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ABSTRACT
The following properties of the dual multiparticle
theory with nonlinear trajectories are presented: (1) the
twist relation (II) the unsymmetric general vertex obtained
directly from third factorization (III) the symmetric

general vertex.
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I. INTRODUCTION
In previous papers,1 the N-point Born terms of a dual
multiparticle theory with nonlinear trajectorie52 were

factorized and the vertex involving two external particles

~with nonzero spins was obtained. In this paper, we will

obtain the twisted propagator and the general vertex in
the nonlinear model. These are the two basic ingredients

in the Kikkawa-Sakita-Virasoro unitarization program.3
However, further steps in this program mve not yet been

carpied out for the nonlinear model.

In I, we found it convenient to introduce a six-
‘dimensional formalism for purposes of préving factorization.
In Section II of this paper, we develop this formalism
further by introducing a special choice of kinematic
variables which are particularly éuited_to the study of
duality and factorization. Using the fdrmalism developed
in‘Section II, we go on to derive the twist relation in
Section III and the unsymmetric general vertex and the
symmetric vertex in Section IV.

IT.SIX DIMENSIONAL'FORMALISM

In first factorization, we were naturally led to
consider six-dimensioneal "vectors". These "6-vectors"
neither satisfy additivity. nor do they scale. Therefore,
they do not form a linear vector space. Nevertheless, as

a mnemonic device, it is convenient to call them vactors.



Furthermore, we define‘a six-dimensional "metric," and a
"scalar product" in this six dimensional épace. The important
property of the six-dimensional space is that a pole variéble
0;5 may be written as. a scalar product of two "6-
vectors". Ve will now develop the»six~dimensional formalism
further.
In I, the‘pole variable is given by ¢ = as +b

wﬁeré a and b are constants. In Eq.(14) of I, each h-vector

Oy

f?u was mapped into a "6-vectonr" 1%2 by

b

it

.Poc {2 :E o=oA 3
P 1

T%? = [ 3 T:'z + k>(&b (1)

A six dimensional metric tensor 3&@ was defined with

'the following nonvanishing elements:

ave——

If P and F; V‘ are two U4 vectors, then the correspond-

ing 6-vectors satisfy

.



y
o,z a(B+R)+b = Re® O (3)
.where in'énalogy to the usual Eihstein convention,
‘repeated indices imply summation over the 6 components.
For simplicity, in the rest of this paper, we will

restrict ourselves to the case b = 0 4 . We now generalize

the six~dimensional formalism by associating with each Y-

“vector PP"‘ " a six-dimensional matrix .Trol@ (E) _
given by ' :

Tﬁw =' 3“v %M‘ OﬁrMV$3

Tag = Mg =0 For o#FS5

Mo = Ty = Tu | ()
The YT matrices have the following important property:

TMaa (E+B) = Ty (R) T‘-r@(@) (53

For future reference, we will write Eq.(5) in the
special case < =5 . Ve haQe'

Tr « = T (B)BY (6)
where .F?a . is the six-vector associated with the
.four;—vector (ﬁ <+ E)r . Eq.(6) suggests that
the JT matrices may be viewed as translation operators
~ in the six-dimensional space.. If we set A = @ = 5
in Eq.(5), we get back Eq.(3). Thus, the result of I is a
special case of Eq.(S). | |

We will now show that the‘TT matrices enter naturally
in off-mass-shell factorization of dual amplitudes.

' Consider the interaction of N spinless particles with



k-=momenta ,f}; i=1,2,---,N. A dual amplitude is an
explicit function of the pole variables
o = o (B ~

where

is the 4-momentum of an internal line. Let the amplitude

be denoted by BN (Q':_J ) . ' We wish

to consider factorization at a pole, say CTQQ

(See Figure 1l). The residue at a pole is in general a

Sk .

!<gﬁfk43~Any overlapplng variable is a function of both the

~polynomial in the overlapping variables

left and the right momenta of Fig.l. To write the residue
of a pole in a factorized form, a direct first step would
be to write each overlapping variable in a factorized

form {Using Egqs. (7), (8) and (3), we can write

G:J = (rﬁa‘:i)c’( (‘Fjﬂ&)o{ (9)

To ar»ive at Eq.(9), we have used energy-momentum conservations

t’{:?,.)“a(‘...;‘ Frt ) o)
Aﬁ Tk“”lwnr nwij - (Tﬁ*f&? s 2 ;,‘ { ‘ ? N

g

J°
(Pl &..“’\\“ ‘\::3-{-\ N) .



