are essentially the same as those

which are used in the straight-ahead approximation.

In Section II the perturbation method is described and the first-
order equations in the case of an infinite beam incident normally on a slab
are given. In Section IIT the case of an infinite beam incident isotrop-
ically on a slab is discussed. In Section IV the case of a very narrow beam
incident normally on a slab is considered aﬁd expressions for the lateral
structure functions of the cascade are given. In Section V the equations
governing the muon component of the cascade are given. In the Appendix
the perturbation series in all orders is discussed. In particular, it is
shown that for the case of an infinite beam incident either normally or
isotropically on a slab the equation for the nth order flux is of the same
form as the equation for the first-order flux. Thus, if a code exists
which will solve the first-order equations, one can in principle by repeated

use of this code obtain an exact solution.

1. R. G. Alsmiller, Jr., F. S. Alsmiller, and J. E. Murphy, Nucleon-Meson
Cascade Calculations: Transverse Shielding for a L45-Gev Electron
Accelerator (Parts I, IIL, and IIT), ORNL-3289 (1962y470RNL 3365 (1962),
and ORNL-3412 (19657’

2. R. G. Alsmilier, Jr. and J. E. Murphy, Nucleon-Meson Cascade Calcula-
tions: The Star Density Produced by a 2L-Gev Proton Beam in Heavy
Concrete, ORNL-~3%67 (1963).

3 R. G. Alsmiller, Jr. and J. E. Murphy, Nucleon-Meson Cascade Calcula-
tions: Shielding Against an 800-Mev Proton Beam, ORNL-3406 (1963).

4. R. G. Alsmiller, Jr. and J. E. Murphy, Space Vehicle Shielding Studies:
Calculations of the Attenuation of a Model Solar Flare and Mono-
energetic Proton Beams by Aluminum Slab Shields, ORNL-3317 (1963).
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II. Infinite Beam Normally Incident on a Slab

The discussion which will be given below can easily be carried
through for an arbitrary number of cascade components. However, in order
to avoid unnecessary complexity, we shall restrict it to the consideration
of neutrons, protons, charged pions, and muons.* Furthermore, since we
shall assume that muons do not interact with nuclei, the muon equations
are much simpler than those for the other components and will be treated

in Section V.

o

Under these conditions the Boltzmann transport eQuations for the

nucleon-meson cascade may be written
B, @a(R E 5) = Z f f (E',E,??'.?Z) QB(E') @6(§,E',§') ae' ag', (2.1)

‘where

B, = 8.7 + qu(B) + q(B) - . 5,8, , (2.2)

o,p subscripts'which here and throughout this report take
values N, P, n*, and n~ corresponding to neutrons,
protons, positive pions, and negative pions, respec-

tively,

0] (ﬁ,E,ﬁ) = angular flux per unit energy range of particles of

type Q,

=11
"

position vector,
E = kinetic energy,

unit vector in the direction of the momentum,

ol
i

Qa = macroscopic cross section for the nonelastic collision

of a particle of type & in the medium being considered,

¥The neutral pion decays very rapidly into two photons. These pions are
not included liere because we do not include photons.
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QOD = probabllity per unit distance for the decay of the
ath kind of particle,
Sa = energy loss per unit distance of a particle of type

0 in the medium being considered,

= the number of particles of type O per unit energy range

-
%r\
=
=
ol
e
|

per unit solid angle produced at energy E and direction
@ when a particle of type B with energy E' and direction

dr undergoes a nonelastic collision,

Eo = maximum kinetic energy of any particle considered.

To facilitate the application of boundary cohditions, we use the
fact that the primary.flux, i.e., the flux of incident particles which have
undergone neither nuclear collision nor decay, can be obtained analytically,

and we separate the total flux into primary and secondary components. Let

(ﬁ,E,ﬁ) = 0, (2.3)

By 250

Bo
B, @sa("R’,E,@’) = z f fFaB(E';E,?S'.?z’) QB(E')
B E Q '

X [@is(ﬁ,E',?i') + QSB(ﬁ’E"ﬁl):\ an' am', (2.4)
- - -
o (K,B,8) = @ia(R,E,ﬁ) + ésa(R,E,?i), (2.5)
where
¢ia(§,E,§) = angwlar flux per unit energy range of primary
particles of type Q,
- Qsa(ﬁ,E,ﬁ) = anéular flux per unit energy range of secondary

particles of type .



The integral terms containing the secondary fluxes in Eq. (2.4) are
the terms which make the equation difficult to solve. For high-eﬁergy cas-
cades the situation is simplified considerably by virtue of the fact that
the secondary particles are preferentially emitted in the forward direction.

