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ABSTRACT 

The commutation relat ions of the a lgebra of SU„ a re 

used to const ruct a simple graphical picture of the i r reducib le 

r ep resen ta t ions . The graphs a r e useful in the reduction of p r o ­

ducts of i r reducib le r ep re sen ta t ions . A simple sys temat ic method 

for the calculation of the genera l ized Clebsch-Gordan coefficients 

is also p resen ted . 



I. INTRODUCTION 

In the l a s t few yea r s the attention of e l emen ta ry -pa r t i c l e phy­

s ic is ts has been strongly drawn to the group of th ree -d imens iona l uni tary 
1 

unimodular m a t r i c e s SU . It appears that the " e l e m e n t a r y " pa r t i c l e s as 

well as an ever increas ing number of resonances can r a t h e r conveniently 

be classif ied according to represen ta t ions of this group^ in par t icu la r the 

8-dimensional r ep resen ta t ions (pseudoscalar mesons tr, K, K, T| o ; vector 

p, M, M, oj; baryons S, N, 31, A ) and the lO-dimensional one [N , Y , 

3J , Z( ?)] . In cont ras t to the s impler group SU , which plays a role in the 

phenomenon of charge independence and which is a lmost identical with the 
3 

famil iar rotat ion group, SU and i ts connection with the symmet r i c group 

is not well known to many phys i c i s t s . Thus an ever increas ing number of 

papers which take the mathemat ica l background for granted appear some­

what mys te r ious to those unfamiliar with the group s t r u c t u r e . A recen t 
4 

review ar t ic le on Lie groups by Behrends et a l . has done much to remove 

this gap in mathemat ica l background; but this paper , covering as it does 

many groups of potential i n t e re s t and many techniques, sti l l leaves some­

thing to be des i r ed in the specific t r ea tment of SU . This paper in a ce r ta in 

sense complements the BDFL paper : the problem of obtaining explicit 

represen ta t ions and of reducing products of r epresen ta t ions is t r ea ted by 
1 

M. Ikeda, S. Ogawa, and Y. Ohnuki, P r o g r . Theoret , Phys , (Kyoto) 
22, 715 (1959); M. Gell-Mann, "The Eightfold Way ," CTSL Repor t No. 20 
(1961); P h y s , Rev. 125, 1067 (1962); Y. Ne 'eman, Nucl , P h y s . 2^, 222 
(1961); Y. Yamaguchi, P r o g r . Theore t , Phys , (Kyoto), Suppl. No, 11 (1959); 
A, Salam and J . Ward, Nuovo cimento 20, 419 (1961); J . Wess, Nuovo 
cimento _10, 15(1960). 

2 
S. Glashow and J. J . Sakurai , Nuovo cimento 25, 337 (1962); ibid. 26, 

622 (1962). 

3 

For example, J . Wess , Nuovo cimento 10, 15(1960). 
4 

R. E. Behrends , J. Drei t le in , G. F ronsda l , and B, W. Lee, Revs , 
Modern P h y s . 34, 1(1962). 



general izing the " r a i s i ng" and " lowering" operator technique famil iar from 

the simple textbook t rea tment of angular momentum. For the sake of s im­

plicity, only this technique is worked out in detail ; no attempt is made to 

give a complete proof of a number of r e su l t s obtained on the way. The tech­

nique could, of course , be adapted for the treatmejit of other Lie groups, 

but in view of the grea t in te res t in SU to the exclusion of any of the other 

groups, no attempt at general izat ion is made . 

The group is defined by eight genera tors and, as established 
5 

by L i e , only the c o m m u t a t o r s of t h e s e g e n e r a t o r s a r e n e c e s s a r y to s tudy 

the p r o p e r t i e s of the g r o u p . F o r e x a m p l e , the r o t a t i o n g r o u p i s ( a l m o s t ) 

c o m p l e t e l y def ined by the c o m m u t a t i o n r e l a t i o n s 

r J , J 1 = i 6 J 
•• i k-" ik£ i 

a m o n g the g e n e r a t o r s of r o t a t i o n s J . . In what fo l lows , we sha l l a s s u m e i t 

to be p r o v e d tha t for SU , too , the a l g e b r a of i t s g e n e r a t o r s ( i . e . , the c o m ­

m u t a t i o n r e l a t i o n s ) a r e a l l tha t a r e n e e d e d , and tha t the r e p r e s e n t a t i o n s of 

the a l g e b r a y i e l d the r e p r e s e n t a t i o n s of the g r o u p . A s i d e f r o m the gap — not 

p r o v i n g the above s t a t e m e n t and not f i l l ing in the m a t h e m a t i c a l b a c k g r o u n d — 

the p a p e r i s s e l f - c o n t a i n e d and fo l lows the l i n e s l a i d out in S e c . II , which 

r e v i e w s i - s p i n . 

I I . T H E A L G E B R A OF SU 
2 

This section briefly reviews the familiar a lgebra of i -spin and 

i ts r epresen ta t ions , to p r e p a r e us for the somewhat more complicated case of 

SU . As was mentioned in the introduction, the a lgebra is defined by the com­

mutation re la t ions among the ope ra to r s , and in order to find (i) all the 

_ 

See for example G. Racah, "Group Theory and Spectroscopy, " Institute 
for Advanced Study Lecture Notes, Pr inceton, N. J. (1951). 



4 

opera to rs and (ii) the defining commutation re la t ions of the a lgebra , we s tar t 

with the s imples t physical rea l iza t ion of the a lgebra—the one which, in fact, 

made us in te res ted in SU in this connection. We a s sume that there is an 
2 

entity, the "nucleon, " which has two s ta tes , the "proton" state and the "neu­

t ron" s tate , which we shall descr ibe by the two-component wave function 

I J . We can construct an operator which converts the neutron to a proton, 

namely, the ra is ing opera tor 

which has the p roper ty that 

/ a \ / b 

Its Hermit ian adjoint 

- % ^ ^ ( " I) 
is a lowering opera tor , since 

( s )=a ) -
We can for mi the commutator of these , and find that 

t V " ^ - ^ " "̂ 9 ' ^" " ^̂  

where 

• ^ 3 



5 

We also find that 

[ T 3 , T _ ] = - 2 T _ . ( I I - 3) 

Equations (II - 1), (II - 2), and (II - 3) complete the commiutation re la t ions ; 

and the like all further commuta to r s such as T , [T , T ] , r W^J'^ 1 

can be expressed in t e r m s of the opera to r s T , T , T , which are therefore 

the basic se t . Jn t e r m s of the 2 x 2 m a t r i c e s , there a re also p roper t i e s 

such as 

T 2 = 0. 
+ 

2 = 0 , 

but these a r e pecul iar to the two-dimensional representa t ion only. To obtain 

other r epresen ta t ions of the a lgebra , we must use only the defining commu­

tation re la t ions (II - 1, 2, 3). 

It i s c lear from these re la t ions that only one of the Hermit ian 

opera to rs T „ , (T + T ), and i(T - T ) can be diagonalized. The r e p r e s e n -
3 + _ _ -(-

tation of the space in which these ope ra to r s act will therefore be chosen such 

that T is diagonal — as turned out to be the case in the two-dimensional r e p ­

resenta t ion with which we s ta r ted . We label the s ta tes only by the eigenvalue 

m of T for the t ime being, i. e. , 

T^ |m) = m | m ) . (H - 4) 

F r o m Eq, (II - 2) it follows that 

r T | m ) = (T T + 2T ) | m ) = (m + 2) T Im) (II - 5) 
3 + 1 + 3 + 1 +1 
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so tha t T In i ) i s an e i g e n s t a t e of T with e i g e n v a l u e ( m + 2 ) — h e n c e the 
+ 1 3 

a p p e l l a t i o n " r a i s i n g o p e r a t o r " for T . S i m i l a r l y T 1"^) can be shown to be 

an e i g e n s t a t e of T „ wi th e i g e n v a l u e (m - 2), If we s t a r t wi th any s t a t e in a 

g iven r e p r e s e n t a t i o n , we c a n g e n e r a t e s t a t e s wi th h i g h e r and h i g h e r e i g e n ­

v a l u e s by r e p e a t e d a p p l i c a t i o n of T un t i l we r e a c h the s t a t e with m a x i m u m 

e i g e n v a l u e I M ) . T h i s s t a t e h a s the p r o p e r t y tha t 

T | M ) = 0 . (II - 6) 

L e t us now s t a r t wi th t h i s " h i g h e s t w e i g h t " s t a t e , which i s 
5 

unique for an i r r e d u c i b l e r e p r e s e n t a t i o n , and g e n e r a t e the whole s e q u e n c e 

of s t a t e s . We have 

T | M ) = \ ^ | M - 2 ) . (II - 7) 

If the s t a t e s a r e c h o s e n to be n o r m a l i z e d to uni ty , i . e . , if 

( m | m ) = 1 , (II - 8) 

then 

\ 2 = ( M I T T | M > 
1 I + - ' 

= (MlfT ,T 1 + T T IM) 
1 "• + - J _ + I 

= ( M | T g | M ) = M . (II - 9) 

The phases have been chosen such that X. is real. Note that 

(M-2|T |M) = X = (M|T |M-2)**, 



Hence 

Next c o n s i d e r 

Aga in 

In g e n e r a l , if 

we see t h a t 

We thus find tha t 

T | M - 2 ) = \ | M ) . (II - 10) 

M - 2 ) = \ | M - 4 ) . (II - 11) 

\ 2 ^ ( M - 2 r T | M - 2 ) 
+ - I 

( M - 2 | T T | M - 2 ) + M-2 

\ ^ 2 + M - 2 . (II - 12) 

T | M - 2 ( p - l ) ) = \ | M - 2 p ) , (II _ 13) 
-I p i 

X 2 = \ 2 + M - 2 ( p - l ) . (II _ 14) 
p p - 1 

X 2 = p (M - p + 1) . (II - 15) 
P 

The " m i n i m u m s t a t e " i s r e a c h e d when X = 0, i . e . , when 
P 

P = M + 1 . ( 1 1 - 1 6 ) 



8 

T h i s i s t h e m u l t i p l i c i t y of t h e i r r e d u c i b l e r e p r e s e n t a t i o n i n t e r m s of t h e 

m a x i m u m e i g e n v a l u e of T • T h e s t a t e s m a y b e p i c t u r e d a s f o r m i n g a l i n e a r 

a r r a y ( F i g , 1) a n d t h e o p e r a t o r s T r e p r e s e n t s t e p s f r o m o n e p o i n t t o 

• *> e • M 

F i g . 1, T h e s t a t e s of a n i r r e d u c i b l e r e p r e s e n t a t i o n of SU 
a n d t h e a c t i o n of " s h i f t " o p e r a t o r s o n t h e m . 

a n o t h e r . T h e r e i s o n l y o n e s t a t e w i t h a g i v e n v a l u e of m ; a n d f u r t h e r m o r e 

o n l y o n e i r r e d u c i b l e r e p r e s e n t a t i o n i s g e n e r a t e d f r o m a g i v e n m a x i m u m 

s t a t e I M ) . We t h e r e f o r e e x p e c t t h a t t h e r e e x i s t s o n e i n d e p e n d e n t o p e r a t o r 

c o n s t r u c t e d o u t of T . T w h i c h c o m m u t e s w i t h a l l t h e T ' S a n d w h i c h s e r v e s 
± ^ 6 

to d i s t i n g m s h i r r e d u c i b l e r e p r e s e n t a t i o n s . Such, a n o p e r a t o r i s , f o r e x a m ­

p l e , t h e s q u a r e of t h e i - s p i n . W e w r i t e i t a s 

(C = i ( T T + T T ) + i r 2 , ( 1 1 - 1 7 ) 

Since 

[C, T.] = 0, 

it fo l lows tha t 

C | m ) = c [ m ) (II - 18) 

for a l l m , i, e , , 

6 

The r e l a t i o n b e t w e e n the n u m b e r of i n v a r i a n t o p e r a t o r s and the n u m b e r 
of p a r a m e t e r s n e c e s s a r y to c h a r a c t e r i z e an i r r e d u c i b l e r e p r e s e n t a t i o n i s 
m e n t i o n e d by L . C. B i e d e n h a r n , P h y s . L e t t e r s 3, 69 (1962) , 

» 
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( m | ( C | m ) ::. c = ( M | C [ M ) . (II - 19) 

Now u s e of the c o m m u t a t i o n r e l a t i o n s y i e l d s 

(C = i X g S + i X g + T T ^ . (II - 20) 

Hence 

c = ( M | ( C | M ) = ( i M ^ + jM) 

= - I M ^ M + 1) = t(t + 1) (II - 21) 

and the m u l t i p l i c i t y i s 

p = (M + 1) = 2t + 1 , (II - 22) 

w h e r e 2t + 1 i s an i n t e g e r . T h i s i s a w e l l - k n o w n r e s u l t . The following 

d i s c u s s i o n of the r e p r e s e n t a t i o n s of the a l g e b r a of SU wi l l i m i t a t e the one 

above a s far as p o s s i b l e . 

