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P e t e r  G .  0 .  Freund 

and 

Reinhard  Oehme 

The E n r i c o  Fermi  I n s t i t u t e  f o r  Nuc lea r  S t u d i e s  
and Department  of Phys ics  

The U n i v e r s i t y  of Chicago,  Chicago,  I l l i n o i s  

A most i n t e r e s t i n g  problem i n  quantum f i e l d  t h e o r y  i s  t h e  

q u e s t i o n  whe the r  a p a r t i c l e  i n t r o d u c e d  as a f i x e d  p o l e  i n  t h e  

l o w e s t  o r d e r  of  p e r t u r b a t i o n  t h e o r y  s t a y s  "e lementa ry"  o r  whe the r  

i t  becomes a .member of a Regge t r a j e c t o r y  i f  h i g h e r  o r d e r s  a r e  

i n c l u d e d .  1-3,1t is  t h e  p u r p o s e  o f  t h i s  n o t e  t o  show. t h a t  v e c t o r  

mesons may become Regge p a r t i c l e s  i n  h i g h e r  o r d e r s  o f  r e n o r m a l i z a b l e  

p e a k u r b a t i o n  t h e o r y .  

. I t  f o l l o w s  from t h e  g e n e r a l  n o t i o n s  o f  d i s p e r s i o n  t h e o r y  

t h a t  bosons  w i t h  s p i n  l a r g e r  t h a n  one must be d e s c r i b e d  by moving 
4 p o l e s .  Pe rhaps  i t  i s  c h a r a c t e r i s t i c  . t h a t  i n t e r a c t i o n s  i n v o l v i n g  

such  p a r t i c l e s  a r e  n o t  r e n o r m a l i z a b l e .  A s  far  as t h e  p o s s i b i l i t y  

o f  r e n o r m a l i z a t i o n  as w e l l  as t h e  n e c e s s i t y  o f  r e g g e i z a t i o n ' a r e  

conce rned ,  t h e  v e c t o r  mesons a r e  a boundary c a s e ,  A t  p r e s e n t ,  an  
4 e l e m e n t a r y  v ' e c t o r  meson c a n n o t  b e  c o m p l e t e l y  exc luded  on t h e  b a s i s  

of  g e n e r a l  a rguments .  However, . t h e r e  a r e  s e v e r e  r e s t r i c t i o n s .  

* 
Work s u p p o r t e d  i n  p a r t  by t h e  ,U. S .  Atomic Energy Commission. 



I n  an  e a r l i e r  p u b l i c a t i o n 2  we have shown t h a t  a n  e l e m e n t a r y  v e c t o r  

meson c o n t r i b u t i o n  l i k e  B ( s ) t '  t o  t h e  h i g h  e n e r g y  l i m i t  ( t  + a o )  
of t h e  e l a s t i c  a m p l i t u d e  ~ ( s , t )  n e c e s s a r i l y  i n d u c e s  a n  imag ina ry  

. t e rm which corres ,ponds  t o  a s i n g u l a r i t y  i n  t h e  complex a n g u l a r  

momentum p l a n e  i n  t h e  s - c h a n n e l .  We found t h a t  i n  t h e  l i m i t  t + Q 

a n  e x p r e s s i o n  o f  t h e  form 

i s  compa t ib le  w i t h  u n i t a r i t y  i n  t h e  '%%channel p r o v i d e d  & ( o )  ,=  1 

and 0 ,< p ( o )  ,< 1. Here ~ ( s )  i s  r e a l  f o r  s , < O  and ~ ( s )  i s  complex. 