At high energies FdB may to a reasonable approximation be written

FaB(EI’E’alcﬁ) o gaB(E"E) ﬂé_f_-—l)- + Gaﬁ(E"E’al'a)J (2.6)
where

A

fAN

a small region of solid angle centered about the unit
vector §' which covers the forward peak in EaB’

a correction term which is to make Eq. (2.6) approxi-

SCIER

mately correct.

It is clear that there exists'a qua which will make Eq. (2.6) exact. How-
ever, since FdB is not in general singular when gr.d - 1, this exact Gop
would contain a singularity and would be inconvenient for further calcula-
tion.* 1In what follows Gpg is to be thought of as a function which is equal
to FQB outside of thé region A and is negligibly'small but continuous

inside A,

In the straight-ahead approximation Ga5 is taken to be zero. In
this report we assume Ggg to be nonzero but sufficiently small that the

terms containing Gaa,may be treated as small perturbations.

*See the discussion following Eq{ (2.18) and see also the appendix.

«
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Using Eq. (2.6), Eq. (2.4) may be written*

Eo
Ba ?SOC(R’E’.Q) o~ z f gaB(EI’E) QB(EI) QSB(R)E')a) aR!
B E .

Eo .
. ; Ef Q[Gaem',E,aum Q(E") 0 (BE",G") dg! aE'

i EO
+ Z f fFaB(E',E,ﬁ'.@’) QB(E‘) @iB('R’,E',ﬁ") dQ' dE'. (2.8)
B E @ -

Here, the angular distribution of the first-generation secondaries, i.e.,
the secondaries produced by primaries, is treated accurately and completely;
the small-angle production of secondaries from secondaries is treated as
being straight ahead, and the remaining wide-angle production of secondaries

by secondaries is included in the term containing Gpg.

Since the term containing Gaa is to be considered a small perturba-
tion, we may introduce into this term a zeroth approximation ®4y.  To -
obtain this we shall assume that GaB may be put equal to zero everywhere

and define the zeroth approximation {5y through the equation¥*

B

-y

] EO
a(ﬁ,E,ﬁ) = Z f gyp(E'/E) QB(E') ha(ﬁ,E',ﬁ) + @iﬁ(ﬁ,E,ﬁ)} aE'.
B E

(2.9)

¥Here and throughout this report we used the general theorem

£1(8) = [f('d') M ag:.
5, 25

**The use of gyg in this equation is to a certain extent arbitrary.. See
the appendix.



We then write the equation for the first approximation to the angular flux,
o1 es,
SOC

B, Q(l)(REﬁ) = Z f gaB(E' E) QB(E ) <I>( )(R E! ?5) ag' + s( )(RE 3,
(2.10)

where

(l)(RE?i) z f f (g',E,81.9) QB(E ) mB(R E',G') a0t 4B

B _
Z f fFaB(IE',E,ﬁ'_oﬁ) Qg (") <I>i6(§,E',3') ae' GE'. (2.11)
p E @ : : : '

We now wish to apply thié.geheral perturbation theory to the specific
case of an infinite beam incident on a slab..'Taking.the z axis to be
“normal .to the slab, it is clear from symmetry considerations' that the fluxes.

do not depend on x and y. Therefore, we have

B, = w % + Qa(E) + QaD(E) - % Sy (2.12)

where w = cosine of the angle between the unit vector @ and the z axis,

and Eq. (2.3) may be solved immediately to yield

( E) 8(0) - l)

1o 2 25 4 (2.23)



E

o QE") + q,(E")
- f [ S ED ] a8’
S,(Ey) E o
¢ia(z,E) = ¢ia(o,Ea) §;I§7" e s
Ea(z,E) .
m= z, (2.14)
B o

_where ¢ia(O,E) = arbitrary functions which must be specified as boundary

conditions. Using Eq. (2.13) in Eq. (2.9), @a may be written

\Fa(—ﬁ;E)ﬁ) = Wa(Z;E) 'S(ST-]-')— ) . (2.15)
where
3 | >
[ 57" W) + Qp(B) - 55 sa(E)} ¥y (2,E)
Eo .
= z \[ gaB(E"E) QB(E') [—\VB(Z;El) + ¢lB(Z;E')il du’. (2.16)

g

Equation (2.16) is, of course, just the straight-ahead equation which has
previously been solved mmerically. Since gaB(E',E) omits in each colli-
sion the secondaries produced at wide angles with respect to the directiqn
of the initiating particle, Yy is to be regarded as an estimate of the angu-

lar flux integrated over a small angular region about the z axis.