I I I . THE A L G E B R A OF SU 

3 

The g e n e r a l i z a t i o n f r o m SU to SU c o n s i s t s in e n l a r g i n g 

the se t of o p e r a t o r s T , T of S e c . I I . to one which " s h i f t s " the p o s i t i o n s of 
± 3 

t h r e e o b j e c t s , s ay the p r o t o n , n e u t r o n , and l a m b d a ( a s in the s y m m e t r i c 
1 / P \ 

S a k a t a m o d e l ) in the wave funct ion ( n I . The s innples t r e p r e s e n t a t i o n of 
the shift o p e r a t o r s by 3 x 3 m a t r i c e s i s the s e t 



/O 1 0^ 

' ^Mo 0 0 

/o 0 r 
E = 4 v O 0 o | , E = ^ / 0 0 0) , (III 

" ^Mo 0 0 

^ /O 0 0 

E 

E 

E 

- 1 

• 2 

- 3 

1 

~ N^6 

1 

" Nr6 

1 
± 

~ ^ 6 

( 0 
1 

. 0 

/ ' 
' 0 

y 1 

/o 
0 

Vo 

0 
0 

0 

0 

0 

0 

0 
0 
1 

0 
0 

0 

0 

0 

0 

0 
0 
0 0 0 0 

The factor 1/ w6 is i n se r t ed in o rder to make the notation conform to the 
4 

canonical notation of Behrends et a l . 

If we introduce the m a t r i c e s 

^ / I 0 o\ ^ / l 0 0 

^ Vo 0 0/ ^ \ 0 0 -2 

we can easi ly derive the set of commutation relat ions which completely 

defines the a lgebra . These a r e 

[E^,EJ= 0, [E_^,E_J = 0, 

Pi '^_2l = - 7 ^ E _ 3 ' [ ^ x ' ^ ] = 7 6 ^ 3 ' 

[E,,E_J = 0, [E_^,EJ=0, 
(III 

[ E ^ , E J . 0, [E_^ ,E_J .O , 

[^2-^-31 = 7 6 ^ ^ ' f ^ . 2 ' ^ 3 l = - 7 6 ^ -
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Fur the r 

and 

P2'E_2] 

[^3 '^_3] 

1 

-^3 ^ 1 ' 

1 
2A,r3 1 

1 

H, + i H ^ , 

2A/3 1 
H, + i H ^ , 

(III - 4) 

[Hi, E J 

[H , ,E3 ] 

4-3^^' 

2^3 ^ 2 ' 

2^/3 ^^' 

[H^^EJ = 0. 

iE. 

1 TT 
2 -^3 ' 

[ H , , H J = 0. 

Note that 

E = E 
- a a 

t 

(HI - 5) 

(III - 6) 

The re la t ions (III - 3)—-(III - 6) complete ly cha rac t e r i ze the a lgebra . R e -

^a'lV"' and the like do not lead to any new peated commuta to r s , e. g . , 

o p e r a t o r s . 

Our task now is to cons t ruc t r ep resen ta t ions of the a lgebra . We 

f i r s t note that we naay choose our r ep resen ta t ion such that H and H , 

which commute with each other , a re s imultaneously diagonal in i t . We 

label the s ta tes in a given i r reduc ib le represen ta t ion by the eigenvalues 

of H and H , and denote them by I m , m ). Then 
1 2 ' •' I 1 ' 2 
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H^ Im^^mg) - m^ Im^^mg) 
(III - 7) 

H^ Im^^m^) = m^ Im^^m^) • 

As is suggested by the explicit form of the special r ep resen ta t ion in E q s . (Ill - 1)^ 

the opera to r s N/6 E ^ 7̂6 E ^ and 2 ^̂ 3 H obey the same commutation re la t ions 

as T ; T ^ and j and thus form a sub-a lgebra . The invar iant C takes the form 

T^ = 3 (E^ E_^ + E_^ E^) + 3H^ ; (III - 8) 

and it is eas i ly verif ied that 

[T^, E ^ J = 0, 

[ P , H J - 0, (III - 9) 

[ T ^ , H„] = 0, 

whereas 

[ T ^ , E^g] ;^0. 

Thus T^ is not an invar iant ope ra to r . It may^ however^ be diagonalized 

s imultaneously with H^ and H^i and the s ta tes Im^^m^) should actual ly be 

wri t ten as Im ^m^; t ) with 

T^ jm^^m^; t ) = t ( t + 1) j m ^ . m ^ ; t ) . (Ill - 10) 

The form of the eigenvalue will become evident l a t e r . Fo r the t ime being we 

will suppress the dependence on t, and only use it la te r to classify s ta tes 

that m a y , even within a given i r reduc ib le r ep re sen t a t i on , have the same 

values of m and tn^. 
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It is c lear from E q s . (Ill - 5) that since 

H g E i = E ^ H ^ , 

E r a i s e s the value m by l/ \ /3 but leaves m unchanged. The commutation 

re la t ions for H , H with E^ , ^+3 i-mply the p roper t i es exhibited in Table I. 

TABLE I. The "shifting" p roper t i e s of the generating opera to rs E^ . 

^ m m„ 
Operat ion 1 2 

by eigenvalue eigenvalue 

E ra i sed by—p- unchanged 

E lowered by —— unchanged 
N/3 

E„ r a i s ed by ra s i ed by j 
2N/3 

E „ lowered by — lowered by T 
-2 ^ 2N/3 ' 

E lowered by ra i sed by j 
2N/3 

E „ r a i sed by — lowered by T 
-3 ^ 2 N ' 3 ^ 

The p rope r t i e s may be exhibited graphical ly on a plot (Fig. 2) with 

coordinates m and m . Because of the canonical normal iza t ion , the opera ­

to r s act along the sides of equi la tera l t r i a n g l e s . This graphical r e p r e s e n t a ­

tion of the opera to r s will be used extensively . 
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m . 1 

1 

2 

2Ny3 ^3 

^ - E 

2 N / 3 

2 

Ny3 

- > -

m . 

Fig . 2. Graphica l r ep resen ta t ion of "shift" opera to r s in m^mg plane. 

A final r e m a r k is in o rde r : one can easi ly check that the commu­

tation re la t ions a r e invar iant under the replaceraent 

E , -

E , 

' - 2 ^ 

E , E . 

H, 

H, 

-IH 

^3 

1 " 2 ^ 2 ' 

H^ - 2 H ^ , (III - 11) 

i , e . , under a rotat ion of F ig , 2 through 120 . The implicat ions of this a r e 

that not only do [ E , E_ , ( 1 /N/3 ) H ] form a sub-a lgebra (SU^) but so also 

do (E_2^ ^2' ~2 H - J'^ H^) and the set obtained by a 240 rota t ion, A l inear 
7 

combination of E and E^ may a lso be used to genera te a sub -a lgebra . 

B. D 'Espagnat and J . P r e u t k i , Nuovo cimento 24, 497 (1962), 
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m^ 

IV. T H E R E P R E S E N T A T I O N S P A C E 

In t h i s s e c t i o n , a g r a p h i c a l m e t h o d wi l l be u s e d to exhib i t s o m e 

of the p r o p e r t i e s of the r e p r e s e n t a t i o n s p a c e , and in p a r t i c u l a r , the p o s s i b l e 

v a l u e s , m and m , of the e i g e n v a l u e s of H^ and H^ . As w a s shown in S e c , I I I , 

t he o p e r a t o r s E ^ , E^^, and E^ a r e shift o p e r a t o r s wh ich t r a n s f o r m a g iven 

s t a t e in to one wi th e i g e n v a l u e s s u c h t h a t i t i s d i s p l a c e d by a d i s t a n c e i/\l3 a long 

one of t h e t h r e e s i d e s of an e q u i l a t e r a l t r i a n g l e . The s t a t e s t h e r e f o r e m u s t l ie 

on the s i t e s shown a s so l id c i r c l e s in F i g . 3, The d i r e c t i o n AB wi l l be c a l l e d 

the "1 l i n e , " AC the "2 l i n e , " and AD the "3 l i n e . " 

\ / \ . . - ^ . ' • \ • \ / \ • • ' \ ' 

\ /̂ . / \ A / \ / \ /\° 
'• ' ' •'• ^ / \ •' \ / \ / \y \ 

V V / \ ' V -••/ \ 
-=»—' m ^ 

F i g . 3, P o s s i b l e s i t e s of s t a t e s in the m m p l a n e . 

F o r f i n i t e - d i m e n s i o n a l r e p r e s e n t a t i o n s , only a f ini te n u m b e r of 

s i t e s w i l l be o c c u p i e d , and our f i r s t t a s k w i l l be to l e a r n s o m e t h i n g abou t 

the d i s t r i b u t i o n of o c c u p i e d s i t e s . A s in ou r d i s c u s s i o n of SU^^ we no te t h a t 

t h e r e w i l l be one or m o r e p o i n t s wi th m a x i m u m va lue of m —poin t s of 

d o m i n a n t w e i g h t . If t h e r e a r e s e v e r a l of t h e m , we choose the one w i th the 

h i g h e s t v a l u e of m ^ — t h e point of h i g h e s t w e i g h t . L e t the " c o o r d i n a t e s " of 

t h i s poin t be d e n o t e d by (M , M ). We s h a l l a s s u m e t h a t a t t a c h e d to the 
5 

point of h i g h e s t we igh t t h e r e i s only one s t a t e iM , M / . T h e n the cond i t ion 

t h a t i t i s the s t a t e f a r t h e s t to the r i g h t i m p l i e s t ha t 
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E^ jM^M^) = Eg IM^Mg) = E_3 [M^^M^) = 0. (IV - 1) 

Suppose that in addition 

E_^ iM^^Mg) = 0; (IV - 2) 

then it follows that 

E_2 jM^Mg) = N/6 [ E _ 3 , E _ ^ ] iM^Mg) = 0 (IV - 3) 

and 

E^3 iM^Mg) = ^ [ E _ ^ , E 2 ] iM^Mg) = 0, (IV - 4) 

Thus E IM M„) = 0 for a l l a and from the commutation re la t ions for 
± a I -'• ^ 

[E , E 1 it follows that 
a -a 

M^ = Mg = 0. (IV - 5) 

Thus (IV - 2) further r e s t r i c t s the state to be one that is annihilated by all 

o p e r a t o r s . The state mus t therefore be the uni tary singlet s t a t e . 

If 

E_^ jM3^M2) ;^0 , (IV - 6) 

there a r e at leas t two points on a hor izontal line (the 1 l ine) . It can now be 

shown that e i ther 

E3 [M^Mg) 5^0 (IV - 7) 

or 

E_2 iM^Mg) ^ 0 (IV - 8) 

or both a r e t r u e . This i s done by noting that 

E_^ iM^Mg) = N/6 [ E 3 , E . g ] iM^Mg) ?̂  0, (IV - 9) 

which could not be t rue if both E and E_„ annihilated iM M ). Hence the 

boundary of the dis t r ibut ion of s i tes near the state of max imum weight mus t 



be one of the three cases shown in Fig. 4. 

17 

jM^M^) 

-^[M^Mg) 

iM^Mg) 

F ig . 4, Boundary of the dis tr ibut ion of s i tes near the state of maximunn weight. 

