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COMPARISON 
OF A 

TWO-DIMENSIONAL HYDRODYNAMICS CODE (REXCO) 
TO EXCURSION EXPERIMENTS 

FOR 
FAST REACTOR CONTAINMENT 

by 

J. E. Ash and R. T. Julke 

ABSTRACT 

The Reactor Excursion Containment Code System 
(REXCO) is a tool that has been developed at Argonne 
National Laboratory to predict the effects of excursions 
originating at the core upon the components and on the 
containment system of Liquid Metal Fast Breeder Reactors. 
The codes include hydrodynamic and inelastic material 
behavior depending on the magnitude of the excursion 
treated. The physical phenomena gaged by the codes 
involve the shock wave, the sodium momentum, and the 
early stages of the gas bubble. Current work attempts 
to extend treatment to the later, quasi-steady phenom­
ena of the gas bubble. 

In this report comparisons of these codes are made 
with experimental excursion data. The results of these 
comparisons confirm the capability of the REXCO code 
system to predict the response of the primary-system 
components and of containment structures to the gener­
ated pressure waves. The primary-system phenomena 
extend, but are not limited, to reactor-vessel strain 
and rupture, plug jump, and sodium escape past the 
cover seal into the secondary containment. 

The validating comparisons were made with pub­
lished experimental data. The subject experiments were 
conducted at A.W.R.E., Foulness, England; at Cadarache, 
France, by the CEA-Euratom and the UKAEA; and in the 
United States by the Naval Ordnance Laboratory. 
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I. INTRODUCTION 

The REXCO-H code1 is a time-dependent, hydrodynamic, two-spatial-
dimension computer program designed to perform the numerical calculation 
describing the response of a primary reactor-containment system to a high-
energy excursion. The hydrodynamic equations and the equations of state 
for the reactor materials are expressed in Lagrangian form. Cylindrical 
symmetry is assumed. Shock discontinuities are diffused by the intro­
duction of an artificial viscosity. The code input, or initial values, 
are the pressures, internal energies, and velocities generated by the 
accident. Over the ensuing time the code computes the responsive displace­
ments, velocities, pressures, specific internal energies, densities, and 
strains at finite time intervals. The computations are cyclically 
repeated for any number of time steps, or until a specified terminating 
condition, such as a vessel failure, is reached. The code has the 
capability of exhibiting graphically the pressure distributions, displace­
ments, and motions, so that the shock-wave propagation, loading history 
and sequential damage to the reactor components can be traced throughout 
the course of the excursion. 

The results obtained by use of a code of this nature provides 
information pertinent to the safe and economic design of reactor-
containment systems. Given designs can be tested by computer runs to 
determine overall system integrity. It must be recognized, however, that 
all details of the response of a complex reactor system to a postulated 
accident cannot be computed exactly. In order for the computation to be 
manageable, even within the present advanced technology of large-scale 
computer systems, a number of simplifying assumptions must be made in the 
formulation of the problem. Only an approximation to the true solution 
can be expected by the computer run; if reliable measures of the degree 
of error can be determined, then factors of safety can be introduced to 
insure a desired level of safety. The effects of the introduction of 
any single given approximation can be determined accurately by analytical 
methods, but the cumulative effects of all the necessary approximations 
can only be estimated. Experimental evidence is required to establish 
the magnitudes of errors introduced by the required approximations and to 
verify the computer results. 

In this report experimental results are compared with REXCO-H code 
computations. Four sets of experiments were analyzed. Each test case 
consisted of a model experiment in which the excursion energy release 
was simulated by the detonation of a chemical high-explosive charge. 
The results of the comparisons indicate that the REXCO-H code can be 
applied directly to certain containment problems involved in reactor 
safety. Not only can experimental data be reproduced with such a com­
puter code, but through the use of the code as a research tool detailed 
insights can be gained into the relative effects of parameter variations. 
Optimal containment design for safety requires a wide range of quantita­
tive measures of the relative performance of materials and structural 
configurations. Through the use of computer codes initial conditions 
can be varied easily to simulate possible accident situations, and the 
effects of design modifications can be assessed far more quickly and 
economically than by means of building and testing scale models. 



I I . REACTOR CONTAINMENT EXPERIMENTS 

The REXCO-H code was designed to compute the loads imposed upon the 
s t r u c t u r a l components of a reac tor -con ta inment system for t h e time pe r iod 
immediately following a core exp los ion . To t e s t the r e l i a b i l i t y of such 
computat ions, comparisons must be made with a c t u a l t e s t d a t a . For t h i s 
purpose , a review was made of a v a i l a b l e t e s t d a t a , and four p a r t i c u l a r 
cases were s e l e c t e d as s u i t a b l e * f o r comparative s t u d i e s . The f i r s t two 
t e s t cases were performed by the U. K. Atomic Energy Author i ty (UKAEA). 
The f i r s t case i s t h a t of a b a r e , 2-oz RDX/TNT 60/40 cha rge , in wa te r . 
The second case involves the same charge enclosed wi th in a s imula ted 
core and b reeder s t r u c t u r e . The t h i r d t e s t case chosen for comparison i s 
one of a s e r i e s of sodium experiments c a r r i e d out j o i n t l y by the CEA-
Euratom and the UKAEA at Cadarache, France . The four th t e s t case i s a 
U. S. Naval Ordnance Laboratory sodium experiment . 

The experiments were s e l e c t e d on the b a s i s of the s i m p l i c i t y of 
des ign and the appropr ia teness of the measured da ta for comparison wi th 
t h e REXCO-H code ou tpu t . For cons is tency wi th the assumptions under ly ing 
the code, c y l i n d r i c a l symmetry in the experiments was a requi rement . 
Also d e s i r a b l e in the exper imenta l conf igura t ion were reasonably simple 
m a t e r i a l s for which e q u a t i o n - o f - s t a t e da ta are a v a i l a b l e . Since the code 
i s a t o o l t o achieve a balanced design for a sa fe and economical con ta in ­
ment s t r u c t u r e , t he b a s i c p rocesses involved i n a p ro to type acc iden t 
should a l s o occur in the exper iments . The mechanisms included in the 
comparative s t u d i e s are those t h a t are dominant immediately following an 
exp los ion ; these inc lude p l a s t i c flow and rup tu re of m e t a l s , crushing of 
porous m a t e r i a l s , shock-wave i n t e r a c t i o n s , and the impuls ive loading of 
shock-dr iven l i q u i d s . 

Some of the a v a i l a b l e experiments a re d iscussed b r i e f l y below. 

. A. The United Kingdom Atomic Energy Author i ty Experiments 

Over the pas t decade, the UKAEA has conducted model s t u d i e s for the 
containment of core explos ions in f a s t r e a c t o r sys tems. In 1965, a t a 
conference at Argonne Nat iona l Labora tory , Rees descr ibed a s e r i e s of 
s ca l ed model experiments in which core explos ions were s imulated by the 
de tona t ion of smal l charges of chemical high e x p l o s i v e s . These t e s t s are 
p a r t i c u l a r l y app rop r i a t e for comparison with the REXCO-H code r e s u l t s . 
The t h e o r e t i c a l background for the t e s t s was d i scussed by Hicks and 
Menzies , 2 who presen ted computations of the energy r e l e a s e and p a r t i ­
t i on ing during an excurs ion and the concept of an equ iva len t chemical 
exp los ion . The s imula t ion of the sequence of events following the core 
explosion by the de tona t ion of a chemical de tona t ion was d i scussed by 
Samuels . 2 The maximum h y p o t h e t i c a l acc ident was assumed t o be a supe r -
prompt c r i t i c a l power excurs ion r e s u l t i n g from core compaction following 
a meltdown a c c i d e n t . The core i s assumed t o d i s i n t e g r a t e wi th exp los ive 
v i o l e n c e , and the damage-producing mechanisms for the following few 
seconds are considered comparable to some equ iva l en t TNT exp los ion . 
Although matching of the d e t a i l e d time response of the s t r u c t u r e cannot 
be expected, c o r r e l a t i o n s of the broad e f f e c t s a re assumed. From the 
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model experiments, with appropriate scaling laws, the prototype peak pres­
sures and the blast-wave impulse can be predicted. These gross resu l t s 
depend only upon the amount of energy released, i t s time sca le , and the 
distance from the explosion. Close to the explosion, the effects depend 
upon the actual detonation process, but about 10 charge rad i i away (in 
water) , the shock wave, which i n i t i a l l y carr ies about 50% of the available 
energy, depends only upon the t o t a l amount of energy released. I t i s in 
th i s close region that s ignif icant i r r eve r s ib le heating takes place and 
about 25% of the detonation energy i s deposited. The computation of these 
close-in effects may be important to the containment design because the 
early fa i lure of some component close to the core may effect ively channel 
the explosion energy and produce extremely high local s t r e s s concentra­
t i ons . At distances beyond 10 charge rad i i further i r r evers ib le heating 
i s small and the shock i s approximately an acoustic wave. Analogous 
r e su l t s can be expected in molten sodium, which has acoustic propert ies 
s imilar to those of water. The remaining roughly 50% of the detonation 
energy behind the shock wave i s contained in the osc i l l a t ing flow near 
the detonation gas cavity and i s manifested in subsequent pressure pulses . 

The question is yet open as to exactly how closely a chemical high 
explosive simulates a meltdown excursion. The excursion may be completed 
quickly enough (order of 1 msec) so that heat - t ransfer effects are 
negl igible and peak pressures may reach 50 kb, compared to the peak 
pressure of about 100 kb for TNT. The heat energy remaining in the core 
materials may be 90% of that generated by the nuclear excursion, whereas 
for TNT almost a l l the detonation energy goes direct ly into mechanical 
compressive and k ine t i c energy. Hence, only about 10% of the nuclear 
energy should be simulated by the chemical explosive. The explosive 
effects of this 10% excess energy are assumed to be simulated by the 
chemical explosive for a time duration of the order of the f i r s t expansion 
of the explosive cavity. Beyond the f i r s t few seconds the concept of an 
equivalent explosive charge i s no longer applicable. 

I t should be emphasized that the question of the va l id i ty of the 
modeling technique for the simulation of a nuclear excursion i s to a 
large extent i r re levant to the comparison of the REXCO-H code with model 
t e s t s . For the l a t e r application of the code to the hypothetical proto­
type nuclear excursion, i t i s only necessary that the code be verif ied in 
i t s a b i l i t y to compute a similar sequence of events. Hence, as long as 
the model experiments reproduce the same kinds of events ( i . e . , shock 
loading, explosion cavity expansion, and subsequent pressure pulses , 
membrane rupture, impulsive loading, shock in teract ion compression, and 
rarefact ion effects in heterogeneous media with differing acoustic 
impedances) the usefulness of the code as a tool for containment analysis 
can be es tabl ished. Because of uncertain scaling laws, an experimental 
model may not es tab l i sh a r e l i ab le basis for predicting prototype perfor­
mance. ,But a code ver if ied by means of such a model, and provided with 
the proper input conditions and equations of s t a t e , can be used with 
confidence to compute the expected prototype behavior. 

On the basis of the available l i t e r a t u r e i t appears that the bulk of 
the UKAEA small-scale model experiments involve high explosives in water. 
Certain t e s t s were judged to be presently unsuitable for comparison with 
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the REXCO­H code e i t h e r because the model conf igura t ion was too complex 
or because d e t a i l e d p r e s s u r e measurements were not made. 

No at tempt was made to compare the REXCO­H code with any l a r g e ­
s c a l e accident d a t a . Measurements s u i t a b l e for d i r e c t comparison with the 
code a re l a ck ing . However, i n d i r e c t comparisons could poss ib ly be made. 
For example, for the SL­1 accident at Idaho F a l l s , analyses and i n t e r ­
p r e t a t i o n s are a v a i l a b l e * which may be u t i l i z e d for comparative purposes . 

The t e s t s f i n a l l y s e l e c t e d for comparison with the REXCO­H code are 
of a more s i m p l i f i e d n a t u r e . As mentioned above, t hese are the t e s t s 
descr ibed by Rees2 for a 2­oz RDX/TNT charge i n w a t e r . The d e t a i l e d 
p r e s s u r e measurements on the w a l l and roof of t he 2 ­ f t ­ d i a , 2­f t ­deep 
over ­ s t rong c y l i n d r i c a l containment v e s s e l shown in F i g s . 1 and 2, are 
e s p e c i a l l y use fu l for comparison with the b a s i c computer code. 

Core occess plug 
(■eight = 501b) 

Water level 

Goge positions 

Fig. 1. 
Cross Section of Model 
Reactor Tank, Showing 
Positions of Pressure 
Gages and the Bare Charge 
[from "A Model Investigation 
of Explosion Containment 
in Single Tank Fast 
Reactors," by N. J. M. Rees 
(UKAEA), pp. 692­719, 
ANL­7120, Proc. Conf. on 
Safety, Fuels, and Core 
Design in Large Fast Power 
Reactors, at ML, Oct. 11­14, 
1965]. ANL Neg. No. 900­654. 