Using Egs. (2.13) and (2.15), the equation for the first approxima-

. tion to the angular flux becomes



S

[w %z + Qa(E) + QaD(E) - g—aE SOJ <I>(l)(z,E,w)
. () s
’ 1 1 1 1 1 1
E: ﬁ/q gaB(E ’E)»QB(E ) ®SB (z,E',w) dE' + Sy (z,E,w),» (2.17)

where

(l)(z E,w) = Z f (E »E,w) QB(E') Wﬁ(z,ﬁ') &

e
Z E_["Fqs(E"E’w) Q(E") oy (2,8") aB'. (2.18)
B .

It is to be noted that Eg. (é.17) is very similar to the equation which is
used in the straight-ahead approximation. The whole péint of the discus-
sion is that the angles enter only parametrically in Eq. (2.17), so each
valﬁe of w may be treated separately using very nearly the same IBM code

which was used previously.

Note also that if Ggp is defined in such a manner that Eq. (2.6) is
satisfied exactly, then the source term, Eq. (2.18), contains a term which
is proportional to 8(1 - w) and this means that @;;) contains a part which
is singular. Since such a singularity is unphysical, it seems preferable
to define Gyg as being a nonsingular function which makes Eq. (2.6) only
approximately correct. It must be understood that once the perturbation

approximation is made, i.e., ® is replaced by ﬁu as in Eq. (2.10), there

sQ
is no longer any very clear way of deciding what form of qaﬁ will lead to

the best approximation for @Sa.*

*See the appendix.

»



It is still necessary to consider the boundary conditions which
must be used in solving Egs. (2.16) and Egs. (2.17). Since the initial
values of the fluxes have been incorporated in the primary solution, the
boundary conditions on the secondary flux are that no particles enter

the slab from the region outside of the slab, i.e.,

¢_(0,E,u0) =

[
o
O
A
€
N
=

@Sa(ﬂ,E,w)

1
o
!
=
A
€
A
Ke

(2.19)

where £ = thickness of the slab. These boundary conditions are, of course,

to be applied to both the zeroth-order and the first-order flux.

In the case of the zeroth-order flux, @a, the boundary conditions

are satisfied by using
wa(o,E) = 0.

In the case of the first-order flux, these boundary conditions may
be used directly in solving Eq. (2.17) and may be satisfied exaétly. That
is, for each value of w the equation is solved using Eq. (2.19) as an
initial value on @g;). In the case when w < O, it is necessary to make the

substitution
z' =4 -z (2.20)

and solve the equation with z' going from zero to £ since it is only at

z' = O that the initial values are known.

ITTI. Infinite Beam Isotropically Incident on a Slab

In this section we apply the perturbation theory of the previous

section to the case of an infinite beam isotropically incident on a slab.

Taking the z axis to be normal to the slab, it is again clear from
symmetry considerations that the fluxes do not depend on x and y. For

thic cace the primary flux equation may be eolved to yield
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= 1
@ia(R,E,?i) = & CDia(R,E), (3.1)
where
R = z/w, ' o (3-2)

w has the same meaning as before and ¢ia is the function defined by Egq.

(2.14).

Using Eq. (3.1) in conjunction with Eq. (2.9), the zeroth approxi- -

mation to the flux may be written
§(K,E,8) - = v _(§,E) | (3.3)
- 5% 20 —21.( 1) ) 2 v .
vhere Wa(R,E) satisfies the equation

[ ?ﬁ + Qu(E) + Q,p(E) - % SocJ Vo (R,E)

= Eoga (E',E) Q. (B") |V (R,E") + o (R,E') | aE'.
p P P B
P E ' (3.1)

Equation (3.4) is, of course, exactly the same as Eq. (2.17).

Using Egs. (3.1) and (3.3%), the equation for the first approxima-

tion to the secondary flux may be written

[w -g—z + Qa(E) + QQD(E) - ’gf Sa(E)} @i;)(z,E.,w)

Eo
= Z f gyp(E'/E) Qg(E") @ié)(z,E',w) aE' + sél)(z,E,w), (3.5)
B E
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where

%;l)(z,E,w)

Eo = an
=Z f f {f GGB[E',E,w’w -1 - P/l - w2 cos(o' - ¢)} a(er - ¢)}
B E o o ’ ' :

ve (5 E)
Q. (E") dw dE'
/>X< B 2n

Eo T« 21
+Z f f {f FaB[E',E,w'w -/1 - ¥ /1 - w2 cos(o' - ¢)] a(er - ¢)}
p E o o] .

