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CUMPARLSON
OF &
TWO=DIMENSICOWAL HYDRODYNAMICS CODE (REXCO)
T0 EXCURSION EXPERIMENTS
FOR
FAST REACTOR CONTATMMENT

by

J. E. Azsh and B. T. Julke

ABSTRACT

The Reactor Excursion Containment Code System
{REXCO) is a tool that has been developed at Argomne
National Laboratory to predict the effects of excursions
criginating at the core upon the components and on the
containment system of Liquid Metal Fast Breeder Reactars.
The codes include hydrodynamic and inelastic material
behavior depending on the magnitude of the excursion
treated. The physical phenomena gaged by the codes
involve the shock wave, the agdium momentum, and the
early scages of the gas bubble. Currenc work attempts
te extend treatment to cthe later, quasi-steady phenom-
ena of the gas bubble.

In this report comparisons of these codes ars made
with experimental excursion data. The results of these
comparisons confirm the capability of the REXCO code
system to predict the response of the primary=-system
components and of containment structures to the gener-
ated pressure waves. The primary-system phenomena
extend, but are not limiced, to reactor-vessel straln
and rupture, plug jump, and sodium escape past the
cover se2al into the secondary containment.

The validating comparisons were made with pub=-
lished experimental daca. The subject experiments were
conducced ac A.W.R.E_, Foulness, England; at Cadarache,
France, by the CEA~Eurabtom and che UKAEA; and in the
United States by the Naval Ordnance Laboratory,




I. TINTRODUCTION

The BEXCO-H codel is a time-dependent, hydrodynamic, two-spatial-
dimension computer program deaigned to perform the numerical calculatiom
describing the respoense of a primary reactor—contaloment system to a high-
energy excursion. The hydyvedynamic equations and the equations of atate
for the reactor materials are eapressed in Lagrangian form. Cylindrical
symmetry is agsumed. Shock discontinuities are diffused by the intro-
duction of sn artificial viscosity. The code input, or initial values,
are the pressures, intemal snergies, and welocities generated by the
accident. Over the ensuing time the code computes the respongive displace-
menta, velocitlea, prassuras, spacific internal energies, densitles, and
strains at finite tim= intervals. The computations are cyclically
repeated for any oumber of time steps, or until a specified rerminating
condition, surh as a wvessel fallure, iz reached. The code has the
capabilicy of exhibiting graphically the pressure distribhutions, displace=-
ments, and motlona, so that the shock-wave propagation, loading hiscory
and sequential damage to the reactor components can be traced throughout
the course of the excursion.

The resules cbesined by wge of a code of this pature provides
information pertinent to the safe and economic design of reactor—
contCainwent systems. Given designs can be tested by computéer runs Lo
determine overall system integrity. It must be recognized, however, that
all details of the response of a complex reactor system to a postulated
accident caonot be computed exactly. In ordey for the computation ta be
managesble, evenr within the present advanced techuology of large-scale
computer gystems, 3 onutber of simplifying agsumptions must be made in the
formulation of the problem. Only an approximatism to the trus solution
can be expectad by the computer run; If veliable meagsures of the dagreTe
of error can be determined, then factors of safety can be inercduced to
insure & desired level of safery. The effaces of the intveoduction of
any single given approximation can be deterwined accuvately by analytical
methods, but the cuomulative gffects of all the necessary approximations
can only be estimated, Experimental evidence 18 required to establish
the magnitudes of errcrs introduced by the required approximations and to
verify the computer resules.

In this report experimenmtal results are compared with BEXCO-H code
computations. TFour sets of experiments were smalyzed. Each test case
consisted of a model experiment in which the excursion energy release
was simulated by the detonation of a chemical high-explosive charge.
The results of the comparisons indicate that the REXCO-H code can be
applied directly t¢ certain containment problems inveolved in reactor
gafety. Not only can experimental data be reproduced with such a com-
puter code, but through the wse of the code as a reasayrch teool detajled
inaights can be gained intec the relative effects of parameter variations.
Cptimal contajnment deaign for safety requires a wide range of quantita—
tive mesasures of the relative perfcrmance of materials and structural
configurations. Through the use of computer codes initial condicioms
can be varled easily to similate possible accident situations, and the
effects of design wodificaticns can be assessed far more quickly and
economically than by mesms of bullding and testing scale models.




ILI. EEACTOR CONTAINMENT EXFPERIMENTS

The REXCO-H code was designed to compute the loads imposed upon the
structural compiments of a reactor-containment system for the time period
immediately following a core explosion. To test the reliabiliey of such
computations, comparisons must be wade with actual test data. For thia
purpose, & rveview was wade of avaflabhle test data, and four particular
casesa were Selected ag suitables for comparacive studies. The first owo
test cases were performed by the U. K, Atomic Energy Authority (UKAEA).
The firat case is that of a bare, 2-oz RDX/INT 60/40 charge_in water.

The second case involves the same charge enclosed within a simulaced
core and breeder atructure. The third test case chosen for comparison is
one of a sexries of sodium experiments carried out jointly by the CEA-
Furator and rhe UKAEA at Cadarache, France. The fourth rest case is a

U, 5, Naval Ordnance Laboratory sodiuom experiment.

The experiments were selecred on the basis of the simplicity of
design and the appraopriateness of the measured data for comparison wich
the REXCO-H coda outpur, For consistency with the asauptions underlying
the code, cylindrical symmetcry in the experiments Wwas a requirement.

Also degirable in the experimental confipuration were reasonably simple
matarials for which equation-of-gtate data are available. BSince the code
is a toal to achieve a balanced design for a safe and economical contain-
ment structure, the baslc processes involved in a prototype accidant
should also eccur in the experiments. The mechanisme included fn the
comparative studles are those that are dominant immedfately following an
exploeion; these include plastic flow and rupture of metals, crushing of
- percus materiala, shock-wave interactions, and the jimpulgive loading of
shock-driven liquida.

Some of the available axperiments are discussed briefly below.

A, The United'Kingdum Atomic Energy Authoriiy Experiments

Over the past decade, the UEAEA has conducted model scudies for the
coneainment of core explesions in fast reactor systema. In 1963, at a
conferance at Argomme Natiomal Laboratory, Rees? described a series of
scaled model experiments in which core explosions were simulated by the
detmation of amall charges of chemical high explosives. Theae Lests are
partfcularly appropriate for comparison with the REXCO-H code resules.
The theoretical background for the tests was discusged by Hicks and
Menzies,? who presentad computrations of the enargy relsase and parti-
tioning during an excurzion and the concept of an equivalent chemical
explosion. The simulation of the saquence of avents following rhe cora
explosion by the detonation of a chemical detonation was discussed by
Samyels,? The maximum hypothetical sccident was assumed to be a super-
prompt eritical powar excursion resulting from core compaction following
a meltdowm accident. The core is assumed to disintegrate with explosive
viclence, and che damage-producing mechanisms for the followlng few
seconds are comaldered comparable to some equivalent THT explosion,
Although matching of the detailed time response of the structure cannot
be expected, correlations of the broad effects are assumed. From the
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modal experiments, with appropriate scaling laws, the prototype peak pres—
gures ad the hlast-wave ilmpulse cam be predicted. These gross results
depend only upon the zZmount of energy released, its time gcale, and rche
digtaznce from the explosion. Cloge to the explesion, the effects depend
upon the actual detonation process, but sboue 10 charge radii away (in
water), the shock wave, which Initially carries about 508 of the available
energy, depends omly vpon the total amount of energy released. It is in
this close regfon that significant irreversible heating takes place and
about 25% of the detonation epergy is deposited. The computation of these
cloge—in effects may be importasnt to the containment design because the
early failure of some component close to the core may effectively channel
the explosion energy and produce extremely high local stress concentra—
tions, At distances beyond 10 charge radli further irreversible heating
i=s small and the shock is approximately an acoustic wave, Analogous
results can be expected in meolten sodium, which has acoustic properties
simdlar to those of water. The remaining roughly 50% of the detonatiom
energy behind the shock wave is contained in the oscillating flow near

the detonation gas caviety and is manifested in subsequent pressure pulses.

The questicn is yet open as to exactly how closely a chemical high
explosive simvlates a melcdown excursion. The excursion may be completed
quickly enough {order of 1 msec) ao that heat-transfer effects are
negligible and pesak pressures way reach 50 kb, compared to che peak
pressure of sbout 100 kb for THNT. The heat enecgy remalning in the core
materials may be 902 of that generated by the nuclezr excursion, whereas
for THT almost all the detonation energy goes directly into mechanical
compressive and kinetic energy. Hence, only about 10X of the nuclear
energy should be simulated by the chemical explosive. The explosive
effeces of this 10% excess energy are sssumed to be simulated by the
chemical explosive for 3 time duration of the order of the first expansion
of the eXplosive cavity. Bevond the first few seconds the concept of an
equivalent explosive charge is no longer applicable.

[ ]

It should be emphasized that the question of the validity of the
modaling technique for the simulation of a nuclear excursion is to a
large extent irrvelevant to the comparison of the REXCO-H code with model
tests, For the later applicaticn of the code to the hypothetical proto—
type nuclear excursion, it is only necessary that the code be verified in
ite ability ko compute a similar sequence of events. Hence, as loog as
the mode]l experlments reproduce the sape kinds of events {(i.e., shock
loading, explosion cavity expansion, and subseguent pressure pulses,
membrang rupture, iopulsive loading, shock interaceion compression, and
rarefaction effects 1n heterogeneous media with differing acoustic
impedances) the usefulness of the code as a tool for containment analysis
can be established, Because of wncertain scaling laws, an experimental
model may not escablish 2 reliasble basls for prediciing procotype perfor-
mance. ,But a code verified by means of such a model, and provided with
the proper input condieions and equations of state, can be used with
confidence to compute the axpacted prototype behavior.

On the bagie of the available lieerstura it sppears that the bulk of
the UKAEA small-scale model experiments involve high eaxplosives in wacar,
Certain tests were judged to be presently unsujtable for comparison with



the REXCO~H code either becsuse the model configuration was too complex
or hecause detalled pressure measurements were not made.

Ho actempt was made to compate the REXCO-H code with any larpe-
acale accident data. MHeasurements sultable for direct compariscn with the
code are lacking. Howewver, indivect comparisena could possibly be made.
For example, for the SL-1 accident ar Idahe Falls, analyses and inter-
pretations are available* which may be utilized for comparatbive purposes.

The tests finally gelacted for comparison with the REXCO-H code are
of a more simplified nature. As mentioned above, these are the tests
described by Rees® for a 2-oz RDX/TNT charge in water. The derafled
prezsure measuraments on the wall and reof of the 2=frt-dia, 2=fr=deep
ovar-gtrong cylindrical comtainment wessel shown in Figs. 1 and 2, are
egpecially useful for comparison with the bagic computer code.

¥ Fig. I.
F 3 Cross Section of Model
Corm actin g | Reqctor Tank, Shawing
(unipht v 50 b} | Pogitiona of Pressure
. vepr iy GOES antd the Bare Charge

! [From "a Model Mmvestigation
of Bxplosion Comtainment
in Single Tank Fast

. “t  Reactors,” by N, J. M. Rees
" (UKAEA}, pp. 692=719,
—L  ANL=712(G, Proc. Conf. on
Safety, Fugle, md Core
. 4 Degign in Large Fagt Power
~ Reaotore, at ANL, Oot. 11-14,
3 1965). ANL Neg. No. 800-654,
v G | —— 2
—_— *_- ' "
|
24" din

B. Cadarache Experiments in Water asnd Hor Sodium Coolant

The interpreratiom of model experiments wvsing warer requires a
knowledge of how the physical procesgses can be expected to differ if
liquid sodiuwe jig the reactor coolant. There are also guestiong to be
answered concerning the effects of using a cold liquid in the meodel to
gimulate the hot working fluid in the prototype reaector. An ilnvestigation
into questions of this nature concerning model experiments was carried
out jointly by the CEA-Euratom and the URAEA at Cadarache, France.?

The program consisted of a serles of small-zscale model tests using

* See Hasard Swmwmary Repert on the ALPR, ANL-5744.
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Fig. 2.

Crogs Section of Model Core
and Breeder Structure for UKAEA
Ezperiments [from "4 Model
Investigation of Ezplosion
Camtainment in Single Pank
Fast Regetors,”™ by N. J.

M. Rees {UKAEA), pp. 082-713,
ANI=7128, Proo. Conf., om
Safety, Fuels, and Core Degign
in Large Fast Power Reaotors,
at ANL, Oet. 11-14, 1985].
ARE Neg. No. 900-673.

The Teported results of these tests appear to be
appropriate for comparative studies with the REXCO-H code.

The core

vessel was simulaced by a 25-cm-diz, 42.4-cm-deep, stainless steel tank

(see Fig. 2).

were detonated in both water and liquid sodium.

To stwdy the relative scaling effacte of different
accident energy releases in the core, charge sizes of 15, 30, and 60 gm

For the 15- and 60-gm

charges, the sodium tests were conducted at twe contrasting temperatures:
150°C and 400°C; for the 30-gn charge, tests were made at four tempera=
The variation in temperatures appeared
ta have no consistently significant effect within the scatcer of che data.
The pressutre bulldup in the argon gas cavity abowve the liquid, howewver,

tures:

wags somewhat higher for the hot liquid.

150, 250, 400, and 550°C.

To determine the impulse due

to the blast pressure alone, the impulse from the sharply spiked pressvre
from the acecelerated surface liquid thr@m up by the shock wave was
Nothing was sald about the temperature

sybtracted from the total impulse.

effect upon thiz impact pressure.

apray is

1£f the particle velocity of the surface

v, then an approximation to cthe impact pressure can be calcu-

lated as pev, where ¢ is the acoustic speed and p the liquid density.
These caleulated values were somewhat higher but yet comparable to the
measurad average Impact pressure.



Fig. 3.
Main Components of the Model
o e Reaotor Asaembly for the
N ke Cadarache Bxperiments [ from
P A Compartson of Pressure
Logding Produced by Contained

Expigaions in Water and

[ Sodiwm," by F. J. Walford
e (URAEA), pp. ?20-733,

— M ANL~?120, Proo. Comf. om
g ) Safety, Fuels, and Core
— Deaign in Large Fast Fower
. Rezactors, at ANL, Oot. II-14,
e e 7965). ANL Neg. No. 900-672.
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Whereas the pressure appeared to be nearly independent of the liquid
temperature, it was slignificancly dependent vpon the type of liquid, that
is, the pressure for the 15-gm charge was about 1.7 times as high in
s0dlum as in water, and about 1.5 times as high for the 60=gm charge.