Now in Eq.(9), | (‘? .i.-&)é( depends only on thé
vectors 13“ /Fa y Sttt . I‘D&-—t\.
qf the left blop of Figure 1, while tf>5+\ ,4)
is a function of vectors of the right blob.

Of course, factorization of egéh overlépping variable
does not imply factorization of the amplitude. However,
if the amplitude 'EBN (G}ﬂ) should be factorizable,

we will have at the CELkL pole the

d __ .
PN o ( ',_J,'P )BN-bﬂ(‘ a3 sn)

.) ~J AT

form

G‘i.la - Go , (10)
- Y3
The amplitude R R+l ( G_ N ;-r)
corresponds to a process with ki spin-zero

particles and one "excited" particle. The kinematic
‘variables which enter explicitly into this amplitude are
the <::§j variables, and the 6-vectors

B

to the internal momenta of the multiperipheral graph of

A= 2,3, , h-—ﬁ.‘ . These G-vectors correspond
' .

Figure 1., Now, we may choose to factorize the amplitude
hriadli X §
H R4l (G‘*‘) H 1:“-) at a pole of an internal 1line
of the multiperipheral graph. This process is called second

factorization, and, as we have learned in I, all the crossed



kinematic variables in this particular case may be written
by Eq.(18) and Eq.(43) of I in factorized form. However,
we may also choose to factorize the amplitude F‘Fu%i

at a pole which does not correspond to the

(Ild
internal lines of Figure 1. (Any pole G“&“) with .(<'.4'.<:j<l§
will belong to this category. In Figure 2, we have an

example of factorization at such a pole). The residue of

such a pole is of course a functi?n of.the' Grgj

variables and 6-vectors ‘P‘\p = 2,3, . R4
Following the philosophy of first factorization, if ?i;k\

is to be factorized at G}d » each "crossed" kinematic
variable will first be written in a factorized form. Now,

it is easy to see from Figure 2 that any 6~vecfor of the

type Pv where AR < g_ will carry momenta

of both the left and the right blobs, and is therefore

a "crossed" variable. Now, by means of Eq.(6), these

B-vectors can bz written in factorized form

'F?\"o( = ’ﬂ'o(@, (ﬁ&—l)(?}.v)@

TT;P Vimd ) depends only on the momenta of the rlght blob of Flgurc 2

while (P,.\-)@ depends only on the left lines. If we

~—
should succeed in factorizing Fi‘e*‘ . at

G-&j )
the resultant amplitude describing the process of the right
blob of Figure 2 will depend explicitly on the'TT-matrices.

If we wish to perform any further factorization, Eq.(5)
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may be used to factorize thevfﬂ"matrices. -Thus; the 1T:
matrices with tﬁeir property Eq.(S) allow factorization
of crossed variables in any channel. In the derivation
of the twist rélation and the three-bqint vertex in the
following sections, we will demonstrate explicitly how
the " matrices come into the nonlinear theory.

We now iﬁfroéuce one more operator in the six-

dimensional space, the inversion operator, defined by

~ ~

Ly

\ (1)

. p

In first and second factorization, we introduced 6~

/
vectors Po( given by

. PL = -'P« f-cv C2ds 3

’ ' (12)
F>o( = Ti‘ %EO\’ °(==.‘¥, 5

Now using the inversion operator (11), we can write
¢

= 71 @ (13)
For the studies of the twist relation and the three-point

vertex which follow, it will also be convenient to define

another matrix T’o( @ (‘{.5) given by

Ty ®(B) = ‘Ixif Ty ©(®) (1)
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III. TWIST RELATION

The "twisted" propagator was first introduced by
Kikkawa, Sakita, and Virasor03 as a necessary element for
the construction of the most general higher order diagram.
In this section, we will first briefly indicate how the
"twisted" propagator enters into a dual theory. We will
then indicate wh& a twist relation should exist as a
consequence of the symmetry of the original émplitude.
Finally, we will derive the twist relation in the case of
the dual multiparticle theory with nonlinear trajectories.