0., (&, B ' “
X Qg (B") 1 <'” >dw' aE'. (3.6)
2n

Equation (%.5) is, of course, exactly the same as Eq. (2.17). The siéni—
ficant difference between the cases of an infinite beam incident normally
and isotropically on a slab lies in form of the source terms, Eqgs. (2.18)
and (3.6). While in Eq. (2.18) the anglé integrations could be carried
out analytically, this is not the case in Eq. (3.6). Thus the computation

(1)
s
than with normal incidence.

required to obtain @ with isotropic incidence is somewhat more lengthy

Since we are again considering a slab geometry, the boundary condi-
tions on Qsa are those given in Eq. (2.19). They may be satisfied in

zeroth order by using

Wd(O,E) =0

and may be applied directly and exactly in first order, it being understood

that when w < 0 the transformation given in Eq. (2.20) must be employed.
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IV. Narrow Beam Normally Incident on a Slab

The case of a very narrow beam normally incident on a slab is both
. more interesting and more difficult than the cases treated previously in
that we must consider the lateral spread as well as the longitudinal develop-

ment of the cascade.

Let the z axis be normal to the slab and let the beam of particles
be incident at the origin of coordinates. It is convenient to use cylin-
drical coordinates in position space and spherical coordinates in velocity

space, so we let

r,z,% = cylindrical coordinates of ﬁ,' .
r
-w, ¢ = spherical coordinates of the unit vector 6,

where, as before, w = cosine of the angle between the unit veetor d and the
z axis..

Using this notation, Eq. (2.3) for the primaries may be solved to

yield

= 5(w - 1) :
@ia(R,E,ﬁ) = ¢ia(z,E) — 6(r81n¢r) 6(? cos¢r),_ .(M.l)
where ¢, is again given by Eq. (2.14).

Using Eq. (4.1) in Eq. (2.9), the zeroth-order flux, ya,'may be -

‘written

«

8w - 1)

(R,E,Q) = v _(z,E) 5

o d(r sin¢r) 8(r cos¢£), (4.2)

where Wa(z,E) satisfies Eq. (2:16). Since we are again considering a slab

geometry, the boundary condition of Wa(Z,E) is, from Eq. (2.19),

¥,(0,E) = 0. | (4.3)

‘Introducing Egs. (4.1) and (L4.2) into Eq. (2.10), the equation for

the first approximation to the angular flux may be.written



»/
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- Eo :
B, 02D =) [ auenm e o E D an + R e,
B E

(L.h4)
where '
0 2 (1= ) cosn &k (1 - B)F sing < + @ (B)
Ba = P + (1 - cosn 37 + (1 - sinn 53; %3
+ o (B) - S5 (1) (%.5)
%D OE "a‘™’
n-= ¢w = ¢r:

. Eo
ﬁél)(ﬁ,E,ﬁ) = 8(r sin§r) d5(r cos¢r)'{§iljf GdB(E',E,w) QB(E') wB(z,E')‘dE'
PE -

1 EO ) "’ . ’
+Z f FaB(E',E,w)' Qg(E') ¢,4(2,E") dE'}- - (k.6)
p E -

Because of the three derivatives which occur in B, Eq. (b.h) is
still not in a form suitable. for numericalAcompufation. To reduce the equa-

tion to a more suitable form, we introduce¥ .

5(r cos¢r) 5(r sin¢r) =5 (EQEEEH> §(r cos¢r) (L.7)

cos¢
w

*¥To prove this relation note that

r sinn- r
cos® ~ cosd
W w

[sin¢ cos® =~ cosd sind J
i w r w T

and that &(r cos¢r) requires that

s

r cosd = O.
r



1L

and the ansatz

X (r,z,E,w) i
(l) S~ R o A (r 51nn>
(1 - wz) o (BEQ) = & Soss, B cost_ oz r cose ),

where

1 if x >0,
0 if x <0,

e(x)

and the plus and minus sign is to be used to keep the flux positive and non-

(4.8)

zero; i.e., the positive sign is used when cos¢r,cos¢w is greater than zero

and the negative sign is used when cos¢r,cos¢w is less than zero.¥ Sub-

stituting the ansatz into the equation, we find

_'{ ~ry (r,z E,w) + (l - wg) X (r,z E,w) + [QI(E T+ QaD E)J X (r ,E,w)

3

B E

>< [+ 6(if cos¢r)J 5 <r sinﬂ>‘
] M cos¢w ~cos¢w

X le]
+{Xa(r,z,E,w) -2 f GaB(E’,E,w) QB(E') WB(Z,E') aE!
B E
o A by
Z f Foa(E',E,0) Qg(E') ¢,4(2,E') dE'} (1 -w?)"
B E

>< B <£—§i§ﬂ> 5(r cost¢ ) = 0.
cos¢w r

*Note that d(r sinn/cos¢w) requires ¢, = ¢, everywhere except possibly
at r = 0.