Next we would like to show that the boundary of the set of s i tes 

cannot be concave. The occur rence of a situation such as exhibited in F ig , 5 

• • • c 

c t, 

Fig , 5. A concave boundary in the m r n plane. 

would imply that 

E^ I A ) = 0. (IV - 10) 
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Now let 

Then 

E_2 |B) = X | A ) , (IV - 11) 

E3 | C ) = cr | A ) . (IV - 12) 

crX = ( B j E g E g l C ) = {B\E^B^\C) = 0 (IV - 13) 

so that ei ther X or cr (or both) vanish , provided I A ) is nondegenera te . Since 

the boundary assumed in F ig , 5 leads to a contradict ion, it follows that such 

a concavity cannot occur in the boundary. 

Suppose now that at the site A the re a r e two s ta tes such that 

and 

Then 

and of course 

E_2 |B) = X | A ' ) (IV - 14) 

( A | A ' ) = 0, (IV - 15) 

E., | A ' )= 0 (IV - 16) 

E^ | A ' ) = 0. (IV - 17) 

The next s tep is to a rgue that this impl ies IB ) can never be reached from 

I A ); and this contradic ts the assumpt ion that IA ) belongs to the same 

i r reduc ib le represen ta t ion as I B ) . F i r s t we note that the s imples t non-

d i rec t way from A to B is via D. However , 

E^E3 | A ' ) = ( E 3 E ^ + - ^ E 2 ) | A ' ) =0 (IV - 18) 

by (IV - 16) and (IV - 17), It r ema ins to be proved that a l l paths reduce to 

the one via D. This is done with the help of (i) the re la t ions 

[ E ^ , E J ^ [ E , , E _ 3 ] = [ E g , E 3 ] = 0 (IV - 19) 
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which, in terms of pictures, imply the deformability of paths like ABC into 

ADC as in Fig, 6, (ii) the other commutation relations whose graphical 

innplication is that, for example, MNO is equivalent to MPO plus MO, and 

(iii) the fact that 

E E |m,m„) - X (m.m„) |m^m„) (IV - 20) 
a -a 1 1 ' = ^ a x ^ i x < i 

whose graphical meaning is that, say, a step ST followed by TS is equivalent 

to never leaving S at all. The reader can easily convince himself with the 

help of (i), (ii), and (iii) that all paths linking A to B in Fig, 5 reduce to 

ADB. 

• « • Jl - ; J B C » • ^^^9 
/ / / \ 

'' / / ^ 
® » (» « ' C • « M«(- - ^ O 

« $ • • • e • W P • 

S T 
• 9 « • « • • « • 

Fig. 6. Paths in the m^m^ plane. 

For the purp>oses of this paper, this is enough "proof" that the 
8 

boundary must be concave. Figure 7 shows some possible boundary shapes. 

We shall show later that all such polygonal boundaries must be invariant 
o 

under a rotation of 120 , a result which is not surprising in view of the 

8 

After this work was finished, it was pointed out to me that similar 
considerations appear in a paper by E. P. Wigner, Phys. Rev. 51, 106 
(1937). I wish to thank Prof. G. C. Wick for this observation, which was 
communicated to me by Prof. J. J. Sakurai. 
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F i g . 7. Poss ib le shapes of the boundary of the dis t r ibut ion of s i tes , 

corresponding s y m m e t r y of the a lgeb ra . It is c lear that all in te r io r points 

r e p r e s e n t s ta tes ; a "hole" in the middle is excluded by the a rgument used 

to prove the convexity of the boundary. 

We have not yet d i scussed the mult ipl ici ty of s ta tes (in a given 

i r reduc ib le representa t ion) at a given site in the (mj^,!!!^) p lane. We shall 

f i rs t show that at the boundary points the mult ipl ici ty is one, if it is a s sumed 

there is only one state of highest weight. For the situation pictured in F ig . 8, 

we have 

X̂  | B ) = E _ 2 | M ) . (IV - 21) 
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• • • • 

• • • • • 

Fig . 8. Some of the forbidden s teps a r e denoted by dotted l ines, 

If t he re is to be another state I B ' ) at the same site as | B ) , we must be able 

to r each it from I M ) by another path, i . e . , for example E_ E_ I M ) should 

not be equal to \ IB ) . However , if IB ) = E_3E_^ I M ) , then it follows 

that 

E . 3 E . , \M) - ( E . , E _ 3 + - ^ E . J |M) = - L E . 3 | M ) = - ^ | B ) . (IV - 22) 

This impl ies that IB ) is a mult iple of IB ). S imi la r ly , another path from M 

to B could be r ep re sen t ed by 

| B " ) = E^E_2E_^ | M ) . 

However , it is a l so t rue that 

E 3 ^ E _ 2 E _ ^ | M ) = E^E_^E_2 |M) 

= X^E^E_^ |B> 

= X J E ^ , E _ J IB) (IV - 23) 

which is propor t ional to IB) and again impl ies that IB ) is a multiple of I B ) , 

To prove the nondegeneracy of a boundary point in a l ess exhaustive 

way, we could a s s u m e that at the si te B there a r e two s ta tes |B ) and IB^/^ 

with 



E^ |B^) - c^ | M ) , (IV - 24) 

Eg IB^) = Cg | M ) . 

However, from this it follows that 

I*) = Cg | B ^ ) - c^ \B^) (IV - 25) 

has the p roper ty that 

E^ | # ) = 0. (IV - 26) 

It is a lso t r u e , however , for any state at the site B that 

Conditions (IV - 27) and (IV - 26), however , imply that 1$) is a state of 

maximum weight; and this contradicts the a s s e r t i o n that I M ) is the only 

such s ta te . This a rgument can be c a r r i e d out for a l l boundary points , since 

by " ca r ry ing" the a s sumed degeneracy along the boundary in a counterclock­

wise direct ion to the si te B , we reduce all such cases to the one d i scussed 

above. 

The mult ipl ici ty of in te r ior points need not be one , but it tu rns 

out to be one whenever the boundary is t r i angu la r . Consider the situation 

exhibited in F ig . 9. We have 

| A ) = E_2E_3^ | M ) ; (IV - 28) 

A 

• 

• 

G 
--? 

/ 

4 

• • • 
B 

A / 

D / ^ E • 

4 4 • 

• 

M 

• 

o 

• 

• 

Fig . 9. Points in the vicinity of the maximum-^weight point for a t r iangular 
boundary . 
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and since 

[ E _ , , E _ J = 0 , 

this is equal to E_ E_ | M ) , SO that whether we go along MBA or MCA we 

get the same s t a t e . In the same manner we can convince ourse lves that no 

m a t t e r what path we choose , it always leads to the same state | A ) . 

It is not hard to use this information to prove that the state ID/ is 

unique, and s imi la r ly for the points on the next layer of points (lying on the 

dotted line in F ig . 9). We can then s t a r t al l over again to prove the s t a t e ­

ment about the next layer beyond tha t , e t c . , e tc . 

If the boundary is not t r i angula r (see F ig . 10), the next layer of 

points has two s ta tes at each s i t e . To show t h i s , define 

|A^) - E_^ IM) , 
(IV - 29) 

[Ag) = E_2E3 | M ) . 

• • • • • • 

• • • o 4 • • 

• • • • y ^ • 
Z B / 

• 9 9 • 9 9 • 
W / 

• • • • • • 

Fig . 10. Points near max imum point for a non- t r iangular boundary. 

With the help of the commutat ion re la t ions we readi ly show that 
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The s ta tes |A^) and lA^) will be l inear ly dependent if and only if the re 

exis ts an a such that 

1$) = cos a |A^) + sin a jA^) = 0. (IV - 31) 

There will be a solution provided 

(A^lAg) ( A J A ^ ) - (A^jA^)^ = 0, (IV - 32) 

i . e . , provided 

( M ^ + \/3 M2)(M^ - N/3 M 2 ) ( M ^ + N/3) = 0. (IV - 33) 

Now 

M^ = ± N/3 Mg 

cor responds to the t r i angula r c a s e s . To show t h i s , note that for a t r iangular 

case E + 2 | M ) = 0 or E_^_^ | M ) = 0; i. e. , the r equ i r emen t ± (M^/2 \l3) + ^ M^ ^ 0 

holds for one sign of the f i rs t t e r m . If M^ ^ + \f3 M^, there is no solution 

( M ^ > 0). Hence the re a r e at leas t two independent s t a t e s . 

To show that there a r e no more than two, note that if one of the 

s ta tes i s 

|A^) s E _ ^ |M) (IV - 34) 

then the other may be chosen as 

JA^^') = (XE_2E3 + E_^) | M ) (IV - 35) 

so that it is orthogonal to lA, ) , i . e . , 

( A ^ ' I A ^ ) = 0. (IV - 36) 

On the other hand 

Also 

Hence 

1. e , 

( A ^ | A ^ ' ) = ( M | E ^ | A ^ ' ). 

E ^ | A ^ ' ) = p | M ) . 

p = 0 , 

E ^ | A ^ ' ) = 0 . (IV - 37) 
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If there is a third independent s t a t e , it may be chosen orthogonal to both 

|A^) and lA^ ). If this state is denoted by lA^ ) , it obeys 

( A J A ^ " ) - { A ^ ' | A ^ " ) = 0. (IV - 38) 

This impl ies that 

E J A ; ' ) = O, 

E . 3 E 2 I A , " ) = 0, 

and consequently 

E 3 E . 3 I A " ) . 0 . 

T h i s , however , impl ies that 

E J A ^ " ) = E g j A ^ " ) = E _ 3 | A / ' ) = 0 (IV - 39) 

which is the condition that IA ) be a maximum s ta te . Since I M ) is the only 

such s t a t e , the re cannot be m o r e than a two-fold degeneracy at the site A. 

We may now s t a r t at the site A and by moving along the line para l le l 

to the boundary (Fig . 10) show that at the site B there a r e exactly two s t a t e s . 

This can be continued all around the layer one step in from the boundary. 

It is only a li t t le m o r e tedious to show that the mult ipl ici ty at the 

s i tes of the next layer (X, Y, Z , W in F ig . 10) is t h r e e . In fact the mul t i -
8 

plicity i n c r e a s e s at each step until the layer has a t r iangular shape , after 

which the mult ipl ici ty ceases to i n c r e a s e . A simple way to visual ize this is 

to view the boundary as the base of a t runcated pyramid and the success ive 

l aye r s as contour l ines on i t . Then the top of the pyramid is always a t r i ­

angle , and the mult ipl ic i ty i n c r e a s e s with al t i tude. 

These las t s t a tements have been proved he re only for special c a s e s . 

They should be easy to prove quite genera l ly by use of some powerful 
9 

techniques due to Weyl, but such depa r tu re s from a purely p rac t i ca l d i s ­
cussion of the r ep resen ta t ions is outside the scope of this paper . 

-
See r e fe rences in the review paper of R. Behrends et a l . ( re ference 4). 

See a lso the re fe rence quoted in footnote 8. 
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The degenerate s ta tes may now be labeled by their i spin, i . e . , 

by the quantum number T^ of Eq. (Ill - 8) which may be wri t ten 

f 2 = 3(E^E_^ + E_^E^) + 3H^^ 

= 6 E . 1 E 1 + 3 H i ^ + N/3 H^ 

= 6E_^E^ + N/3 H^ (N/3 H^ + 1). (IV - 40) 

The state I M ) is an eigenstate of T^. In fact , since 

E ^ | M ) = E^ IM^M^) = 0, 

it follows that 

T^ iM^Mg) = N/3 M^ (N/3 M^ + 1) jM^M^) . (IV - 41) 

The s ta tes E _ ^ | M ^ M 2 ) , (E_^) IM^M^) , * * ' , e t c . , a r e (aside 

from normal iza t ion constants) the other s ta tes that belong to the i -spin 

mult iplet of which iM Mg) is the highest m e m b e r . Clear ly the mult ipl ici ty 

is 2t + 1; i . e . , in ternns of M it is {Z \l3 M + 1). The s tate |A^) is par t of 

this mul t ip le t . The s ta te [A ' ) , which is orthogonal to lA^^) and which 

sat isf ies 

E , | A , ' ) = 0, 

is a lso an eigenstate of T^. The value of m^ at the site A is M^ - 1/N/3, SO 

that lA^ ) is the highest m e m b e r of an i - sp in mult iplet of mult ipl ici ty 

2 [ N / 3 ( M ^ - 1/N/3)] + 1 - 2N/3 M ^ - 1. 