The impulse can be assumed to consist of two parcts. Ome part is associ-
ated with the Iimpact of the surface liquid, and the other iz attributed
to the pressure of rhe compressed gas above the liquid surface. It was
found thac the impact impulse ia independent of the type of liquid and
can be approximated by 230W!/? psi-ms, whara W is the charge welght

{(gm) for both the sodium and the water. Thug, for one 3-gm charge, since
the sodium pressure is higher than the water pressure by a factor of 1.5,
the duration of the water-impact pulse fg longer by a factor of 1.5 ta
produce the same impulaa. To obrain a peak pressure in watar esqual ta
that in sodium the charge gize ghould be doubled. Howevar, since the
pulee durations in the water arsa longar, the toral impulse will be
increazed. Consaquenctly, for the game peale pregsuras as in sodium,
graater structural distortiens will result in water experiments.

€., Tha Haval Ordnance Laboratory Experiments

During the period from the mid-1950'z te the aid-1960's the United
States Naval Opdnance Laboratory (NOL) c¢conducted an experimental research
program directed toward determining the response of a reactor vessel -and
containment zyatfem to a nuclear accident. Attention Was focused on the
Enrfco Fermi Atomi¢ Power Flant. A maximum hypothetlcal meltdown design
accident was postulated as the aguivalent of the detonation of 1000 1b
TNT at the care locatiom. A series of experiments to determine the

13
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response of the shield plug, reported by Wise, Proctor, and Walker,*
has been aelected for comparison with the REXCO-H code.

Ic might B¢ mentiomed that during rthis same perlod, other experi-
ments were being performed in the United States to study the reaponse of
model containment systems to simulated nuclear excursions. The Ballistic
Research Laboratories ran tests to determine the response of models of
steel containment buildings te ianternal loadings produced by detonating
explosives. The Stanford Research Instltute constructed model reactor
vessels constrained by a radial concrete shield. The resulting fragment
sizes and velocities were measured for loadings produced by mixtures of
explosives and pyrotechnics.

In the NOL test program,“ two distinctly different potentially
destructive mechanisms were considered to be created by a decomating
high explosive. The first 18 the shock wave assumed co contain inltially
about one-half of rhe released energy. The second is the "blast pressure"
regulting from the expansion of the explosion gases, which inicially
contains the other half of the released energy. The shock=wayae mechanisn
is very rapld, af the order of microseconds, and precedes the blast-
presgure mechanism, which persists for milliseconds. The dominanft cause
of structoral deformation and fa2ilure was claimed to be rhe impulse
genarated by the fluid momentum assoclated with the shack wave. The
enguing gas precsures were lower by an order of magnitude and insufficient
to produce furthetr gignificant vessel-wall defarmation. Because of the
inertia of the heavy shield plug, the shock-wave impulse may contribute
only a small fracrtion of the plug=-jump momepntum. A significant plug
jump depands upon the slower buildup of the blast presgure. The ghock
wave iz gtill important indirazcly to the plug jump, however, because
fatlures of the primary shiald due to the shock loading will greacly
inflyence the resulting blast presguras.

Of concarn to the containment designer is the fracticn of released
energy that is available for mechanital damage. For the experiments in
cold wacer, about MIE of the high-explosive energy releass went into
the plug jump when the primary vessel ruptured. Ic is claimed chat this
percentage would be increased if the water were hof and decreased if
the straine were smaller. Interpretation of the model test rvesults with
respect to the full-scale nuclear prototype is still open to question.
It is not known aexactly what percentage of the accident energy release
is promptly transferred te the coolant. If 10% is available, then only
1Z of the total release will be expected for mechanical damage. For
the SL-1 accident the prompt and total energy releases were astimated
to be 30 and 1M) MW-sec, Buf the reactaoar was cold, and this ratio can
be expected {0 be considerably reduced under normal higher-temperaturs
operating conditicens.

Because the principal objective of the WOL experiments was the
response of the shield plug to a postulated nuclear excursion, detailed
measurements of the shock-wave pressures were not made., Rather, only
the blast presaures were measured in the experimental configuration
shown in Flg. 4. Consequently, a detaliled comparison of the REXCCO-R
computations with the test results caonot be achisved. Hevertheless,
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the NOL tests appear Lo provide the most suitable data in the United

Statez for comparative purposes.

The comparisons cbtained are significanc

and informative and are discussed in Secc, 111,
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III. COMPARYSON OF THE REXCC-H CODE WITH EXPERIMENTS

The REXCO=H code generatea cthe numerical sclution te a set of finite-
difference equationa representing a syscem of differential equations.
The system of differential eguations, together with equations of stace
for tha constituent wmaterials, {3 the mathematical model of the physical
gystem. How closely the numerical solution approximates ehe true solution
of the differential equations, dependa upon a number of consideratlons
involving che stahflity and convergence of the numerical techniques. Some
of these considerations are discussed in Appendix A, The ppoint is made
that in a4 numerical analysis certain questcions canmot be resolved com—
pletely by analytical means alone. To test cthe overall reliability aof
the code parformance, comwparisons must be made with experimental resules.
Possible discrepancies between code results and experimental data do not
necesgarily imply poor performsmce of the code in obtalning numerical
soluerions to the marhematical model. The mathematical model itself,
which iz an idealization of the actual physical system, may be inadequarte.
The accurats range of an equaticn of state may be £O00 narrow or cerrain
processes may be Incorractly hypothasized. For thiz reason, the experi-
ments chosen for comparison should conform as nearly as possible to the
idealized mathematical model.

The four gsets of model experiments chosen for comparison, described
in Sece, II, ranga in complexity from the very simple bare charpe in
water to a relatively complex configuracion of simulaced blankets and
ghields in sodium. The first and most clear-cut experiment is the bare
explosive charge suspended in a swall yigid tank concaining water. In
this experiment the discrepancies between the mathemacical model and the
actual physical events are expected to be minimized. The equatlions of
state [or the water and the exploaive are reasonably well-known and
cught not to be a major source of error. Bince the charge volume is
gmall compared to that of the tank, the effects of deviations from the
hypothesized detonation process and nonsymmetries in the vicinity of the
charge should be negligible. Hence, in terms of checking the computa-
tional performance of the code, this first test should be most important.
The results of the ¢compariscon wich this test and thtee subsequent experi-
ments, are discumsed in detail below.

A, The Bare Charge in Water

The experimeats conducted by UKAEA for the bare charge in water are
reported by Reea.? A 2-oz (56,7-gm) charge of RDX/TNT &0/40 was sus—
pended in water contained in the rigid vessel shown in Fig., 1. The pres-—
gurpgs were measured at the tank wall and roof with piezoelectric Crans-
ducers. The natural resonance of the pauge was specified as 300 kHz, the
length as 0.88 in,, diameter as (.44 in.; che diameter of the quarctz
crystal was 0.25 in. and its thickness 0.125% in. The gavge output was
0.5 pC/psi, and the system frequency response ranges irom 0 to 20 kHz.

It should be noted that these experiments were run before 1965; a much
faster response {of the order of 40 kHz} can be attained with currently
availabla systems. For a very sharp rise and decay of the shock incident
upon the rank wall, the perak pressure will be cut off and the recorded
prassure peak will be less chan the actual pesk. The instrumentacion was



17

not capable of following a very sharply peaked pressure pulse; as a
result the recorded pressure peak for sn accident shock at the wall
was expected to be less than the actual pe=ak.

The data described by Rees was anszlyzed by Hoakin’ and compared with
computer code caleculations. The code used by Hoskin iz apparently simdilar
toc REXCO-H. I¢, too, iz an unsteady, two—dimeusional {cylindrical sym-
metry} Lagrangian code in which shocks are smeared by pseudo-viscous
terms, Hoskin concludee that the comparieons demonstrate that through
the use of high-speed computers "accurate estimates of pressure loadings
can be made for experiments involving explosive charges."

The equations of gtate for both the water and the explosive source
are Teagonably well establiahed. The equaticn of state for the explosive
ia discussed in Appendix B. The forms given by both Amsden and Hoskin
were wused in the REXCO-H code, and the differences in the end regulr
(1.e., the pressures computed at the tank wall) were found not to be
gigmificant. Alsc, two different equations of state for water were used;
again, the end resules did not appear to differ significantly. The
first eguation of state for water was based wpon & Hupomlot curve taken
from Ref. 9. State polnts off the Hugoniot curve were described by a
Mie=Grineisen form with ' = 1,32:

L

p-pH+PIJ(E—EH)+ (1)

The computed (p,v) state histories for particles at several posicions,
along the cylindrical radial line through the explosive center, is shown
in Fig. 5.

Fig. 5.
\ Sehematie (p,v) State Pathe for Shook
Compression and Expansion at Two Radial
Pogitions at the Charge Flevalion (Bare
\..--"" prei A el Chargs in Waterl,

\ .




18

The second equation of gtate yged for water was that given by

Hogkin:

P = pol4 + Be) {dyne /en?), (2)
whare

A= p{2,5 + 2,8867 $}1010; B = 2,552 + 1.6491 y;

n=dpfogd = 1.

The value for the initfal water demeity p, was taken to be 1.0 gm/jem®.
Equation 2 was obtained by a straight=l1ine fit to the Hugeniot data of
Rice and Walsh® for the shock and particle apeeds!

U=a+ buP . (3)

For a least-aquares fit at 5 and 200 kb the ccefficients are
a=1.6{10°) cmfoec; b = 1,627

The form of Eq, 2 is derived by combining the Hugonict fit with the
Rankin-Hugoniot relationa for conservation of mass, momentym, and energy!

|5
masgs: w_ = [IH

| I TR i |
momentum:  p, = anup;
- = 2
energy: py u, < Py U[{UF /2] + eH] .
From the Rankin-Hugonict relations,
-m 2--- -
ey up f2; Py pu(a + buplub R
The particle velocity 4s

u, = apf[l - b - L}] ,

and, neglecting terms of order 0{u3}, the binomial expansion gilves

u, 3 aull + (b - Lwl; ubz = a?u? ,




Substitution into the Mie—Gruneisen form Eq. 1, letting I' = 2b - 1 =
2,2552, gives* the coefficients in Eq. 2:

ﬁ-u(n2+a2%u};3-l‘+l‘u-
For each cell the valves of p and e are computed from the simul-

taneous solution of the equation of state and the energy equation (primed
quantities are known values from the previcus time cycle):

he = - %~(P' + plév , {4)
where
bemgap’; Av=y oy Fup+gq.

From Eq. 2 the explicit solution for the intetnal energy is

e = [ef —% (B' + adavw]/f(1 +% B Av) . (5)

Negative walues of p are not permitted gince warer cannot sugtain any
gignificant tensiom; if the solution of Eqs. 2 and 5 gives a negative
pressure, them p is set egual to zere and & is calculaced dirvecely
from Eqg. 4.

2000
— CALCLLATER PEAN
PRESSIRE, 13 kb
1500 =
& EXPERIMENTAL BARE CHARGE
| AT GAUGE 2
5 NPERIMENTAL PE AN
= o) PRESSURE, 1§ Kb
i 1800 —
& Q
s ©
218 |— o
o o o o
o
0,0
ey NA L T
Pl T 020 Ds 030 ox oAz 045
TIME, ms

Pig. 6. Comparieom of FEXCO-H Computed Pressures with Megswred
Values at Cauge-§ Position (Bare Charge in Water)

*
Note that in the second term for B, the coefficient used by BHoskin is
1,6491 rather than T. To compare our code results we used his wvalue.
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In Fig. 6 the REXCO-H computed pressures on the tank wall at the
gauge=1 pogition are compared with the measured values. The computed
peak shock pressure is 27,700 psi, sbout 20X greater than the measured
value of 21,100 psi. This discrepaney is to be- expected in view of the
instrument lag; the peak pressure is cut off becavse the measuring=-
systen response i6 not gufffciently fast to follow the sharply peaked
shock, For this computation the equatioms of state used for the water and
explogive were thoese given by Homkin. The c¢ylindrically shaped explogive
was permitted to bumm radially oubward at a constant burn rate of
7991 mfsec (see Appendix B). The advance of the shock wave radially out-
ward toward the wall, and the corresponding grid deformation, is shewm
in Fig. 7. : :

The initial advance of the shock wave should remain symmetrical
about the charge center untll interference effects from the bottom
reflection become significant. Actually, for the cylindrical coordinate
system used, the cell volumes increased radially outward from the
cylindrical axis. Hence, the numerical grid was not spherically symme-
tric; as a consequence, numerical deviations from spherical symmetry were
induced, even when the acrual phenomens were perfectly symmetric about
the charge center. Compariscon of a radial amd axial computed pressure
profile £3 shown fn Fig. 8.

The plotted pressure profiles of the computer output shown in
Fig. 7 are to a linear scale and show the major pressure pulses; however,
the decails of the smaller pressures do not show up very wall. The pres-
sures should be plotted toc a logarithmic scale, as shown in Fig. 9. To
cbtain more derail in the computacion a fine grid was used, and in place
of the two ¢ells for the balf=space contalning the explosive showm in
Fig. 7, the explosive was particioned into 26 cells, or 13 cells for the
gquadrant shown in Fipg. 10,

For the computation of the pressure profiles shown in ¥Fig., 9, rhe
grid was repeatedly rezoned. The maximum prid distortion was confined to
values from 5 to B. For emample, the grid distortion shortly folloring
the deronation is shown in Fig. 10. The distortion is confined to the
explogive~warter interface. I1If a smooth curve were used here, the distor-
tion would be redeced., The pressure profile at t = 56.35 psec shows an
ogeillating wave traip developing bahind the shock front. When the grid
was coarsened at this point {grid size doubled) the finer details of the
wave structure were lost, and a smoother wave profile was obtained for
£t = 112.25 pugec, just prior to incidence at the wall. When the fine grid
gtructure was maintained until the shock front reached the wall, the peak
was sharper and the peak reflected pressure was higher, 2.5 kb compared
te 2.0 kb for the cozrser grid. Theése pressure values are along the radial
line through the charge, where the incident shock pressure is normal to
the wall. The peak pressures at the gauge-3 position were reduced because
the wave wag oblique to the gauge face and more distant from the shock
center.