T h i s  r e s u l t  was o b t a i n e d  on t h e  b a s i s  of  t h e  u n i t a r i t y  c o n d i t i o n  

f o r  fo rward  s c a t t e r i n g  ( s  = 0 ) .  F u r t h e r  r e s t r i c t i o n s  on p ( s )  have 

been o b t a i n e d  by ~amarnoto' by i n t e g r a t i n g  t h e  u n i t a r i t y  c o n d i t i o n  

f o r  l a r g e  va lues  o f  t , i n  a symmetric way over  a cone around t h e  

fo rward  d i r e c t i o n  s u c h  t h a t  t h e  i n e l a s t i c  c o n t r i b u t i o n  t o  t h i s  

i n t e g r a l  becomes p o s i t i v e  d e f i n i t e .  F o r  p ( s )  = c o n s t .  one f i n d s  

t h e n  t h a t  o n l y  p  = 1 i s  a l l o w e d .  With p  = 1 and a ( o )  = 1 we have 

a doub le  p o l e  of F ( s , h )  a t  A = a ( s )  which i m p l i e s  a l o g a r i t h m i -  

c a l l y  i n c r e a s i n g  t o t a l  c r o s s  s e c t i o n  . i n  t h e  t - c h a n n e l .  

I n  view of  t h e s e  r e s t r i c t i o n s  i t  seems t o  b,e more n a t u r a l  

t o  assume t h a t  v e c t o r  mesons a r e  d e s c r i b e d  by Regge p o l e s .  Conse- 

q u e n t l y  it becomes of  s p e c i a l  i n t e r e s t  t o  s e e  whe the r  a r e g g e i z a t i o n  

i s  p o s s i b l e  i n  weak c o u p l i n g  p e r t u r b a t i o n  . t h e o r y ,  I n  t h e  f o l l o w i n g  

we f i r s t  c o n s i d e r  t h e  p o l e  due t o  a n e u t r a l  v e c t o r  meson i n  t h e  

+ - + - a m p l i t u d e  ~ ( s ,  t ) f o r  t h e  p r o c e s s  T 71- T T The p a r t i a l  wave 

a m p l i t u d e s  F  ( s )  i n  t h e  s - c h a n n e l  can b e  i n t e r p o l a t e d  u n i q u e l y  by L 
t h e  a n a l y t i c  f u n c t i o n  F  ( s , h )  such  t h a t  F  ( s , e )  = F  ( s )  f o r  o.dd, 

1 - 



i n t e g e r  v a l u e s  of  e .  . I f  t h e r e  e x i s t s  a Regge t r a j e c t o r y  a s s o c i a t e d  - 

m witR 
wi th  a v e c t o r  meson .o f  m a ~ m < m < ~  (p, = p i o n  .mass) ,  t h e n  we can  

w r i t e  ' 

a 4  where a ( m  ) = 1 and where R ( S , A )  i s  n o t  s i n g u l a r  on t h e  s u r f a c e  
2  

A = a ( s  ).  F o r  r e a l  v a l u e s  o f  s i n  t h e  i n t e r v a l  4 ~  Q s 4 si we have  

t h e  c o n t i n u e d  e l a s t i c  u n i t a r i t y  c o n d i t i o n  which can b e  e v a l u a t e d  
2  n e a r  A = a ( s ) ;  Tak ing  t h e  l i m i t f r o m  above ( s  + i o )  f o r  4 p  ( s < s i  

i t  i m p l i e s  

a (s  > ,= J 

3C 
( 2 )  

1 - 21' ( s )  ~ ( s , a  ( s )  -) 
where J' 

* ( r )  = ( s . - s 4 y 2  )M .. . 
The c o n . t r i b u t i o n  of t h e  p o l e  a t  .A = a ( s )  t o  t h e  h i g h  ene rgy  l i m i t  

o f  ' t h e .  a b s o r p t i v e  p a r t  i n  . t h e  t - c h a n n e l  .is g i v e n  by 

where 

2  2  w i t h  4 9  = s - 4 ~  . If we a l s o  assume t h e  e x i s t e n c e  of  a Sommerfeld- 

Watson r e p r e s e n t a t i o n  we o b t a i n .  f o r  F ( s , t )  t h e  c o n t r i b u t i o n  

3 .  

F ( . s , t )  b ( s )  . .1/2. .( 1 - e  i :  , .. . . ) t;' ' ~ . ( . s . ) ;F  ;,.. ;. . ,  ( 5 )  , , 

s i n  . ~ a ( s )  
. . 