The genera l features a r e perhaps bes t i l lus t ra ted by examples 

(Fig. 11). In the next section we shall work out a formula for the mult ipl ici ty 

once the shape of the boundary is given. Note that the re is only one t r i ­

angular boundary on a given pyramid—the t r iangle is the top surface of the 

pyramid . For the hexagonal f igures , e . g . , cases (b) and (d), the t r iangle 

reduces to a point. Thus in all cases the re is only one T = 0 state per 
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1 

T = — 
2 

• T = 0 

(a) n = 2 + 1 = 3 

• O T = -

• ® ® T = i , 0 

• • T = -

( b ) n = 2 + 4 + 2 = 8 

• • 

• 

• o 

• 

• 

• -1 
T = 1 

2 

T = 0 

(c) n = 4 + 3 + 2 + 1 = 10 

• • • 

O ® ® • T 

T = 1 . 

3 1 
2' 2 

* ® ( ^ ® • T = 2 , l , 0 

• ® ® < .T, 3 1 

^ = 2 ^ 2 

T = 1 

(d) n = 27 

• • • T = 2 

• ® ® ® ® • T 

• ® ^ ^ ( ^ ® C T 

• ® ^ ^ ® • T 

• ® % ® • T 

• ® ® « T 

• • • T 

(e) n - 60 

F ig . 11. Some examples of pa t te rns of i r reduc ib le r ep re sen t a t i ons . Points 
r e p r e s e n t mult ipl ici ty one , points with one c i rc le r e p r e s e n t mult ipl ici ty 
two, e t c . 

5 
Z' 

3 , 

5 
Z' 

2 , 

3 
Z' 

3 
2 

2 , 

3 
Z' 

1. 

1 
2 

1 

1 
2 

0 
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1 0 
i r reduc ib le r ep re sen ta t ion , this state lying at the tip of the t r iangle (along 

the ve r t i ca l ax is ) . We shall r e tu rn to this point l a t e r . 

V. THE MULTIPLICITY OF AN IRREDUCIBLE REPRESENTATION 

We begin by considering the s imples t r ep resen ta t ions cor respond­

ing to the two graphs shown in F ig . 12. In each c a s e , the tip of the t r iangle 

2 N / 3 ' • ' a 2 
( M ^ - - ; j | , M 3 ' ) (M.'^M^-) 

F i g . 12. The r ep resen ta t ions 3 and 3 

cor responds to an i so - s ing le t s t a t e , i . e. , 

t = M. 
1 

= 0. 

Hence 
1 Z^3 

M, = M / = - ^ . 
"- ^ 2 ^ 

In the f i rs t case ( represen ta t ion labeled by 3) we have 

(V - 1) 

E ± 3 l M l ^ 2 > = ^> (V - 2) 

1 0 
The fact that the re is only one T = 0 s ta te per i r reduc ib le r ep resen ta ­

tion was pointed out to me by Prof. M. Bo l s t e r l i . 
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I . e . 

Hence 

[ E 3 , E . 3 ] iM^Mg) = (- ^ M , + i Mgj |M^Mg) = 0. 

Mg = i . (V - 3) 

In the second ( representa t ion labeled by 3 ) we have 

E^2 IM^M^) == 0, (V - 4) 

1. e, 

Hence 

[ E ^ , E _ J | M , ' M ^ ' ) = ^ ^ M ^' + I Mg' )|M^' Mg' ) = 0. 

M '̂ = - I . (V - 5) 
2 

Jus t as a l l r ep resen ta t ions of SU can be obtained from the 

reduction of products of the two-dimensional representa t ion (all i -spin s ta tes 

can be built out of products of doublets) , so can all represen ta t ions of the 

a lgebra of SU be built up out of products o f ^ a n d J^ . In a product of the 

form 

(3)^ 0 (3*)^ (V - 6) 

t h e r e will be many i r reduc ib le r e p r e s e n t a t i o n s , but the one with highest 

weight will have 

a + b M. =—V 
^ 2N/3 

a - b ^^ - ^) 

The i r reduc ib le r ep resen ta t ion with this as the highest weight is the one that 

we want to study. 

Fo r a given (a, b ) , what is the shape of the polygon? The i -spin 

mult iplet to which the state of highest weight belongs has 

t = NTS M^ = ^ - ^ (V - 8) 
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so t h a t t h e r e a r e (a + b + 1) po in t s on t h a t l i n e . 

How far up can we g o ? We have 

a + b a - b 

and w r i t e 

2^3 ' 6 
= 0 (V - 9) 

a + b a - b 

2^3^ 6 
= \ . 

a + b - 1 a - b + 3 

2N/3 
(V - 10) 

T h e n 

a + b a - b 
2 N / 3 

E E ^ 
- 3 3 

a + b a - b 
2N/3 ' 6 

= ( 
a + b a - b 

V 2 Nr3 ' 6 
[E. . , .E J 

3-' 3^ 

a + b a - b 

2 ^ 3 ' 6 

b 
6 

Next we w r i t e 

a + b - i a - b + 3 

2N/3 
= \ . 

+ b - 2 a - b + 6 a + D - <i a - D 1- D \ 

2N/3 

T h e n 

/ a + b - 1 a - b + 3 

\ 2Nr3 ' 6 
[ E _ 3 , E 3 ] + E 3 E _ 3 

a + b - 1 a - b + 3 

2Nr3 ' 6 

- ^1 + 6 

S i m i l a r l y 

^3 - ^2 + " ~ 6 ~ ' 

X ^ = X ^ ^ ^ ^ 2 ( p ^ 
p p - i 6 

H e n c e 

\ ^ = I [b + (b-2) + 
P 6 

+ ( b - 2 p + 2 ) ] = p ( b - p + l ) (V - 11) 



H e n c e \ = 0 when p = b + 1, so t h a t we can go u p w a r d b s t e p s . 
P 

In the s a m e w a y we can show t h a t we can go down a s t e p s a long 

the 2 l i n e . At the top l ine 

a + b - b 
m ^ = 

2N/3 2N/3 

i . e . , t h e r e a r e (a + 1) s i t e s . At the l o w e s t l ine 

a + b - a b 
m . 2-^3 2Ny3 ' 

i . e . , t h e r e a r e (b + 1) s i t e s . 
c 

S i m i l a r l y , we can show t h a t t he f igure h a s s y m m e t r y u n d e r a 120 

r o t a t i o n . F i g u r e 13 be low s h o w s the s h a p e of the f i g u r e . L e t us t a k e a > b . 

A 

a + 1 

a + 2 

a + b + 1 

a + b 

a + b - i 

i b + 1 

F i g . 13. The polygon for the r ep resen ta t ion (a, b). The top of the pyramid 
is the equ i la te ra l t r iangle ABC. 
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(The r e v e r s e cho ice would be j u s t t h e s a m e f igure u p s i d e d o w n . ) At t h e 

l owes t l e v e l of the p y r a m i d , t he n u m b e r of s t a t e s i s 

(a+l ) + (a+2) + ( a + 3 ) + • • • + (a+b) + (a+b+1) + (a+b) + • • • + (b+3) + (b+2) + (b+1). 

At the n e x t l e v e l , the n u m b e r i s 

a + (a + 1) + • • • + (a + b - 2) + (a + b - 1) + (a + b - 2) + • • • + (b + 1) + b . 

And a t the n e x t , 

(a - 1) + • • • + (a + b - 4) + (a + b - 3) + (a + b - 4) + • • • + (b - 1), 

e t c . T h e s e q u e n c e ends w i th a t r i a n g l e when the l a s t n u m b e r in the s u m is 

u n i t y , c o r r e s p o n d i n g t o the t i p of t h e t r i a n g l e . T h i s o c c u r s a f t e r N = b + 1 

l i n e s . 

T h e n u m b e r of s t a t e s in the f i r s t l ine i s 

(a + b + l ) (a + b + 2) (a + b)(a + b + i) a(a + 1) b(b + 1) 
2 "̂  2 ' 2 ' 2 

/ X K 4 . 1^^ ^ ( a + 1) b ( b + 1) M a + b + 1) -—^ ^ . 

The n u m b e r of s t a t e s in the s e c o n d l ine i s 

/ X T . ^^^ (a - i ) a (b - 1 )b (a + b - 1) - —^ - - ^ . 

The n u m b e r of s t a t e s in the n th l ine i s 

2 (a + 1 - n)(a + 2 - n) ( b + 1 - n)(b + 2 - n) 
(a + b + 3 - 2n) 

2 

^ 2 o, ^^^ . , :,, :,^^ ..^ ( a + i ) ( a + 2) (b + i ) ( b + 2) 3n - 3 (a + b + 3)n + (a + b + 3) -

= S . (V - 12) 
n 



The mult ipl ic i ty is 

b + 1 
y S = I (b + l)(a + l)(a + b + 2), (V-13) 

n = 1 

a well-known formula for the dimensional i ty of a represen ta t ion labeled by 

( a , b ) . 

Table II gives the isotopic content in an (a, b) r ep resen ta t ion . The 

TABLE II. The isotopic content of an i r reduc ib le r ep resen ta t ion . 

Y Values of T 

a - b , a 
- ^ - + b 3 

a - b , , , a + l a - 1 

-y- + b-i -r-^-^-

a - b a + b - 2 a + b - 4 a + b - 6 a - b + 2 
3 2 ' 2 ' 2 ' ° ' ' ^ 2 

a - b a + b - i a + b - 3 a + b - 5 a - b + 1 
3 2 ' 2 ^ 2 ^ ^ 2 

a - b a + b a + b - 2 a + b - 4 a - b 
3 2 ' 2 ' 2 ' • • ° > 2 

a - b ^ a + b - i a + b - 3 a + b - 5 a - b - 1 
3 " 2 ' 2 ' 2 ' ° * ° ' 2 



34 

table u se s the notation 

Y = 2m, (V - 14) 

This checks with the r equ i r emen t s that (i) for a uni tary singlet (M, 0) 

the hyper charge should be ze ro and (ii) the opera to r s E^^ , E^g change the 

hypercharge by unity. 

This i s the form for a 5̂  b . Note the a s y m m e t r y about the line 

Y = (a - b ) / 3 on which the state of highest weight l i e s . As one reads up from 

this l ine , the number of nnultiplets d e c r e a s e s ; but as one reads down,it r emains 

constant until the i so -s ing le t is r eached . Thereaf ter the number of mult iplets 

d e c r e a s e s until there is only a single one, as i l lus t ra ted for another par t icular 

case in F ig . 14. It will be shown in Sec . VII that the i so-s ing le t always 

Y = 3 T = -
2 9 O 9 9 Q o 

Y = 2 T = 3 , 2 • ft a ® o • 9 

7 5 3 
Y = i T = - , - , -

Z' Z' 2 

0 ® 9 0 4 ® 0 ® 

Y = 0 T = 3 , 2 , 1 ^ ( ^ ^ ^ 

Y = -i T = i , l , i 
Z' Z' 2 

SI ® S 9 (î  

Y = -2 T = 2 , 1, 0 • ® o 

3 1 
Y = - 3 T = - , -

Z' 2 

• <S 

-4 T = 1 ® iS o 

F i g . 14. Mult ipl ici t ies for the case a = 5 , b = 2 (N = 81). 

occurs a t 

(a - b), (V - 15) 
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It is a l s o e a s y to s e e tha t the " h e i g h t " of the t r u n c a t e d p y r a m i d is g iven by 

b and t h e s ide of the e q u i l a t e r a l t r i a n g l e wh ich f o r m s i t s top h a s length a - b 

( s e e F i g . 13). 