The physical amplitude for N identical particles is
symmetric under the permutation of any number of particles.
This property must also be present in the Born terms of a
crossing symmetric theory. The N-point tree graphs of
the dual theory have cyclic symmetry and reflection symmetry.
The entire N-point Born term is then given as the sum of
all tree graphs not related by cyclic or reflection symmetry.
If one starts with a cyclically symmetric tree graph
135?Q, (fa Fh'.”ﬁﬁﬁf‘f%lﬁ%dﬂ'..ﬁ;h‘Eh*\""&%ﬂ. ) ,
one way of -arriving at a tree graph with a different ordering
of external lines is to invert the ordering of a subset of
external lines, i.e. we make the inversion transformation

{>R+i“ﬁ>4fh_1 for i = 0, 1, --—-,_fuk and where k<ﬂ. This

gives the amplitude BN (: Fx iDz--- 'Fi'a-\ f()o /F'Q“\‘..ﬁa. ’ﬁ*{-\:ﬁ@"‘v-’:" ??N)
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"One can arrive_at.any ordering of extefnél lines by.a finite
number of such'transformations'(each {ime.inverting a
different subset of external lines) .For the particular case
2= N , the . version operation transforms the

amplitude - BN (,?‘ '"-"FR'PR*-\ )\:N ) E H]

depicted in Figure 3a into the amplitude

Bﬂ (?‘ FR’?“\ ?R-\-\) EB] depicted in
Figure 4a. Because of the cyclic symmetry of TE;hQ,

any inversion operation with .Q‘&l( is equivalent to
an inversion with £Z== T& . The reason for introducing
the inversion operation is that the higher spin amplitudes

obtained by factorizing the tree graphs (A) and (B) at

Sak, ‘are linearly related .To be more specific,suppose
(A) and (B) factorize at S then, we have, as in
Eq.(10) .(
. "" \ i s we
B.( ) ~ R AP B R)
NP R AR
where ,

A
Ripe faz*a.‘ ) T Hw(o PO BB R 25

and
Ba (ﬁ\b‘ ?\l \t»w) i =R /\‘: o PRM)
where A 1\“
\\" .p& ‘?\\ h P*’U = y: Ah““(‘ '!\)R)B \v&\\ﬂmﬁ “} (16)

we will show there exists a d x d matrix g}“ﬁv

»depending cnly on ;;f:?t*i NS 'Fh-'rﬁ:&\'?"'* ,FN



such that ol
e Y 17
N-h-\-\(?" \R*") ( m-uq) Bﬁ-hﬂ(fn -
Substituting Eq.(17) into Eq.(lB) we have ne

d

eve LD e o= Q—. (18)
BN (/?‘ ‘,{bta N ’ﬁ’*““) . ﬂ-gf‘ A Rﬂ(f /‘)R)G"sh.‘c‘ N \z-e\ fReh ?f“)
Comparing Eq.(18) to Eq.(153, we see that the transformation

of one diagram to another with a different ordering may be

Mook
carried out by inserting the new propagator Can— %
in place of T The relation Eq.(17)
P Sik- % : e

is known as the twist relation. {2 is commonly

nw"n . .

: <2 :
called the twist operator, and is
Ciw—

. the twisted propagator. The insertion of the twisted

propagator in higher order Feynman-like diagrams produce

a similar effect of generating other diagraﬁs. The twist
relation Eq.(17) is a consequence of the symmetry properties
of ESN' To see this, we consider for simplicity the
special case l’{= N~}Q, ,. i.e. we have the same number of
lines on the left and right of CY&&; in Figure 3.

The amplitude BN (/\§>"" /P\Q PR*" vese '\3,\\. )

has cyclic symmetry and reflection symmetry This implies
that the residue R (f?, ﬂ Rl ;FN
in Eg.(35) has the followingAsymmetry properties:
(i) Reflection symmetry
RP PR = Ry 2 (19)
(ii) The special cyclic symmetry

\ ia.?m\ '?t\) R (’E\xﬂ'")a\i F\"';-\)\z’.}

Suppose F}; R-H L,,sl::' JOR)
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in Eq.(15) are the follo.wing linear combinatiéns of .é::“(ﬁé'?‘)'
=N J -——-m ' mn ; =—
RR*‘('?'"')FR = wé B R pIN (P

where the d x d matrix ‘\‘mv_\ (ﬁh )