F o r  r e a s o n s  of  s i m p l i c i t y  we r e s t r i c t  o u r s e l v e s  t o  t h e  

u g u a l  r e n o r m a l i z a b l e  c o u p l i n g  . between . p i o n s  and n e u t r a l  v e c t o r  mesons. 



We ex,pand t h e  f u n c t i o n s  a J p J R J  e t c .  i n  powers of t h e  c o u p l i n g  con- 

s t a n d  g2; f o r  example 

A s  a consequence of i n v a r i a n c e  u n d e r  c h a r g e - c o n j u g a t i o n  o n l y  

g raphs  w i t h  i n t e r m e d i a t e  s t a t e s  i n  t h e  s - c h a n n e l  c o r r e s p o n d i n g  

t o  a n  odd number o f  v e c t o r  mesons can  c o n t r i b u t e  t o  t h e  p o l e  

t e rm i n  Eq. ( 1 ) .  S i n c e  t h e  g raphs  w i t h  t h e  exchange of a s i n g l e  

v e c t o r  meson g i v e  no c o n t r i b u t i o n  t o  ~ ~ ( s , t )  and t o  F ( s , A ) ,  t h e  

l o w e s t  o r d e r  of b ( s )  o r  ~ ( s )  i s  d e t e r m i n e d  by t h e  s i x t h  o r d e r  

g raphs  i n  F i g .  1 c , d  arid t h e  c o r r e s p o n d i n g  c r o s s e d  d i a g r a m s .  

Hence we have 

The Born g raph  i n  F i g .  l a  g i v e s  t h e  c o n t r i b u t i o n  

t o  F ( s , t ) ,  and i n  t h e  p a r t i a l  wave p r o j e c t i o n  F ~ ( S )  we have t h e  

c o r r e s p o n d i n g  t e rm 

2  
We can  expand t h e  e x p r e s s i o n  ( 5 )  i n  powers of  g  and compare i t  

w i t h  t h e  h i g h  ene rgy  l i m i t  o f  t h e  Born t e rm ( 8 ) .  We f i n d  t h a t  

we must have a l ( s )  2 0 and from t h e  second o r d e r  t e r m  

we o b t a i n  t h e  r e l a t i o n  - 
2 

2  1 . 3 ( s - m  ) 
a 2 ( s )  = ( s - m  ) - 2 ~ r  b  ( s )  = 3 4 g 2 ( s  ) p3(s  ) 



The'same r e s u l t  c a n  be ob t a ined  by comparing t h e  expansion of 

2  F-(s,.d ) w i t h  Eq. (g ) ,  provided we i d e n t i f y  t h e  term g  Rl(s ,{ . )  i n  

t h e  expansion of R ( S , A )  w i t h  t h e  Born t e rm  i n  t h e  t - channe l ,  which 

a c o n t r i b u t i o n  r e g u l a r  i n  s n e a r  s = m2 and i n  h  n e a r  h  = 1. 

Note t h a t  we have imposed h e r e  t h e  requirement t h a t  t h e  p o l e  term 

( 9 )  i s , c o m p l e t e l y  t aken  up by t h e  Regge t r a j e c t o r y  h  = a ( s )  of 

F  ( s , h ) .  The p o s s i b l e  e x i s t e n c e  of  such a t r a j e c t o r y  i n  p e r t u r b a -  

t i o n  t h e o r y  i s  j u s t  what we would l i k e  t o  e x p l o r e .  

We a r e  now i n  a p o s i t i o n  t o  c o n s i d e r  t h e  i m p l i c a t i o n s  

of' t h e  e l a s t i c  u n l t a r i t y  co~ ld i t i o l z  ( 2 ) .  We f i n d  t h a t  t h e  f i r s t  

terms i n  t h e  expansions . ( 6 )  and ( 7 )  must s a t i s f y  t h e  r e l a t i o n s  

I m  a ( s )  = 0,  I m  p 3 ( s )  = 0  2  

and 

2 2 f o r  4p g s < si , where now si = 9m . I n  t h e s e  equa t ions  we have 
* 

made t h e  assumption t h a t  ~ ( s , a  ) i s  of o r d e r  g2 o r  h i g h e r .  Essen- 

t i a l l y  t h i s  i m p l i e s  t h a t  we do no t  a l low a .  secondary t r a j e c t o r y  

h  = y(s)  which i s  degene ra t e  w i th  a ( s )  i n  lowest  o r d e r  such t h a t  

* 
has  a zero-order  c o n t r i b u t i o n  f o r  A = a ( s )  . 