VI . T H E R E D U C T I O N O F P R O D U C T S O F R E P R E S E N T A T I O N S 

In p h y s i c a l a p p l i c a t i o n s , the r e d u c t i o n of p r o d u c t s of i r r e d u c i b l e 
1 1 

r e p r e s e n t a t i o n s i s p a r t i c u l a r l y innpor tan t in obtaining d e c a y w i d t h s . We 

s h a l l f i r s t deve lop the g e n e r a l m e t h o d and then i l l u s t r a t e it by c a r r y i n g out 

s o m e r e d u c t i o n s , in p a r t i c u l a r the 8 ® 8. We sha l l obta in the wave funct ions 
2 

found by G la show and S a k u r a i and a l s o obta in m a t r i x r e p r e s e n t a t i o n s of the 

E in the 8- and 1 0 - d i m e n s i o n a l r e p r e s e n t a t i o n s a s an i l l u s t r a t i o n of the 

p r e s e n t m e t h o d . 

C o n s i d e r f i r s t the b a s i c s t a t e s 3 and 3 ( F i g . 15). It is r a t h e r 

F i g . 15 . The s t a t e s 3 and 3 wi th t h e i r m . m , , l a b e l s . 

s i m p l e to w o r k out the e f fec t s of the o p e r a t i o n s of E on the v a r i o u s s t a t e s . 
±a 

S ince 
[ 1 + l \ _ I _ i _ + 1 ^ 
12-^3^ " 6 / " ^\ Z^i>' ~ b/' E . J ^ ^ ; ± T ) = >̂  l - z - ^ . ± T y. (VI - i; 

1 1 

See r e f e r e n c e 2; a l s o S. G la show and A. R o s e n f e l d , P h y s . Rev . L e t t e r s 
10 , 192 (1963) . 
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it follows that 

Hence 

ZsJl' 6 

\z^3' ~ 6 

\ 

E x E . , .̂̂ i 
2^J3' 6 

[ ^ i ^ E - J 2Nr3' 6 / 6 
(VI - 2) 

N/6 

The value of \ is the same for al l legs of the t r i ang le , because of the symmet ry 
o 

under 120 ro ta t ions . 

To de te rmine the s igns , note that for ^ 

1 1 

Hence 

For 3 , 

Hence 

\ i^4)=^-^-3^-i Z^^3' 6 

= ^ a ^ - l ^ - 3 ^ ^ ^ . 
1 1 

2 N / 3 ' 6 

"Ni6 ^ 
1 1 

Z^^2,' 6 / " 

.(^) 
N/6 

(VI - 3) 

(VI - 4) 

^ - V . - A ^ = ^ 1 ^ 2^3 ~~?' -T/ 
| 2 N / 3 6 / ^ - 2 ^ 2 N f 3 6 / 

E IE E ,, - -P- E 
1 V 3 -2 N/6 -1^ 

2^J3' 6 / 

1 ^2 l 1 
N/6 '̂  1 2 - ^ ^ ' 6 

(3*) _ J_ 
~ " N/6 • 

(VI - 5) 



The m a t r i x e lements of E^ in 3 will be represen ted by 

1 2 
in which the s ta tes a r e simply labeled by (D, ; D^^ S ) (doublet, singlet) 

and the m a t r i x e lements in 3 by 

T h u s , for example . 

E. {*) 
0", 

\ 
0 

0 

0 

6 

0 

0 

0 

'̂ O 

1 

0 

0 

(VI - 6) 

e t c . 

1 2 
We use the notation of J . J . Sakura i , Proceedings of the Internat ional 

Summer School of Phys ics at Varenna (to be published). 
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If we take the d i rec t product of two r e p r e s e n t a t i o n s , the wave 

functions will be 

m , , m , ) = | m ^ ( ^ ) , m ^ ( ^ ) ) x | m , ( ^ ^ m , ( ^ ^ ) , (VI - 7) 

where 

m 
( 1 ) ( 2 ) 

^ = m^^ ' + m^^ ' , 

( 1 ) ( 2 ) 

m^ = m^ + m^ . 

(VI - 8) 

A simple way to obtain the s i tes of the product wave functions is to draw lines 

from the origin to the s ta tes in one represen ta t ion and vector ially add the same 

"weight d i a g r a m " of the second represen ta t ion to each state of the f i rs t one. 

The weight d iagrams f o r ^ a n d ^ a r e shown in F ig . 16 and the addition of the 

weight d i ag rams in 3 ® 3 is shown in F ig . 17. 
f V ^ ^ /WVy 

3 3 

Fig , 16. Weight d i ag rams for 3 and 3' 

y**-X 

\ / 

F ig . 17. Addition of weight 
d iagrams in 3 ® 3. 

J» 

It is c lear that the product is not i r r e d u c i b l e , because for an 

i r reduc ib le r ep resen ta t ion the boundary points have mult ipl ici ty 1. In this 

example the reduct ion is easy to c a r r y out if we f i rs t take the boundary points 
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and see what is left over . The remainder is shown in F ig . 18; i . e . , 

3 ® 3 = 6 e 3 . (VI - 9) 
/V\A» /vww^ A ^ « ^ f^"^ 

The remainder for 3 ® 3 is shown in F ig . 19. Again, as may be seen from our 

A 
Fig . 18. Reduction of 3 ® 3 

/ i / * ^ *»/'S 

Fig . 19. The reduction of 3 ® 3 

d iscuss ion of mul t ip l i c i t i e s , t he re cannot be th ree points in the middle for 

an i r reduc ib le r ep resen ta t ion : two belong with the boundary points and one 

r e m a i n s . Thus 

3 ® 3 = 8 © 1. 
r # * W **^'*^ A W ^ 'SfiKA 

(VI - 10) 
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Before working out 3 ® 3 in de ta i l , we note that 8 has two s ta tes 

at Y = 0. Hence all Y values in 8̂  a r e in tegra l . The same mus t be t rue in 

a l l s ta tes that occur in 8 ® 8 ® 8 ® • • • . However , since the value Y for 

the state of highest weight in (a, b) is 

2M, 
a - b 

(VI - 11) 

we see that 

a = b (mod 3) (VI - 12) 

for al l i r reduc ib le r epresen ta t ions contained in 8 ® 8 ® 8 ® 

Let us now proceed to the explicit reduction of 3 

°0^ 

0 0 • D 0-
+ 0 

3^ ( F i g . 20). L e t 

D 6 
+ 0 

^ 0 ^ S„6„ 0 0 

Fig . 20. The s ta tes in 3 ® 3 
,V*V\ /V*W\ 
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E . J E " ) = E.^|S„6„> = - - ^ |s„a_> = - ^ IE"), (VI - 21) 

E . , | N > = E _ , | D „ . „ ) = - ; ^ | D „ 6 _ > = - ; ^ | 2 : - > , (VI - 22) 

•=3|E"> = E 3 l s „ 6 _ > = i . ; D „ 5 _ ) = i . | i : - ) ^ (VI - 23) 

Next consider 

E - 2 | P ) = E . ^ | D _ ^ c r „ ) = ; ^ ( l S ^ c r „ ) - |D_^6_)), 

This state is not ident ical with |Z° ). It mus t therefore be a l inear combination 

of IS ) and another s tate at that point, the i so-s ing le t in the ^ which we shall 

call | A ). If we wr i t e 

^ o ^ ° ^ | S o % > + <̂  l ^ o ^ o ^ + P 1 ^ ^ ^ 

and de te rmine a and (3 from 

( A ° | S ° ) = 0 , (VI - 24) 

we find a - p = O so tha t , after normal iza t ion , 

^ =MSo%^ + ̂ ^^:7r^(po^>+ P^5_))- (VI- 25) 

The state i s not yet de te rmined . If we take the s y m m e t r i c com­

bination 

we observe that 

^ ± i F ^ = ^ ± 2 | X ^ = E ± 3 | X ) = O, (VI - 27) 
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i . e . , | x ) i s t he i s t a t e in the d e c o m p o s i t i o n 

We a l s o r e q u i r e t ha t 

3 ® 3 = 8 © 1. 

(X |A°) = o, (VI - 28) 

T h i s f ixes a such t h a t 

(VI - 29) 

We can now c a l c u l a t e t h e r e m a i n i n g m a t r i x e l e m e n t s : 

and s i m i l a r l y 

(s° 

(s° 

(A° 

(Z° 

^ - 2 l ^ ^ = Y ^ 

E 2 I P ) 1 , 
2 t 

1 
'^-I'^^^-z^s 
E _ 3 | N ) 1 

2 } 

E 3 l E - ) = i , 

2N/3 ^ 

E " / = 

E 3 I - -* " 2 . 

We can c o n v e n i e n t l y s u m m a r i z e the m a t r i x e l e m e n t s by l abe l ing the l i n e s 

c o n n e c t i n g d i f f e r en t s t a t e s on the 8 w e i g h t d i a g r a m . F i g u r e 21 shows the 

r e s u l t s for 8; t he do t t ed l i n e s i n d i c a t e t h e t r a n s i t i o n s to the A„ s t a t e . 

T h e s e m a t r i x e l e m e n t s a r e e s s e n t i a l in the r e d u c t i o n of 8 ® 8 

w h i c h we now c a r r y ou t . T h e e l e m e n t s of one of the 8 wi l l be l a b e l e d by 

(S ^ S , S , P ; N , A , E ; H )^ t h o s e of the o the r by (IT , -rr , TT , K , 

K , r| , K , K ) . T h e " v e c t o r a d d i t i o n " of we igh t d i a g r a m s i s shown in 
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F i g . 2 2 , in w h i c h the do t s i n d i c a t e t h e o r i g i n a l ^ , t he c r o s s e s t h e s t a t e s in 

8 ® 8. 

i 
"N/6" 

l \ 
7̂6 

/ 
1 

"^y3 

\ 

1 
N ^/6 P 

1 \ \ 2 ~Z y/i \ 
2^J3 X . 0 / 2 ^ y 3 ^ 

\ / 2 ° Nr3 

i / \ 1 

Z / / \ 2 

. , y 2N/3 2 ^ 3 \ x / 

« - i „ o 
" " ^ J 6 -< 

1 
\ "N/6' 

/ 1 
^ '̂ 76 

F i g . 2 1 . T h e m a t r i x e l e m e n t s of the E in the r e p r e s e n t a t i o n 
— CL 

x< 

K i 4) 
iX'V 

XA I 

•< « X 

F i g . 2 2 . T h e m u l t i p l i c i t i e s in 8 

We no te t ha t t he c o r n e r po in t s a r e n o n d e g e n e r a t e . T h e y m u s t 

be long to the l a r g e s t r e p r e s e n t a t i o n . S ince for 8 we have ( a , b) = ( 1 , 1) t h i s 
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must be the represen ta t ion (2, 2) whose dimensionali ty is 27. This is the 

first one we reduce out. 

We s ta r t with the state of highest weight, IZ IT ). It is clear from 

Fig . 22 that repea ted application of E_^ will yield a quintet. The quintet l ies 

on the Mg = 0 line and therefore is assoc ia ted with hypercharge Y = 0, The 
, + + , 

r e s u l t s , s tar t ing with S , IT / , a r e 

rr iv^+ +\ 1 , 0 + \ ^ l i^+ 0\ IZAI:°J:'^)+\X^IT°)\ 

" ^3 I ^3 I N '3V^ ^2 J 

E 
• ^ ^ y ^ y 2 V ^ y 3 l ^ i ^ 3 1 ^73l y 

etc . , where in each case the normal ized wave functions have been enclosed 

in the p a r e n t h e s e s . The full 64 combinations will not be worked out. Instead, 

the r e su l t s will be l is ted and the no t - en t i r e ly - t r iv i a l steps will be pointed out 

along the way. 

The s ta tes with T = 2, Y = 0 a r e 

I + + \ 
| E TT ) , 

;|(l2:°/)+ IsV)), 

^ ( | S ° T T " ) + | S ' T T ° ) ) , 

| S " T T " ) . 