B. Cadarache Experiments in Water and Hot Sodium Coolant 

The i n t e r p r e t a t i o n of model experiments using water r e q u i r e s a 
knowledge of how the phys i ca l processes can be expected t o d i f f e r i f 
l i q u i d sodium i s t he r e a c t o r coo lan t . There are a l so ques t ions t o be 
answered concerning the e f f e c t s of using a cold l i q u i d in the model to 
s imula te the hot working f l u i d in the pro to type r e a c t o r . An i n v e s t i g a t i o n 
i n t o ques t ions of t h i s n a t u r e concerning model experiments was c a r r i e d 
out j o i n t l y by the CEA­Euratom and the UKAEA at Cadarache, F r a n c e . 3 

The program cons i s t ed of a s e r i e s of s m a l l ­ s c a l e model t e s t s using 

* See Hazard Summary Report on the ALPR, ANL­5744. 

) 
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— 9"­

Fig. 2. 
Cross Section of Model Core 
and Breeder Structure for UKAEA 
Experiments [from "A Model 
Investigation of Explosion 
Containment in Single Tank 
Fast Reactors," by N. J. 
M. Rees (UKAEA), pp. 692­719, 
ANL­7120, Proc. Conf. on 
Safety, Fuels, and Core Design 
in Large Fast Power Reactors, 
at ML, Oct. 11­14, 1965]. 
ANL Neg. No. 900­673. 

hexogene charges. The reported results of these tests appear to be 
appropriate for comparative studies with the REXCO­H code. The core 
vessel was simulated by a 25­cm­dia, 42.4­cm­deep, stainless steel tank 
(see Fig. 3). To study the relative scaling effects of different 
accident energy releases in the core, charge sizes of 15, 30, and 60 gm 
were detonated in both water and liquid sodium. For the 15­ and 60­gm 
charges, the sodium tests were conducted at two contrasting temperatures: 
150°C and 400°C; for the 30­gm charge, tests were made at four tempera­
tures: 150, 250, 400, and 550°C. The variation in temperatures appeared 
to have no consistently significant effect within the scatter of the data. 
The pressure buildup in the argon gas cavity above the liquid, however, 
was somewhat higher for the hot liquid. To determine the impulse due 
to the blast pressure alone, the impulse from the sharply spiked pressure 
from the accelerated surface liquid thrown up by the shock wave was 
subtracted from the total impulse. Nothing was said about the temperature 
effect upon this impact pressure. If the particle velocity of the surface 
spray is v, then an approximation to the impact pressure can be calcu­
lated as pcv, where c is the acoustic speed and p the liquid density. 
These calculated values were somewhat higher but yet comparable to the 
measured average impact pressure. 
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Heot shields 

Heoter 

Fig. 3. 
Main Components of the Model 
Reactor Assembly for the 
Cadarache Experiments [from 
"A Comparison of Pressure 
Loading Produced by Contained 
Explosions in Water and 
Sodium," by F. J. Walford 
(UKAEA), pp. 720-733, 
ANL-7120, Proc. Conf. on 
Safety, Fuels, and Core 
Design in Large Fast Power 
Reactors, at ML, Oct. 11-14, 
1965]. ML Neg. No. 900-672. 

Reflectors 

Uronium rods 

Whereas the p re s su re appeared to be nea r ly independent of the l i q u i d 
t empera ture , i t was s i g n i f i c a n t l y dependent upon the type of l i q u i d , t h a t 
i s , the p r e s s u r e for the 15-gm charge was about 1.7 times as high in 
sodium as in wa te r , and about 1.5 t imes as high for the 60-gm charge . 
The impulse can be assumed to cons i s t of two p a r t s . One p a r t i s a s s o c i ­
ated with the impact of the sur face l i q u i d , and the o the r i s a t t r i b u t e d 
to the p r e s su re of the compressed gas above the l i q u i d s u r f a c e . I t was 
found t h a t the impact impulse i s independent of the type of l i q u i d and 
can be approximated by 230W1/3 p s i -ms , where W i s the charge weight 
(gm) for both the sodium and the wa te r . Thus, for one 30-gm charge , s i nce 
the sodium p r e s s u r e i s h igher than the water p r e s su re by a f a c t o r of 1.5, 
the dura t ion of the water- impact pu l se i s longer by a f a c t o r of 1.5 to 
produce the same impulse . To obta in a peak p re s su re in water equal to 
t h a t i n sodium the charge s i z e should be doubled. However, s i n c e the 
pu l se du ra t ions in the water are longer , the t o t a l impulse w i l l be 
i n c r e a s e d . Consequently, for the same peak p re s su re s as in sodium, 
g r e a t e r s t r u c t u r a l d i s t o r t i o n s w i l l r e s u l t in wate r exper iments . 

C. The Naval Ordnance Laboratory Experiments 

During the pe r iod from the mid-1950's to the mid- I960 ' s the United 
S ta t e s Naval Ordnance Laboratory (NOL) conducted an exper imenta l r e sea rch 
program d i r e c t e d toward determining the response of a r e a c t o r v e s s e l and 
containment system to a nuc lea r a c c i d e n t . A t t en t ion was focused on the 
Enrico Fermi Atomic Power P l a n t . A maximum h y p o t h e t i c a l meltdown design 
acc iden t was p o s t u l a t e d as the equ iva len t of the de tona t ion of 1000 lb 
TNT a t t he core l o c a t i o n . A s e r i e s of experiments to determine the 
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response of the shield plug, reported by Wise, Proctor, and Walker, 
has been selected for comparison with the REXCO-H code. 

I t might be mentioned that during this same period, other experi­
ments were being performed in the United States to study the response of 
model containment systems to simulated nuclear excursions. The B a l l i s t i c 
Research Laboratories ran t e s t s to determine the response of models of 
s t e e l containment buildings to in te rna l loadings produced by detonating 
explosives. The Stanford Research I n s t i t u t e constructed model reactor 
vessels constrained by a rad ia l concrete sh ie ld . The resul t ing fragment 
s izes and ve loc i t ies were measured for loadings produced by mixtures of 
explosives and pyrotechnics. 

In the NOL tes t program,4 two d i s t inc t ly different potent ia l ly 
destruct ive mechanisms were considered to be created by a detonating 
high explosive. The f i r s t i s the shock wave assumed to contain i n i t i a l l y 
about one-half of the released energy. The second i s the "b las t pressure" 
resul t ing from the expansion of the explosion gases, which i n i t i a l l y 
contains the other half of the released energy. The shock-wave mechanism 
i s very rapid, of the order of microseconds, and precedes the b l a s t -
pressure mechanism, which pe r s i s t s for mill iseconds. The dominant cause 
of s t r uc tu r a l deformation and fa i lure was claimed to be the impulse 
generated by the fluid momentum associated with the shock wave. The 
ensuing gas pressures were lower by an order of magnitude and insuff ic ient 
to produce further s ignif icant vessel-wall deformation. Because of the 
i n e r t i a of the heavy shield plug, the shock-wave impulse may contribute 
only a small fraction of the plug-jump momentum. A s ignif icant plug 
jump depends upon the slower buildup of the b las t pressure. The shock 
wave i s s t i l l important indi rec t ly to the plug jump, however, because 
fa i lures of the primary shield due to the shock loading wi l l greatly 
influence the resul t ing b las t pressures . 

Of concern to the containment designer i s the fraction of released 
energy that i s available for mechanical damage. For the experiments in 
cold water, about 10% of the high-explosive energy release went into 
the plug jump when the primary vessel ruptured. I t i s claimed that this 
percentage would be increased if the water were hot and decreased i f 
the s t r a ins were smaller. In terpre ta t ion of the model tes t resu l t s with 
respect to the fu l l - sca le nuclear prototype i s s t i l l open to question. 
I t i s not known exactly what percentage of the accident energy release 
i s promptly transferred to the coolant. If 10% i s avai lable , then only 
1% of the to t a l release w i l l be expected for mechanical damage. For 
the SL-1 accident the prompt and to ta l energy releases were estimated 
to be 50 and 130 MW-sec. But the reactor was cold, and this r a t io can 
be expected to be considerably reduced under normal higher-temperature 
operating conditions. 

Because the pr incipal objective of the NOL experiments was the 
response of the shield plug to a postulated nuclear excursion, detai led 
measurements of the shock-wave pressures were not made. Rather, only 
the b las t pressures were measured in the experimental configuration 
shown in Fig. 4. Consequently, a detai led comparison of the REXCO-H 
computations with the tes t resu l t s cannot be achieved. Nevertheless, 
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Fig. 4. 
Rupture Model Assembled in 
Idealization of Model Secon­
dary Shield for Naval 
Ordnance Laboratory Experi­
ments [from "Response of 
Enrico Fermi Reactor to 
TNT Simulated Nuclear Acci­
dents", p. 29, NOLTR 62-207, 
November 1964]. ML Neg. 
No. 900-671. 

Sealing plug 

the NOL tests appear to provide the most suitable data in the United 
States for comparative purposes. The comparisons obtained are significant 
and informative and are discussed in Sect. III. 

) 
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III. COMPARISON OF THE REXCO-H CODE WITH EXPERIMENTS 

The REXCO-H code generates the numerical solution to a set of finite-
difference equations representing a system of differential equations. 
The system of differential equations, together with equations of state 
for the constituent materials, is the mathematical model of the physical 
system. How closely the numerical solution approximates the true solution 
of the differential equations, depends upon a number of considerations 
involving the stability and convergence of the numerical techniques. Some 
of these considerations are discussed in Appendix A. The point is made 
that in a numerical analysis certain questions cannot be resolved com­
pletely by analytical means alone. To test the overall reliability of 
the code performance, comparisons must be made with experimental results. 
Possible discrepancies between code results and experimental data do not 
necessarily imply poor performance of the code in obtaining numerical 
solutions to the mathematical model. The mathematical model itself, 
which is an idealization of the actual physical system, may be inadequate. 
The accurate range of an equation of state may be too narrow or certain 
processes may be incorrectly hypothesized. For this reason, the experi­
ments chosen for comparison should conform as nearly as possible to the 
idealized mathematical model. 

The four sets of model experiments chosen for comparison, described 
in Sect. II, range in complexity from the very simple bare charge in 
water to a relatively complex configuration of simulated blankets and 
shields in sodium. The first and most clear-cut experiment is the bare 
explosive charge suspended in a small rigid tank containing water. In 
this experiment the discrepancies between the mathematical model and the 
actual physical events are expected to be minimized. The equations of 
state for the water and the explosive are reasonably well-known and 
ought not to be a major source of error. Since the charge volume is 
small compared to that of the tank, the effects of deviations from the 
hypothesized detonation process and nonsymmetries in the vicinity of the 
charge should be negligible. Hence, in terms of checking the computa­
tional performance of the code, this first test should be most important. 
The results of the comparison with this test and three subsequent experi­
ments, are discussed in detail below. 

A. The Bare Charge in Water 

The experiments conducted by UKAEA for the bare charge in water are 
reported by Rees.2 A 2-oz (56.7-gm) charge of RDX/TNT 60/40 was sus­
pended in water contained in the r igid vessel shown in Fig. 1. The pres­
sures were measured at the tank wall and roof with p iezoelec t r ic t rans­
ducers. The natural resonance of the gauge was specified as 300 kHz, the 
length as 0.88 i n . , diameter as 0.44 i n . ; the diameter of the quartz 
c rys ta l was 0.25 i n . and i t s thickness 0.125 in . The gauge output was 
0.5 pC/psi, and the system frequency response ranges from 0 to 20 kHz. 
I t should be noted that these experiments were run before 1965; a much 
fas ter response (of the order of 40 kHz) can be at tained with currently 
available systems. For a very sharp r i s e and decay of the shock incident 
upon the tank wal l , the peak pressure wi l l be cut off and the recorded 
pressure peak w i l l be less than the actual peak. The instrumentation was 



17 

not capable of following a very sharply peaked pressure pulse; as a 
r e su l t the recorded pressure peak for an accident shock at the wall 
was expected to be less than the actual peak. 

The data described by Rees was analyzed by Hoskin7 and compared with 
computer code ca lcula t ions . The code used by Hoskin i s apparently s imilar 
to REXCO-H. I t , too, i s an unsteady, two-dimensional (cyl indr ical sym­
metry) Lagrangian code in which shocks are smeared by pseudo-viscous 
terms. Hoskin concludes that the comparisons demonstrate that through 
the use of high-speed computers "accurate estimates of pressure loadings 
can be made for experiments involving explosive charges." 