‘depends only on ﬁh = P‘*"?a* ---—H?\Q, '
| and has the property _ » |
N™ (Be)= N (- %) (22)

then, from Eqs.(21) and (15), we have

' d — m MmN _ =" i
R (J\DI‘PR )ﬁzﬂmﬁ\i) =m¢mZ=xLB Rt ('?h,’?') N (E\R) BN‘&&\)\DRH '?N) . (23)

The reflection symmetry property Eq.(13) of R follows

immediately from the representation (23) of R and the
mn. o .. TJ|"

property (22) of- N . Likewise, if . Hkﬂ (’F;?R)

in Eq . (15) .. are the following linear combinations

' ,Of _,-év;:;l ("Fx'Fh.) :

o\ ' R "nn o :
—_—n e _
) = S B @R (NG o
Ay (B P mZ% ket B Pmm = ik
where the d x d matrix (—IZ. N> (a&) depends
only on - Pﬂ-e_ , and has the property
Q.Q_N)wm (:ék) = (—O_N)nm (_'T)I‘h) (25)

then, from Egs.(24) and (15), we have

A 3 d o mn —_—n
. we S Y = ~ o \[= & S
R PPt "M%IZ\E’“**(T‘"”’\)“MIN) (ﬁh)[%&_\é}m‘ )
Ak (26)
The special cyclic symmetry Eq.(20) of R follows from the
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representation (26) of R and the property (25) of:

N (BL).

Furthermore, from Eqs.(21) and (24), we have
d .. wn (= :
Bm (f!"'f‘) = 2 B Rl (Re) o
ez :

where

4 YL ;o\ AN
rzvnrt = Qé:LP%) (b& i)
A=l\ .
From the properties of Nmn and ON in

Egqs. (22) and (25), it follows that

nm T~ S )
(Yua.) = O™ (-Te). (28)
Since _QMY\ is a function only of4 ﬁhn ﬁﬁ- 2t ‘\'"?R,

Eq. (26) also implieé

d
Bhﬂ(m'")\’ti m laﬂ (“ﬁa. jD)--D.. (H;«) (29)

Substltutlng Eq.(29) 1nto Eq.(27), we see that

;2:4 Wik .~Vl - é;“ﬁr@

Finally, if we parform the transformation

,\0& - ,ﬁz‘.‘\‘.& ' oi.'é",z.‘,---,h on Eq. (26) using

Aaalg®
the property (28) of “(TL_ s We arrive
immediately at the twist relation of Eq.(17). 1In Eq.(22)
of I, we derived a factorized form of the N-point tree

graph of the nonlinear model which has the reflection



1y | ' - .

symmetric form'of”Eq.(23). The N matrix, which is

N o) oy 2 Op @ Bat Ba  defined in Eq.(19)
of I, is independent of - 'Fﬂh_ -and depends only on
the parameter 13 . It is a symmetric matrix ,

consistent with Eq.(22). The twist operator we will
derive will have explicitly the properties of Eqs.(28)
~and (30). It is interesting that '.I):nr“ of
the theory depends on i?&_ » but is independent of
the parameter 12' .
The various different factorized forms of the tree graphs'are
summarized in Figs. 3 and 4. The three figures, 3a, 3b, and 3¢,

are different representations of the amplitude

| :Bhk (?\""Ph.?h-\-\".f?“> . Figures

3a and 3b have poles ‘at different locations, but are

related by.duality. Figure 3a corresponds to the reflec-
tion symmetric form of Eq.(23), whereas Figure 3b corresponds
to the special cyclically symmetric form of Eq.(26).

Figure 3c is by definition equal to Figure 3b. In the form
of Figure 3¢, it is clear why _le“'“ is called the
twist operator. Tigure 4 gives the -corresponding represent-
ations for the amplitude 'BN L?;'"{D\z '?N'" &-\-\) .

It is clear that all graphs in Figure 4 can be built out

of different combinations of the same propagators and

excited amplitudes occurring in Figure 3.
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We now go on to derive the twist relation in the
dual model with nonlinear trajectories. The N—pbint
émplitude with one excited particle, corresponding to
Figure 5, is given by .