T o ge t the f i r s t s t a t e of the q u a r t e t for Y = 1, we a p p l y E to 
+ + 3 

I S TT ) and t h e n r e p e a t e d l y a p p l y E_ . T h e r e s u l t s for T = — , Y = 1 a r e 



: ^ ( I s + K + ) + | P T T + ) ) , 
N/'2 

^ ( | s ° K + ) + | ^ 0 p ) ) + - ^ ( | s V ) + 1NTT+)), 

^ ( |S°K°)+ ITT^N)) - ; ^ ( |S"K^) + | T T " P ) ) . 

J ( | S " K ° ) + | T T " N ) ) . 
N̂ 2 

3 
T h e q u a r t e t w i t h h y p e r c h a r g e T = — , Y = - 1 , o b t a i n e d in a n 

a n a l o g o u s w a y , i s 

; J - ( | S ^ K ° ) + ITT + H M ) , 

^ 3 ( | s ° K°)+ | T T ° H ° ) ) - ; ^ ( | 2 : " ' K " ) + I T T + H " ) ) , 

-1 ( | S ° K ' ) + | T T ° 2 - ) ) + ± ( l 2 -K° )+ | T T " 2 ; ° ) ) , 

- j - ( | S " K ' ) + |TT"H")). 

We o b s e r v e t h a t the two q u a r t e t s (which a r e s y m n n e t r i c w i th r e s p e c t to e a c h 

o t h e r about the o r i g i n ) c a n b e ob t a ined f r o m e a c h o t h e r ; the s t a t e s w h i c h 

m a k e up one q u a r t e t a r e ob ta ined by r e f l e c t i n g the o t h e r q u a r t e t in the 

o r i g i n , i . e . , by the t r a n s f o r m a t i o n 

23 4—> r , TT < — ^ TT , 

P ^ ^ S~, K^ .̂ —̂  K " , 
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This t ransformat ion is called the hypercharge-conjugat ion t ransformat ion, 

or the R t rans format ion . It will be used to simplify our work. 

The (T = 1, Y = 2)triplet, obtained by start ing with 

P K " ^ ) , i£ 

P K ' ' ) , 

±(\PK')+ | N K + ) ) , 
^̂ 2 

| N K ° ) . 

Then applying the R t ransformat ion to this yields the (T = 1, Y = -2) t r ip­

let 

• • • 

• ( § ) ( § ) • 

© ® !^} ® • 

• « > 

F i g . 23. States left after 19 of the 27 have been removed. 

We have obtained 19 of the 27 s ta tes in the highest r e p r e ­

sentation contained in 8 ® ^ . In the pat tern of points (Fig, 23)^ the degen­

e r acy of the points in the layer immedia te ly inside the boundary layer 

leads us to expect another t r ip le t with Y = 0 and two doublets with Y = ± 1. 
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This leaves one s ta te , which must be an isosinglet with Y = 0. To find the 

f i rs t doublet (with Y = 1) we const ruct 

E_^ | P K ^ =2^3 M P ^ ° ) + | K ^ S ° ) ) - 1 ( | P T I ° ) + | K V » 

3 
and note that this is not orthogonal to the state in T = — , Y = 1 at the 

same point. A state orthogonal to that one miay however be obtained by 

taking an appropr ia te l inear combination of E_ | P K ) with the third of 
3 

the s tates (T = — Y = 1). The s tate and i ts par tner a r e 

- ^ (|NTr°)+ |K°S°))+ - L ( | N T I ° ) + 1 K ° A ° ) ) + - J ^ ( | PTT " )+ | s V ) ) . 
^6 0 ' ' ^ 0 ' ' ^30 

Then for T = — , Y = - 1 , the R operat ion yields 

-^ ( |HV)H. |K°S°))+ _ L ( | H V ) + |K°A°))+ 4^ dsr^"")+ |s+K")h 
N/eO ' ^ 2 0 ' V^30 

t ( 1 H V ) + |K"S° ) ) - 3^ | ^ -^O^^ |K-A°)) = 4 X (|S-K°>-I. h"S°)). 
"/bO ' " ' ' 0720 ''^ ' ^30 

To cons t ruc t the triplet, we take a linear comibination of 

E_ ( JS'^ 'K"' ' ) + | I T " ^ P ) ) and the corresponding (T = 2, Y = 0) s ta te , such 

that it is orthogonal to the l a t t e r . The (T = 1, Y = 0) t r ip le t obtained in 

this way is 

^ - uiNK^)+ 1 K ° S ° ) ) - ^ ^ ( 1 P K " ) + | H V ) ) - / - | ( | 2 % ° ) + | A % ° ) ) . ^ ' ' N K ° ^ 

i = ( | N K " ) + | K ° H " ) ) 4 - & ( l 2 : " ^ ' ' ) - t - | u " A ° ) ) . 
^ ^ , , . , . . , , , . . ^ , , , ̂ , 
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The set of 27 s ta tes in the representa t ion is completed by 

taking a l inear combination of E_ | T = — , T = — , Y = l ) and the T = 0 

s ta tes with (T = 2, Y = 0) and (T = i , Y = 0) such that it is orthogonal to 

the las t two. The resu l t , for which T = 0, Y = 0, is simply 

+ IS^TT^)). 

To go on from he re , we note that we s tar ted the Y = 1 quar te t 

with the symmet r i c l inear combination {i/\fZ)( S K ) + PTT )) . Use of the 

an t i symmet r i c combination orthogonal to it would c lea r ly lead to another r e ­

presenta t ion — the 10-dimensional represen ta t ion with T = — , Y = i for which 

^ ( | Z V > - | P . ^ ) ) , 

; ^ ( | s V ) - |NTr"^))+ - ± ( | S ° K + ) - | T T ° P ) ) , 

- ^ ( | E - K - ) - | . - P ) ) . ^ ( | I : ^ K « ) „ | . " N ) ) , 

- - i ( | 2 ~ K ° ) - | ^ ~ N ) ) . 

Note that the resu l t s a re always an t i symmet r i c combinat ions, so that all of 

them will be orthogonal to the Zl — which is as it should be . 

To get the next i so-mul t ip le t we apply E_ to the f i r s t of the 

above s ta tes and get the (T = 1, Y = 0) t r ip le t 

- 2^0^M - |s-.^).^(|PK") - | H V ) ) ^ ^ ( | N K ° ) = IHW) 

- i ( | S % ° ) - |A°7r°)), 

. 3 ^ ( | s " 0 - | 2%- ) ) + ̂  ( I N K " ) - |H"K°)) + i (|s"ri°> » | A V ) ) . 



Next apply E to the f irs t of these to get the (T = —• , Y = -1) s ta tes 

^ ( |H°^°) - |s°K°)) . ^ ( | s ^ K " ) - lE"^"")) - - ^ (15%°) - |A°K°) ) , 

~ (|H"Tr°) - | s ° K - ) ) + 4 - ( | s - K ° ) - \^%-))+ 7 ( | S " T I ° ) - |A°K")). 
2-̂ 73 ' I"" ' " N/6 

F i n a l l y by i n s p e c t i o n , we ob ta in the (T = 0, Y = -2) s t a t e 

—7̂  ( | S K ) - |H K ) ) . 

• (» • • 

• e • 

• • 

• • 3i 

O ($ $ ® 

Fig . 24. The pat terns for 10 and 1 0 ' , 

The result ing pat tern is shown in F ig . 24. This is the 10̂  r e ­

presen ta t ion . It is c l ea r that by s tar t ing with the an t i symmet r i c combination 

- ^ ( | P K ° ) - | N K + ) ) 

we can genera te such a " t r i ang l e " upside down by application of E_ . This 

will be the 10 represen ta t ion , which may be obtained from the 10̂  by hyper-

charge reflection. The s t a t e s , l is ted for comple teness , a r e the following. 



51 

F o r T = 0, Y = 2: 

; ; ^ ( |PK°) - INK"^)), 

For T = - , Y = 1: 

1 2^3 (iPTT°)- |s°K+))+ ^ ( | s V ) - |NTr+))+ I ( | P T I ° ) - | A ° K + ) ) , 

- ^ ( | N I T ° ) - |r°K°)) - 4 : ( |2^"K^) - | P ^ ' ) ) - 7 ( | N ^ ° ) - | A ° K ° ) ) . 

F o r T = 1, Y = 0: 

- i - d S ^ " ) - | S ° / ) ) + 4 ( | H ° K + ) - |PK°))+ I (|S%°) - |A°Tr^)L 

_ _ i _ ( | ^ - / ) . | s V ) ) . ^ ( | S - K ^ - |PK-)) . ^ ( I H ^ I O - | N K V ) , 

- -i ( | S % ° ) - | A % ° ) ) , 

^ ( | 2 - T r ° ) - |2:%-)) . ^ ( | S " K ° ) - I N K " ) ) - 1 ( | s V ) - | A ° ^ " > ) " 

And finally for T = - , Y = - 1: 

4 ( | I : + K O ) . | S ^ ' ) ) , 

_ - ! ( | s V ) - |s;"^''))+ - l ( | s ° K ° ) . |H°^°)), 

N/D ' ^/3 

; ^ ( |S -K- ) - Is"-")). 

A glance at F ig . 22 shows that the re sti l l are many s ta tes on the Y = 0 ax is . 

As we go one s tep in from the boundary there a r e six products (the t e rms 

with T = 1 , a n d Y = O a r e |Tr^S°), 171^^2+), | A % ^ , !S°K^). I P K " ) , | S V ) ) z 

of which we have found four: the quintet and t r ip le t in 27 and the two t r i p -

lets in 10 and 10 « Thus two more t r ip le t s a r e expected^ We now t r y to 

const ruct a s ta te orthogonal to the s ta tes that have a l ready appeared, viz . 
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;^ ( |r%+)+ | s \ ° ) ) , 

^ ( |PK°)+ IH-'K^) - J ^ ( | r%°)+ |A%+)), 

• ^ ( l r ^ ° ) - |S%+)) - -L ( | P K ° ) - IH-^K' ) ) - 1 (12%°) - |A°Tr^)), 

- ^ ( | S + ^ ° ) - | S % - ^ ) ) - - ^ ( | P K ° ) - | S ° I ^ ) ) + ^ ( | S \ ° ) - \A%^)). 

A l i t t le a lgebra shows that the s tates orthogonal to these must have the general 

form 

aJ^2( |s+TT°) - 1S°TTM)+ ( | P K ° ) - |H°K+))} 

+ ̂ 2^ /1 (1^^° ^+ |H°K+))+ ( | S % ° ) + | A % + ) ) } . 

The two par t s have different s y m m e t r i e s and a r e orthogonal to each other, so 

that it is natural to use each pa r t separa te ly to genera te an octet each (as 

will be seen) . 

Starting with the aat isynnmetr ic par t , we obtain the normalized 

(T = 1, Y = 0) s ta tes 

A ( | 2 + ^ ° ) - |i:°Tr+))+ - 1 ( |PK° ) - |H°K^)), 

--l(IS-^Tr-) „ |S-TT+)) - ^ ( | P K " ) - | H " K + ) ) + - ~ - ( | N K ' ' ) - |H°K°)), 

^ ( [ s - T r " ) - | S % - ) ) - A (|NK~ ) - | H " K ° ) ) . 

The remaining two doublets and the isosinglet a r e obtained in the s tandard 

way. They a r e l is ted below for comple teness , 
1 

Fo r T = - , Y = 1: 

- ;^( |S+K°) . I N / ) ) _ ^ (I P . ° ) = |S°K+))+ i ( | P n ° ) - lA^K"")), 

^ ( | P . - ) - J 2 : V ) ) + - ^ (|NTr° ) » |2:°K°))+ 1 ( l N q ° ) - |A°K°)). 



53 

F o r T = - , Y = - 1 ; 

F o r T = 0, Y = 0: 

-Z< P K - > -

F o r T = 1, Y = 0, t he s y m m e t r i c o c t e t is 

vro(|2-i»> + 

F o r T = - Y = 1: 

F o r T = - , Y = - 1 : 

— I ^ o.„o\ , 

- ( I HV) + sjZO 

• K ^ » + i ( 

^'^°^>Vro( 

A " ' » » + , , - „ ( ^/20 

^°-"»Vro( 

A°^'))Vro( 

A°K°))-Ji( 

A°K-))W3-,( 

N K ° ) -

P K ° ) + 

N K ° ) + 

N K " ) + 

P T r " ) + 

N T T ° ) + 

:°Tr°) + 

: - i r ° ) + 

S°K°))+ I (|S°T1°) - |A°K°)), 

S°K"))+ \ (IH"q°) » | A ° K " ) ) . 