- 5 (s (E). X, (r,2,E,w) Z fgaB(E ,E) QB(E ) X (r,z E',w) dE'}

(k.9)
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Equation (4.9) can have a solution only if the bracketed terms are separate-

ly zero, so we have¥

1
W %; Xd(r,z,E,w) + (1 - P %; xa(r,z,E;w) + [Qu(E) + QﬂD(E)} &a(r,z,E,w)

: Eo
- gﬁ [Qa(E) &z(r,z,E,w)] = }Z d[\ %QS(E"E) Qu(E) Xa(r,z,El)w) de',
P E (4.10)
Eo
Xd(O,E,w) = z f GaB(E',E,w) QB(E') WB(Z,E') dag'
B E
Eo

s Z f Fop(E'E,0) Qp(E') o (2,8') aE'. (4.11)

B E

Equation (4.10) is now a homogeneous equation subject to the boundary condi-

tion expressed in Eq. (k.11).

If we introduce the variables p and z, defined by

2 - 20 = pWw,
1
2)2

p(1l - w (4.12)

r

)

Eq. (4.10) and (4.11) may be written

%; %(o,Zo,E,w) + {QQ(E) + %D(E)}?a(p,Zo,E,w) = gf [Sa(E) %Cx(p,zo,E,w)}

Lo
+ Zf gaB(E’,E) QB(E’);a(D,Zo,E',w) d_E',
P E (4.13)

*Since the coefficient of &(r sinn/coso,)  &(r cos¢.) contains the factor
(1 - w2)2, the case w = 1 is included in the following discﬁssiQn only

in the sense that one may take the limit as w approaches one.
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: Eo
}G(O;ZO;E;‘U) = Z f GOlB(E"E"w) QB(E') WB(ZO)E") ae!’
B E
Eo )
e )] R E W (e og(e0,E) @B, (1.14)
g E
where

%a(p:ZO)E:u» = Xa(r;Z,E,w)- (h.lS)

 Equation (4.13) is the usual straight-shead equation subject to the
boundary. conditions expressed.by Eq. (4.13). The quantities zp and w occur
as parameters in the equation, so each value of these variables may be

@il)

treated separately and the flux, o’ obtained by repeatedly solving

Eq. (};.15).

In terms of »ywe must have

Xa(r,O,E,w) 0, O0<w<l,

xa(r,e,E,w) 0, -1<w<o,

and using the transformation given in Egs. (4.12) and (4.1%) we must have
?a(p,zo,E,w). =0, £ >z >0. (4,16)

Thus for zg between 0 and £ the calculation is unrestricted and for all other

values of zg the flux?/d is zero.

1
Assuming that Qé ),is an adequate approximation to the particle flux,
one may, of course, calculate a variety of quantities which are of interest.
Of particular interest in the present case will be the lateral structure

function of the cascade.

-

&



|

17

We shall define the lateral structure function of primary particles

of type a, Lia’ as¥*

21
L, (7,2,E) = f fr ¢ia(§,E,5) an de_ (4.17)
o &

and the lateral structure function of secondary particles of typeC (in first
approximation), Lga), as¥*

2n '
Li;)(ryz,E) = L/\ L/\r ogé)(ﬁ’E,ﬁ) an d¢r_ (4.18)
o £

Using Eqs. (4.1) and (4.8) we have

e

L, (r,2,B) = o, (2,E) 8(x), | - 1';2(&.1\9.)

-~

T
arc tan Py

.L(l)(r,;,E) = 21 &Xr) f Xa(r,z,E,cose) as. 4(&.2”0)_

sC

r
arc tan =

The limits in Eq. (4.20) come from the transformation given in Egq. (4.12).

“since o has a nonzero value only when zo is between O and £, the flux Xy

‘will have a value only when
0<z-rctnd <4, (4.21)

Strictly speaking, because of the © function in Eq. (4.20) we must
(1)

0 (0,z,E). However, from

take the limit as r approaches zero to obtain L

- Eg. (L4.11) it follows that

(2)

s
singularity in the functions and have carried out the integration over d¢r'

*¥Note that in defining L;, and L we have included an r factor to avoid a



18

T Eo -
1l (0,2,8) = 2x f {Z f Gop(E'SE,c050) Qu(E') ¥g(z,E') dE'
: P E |

(o]

1 Eo
+ Z f FaB(E',E,cose) QB(E') ¢iB(z,E') dE'} ag, (L4.22)
B E

and thus the value of the lateral structure function on the axis of the cas-

cade may be obtained from a knowledge of WB and ¢iB'

V. Muon Components of the'Cascade

The muons could easily‘have been included in the previous discussion;
however, they constitute such a special case that they are best treated

separately.