The equations of s t a t e for both the water and the explosive source 
are reasonably well establ ished. The equation of s t a t e for the explosive 
i s discussed in Appendix B. The forms given by both Amsden and Hoskin 
were used in the REXCO-H code, and the differences in the end resu l t 
( i . e . , the pressures computed at the tank wall) were found not to be 
s ign i f ican t . Also, two different equations of s t a t e for water were used; 
again, the end resu l t s did not appear to differ s ign i f ican t ly . The 
f i r s t equation of s t a t e for water was based upon a Hugoniot curve taken 
from Ref. 9. State points off the Hugoniot curve were described by a 
Mie-Gr'uneisen form with T = 1.32: 

P = PH + Tp(e - eR) (1) 

The computed (p,v) s t a t e h i s to r i e s for pa r t i c l e s at several pos i t ions , 
along the cyl indr ica l rad ia l l ine through the explosive center, i s shown 
in Fig. 5. 

HUGONIOT CURVE 
FOR WATER 

r- 2 58 cm 

Fig. 5. 
Schematic (p,v) State Paths for Shock 
Compression and Expansion at Two Radial 
Positions at the Charge Elevation (Bare 
Charge in Water). 

v 
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The second equat ion of s t a t e used for wa te r was t h a t given by 
Hoskin: 

p = p 0 ( A + Be) (dyne/cm 2 ) , (2) 

where 

A = u(2.56 + 2.8867 u ) 1 0 1 0 ; B = 2.552 + 1.6491 u; 

M = ( P / P 0 ) - 1 • 

The va lue for the i n i t i a l water dens i ty p 0 was taken t o be 1.0 gm/cm3. 
Equation 2 was obta ined by a s t r a i g h t - l i n e f i t t o t h e Hugoniot da ta of 
Rice and Walsh8 fo r the shock and p a r t i c l e speeds : 

U = a + bu . (3) 

For a l e a s t - s q u a r e s f i t a t 5 and 200 kb t h e c o e f f i c i e n t s a re 

a = 1.6(105) cm/sec; b = 1.6276 

The form of Eq. 2 i s der ived by combining the Hugoniot f i t wi th the 
Rankin-Hugoniot r e l a t i o n s for conserva t ion of mass, momentum, and energy: 

mass: u = ;—7 U; 
P v + 1 

momen turn: p R = p0UUp; 

energy: p R u = P Q U[(u 2 / 2 ) + eR] . 

From the Rankin-Hugoniot r e l a t i o n s , 

eH = U p 2 / 2 J PH = P o ( a + b U p ) u p ' 

The p a r t i c l e v e l o c i t y i s 

up = a u / [ l - (b - 1 ) J I ] , 

and, n e g l e c t i n g terms of order 0 ( u 3 ) , the b inomia l expansion g ives 

u = a u [ l + (b - D u l ; u 2 = a 2 u 2 . 
P P 
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S u b s t i t u t i o n i n t o the Mie­Gruneisen form Eq. 1, l e t t i n g T = 2b ­ 1 = 
2.2552, g ives* t he c o e f f i c i e n t s in Eq. 2: 

A = u ( a 2 + a2 | ­ u ) ; B = r + Tu. 

For each cell the values of p and e are computed from the simul­
taneous solution of the equation of state and the energy equation (primed 
quantities are known values from the previous time cycle): 

Ae = ­ | (P* + p)Av , 

where 

A e = e ­ e ' ; A v = v ­ v ' ; P = p + q . 

From Eq. 2 the e x p l i c i t s o l u t i o n for the i n t e r n a l energy i s 

e = [e' ­ \ (P' + A)Av]/(l + | B Av) . 

(4) 

(5) 

Negative values of p are not permitted since water cannot sustain any 
significant tension; if the solution of Eqs. 2 and 5 gives a negative 
pressure, then p is set equal to zero and e is calculated directly 
from Eq. 4. 
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Fig. 6. Comparison of REXCO­H Computed Pressures with Measured 
Values at Gauge­3 Position (Bare Charge in Water) 

Note t h a t in the second term for B, the c o e f f i c i e n t used by Hoskin i s 
1.6491 r a t h e r than T. To compare our code r e s u l t s we used h i s v a l u e . 
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In Fig. 6 the REXCO-H computed pressures on the tank wall at the 
gauge-3 posit ion are compared with the measured values. The computed 
peak shock pressure i s 27,700 p s i , about 20% greater than the measured 
value of 23,100 p s i . This discrepancy i s to be expected in view of the 
instrument lag; the peak pressure is cut off because the measuring-
system response i s not suff ic ient ly fast to follow the sharply peaked 
shock. For this computation the equations of s t a t e used for the water and 
explosive were those given by Hoskin. The cyl indr ical ly shaped explosive 
was permitted to burn radia l ly outward at a constant burn ra te of 
7991 m/sec (see Appendix B). The advance of the shock wave radia l ly out­
ward toward the wal l , and the corresponding grid deformation, i s shown 
in Fig. 7. 

The i n i t i a l advance of the shock wave should remain symmetrical 
about the charge center u n t i l interference effects from the bottom 
ref lec t ion become s ign i f i can t . Actually, for the cyl indr ica l coordinate 
system used, the ce l l volumes increased radial ly outward from the 
cyl indr ica l axis . Hence, the numerical grid was not spherical ly symme­
t r i c ; as a consequence, numerical deviations from spherical symmetry were 
induced, even when the actual phenomena were perfectly symmetric about 
the charge center. Comparison of a rad ia l and axial computed pressure 
prof i le i s shown in Fig. 8. 

The plot ted pressure prof i les of the computer output shown in 
Fig. 7 are to a l inear scale and show the major pressure pulses; however, 
the de ta i l s of the smaller pressures do not show up very wel l . The pres­
sures should be plot ted to a logarithmic sca le , as shown in Fig. 9. To 
obtain more de ta i l in the computation a fine grid was used, and in place 
of the two cel ls for the half-space containing the explosive shown in 
Fig. 7, the explosive was par t i t ioned into 26 c e l l s , or 13 cel ls for the 
quadrant shown in Fig. 10. 

For the computation of the pressure prof i les shown in Fig. 9, the 
grid was repeatedly rezoned. The maximum grid d is tor t ion was confined to 
values from 5 to 8. For example, the grid d is tor t ion short ly following 
the detonation i s shown in Fig. 10. The d is tor t ion is confined to the 
explosive-water in ter face . If a smooth curve were used here , the d i s to r ­
tion would be reduced. The pressure prof i le at t = 56.35 usee shows an 
osc i l l a t ing wave t ra in developing behind the shock front . When the grid 
was coarsened at th is point (grid size doubled) the finer de ta i l s of the 
wave s t ructure were l o s t , and a smoother wave prof i le was obtained for 
t = 112.25 usee, j u s t pr ior to incidence at the wal l . When the fine grid 
s t ruc ture was maintained u n t i l the shock front reached the wal l , the peak 
was sharper and the peak reflected pressure was higher, 2.5 kb compared 
to 2.0 kb for the coarser gr id . These pressure values are along the rad ia l 
l ine through the charge, where the incident shock pressure i s normal to 
the wal l . The peak pressures at the gauge-3 posit ion were reduced because 
the wave was oblique to the gauge face and more dis tant from the shock 
center. 

At the gauge-3 posit ion the incident shock was obliquely inclined to 
the wal l ; the shock was normal to the wall 2.6 in . below gauge 3, d i rect ly 
opposite the charge center. In Fig. 11 the computed pressure traces at 
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Fig. 9. Computed Pressure Profiles in the Radial Direction as the 
Shock Wave Advances toward the Wall (Bare RDX/TNT Charge 
in Water) 
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these two points are compared. The peak pressure for the normal shock was 
31,900 p s i , considerably higher than the 27,700-psi peak a t gauge 3. The 
incident shock arrived somewhat e a r l i e r because the rad ia l distance from 
the charge to the wall was a l i t t l e l e s s , and the reflected shock from 
the bottom was s ignif icant ly e a r l i e r . I t may be noticed that the 
reflected shock was beginning to blend with another pressure pulse . This 
other pressure pulse i s the second pulse emerging from the charge, more 
clearly seen in Fig. 9. By the time th is second pulse reached gauge 3, 
i t was already obscured by the combined actions of the rarefaction 
following the f i r s t pulse and the bottom-reflected shock. The subsequent 
pulses represented more complex in te rac t ions , and individual components 
were d i f f i cu l t to dis t inguish. 

At the tank top the computed pressure within the trapped a i r space 
gradually increased as the water surface rose as shown in Fig. 12. The 
computed peak pressure was 0.83 kb or 12,035 p s i . This computed pressure 
compares with the measured pressure of 12,500 psi by gauge 12 in the core 
access plug. 
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Fig. 12. 
The Computed Pressure History 
in the Trapped Air Space above 
the Liquid Surface (Bare 
Charge). ML Neg. No. 900-676. 
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The t o t a l energy should be conserved throughout the computational 
process. Some deviations are to be expected from the natural errors 
introduced by the f ini te-difference approximations (see Appendix A, 
Sect. 2 ) , and to a minor extent by small round-off e r ro r s . The most 
subs tan t ia l deviations from energy conservation are caused by the grid 
d i s tor t ion which develops if the computation i s not frequently rezoned. 
Tr ia l computations have indicated, however, that these d is tor t ions have 
l i t t l e effect upon the early shock pressures at the tank walls or upon 
the early motion of the free l iquid surface. Consequently, the com­
putation was permitted to proceed, without introducing the disturbances 
caused by rezoning, to calculate the pressure loadings at the walls 
and roof. While the accuracy of these computed pressure loadings were 
maintained, the in te rna l d is tor t ions caused deviations from an invariant 
t o t a l energy to grow as shown in Table 1. 

B. The Charge Enclosed in a Core and Breeder Structure 

The second t e s t case selected for comparison with the REXCO-H code 
was also performed by the UKAEA, and involved the same bare charge and 
containment-tank configuration discussed above, but the charge was con­
fined in the s t ructure shown in Fig. 2. In the experiment, the effect 
of the enclosing s t ructure was to delay the time of a r r iva l of the 
pressure wave reaching the wall and to smear out the wave form s i g n i f i ­
cantly. The sharp peak observed for the bare charge was completely 
suppressed, as shown by Hoskin (see Fig. Dl in Appendix D); the pressure 
developed more gradually to a peak of 3,480 p s i , or 0.24 kb, at gauge 3, 
compared to the peak shock pressure of 23,100 p s i , or 1.59-kb, for the 
bare charge. Thus, the measured effect of the s t ruc ture i s to reduce 
the peak pressure reaching the containment wall (at gauge 3) by a factor 
of about s ix . The pressure computed by REXCO-H was 0.60 kb, so the 
effect of the confining s t ruc ture is to a t tentuate the computed peak pres­
sure at the gauge-3 posi t ion by a factor of only three . 

Since the performance of the REXCO-H code, in terms of i t s ab i l i t y 
to perform the e s sen t i a l numerical computations, i s reasonably wel l -
established by i t s comparison with the bare-charge experiment, i t would 
appear that the source of error l ies in the equations of s t a t e of the 
mater ia l s . Par t icu lar ly unrel iable i s the description of the lead shot . 
The lead shot was treated in three different ways. F i r s t , the lead shot 
was assumed to be water saturated (that i s , the i n t e r s t i ce s between the 

1000 
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Table I . Energy Balance ( for Bare Charge in 
Water) Calcula ted by REXCO-H Code 

Time, 
ysec 

0 
0 .5 
1.0 
1.5 
2.0 
2 . 3 a 

5.0 
10.0 
26.6 
87.6 

162.8 
214.4 
329.6 
394.0 
474.0 
610.8 
770.8 
866.2 
973.4 

1047.0 

Computational 
Cycle 

0 
5 

10 
15 
20 
23 
50 

100 
200 
300 
400 
500 
600 
700 
800 
900 

1000 
1100 

- 1200 
1300 

I n t e r n a l 
Energy, 
kW-sec 

_ 
44.69 

192.93 
446.71 
804.68 

1016.8 
945.45 
891.44 
895.42 
901.89 
923.11 
959.35 
939.27 
899.79 
883.84 
900.21 
953.66 
971.26 
979.36 
982.56 

K i n e t i c 
Energy, 
kW-sec 

_ 
0.0004 
0.0365 
0.457 
2.651 
6.143 

78.36 
134.23 
156.97 
152.96 
131.22 
95.37 

117.89 
158.55 
175.36 
157.68 

85.59 
57.71 
45.43 
39.80 

Tota l 
Energy, 
kW-sec 

_ 
44.69 

192.97 
447.17 
807.33 

1023.0 
1023.8 
1025.7 
1052.4 
1054.8 
1054.3 
1054.7 
1057.2 
1058.3 
1054.2 
1057.9 
1039.3 
1029.0 
1024.8 
1022.4 

Deviat ion 
of Energy, 

% 
— 
-
-
-
-
-

0.07 
0.26 
2.87 
3.11 
3.06 
3.10 
3.34 
3.45 
3.54 
3.41 
1.59 
0.59 
0.18 
0.06 

End of burning (56.7-gm c y l i n d r i c a l charge; h = 3.51 cm; r = 1.755 cm; 
cons tan t burn v e l o c i t y = 7991 m/sec; s p e c i f i c energy r e l e a s e = 4.789 kW-
sec /gm) . 

sho t were permeated with water) and a Hugoniot curve was cons t ruc ted* for 
a mixture of 35% water and 65% lead by volume. Al l m a t e r i a l s were t r e a t e d 
hydrodynamical ly, in the sense t h a t shear s t r e s s e s were n e g l e c t e d , and as 
a r e s u l t the energy absorp t ion of the confining s t r u c t u r e was u n r e a l i s -
t i c a l l y low. The e f f ec t of the confining s t r u c t u r e was t o a l t e r the 
p r e s s u r e p r o f i l e , as may be observed by comparing F ig . 13 with F ig . 9 for 
the bare charge . The ne t a t t e n u a t i o n of the peak p r e s s u r e a t the gauge-3 
p o s i t i o n was not s i g n i f i c a n t . Subsequent communication with the UKAEA 
revea led t h a t the lead shot was not water s a t u r a t e d and should be t r e a t e d 
as a t r u l y porous m a t e r i a l r a t h e r than as a l i q u i d - s o l i d mix tu re . 