At the gauge-3 position the incident shock was obliguely inclined to
the wall; the shock was normal te the wall 2.6 in. below gauge 3, directly
oppoaite the charge center. In Fig. 11 cthe compuied pressure traces at
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these two polots are comparad, The peak pressurea for the normal shock was
31,200 psl, coosiderably higher than the 27,700-pai peak at gauge 3. The
incident shock arrived somewhat earlier because the radizl distance from
the charge tc the wall was a little less, and the reflected shock from
the bottom was gignificantly earlier., Et may be noticaed that tha
reflected shock was beginning to blend with another pressure pulse. This
ather pregsurs pulse is the second pulse emerging from the chatge, more -
clearly seen in Fig. 9. By the time this sacond pulse reachad gasge 3,
it was already obscured by the combined actions of the rarsfaction
following the first pulse and the bottom~reflacted ghock. The aubsequent
pulses represented more complex Interactions, and individual components
were difficult ro discinguiaeh.

At the tank top rhe computed prassure within the trapped alr space
gradually increased as the water surface rose as ghown {n Fig. 12. The
computed peak pressure was (.83 kb or 12,035 pai. This computed pressure
comparee with the measured pressure of 12,500 psl by gauge 12 in the core
access plug.
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200 Fg, 12.
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The total energy should be conserved throughout the computaticnal
proceas. Some deviations are to be expected from the pnatural arrora
introduced by the finite-difference approximarfons (see Appendix A,
Sect., 2}, and to a minor extent hy small round-off errars. The most
substanfial deviations from energy conservation are caused by the grid
distortion which develops {f the computation is not frequently rezoned.
Trial computacions have indicated, howewver, that these digtortions have
litctla affect upon the early shock pressures at the tank walls ar upoen
the aarly motion of the free liquid surface, Conzequently, the com-
putation was permitted to proceed, without introducing the disturbances
cansed by rezoning, to talculate the pressure loadings at the walls
and roof. Whila the accuracy of these computed pressure loadings were
maintained, the internal distortions capsed deviations from an {nvariant
total energy to grow as shown in Table 1.

E. The Charge Encloged in a Core and Breader Structure

The =second test case selacted for comparison with the REXCO=H code
was alsc performed by che UKAEA, and inwvelved the same bhare charge and
containmenr-tank configuration discussed above, but the charge was con-
fined in the structure shown in Fig. 2. In the expariment, the affect
of the encleaing structure waz {o delay the time of arrival of the
pressure wave reaching the wall and to smear out the wave form signifi-
cantly. The gharp peak cbhserved for the bare charge was completely
suppressed, ag shown by Hoskin (sea Fig. Dl in Appendix D}; the pressure
developed more gradually te a peak of 3,480 psi, or 0.24 kb, at pauge 3,
cottpared to the peak shock pressure of 23,100 pzi, or 1.59-kb, for the
bare charge. Thus, the meagured effect of the structure is to reduce
the peak pressura rezching the containment wall {at gauge 3} by a factor
of about gix. Tha pressure computed by REXCO-H was 0.60 kb, so the
effece of the confining structure ig to attentuate the computed peak pres-
sure at the gauvge-3 position by a factor of only chree,

Since the performance of the REXCD-H code, in terms of its ability
to perform the essential numerical computatioms, is reagonably well-
established by its comparisen with the bare-charge experiment, it would
appear that the source of error lies in the equations of gtate of the
materials. Particularly wnreliable is the description of the lead shat.
The lead shot was created in three different ways. First, the lead zhot
waa assumed to be water saturated (that ig, the interstices between the
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Table I. Energy Balance {(for Bare Charge in
Watar) Caleulatad by BEXO0-H Code

Internal Kinatic Total Daviation
Time, Computatcional Energy, Energy, Enarpy, of Energy,
psece Cycle kW-gee kW=ses kH-sed b4
D o - - ' - -
0.5 3 44.69 0.0004 44,69 -
1.9 10 192.93 0,0365 192.97 -
1.5 15 446.71 0,457 447.17 -
2,0 20 204,68 2.651 807,33 -
2.38 23 10156.8 6.143 10213.0 -
5.0 50 945.45 78.36 1023.8 0.07
16.0 100 891.44 134,23 1025,7 0.26
26.6 240 895.42 156,97 1052.4 2.87
87.6 300 901.89 152.96 1054.8 .11
162.8 40 923,11 131.22 1054.13 3.06
214 .4 500 959.35 95.37 1054.7 3.10
329.6 600 939,27 117.89 1057.2 3.34
394.0 700 899.79 158.55 1058.3 3.45
474.0 800 883.84 175.36 1054.2 3.54
610.8 200 900,21 157.68 1057.9 3.41
770.8 1000 253.66 85.59 1039.3 1.59
B66.2 1100 071.26 57,71 1029.0 0.5%
973, 4 - 1200 979.36 45.43 1024.8 .18
1047.0 1300 982.56 39.80 1022.4 0.06

? End of burmning {56,7-gm cylindrical charge; h = 3.5 cm; © = 1.755 cm;
conastant burn velocity = 7991 mfzec; specific energy release = 4,789 k-
sec/gm) .

shot were permeated with water) and a Hugoniot curve was constructed* for
a mixture of 3158 water snd G5% lead by volume. All materials were treated
hydrodymamically, in the sense that shear stresses were neglected, and as
a result the energy absorption of the confining structyre was unrealis-
tically low. The effect of che confining structure was to alcer the
pressure profile, as may be observed by comparing Fig. 13 with Fig. 9 for
the bare charge. The net attenuation of the pesk pressure ar che gauge-3
position was not significane. Subsequent communication with the UKAEA
reveiled that the lead shot was not water saturated and should be treated
as a truly porous material rather than as a liquid=solid mixture.

The eguacion of srace was modified to permfc che abgoarprion of anergy
by the crushing of the vnids becween the lead shot ag described in
Appendix D. As a result, the peak presaure Wasa attenuated to a value
of 1.1 kb, approximately ome=half of the previous peak for the water-
filled voids. This attenuvation, however, was insufficient when compared

*
See Ref. 1, Appendix B, "Equation of State for a Group of Mixed
Materials."
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Fig. 13. Computed Radial Hydrodyramic Pressure Profile for the
Conpined Charge (Water-eatuwroted Lead Shot)

to the experimental perfeormance of the confining structure. Shear
geresges were naglected in the hydredynamic equations for the lead shot.
Since the pressure pulase reaching the wall is not sharply peaked, and
the peak itself is copsiderably smaller than the value for the bare
charge, the mechanical effects at the lower pressures become dominant.
The neglect of the shear stresses in proportion to the hydrostatic pres-
sure at the lewer pressures will lead to significant error,

For a wmore realistic deacriptiom of the attenwation process, the
energy absorbed by the shear atresses musc be computed. In the third
trial computation, the elastic-plastlc equations described in Appendix A,
Sect. 5 were applied to the compacted lead shot. These computations were
performwed with the icelastic code supplement.® The additiomal mechanical
energy dissipated by the shear stresses produced an atcenuation of the
peak pressure down to a value of 0.60 kb; the computed pressure history at
the gauge-3 position is shown in Fig. 14. This pesk value is not as low
as the measured peak value of 0.24 kb, buc ie is fairly clear that the
discrepancy is due to the inaccurate description of the lead shocr, rather
than to deficiencies in the basic REXCC-H code. The supplementcary
inelastic code treats the lead=shot vepion 2= if it were 2 homopeneous,
isctropic medium of compacted lead, i.e., essentlally as if the lead=-shct
region were a thick-walled lead cylinder. Actually, the material stTucture
is quite different; hefore the shor is compacted the material is obviously
not igotrepic, and remains so throughour ics elaseic range. From the
computation it was found that a significsnt portion, aboue cne-third, of
the shot bad not been conpletely compacted. The distoried confipuration
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at the time of the D.6-kb pressure peak 13 shown In Fig. 15. To chtain
a better correlation with the experiments, an improvement in the ipelastic
code 15 needed, specifically to treac a nonisotropfc macerfal.

Fig. 15.
Comfiguration of Con-
o fined Charge at

Initial Time Cowmpared
with Métoriicm at
Time of Peak Pressure
» at Gauge-3 Postticm.
T e TR ANL Neg. No. BO0-806.

[ ko
RADXTHT =g ghot - E
Gl ot =

-
-

-0 LER- L TR

C. The Cadarache Experiments in Sodium

The third test case chosen for comparison 1s [rom a garies of scale-
model experiments carried out jaintly by the CEA-Euratom and the UKAEA at
Cadarache, France. The experimental configurarion is showm in Fig. 3.
Hexogene charges (15, 30, and 60 gm) were introduced inte a 25-sm-diameter,
42 b=cm=high, gsteel, gipulated core vesszel., The blankets were simulated
by a mixture of uraniwm and steel rods (average demsity of 12.7 gm/em?);
the neutron reflectors were represented by six concenttic stainless steel
cylindars, 0.25 ocm thick, spaced 9.1 cem apart: the heat shield was
rapragented by four longer, 0.l-cm-thick cylinders, spaced 0.1 cm apart.

Exparimental dsta were obtained for the three charge weights in both water
and sodium.
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For comparative purposes more instrumentation would have been
desirable in the experiment=; in particular, at least ome presaure probe
ghould have been immersed in the liquid for the direct measurement of the
shoek strength.

The pressure gauges located in the top plate first recorded che
initial gradual bulldup of pressure in the air space above the sodium
free surface. Then the liquid sodium impinged directly upon the gauge
face, causing a rapid rize in the pressure. This pressure sutge extended
over a petriod of the order of 0.2 mgec, The recorded pressure traces
show an ill-defined nolsy hash during this period, with peaks at 17,000
to 19,000 pai. At the completion of the surge, at about 1.2 msec, the
liquid aodium had apparently receded, and the inltial gradual pressure
buildup in cthe alr space resumed.

It is apparent that the response of the instrumentation sysiem was
not sufficiently fase¢ to vecord the decatls of the vapidly fluctuwating
pressure genetated when the liquid sodium strikes the top plate. The
computed preasure fluctuations are showe in Fig. 16. The first pressure

1600 Fig. 16.
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pulse arrived at the free surface at 0.82 msec and is not sensed at the
gauge in the top plate. & second shock pressure, probably a reflaction
from the bottom, arrives at the sodium surface at 0.885 msec, and at

0.890 wsec the godium surface impinges upon the top plate. The pressure
imeediately rises again, followed by alternate rarefactions and pressure
surges. The computed pressure pesks are in the neighborhood of 18,000 psi,
compared to the experimentally measured peaks of 17,210 psi and 19,250 pei
for sodium at 150 and 400°C, respectively. The reporeed standard error

is 1,250 psi, 8o it may be concluded that the REXCO-H computed pesk pras=
sure is in agreement, within experimental error, with the measured peak
pressure in the Cadarache sodium experiments.

The computation was stopped after 1 msec because of excessive cell
diseorcion. Actually, as may be chserved in the sequence of Fips. 17 and
18, cell distortion in the central reglon becomes excessive much earlier,
s0 that cthe inner mesh ig grossly distorted throughovt almost all of the
computation. However, the cells in the region of rhe liquid gurface
remain relatively undistorted up to 1 msec, and the pressures in chis
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region may be considered to be reascmably accurate. At least the computad
pressures in these undiscerted surface cells are not contradicted by the
experimentally measured pressures.

The major uncertainty in the computation lies in the equations of
state for the shielding materials. The blankets are simulated by a
mixture of ¢losely packed wranium and steel rods with an average density
of 12.7 gm/cm?. The concentric stainless steel cylindrical reflectors
weve s¢ closely spaced (l-mm spaces) that it was necessary to include
within a single computational grid cell several alternating layers of
steel raeflectors and liquid sodium. As a consequence, a single cell
must be treated as a’'mixture of materials, and a representative average
equation of state for the wixture must be devised, The mixture equation
of state was based wpon a composite Hugonlotr constructed from the
individual Hugoniot curves for the constituent materiala. The {ndividual
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Hugoniot curves were based upon Ref. 9 and derived from a shock fitecing

of the form of Eq. 3 with the values of a and b for each material
specified. The specific volume ratio ia

I u
= - P my] - P
A T TR {6)
P
and the pressure is given by
T.Tu' {a +bu Ju
- -—P2-__ _ B P-
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For each matearial, with specified a snd b, the Hugoniot curve (p,V)
1s construceed from Eqs. 6 and 7 by aseigning a range of values to tha
parameter . For a mixture consisting of materials A and B, the
mixture Hugoniot (pH,UH} can he comgtructad from the mixing rule

vH x uv& + {1 = m}vn . (8)

where « ig tha original wolume fraction of material A, and ¥V, and Vp
are foid from the individual Hugoniot curves at pressure py. The mixture
internal energy is given by

= = -I-ﬂ
*u H FpH

where the Hugoniot internal energy is

. - Py +* pn 1 - ?H
Hd
H 2 Py

the avarage density is

Po ™ %4 4 + (1 - “}pn,o >

1]

and the average Griineisen coefficient is

Tha aquationg of srate basad upom the asbove simple mixing rules
yieldad physically reagsonable-appearing results. The success of cthe
nethod may be attributed im large measure to the similarity of the
marerials A and A. If widely differing materials were mixed, separate
expariments should be conducted to determine the composite equacion of
gtate.

D, The Naval Ordnance Laboratory Rupture Modsl Tests

The fourth experiment snalyzed for comparigon with the REXCO-H code
was run in the apparatus shown in Flg. 4 by the U, 5. Naval Ordnance
Laboratory., The experiment was designed to measure the plug jump, and,
in consequance, as a test of che REXCO-H code 1t ia deficient in certaln
tespects. The code computes the conditions developing during the initfial
time pericd befora the fivst millisecond. It ia during this period that

the mogt intevesting events occur, the shock—wave and major compreasibilicy

effects are completed, the vessel fallure occurs, and the peak pressure
which will subsequently drive the model plug has developed, Thie peak
presgure was computed to be 58.5 psig at 0,334 msec, as shown in Fig. 19.
For the experiment the pressure measurements were effectively only

"
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L Fig. 18.
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beginning at this time; the reported measured pressurss were 49 paig for
tha sodivm temperature of 361°F and 67 peig for 850°F. The average peak
pressure for the twe experiments is 58 psig. The experimental cbservations
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were essentially only starting when the peak pressure is reached; at this
time the B80-1b plug had scarcely moved. Measurements of the chamber pres-
sure and plug motion extended out to the time when the pressure drops to
zero, a duration of the order of 800 msec. The events during this rela-
tively long period are said to be less interesting because the state of
the gas driving the plug is well-established in the first millisecond,

and the remainder of the time simply involves the well-known ballistics
problem of a plug driven by an expanding gas with a given equation of
state. The experiment would have been more appropriate if detailed
measurements had been made during the first millisecond rather than during
the remaining 800 msec. Since no gauges were located within the liquid,
shock pressures and times of arrival were not recorded. The only pres-
sure measured was outside of the rupture model; the resulting pressure
trace, at the early time, depends upon the vessel-rupture mode, how the
sodium ejects from the rupture, the overflow process at the top, and the
flashing and mixing processes of the sodium with the surrounding air.