- Jd-! o
o s
A oo of aan ", ngl Ongn, <, 0
S A v Pu ﬁ\ P, P{-p

s e

X} l'ﬁ

s ok
BN Uﬁ ‘Vr\;. Y?;b(’jb )-:F (") ‘f(\"z) 'f'("‘t4~a.)

(31L)

The 4-vectors associated with T?L of Eq. (31)

are related to the external momenta f?& by

r‘sul.tA = ('?x"'/fz._”r-;-‘i‘f,.;)‘v\ | os_t\A‘E:B o (32)

The twisted amplitude is given by making the trans-

formation

“?&m}y.?i\\:"’i. o=t 2,"'0\\!"1

Thus, corresponding to Figure 6, we have the twisted

amplitude
B | o b . Om
e f a . D et
e ( . B (G" Q Rz it k") IID\H t-i-\"?{.\ gop TR-L
os‘mN_"}'l «mu_..'\" bh‘!‘_z Nlﬂ'ﬁ‘ 1-‘ d'l

’ .
X R-:?.i\i-i'” p=2 1~} ““Ewl TTT Uz -t

S 5 (m3) (33)

where

E]{— = ('?\'-'*_}'\D&-H""""{’J?N-!)\w 0 P4t 3 (321)

L
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Now, by energy-momentum conservation

P&.‘H N-{ ‘»\ (fkﬂ* +'ﬁ4 l>r. (?N'\'/Bf-e?_*.n-{-f&)
| =-(?N+A ul)t,\. o= (\l =3 (3%)

ATherefore, by Eqs.(12), (13), (6), and (14) of the pfevious

section, we have

Tt N—-lo(' = I @—ﬂ‘ﬁ:‘(ﬁx) B

!X (35)
=T, Ty OLaR WSS
Applying Eq. (35) to every vector 'Fl+\ N1 in Eq. (32),
and making the trivial change YO = Y\~ » Wwe have
O(\dx. 0’,9. ' @(la- (bfl - 4Y- SLL

NVCM ’?') (‘? &-—JQ (s @ﬂ(ﬁt) (36)

where the twist operator -I:L_ "is given by

o Ay '0(
T ()= T TS, ()T ) o

Eq.(36) is the twist relation of the theory. We verify

easily that the twist operator Q«l“a"‘?‘£5 @\G:\.”‘@ﬁ_
satisfy the properties Eqs.(28) and (29).

IV. THIRD FACTORIZATION AND THE GENERAL THREE-POINT VERTEX
By second factorization, we arrived at the N-point

Born term with two nonzero spins given by Eq.(34) of I.

BB b Kty



" 17

dcnotes the amplitude for the process in Fig. 7. We wish
to obtain the general vertex with three nonzero spins. To

do this, we note that Fig. 7 is equivalent to Fig. 8

by duality. Thus, to extract the general vertex, we need
only to consider factopization at CS;. -1
as in Figure 9.

.The procedure of third factorization is identical to
‘first and second factorization. First, to exhibit the
pole Q‘z Nt , We sum over .the index ﬂz-vN"\ .
We then separate all the remaining kinematic variables and
summation indices into three groups, the "left" group,
the "right" group, and the "crossed" group. Finally, we
apply the factorization of the crossed polynomial as in
Eqs.(20) and (48) of I to bring about total factorization.

From Eq.(34) of I, we see that there are three kinds

G’l@&’ . (é&' d\da.'"dk

of kinematic variables appearing in ESbl

Al. O3y G=i<izn-) , B (1s ke N-2)

.

ond PP (z=is n-1)

The | 16 04 variables may be.grouped into the "left";
thg "right" and the "crossed" sets as in first and second
factorizafion. Tj‘d' | and Pf/\i"l@ carry
the momenta and spin indices of the right hand side of
Figure 9. They are therefofe "right" variables. All other

six-vectors are crossed variables. The tensor

NS BarrPa ol oty

in Eq.(34) of I is independent of momentum, but it carries
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the spin indices of the spinning particleé on the right
"hand side of Figure 9, It may fherefore'be classified as
a "right variable." |

| The erossed O™ variables may be decomposed into
a stalar pfoduct of two six-vectors by Eq. (9 of the present
paper. The T%sx and - ¥>;f63 vaectors
-2 - N-Z. may be decomposed, using Eqs (6),