The verykspecial nature of the muon equations arises from the fact
that we may neglect the muon interaction with nuclei. Once a muon is

- formed ~- by pion decay -- it has no further effect on the cascade.’

The transport equations for the primary and secondary muon fluxes may.

be written

B, 4c1>iu_+_(§, E,d) = o, (5.1)

B &
B st

(%,8,3) - sui(-R’,E,ﬁ), | (5.2)
where

B, = 8.9+ Qp(B) - %E- s,(E), . (5.3)
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Ex(E)
f fFM(E',E,"ﬁ'?z’) Q p(E") @ni("R’,E',Ez") aQ' ae',

spi(ﬁ,E,a) =
CEi(E) Q'
(5.4)
m
LG I L )
F(B',E,8.0) - —& L , (5.5)
[BE14 U 2n
2 JE'(E' + om c®)
E+mc? E' + m c?
k(E',E) = [ = z
- VE(E + 2mu02) VEU(E' + 2m,_c?)
. m
= Ul <m'_ﬂ> . 1 2
HE(E + 2m_c?)
%
m g ) e .
E2(E) = I—nf {Ul(E + mucz) + Up I_E(E + 2m“c2)J } - mncz’.
. i
mn 2
E1(E) = I—nﬂ {Ul(E +mc®) - U [E(E + 2m“c2)} } - m c2,
) A

*The form of F .

and the quantities E; and Es are obtained by assuming that

the muons are emitted isotropically in the rest frame of the pion and then
transforming into the laboratory system by Lorentz transformation. See
B. Rossi, High Energy Particles, Prentice-Hall, Inc., New Jersey (1956),

p 191.
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)

&
=

-

S
1

= angular flux per unit energy range of primary muons with plus

and minus charge, respectively,

4(§,E,5) = angular flux per unit energy range of secondary muons with

plus and minus charge, respectively,

(<]
—
R
=
-
=D
o
1}

angular flux per unit energy range of pions with plus and

minus charge, respectively,

QpD = probability per unit distance for the decay of the muon,

Su = energy loss per unit distance of the muon, .
) mﬂc2 = rest energy of pion,
muc2 = rest energy of muon,

U¥ = total energy of the muon in the rest frame of the pion.

The primary muon flux can, of course, be obtained without reference
to the other portions of the cascade and is therefore of very little
interest here. Throughout the remainder of the discussion we shall assume

that there are no initial muons so

iu+(ﬁ,E,§) = O.

If the pion flux is known, Eq. (5.2) is a special case of Eq. (2.10).
It is in principle possible to use the first-order pion'flux obtained in the
previous sections in Eq. (5.4) and to calculate the muon flux from Eg. (]
(5.2). However, it is rather pointless to treat the muons more exactly
than we have treated the pions. It seems consistent with the previous dis-
cussion to treat the muons from primary pions exactly but to treat the
muons from secondary pions as being emitﬁed in the direction of the decay-
ing pion. To this end, we Introduce a first-order muon flux, ®(l)

spt’
through the equation ‘ .

1 - -
B @gul(R,E,Q)

) ') (% 5,9, B (5.6)

Mt

where
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Ex(E) : ‘
(l)(R E,8) = h/? Jfﬁhﬂ(E',E,ﬁ'-ﬁ) Q (E") @iﬂ+(§,E',5) aQ' dg'
E1(E) & B

Ex(E)
+ k/z \/thﬂ(E',E,ﬁ'-ﬁ)l Q p(E") Sﬂ+(R E',8) ao' aE',

B, (E) Q' k=1
} and F (E' E,q 5)' | means that k is to be put equal to 1 in Eq. (5.5)
o For the case of an infinite beam normally incident on a slab we use

the results of Section II in Egs. (5.6) and (5.7) to obtain

w %E ®£;)(Z,E,w) + QpD(E) @ﬁi?(z,E,w)

Fa® om0 |- Penw, 6o

T
B N

(E) N
(l)( 2,E,w) = L/e £ (BB, o (B 1ﬁ+(z E' ) dB'

Pt
‘ E1(E)
(E) '
1 + L/* e;m(E') QﬂD(E') ‘I’gn,)r(? E',w) dE', (5.9)
E1(E) :
1 /My
T N
g, () = —- : (5.10)

JE'(E' + em _c®)

Equations (5.8) and (5.9) are of the same form as Egs. (2.17) and (2.18)
so the first-order muon flux may be obtained in the same manner as the

- other particle fluxes. The boundary conditions on the secondary muons are
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the same as on the other secondary particles, Eq. (2.19), and may, of

course, be satisfied exactly as before.