The computed sequence of events during the wvessel rupture is shown in
Figs. 20 and 21. The fact that the measured peak pressure for the hotter
sodium was 67 psig compared te 49 psig for the cooler sodium is due to

the increassed evaporation rate and higher wapor pressure. The shock pres-
sures in the liquid sodium were probably more nearly the same, as indicated
by the Cadarache experiments, which found less dependence upon the sodium
temperatures. Consequently, the average (of 67 and 49 psig) experimental
peak pressure of 58 psig is compared to the REXCO-H computed peak pressure
of 58.5 psig. The remarkably good agreement may possibly be more a
coinecidence, rather than a strong confirmation of the code, in wview of the
variation from 49 to 67 psig in the experimental measurement. However,

it can be concluded that the basic behavior predicted by the REXCO-H code
is not contradicted by the experimental observations.
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IV, SUMMARY AND CONCLUSLONS

The REXCO-H code is desighed ag a teol to predict the early response
of a nuclear reactor to an accidental excurgion. To establish the
effectiveness of the code, comparisons must be made with actual physical
dats. The most appropriate data available are from lsboratory experi-
menta in which reactor accldenta are simulated by the detonation of
amall explosive charges in scaled modela. Four experiments were selected
for comparacive studies. The results of the comparisons demonstrated
that the REXCO-H code has the capability of predicecing accurately the
early-time pressure loadings generated in small-medel experiments using
such chemical explosivea as RDX/THT and PETN/THNT. As a consgquence,
for full=scale reactor—cora explosions of a simllar macure, the appli-
cation of the code can be extended %o the analysis of the initial pres-
sure loadings. For the analysis of a hypothetical accident, a repre-
sentative model of the full=-scale explosion must be supplied as input
to the code, topether with an adequate description of the dynamic
behavior of the materials and componencs invelwved.

0f the four experiments analyzed, the most decisive for the purpndes
of the comparison was the bare explosive charge in watet. The pressute
waves transmitred through the water were measured directly by a battery
of piezoelectric gages mounted in the rigid walls cof the container.
Because of the simplicity of the experiment, possible ambigulities were
minimized in the description of the material behavior and processes. Tha
detonation proceas and the aquations of state foar the RDX/TNT and the
wvater are reasonably well=knowm, so that the correlation between the
exparimental data and the code results can be expected to provide a true
measure of the basic code performance, The comparigon in Fig. 6 of the
code=predlcoted pressure=time variation at the gauge=3 positionm with chas
values messured in the experiment shows a good agreement. The diserep-
ancies in the comparison are minor for explosive werk of this nature and
are well wichin the deviations to be expected from the instrumentation
syatem. The frequency response of the syetem was limited to 20 kHz, [o
that some cutoff of the sharp pressure peak will osecur, and small
variations due to lag times are wmavoidable. The conclusion to be
reached is that the eccoparison confirms the computatiom of the early-
time pressure waves generated by the explosicn. The computed peak pres-—
sure at the container voof of 12,035 psl was also confirmed by the
measured peak of 12,500 psi in the experiment.

The Cadarache and NOL experiwments are perhaps not as well suited
for comparison with the code results because the pressure waves trans-
mitted through the liquid were not measured directly. In the NOL experi-
ment a4 single pressure-time trace were meagured in the large chamber
surroumnding the rupture wodel {see Fig. 4). The principal objective of
the experiment was to astudy the plug rise, which is a relatively slow
process taking place over a time period extending from 50 toc over 400 msec,
The peak klast pressure in the chamber is reached in 534 psec, at which
time the plug has scarcely moved, The plots shown in the HOL repert
show only the falling chamber pressure and the plug stcroke.
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In spite of the apparently good comparison of the computed peak pres-
sure with the average peak pressure for the two experiments, confidencea
in the comparison could be improved by more appropriate Ifnacrumentation
in the experiments. The rasponse time of the instrumentation should be
designad to give decailed measurements during the more important early
avents in the first milligecond. The gauge location zhould be improved
by direct contact with the fluid, and more gauges should be used to obtain
a pressure distriburion. The pressure measured by the gauge located in
the side chamber depends to an uncertain extent upon the complex physical
procagses which take place when the escaping ligquid sodium surges rhrough
the ruptured wessel wall and mixes with rhe surrounding chamber air.
A further uncartainty involves the effecets of the mode of rupture and the
atrength of the vessel wall upon the initial pressure buildup in the
chamber.

The Cadarache experiment iz perhaps somewhat better suited for
comparative purposes with the code than the NOL experiment. Although
the pregsures in the liquid Were not measured directly, the pressure
gauges were mounted in the roof, 5 cm above the liquid surface of the
sodium, rather than in the side wall of the surrcunding chamber, The
early-time pressure in the space above the liquid {3 much less dependent
upon the mode of vessel failure and the mechanics of the esgcaping sodium
jet mixing with the air in the side chamber. The experimental configura-
tion was quite complex, and the computed peak pressure of 18,000 psi
agrees well with the 18,23) psi average for two experiments. In view of
the wncertainty of the equations of atate applied to the mixed materials
surrounding the charge, and the gross distortions permitted without
rezoning of the computatisnal procedure, the goed agreement between the
measured and computed peak pressures may be in part fortuitous. OQuestioms
may yef be raised conceming the performance of the code for complicated
configurations. Clearly, however, the experiment in no way indicates
unsatisfactory cade performance,

Good agreement was obtailned between the REXCO-H computed results and
the data from the three experiments mentioned above: the bare charge,
and the Cadarache and HOL experiwents. The agreement was not good for
the confined-charge configuration showm in Fig. 2, In the experiment
the peak pressure measured by gsuge 3 was €.24 kb, Without the confining
structure, the peak measured pressure was L.59 kb, so the effect of the
ELructure was to attenuzte the peak pressure reaching the tank wall by
a factor greater than six., The REXCO-H compuied pressure at the gauge-
3 posicion was 0.6 kb, compared to a computed peak for the bare charge
of 1.21 kb. Hence, the computed effect of the confining structure is to
Teduce the peak pressure by a factor of only alightly greater than three.
The reason for the discrepancy apparently lies in the uncerteinty of
the elastic-plastic description of the dynamic behavier of the lead shot.
The assumption that the lesd shot constitutes a homegeneous Isotropic
medium for the lower pressures {less rthan 20 kb) probably leads to
considergble error. A gecond, probably minor, source of error ie the
effect of the heavy diagrid plate structure supporting the lead shot. This
diagrid was not included in the computational model; 2 strong second shock,
reflected from the bottom, reathed the wall in the computation., This
strong second shock was not evident in the experiment.
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The conclusicon to be reached op the bhasis of the comparisoms of the
code results with the experiments described above is that the REXCO-H
code computstions are consistent with the pressure measurements for the
early times following 2n explosion. For the most simple configuratiom,
rthe bare charpe in warer, the experimentsil measuTements were detailed
and excellent agreement with the computed vesults was obtainsed. The
question can be raised concerning the performance of the code for more
complex configurations. The axperiments do not really answer this
question sdequately, although the Cadarazche configuration was quite
comp lex and good agreement was obteined for the initial times wvp to about
1 meec. Beyond this time the grid distortien, excessive already much
earlier in the intericr regicns, progresses to the neighborhood of the
contalnment rogf, sc that the computed pressures in that area are no
lenger reliable. The cbvicus recommendation to lmprove the performance
of thae code is to develop methods to extend the time range over
which relfable computaticons can be made. Rezoning providea a partial
remedy, but by itaelf in oot sufficient te extend the computationa
significantly intoc the millisecond range for the high-explesive model
tests. PFor che lower pressures at the lster cimes the elastic-plastic
descriptions should be improved, ecgether with the thermodynanmic equaticona
cof state of both individual and composite materials.

From the examination of avallable experiments, it ia appareni that
a speclal experimental program shouwld be designed with the specific
objective of testing the code performance. Specific tests should be
planned to reveal intermedizte and Internal features of the physical
processes invelved, and to provide more detailed and accurate aquations
of state, especially for multicomponent macerial mixtures.

Verification of the code for the highly transient phenomena simu-
lated by exlsting high-explosive tests does not necessarlly imply thac
the applicaticn of the code can be extended, without meodification, to
the slower excursion phenomena of a prototype reactor acgidenc, Farti-
eular attention should be given to heat-transfer effects. Experiments
designed for controlled excursion simulation should be run o cest the
rate dependence of the REXCD-H coda.

However, 1n terms of structural damage, the most important destruc-
tive mechanlsms occur during the very early period of sharp pealc prag-
sures, and this period is well described by cthe BEXCO-H code.
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APPENDIX A

The Hathematical Model

1. The Hydrodynamic Fgquations

The BEXCO-H code is designed to compute the hydrodynamic response of
a primary reactor-containment s¢stem undergoing a high-energy excurzion.
The response is termed "hydrodynamic" for the range of conditions prevall-
ing during an energy release so high that the shear-stress actions are
negligible compared to the dominating hydrodynamic pressure gradients.
In general, the material shear strength is no greater than a few kilcbars,
go for shock pressures Lo the neighborhood of 100 kb the material can
with accuracy be treated as a fluid; good results can be expected for
pressures down to 50 kb. For metals below 50 kb, measured wave velocities
exceed the values computed on a purely hydrodynamic basis. Since the
elastic ranges up to the order of 0 kb, an elastic precursor may develop
during a pressure buildup and peraist shead of the shock for shock
strengths a3z high as seversl hundred kililobars. However, in terms of
damage, these precursors can be ignored in comparisca to the affacts aof
the shock wave. For the hydrodynamic range of condiclons the mechanics
of the affected regions can be deacribed by the system of contipuum fleld
equations for the comservation of mass, momentum, and energy, together
with an equation of state:

mass: %E-+ p div u = 03 (Al)
momentum: o E% = = prad p; (a2)
Energyl %%-+ P %% = [ {A3)
state: p = f{v,e); v = L/p. {a4)

There are four unknowm functions of position and timeé. The thermodynamic
state is described by the fields of preasure p, density p, and internal
energy e; the state of motion {5 describad by the velocity vector field
u.

The mathematical model For a glven reactor configuration includes
the above syatem of equatfons together with preacribed inicfal conditions.
The model is simplified by considering only those cases posgessing arial
gymmetry, A cylindrical coordinate syscem Is Introduced to describe the
radfal {r} and axfal (z} locations. The radial and axial components
of the velocity vector ara u and w. The differential operators are
then
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grad = (3?, Eé) : , (A5)
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div u 3T + ™ .
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The golution to a problem in this system is the sat of functions ;{r,z,t},
el(r,z,t), e(r,z,t), and plr,z,t) which gatiafy the mathematical model.

The field eguations as formulated above with the position (r,z) taken

to be an independent varisble is raferred to as the “Eulerian descriptien.”

Difficulties are encownierad in the use of this description when the
changing locationg of interfaces betwesn matetials musc be known ar all
cimes. Ag deformarions occur in the reastor configuratiom, it 1z neces-—
sary during the computation to foellow the aotions of the interfaces in
order to apply the proper equation of state and material ptroperties to
each reglon. The most natural way to follow the molions of the polnta of
the medium 15 to write explicitly the ccordipates (r,z) of each material
point. The material point itself must be identified by some label (R,Z)
called the "Lagrangian coordinates" of the material poimt. This label
wector cen be chosen as the initial position vector (r,z} of the material
peint. There is asaumed to exlst a ome-to-ome traeaformation continuous
in time between the material pointa and their locations:

r = r{R,2,t}; =z = z{R,Z,t). (AG)
The radial velpcity component of the material point (R,2) is then
ri{k,2,t} = or(R,Z,t)/ot. (A7)

We can regard the problem now in efither of two (vector) spaces: the
Lagrangian ceordicate space of material particles which maintains an
invariant coenfiguration with ¢ime, or the Bulerlan coordinate space which
describes the actual changing positions of the deforming medium. From
the point 9f view of the Lsgrangian space, we look ai the material peint
{B,2), at an interface, say, a5 the lndependent variable and ask about
its position (r,z). Couversely, for the field Eqs. Al-A3, we look first
at the spatial location (r,z), and from the inverase of Eq. AH we discover
which material point (R,Z2) is at that position at time ¢. The radial
fleld velocity, for exsmple, at this position 18 then

w(r,z,t} = r(8,Z,t). (A8)

Simllarly, the radigl fleld acceleracion at peosition (r,z) i1s related to
the radlzal scceleration of the material peint (R,Z) by
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D (r,2.8) = #(R,2,0) . (A9)

The volume ¥, of the point set {{R,Z)} of a given region of the
origival material configurarion is velated to its deformed volume ¥(t}
(of the set of correspending points {{x,2)}) by the familiar integral
transformation

J/r J &+ 4/r dv
¥ ° ¥(t)

a

wwhere J is the Jacobian or functional determinant of the transformation
(where r and 2z are functioma of R, 2, t):

g= X {2x 32z 3t 3z
R \5R 52 232 3R }"

Since the veolumes ¥, and ¥ cootaln the same material in the original
and deformed states, respectively, the congervation of wass requires

f pD(R,Z,T} dUu - f plr,z,t) 4d¥ .
¥ yit)

o

Because of the above volume—integral tramsformation,

f ﬂd‘# = f ﬂJde .
vt L

o

It then follows directly that

{p_ -0} d¥_=10.
[ oo,

o
Since the integrand is arbitrary, it necessarily must be ildentically zera.

Hence, the mass copservation is ewxpressed as 2 dififerential equation,
where r and 2z are functfons of R, 2, and t:

mass QG(E,Z,t) = plr,z,t) J . (al')

The momentum and energy equations in the Lagrangian space (where r, 2z,
gnd p are functiona of R, Z, and t) become
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N o -1, ¥ fp 3z _3p 3z |
PRZ,E) = -0 ) (aa 3z ~ 32 aa) ;
nomentum; . (a2')
2 -1z {op 3r _ 3p 3r} .
2(R,2,6) = T} (EE' YY) au) i
energy: a(R,Z,t) = -p v(R,Z,t). {a3")

2. The Finite-difference Equations and Cell Distortion

A variecy of numerical procedures have been used to derive approxi-
mate s¢lutions to the wathematical model described above. The genaral
computacional procedure for the Lagrapngian formulaction can proceed some=-
what as follows. At the initfal time a grid as shown in Fig. Al is laid
out covering the resctor comfiguration.