The equat ion of s t a t e was modified to permit the absorp t ion of energy 
by the crushing of the voids between the lead shot as descr ibed in 
Appendix D. As a r e s u l t , the peak p r e s su re was a t t e n u a t e d to a value 
of 1.1 kb , approximately one-hal f of the previous peak for the wa t e r -
f i l l e d v o i d s . This a t t e n u a t i o n , however, was i n s u f f i c i e n t when compared 

See Ref. 1, Appendix B, "Equation of S t a t e for a Group of Mixed 
M a t e r i a l s . " 
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Fig. 13. Computed Radial Hydrodynamic Pressure Profile for the 
Confined Charge (Water-saturated Lead Shot) 

to the experimental performance of the confining s t ruc tu re . Shear 
s t resses were neglected in the hydrodynamic equations for the lead shot . 
Since the pressure pulse reaching the wall i s not sharply peaked, and 
the peak i t s e l f i s considerably smaller than the value for the bare 
charge, the mechanical effects at the lower pressures become dominant. 
The neglect of the shear s t resses in proportion to the hydrostat ic pres ­
sure at the lower pressures w i l l lead to s ignif icant e r ror . 

For a more r e a l i s t i c description of the attenuation process, the 
energy absorbed by the shear s t resses must be computed. In the th i rd 
t r i a l computation, the e l a s t i c - p l a s t i c equations described in Appendix A, 
Sect. 5 were applied to the compacted lead shot . These computations were 
performed with the i n e l a s t i c code supplement.6 The addit ional mechanical 
energy dissipated by the shear s t resses produced an attenuation of the 
peak pressure down to a value of 0.60 kb; the computed pressure his tory at 
the gauge-3 posit ion i s shown in Fig. 14. This peak value i s not as low 
as the measured peak value of 0.24 kb, but i t i s fa i r ly clear that the 
discrepancy is due to the inaccurate description of the lead shot, ra ther 
than to deficiencies in the basic REXCO-H code. The supplementary 
i n e l a s t i c code t r ea t s the lead-shot region as i f i t were a homogeneous, 
i so t rop ic medium of compacted lead, i . e . , essen t ia l ly as i f the lead-shot 
region were a thick-walled lead cylinder. Actually, the material s t ruc ture 
i s qui te dif ferent ; before the shot i s compacted the material i s obviously 
not i so t rop ic , and remains so throughout i t s e l a s t i c range. From the 
computation i t was found that a s ignif icant port ion, about one-third, of 
the shot had not been completely compacted. The dis tor ted configuration 
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Fig. 14. 
The Computed Pressure 
Trace at the Gauge-3 
Position for the Con­
fined Charge. ML Neg. 
No. 900-678. 
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at the time of the 0.6-kb pressure peak is shown in Fig. 15. To obtain 
a better correlation with the experiments, an improvement in the inelastic 
code is needed, specifically to treat a nonisotropic material. 

Fig. 15. 
Configuration of Con­
fined Charge at 
Initial Time Compared 
with Distortion at 
Time of Peak Pressure 
at Gauge-3 Position. 
ANL Neg. No. 900-806. 
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C. The Cadarache Experiments in Sodium 

The t h i r d t e s t case chosen for comparison i s from a s e r i e s of s c a l e -
model experiments c a r r i e d out j o i n t l y by the CEA-Euratom and the UKAEA a t 
Cadarache, France. The exper imenta l conf igura t ion i s shown in F ig . 3 . 
Hexogene charges (15, 30, and 60 gm) were in t roduced i n t o a 25-cm-diameter, 
42.4-cm-high, s t e e l , s imula ted core v e s s e l . The b l anke t s were s imula ted 
by a mixture of uranium and s t e e l rods (average dens i ty of 12.7 gm/cm3); 
the neutron r e f l e c t o r s were r ep resen ted by s i x concen t r i c s t a i n l e s s s t e e l 
c y l i n d e r s , 0.25 cm t h i c k , spaced 0 . 1 cm a p a r t ; the h e a t s h i e l d was 
represen ted by four longer , 0 .1-cm-th ick c y l i n d e r s , spaced 0 . 1 cm a p a r t . 
Experimental da ta were obta ined for the t h r e e charge weights in both wate r 
and sodium. 
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For comparative purposes more instrumentation would have been 
desirable in the experiments; in particular, at least one pressure probe 
should have been immersed in the liquid for the direct measurement of the 
shock strength. 

The pressure gauges located in the top plate first recorded the 
initial gradual buildup of pressure in the air space above the sodium 
free surface. Then the liquid sodium impinged directly upon the gauge 
face, causing a rapid rise in the pressure. This pressure surge extended 
over a period of the order of 0.2 msec. The recorded pressure traces 
show an ill-defined noisy hash during this period, with peaks at 17,000 
to 19,000 psi. At the completion of the surge, at about 1.2 msec, the 
liquid sodium had apparently receded, and the initial gradual pressure 
buildup in the air space resumed. 

It is apparent that the response of the instrumentation system was 
not sufficiently fast to record the details of the rapidly fluctuating 
pressure generated when the liquid sodium strikes the top plate. The 
computed pressure fluctuations are shown in Fig. 16. The first pressure 

Fig. 16. 
The REXCO-H Computed Pressure 
Trace at the Sodium Free 
Surface and at the Top Plate 
after Slug Impingement for 
the Cadarache Experiment 
(60-gm Hexogene Charge). 
ML Neg. No. 900-680. 

0 70 0 80 0 90 
Time, msec 

pu l se a r r i v e d at the f ree su r face a t 0.82 msec and i s not sensed a t the 
gauge in the top p l a t e . A second shock p r e s s u r e , probably a r e f l e c t i o n 
from the bottom, a r r i v e s at the sodium sur face a t 0.885 msec, and a t 
0.890 msec the sodium sur face impinges upon the top p l a t e . The p r e s su re 
immediately r i s e s aga in , followed by a l t e r n a t e r a r e f a c t i o n s and p r e s s u r e 
s u r g e s . The computed p r e s s u r e peaks a re in the neighborhood of 18,000 p s i , 
compared to the exper imenta l ly measured peaks of 17,210 p s i and 19,250 p s i 
for sodium at 150 and 400°C, r e s p e c t i v e l y . The repor ted s tandard e r r o r 
i s 1,250 p s i , so i t may be concluded t h a t the REXCO-H computed peak p r e s ­
su re i s i n agreement, w i th in exper imenta l e r r o r , wi th the measured peak 
p r e s s u r e in the Cadarache sodium exper iments . 

The computation was stopped a f t e r 1 msec because of excess ive c e l l 
d i s t o r t i o n . Ac tua l ly , as may be observed in the sequence of F i g s . 17 and 
18, c e l l d i s t o r t i o n in the c e n t r a l region becomes excess ive much e a r l i e r , 
so t h a t the inner mesh i s g ros s ly d i s t o r t e d throughout almost a l l of the 
computat ion. However, the c e l l s i n the region of the l i q u i d su r face 
remain r e l a t i v e l y u n d i s t o r t e d up to 1 msec, and the p r e s su re s in t h i s 
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Fig. 17. 
Initial Lagrangian Mesh Con­
figuration for the REXCO-H Com­
putation for the Cadarache Exper­
iment. ML Neg. No. 900-728. 
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region may be considered to be reasonably accurate. At least the computed 
pressures in these undistorted surface cells are not contradicted by the 
experimentally measured pressures. 

The major uncertainty in the computation lies in the equations of 
state for the shielding materials. The blankets are simulated by a 
mixture of closely packed uranium and steel rods with an average density 
of 12.7 gm/cm3. The concentric stainless steel cylindrical reflectors 
were so closely spaced (1-mm spaces) that it was necessary to include 
within a single computational grid cell several alternating layers of 
steel reflectors and liquid sodium. As a consequence, a single cell 
must be treated as a'mixture of materials, and a representative average 
equation of state for the mixture must be devised. The mixture equation 
of state was based upon a composite Hugoniot constructed from the 
individual Hugoniot curves for the constituent materials. The individual 
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Fig. 18. 
Distortion Sequence of the 
Lagrangian Mesh for the Cadarache 
Computation. 

t = 0.196 msec 
(Cycle 400) 
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t = 0.664 msec 
(Cycle 1000) 

t = 0 908 msec 
(Cycle 1500) 

Hugoniot curves were based upon Ref. 9 and derived from a shock fitting 
of the form of Eq. 3 with the values of a and b for each material 
specified. The specific volume ratio is 

u u 
V = v/v = 1 - -2- = 1 - E — , 

o U a + bu 
(6) 

and the pressure i s given by 

P - P, 
Uu (a + bu )u 
_P_ = P P (7) 
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For each material, with specified a and b, the Hugoniot curve (p,V) 
is constructed from Eqs. 6 and 7 by assigning a range of values to the 
parameter Up. For a mixture consisting of materials A and B, the 
mixture Hugoniot (PH,VJJ) can be constructed from the mixing rule 

VM = aVA + (1 " a)VB " (8) 

where a is the original volume fraction of material A, and V^ and Vg 
are found from the individual Hugoniot curves at pressure pjj. The mixture 
internal energy is given by 

P - PH 

where the Hugoniot internal energy is 

PH + Pp X - VM 
6H 2 p 

the average density i s 

po = apA,o + ( 1 " a ) p B,o » 

and the average Grlineisen coefficient i s 

i !!A I_ / !Mj_ 
r = V M r A + \ 1 _ v M / r B -

The equations of s t a t e based upon the above simple mixing rules 
yielded physically reasonable-appearing r e s u l t s . The success of the 
method may be a t t r ibuted in large measure to the s imi lar i ty of the 
materials A and B. If widely differing materials were mixed, separate 
experiments should be conducted to determine the composite equation of 
s t a t e . 