For the case of an infinite beam incident isotropically on a slab,

we have from Section III and Egs. (5.6) and (5.7)

wg— ()(zEw)+Q (E) ¢( )(zEw)

%— [ (E) ®( )(Z,E,w)] = s(l)(z,E,w), (5.11)

M Mt

" Eo(E)
IS;)(Z’E,UJ)'= f f pﬂ(E E, gr. 6) Q. (E ) o i(%r ,E') ' gE!
Ei(E) Q' S

Ex(E) '
+ f g, (B') Qp(E") @i;)i(z,E',w) dE'. (5.12)

For the case of a narrow beam incident normally on a slab,‘Eq. (5.7)

becomes
( ) - - _ ol n ' ' '
sy (RE,Q) = 8(x cost ) &(r sine ) Fpn(E JE,0) «QhD"Dini(Z’E ) aE
E1(E)
r sihn)
(1) & <cos¢w O(+r cos¢r) (E)
¥ cost Bun(E) Qp(EY) X, (r,2,E',0) a8,

E1(E)
(5.13)

and introducing as before the ansatz

o
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Xp+(r,z,E,w)

3
2
(l e ) - cos?
w

5(r sinn/cos¢w) B(+r cos¢r),

(5.1k4)

we obtain

w g; ﬁii(r,z,E,w) + %iD(E) X“iﬂr,z,E,w) - gﬁ S“(E) Xui(r,z,E,w)

E5(E)
= k/g guﬁ(E') Up(E") X (r,2,E,0) aB', (5.15)
E1(E)

Ex(E)
X(0,z,E,w) = \/2 FLK(E',E,w) QKD(E') ¢iﬂ+(z,E') dg’'. - (5.16)

E1(E)

Equations (5.15) and (5.16) are now completely equivalent to Egs. (4.10)
and (4.11) and may be treated in the same manner as these equations were
treated.

The lateral structure tunction for the secondary muons may be

written
r
arc tan 7L
(1
13 (2,2,5) = 2x () X (22, E,c086) a5, (5:17)
arc tan z
Z
with
5 Ea(E)
(l) _ 1 1 v t t
Loy (0:2,B) = ex F(BLEw @ p(B) o, (2,E") aB'[ ae.

o ﬁl(E) (5.18)
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Appendix

In the body of this paper the discussion was carried through only to
first order. For thick slabs such as those of interest in high-energy ac-
celerator shielding, the first-order computation is quite lengthy and a
higher order computation is probably not feasible. However, for the case of
an infinite beam incident, either normally or isotropically, on a thin slab
it may be possible to carry the computation to higher than first order with-
out involving excessivé computing time. In this appendix we indicate how
for the infinite beam cases the computation may be carried out to all

orders.

By adding and subtracting terms Eq. (2.4) may be put in the form

B, %, (RE?E) _Z f f o5{3(13 ,E) 5(d: 6 B8 -1) Q(E") @SB(‘R’,E',@") aQ' ag'

+ s (ﬁ,E,ﬁ), ' (A.1)

o

where
Eo ) - 5
o5 =) [ [ [rpen ) - g, 8EED] o e
£ & Q '

0 (R,ET) & ' | (A.2)

Z ffaB(E E, 4. 3)@2B \FaREﬁ)dQ'dEr
Eo ‘
- Z f fc,aa(E',E,?i'.ﬁ) Qg(E") @B(ﬁ,E,ﬁ:) a0r g
BE o

Eo ’
Z f fFaB(E',E,EE'.?z’)QB(E') @is(ﬁ,E,ﬁ) ae' aE'.
B E &
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The quantity @a which has been introduced in Eq. (A.2) is defined through

the equation

Eo .
B, \Ira(ﬁ,E,ﬁ) = Z f thaB(E"E) 6(?5!.;{- 1)
p E '

QB(E') [qu(R,E‘,Q') + @iB(R,E',Q') an' dE'} ,  (A.3)

where haB is a function which is to be defined.