;t——-s-—— Fig. Al.
T 1 An Initial Finite-differencing
2,7 5| noi Grid Comfiguration.
rd v [srem
- N ] OIMENSHON
A
<< < = P
\\ f/ 1
LN
b ’
\T’
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The grid embedded in the material will deform in the Eulerian (r.z) space
but will remain invariene in the Lagrangian (R,Z) space. Tha deformsticn
iz computed for finite time stepa based upon the acceleration of the
peines. For example, the radisl welocity for poine 0 is

Ce o+ ar/2 " Te - argz XAt

and the digplacement is

t{Eu‘za’t + ALY = r{RG,ZG,t} + rt + ﬁtf!ﬂt'

These are linear approximations, snd the error of order 0(At2) can be
cantrolled by the choice of At.

From the computad displacements, the volumes of the deformed cells
are detemmined, and the new densitles are derived from the conservatiom
of mass. The pressure and internal energy of the cell ars then deter-
wined from the simuwltaneous Eqs. A3' and Aé:
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The wmethod ocutlined above describes the procedure for accomplishing
the numerical inteégration with respect to t. The moat serious question
concerning this integration f{s that of convergence, An arcificial
viscesity is Introduced to dampen oscillations in regions of high gra-
dients, and a stabilicy parameter limits che maximum At to keep the
forward-time-differenced disturbance within che region of influence.

The entire computation, then, is seen to hinge upon the computation
of the material-peint trajectories based upon the computacion of their
acceleraciona, The accelerations are determined from the preasure
forces, and {t {5 here where the major computational difficulcy occurs.
The pressure force may be computed in the Lagrangian space for the right=
hand sids of Eq. A?', or the force may he computed diractly from the pree-
gure gradient in the actual (Eulerisn) space expressed by the right-hand
glde of Eq. A2, The first alternative iz more simple because the grid
is fixed in the Lagranglan space. The derivatives, for the pressure,
for example, are derlved from the Taylor's series expansion:

-5 {3 s\ (3% 3,
o Ik Jo
Cp =-S (Y, (5V (2% | oy
Pe = P 7 \3R ] i .
o [+

Combinarion of these two expression: gives

Pa - Pg =S (EE) + 0(s%) .
aR
o
By neglecting terms of third order,

- 1 T 1
T, R—Zs—z [(Pa - Ps) (25 — 27) - (p5 - p7)(2a - 25}] -

The accuracy iz of second order in the grid rpacing S5 and apparently
independent of cell distertion, provided, of course, that ng sida of
the cell collapses to zero (or turns "inside out" destroying the con~
tiguows ordering of the material peinte).

It can be argued, however, that this accuracy is illusory when the
actual distortion is viewed in the Bulerian space shown in Fig, AZ.




43

Pig. AZ.
The Dizstorted Grid Configuration

e in the Eulerion Fram
| lal

The sbove combination of pg - 1 and pg - p. should be thought of as
tzking the average of the two pressure gradients:

Ps - Pg 1[?3-% FQ'PE]
-1 ]

T 2 172t L2

where L is the distance betuween Points 8 and 6. It is clgar that the
contribution of py - pg should be greater than that of pp - py to the
approximation of the pressure gradient ac Polnt 0, simply becsuse Point 8
is more remotely located tham Polnt &, Hence, a welghting facetor should
be derived, with the regult that the second-order temms in the Taylox's
aeriea will not cancel. To carry along the second-order terms, it
betomes necessary to aolye simultaneous equations for both the first and
the second derivatives, which considerably complicates the numerical
procedure, If the second-ordexr terms are neglected, then the accuracy
will deteriorate as the cells discort, even when the computation 1s done
in the distortionless Lagrangian space.

For this reason, the pressure gradient in REXOO-H* is compured
directly in the Eulerian space, where the weighting is automatically
tzken care of in the Taylor's series expansion which involves the actual
digplacements between material peints. The effect of the cell distcor-
tion upon the accuracy sppears more directly than when the gradient is
computed in the Lagranglan space. An index of che maximum c¢ell distortion
is monitored for each time cycle {li.e., a complete spatial computaticn
at a fixed time step). The index compares the lengths of opposite sides
of the cell (and alsc diagonals)}, so that if one slde collapses to zero
the index will become infinite. In general, when the index exceeds a
preset value the computacion will stop and the problem 1s reinitcialized
with a new rectangular prid. The relative effects of this rezoning
procedure and comparison with experiments are discussed in Sect. IIT.

*
Seg Ref. 1 for details,
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3. PRezoning

A rezoning option is included with che REXCO-H code to reduce the
type of ertor resulting from cell distortion. The fipite—differencing
grid can be rezoned after amy number of ¢ycles. The decision ke rezome
¢an be made on the basils of visual examinaclon of the distorted grid
{e.g., see Fig. 7} or based wpon a numerical measure of the cell discor-
tion, A distortion index can be defined for cach cell in terms of the
dipenslons shown in Fig. AJ, and the value for the most distorted cell
can be monitored at each computaticnal cycle.

Plg. A%
Distances UVsed to Define the Detortion Index

The optimum policy t¢ minimize errors due to cell distortion alene
iz to rezone after each computational cycle. However, other errors are
introduced by the rezoning process. 5o a game ies invelved in which
errors of one type must be traded off against other errors, with the
object of achieving maxisunm overazll accuwracy. Unfortunately, the rules
cf this game are not yet known, and the procedure for'deciding when to
rezone mugst be based both upon experience gained by comparing alternative
computational procedures, and by the laborious method of examining key
variables at each cycle to see that numerical wvalues are physlcally
reagonable snd copsistent with the conservation laws. Supplementary
checks must also be made by comparisom with known experimental data,

The finite-differencing grid used in the REXCO-H code is fixed te
the material particles (i.e., a Lagrangian grid). Rezoning, in the
sense ysed here, means simply that the grid is changed with respect to
the particle., As a consequence, even for a grid fixed in space {an
Bulerian grid} when particles flow in or out of a grid cell, the grid
ig actually changing with respect to the particles apd rezoning is
effectively taking place. For exawple, a code such as the PIC code,
which retains a fixed grid, {3 in effect undergeing a rezoning at esach
computational cyele; while distertion errors are eliminated, rezoning
errors are accumulating., The rezoning errers arlise becauwse a cell
variable, such as the fluid density, can have only one representative
value for the set of particles in the cell. Some sort of average must
be taken cover the constituent particles of a cell. Each time the
particles in a cell changs, am additional errer due to chis averaging
PrLocess OCCUIS.

As an example, consider a rezoning (i1.e., a transfer of particles
between cells) in which the average densicy in a cell is given the
obvious value of the sun of the constituent parcicle masses divided by
the cell volume:

i} Epiﬁ
P v

i
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Then gV represents the actual total mass in che cell, snd the conser-
vation of mass 1s satisfied. 3imilarly, if the average velacity 1s
defined as the sum of the momenta of all particles in the cell divided
by the mass,

i i

Tp, 0¥
E:-iﬂ-
p¥ ?

then pﬁ? represents the total momentum in the ecell, and the conservacion
of momentum is satiefied. Unfortunately, the kinetic enargy ﬁ?ﬁzfl s
not the total kinetiec energy in the cell. To conserve the kinetic
energy in the cell a different average wvelocity masc be used:

=2 a1l 5 &2
uKE o Eniui?i .

Whatever average velocity is wged there will be an error in either the
kinetic energy or the momentum comszervation. It is possible to conserve
the toral energy of the ¢ell by defining an sverage internal energy e
to sati=fy

u i
F(&*I'z) Zpi(ei+ z)vi .

Since p and e are now specified for the cell, an "average" cell
pressure can be defined by tha equation of state

p = flp,a) .

The forces produced by these pressures may be quice differenc from the
forces produced by the constituent-parcicle pressures, The effect, them,
of impoging an incernsl energy to satisfy the conservation of energy for
the rezoning 1s to introduce a spuriocus set of Fforees that will dyna—
mically distort the system. Unless these exttapneous forges are damped
out, each rezoning will cause the computation to deviate furthar from 2
true solution. The growth or decay of digturbances iz dependent upon
the stabilicy of the computational procedurss and is discussed next.

4, 5Stability and Arcificial Viscogity

For flows invalving shock waves, numerical instabilities can arise,
resulting in highly fluctvating numerical valuea. The istroduction of a
von Heumann-Richimyer type of artificial viscesity can tend to dampen
these numerical fluctuwations by spreading out the pressure discontinuity
over several mesh spaces. The artificial viscesity q is added to the
pressure p in each cell, snd the sum replaces the actuzl pressure in
the momentum and energy equations (but not in the equation of state).

An example of how the arcificial viscosity tends to "smear out" the




discontinulty is shown in Flg. A4,

The explosive is contalned in two
located cells at the center of a large cylindrical tank containing water.
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Pig. A4. Illusiration of the Spreading Effect of the q Pressure

The effect upon one of the cells in cthe upper quadrant of the radial
plane iz shewn in Fig. A4. The detonation process is assumed to be
complete at time £ = {, the explogive is at a high pressure of 102.3 kh,
zmd no motion has yet ensved. Ar the end of 1 psec, the axplosive charge
hag begum to expand, and the motion of the outer force has compressed
the surrounding water. The srtificisl viscosity term is computed for
compressed cells by the aquarion

{410)

2
- 2 1 {2
q = (1.2)% p, A-zp (M)
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For an expanding cell, q 1is set egqual to zero. At the end of 3 us the
outer faces of the RDX/THT cells have accelerated to veloclcies in excess
of 1100 m/sec, compressing the surrounding water cells. Due to the com—
pression alone the pressure in the water cell {on the radlus) is p =

1.1 kb; however, the "viscous" pressure due to the rate of compression iz
q = 2.22 kb, producing a total resisting stress of 3.32 kb, or increasing
the resisting pressute p by a factor of three. This increased sffective
pressure in turn will transmit an accelerating force to the next adjacent
water call, and in this way will have both a dawsping influence upon the
growth of the expansion rate of the RDX/INT cell, and alsc tend to 'smear
sut"™ rhe morien Eo cells downstream of the actual shock wave.

An example of the difficulty that can be introduced by the artificial
viscosity is shown in Filg. A5, The valve of q in the cell shown on the

Fig. AS.
Example of Viscous Pressure
"Blowing w' for Cell om Axis.

pEg el 230

12115 4%y
AFTER DETONATIN

teITE | s

axis at 175,45 psec after detonation is 0.847 kb. Jusec 2,65 psec later
the value of q has shot up to the physically impossible high value of
43,685 kb. The overall enerpy conservation was violated and the com-
putation stopped. Tha velocitias have also increased to impossibly high
values due to the high pregsure gradients created in the very low density
(p = 0.005 gnfem?) fluid., The high velocities in turn set vp higher q
values, with the net resule that the artificial viscosity is a gsource of
instability vather than a dampening influence. In the case shown in

Fig, A5 the cause of the great increase in q is not due directly to
cell distortion, but to the small p and the small at. (The value of
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it 18 determined from the Whire stability condition.} These effects
are amplified because p and Ap/& appear a3 quadratic terms.

An improvement may be achieved by using a linear form.* The
phenomenon illustrated here is probably similar to the so-called
"hubbling of particles” at the axis as referred to by Amsden.}? Mis
remedy was to get q equal to zero on the axiz (and alsc at rigid
walls). For the case illustrated ir Fig. AS this was done, and the com=
putacion advanced satisfactorily without the abnormal increase in q.

When g was set equal to zere at the start of the program, however,
the yndesirable asymmetry was axsggarated. For this reasom q was not
set equal to zers on the axis until the wmdesirable sffacts were detectad
by monitoring the tetal energy congervation. When this ceriterion was
violatad, the program was stopped and restarted (50 computational cyeles
back in time) with q Bet equal to zerc on the axis.

It was found that g can be get equal te zero gverywhere in the
lacer stages of the computation withour incurring instabilities and
with results not significantly different from those with the inclusicn
of 4. The reason for this is that the finite-difference equations con-
tain hidden diffugive effects neot present in the eriginal differential
equation, These diffusive gffects are the result of neglecting the
higher~order terms in the transformation:

. finite-difference neglected higher~
dif ferential Equatinns—__:;'apprnxinate form + arder terms .

The hidden diffusive terms arising from the approximate nature of the
{linear) finite-difference form can be derived explicitly by making the
inverse transformation:

finlte-difference differential equations diffusive terms
approximate form {original nondiffusive) {arising from
neglected cerms)

The transformations In either direction are accomplished by Tayler series
expansions.

Thus, we see that the finice-diffarence approximate form does not
exactly represent a nondiffusive differential equatiom, but actually
contains diffusive effects which tend to smear out discontinuities juat
as physical {or artificial) viscous terms in some exactly equivalent
differential equacien. Such small discontinuoous nunetical disturbances
arigse at each computational cycle becawse of the finite-differemce
character of the equacions. It is for this reason that originally
stable differential equations may have unstgble finlte—difference rep=
resentations., The addicional diffusive terms may not always have a

*

Sea, e.p., G. Maenchen and S. Sack, "The Tensor Code" in Mgthods in
Computational Phyeiss, Vol. 3, Academic Press (1964) also dimcussion
in Appendix B.
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atabilizing influence. Examination of the algebraic mfgns may reveal
"negative damping" effects. Artificial viscosity terms can then be
devised to compensate for theme spurious diffusive terms,

Humerical instabilities may be due purely to che computaricnal
procedure and may have no meaningful physical interpretacion. For
example, in Fig. A5, the apparently unstable growth of the viscous pres~
sure has been referred to as a "bubbling phenomenon' taklng place at the
axls. A closer examlnation showed that the trouble 15 in the simulcaneous
gsolution of Eg. Al0O and the semi-empirical equation for the White
gcablliey parsmecer W:

2
c=lat 4w

- + &4z|——
W y al v s

where v 18 the specific volume, the constant *a' is chosen to be 1.2,
and ¢ 4ig the local sound speed. The seability criterion requires

W\
0.033 « 1.3 < D.14 . (all)

The purpose of the criterion 1s £o limit the lengrh of the time step &
go that a amall numerical disturbance can extend no further than the
local cell gpacing (the Courant condicion). The lower limit 13 chogen to
avoid excessive computations resulting from At befng unnecessarily small.
The disturbance ig assumed to propagate with the local sound speed ot

¢2 = ayl {arfav}s .