(13) and (14) of the present paper. Noting that the
coefficients that eﬁter the crossed polynbmial are just

those of C in Eq.(14) of I, we arrive at once at the,
factorized form of BN@" @a Pos KAy kg

given by _ _
-8 o, 0, - oo vtagtt N NK o
BS F @‘Q, ‘v{ C‘{'&:Z Btf-‘-?z Sﬁi NS!&."E&" ¥ o B V @
g G (g™
: 5;£a.°;‘s'q_" - '
where - BN~| ) is just

the (N-l)-point amplitude with one excited particle,
corresponding to the left hand side of Figure 9, and given
by Eq.(31) of the present paper. The general three-point
vertex is given by _
~ xad | R P N R A Hawr DXara F“’dma \
V(B '-::Z(N"@"a @d.;md)'ﬁ > LT
£(nz) /
Bt ' Busa ,@4 2N T, b1y
- St B tU
L‘P&“ T ) ('P pow, Bt z,}
F ) £ (V) /

b..?'-‘,

-~ B X r3~-~3.. \r
(N @«\S " Pe Vs 'u‘g‘ B(Fﬂrg (®) T‘S 3\)‘,
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Xku

X . (N*id&fn 41" ??2- 9\/ -ﬂ-? .-\r-ﬂ (?) -u-grk Vit2 (P) Trg»

n:.‘{N-)*nz.Vs'fnz\rz.’faN-W + JN-,\J‘,_* &U}_

®)

X

(39)

where the sum is performed over ci, ‘kt&-\) n, U, Uz » VR

subject to the conditions

C*'P n, *'\f; = ,Q

V4 U+ Uy = Q" o

(39)
The vertex/is not symmetric w1th respect to the three

particles. The reason is that we had extracted the vertex
from an unsymmetric factorized form of thé tree graph
corresponding to Figure 10. It is relatively easy to

seec that by the first, second, and.third factorization
procedures up to this point, we have arrived at a factorized
form of the tree graph in which the left and upper middle
blobs of Figure 10 are related by the cyclic transformation
of Eq.(20) but they are in turn related to the right blob

by the reflection symmetry of Eq.(13). Thus, the three-
point vertex which links the three blobs is naturally

unsymnetric. In order to have a cyclically symmetric vertex,
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we want the right blob in a form which is related to the
left and uppér middle blobs by the éyclic transformation
of Eq.(20). This can be achieved by performing a twist
" on the right hand blob. The éymmetric form obtained by
twisting the right-hand graph is graphically represented
~in Figure 11. |

We wish néw to derive thé-éymmetric three-point vertex
VK‘(&O(

corner of Figufes 10 and 11. Corresponding to Figure 10,

Let us consider only the lower right-hand

we have
Nb’@o( qu;. %‘3 SySg B Si& l(
XZ“S v G‘(G‘&zﬂugg) {)N N 'ﬁ“')( 41)

Correspondlng to Figure 7, we have

5ot Noyoeolg 5,5 IR YRRY

Z \¥B ool org&&o& B (‘ﬁm'fmz ,@)(u?)
R=o Gr (S w %") |

The vertex V ERX can be found by requiring that the

.expressions (4#1) and (42) be equal. S
We will first perform the twist on 13 &
| o ’fﬂ '%zﬂ

in Eq.(41). Eqgs.(36) and (37) give us the operator which

twists a "left" graph. We want the operator which twists

a "right" graph. Eqs.(20) and (17) allow us to go from the
_twist relation for a "left" graph to the twist relation for

a "right" graph. Thus, we can write down

3.5, 8 883 ? Ser§e
Bh\ g(?ﬂ"'ﬁ&-\) = Q? §ar éi_ Ve N> Ui e

(43)

P .
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Substituting the twist relation of Eq.(43) in (41), and

equating (41) with (42), we have
s@st N ~ BN \§2 53
®
\1 A «.QS SR \/ NO{\&;“ qx ?‘S’L"‘S’QQ S, 8y 59( R(*L: ;)
where the twist operator _(2 (-i%;ﬂ hl) is defined in

Eq.(37). It can be easily proved . that the twiﬁt,operator

commutes with the tensor N i.e.,

N § 82 S $.5 Te
°( 0{‘_"“ . .(7., .es = -Q. o . ..