The f u n c t i o n  f3 ( s )  can be computed from t h e  h i g h  energy 3 
l i m i t s  of  t h e  s i x t h  o r d e r  graphs  i n  Figs, .  l c ,  I d  and t h e  r e l a t e d  

c r o s s e d  diagrams, o r  from t h e  cor responding  p a r t i a l  wave f u n c t i o n s  

n e a r  A = 1. We f i n d  



where - - 

The f u n c t i o n  a2(s)  i s  t h e n  g iven  by Eq. (11). Diagrams 

l i k e  F i g .  l e  do no t  c o n t r i b u t e  t o  bjkbecause t h e y  do no t  g i v e  r i s e  

t o  a p o l e  a t  h = 1. The f u n c t i o n  b  ( s )  i s  a n a l y t i c  i n  t h e  cut , '  
3 

2  s -p l ane  w i t h  a branch l i n e  f o r  r e a l  s > g m  . Hence we s e e  t h a t  

, t h e  f u n c t i o n s  a2(s )  and b  ( s )  o r  p ( s )  s a t i s f y  t h e  r e l a t i o n s  ( 1 2 ) .  
. . 3 3 

It i s  impor tan t  t o  n o t e  t h e  absence of t h e  e l a s t i c  branch l i n e  i n  

t h e  lowest  o r d e r  c o n t r i b u t i o n s  t o  t h e  t r a j e c t o r y  f u n c t i o n  a ( s ) .  

This  i s  .a t y p i c a l  requirement  of t h e  u n i t a r i t y  c o n d i t i o n  i n  a 

; s i t u a t i o n  where t h e r e  i s  no coup l ing  t o  "nonsense" ampl i tudes .  ' 

. .  The s i x t h  o r d e r  t e rm i n  t h e  expansion of a ( s )  should  

2  2  
have a d i s c o n t i n u i t y  a long  t h e  e l a s t i c  c u t  4p N 4 s <gm . I n  o r d e r  

t o  i d e n t i f y  t h e  g raphs  which a r e  r e l a t e d  t o  a ( s )  we c o n s i d e r  a 3 



s e l e c t e d  number of h i g h e r  terms i n  t h e  expansion of t h e  h i g h  

energy . l i m i t  ( 5 )  : 

.&+It + #,.. + g'".l.b, - ( ~ r  
2'Tr 

- At) tekt + O H .  

The f o u r t h  o r d e r  t e rm  cor responds  t o  t h e  v e c t o r  meson s e l f - e n e r g y  

graph F i g .  l b .  Th i s  graph has  a two-pion i n t e r m e d i a t e  s t a t e ,  

and t h e  d i s c o n t i n u i t y  i s  c o n s i s t e n t  w i th  t h e  requirement  (13) .  

A f t e r  t h e  mass r e n o r m a l i z a t i o n  has  been performed t h e  f u n c t i o n  

2  cor responding  t o  t h i s  graph has  a s imple  p o l e  a t  s = m . Since  

2  2 
a2 ( s )  Const .  ( s - m  ) f o r  s -+m , we s e e  from Eq. (15)  t h a t  

2 a, ( s )  must a l s o  have a zero  a t  s = m . Of course ,  t h i s  i s  j u s t  3 
what we expect  i f  a ( s )  s h a l l  be a t r a j e c t o r y  through t h e  v e c t o r -  

meson p o l e .  