The value of P = p + q is used,* rather than p alone, to ba consistent
with the assumption that P provides the driving force for the fluid
motions {i.e., F now replaces p 1in rhe momentum and energy equationa).
Isentropic {constant 8) equations of state can be assumed of the forms

gas: va = constcant

condensed materfal: p = pn[(?uf?)T -1] .
For q given by Eq. AlD, the sonic spead is

gag: ¢ = viyp + Zg)

condensed material: ¢ = v[y(p + pnl + 2q] .

i See R. Frank and R. Lazarus, "Mixed Eulepian-Lagranglian Methed" in
Methode in Computational Fhysies, Academic Press (1964), p. 62, where c?
iz asgumed to be yPv. With equal physical logic it could be argued that
the viscosity q ought be zero for sn assumed isentroplc disturbance.



The White stability number is then given by

f W\ Gp+2q) far )2 Av
Bas: (1.2) = v A (1 ) +£'|v_|

etz viv(p +topr) +2q1 /1 \o
condensed maceriai: 1.3 n T +

(al2)

A
+ 4 |3H

The coupling bhetween g and At throupgh Egs. AlQ, All, and Al2 13 now
ayldent., If g should increage abruptly, them At will be cut down by
the limits set by Eg. All. As a consequence, for the next computational
cycle the value of q computed from Eq. ALO will be further increased.
The resulting rapid growth of q 1s apparently the cause of the insta~-
bilicy showm in Fig. A%. Once the cause is recognized, it is eaay to
devige corrective steps. In this particular case the coupling between
Eqs. ALD and Al2 can ba csliminated simply by removing q from Eq. AlZ.
This can ba raticnalizad by regarding the sonic gpeed az a thermodynamic
state properry characterigtlie of disturbances so small that q is
nagligibla (consistent with the assumption that ¢ is the speed of a
small isentropic disturbance):

&2 = vztapfav}s .

The point to be emphasized in che above example ig that numerical
stabiliry congiderations, in general, hinge upon arithmefical rather than
heuristic physical arguments. TFor example, the artificlal viscosicy is
intcroduced to stabilize computations. Although it may be given a physical
interpretation, the optimal form is based upon computational effectiveness
rather than a phyeical model. The use of the arcificial viscosity in
REXCO-H and comparisons with some other forms arve discussed further in
Appendix C.

5. The Elastic~Plastic Eguatioms

The second test case considered for comparison with the REXCO-H
code Is that of a small charge enclosed vithin a breeder section gisalated
by lead shot, as shown in Fig. 2. The hydrodynamic equations aleone were
found to be lnsufficient ro account for the attenuation of the initial
preasure wave achieved in the experiment. The cerrelation of code results
with the azperimental data was improved by introduction of the eguations
for plagtic flow. The equations are those presented by Wilkins,” and
the details of the code are given by Cinelli, Gvildys, and Fistedis.®
The lead shot is considered rto be a perfectly plastic material obeying the
von Mises yield conditiom.

The asaumptions make by Wilkins are summarized below.
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The plastic=flow conditcion im bamed upon a yield conditlom between
the stressa deviatorst -

£(s) =0:1=1,2, 3. (a13)
The principal stress deviators are

s, =g, +p {A14)

1 i

where oy are the principal gtresses normal to mitually orthogonal planes
of zerc shear and p 1s che hydrostatic pressure:

1
p---iEUi - (Al15)
The deviatora have the proparty that
I 8, = o, {al6}

a0 the hydrogtatic preagure ie independent of the deviator stresses,
which may be called the "dietortion componeats” of the stvessas. The
assumption of perfect plasticity means that the yield condition is time-
indapendent, so that plastic flow oceurs at 3 cometant yield stress with
no gtrain hardening. The yield condition 1g slso asguned to be indapend-
ent of whather the deviator stress is tenslon or comprazaion.

The principal natural strains are agsumed to be compoged of elaatie
and plastic parks:

. (A17)

€ * S,V fi,p

The rata of plastic flow along the particle path ia agsumed to be instan-
taneousxly proportional ko the stress deviator:

Ei'P = ini ] (ALB)

Since the sun of the atreas deviators iz zero, it follows that

"
-

EE:I.,P =qJ . (A19)

Strain-tate deviators are defined as

8, =e, -8B, (420}
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wvhere the mean normal gtrain rate iz

L ] l [ ] .

A= iz E . (421)
I¢ followa that a strain-rate deviator has the properiy that

Le, =0,

so that the plastic strain rates are strain—devlator rates., Alsc, the
continuity condition says that the sum of the principal strain rates is
the uwnit change of material wvolume:

zéi - VY, (A422)

60 that the mean nommal strain tate 15 2 measure of the compression of
the material:

B o= {423)

(e
-t |t

and the sctrain rate deviators are incompressible flows; in particular,
the plastic flow is an incompressible flow. Hence, whereas the elastic
portions of the strain are recoverable, the plastic portions are not.
As a result, inclusion of the plastic properties in the computation of
a preesure=containment material may be expected to exhibit an increased
attenuation capability.

The yield condition ig a surface in the principal-stress space:
f(q:ri] = {0, {AZ4)

The plastic=flow rule proposed by von Mises is that the plastic-strain-
rate vector be normal to this yield surface. As a result of this assump-
tion, the work done on the material during a loading and unlocading cycle
is positive for plastic changes, i.e., energy is abscorbed by the plastic
deformations. A yield surface that satisfies the von Mises condition fs
the ¢ylinder of radius 273 Y03

{[1'1 - 52)2 + {ﬂz - 53}2 * {53 - Ul]’z = 2(Y0]2 » {"‘"25}

where YU is the yield strength in simple tension. In terme of the stress
deviaters, the yvield ceondition is

{e1 - 8202 + (s - 8302 + (83 - 802 = 2(¥9)2 | (426)




The computation proceeds as follows. The streas distributiom at
the beginning of the computational cycle produces particle acceleraticus.
From the ensuing motions the strains are computed. From the resulting
strains a new set of stTesses are computed, and the computatlonal cycle
i1s repeated for the next time step. The stresses are computed in wo
gteps, First, an elastic etress is computed ftom Hooke's law:

'Ui fd l? + Zuti ¥ (-ﬁz?}

where % and u are the Lame conatants. The hydrostatic preasure is
computed from Eq. AlS and the stress deviators from Eg, Al4. The inter-
section of the plane of Eq. Al6 pasaing through the origin of the gy—-apace
with the ¢ylindrical surface of Eq. A6 gives the yield circle

£ey? =200 (428)

If the stress given by Eq. A2V i3 outside of the yizld c¢irele, then
plastic deformation will have taken place and each of rhe stress deviators
iz reduced by the factor

f{z,-'a}frsiz 10, .

As a result, the plastic strain component, which is perpendicular to ctha
vield eircle, 1s constrained to the yield cirele.

Hence, for plastic flow tha stress deviatorsz have been computed,
but the teortal stresses as given by Eq. A27 are not valid. The Eotal
stregsgses are computed from the simmlfanesus solution of am energy equafion
and an equation of state. For axisymmecry in the cylindyical coordinata
aystem,

[ - _ [ ] + & + & + & + [ ]
S Pv ?{srer 8giy * 8.6 drzetz}' (A29)

where 8y and & are the known stress deviators in the radial and tangen-
tial directions, and o, iz the ghear strese {linearly proportional to the
shear gtrain}:

* -

G, T ML, + ﬁrz . {A30)

The §-term is & correction for the rotatiom of the mass element during
the finice time step of the c¢omputation. The atrain rates are

Er = 3u/fir; éz = awfiz; EE = ufr . {A31)

33
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The stresg F iz the sum of rthe hydrestatiec pressure p and artifieial
viscosity q. The energy Eq. A29 topather with a rharmodynamic equation
of state can be solved for p and e, Since the stress deviaters and
the hydrostatic pressures are now known, the total stress can be computed
from By, Al4, expressed in the cylindrical coordinates. From the
resulting stress discribution, the computation i{a repeated for the mext
time =ztep, which begina with the computation of che particle accelerations
from the momentum equation in the cylindrical coordinate system:

- +
. a(p sr} . Eﬂtz . ZHI ﬂa .
@ ar ar r !
{432)
_ 3P -s) B0, o,
r S - + + a
o oz i r

Work hardening can be introduced into the adbove procedure by making
the yield constant YY 4in BEq., A26 a function of the strain energy. When
sufficient work has been done ¢o melt the material, the yield constant
can be set to gero, and the purely hydrodynamic case will apply, since
all stress deviaters will become zero and only the hydrostatic pressure
p will repain,
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APPEHLTX B

Detonation of the Explosiye Charge

The detonaticn of an explosive charge invelves an extremely complex
geries of physical and chemical procesgeg occurring on a microgecond time
gcale. If it were necessary to supply all details of the procesgzes ag
input to the REXCO-H code, a geparate larpe-gserala computer program would -
bhe required for the detonation progess alone. Fortunstely, the pressure
wavas generated in the main bulk of the region surrownding the charge, as
well ag the intensity of the pressures experienced at the walls of the con-
tainment vessel, are relatively insensitive to the finer details of the
detonstion process. This ingensitivity was demonstrated by a number of
computer runs under different assumptiona for the detonation process.
Essentially, all that is required to preoduce reasonably comsistent resulta
is the proper energy input and a satisfactor equation of state for the
praducts of the detonatiom,

For tha purposes of the REKCCO-H code the detonation process can be
adequately described by analoegy to the classical hydrodynamic theory of
shock waves, involving only mechanical terms without reference to details
of the chemical processes. The chemical reacticn is assumed to take place
in & narrow zone propagating at consrant velocicy through the explosive.
The detonation process is thus treared as a shock wave, or steady discon=-
tinucus wave, governed by the conservatlon equationz for mass, momencum,
and energy. The detonation fromt, assumed to be a locally plane surface of
diecontinuicy, showm . in Fig. Bl, advances at constant welocicy U into the

Rest State — ué = particle velocity behind shock

(FE, L e ) (0, p, @) state behind shock

-
1) = shock wave velocity

Fig, Bl., Detomatiom Wawe Advanaing {nto Mediuwm at Reat

unburnt region, transforming the explosive into gaseocus detonation pro-
ducte, These gagses must be described by a suitable equation of atate
involving the daneity p, pressure p, and internal energy e:

p = f(p,e). {B1)

The ungteady state ghown in Fig, Bl can be easily made time-
independent by considering the flow equationz relative to a reference
frame moving with the detonation wave, a3 shownm in Fig., Bl. The conser~
vation equations for mass, momentum, and energy in this steady-state frame
are the Rankine-Hugoniot conditions {q = chemical heat release}:
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U — H-up—-u

inflow velocity outflow valocity

stationary
shock

Fig. B8. Reference Frame Fized io the Detonag-
tion Nave (Steady-state Comdition)

el = olU - "p:' =R {B2)

PRy = mu, (B3}
_ 2 _ _

pu, = tl[{up i2y + e ED] q . (B4}

Elimination of the velocities from these three equations yields the
Hugoniot relationship batween the thermodynamic variables alone:®

171 1
h_hD-E(Eu+E){p-pn}+q, {B5)

where the enthalpy h = a + {p/p). In terms of temperatures, the enthalpy
increase is

h - hn = CP{T - Tﬂ) . (BG)

where c, is the specific heat at constant pressure of the detonation
products.

It is convenient to introduce the dimensionless variables#®*
= . = . < . < w2
P=plps V=p /s a=qlp /o) u=ni/p op_.

If the material is treated as a perfect gas, then Eq. E6 becomes

D
==l (B-_0
e -e = (n 5 ), {B7)

o

" and this equatien, together with Eq. B5, yields the dimensionless Huganiot

relacion

* 11 _1 '
Or, alternatively, e - €, 3 (pa " ){p + pa} + q.
*h .
See, for example, F. A. Williams, Combugtion Theory, Addison-Wesley
Publishing Co., Inc., Reading, Mags. (1965}, for derivations and
discussions of equations (B8} - (B11).
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2&.4‘%}_-?
P - , (B8}
%—é—% V-1

where v ig the ratic of specific heatz {constant pressure to constant
voluma). In the (P,¥) plane, for a given mass flow u, the locus of poasi-
ble points gatisfying the mass~ and momentum—comservatlion equations is a
straight line of negative alope, the Rayleigh line, shown In Fig. B3:

P-2=p(y-1). {B9}

RAYLEWGH LINE Fig. B3.
* The Enthalpy h and Internal Energy

HUGOHICT CLRVE (PADIECTICN Fhou e Increase Across a Shook, Where
pPp=—————=- FOSSILE SMOCK STATES p,v FAOM =¢-qand ¥ =h - g dire the

WITIAL  STATE pg.v, Effective Internal Energy omd
. Enthalpy of the Detomation Products.
I" [aness v-n,

% \"“‘E" E-vy

Foints satisfying Eqe. B8 and B9 ara possible detonation states. In gen—
aral, the intarsection of the Rayleigh line with the Hugoniot curve will
provide two such solutions, but ar the point of fangency the two points
converge to a single point. This solution, the Chapman-~Jouguet point, is
considered to desceribe a stable detonation fromt, and the corresponding
Chapman—-Jouguet wave at this point is assumed to be the detonation wave of
congtant velocity U. It is esasily shown that at the Chapman-Jouguetr point

2
Pc-l+u{Y—1}(1+Vl+m'z—l}) {B10)

and

aly

_ y -1 2
V,=1l+a . (1-V1+?—I—L>). {(B11)

At this point the entropy is a minimum, and the detonation speed iz
exactly the sum cf the particle wvelocity and the local speed of sound:

[ + a
c “p [

This is the basic idea of the stability of the Chapman-Jouguet wave, gince
small perturbations travel atr the cpeed of sound relative to the particles
and cannot penetrate the reaction zone.

It may ke noted in Fig., B3 that the Hugoniot curve is divided inte an
upper and lower branch by a dotced portion. This dotted portion represents
phyafcally impossible states where an increase in pressure ls asscclated
with an expansion of the explosion. The detonation velocity cannct have
real values since
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v=v V- )i, - v

The lower branch is of some interest since 1t represents Che slowr=burning
deflagration processes characteristic of such propellant—-type explogives
ag punpowder. The burning velocity in punpowrder iz about 10 emfzec,
slower by a factor of 104 than for THT. Deflagrarions are willisecond
phenomena compared to the microsecond time scale for detoaations. The
treatment of deflagrations by the hydrodynamic shock-wave analogy is not
very satiefactory, because the detonation products are not compressed,
but expand amd flow away from the fromt.