‘ ‘Q?'g" S)Q & Sarmdy. o Ry aﬂg\gx Sz &8y dg. (hu)
Using Eq.(44) in Eg.(43), we have

LR 1) |
V =V QS.&;. SQ (45)

QK@S

in Eq.(39), we arrive finally at the genéral symmetric

- Substituting into Eq.(HS), the expression

three-point vertex corresponding to Figure 12 given by

VK@d CZ (’ﬂ" "{T ,Q '(q) 'Tr 4Q -¢rt! )N"' ?lS’z fc‘Kﬂ: b’)

X (’R (lz.).lr (rz) T'Qti-c - NJM’ mfxcad'm?’%&)

X R "* R TS PP

VC’*‘ \‘S‘C'\"a K&'ﬁ"l o ’\ U3 ] e'. - . '}-d
BT B g plesn gk

"g‘(&k\) ’ - __3: (&.9‘3
X 'F_% @Cg‘ﬂ '3‘,\;) @Ca-bz. L. ’Fse’fg*.-ds
';‘f(&:s)

QLCZ‘)!!+ Ca d\aﬁ' C, 5{3 ¥ C{'Azﬁ' CL.51~= < C!:-cll ‘) 46

~

) )
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v .
[

where 2 implies summation over C C. ¢ J a‘ c)

. - ' ‘l z| 3 H “ z‘ '3

' C.& vAL . i
subject to the conditions
C\+C,~ ol,_ = *Q\
CZ.* C3 "’da = Q?.

T

and -(Tl « e ('P) . is defined in

Egs.(14) and (11).

V. CONCLUSION
In this paper; we have derived the twist relation,
and the general unsymmetric and symmetric yertices in
the nonlinear dual model.‘ While the existenée of these
objects is expected in any factorizable dual theory, it
is interesting to notevthat both the results as well as
the techniques used to arrive at these results are quite

different in the Veneziano and in the nonlinear model.
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4. In the case

o= os+ b , b—‘-{-‘- O

we can define a 7-vector Yoy by
'Pd:,rz_a:ﬁ,. -fvr 0= 3
Py == a®
Y, = A%

A 7-dimensional metric is defined with the only nonvanishing

+ b

elements given by

Soo-:' -3“ = “32.1: = 333 = 345 = 55“‘."=‘8‘6 = i
The T matrices then become seven-dimensional matrices given
by Eq.(4) plus the definition

then, the multiplicative property of the [\ matrices, given
by Eq.(5) still holds.
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FIGURE CAPTION
Symbolic factorization of the N-point
tree graph with N épin—zgro external particles
at (S&h‘.
Symbolic factorization of the k+l-point tree
graph:with k spin-zero external particle,
and one "excited" external particle with

——

= :
momentum =G, at a pole 025‘

Three different representations of the N-point

amplitude BN (‘f\)‘ ?&‘j}f& 'ﬁl‘\“\“. /?\\\)

described in the text.

Three different representations of the N-point

| BN ("Et '?z'".)aa '?N )PN-\W'%’LH>

described in the text.

amplitude
Tree graph with N-1 spin-zero external lines
having momenta ﬁ?"‘ﬁai’ -, ﬁ%ﬁ-\

and another external line with momentum ]
Donnc )

The momentum labelling $ﬁ\’ F%zu e Fﬁlﬁwﬁ

is used in the tex<t.



Figure 6.
Figure 7.
Figure 8.

Figure 9.

_Figure 10.

Figure 11.

Figure 12.

27

‘Tree graph which is related to the graph in

Figure 5 by a twist.

Tree graph with_two external lines having
nonzero spin. |

Tree graph related to the graph of Figure 7
by duality. | |

Symbolic factorization of the graph in Figure
8 into an amplitude, "proﬁagator," and a
general vertex.

Configuration of the tree graph from which
the nonsymmetric general vertex is obtained
by third factorization. |

Tree graph configuration obtained by twisting
Figure 10. The symmetric general vertex 1is
obtained by factorization of this graph.
Symbolic form of the symmetric geﬁeral vertex
indicating the.association of tensor indices

and particles.
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