H°K°)). 

H°K+)), 

SV)), 

°̂̂ ^ )̂ -Jll (|^^^°>+ |N-'')). 

• OT^O -„+ ^ K " ) ) . ^ j : ^ ( P ^ ) + 2 K » 

3 .1 „ - +^ ^ 1 ^ + . , -2:°K°)) - - ^ ( H " - " ) + 2 " K - ) ) , 

/ 3 
"K")) - ^ ' ^ ( | Z " K ° ) + | H ° - " ) ) . 
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F o r T = 0, Y = 0: 

^ | S U ) - ^ I A T1 ) + ^ ( | S TT ) + |S TT )) 

- - ^ ( | P K - )+ I H V ) ) . - L - ( | N K ° ) + |H°K°)). 
2^/5 ' I ' ' 1H. " 2^|5 

We have now 

27 + 10 + 10 + 8 + 8 = 63 

s t a t e s , and there c lear ly remiains only the uni tary singlet . Its wave function is 

totally s y m m e t r i c , namely, 

- ^ (12%°)+ | A % ° > + | S \ - ) + |S"TT'*")+ | P K " ) + I H V ) 

+ | N K ° ) + I H ^ K " ) } . 

This concludes our reduction of 8 ® 8, This method can be 

used for other reduct ions . Once the ideas a r e c l ea r , shor t cuts can be taken 

with confidence. For example , cons ider the reduction of 8 ® 10. The addi-

tion of weight graphs yields the pat tern shown in F i g . 25. The boundary is 

• ^ <^ ^ 91 

(g) X X Jf* ^ 

9 • 

F i g . 25, The s ta tes for 8 ® 10. 
A/A -WS 
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s e e n to have a maximiumi-weight point wi th a = 4, b = 1» Hence the m u l t i ­

p l i c i t y of t ha t r e p r e s e n t a t i o n is 35 . The b o u n d a r y poin ts o the r than the 

c o r n e r s a r e doub ly d e g e n e r a t e , and r e m o v i n g t h e s e c o r n e r s l e a v e s a h e x a ­

gon wi th two " s t e p s " on e a c h s i d e . Th i s j u s t c o r r e s p o n d s to the r e p r e s e n ­

t a t ion 27, I n s i d e tha t we c a n only i n s c r i b e 10 and 8 ( F i g . 26) if we t a k e note 

of the f ac t t ha t a l l r e p r e s e n t a t i o n s have a = b (mod 3) as shown b e f o r e . Thus 

8 ® 10 = 35 + 27 + 1 0 + 8 . 

r—^ A 

F i g . 26 . The r e d u c t i o n of 8 ® 10. 
° A -A 

10 

A v e r y use fu l o b s e r v a t i o n is t h a t in each i r r e d u c i b l e r e ­

p r e s e n t a t i o n t h e r e is only one i s o s i n g l e t s t a t e . We c a n thus l e a r n how m a n y 

i r r e d u c i b l e r e p r e s e n t a t i o n s t h e r e a r e in t h e decomipos i t ion and s o m e t h i n g 
2 

about the va lue of - — (a. - b.) for t h e s e r e p r e s e n t a t i o n s , l a b e l e d by the u n -
3 1 1 

known n u m b e r s ( a . , b . ) . Thus 8 ® 10 h a s the i so ton i c con ten t : 
' l ' l ' A y \ -V - ^ 

8: Y = 1, T = 4 ' Y = 0, T = 0, 1; Y - - 1 , T = 4; 

10: Y = 1, T = 4 ; Y = 0, T = 1 ; Y = - 1 , T = 4-; Y = -2, T - 0. 

The i s o s i n g l e t s c o m e f r o m (Y = 1, T = -i )g © (Y = - 1 , T = - ) ^ ^ , (Y = 0, T = 0)^ 

(Y = - 2 , T = 0)^0 , (Y = 0, T = l)g © (Y = 0, T = l)^^^ , and (Y = - 1 , T = ^^ © 
1 , 

(Y = - 1 , T = —) Q o T h u s t h e r e a r e fou r i r r e d u c i b l e r e p r e s e n t a t i o n s in 

(1 , 1) ® (3 , 0) , one of wh ich m u s t be (4, 1). . T h e four a r e s u c h tha t for two of 

themi -— (a -b ) = 0 and for two it is - 2 . 



The wave func t ions wh ich we have ob ta ined a l low us to find 

the m a t r i x e l e m e n t s of E , in the 10, 10 , and 27 r e p r e s e n t a t i o n s in a m a n -
-j-Q_ VV\ ' ,vA ' ^^^ ^ 

n e r a n a l o g o u s to the w a y in w h i c h we found t h e m for t h e 8 r e p r e s e n t a t i o n . 

The m a t r i x e l e m e n t s for 10 a r e exh ib i t ed in F i g . 27. T h o s e of 10 ' h a v e a l l 

s igns c h a n g e d . 

F i g . 27. The m a t r i x e l e m e n t s of E in t h e r e p r e s e n t a t i o n 10. 
± a A/VN 

The t e c h n i q u e s d e v e l o p e d in th i s s e c t i o n wi l l now be u s e d to 

p r o v e a v e r y i m p o r t a n t t h e o r e m : In the r e d u c t i o n of the p r o d u c t 8 ® N, 
, m—mm.-m: urn, _ _ - I /^V^ ^-y^^ 

w h e r e N is sonne i r r e d u c i b l e r e p r e s e n t a t i o n , N wi l l o c c u r no m o r e than t w i c e . 

Th i s t h e o r e m wi l l be p r o v e d d i a g r a m m a t i c a l l y . F i g u r e 28 

shows the r i g h t - h a n d top c o r n e r of the we igh t d i a g r a m of sonne r e p r e s e n t a t i o n 

N, wi th t h e m u l t i p l i c i t i e s a t e a c h s i t e of N ind ica ted . When the we igh t of 8 is 

added v e c t o r i a l l y to t h i s g r a p h , the r e s u l t is the po in t s l a b e l e d wi th c r o s s e s 
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in F i g . 28. The g r a p h is not c o m p l e t e but the m u l t i p l i c i t i e s at the po in t s 

A ( s ix ) , B ( two), C (one) , and D (two) a r e c o r r e c t , r e g a r d l e s s of N, p r o -

v ided N is not t r i a n g u l a r . (If it w e r e , t h e r e would be only one s t a t e belong­

ing to N a t t h e s i t e E , i n s t e a d of t w o , and no s t a t e at F . ) 

X X-̂  [D] X [ C ] 

i • ' h -•n-.x [A] x^: [B] K 

® ® n 

F i g . 28 . Some m u l t i p l i c i t i e s in 8 ® N . The l ine d e n o t e s the 
o r i g i n a l b o u n d a r y of N , 

Now t h e m a x i m u m s t a t e in N ® 8 wi l l con t a in C, one e a c h of 

the s t a t e s a t B and D , and (from o u r nnu l t ip l i c i ty r u l e s ) two s t a t e s at A , 

The r e m a i n i n g s t a t e s at B and D a r e c o n t a i n e d in two i r r e d u c i b l e r e p r e s e n ­

t a t i o n s in N ® 8, s i n c e a s ing le one wou ld have to have a c o n c a v e b o u n d a r y 

D A B - • • . E a c h of t h e s e i r r e d u c i b l e r e p r e s e n t a t i o n s " u s e s u p " one of the 

s t a t e s a t A , Th i s l e a v e s two s t a t e s a t A, and e i t h e r cou ld be long to an N . 

T h i s e s t a b l i s h e s t h e t h e o r e m . If N is t r i a n g u l a r , the fac t tha t it c anno t 

o c c u r m o r e t h a n once in 8 ® N c a n be shown in an ana logous w a y . 

Wi th t h e h e l p of t h e p o w e r f u l "Young t a b l e a u " t e c h n i q u e s , it 

c an be shown t h a t a c t u a l l y N o c c u r s e x a c t l y tw ice in 8 ® N u n l e s s it is " t r i -

a n g u l a r " (a o r b = 0); in a t r i a n g u l a r c a s e it o c c u r s e x a c t l y o n c e . With a 

l i t t l e m o r e a t t e n t i o n to t h e s t a t e s a t the po in t s A, B , C , • • °, t he m e t h o d s 

d e v e l o p e d above cou ld undoub t ed l y b e u s e d to p r o v e t h i s s t r o n g e r r e s u l t . But 

for ou r p u r p o s e s ( S e c . VII) t h e t h e o r e m p r o v e d above is su f f ic ien t . 
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VII. THE INVARIANT OPERATORS 

In our brief d iscuss ion of SU (Sec. Il), we noted that each 

i r reduc ib le representa t ion was cha rac te r i zed by a single number , the 

eigenvalue of T for the state of highest weight. This one -pa rame te r 

charac te r i za t ion is reflected in the existence of one invariant operator 

(C in Eq, 11-17) that commutes with al l the e lements of the a lgebra . 

For SU , we have seen that two in tegers (a, b) connpletely 

cha rac t e r i ze an i r reducible represen ta t ion ; and by the sanne token we ex­

pect to be able to construct two independent invariant opera tors (C ^ and (C^ 

each of which commutes with all the e lements E , H^ , H of the a lgebra 
±a -̂  "^ 

and (of course) with each other. In o rde r to cons t ruc t these ope ra to r s , we 
13 

follow a nnethod outlined by Okubo, whose paper includes a d i rec t proof 

that the re a r e only two o p e r a t o r s . 

We introduce the notation 

E - 3 = ^ ^ 3 2 -

In the 3 X 3 ma t r ix representat ion^M , is seen to be the m a t r i x that has 

unity in the AB position and zeros e l s e w h e r e . F r o m this observat ion, it is 

obvious that the commutat ion relat ions in that r epresen ta t ion , and hence 

genera l ly , a re 

^ 1 = 

Ea = 

^ 3 = 

/̂6 

1 
^6 

1 
^̂ 6 

M , 3 

^ 1 3 

^ . 3 

13 
S. Okubo, P r o g r . Theore t , P h y s , (Kyoto) 27, 949 (1962). 
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We can then identify H and H from the relat ions 

;1-H, = [E„E_ , ] = i [M,^ ,M^J 

= i (^ii-M^a^^ 

and 
1 „ 1 „ , „ „ , 1 

(VII - 3) 

H 2^3 ^^1 ^ I ^ 2 = [ E 2 . E _ J = - [ M ^ 3 , M 3 J 

= i (^11-^33)-
(VII - 4) 

Similar ly 

- 2 ^ ^ 1 + I " 2 = [^3- E_3 ] = I (M^^- M33). (VII - 5) 

Hence 

H3 = i- ( M , , + M^^-2M33), 
1 (VII - 6) 

^ 1 =2:73 ( ^ i i - ^ s ^ ) -

On the other hand, M •'^pa ' ^^33 ^^^ '^°^ defined completely in t e rms of 

H and H . If we impose the condition that 

^ 1 1 + ^ 2 2 + ^ 3 3 = ° ' ( ^ " " "̂ ^ 

we find 

^ 1 1 = Hg + Nf3 H ^ , 

^ 2 2 = Hg - ^3 Ĥ ^ , (VII - 8) 

M 3 3 = - 2 H ^ . 

Now we c o n s i d e r t h e o p e r a t o r 



This opera tor sat isf ies the commutat ion relat ions 

I^AB'^CDI = Z ^ A F ' ^ B C ^ F D - ^ F D ' ^ C B ' 
F 

4:̂  ^ FC AD AD C F ' F B 

" ^ B C ^ A D • ^ A D ^ C B ' 
(VII - 10) 

F r o m this it follows that 

1 V AA VT, AB BA A AB 
(VII - 11) 

commutes with all M ; i . e . , it is an invariant ope ra to r . It is a lso easy to 

see that 

AFG 
(VII - 12) 

is a lso an invariant ope ra to r . Of course the opera tors 

3 4 ^ ^ ^ ^ AB BC CD 
ABCD 

M 
DA' 

e t c . , will a lso be invariant , but we only need two to classify the i r reduc ib le 

r epresen ta t ion . 