D. The Naval Ordnance Laboratory Rupture Model Tests 

The fourth experiment analyzed for comparison with the REXCO-H code 
was run in the apparatus shown in Fig. 4 by the U. S. Naval Ordnance 
Laboratory. The experiment was designed to measure the plug jump, and, 
in consequence, as a t e s t of the REXCO-H code i t i s deficient in cer tain 
respects . The code computes the conditions developing during the i n i t i a l 
time period before the f i r s t millisecond. I t i s during th is period that 
the most in te res t ing events occur, the shock-wave and major compressibility 
effects are completed, the vessel fa i lure occurs, and the peak pressure 
which wi l l subsequently drive the model plug has developed. This peak 
pressure was computed to be 58.5 psig at 0.534 msec, as shown in Fig. 19. 
For the experiment the pressure measurements were effectively only 
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Fig. 19. 
The REXCO­H Computed Chamber­
pressure History for the NOL 
Rupture Model (126.45­gm 
PETN/TNT 50/50 Charge). ML 
Neg. No. 900­682. 

beginning at t h i s t ime; the r epor ted measured pres su re s were 49 ps ig for 
t he sodium temperature of 561°F and 67 ps ig for 850°F. The average peak 
p r e s s u r e for the two experiments i s 58 p s i g . The exper imenta l observa t ions 
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Fig. 20. Initial Lagrangian Mesh Config­
uration for the NOL Rupture­model Test Com­
parison. 'ML Neg. No. 900­729. 
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0 0 9 8 msec 
(Cycle 300) 

0.178 msec 
(Cycle 400) 

0.258 msec 
(Cycle 500) 

0418 msec 
(Cycle 700) 

0.498 msec 
(Cycle 800) 

0.542 msec 
(Cycle 900) 

Fig. 21. Distortion Sequence of the Lagrangian Mesh for 
the Computation of the Explosive Rupture of the 
NOL Model. ML Neg. No. 900-674. 
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were e s s e n t i a l l y only s t a r t i n g when the peak p r e s su re i s reached; a t t h i s 
time the 80-lb plug had s c a r c e l y moved. Measurements of the chamber p r e s ­
sure and plug motion extended out to the time when the p r e s s u r e drops to 
z e r o , a dura t ion of the order of 800 msec. The events during t h i s r e l a ­
t i v e l y long per iod are s a i d t o be l e s s i n t e r e s t i n g because the s t a t e of 
the gas d r iv ing the plug i s w e l l - e s t a b l i s h e d in the f i r s t m i l l i s e c o n d , 
and the remainder of the time simply involves the well-known b a l l i s t i c s 
problem of a plug driven by an expanding gas wi th a given equat ion of 
s t a t e . The experiment would have been more app rop r i a t e i f d e t a i l e d 
measurements had been made during the f i r s t mi l l i s econd r a t h e r than during 
the remaining 800 msec. Since no gauges were loca ted wi th in the l i q u i d , 
shock p re s su re s and times of a r r i v a l were not recorded. The only p r e s ­
sure measured was ou t s ide of the rup tu re model; the r e s u l t i n g p r e s su re 
t r a c e , at the e a r l y t ime , depends upon the v e s s e l - r u p t u r e mode, how t h e 
sodium e j e c t s from the r u p t u r e , t he overflow process a t the t o p , and the 
f l a sh ing and mixing processes of the sodium with the surrounding a i r . 
The computed sequence of events during the v e s s e l rup ture i s shown in 
F i g s . 20 and 21 . The fac t t h a t the measured peak p r e s su re for the h o t t e r 
sodium was 6 7 ps ig compared to 49 ps ig for the cooler sodium i s due t o 
the inc reased evapora t ion r a t e and h igher vapor p r e s s u r e . The shock p r e s ­
su res in the l i q u i d sodium were probably more near ly the same, as i n d i c a t e d 
by the Cadarache exper iments , which found l e s s dependence upon the sodium 
tempera tu res . Consequently, the average (of 67 and 49 ps ig ) exper imenta l 
peak p r e s su re of 58 ps ig i s compared to the REXCO-H computed peak p r e s su re 
of 58.5 p s i g . The remarkably good agreement may poss ib ly be more a 
co inc idence , r a t h e r than a s t rong confirmation of the code, in view of the 
v a r i a t i o n from 49 to 67 p s ig in the exper imenta l measurement. However, 
i t can be concluded t h a t t he b a s i c behavior p r e d i c t e d by the REXCO-H code 
i s not con t r ad i c t ed by the exper imenta l obse rva t i ons . 
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IV. SUMMARY AND CONCLUSIONS 

The REXCO-H code i s designed as a t o o l to p r e d i c t the e a r l y response 
of a nuc l ea r r e a c t o r to an a c c i d e n t a l excurs ion . To e s t a b l i s h the 
e f f e c t i v e n e s s of the code, comparisons must be made wi th a c t u a l p h y s i c a l 
d a t a . The most app rop r i a t e da t a a v a i l a b l e a re from l abora to ry e x p e r i ­
ments i n which r e a c t o r acc iden t s a re s imula ted by the de tona t ion of 
smal l exp los ive charges in sca led models. Four experiments were s e l e c t e d 
for comparative s t u d i e s . The r e s u l t s of the comparisons demonstrated 
t h a t the REXCO-H code has the c a p a b i l i t y of p r e d i c t i n g accu ra t e ly the 
e a r l y - t i m e p r e s s u r e loadings genera ted in small-model experiments using 
such chemical explos ives as RDX/TNT and PETN/TNT. As a consequence, 
for f u l l - s c a l e r e a c t o r - c o r e explos ions of a s i m i l a r n a t u r e , t h e a p p l i ­
ca t i on of t h e code can be extended t o the ana lys i s of the i n i t i a l p r e s ­
s u r e l o a d i n g s . For the a n a l y s i s of a h y p o t h e t i c a l a c c i d e n t , a r e p r e ­
s e n t a t i v e model of the f u l l - s c a l e explos ion must be supp l ied as inpu t 
to the code, toge the r wi th an adequate d e s c r i p t i o n of the dynamic 
behavior of the m a t e r i a l s and components involved . 

Of the four experiments analyzed, the most d e c i s i v e for the purposes 
of the comparison was the bare explos ive charge in w a t e r . The p r e s s u r e 
waves t r a n s m i t t e d through the water were measured d i r e c t l y by a b a t t e r y 
of p i e z o e l e c t r i c gages mounted in the r i g i d wa l l s of t h e c o n t a i n e r . 
Because of the s i m p l i c i t y of the experiment , p o s s i b l e ambigui t ies were 
minimized in the d e s c r i p t i o n of the m a t e r i a l behavior and p r o c e s s e s . The 
de tona t ion process and the equat ions of s t a t e for the RDX/TNT and the 
wate r a re reasonably well-known, so t h a t the c o r r e l a t i o n between the 
exper imenta l da ta and the code r e s u l t s can be expected to provide a t r u e 
measure of the b a s i c code performance. The comparison i n F i g . 6 of t h e 
code-pred ic ted p r e s su re - t ime v a r i a t i o n a t t he gauge-3 p o s i t i o n wi th the 
va lues measured in the experiment shows a good agreement. The d i s c r e p ­
ancies in the comparison are minor for exp los ive work of t h i s n a t u r e and 
a re w e l l w i t h i n the dev ia t ions t o be expected from the in s t rumen ta t ion 
system. The frequency response of the system was l imi t ed to 20 kHz, so 
t h a t some cutoff of the sharp p r e s s u r e peak w i l l occur , and smal l 
v a r i a t i o n s due t o lag times a re unavoidable . The conclusion t o be 
reached i s t h a t the comparison confirms the computation of the e a r l y -
time p r e s s u r e waves generated by the exp los ion . The computed peak p r e s ­
sure a t the con ta ine r roof of 12,035 p s i was a l so confirmed by the 
measured peak of 12,500 p s i in the exper iment . 

The Cadarache and NOL experiments a re perhaps not as w e l l s u i t e d 
for comparison wi th the code r e s u l t s because the p r e s s u r e waves t r a n s ­
mi t t ed through t h e l i q u i d were no t measured d i r e c t l y . In the NOL e x p e r i ­
ment a s i n g l e p r e s s u r e - t i m e t r a c e were measured i n the l a rge chamber 
surrounding the rup tu re model (see F i g . 4 ) . The p r i n c i p a l o b j e c t i v e of 
the experiment was t o study the plug r i s e , which i s a r e l a t i v e l y slow 
process t ak ing p l ace over a time pe r iod extending from 50 t o over 400 msec. 
The peak b l a s t p r e s s u r e in the chamber i s reached in 534 ysec , a t which 
time t h e p lug has s c a r c e l y moved. The p l o t s shown i n the NOL r e p o r t 4 

show only t h e f a l l i n g chamber p r e s su re and the plug s t r o k e . 
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In sp i t e of the apparently good comparison of the computed peak pres­
sure with the average peak pressure for the two experiments, confidence 
in the comparison could be improved by more appropriate instrumentation 
in the experiments. The response time of the instrumentation should be 
designed to give detai led measurements during the more important early 
events in the f i r s t millisecond. The gauge location should be improved 
by direct contact with the f lu id , and more gauges should be used to obtain 
a pressure d i s t r ibu t ion . The pressure measured by the gauge located in 
the s ide chamber depends to an uncertain extent upon the complex physical 
processes which take place when the escaping l iquid sodium surges through 
the ruptured vessel wall and mixes with the surrounding chamber a i r . 
A further uncertainty involves the effects of the mode of rupture and the 
strength of the vessel wall upon the i n i t i a l pressure buildup in the 
chamber. 

The Cadarache experiment i s perhaps somewhat be t t e r sui ted for 
comparative purposes with the code than the NOL experiment. Although 
the pressures in the l iquid were not measured d i r ec t ly , the pressure 
gauges were mounted in the roof, 5 cm above the l iquid surface of the 
sodium, rather than in the side wall of the surrounding chamber. The 
early-time pressure in the space above the l iquid is much less dependent 
upon the mode of vessel fa i lure and the mechanics of the escaping sodium 
j e t mixing with the a i r in the side chamber. The experimental configura­
tion was quite complex, and the computed peak pressure of 18,000 psi 
agrees well with the 18,230 psi average for two experiments. In view of 
the uncertainty of the equations of s t a t e applied to the mixed materials 
surrounding the charge, and the gross dis tor t ions permitted without 
rezoning of the computational procedure, the good agreement between the 
measured and computed peak pressures may be in par t for tu i tous . Questions 
may yet be raised concerning the performance of the code for complicated 
configurations. Clearly, however, the experiment in no way indicates 
unsatisfactory code performance. 

Good agreement was obtained between the REXCO-H computed resu l t s and 
the data from the three experiments mentioned above: the bare charge, 
and the Cadarache and NOL experiments. The agreement was not good for 
the confined-charge configuration shown in Fig. 2. In the experiment 
the peak pressure measured by gauge 3 was 0.24 kb. Without the confining 
s t ruc tu re , the peak measured pressure was 1.59 kb, so the effect of the 
s t ruc ture was to attenuate the peak pressure reaching the tank wall by 
a factor greater than s ix . The REXCO-H computed pressure at the gauge-
3 posi t ion was 0.6 kb, compared to a computed peak for the bare charge 
of 1.91 kb. Hence, the computed effect of the confining s t ruc ture i s to 
reduce the peak pressure by a factor of only s l igh t ly greater than three . 
The reason for the discrepancy apparently l i es in the uncertainty of 
the e l a s t i c - p l a s t i c description of the dynamic behavior of the lead shot . 
The assumption that the lead shot const i tutes a homogeneous i so t ropic 
medium for the lower pressures (less than 20 kb) probably leads to 
considerable e r ro r . A second, probably minor, source of error i s the 
effect of the heavy diagrid p la te s t ructure supporting the lead shot. This 
diagrid was not included in the computational model; a strong second shock, 
ref lected from the bottom, reached the wall in the computation. This 
strong second shock was not evident in the experiment. 
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The conclusion to be reached on the basis of the comparisons of the 
code results with the experiments described above is that the REXCO-H 
code computations are consistent with the pressure measurements for the 
early times following an explosion. For the most simple configuration, 
the bare charge in water, the experimental measurements were detailed 
and excellent agreement with the computed results was obtained. The 
question can be raised concerning the performance of the code for more 
complex configurations. The experiments do not really answer this 
question adequately, although the Cadarache configuration was quite 
complex and good agreement was obtained for the initial times up to about 
1 msec. Beyond this time the grid distortion, excessive already much 
earlier in the interior regions, progresses to the neighborhood of the 
containment roof, so that the computed pressures in that area are no 
longer reliable. The obvious recommendation to improve the performance 
of the code is to develop methods to extend the time range over 
which reliable computations can be made. Rezoning provides a partial 
remedy, but by itself is not sufficient to extend the computations 
significantly into the millisecond range for the high-explosive model 
tests. For the lower pressures at the later times the elastic-plastic 
descriptions should be improved, together with the thermodynamic equations 
of state of both individual and composite materials. 

From the examination of available experiments, it is apparent that 
a special experimental program should be designed with the specific 
objective of testing the code performance. Specific tests should be 
planned to reveal intermediate and internal features of the physical 
processes involved, and to provide more detailed and accurate equations 
of state, especially for multicomponent material mixtures. 

Verification of the code for the highly transient phenomena simu­
lated by existing high-explosive tests does not necessarily imply that 
the application of the code can be extended, without modification, to 
the slower excursion phenomena of a prototype reactor accident. Parti­
cular attention should be given to heat-transfer effects. Experiments 
designed for controlled excursion simulation should be run to test the 
rate dependence of the REXCO-H code. 