As mentioned abowe, for the bare charge in water, the REXCO-H code
waz run under geveral different assumed detonation conditions, and no
significant differences occutred in the resulting pressure distributions
in the spurrounding water. The firat computer runs were made for the
detonation products described by a "comstant 8" equation of state (szee
Amsdenl0);

1 ¥
= 4 ] - ————

p = (pe/8) =1[ TR 1)]" (812)
where

Bo= L.774; y = 2,769,
The initial density ef the charge is
p, = 1.714 go/co®,
and the chemical heat released In che detonation process is

q = 4.789(10'%) erg/gm.

It is of interest te examine thia equatiom of state in ferms of
the hydrodynamic theory of detenatiom cutlined above. For the values
given by Amsden, the energy-release paramecer is

w = qf(pofpn} = 82,083 ,
g0 that
Pc = 200,413, ?c = [.73465,
and the Chapman-Jouguet pressure and density are

= - . = = 3
P =P P, 290,413 kb; P, pof?c 2,333 gn/cm”.



The point on the Hugonlot curve where p = pp can be thought of as a

limicing point, where from Eq. BZ the particle velpeity is zero (u = ).

At this point, V = 1, and

2u+3'—

P, = 1 = 145,206;

H,o 1 + 1 1
vy -1

the pressvre at this point is
o ™ 143.206 kb.

The internal energy at thie point ¢an be found from Eq. B5:

1
— (py ,- P ) +1q,
P H,o ﬂﬂ [ pﬁ H,o Q

e e, + q. ' (B13)

For an assumed iesentropic curve chrough the Chapman=Jouguet poink,
pifp1r = pcfch = ¢ {Bl4)
= 2.782(1019) (dyne /en?) (gmfemd) ™Y

The zubsceript 1 refers to the isentropic curve at density p. The

internal energy on the isentreopic curve iz obtzined by integretiom of the

differential thermodynanic relation
de = T de -~ p d{1l/n).

For copgtant entropy 2, the integration yields

1 P; P,
ei“ac.wr-l(p _':’_c) {B15)

Nothing has yet been said regarding the reference level for the internal
energy. 1f the reference level is ¢hosen so that

P
1 EE = 7.038(1010) erg/gm ,

c

e T ¥y =1

then,

39
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P
L p—‘ . (B17)

ei-T-l

At the initial density p,, the internal energy on the isentropic
curve is

- 1 Pi,0 - 1
&0 T -1 —’—ou 4.079C(10°") arg/em

and the pressure is

pi,u =cp = 123.6 kb.

The value of e o {(with respect to the Chapman-Jouguet point) is obtained
from Eqs. B7 and Blé:

- —1 E, 6
Sk 0.33(10%) (B18)

= 0 (comparaed to q).

The properties of the detonation wave can be suomarlized in Fig. B4.

Fig. B{.
CHAPMAN- JOUGUET FONT The Detonation Stotes in the
Fo= 290 4 Wo" HUGOMITT  CURVE {a = 62003 .u**‘?ﬂ’% (P,V) Plemte
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= ISENTROPIC CURVE
N iy M5 2 Kb, -,,,.,ﬂ?ﬁs%

Tl —r ———

)
TR, 1236 k0, 5,7 407 B

L ann e
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Ll .}
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For the Chapman-Jouguet wave, the burnfing welocity Is deriwved from
the Mach aunber

Hc' V]_q-igﬁii_ll +‘|!E_(12_E.;_ll (B19)

= 628.72. ‘

The scnic speed in the undisturbed medium is
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a = Tpaqu = 1271 cmfsec,

and consequently the burning velocicty 1s
U=aM = 7991 m/sec.

The particle velocity behind the detonatiom front 1s obtained from Eqs. B2
and B3:

u, = e, = pn}fnﬂu = 2120 mfsec.

Alsa, the sound speed in the detonaced region 1is

a, = 'f?pcfnc = 5871 uwfsec.

By comparison, the values given by Dasgupta and Penney* are
a = 5660 m/sec; uP = 1620 wfsec: p = 177 kb,

and are based upen an experimental burning velocity U of 7280 m/sec.
A Mie-Grineisen form for the equation of state of the detonation

products 1n the neighborhood of the isentropic curve through the Chapman—
Jouguet point 18

p=p; +lele=-ce). (820

Substitution of the values for p, and &
exactly che "constant 8" Eq. Bl, where

i from Eqs. Bl4 and BlV gives

BE=1/Ty ¢ = ¢.

Since conditioms on both the isentropic and the Huponiot curves are known,
the value of T ag 3 function of ¢ can be computad:

r=lu
pEH—Ei

Hoewever, a comstant value of [ ie agsumed to apply in the equation of
state Bl for the products of detonatiom.

*
R. H. Cole, imdervater Exploeicmes, Princeton U. Press (1948), p. 100.
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For the finite-difference computation in EEXCO-H, & cell width is
much larger than the detimation zone, which In fact is sinply assumed cto
be a shoeck discontinvity (“infinitely thin®). A gquestion 15 immedisately
raised concerning what state should be assigned to the call containing
the detomatfon to represent the net effect of the detonation traversing
the cell. For axampla, suppose the entire explesive charge is contained
within a single ¢ell. The most direct mechod 1s to assume the detonation
wave hag passed through the cell, raising the pressure and providing tha
initial conditions for the BEXCO-H code. The cell has not yet expanded,
g0 the average density is still p, and the averape particle velscicey
js 2zero. The internal energy should then be given by Eq. B13, which from
Eq. Bl1B is essentially the chemicsl energy release q. Substitucion of.
this value for the enexgy intc the equation of state Bl for the detonacion
products gives the initlal pressure

1

—_ = 221
TEE R (B21)

P, =P a/R) + coll1 -

= 130.5 kb,

This pressvre differs from the 145.2-kb wvalue showm on the Hugoniot curve
(Fig. B4) because the value of I' is assumed to be an effectively constant
value in the neighborhood of the entire isentropic curve, rather than
varying as a function of p. The selection of the value of I' is based
upon experimental measurements,

It was kindly pointed out, in a personal communication, by M. E.
Hoskin, Uniced Kingdom Atomic Energy Authority, Atomic Weapons Research
Establishment, that the squation discussed above ia for Grade & Composi-
tion B {64/35/1 BDX/INT/wax by weighe), and the detcnation process in
this explosive may differ significantly from that fox the Composition B
{60/40 BRDX/TINT} used in the experiments. The reason for the pessible
difference is that the detonation velucit¥ depends upon the percentage
of RDX and che density, as shown by Deal. 2 Consequently, 3 more
appropriate equation of scate recommended by Hoskin was used to describe
the detonation process in the REXCO-H code, and the results presented
in Sect, I1I are based upon this equation:

1-Y
p -t +B.|.‘""_‘H -1 (B22)

7] L}

7.511{101%} dyne/cm?;

o] w
=
N it

5 = L.761 c®/gm;

1.67 gm/cm?;

L=
¥

2.80%;

-
1l

V= DQID.



That no significant differences appaared between the results computed

for this equarion, and the Amsden* equation, Bl2, is attributed by Hoekin
to the face chat the energy release is less depandent upon the percentcage
of BDX than is the detonation velocity. For comparison of the two equa=-

tions reference should be made to Skiduorell’(p. 250), where the modifi-

cation of the constant-B equacion by Pike for pressures dowm to the order
of 1 kb yields Eq. B22.

Ic ig of interest to compare Bqs. B12 and B22 in terms of the
discussion leading to Fig. B4. If in Eq. B22 the initial pressure is .
taken to be py =0 (i.e., "gauge pressure” rather than absolute pressure)}
at the initial density p = pg {i.e., ¥ = 1}, then the corresponding
initial energy rveference level is e, = 0, The energy reference level
for the Amsden E4, Bl2 can be ghifted to cotrespond to this conditiom:

- B - I S L
.P =B {e Erﬂf} + ¢ [l By - l)] po. {B23)

1t fellows that

1 y-1
®ref Be [1 Bly ~ l}] Po

and
’ 1=
- = - _—r ¥ E.,__-.__l..
P {BIDO} v + ¢ [1— B‘(T _ 1}]Pn ] * {BE'&]

Thus, the Amsden Eq, Bl2 is tramsformed to the same form as the Hoskin
Eq. B22 by a almple shifcting of the initial e, energy reference level,
where . .

_ , - 1 .
B‘I - ﬁfpn.! El c [l B(T — 1]]pﬂ .

We are now in a position te compare the parameters for the owo explosives
{in terms of form B1l2).

Comp B (Eq. B22) Grade A Comp B (Eq. Bl2}
Propert {60/ 40 FDX/THT) (64/35/1 RDX/TNT fwax}
P gufend 1.67 _ 1714
@ , 2.941 1.774
& f e : 10 10
2. .
c, %§3T333TT - 200 (1010) 2.782 (1010}
Y 2,802 S 2.769
p,s kb 102.3 130.5

« :
Actually, the comstant-£ equatlon of scate is attributed to W. E. Deal,
Third Sympoaium on Detonation, ONR Symposium Report, ACR-52, Vol, 2,

p. 386 (1960}.
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The value of p,"' is obtaiued by transforming back frem the Hoskin (or
Pike } form to the Amsden {or Deal)} form, and subscituting the new values

of pg, B, ¢, and v for the same chemical energy release q.

At the interface between the explosive charge and che water, the
pressure transferred to che water must satisfy a wave diagram macching
the pressure and particle welocities on either side of the interface.
Since the impedance of the water is less than thac of the explosive, a
reflected rayefaction will cravel back into the explosive. If we assume
that the detonation and rarefaction waves are of equal strengcth, since
the entropy change throuph the shock Ls of third order in shock strength,
the reflecred rarefaction {3 che mirror image about the line of symmetry,
as shown in Fig. B5. Based upon values given in Ref. 9, the incersection
of this reflected curve with the water shock-wave Hugoniot (in the p, u
plane) g#ives an interface pressutre of 103 kb.* P

St I L N L B LB B Fig. BS.
» i Determination of the Interface
280 |— CHAPMAN-JOURUET | State g Values from M., ven Thiel
et al.?).
m — —
B CoW B REFLECTED |
g 200 [ AAREFAL TN —
i [~ COMF & =

DETONATION WivE

ag p—

K3 kb
0 1959 m/mee

40 |— —
WATER SHOCK WavE

) |2 14 16 18 20 22
PARTICLE VELLLITT, up. hn/mc

For the given heat release {q = 4.789(10'") erp/pm] and specified
¥ = 2,802, the Chepman-Jouguet pressure for the explosive with an initial
density pg = 1.67 gn/cm? can be computed from Eq. B10, and the Chapman-
Jouguet density from Eq. Bl:

P, = 288.2 kb; p_ = 2,266 gm/em’,

3

*
Hoskin has indicated that the wvalue of 103 kb iz too low; an exact ome—
dirensicnal solution of the sheock interaction ylelded a value of 183 kb.



The corresponding detonation wvelocity ig computed by means of Eq. Bl19 for
a sonic gpeed a, = 1295 cm/sec:

U = 8100 m/sec.
The pressure on the -Hugoniot curve at ¥ = 1 is computed from Eq. BB:

Py,o = 160 kb .

For the isentropic curve through the Chapman-Jouguet point the wvaluve of
¢ 1is given by Eq. Bl4, yielding the corresponding pressure on the
isentropic curve st ¥ = 1

e = 2,913¢10'%) (dyne/cm?) (am/fcm®)";

Py o ™ 123 kb.

¥

For this value of c and the value B = 2,%4l, the pressure given by
Eq. B2l is

' .
p,' = 180 kb .

The REXCO-H computation was initialfized in several different ways.
The first and most aimple method was to assume that the detonation wave
has passed through the charge before any significant expansion of the
charge has taken place. The net effect is to raise the pressure to pn'
while the average charge-particle velocity is zero., The REXCO=H com=
putation was perfeormed for both the Amsden equation of state with an
initial p,' = 130.5 kb and the Hoskin equation of state, both for the
same chemfcal energy release of q = 4,789¢10'?) erg/gm, 1In both cases
the pressure in the surrounding water quickly adjusted to very nearly the
same distribution. Also, the inltial charge pressure, densiry, and parti-
cle velacity distributions computed by Dasgupta and Penney (citad above)
were Introduced as initial condicions inta the REXCO-H cede. Again, no
significant changes resulted in the computed pressure distribution in the
surroumding water.

The method finally adopted for computing the detonation was the
"constant=burning process.” This wethod 1s perhaps the most realistic
description of the actual physical process, although the end resulc
differs litcle from the above-mentioned initial conditioms. {onstant
burning is a simple process whereby for each time cycla of the computa-
rion the energy of the burned portion in each cell is added to the cell
enargy, and rhe resuiting pressure increase of the cell is computed from
the simultaneous solution of the equation of state and energy equation.
In this way the pressure in the cell builds up in time from zero to
some final value when the explosive in the call is complerely burned.