Now let us introduce successive approximations to the flux, @iK),
through the equations
0

(%,5,8) - z o{¥) (%,8,7), S (Al

K=1

Eo

By @ié)(ia’,E,Ki) =Z f gaB(E',E) QB(E‘) qbig)(ﬁ:E':ﬁ') . SéK)(ﬁ,E,?i),
B E |

(A.5)

™78

s (R,E,0) = séK)(ﬁ,E,a), (A.6)

[0
K=1

. Eo
sél)(ﬁ,E,ﬁ) =Z f fGaB(E',E,?i'.?D Q(E") §(R,E",8) a0t e
) 8 E Q'

Eo
+; Ff d[FaB(E',E,ﬁ'.?f) Qﬁ(E') @i&(R,E',ﬁ') dE’ dQ',v (A.T7)
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: o
(e - ) f [ Foptm 5,808 qy(m) o)) (Rp ) a0 am
p E &

o}
) [ eptmm) gy o @,
P E

Eo
E: JF u/\qaa(E"E’n"a) Q(E") yg(E,E',01) a0t aB',
g E Q'

(A.8)
= 3 . 1 3t 3 [} K=1) 2 1 ar [ 1
séK)(R,E,Q) = }; J[‘ u/\FaB(E ,E,01.0) QB(E ) @ia )(R,E ,Q') aQ' dE
E QI .

Zij\%gEE>%m) oSV (E,p,® am' « 23, (a9)

With these definitions Eq. (A.4) is an exact solution to Eq. (A.1) provided
that the series converges. It is clear that the first-order equations are

the same as those introduced in Section II.

Note that the particles produced by &a have been included in the first-
order source term and subtracted from the second-order source term. The

reagson for doing this is, of course, to make the first order as accurate

as pbssible.

In a slab geometry the boundary conditions given in Eq. (2.19)
apply and are to be applied in each order. Except for the presence of the

source term, s 2) ( )
) o 2

to zero boundary conditions so the second—order flux will be small (or

(2) ;-

zero) provided that sa is small (or zero). Therefore, we should like to

(3)

choose the functions gaB, haB’ and Gdﬁ so as to make S @s small as

the equatlon for @ is a homogeneous eguation subject

possible.

12
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It follows immediately from Eq. (A.8) that ség) will. be zero if

o) (#,5,8) = 1,(%,5,8) | (8.10)
and if
Gaﬁ(E',E,?z".?i) = FaB(E',E,ﬁ'.-ﬁ) - gaB(E',E) ﬂ.g_ﬁ'_ll . (A.11)

Bguation (A.10) 1s just the statement that the first-order flux is exact
if the straight-ahead approximation is exact. Since this is not the case,

the best one can hope for is that

( ) T et 1 B o 1
f o/ (R,E,8") de = f\ya(R,E,Q ) an, (A.12)
7ASY AN}

where &, = some suitably defined solid angle.

Equation (A.12) is not a way of choosing §,, but rather is a crude
test which can be applied to determine the validity of the first approxi-
mation after it has been obtained. The only arbitrarinese wc have in
choosing qra is through the choice of haB. On the basis of (A.12) it seems

reasonable to choose
1 _ ot =
hCiB(E ;E) = gOfB(E_’E)’ (A'lﬁ)

as we have done in the body of the paper, but it must be understood that

there is considerable arbitrariness in this choice.

Equation (A.11) could be used as a definition of GdB' However, as
we have stated earlier, this choice is so inconvenient from a computational
point of view il seems preferable to use the definition given in the body

of the paper.
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It is clear that there is, in general, no way of deciding what
choice of the functions gaB, haB’ and GBa will lead to the best first ap-
proximation. If the computation is carried out to a sufficiently high
order, it is to be expected that the results will be independent of the
exact choice made for’these functions, but it is clear that the best one
can hope for is that the first-order result be approximately independent

of the choice made for these functions.

Let us now consider Egs. (A.4) to (A.9) for the case of.an infinite
beam incident.either normally dr isotropically on a slab. By introducing -
the appropriate form of the primary solution and utilizing Egs. (2.12),
one finds that Eq. (A.4) in all orders is of the form of Egs. (2.10) and »
(3.5); i.e., it is of the form of the first-order equations. Therefore;
the same code which will give a numerical solution to tpe first-order
equations may be used to obtain a solution in any orders. In principle,
then, an exact solution can be obtained by an iteration procedure. The
boundary conditions, Eq. (2.19),'can, of course, be satisfied exactly in

each order.

After the iteration is complete and the exact pion flux has been

obtained, the muon flux may be obtained directly from Egs. (5.2) and (5.4).
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