However, in terms of structural damage, the most important destruc­
tive mechanisms occur during the very early period of sharp peak pres­
sures, and this period is well described by the REXCO-H code. 
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APPENDIX A 

The Mathematical Model 

1. The Hydrodynamic Equations 

The REXCO-H code i s designed to compute the hydrodynamic response of 
a primary reac tor -con ta inment system undergoing a high-energy excur s ion . 
The response i s termed "hydrodynamic" for the range of cond i t ions p r e v a i l ­
ing dur ing an energy r e l e a s e so high t h a t the s h e a r - s t r e s s ac t ions are 
n e g l i g i b l e compared to the dominating hydrodynamic p r e s s u r e g r a d i e n t s . 
In g e n e r a l , the m a t e r i a l shear s t r e n g t h i s no g r e a t e r than a few k i l o b a r s , 
so for shock p re s su re s i n the neighborhood of 100 kb the m a t e r i a l can 
wi th accuracy be t r e a t e d as a f l u i d ; good r e s u l t s can be expected for 
p r e s s u r e s down to 50 kb . For metals below 50 kb , measured wave v e l o c i t i e s 
exceed the va lues computed on a pure ly hydrodynamic b a s i s . Since the 
e l a s t i c ranges up to the order of 10 kb , an e l a s t i c p r e c u r s o r may develop 
dur ing a p res su re bui ldup and p e r s i s t ahead of the shock for shock 
s t r e n g t h s as high as s e v e r a l hundred k i l o b a r s . However, in terms of 
damage, these p recur so r s can be ignored i n comparison to the e f f e c t s of 
the shock wave. For the hydrodynamic range of cond i t ions the mechanics 
of the a f fec ted regions can be descr ibed by the system of continuum f i e l d 
equa t ions for the conservat ion of mass, momentum, and energy, t o g e t h e r 
wi th an equat ion of s t a t e : 

mass: -=^ + p div u = 0; (Al) 

momentum: p — = - grad p; (A2) 

De , Dv n .... 
energy: — + p — = 0; (A3) 

state: p = f(v,e); v = 1/p. (A4) 

There are four unknown functions of position and time. The thermodynamic 
state is described by the fields of pressure p, density p, and internal 
energy e; the state of motion is described by the velocity vector field 
u. 

The mathematical model for a given reactor configuration includes 
the above system of equations together with prescribed initial conditions. 
The model is simplified by considering only those cases possessing axial 
symmetry. A cylindrical coordinate system is introduced to describe the 
radial (r) and axial (z) locations. The radial and axial components 
of the velocity vector are u and w. The differential operators are 
then 
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D 
Dt 

grad 

3 . 9 . 8 

\3r' 3zj » (A5) 

,. - 3u 3w u 
div u = — + T — + — 

3r 3z r 
The solution to a problem in this system is the set of functions u(r,z,t), 
p(r,z,t), e(r,z,t), and p(r,z,t) which satisfy the mathematical model. 

The field equations as formulated above with the position (r,z) taken 
to be an independent variable is referred to as the "Eulerian description." 
Difficulties are encountered in the use of this description when the 
changing locations of interfaces between materials must be known at all 
times. As deformations occur in the reactor configuration, it is neces­
sary during the computation to follow the motions of the interfaces in 
order to apply the proper equation of state and material properties to 
each region. The most natural way to follow the motions of the points of 
the medium is to write explicitly the coordinates (r,z) of each material 
point. The material point itself must be identified by some label (R,Z) 
called the "Lagrangian coordinates" of the material point. This label 
vector can be chosen as the initial position vector (r,z) of the material 
point. There is assumed to exist a one-to-one transformation continuous 
in time between the material points and their locations: 

r = r(R,Z,t); z = z(R,Z,t). (A6) 

The radial velocity component of the material point (R,Z) is then 

r(R,Z,t) = 3r(R,Z,t)/3t. (A7) 

We can regard the problem now in either of two (vector) spaces: the 
Lagrangian coordinate space of material particles which maintains an 
invariant configuration with time, or the Eulerian coordinate space which 
describes the actual changing positions of the deforming medium. From 
the point of view of the Lagrangian space, we look at the material point 
(R,Z), at an interface, say, as the independent variable and ask about 
its position (r,z). Conversely, for the field Eqs. A1-A3, we look first 
at the spatial location (r,z), and from the inverse of Eq. A6 we discover 
which material point (R,Z) is at that position at time t. The radial 
field velocity, for example, at this position is then 

u(r,z,t) = r(R,Z,t). (A8) 

Similarly, the radial field acceleration at position (r,z) is related to 
the radial acceleration of the material point (R,Z) by 

t 
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j£ (r,z,t) = r(R,Z,t) . (A9) 

The volume VQ of the point set {(R,Z)} of a given region of the 
original material configuration is related to its deformed volume V(t) 
(of the set of corresponding points {(r,z)}) by the familiar integral 
transformation 

7 J dV ­»• / dV 
V„ ° yv(t) 

where J is the Jacobian or functional determinant of the transformation 
(where r and z are functions of R, Z, t): 

r /3r 
R ^3R 

3z 3r 3z 
3Z ~ 3Z 3R 

Since the volumes VD and V contain the same material in the original 
and deformed states, respectively, the conservation of mass requires 

/ p (R,Z,T) dV = / p(r,z,t) dV . 
J
V ­Ar­(t) 

O 

Because of the above volume­integral transformation, 

pJdV / pdV = / 
. /y ( t ) Jv ■(t) ­ v o ° 

It then follows directly that 

/ (pQ ­ pJ) dVQ = 0 . 
o 

Since the integrand is arbitrary, it necessarily must be identically zero. 
Hence, the mass conservation is expressed as a differential equation, 
where r and z are functions of R, Z, and t: 

mass: p (R,Z,t) = p(r,z,t) J . (Al*) 

The momentum and energy equations in the Lagrangian space (where r, z, 
and p are functions of R, Z, and t) become 



momentum: 

1 _r /3_£ _3z iP. l£\ 
Po R \3R 3Z ~ 3Z 3RJ 

1 r 
P R 

_3r _ 3£ jh:\ 
3Z ~ 3Z 3Ry ' 

(A2«) 

energy: e(R,Z,t) = -p v(R,Z,t) (A3') 

2. The Finite-difference Equations and Cell Distortion 

A variety of numerical procedures have been used to derive approxi­
mate solutions to the mathematical model described above. The general 
computational procedure for the Lagrangian formulation can proceed some­
what as follows. At the initial time a grid as shown in Fig. Al is laid 
out covering the reactor configuration. 

— * 

2 / 5 

\ \ 

s I 

-i 

A 

S=CELL 
I DIMENSION 

Fig. Al. 
An Initial Finite-differencing 
Grid Configuration. 

The grid embedded in the material wi l l deform in the Eulerian ( r ,z ) space 
but w i l l remain invariant in the Lagrangian (R,Z) space. The deformation 
i s computed for f i n i t e time steps based upon the acceleration of the 
poin ts . For example, the radia l velocity for point 0 i s 

r t + At/2 = r t - At/2 + r t A t » 

and the displacement i s 

r (R o ,Z o , t + At) = r ( R o , Z o , t ) + rfc + ^ A t . 

These are linear approximations, and the error of order 0(At ) can be 
controlled by the choice of At. 

From the computed displacements, the volumes of the deformed cells 
are determined, and the new densities are derived from the conservation 
of mass. The pressure and internal energy of the cell are then deter­
mined from the simultaneous Eqs. A3' and A4: 



42 

e t + A t = e t " 2 P t+At + P t , 
Vt+At " V 

t+At f(Vt+At' 6t+At; 

The method outlined above describes the procedure for accomplishing 
the numerical integration with respect to t . The most serious question 
concerning this integration is that of convergence. An artificial 
viscosity is introduced to dampen oscillations in regions of high gra­
dients, and a stability parameter limits the maximum At to keep the 
forward­time­differenced disturbance within the region of influence. 

The entire computation, then, is seen to hinge upon the computation 
of the material­point trajectories based upon the computation of their 
accelerations. The accelerations are determined from the pressure 
forces, and i t is here where the major computational difficulty occurs. 
The pressure force may be computed in the Lagrangian space for the right­
hand side of Eq. A21, or the force may be computed directly from the pres­
sure gradient in the actual (Eulerian) space expressed by the right­hand 
side of Eq. A2. The first alternative is more simple because the grid 
is fixed in the Lagrangian space. The derivatives, for the pressure, 
for example, are derived from the Taylor's series expansion: 

+ 0(S3); 

P6 ~ P = 
o ­ut+® 2&l+ o ( s 3 ) 

Combination of these two expressions gives 

■
s (ls)o

 + °(s3
> P8 " P6 

By neglecting terms of third order, 

1 r 1 
ro = " p" R ^ ~ ( p 8 " P6) ( z 5 " z7> " (P5 " P7>( z8 " zO 

o o S 

The accuracy is of second order in the grid spacing S and apparently 
independent of cell distortion, provided, of course, that no side of 
the cell collapses to zero (or turns "inside out" destroying the con­
tiguous ordering of the material points). 

It can be argued, however, that this accuracy is illusory when the 
actual distortion is viewed in the Eulerian space shown in Fig. A2. 



Fig. A2. 
The Distorted Grid Configuration 
in the Eulerian Frame 

The above combination of pg - p and pg - p should be thought of as 
taking the average of the two pressure gradients: 

P8 " P6 1 
2 

P8 " P 
L/2 

£ + P° " P6 
L/2 

where L is the distance between Points 8 and 6. It is clear that the 
contribution of p0 - pg should be greater than that of ps - p0 to the 
approximation of the pressure gradient at Point 0, simply because Point 8 
is more remotely located than Point 6. Hence, a weighting factor should 
be derived, with the result that the second-order terms in the Taylor's 
series will not cancel. To carry along the second-order terms, it 
becomes necessary to solve simultaneous equations for both the first and 
the second derivatives, which considerably complicates the numerical 
procedure. If the second-order terms are neglected, then the accuracy 
will deteriorate as the cells distort, even when the computation is done 
in the distortionless Lagrangian space. 

For this reason, the pressure gradient in REXCO-H* is computed 
directly in the Eulerian space, where the weighting is automatically 
taken care of in the Taylor's series expansion which involves the actual 
displacements between material points. The effect of the cell distor­
tion upon the accuracy appears more directly than when the gradient is 
computed in the Lagrangian space. An index of the maximum cell distortion 
is monitored for each time cycle (i.e., a complete spatial computation 
at a fixed time step). The index compares the lengths of opposite sides 
of the cell (and also diagonals), so that if one side collapses to zero 
the index will become infinite. In general, when the index exceeds a 
preset value the computation will stop and the problem is reinitialized 
with a new rectangular grid. The relative effects of this rezoning 
procedure and comparison with experiments are discussed in Sect. III. 

See Ref. 1 for details. 
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3. Rezoning 

A rezoning option i s included with the REXCO-H code to reduce the 
type of error resul t ing from ce l l d i s to r t ion . The f ini te-differencing 
grid can be rezoned af ter any number of cycles. The decision to rezone 
can be made on the basis of visual examination of the dis tor ted grid 
( e . g . , see Fig. 7) or based upon a numerical measure of the ce l l d i s to r ­
t ion. A dis tor t ion index can be defined for each ce l l in terms of the 
dimensions shown in Fig. A3, and the value for the most d is tor ted ce l l 
can be monitored at each computational cycle. 

Fig. A3. 
Distances Used to Define the Distortion Index 

»2 

o. 

The optimum policy to minimize errors due to cell distortion alone 
is to rezone after each computational cycle. However, other errors are 
introduced by the rezoning process. So a game is involved in which 
errors of one type must be traded off against other errors, with the 
object of achieving maximum overall accuracy. Unfortunately, the rules 
of this game are not yet known, and the procedure for deciding when to 
rezone must be based both upon experience gained by comparing alternative 
computational procedures, and by the laborious method of examining key 
variables at each cycle to see that numerical values are physically 
reasonable and consistent with the conservation laws. Supplementary 
checks must also be made by comparison with known experimental data. 

The finite-differencing grid used in the REXCO-H code is fixed to 
the material particles (i.e., a Lagrangian grid). Rezoning, in the 
sense used here, means simply that the grid is changed with respect to 
the particle. As a consequence, even for a grid fixed in space (an 
Eulerian grid) when particles flow in or out of a grid cell, the grid 
is actually changing with respect to the particles and rezoning is 
effectively taking place. For example, a code such as the PIC code, 
which retains a fixed grid, is in effect undergoing a rezoning at each 
computational cycle; while distortion errors are eliminated, rezoning 
errors are accumulating. The rezoning errors arise because a cell 
variable, such as the fluid density, can have only one representative 
value for the set of particles in the cell. Some sort of average must 
be taken over the constituent particles of a cell. Each time the 
particles in a cell change, an additional error due to this averaging 
process occurs. 

As an example, consider a rezoning (i.e., a transfer of particles 
between cells) in which the average density in a cell is given the 
obvious value of the sum of the constituent particle masses divided by 
the cell volume: 

Zp.V. l l P - - r - • 
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Then pV represents the actual t o t a l mass in the c e l l , and the conser­
vation of mass i s s a t i s f i ed . Similarly, i f the average velocity is 
defined as the sum of the momenta of a l l pa r t i c l e s in the ce l l divided 
by the mass, 

Zp.u.V. 
1 1 1 

then puV represents the total momentum in the cell, and the conservation 
of momentum is satisfied. Unfortunately, the kinetic energy pVu2/2 is 
not the total kinetic energy in the cell. To conserve the kinetic 
energy in the cell a different average velocity must be used: 

U* = ±- Zp.u?V. . KE pV 1 i 1 

Whatever average velocity is used there will be an error in either the 
kinetic energy or the momentum conservation. It is possible to conserve 
the total energy of the cell by defining an average internal energy e 
to satisfy 

v ( e + r)-Zpi(ei + ^ ) v i • 

Since p and e are now specified for the cell, an "average" cell 
pressure can be defined by the equation of state 

p = f(p,e) . 