If we wri te 

H^ + ^3 Hj_ sJ6 K^ ^6 E. 

N/6 E . 

H^ - 'V3 H^ ^̂ 6 E, 

- 2 
^6 E •2H. 

(VII - 13) 

we have 

C^ = Tr JM^. 

(C^ = T r ]M3 . 

(VII - 14) 

(VII - 15) 
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Both a r e easi ly wri t ten down in t e r m s of E , H, , and H^ . The f i rs t i 
' 4 - n ' 1 ' 2 ± a ' 

C^ = 6 ( H / +H^2 + E ^ E _ , + E _ , E 3 ^ 

+ E 3 E _ ^ + E . 3 E 3 + E 3 E _ 3 + E _ 3 E 3 ) , (VII-16) 

and using the commutat ion re la t ions , we can write this as 

C , = 6 ( H / + H , 2 + 2 E _ ^ E , + 2 E . ^ E ^ + 2 E _ 3 E 3 + ^ H J . (VII-17) 

The usefulness of these opera tors may be i l lus t ra ted by using 

them to find the position of an isosinglet (on the assumption that it exists) in 

an i r reduc ib le represen ta t ion . The singlet state must satisfy 

E ^ I ) = 0. (VII-18) 
± 1 ' 

Hence 

i. e. , 

m^ = 0. (VII-19) 

The value of m will also be des i red . For the representa t ion 

in quest ion, whose highest weight is (M , M ), we have 

C^ = (M^^M^IC^ | M ^ M 2 ) = 6 (M^2+ M ^ ^ + ^ M ^ ) . (VII-20) 

F o r the singlet s ta te , 

C^ I O.m^ ) = C I 0 ,m2 ) 

= 6 (m 2 + 2 E _ ^ E , + 2 E ^ E _ , ) l 0 , m ^ ) . (VII-21) 
2 - 2 2 3 3 ' I » 2 

We also calculate 

Cg = (M3^M2 I C ^ I M ^ M ^ ) . ( V I I - 2 2 ) 
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It t u r n s out to be 

C^ = -GM^^ + 1 8 M ^ 2 M 2 + 9M^2 + 9M22 

+ 12 ^/3 M , M^+ G^J3 M, + 6 M, 

A l s o one f inds tha t 

(C | 0 , m ) = [ -6 m 3 + 9 m / - 3m 

(VII - 23) 

(VII - 24) 
+ 18 {\-m^){Y._^Y,^ + E g E . g ) ] j O . m ^ X 

H e n c e the cond i t ion o n m is 

C^ - 6mg2 = Cg -f 6mg3 _ 9mg2 + 3 m^ 

12 18 (1 - m s ) 

which , a f t e r a l i t t l e a l g e b r a , can be w r i t t e n 

(m^ + 2 M 2 ) ( m 2 - M ^ - ^3 M^ - l ) ( m 2 - M ^ + ^/3 M^ + 1) = 0. (VII - 25) 

M o r e o v e r the s i n g l e t m u s t l ie b e t w e e n the t o p and bo t tom l i n e s of the g r a p h , 

i . e . , s i n c e 

- I (^3 M^ + M^ ) < m^ ^ \ N3 M^ - M^ ). (VII - 26) 

T h e n by u s e of 

'̂ /3 M^ - 3 M 2 = b > 0, 

it i s e a s y to s e e tha t only the roo t 

m ^ = - 2 M 2 (VII - 27) 

is a c c e p t a b l e , a r e s u l t quo ted e a r l i e r in S e c , IV, 

In c o n c l u s i o n , fo r c o n n p l e t e n e s s , we b r i e f l y d i s c u s s t h e m a s s 
1 4 

f o r m u l a of G e l l - M a n n and Okubo, In E q . (VII - 10) we found q u a n t i t y X 
AB 

___ 
The c o n s i d e r a t i o n s w h i c h fol low canno t be m a d e c o m p l e t e l y s a t i s f a c t o r y 

wi thou t going in to the a n a l y s i s of t e n s o r s of SU , wh ich we do not >vant to d o . 
The d i s c u s s i o n l e a n s r a t h e r h e a v i l y on s o m e ( h e r e u n p r o v e d ) s i n n i l a r i t y to the 
r o t a t i o n g r o u p . 
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w h i c h had the s a m e connmuta t ion r e l a t i o n s wi th M , „ as M . „ does i t se l f . 
AB AB 

Any q u a n t i t y l ike th i s w i l l be c a l l e d a v e c t o r o p e r a t o r in a n a l o g y wi th the 

SU (or the r o t a t i o n g r o u p ) de f in i t ion of a v e c t o r o p e r a t o r a s one tha t obeys 

the c o m m u t a t i o n r e l a t i o n s 

t^i' \ ] = ^ ̂  iki ^i • (̂ ^̂  - ''^ 

The v e c t o r o p e r a t o r s in the r o t a t i o n g r o u p a r e j u s t a s p e c i a l type of i r r e d u c ­

ible t e n s o r o p e r a t o r s ; and the m o r e g e n e r a l i r r e d u c i b l e t e n s o r o p e r a t o r s in 

SU could be c o n s t r u c t e d in the s a m e w a y . We do not do t h i s , h o w e v e r , b e ­

c a u s e such a p r o g r a m would t a k e us s o m e w h a t beyond the s i m p l e goa l s se t 

for t h i s p a p e r . 

We w i l l , h o w e v e r , spend a l i t t l e t i m e on the v e c t o r o p e r a t o r s — 

in p a r t i c u l a r on t h e i r m a t r i x e l e m e n t s b e t w e e n the s t a t e s of a g iven i r r e d u c ­

ib le r e p r e s e n t a t i o n , i . e . , on ( N , m ' m ' X . „ N, m , m ^ ) . The ana logous 

p r o b l e m in the c a s e of t h e r o t a t i o n g r o u p is so lved wi th the h e l p of the Wigne r -

E c k a r t t h e o r e m . T h e r e one f inds tha t 

( j , m | V j ^ | j , m ' ) = f(j) ( j , m | Jj^l j , m ' ) . (VII - 29) 

The p r o p o r t i o n a l i t y of ( j , m | V, | j , m ' ) to ( j , m | J | j , m ' ) fo l lows fronn the 
xC K: 

f ac t s tha t V t r a n s f o r m s l ike t h e j = 1 r e p r e s e n t a t i o n of the r o t a t i o n g r o u p 

and tha t , in the r e d u c t i o n of D (1) ® D (j), the i r r e d u c i b l e r e p r e s e n t a t i o n D (j) 

o c c u r s only o n c e . In the c a s e of SU . X . „ t r a n s f o r m s l ike the 8 r e p r e s e n -
3 ' AB '^ 

t a t i o n . We have a l r e a d y shown tha t in the r e d u c t i o n of 8 ® N, N o r d i n a r i l y 

o c c u r s t w i c e . T h u s t h e r e wi l l be two t e r m s on the r i g h t - h a n d s ide of the 

g e n e r a l i z a t i o n of (VII - 29) to SU . The f o r m of the W i g n e r - E c k a r t t h e o r e m 

m u s t be 

( a , b ; m ^ ' m 2 | x | a , b ; m ^ m 2 ) 

= ( a , b ; m^ 'm^ ' | M | a, b ; m ^ m ^ ) f (a, b) 

+ ( a , b ; m ^ ' m ^ | J M ^ ^ ^ M ^ ^ | a, b ; m^ m ^ ) g ( a , b ) . (VII - 30) 



In his discussion of the symmet ry-break ing in te rac t ions , 

1 

Gell-Mann proposed that these t e r m s have the t ransformat ions c h a r a c t e r ­

ist ic of what we called a vec tor ; i . e . , the symnnetry violation has the 

transfornnation p roper t i e s of the H opera tor in the ^ represen ta t ion . We 

thus want 
(a, b ; m^m^ | X 3 3 | a , b ; m ^ m ^ ) 

= f ' (a ,b) ( a , b ; m ^ m 2 JH^ | a, b; m^ m^ ) 

+ g ( a , b ) ( a , b ; m ^ m 2 | J M ^ ^ M^^ | a, b; m^ m^ ) . (VII - 3 1 ) 

Now 

But 

1. e . , 

Thus 

S ^ 3 C ^ C 3 = ^ <^-2^2 + E_3 E3 I H32 , 3C^ 

C^ = 6 (H^2 + H / + { E ^ , E _ ^ } + 2 E _ 2 E 2 + 2 E _ 3 E 3 + H ^ ) , 

i -̂ i =T ^2+ I (T2-H/) + H, 

^ 2 = I *^i - ( ^ ^ - ^2^) - 3 H ^ . 

This leads to the resu l t that 

(a, b; m^ m^ | X33 | a , b ; m^ m^ ) 

= A ( a , b ) + B (a,b) Y 

+ C ( a , b ) [T(T+ 1) - { Y2] , 

1 IS 
since H = — Y. This yields the m a s s formula of Gell-Mann and Okubo. 

15 
The above derivat ion is jus t a synopsis of the content of re ference 13. 



It shou ld be noted t h a t for b o s o n s , i n v a r i a n c e u n d e r c h a r g e 

con juga t ion d e m a n d s tha t the m a s s s p e c t r u m be i n v a r i a n t u n d e r Y -• - Y . 

F u r t h e r m o r e , the b o s o n p o l a r i z a t i o n o p e r a t o r is wha t would be c a l c u l a t e d 

in f ie ld t h e o r y and it g ives the c o r r e c t i o n s to the s q u a r e of the b o s o n m a s s . 

H e n c e , for b o s o n s we a r e j u s t i f i e d in w r i t i n g 

|JL2= J , O 2 + 5^^2 [ T ( T + 1) - i Y 2 ] . 

F o r n u c l e o n s , 

M = Mo + 5M^ Y + 6M2 [T(T + 1) - ^ Y2 ] . 

And for the t r i a n g u l a r r e p r e s e n t a t i o n s , for w h i c h 

T = ±^ Y + 1, 

we get 

M = Mo' + 5M^' Y. 

In a l l c a s e s in w h i c h it h a s b e e n p o s s i b l e to a s s o c i a t e a s e t 

of i - s p i n m u l t i p l e t s wi th a s ing le r e p r e s e n t a t i o n of SU , the m a s s f o r m u l a 
1 1 

of G e l l - M a n n and Okubo h a s w o r k e d v e r y w e l l . The only d e v i a t i o n is in 

the p r e d i c t i o n of the oj nnass in t e r m s of the p and K n n a s s e s . In t h i s 
1 6 

s i t u a t i o n , h o w e v e r , a s po in ted out by S a k u r a i , an i m p o r t a n t p e r t u r b i n g 

inf luence m a y be the p o s s i b l e e x i s t e n c e of the u n i t a r y s ing le t v e c t o r 9 , 

ev idence for w h o s e e x i s t e n c e is beg inn ing to c o m e in. 

T h e s e r e m a r k s c o n c l u d e o u r d i s c u s s i o n of the s t r u c t u r e of 

SU . C u r r e n t w o r k in the e x p l o r a t i o n of SU in e l e m e n t a r y - p a r t i c l e p h y s i c s 
o o 
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is m o r e d y n a m i c a l in c h a r a c t e r ; p a p e r s on th i s sub jec t do not dwe l l on the 

p u r e l y k i n e m a t i c a s p e c t s of the s u b j e c t . It i s hoped tha t th i s p a p e r wi l l 

s e r v e to m a k e a d v a n c e s in t h i s f ie ld m o r e a c c e s s i b l e to a l a r g e r g r o u p of 

p h y s i c i s t s . 

Is 
J . J . S a k u r a i , P h y s . R e v . L e t t e r s % 472 (1962) . 
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See for e x a m p l e R. C u t k o s k y , J . K a l c k a r , and P . T a r j a n n e , P h y s . 
L e t t e r s 1, 93 (1962) , 
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