The t e n t h  o r d e r  c o n t r i b u t i o n  i n  Eq. (15)  i s  d i f f i c u l t  

t o  i d e n t i f y ;  n o t e  t h a t  i t  has  no e l a s t i c  c u t .  On t h e  o t h e r  hand 

i t  i s  c l e a r  that  t h e  t w e l f t h  o r d e r  t e rm p r o p o r t i o n a l  t o  a b  i s  
3 3 

connected w i t h  t h e  g raphs  i n  Figq. l ' f ,gand r e l a t e d  ones .  The two- 1 
2  / 

p ion  d i s con t . fnu i ty  g i v e s  a c o n t r i b u t i o n  p r o p o r t i o n a l  t o  b3 , as 

expec ted .  However t h e r e  a r e  two unreso lved  q u e s t i o n s  concern ing  

t h e  c o n t r i b u t i o n  from t h e  sum of a l l  t h e s e  t w e l f t h  o r d e r  graphs:  

1. The h igh  energy l i m i t  of a g iven  diagram l i k e  t h e  ones 

i n  F i g s .  l f , g  may w e l l  have a l e a d i n g  te rm proportional t o  t ( l g t )  3 

o r  t o  i t ( lg t )2  i n  t h e  a b s o r p t i v e  p a r t  A t .  Such terms a r e  due t o  



intermediate states in the s-channel which involve more particles 

than two pions. If the simple reggeization procedure considered 

here shall be successful we must assume that these terms cancel 

in the sum over all twelfth order graphs. 

2. Another requirement is that the function a3(s) obtained 

2 in the high' energy limit of these graphs must have a zero at s = m . 

Summing up our considerations concerning.vector mesons in 

the pion-pion amplitude we can say that there exists a function 
6 
g B3(s) 

. . 

F(S,A) 4 6 
A-1-g u2(s) - g a (s) 

(16) 

3 
- - 

which satisfies the elastic unitarity equation and which contains 

the vector meson pole term;;. Within this framework it provides 

e v i d e n c e  thalt t h e  p e r t u r b a t i o n  expansion La compatible with the 

reggeization of the fixed vector :.!'meson pole introduced in the 

lowest order. ,We note that our considerations are not applicable 

to the photon because of the infrared divergences. 
& 

The possible transformation ofzixed vector-meson pole 

'into a Regge pole as a consequence of radiative corrections can 

also be studied in nucleon-antinucleon scattering. The situation 

is quite analogous to the one discussed above. In lowest order 

the vector meson pole in the s-channel appears in the three 

coupled triplet amplitudes6 hik(s,~) for J = 1, which satisfy the 

unitarity equation 



2 2 in the elastic region 4M 6 s < 9m , where M is the nucleon mass. 
For reasons of sl~nplicity we assume here that "M 4 m 4 M, and we 3 
consider only the renormalizable coupling between neutral vector 

mesons and the conserved spinor current.. At J = 1 the pole terms 

are given by 

with 

C,,= 1 Cl, 

We see that the residue fact0rihe.s and hence there is no difficulty 

with the reggeization as far as the unitarity condition (17) is 

concerned. 

An essential feature in the perturbation expansion of the 

vector meson trajectory is the fact that in the lowest :I.%,O.hvanish- 

ing order the function a(s) - 1 does not have the elastic cut, 

which only appears in the next order. This result is not changed 

if we add a direct pion-pion coupling. It is also similar to 

the situation encountered in connection with the possible nucleon 

trajectory in pion-nuclean scattering.' Here we have a vector meson- 

. nucleon and a pion-nucleon coupling. .Assuming m)p, we consider 

the amplitude 

which has to satisfy a decoupled elastic unitarity conditfon for 

(p + M) 2$ VV24 (m + M) 2 .  From the lower order graphs we see that 

we have the expansions 



where g and gT are the vector-meson-nucleon and pion-nucleon v 
coupling constants respectively.. The functions alO(w) and Bll(w) 

'2 have a cut for W (m + M)~; but not the elastic, branch point at 
2 2 W = ( p +  M) . For the funct,ionall(~) we obtain an elastic cut 

2 with a weight proportional to pll(w) for (p + M) *4 w2/ (m + M) . 
These proper.ties are in agreement 'with the elastic unitarity 

7 condition for the amplitude f+(w, j). 

We would like to express our gratitude to A. P. Balachandran 

for many discussions and for his help with the calculations. 
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Fig.  1. Some Feynman graphs which a r e  considered i n  connection 

with t h e  vec to r  meson t r a j e c t o r y .  
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