The forces produced by these pressures may be quite different from the 
forces produced by the constituent-particle pressures. The effect, then, 
of imposing an internal energy to satisfy the conservation of energy for 
the rezoning is to introduce a spurious set of forces that will dyna­
mically distort the system. Unless these extraneous forces are damped 
out, each rezoning will cause the computation to deviate further from a 
true solution. The growth or decay of disturbances is dependent upon 
the stability of the computational procedures and is discussed next. 

4. Stability and Artificial Viscosity 

For flows involving shock waves, numerical instabilities can arise, 
resulting in highly fluctuating numerical values. The introduction of a 
von Neumann-Richtmyer type of artificial viscosity can tend to dampen 
these numerical fluctuations by spreading out the pressure discontinuity 
over several mesh spaces. The artificial viscosity q is added to the 
pressure p in each cell, and the sum replaces the actual pressure in 
the momentum and energy equations (but not in the equation of state). 
An example of how the artificial viscosity tends to "smear out" the 
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discontinuity is shown in Fig. A4. The explosive is contained in two 
located cells at the center of a large cylindrical tank containing water. 

CYLINDRICAL AXIS 

i 

WATER 

yWWs 
"p = 102 3 k b y 

RDX/TNT 
CELL 

WATER 

0 2 m/s 

t 
239 8 m/s 

4172 m/s 

WATER RADIAL LINE 
OF SPHERICAL 
SYMMETRY 

t = 0 
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(a) 

t 
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V//V//. 
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t= 3/xs 

(d) 

Fig. A4. Illustration of the Spreading Effect of the q Pressure 

The effect upon one of the cells in the upper quadrant of the radial 
plane is shown in Fig. A4. The detonation process is assumed to be 
complete at time t = 0, the explosive is at a high pressure of 102.3 kb, 
and no motion has yet ensued. At the end of 1 ysec, the explosive charge 
has begun to expand, and the motion of the outer force has compressed 
the surrounding water. The artificial viscosity term is computed for 
compressed cells by the equation 

q = (1.2): A 1 /-Ae. p
0

 A_2 nr 
(A10) 
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For an expanding cell, q is set equal to zero. At the end of 3 ys the 
outer faces of the RDX/TNT cells have accelerated to velocities in excess 
of 1100 m/sec, compressing the surrounding water cells. Due to the com­
pression alone the pressure in the water cell (on the radius) is p = 
1.1 kb; however, the "viscous" pressure due to the rate of compression is 
q = 2.22 kb, producing a total resisting stress of 3.32 kb, or increasing 
the resisting pressure p by a factor of three. This increased effective 
pressure in turn will transmit an accelerating force to the next adjacent 
water cell, and in this way will have both a damping influence upon the 
growth of the expansion rate of the RDX/TNT cell, and also tend to "smear 
out" the motion to cells downstream of the actual shock wave. 

An example of the difficulty that can be introduced by the artificial 
viscosity is shown in Fig. A5. The value of q in the cell shown on the 

Fig. A5. 
Example of Viscous Pressure 
"Blowing up" for Cell on Axis. 

D = 0II7 / ^ _ — 
68 m/s 

225m/s 

t= l75 4 5 / i s 
AFTER DETONATION 

CYLINDRICAL AXIS 

1500 m/s 

112064 m/s 

t= 178 I /AS 

axis at 175.45 ysec af ter detonation i s 0.847 kb. Just 2.65 ysec l a t e r 
the value of q has shot up to the physically impossible high value of 
43,685 kb. The overal l energy conservation was violated and the com­
putation stopped. The ve loc i t ies have also increased to impossibly high 
values due to the high pressure gradients created in the very low density 
(p - 0.005 gm/cm3) f lu id . The high ve loc i t ies in turn se t up higher q 
values, with the net resu l t that the a r t i f i c i a l viscosi ty i s a source of 
i n s t a b i l i t y rather than a dampening influence. In the case shown in 
Fig. A5 the cause of the great increase in q i s not due di rect ly to 
ce l l d i s to r t ion , but to the small p and the small At. (The value of 
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At i s determined from the White s t a b i l i t y condition.) These effects 
are amplified because p and Ap/At appear as quadratic terms. 

An improvement may be achieved by using a l inear form.* The 
phenomenon i l l u s t r a t e d here i s probably similar to the so-called 
"bubbling of pa r t i c l e s " at the axis as referred to by Amsden.10 His 
remedy was to set q equal to zero on the axis (and also at r ig id 
wa l l s ) . For the case i l l u s t r a t e d in Fig. A5 this was done, and the com­
putation advanced sa t i s f ac to r i ly without the abnormal increase in q. 

When q was set equal to zero at the s t a r t of the program, however, 
the undesirable asymmetry was exaggerated. For th is reason q was not 
se t equal to zero on the axis u n t i l the undesirable effects were detected 
by monitoring the t o t a l energy conservation. When th is c r i te r ion was 
viola ted, the program was stopped and res tar ted (50 computational cycles 
back in time) with q se t equal to zero on the axis . 

I t was found that q can be set equal to zero everywhere in the 
l a t e r stages of the computation without incurring i n s t a b i l i t i e s and 
with resu l t s not s ignif icant ly different from those with the inclusion 
of q. The reason for this i s that the f ini te-difference equations con­
tain hidden diffusive effects not present in the or iginal d i f fe ren t ia l 
equation. These diffusive effects are the resu l t of neglecting the 
higher-order terms in the transformation: 

j . r , .. -. .. -^finite-difference , neglected higher-d i f fe ren t ia l equations > + , 
approximate form order terms . 

The hidden diffusive terms aris ing from the approximate nature of the 
( l inear) f ini te-difference form can be derived exp l ic i t ly by making the 
inverse transformation: 

f ini te-difference . ^d i f f e ren t i a l equations diffusive terms 
approximate form (or iginal nondiffusive) (arising from 

neglected terms) 

The transformations in e i ther direct ion are accomplished by Taylor ser ies 
expansions. 

Thus, we see that the f in i te-di f ference approximate form does not 
exactly represent a nondiffusive d i f fe ren t ia l equation, but actually 
contains diffusive effects which tend to smear out d iscont inui t ies jus t 
as physical (or a r t i f i c i a l ) viscous terms in some exactly equivalent 
d i f f e ren t i a l equation. Such small discontinuous numerical disturbances 
ar i se a t each computational cycle because of the f ini te-dif ference 
character of the equations. I t i s for this reason that or iginal ly 
s tab le d i f fe ren t i a l equations may have unstable f ini te-difference rep­
resenta t ions . The addit ional diffusive terms may not always have a 

See, e . g . , G. Maenchen and S. Sack, "The Tensor Code" in Methods in 
Computational Physics, Vol. 3, Academic Press (1964) also discussion 
in Appendix B. 
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s t ab i l i z ing influence. Examination of the algebraic signs may reveal 
"negative damping" e f fec t s . Ar t i f i c i a l v iscosi ty terms can then be 
devised to compensate for these spurious diffusive terms. 

Numerical i n s t a b i l i t i e s may be due purely to the computational 
procedure and may have no meaningful physical in te rp re ta t ion . For 
example, in Fig. A5, the apparently unstable growth of the viscous pres ­
sure has been referred to as a "bubbling phenomenon" taking place a t the 
axis . A closer examination showed that the trouble i s in the simultaneous 
solution of Eq. A10 and the semi-empirical equation for the White 
s t a b i l i t y parameter W: 

w . cfXAOL + 4a|Av, 

where v i s the specif ic volume, the constant ' a ' i s chosen to be 1.2, 
and c i s the local sound speed. The s t a b i l i t y c r i te r ion requires 

0.035 < (T-A < 0.14 . (All) 

The purpose of the criterion is to limit the length of the time step At 
so that a small numerical disturbance can extend no further than the 
local cell spacing (the Courant condition). The lower limit is chosen to 
avoid excessive computations resulting from At being unnecessarily small. 
The disturbance is assumed to propagate with the local sound speed c: 

c2 = -v2 (3P/3v) . s 

The value of P = p + q is used,* rather than p alone, to be consistent 
with the assumption that P provides the driving force for the fluid 
motions (i.e., P now replaces p in the momentum and energy equations). 
Isentropic (constant s) equations of state can be assumed of the forms 

gas: pv = constant 

condensed material: p = PRt(v /v) - 1] . 

For q given by Eq. A10, the sonic speed is 

gas: c = v(yp + 2q) 

[condensed material: c2 = v[y (p + p,,) + 2q] . 
D 

* 
See R. Frank and R. Lazarus, 'Mixed Eulerian-Lagrangian Method" in 

Methods in Computational Physics, Academic Press (1964), p . 62, where c2 

i s assumed to be y?v. With equal physical logic i t could be argued that 
the viscosi ty q ought be zero for an assumed isentropic disturbance. 
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The White stability number is then given by 

gas: 

condensed material: 

(A12) 

The coupling between q and At through Eqs. A10, All, and A12 is now 
evident. If q should increase abruptly, then At will be cut down by 
the limits set by Eq. All. As a consequence, for the next computational 
cycle the value of q computed from Eq. A10 will be further increased. 
The resulting rapid growth of q is apparently the cause of the insta­
bility shown in Fig. A5. Once the cause is recognized, it is easy to 
devise corrective steps. In this particular case the coupling between 
Eqs. A10 and A12 can be eliminated simply by removing q from Eq. A12. 
This can be rationalized by regarding the sonic speed as a thermodynamic 
state property characteristic of disturbances so small that q is 
negligible (consistent with the assumption that c is the speed of a 
small isentropic disturbance): 

c2 = v2(3p/3v) . 

The point to be emphasized in the above example is that numerical 
stability considerations, in general, hinge upon arithmetical rather than 
heuristic physical arguments. For example, the artificial viscosity is 
introduced to stabilize computations. Although it may be given a physical 
interpretation, the optimal form is based upon computational effectiveness 
rather than a physical model. The use of the artificial viscosity in 
REXCO-H and comparisons with some other forms are discussed further in 
Appendix C. 

5. The Elastic-Plastic Equations 

The second test case considered for comparison with the REXCO-H 
code is that of a small charge enclosed within a breeder section simulated 
by lead shot, as shown in Fig. 2. The hydrodynamic equations alone were 
found to be insufficient to account for the attenuation of the initial 
pressure wave achieved in the experiment. The correlation of code results 
with the experimental data was improved by introduction of the equations 
for plastic flow. The equations are those presented by Wilkins,^ and 
the details of the code are given by Cinelli, Gvildys, and Fistedis. 
The lead shot is considered to be a perfectly plastic material obeying the 
von Mises yield condition. 

The assumptions make by Wilkins are summarized below. 
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The plast ic-f low condition i s based upon a yield condition between 
the s t r e s s deviators: 

f ( s ± ) = 0; i = 1, 2, 3 . ' (A13) 

The pr inc ipa l s t r e s s deviators are 

a± = o± + p (A14) 

where a± are the principal stresses normal to mutually orthogonal planes 
of zero shear and p is the hydrostatic pressure: 

p = - \lo± • (A15) 

The deviators have the property that 

Is. = 0 , (A16) 

so the hydrostatic pressure is independent of the deviator stresses, 
which may be called the "distortion components" of the stresses. The 
assumption of perfect plasticity means that the yield condition is time-
independent, so that plastic flow occurs at a constant yield stress with 
no strain hardening. The yield condition is also assumed to be independ­
ent of whether the deviator stress is tension or compression. 

The principal natural strains are assumed to be composed of elastic 
and plastic parts: 

£i = £i,E + £i,P ' <A17> 

The rate of plastic flow along the particle path is assumed to be instan­
taneously proportional to the stress deviator: 

e. p = As. . (A18) 
l,r 1 

Since the sum of the stress deviators is zero, it follows that 

Ee. _ - 0 . (A19) 

S t ra in- ra te deviators are defined as 

6 ± = e ± - 8 , (A20) 

v 
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where the mean normal strain rate is 

6 = -|ze± . (A21) 

I t follows that a s t r a i n - r a t e deviator has the property that 

E 6. = 0 , 
1 

so that the p l a s t i c s t r a in ra tes are s t ra in-devia tor r a t e s . Also, the 
continuity condition says that the sum of the pr incipal s t r a in ra tes i s 
the uni t change of material volume: 

l e . = V/V , (A22) 

so that the mean normal strain rate is a measure of the compression of 
the material: 

1 V 
e - 3 v (A23) 

and the strain rate deviators are incompressible flows; in particular, 
the plastic flow is an incompressible flow. Hence, whereas the elastic 
portions of the strain are recoverable, the plastic portions are not. 
As a result, inclusion of the plastic properties in the computation of 
a pressure-containment material may be expected to exhibit an increased 
attenuation capability. 