65
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AFPENDIX ¢

The Artificial Viscosiiy

1, The Scalar Arcificial ¥iscosity

The scslar artificial viscosity introduced by von Neumann and
Eichtmyer* to aveid the problems of shock fitting for one-dimensional
problems was of the fom

2
- 42 fau
9 v L3R i

This stress term ia taken to be zero for expansions. An equivalent form
for one=dinensicnal plane flow 1s

b %
q J‘-ﬂ—] ()2

For cylindrical flows the two forms are not equivalent, and 22 ig
replaced by aA R/r, where 'a' is 3 shock width constant and A, 15 the
original Lagrangian mesh sraa st initial density p,t

a% & .2
(v) . (Cl1)

q-
v

The area A is the deformed mesh srez at time ¢ and densirty p. The

value of v 1s negstive {for compressiom); otherwise, g is zero, and
for REXCO-H the value of 'a' is taken to be 1.2. Larger values of 'a'

will spread the shock width ocut wore,

The artificial seresg q 1is added to the hydrostatic pressure p,
and sn effective pressure F = p + q replaces the pressure p in the
momentun and energy equations

ou = —VP {C2)
and

e = -Pv , (C3)

=
R. D. Eichtmayer and K. W. Morton, DMifference Methods for Imitigi-Value
Prob lems, Interscience Publishars, New York (1967).
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The REXCO-H computaticn proceeds as follows:

i, For the initial pressure, velocity, and densiey distribution,
accelerations are computed from Eq. {(C2).

ii. For the specified time step, incremental velocities and the
resulting pew velocicy distribution are computed.

iii, From the new veleocity distributicon, displacements and cell
sizes are computed, and from mass cpnservation, the new cell
densities are determined {n% =M frj for the {i,j) cell, the
fixed cell mass divided by the new cell volume).

iv. The new pressure and intertial energy are computed from the
simultaneocus sclution of the energy and state equatioms:

1 .
2(Ft + P Y &v

“rtar © St t+at

P = f( -

t+at Verae? Cevac

1 (ﬁv 2
2 -
q = a°p A
+
C+at o AL ¥ AL ﬁt)

=40 fur-%% =0 .,

a

Under certain speclal circumstances the use of an artificizl vis-
cos51ty as described above may lead to ipnstabilitles at certain cells.
An example of such an instcability waz described in Appendix A, Sect. 3.
¥Yaricus modificacions may be introduced which will avold some of the
possible difficuleies. However, it should be recognized that a price
must be paid by using a more complicated q-term. In=tabilities may
still occur, and addicional complications will usually make the problen
of tracking down the cause of the instabilicy more difficulc,

Ong obvioug means of reducing the tendency towards an instability
at a particular cell is effactively to spread out the influence of 9.
The ingtabilicy discussed in Appendix A, Sact. 3 was due to a serTong
relationship between the ¢ and p wvalues in the call to the q value,
This relatiomship can be weakened if, rather than using a simple q-value
for a cell, the values surrounding the cell are used. This c¢an easily
be accomplished by changing the finite-difference squations, The finite-
difference approximation to a given differential equation is not unique.
The form of the energy equation {C3) can be changed by using the
continuity equation

v =y Vou . (C4)
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The energy equation can then be expressed aa
pe = =P Tou .

Combining with the mcmentum equacion C2 yielde*

o fg; {a + % usu) = =7-Pu , {CS)

For cylindrical coordinates and axial symmetry this form becomes

o g (L 8ur 3wl 1 3qur daw 9 3q
e P (; ar + Br) r &r bz tu ar *w 3z (ce)

Tha corresponding finlte-difference form for the right-hand aide of
this equation involves a single pressure for the cell, but q will enter
in cerms of differences acroaz the cell:

i i+1 i-1 .
{aqfarjj (qj qj ) 2ar;
i i i
{quaz}j (qj+l - qj—l) 24z,

Alchough the gradient is directionzl, ¢ 1s a scalar for aach cell. The
value of g 4dicself can be given a direccional property by using an alter=
native form based upon the divergence of the velocity vector:

2
2.4 B {3u
qp = 8 aAD - (ER) for the radial gradient cotiponent
2 (cn
2,4 B [2) adi
q, a pﬁﬂ r 13z or the axial gradient component

The applicatien of such a directional artificial viscosity i3 discussed

*

The dot over the symbol i3 equivalent to D/Dt, both indicating the time
derivative along the particle psth (i.e., holding the Lagrangian co-
ordinate fixed).
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by Schultz.* The physical Interpretation of this directionzl viscosity
presented below is based upon his article. '

2, A Directional Artifiecial Vigcosity

Suppose the shock front 15 resclved intoe twe orthogonal components
in the Lagrangian (R,Z} space, as shown in Fig. Cl. The transformation
to Eulerian coordinates is not conformal, so in the (r,z) space the two
shack—front components do not remain orthogonal.

TANGENT VECTOR RECH
SHOCK FRONT h
z (R 2 const ) 1 37 107 VECTOR Hp
TRANSFORMAT 0N
——-
T=F (R, 1)
SHOCK FI‘-?'DHT
i pongt
Az(®,Z] POSITION VECTOR < e tr.1) POSITION VECTCH

] )

TAMGENT VECTOR o7 /8m

z F 4
BHOCK FRONT { X = const)
" ——
SHOCK FRONT
{Z = const } "i;'z RECIPROCAL YECTOR
H r

Fig, €1, PResolution of the Shook Fromt into
the Lagrangian R and 2 Directioms

The momentum equacion C2 is
ﬂ_{l + Vp = -%q,

where the gradient vector operator is

*
W. D. S¢hulez, "Two-dimenzional Difference Equations" in Methods in
Computational Physiez, Academic Press (1964),




Wow the reciprocal vectors, ot nommal vectors, to the tangents 9r/3Z and
IT/IR are

T az 3t ), { {22 _ i
o) (ER’_HR)’ ¥ (az*- an)'

Hence, the momentum equaction becomes

. . s 2a_g4 29
pu + Vo M("Ran N3z )

Since Hp is in the direction of motion of the congtant-R shock fromt,
the artificial viscosity for this direction, qg, may be comsidered to
have a different value from the artificial wviscosity gz in the Ng
direction, 1.e., the artificial wiscosity can be regarded by direct
extension te be a vector quantity

q = (45, 9,7, (c8)
and
. 3q 3q
- r = R = Z
"“"'v""ﬁ(ﬂnan -F 3 )
(3qR qu)
| - —— + —
T &z
or

*

pu + Dp

i
1

=
L
=

vhen the vecter operator D 13 defined to have rthe propercies

Dp = Vp;
(c9)

q

- - g
qu = 'E'vlq - —r—-

The energy equation will be of the same form as Eq. A29 when the stress
deviators are analogous to the artificial viscous stresses g and PR

A § .28 . o @ .22
¢+ ph=-ogv (qRHR = qzﬁz 32)' (C10)

The effective wvelocity gradient in the R and 2 directions will be
designated by
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. (Cl1)

For a uniform expansion or comtraccicn over the entire medium the deri-
vative of the velocity gradient would be zero, It would be desired that
the arcifielal viseesicy be independent of such a condition, so Schultr
expresses the viscosity by the form

o o2 {2y 13 faul |
4p = 0% (ak AR ('&R)R g

--ngE _L E_G
9z * °P it), |& \azf,

Schultz sets &2 equal to two, rathetr than to azhoﬁfr as in BEq. Cll.

{C12)
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APPENDIX D

The Equation of State for a Popous Mateprial

In the configuration for the experiment shown in Fig. 2, lead shot
surrounds the explosive charge to simulate the reactor breeder section.
The lead shot and the porous graphite attenuated the pressure reaching
the tank wall by a factor of about aix, as shown in Fig. D1, and
gignificantly altered the shape of the pressure prefile behind the shock
front. The void content of the lead shot and graphite i3 of the order

-y - — == CALCUL EYED (2~ CIMENSIONAL) Fig. D1. :
—-— CALCULATEQ {1 - (IMENSHKINAL| cmnpmq‘,gm of Meanured
— MEASMED EXFERMENTAL Lﬂmﬂﬂg& 8. TT:M at Gﬂl@ﬂ 3
for Bare and Confined Charges’

3 T

- -

:J.

H

2 I |

]

£

02

Ib] THE COMFINED CHARGE

of 30 to 40%, and the work required to crush the voids sbsorbs a large
frgetion of the avallable epergy.

1. Hydrodynamic Crushing

The first computation made with REXCO-H treated the lead-shot region
purely hydrodynamically, i.e., with zerc shear stresses. 7The material in
each cell was loaded up to its yield stress to overcome the initial
rigidity, and then was allowed to compact at constant stress wmtil the
volds were completely closed, From that point on the Mie-Gruneisen
equation of state, referred to the material Hugoniot curve, was used to
describe the (p,v) relationship.

The Hugoniot for the completely compacted porous material must be
above the Hugoniot for the solid because of the energy absorbed during
the compaction process. This can be shown from the following conafder-
ations. (For simplicity che Hugoniot reference pressure at the yield
point will be taken as zero.) The Hugonioct curves are shown in Fig. D2,
where the asterisk refers to the nomporous materlal. -

If the initjsl porosity of the material is o, then the initial
specific volume is



PH PORMUS HUGONIOT

* T S
.Hﬂfﬂp“vuhru v}

- *
vz w"vo

(Vo)

Fig. DB. The Hugomiot Curves for the Solid
aid Porous-material States

- #*
Voo (1+ u}vn .

wvhere vE is the initial specific volume of the sollid material,
convenient to lat

- *
v = vaa .
Hence, for a material with, say, 402 voids,

1.1'W=l+u-l.f+.

P AREA j 15 8, ¢ 172 pylv,, vl
anga U/ ek:i/2 3 5.0
v, =172 p,‘_‘v:"l"lnl"“ - V)

-
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The pressure and internal energy relatiom at a given specific veolume for
any point off the Hugonioct is given by the Mie—Griineisen equation with
respect Lo the solid Hugonlot:

-t Loy X
e = ey + T {p pH]- ‘ (D1)
In particular,.for a point on the compacted porous-material Hugoniot,
ey = e + T (py - PR} (n2)
H ®"m°T Pa” Pn
Substitution of this expression into Eq. D1 gives
e=e, += (p-py (p1')
HTT H ,

which is the Mie=Grineizen equarion with reference ta the Hugomiot for
the compacted porous material and is exactly equivalent to Eg. DI, i.e.,
either form will yiald the same resulcs,

Subzrirucion of the values for ey and eﬁ into Eq. D2, 1.e. the
trisngular areas shown in Fig. D2, will give the ratio of Py tu PH

(D3)

-
=
[
+
-
"h...,___,.,.-"
i
ql o ﬂl -
] o
Q

Since V,  is greater than V,, i.e., greater than 1, the Hugomiot py for
the crushed marerial must be greater than py for the uncrushed solid
material,

The slopez of rthe Hugoniotz at v are proportional to the same
speeds:

2 2
SoY _ 2w _ - (04)
C* dp* 2 .
° T

Since the ratio is greater than one, the sonic speed in the compacted
material ig greacher than that in the wmerushed solid waterial, which,
since both marerials are ar the same pressure and density, indicares
that the compacted material is at a higher temparature.

2, Elsstic-Plastic Crushing

The computed attenuation of the pressure wave based upon hydrodynamic
crushing of the lead shot was not nearly encugh teo compare with the experi-
mental measurements. Consequently, energy dissipation through shearing



and plagtic flow was introduced through the elastic-plastic equations
described in Appendix A, Sect. 5. The applicatfon of these equations in
the code requires sm equation of atate relating the hydrcatatic pressure
p and the Internal energy e at a given specific volume. An equation
of state including elastic-plastic effecta for a porous material is
discussed below based upon a paper by Herrmann,®

After the material is fully compacted, the equation of state will
be based upon the Hugoniot for the hydrodynamic case as discussed above,
However, for the pericd before the material is fully compacted, it will
be treated as showm in Flg. D3,

Plg. D3

Elastic-Plastic Behavior
ef Porous Material before
Compilete Compaction,

The differential equation for the elastic compression {or recompres-
gion) cutves is given by

dv ¥ ¥
d_FI,.;vi{P},K_g(l_—.z_h {'f})' (D3)

wheta K: is the bulk moduwiuvs of the 3olid material:

o

o ok [PP ) o a2
K: vk ( )ﬂ C: IV: . {D6}

The function h{¥} can be based upon experiments; a simple form is che
linear relation

R{¥) = a¥ + b, (D7)

* - . L] 4 - -
W, Herrmann, Comgtitutive Equation for the Dynamic Compaction of Ductile
Porgus Materials, J. Appl. Physics, 40, 2490-2499 (1969).

75




75

where

[
a-(%-l) (ﬁ?ﬂ-);b-l—a. {D8)

Hence, to solve Eg., D3 by filnite differences for the elastic compression
curve, all that need be known are the sonic speeds C and Cyp and the
elascic limlits which are glven by the plastic curve, The plastic curyve
can be represented by the quadratic form

2
=t - ( = ) (b9)
P Pn PE

The assumiptions underlying the elastic—=-plastic curves are given by
Eqs. D5 and D9 will be summarized in the following development. (The
asterigsk will indicate the wmerushed sslid material.)

The solid makerial is assumed ro have a thermodynamic equation of
sfare

P ™ E{V*:E]
The sound speed iz the velocity of a swall isentreopic compression wave!
Ck = - v*ziapfav*}s = Rk |

The isentropic derivative is

ap af jj_ da
(av* A Z3eF T Fe \Sux L

but
o
(&) -
8
&0 that

Ip af af
(av*)a = F . a_t . (Dlﬂ'}

Hence, for the initial conditiong p = 0, v¥ = “E! and C* = ﬂ;. it follows
that



® s ey aESauR) » *2 *
KD = uotaffav Ju. Cu - vgku .

The porous materizl is also assumed to have a thermodymamde equation
of state:

V= 4{p,v)

The explicit representation of the V{(p) curve in Fig. D3 has tha total
derivative {for constant entropy)

-6

The fsentropic derivative analogous to Eg. D10 is

Sp) . 2f favx} _ 3f
(;w)si o (au 2 PFar {p11)

whare
derl _ 1 v {3}
(av) Ty ﬁ?(av)
& [

= v [1 ~ vwW'{p} (EE)’] . {D12)

Combination of Eqs. DIl and D12 gives

[

1 af _Pﬁ
3 _V B e ‘
(E%) 14X vrp) 2L ) (1)
8 v B} Gv*

This equation will be considered first for the initial elastic compression
from Yoo and then for an elastic recompression from any Vae

For the 1nitial elastic compression from V,,, the conditions at p = 0

* = * = = ]
are v v, v voo vuofvu, s0 that

v

R oe cx2 | {D14)
oo 1 = K: ?un {D}I?ug o .

At any other polint on the axis {p = 0) the condition V = v, = uﬁ!vg
yields
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Y
ce = 2 ﬂ*z.
- * ¥
e 1 ku UEIGiIFE o

(D15}

The value Gé 1s assumed to vary continuously from Eon Lo ﬁ;, ap thar

Cy = h(vE}cg s {D16)

where the continuous function h must satisfy the conditions
hil) =1

- x
h{UDD} Cafco .

Combination of Eqg. D15 and D16 yields
?E U’E
L] H —— -
ve{U} KD 1 hE(ﬂE} : (017)

The relations Dl4 through D17 striecely hold only on the axis (p = 0},
whereas if the compresalon is taking place along the plastic curve the
pressure is not zere. L[f the pressure shoauld be reliasved at szome paint,
the material 1z to expand along some alastic curve. To obtain the shape
of this elastic curve, it will ba assumed that along thiz curve the
condiciona D15 and D6 are similar:

- vip)
L - k* v (p) /v (p)

2 e (018)

c = h{U]C: N (D19)

and the differential Eg. D5 iz derived. The numarical finite-difference
integration will then procead down from the point om the plastic curve
during the expansion. Lf the material is recempresszed, it will proceed
back up this elastic curve until it again reaches the plastic curve,
which it fcllows for further compression.
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