The yield condition is a surface in the principal-stress space: 

f(o±) = 0. (A24) 

The plast ic-f low rule proposed by von Mises i s that the p l a s t i c - s t r a i n -
ra te vector be normal to th is yield surface. As a resu l t of th is assump­
t ion , the work done on the material during a loading and unloading cycle 
i s pos i t ive for p l a s t i c changes, i . e . , energy is absorbed by the p l a s t i c 
deformations. A yield surface that s a t i s f i e s the von Mises condition i s 
the cylinder of radius /2/3 Y°: 

(oi - a 2 ) 2 + (o2 - a 3 ) 2 + (a3 - o^)2 = 2(Y0)2 , (A25) 

where Y° is the yield strength in simple tension. In terms of the stress 
deviators, the yield condition is 

(si - s 2) 2 + (s2 - s 3) 2 + (s3 - S l ) 2 = 2(Y0)2 . (A26) 
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The computation proceeds as follows. The stress distribution at 
the beginning of the computational cycle produces particle accelerations. 
From the ensuing motions the strains are computed. From the resulting 
strains a new set of stresses are computed, and the computational cycle 
is repeated for the next time step. The stresses are computed in two 
steps. First, an elastic stress is computed from Hooke's law: 

a. = xj + 2ye. , (A27) 
1 V 1 

where X and y are the Lame constants. The hydrostatic pressure is 
computed from Eq. A15 and the stress deviators from Eq. A14. The inter­
section of the plane of Eq. A16 passing through the origin of the o^-space 
with the cylindrical surface of Eq. A26 gives the yield circle 

E s±
2 = -|(Y°)2 . (A28) 

If the stress given by Eq. A27 is outside of the yield circle, then 
plastic deformation will have taken place and each of the stress deviators 
is reduced by the factor 

V (2/3)/Is.2 Y° 
As a r e su l t , the p l a s t i c s t r a in component, which i s perpendicular to the 
yie ld c i r c l e , i s constrained to the yie ld c i r c l e . 

Hence, for p l a s t i c flow the s t ress deviators have been computed, 
but the t o t a l s t resses as given by Eq. A27 are not va l id . The t o t a l 
s t resses are computed from the simultaneous solution of an energy equation 
and an equation of s t a t e . For axisymmetry in the cyl indr ical coordinate 
system, 

e = - Pv + v(s e + s . e . + s e + a e ) , (A29) 
r r 9 6 z z rz rz 

where s r and s are the known s t r e s s deviators in the rad ia l and tangen­
t i a l d i rec t ions , and a r z i s the shear s t r e s s ( l inear ly proportional to the 
shear s t r a i n ) : 

a = ye + 6 . (A30) 
rz rz rz 

The 6-term is a correction for the rotation of the mass element during 
the finite time step of the computation. The strain rates are 

z = 9u/3r; e = 3w/3z; e = u/r . (A31) 
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The stress P is the sum of the hydrostatic pressure p and artificial 
viscosity q. The energy Eq. A29 together with a thermodynamic equation 
of state can be solved for p and e. Since the stress deviators and 
the hydrostatic pressures are now known, the total stress can be computed 
from Eq. A14, expressed in the cylindrical coordinates. From the 
resulting stress distribution, the computation is repeated for the next 
time step, which begins with the computation of the particle accelerations 
from the momentum equation in the cylindrical coordinate system: 

3(P - s ) 3o 2s + s r , rz , r z pu = + 3r 3r 

9(P - s ) 9o a 
. = g-+ r z +_£?. 

pw 3z 3r r 

(A32) 

Work hardening can be introduced into the above procedure by making 
the yield constant Y° in Eq. A26 a function of the strain energy. When 
sufficient work has been done to melt the material, the yield constant 
can be set to zero, and the purely hydrodynamic case will apply, since 
all stress deviators will become zero and only the hydrostatic pressure 
p will remain. 

\ 
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APPENDIX B 

Detonation of the Explosive Charge 

The detonation of an explosive charge involves an extremely complex 
series of physical and chemical processes occurring on a microsecond time 
scale. If it were necessary to supply all details of the processes as 
input to the REXCO­H code, a separate large­scale computer program would ■ 
be required for the detonation process alone. Fortunately, the pressure 
waves generated in the main bulk of the region surrounding the charge, as 
well as the intensity of the pressures experienced at the walls of the con­
tainment vessel, are relatively insensitive to the finer details of the 
detonation process. This insensitivity was demonstrated by a number of 
computer runs under different assumptions for the detonation process. 
Essentially, all that is required to produce reasonably consistent results 
is the proper energy input and a satisfactor equation of state for the 
products of the detonation. 

For the purposes of the REXCO­H code the detonation process can be 
adequately described by analogy to the classical hydrodynamic theory of 
shock waves, involving only mechanical terms without reference to details 
of the chemical processes. The chemical reaction is assumed to take place 
in a narrow zone propagating at constant velocity through the explosive. 
The detonation process is thus treated as a shock wave, or steady discon­
tinuous wave, governed by the conservation equations for mass, momentum, < 
and energy. The detonation front, assumed to be a locally plane surface of 
discontinuity, shown.in Fig. Bl, advances at constant velocity U into the 

Rest State 

(
/>o' V e

o
} 

U 

Fig. Bl. Detonation Wave Advancing into Medium at Rest 

unburnt region, transforming the explosive into gaseous detonation pro­
ducts. These gases must be described by a sui table equation of s t a t e 
involving the density p, pressure p, and in ternal energy e: 

P = f ( p , e ) . (Bl) 

The unsteady s t a t e shown in Fig. Bl can be easi ly made time­
independent by considering the flow equations re la t ive to a reference 
frame moving with the detonation wave, as shown in Fig. B2. The conser­
vation equations for mass, momentum, and energy in this s teady­s ta te frame 
are the Rankine­Hugoniot conditions (q = chemical heat re lease ) : 

u = particle velocity behind shock 
P 

(p, p, e) state behind shock 

= shock wave velocity 
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inflow velocity / outflow velocity 

stationary 
shock 

Fig. B2. Reference Frame Fixed to the Detona­
tion Wave (Steady-state Condition) 

p U = p ( U - u ) = m ; (B2) 
o p 

p - pQ = mu ; (B3) 

pu = m[(u 2 / 2 ) + e - e ] - q . (B4) ' 
P P o 

Elimination of the velocities from these three equations yields the 
Hugoniot relationship between the thermodynamic variables alone:* 

h " ho " \ (FO
 + p1) (P " V + * » (B5) 

where the enthalpy h = e + ( p / p ) . In terms of t empera tu re s , the enthalpy 
i n c r e a s e i s 

h - h = c ( T - T ) , (B6) 
o p o 

where cp is the specific heat at constant pressure of the detonation 
products. 

It is convenient to introduce the dimensionless variables** 

p = P / P 0 ; v = pjp> a = q/(p0/pQ); n = m 2 /p 0 P 0 -

If the material is treated as a perfect gas, then Eq. B6 becomes 

e- e .-±-U-lo\ (B7) 
o Y - l ^ P P0/* 

and this equation,, together with Eq. B5, yields the dimensionless Hugoniot 
relation 

* 1 / 1 1 \ 
Or, alternatively, e - e = " T I — )(p + p ) + c l « 

** ° ^P° P / 
See, for example, F . A. Wil l iams, Combustion Theory, Addison-Wesley 
Publishing Co., Inc., Reading, Mass. (1965), for derivations and 
discussions of equations (B8) - (Bll). 
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P = 
2a + i-±A _ v 

Y - 1 
+ 1 

Y - 1 V - 1 
(B8) 

where Y i s the r a t i o of s p e c i f i c h e a t s (cons tan t p r e s su re t o cons tan t 
volume). In the (P,V) p l a n e , for a given mass flow y, the locus of poss i ­
b l e p o i n t s s a t i s f y i n g the mass- and momentum-conservation equat ions i s a 
s t r a i g h t l i n e of nega t ive s l o p e , the Rayleigh l i n e , shown in F ig . B3: 

P - 1 = y(V - 1) . (B9) 

RAYLEIGH LINE 

HUGONIOT CURVE (PROJECTION FROM 
EQUATION OF STATE SURFACE OF 
POSSIBLE SHOCK STATES p,v FROM 

| 1 AREA = H-h0 

AREA= E-e„ 

Fig. B3. 
The Enthalpy h and Internal Energy 
e Increase Across a Shock, Where 
E = e - q and H = h - q Are the 
Effective Internal Energy and 
Enthalpy of the Detonation Products. 

Poin ts s a t i s f y i n g Eqs. B8 and B9 are p o s s i b l e de tona t ion s t a t e s . In gen­
e r a l , the i n t e r s e c t i o n of the Rayleigh l i n e wi th the Hugoniot curve w i l l 
provide two such s o l u t i o n s , but at the p o i n t of tangency the two p o i n t s 
converge to a s i n g l e p o i n t . This s o l u t i o n , the Chapman-Jouguet p o i n t , i s 
considered t o descr ibe a s t a b l e de tona t ion f ron t , and the corresponding 
Chapman-Jouguet wave a t t h i s p o i n t i s assumed to be the de tona t ion wave of 
cons tan t v e l o c i t y U. I t i s e a s i l y shown t h a t a t the Chapman-Jouguet p o i n t 

and 

V = 1 + a Y - 1 'i-V^S 1) 

(BIO) 

(BID 

At this point the entropy is a minimum, and the detonation speed is 
exactly the sum of the particle velocity and the local speed of sound: 

U = u + a . c p c 

This is the basic idea of the stability of the Chapman-Jouguet wave, since 
small perturbations travel at the speed of sound relative to the particles 
and cannot penetrate the reaction zone. 

It may be noted in Fig. B3 that the Hugoniot curve is divided into an 
upper and lower branch by a dotted portion. This dotted portion represents 
physically impossible states where an increase in pressure is associated 
with an expansion of the explosion. The detonation velocity cannot have 
real values since 
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U = v Q | / (p - p ) / (v - v) 

The lower branch i s of some in t e r e s t since i t represents the slow-burning 
deflagration processes charac te r i s t i c of such propellant-type explosives 
as gunpowder. The burning velocity in gunpowder is about 10 cm/sec, 
slower by a factor of 104 than for TNT. Deflagrations are millisecond 
phenomena compared to the microsecond time scale for detonations. The 
treatment of deflagrations by the hydrodynamic shock-wave analogy is not 
very sa t i s fac tory , because the detonation products are not compressed, 
but expand and flow away from the front . 

As mentioned above, for the bare charge in water, the REXCO-H code 
was run under several different assumed detonation conditions, and no 
s ignif icant differences occurred in the resul t ing pressure d is t r ibut ions 
in the surrounding water. The f i r s t computer runs were made for the 
detonation products described by a "constant 6" equation of s t a t e (see 
Ams den °) : 

p = (pe/B) + c, | 1 - J^^J [• PY (B12) 

where 

g = 1.774; Y = 2.769. 

The initial density of the charge is 

p = 1.714 gm/cm3, 

and the chemical heat released in the detonation process is 

q = 4.789(1010) erg/gm. 

It is of interest to examine this equation of state in terms of 
the hydrodynamic theory of detonation outlined above. For the values 
given by Amsden, the energy-release parameter is 

a = q/(po/PQ) = 82,083 , 

so that 

P = 290,413, V = 0.73465, c c 

and the Chapman-Jouguet pressure and density are 

P = P p = 290.413 kb; p = p /V =2.333 gm/cm3. c e o c o c e 
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The point on the Hugoniot curve where p = p 0 can be thought of as a 
limiting point, where from Eq. B2 the particle velocity is zero (u = 0). 
At this point, V = 1, and 

2a + 1±1 _ 1 
P H , o = ^ + Y - -1*5,206; 

Y - 1 

the p r e s s u r e a t t h i s po in t i s 

P u = P u p = 145.206 kb . H,o H,o r o 

The i n t e r n a l energy a t t h i s po in t can be found from Eq. B5: 

p u P 1 H,o , o . . 1 /• \ . + eTT = — + e + — (p.. - p ) + q, 
p H,o p o p VKH,o *o M ' 

^o o o 

so t h a t 

e u = e + q. (B13) 

H,o o 

For an assumed i s e n t r o p i c curve through the Chapman-Jouguet p o i n t , 

p . / p Y = p c / p c
Y = c (B14) 

= 2 .782(10 1 0 ) (dyne /cm 2 ) (gm/cm 3 ) - Y . 
The s u b s c r i p t i r e f e r s to the i s e n t r o p i c curve a t dens i ty p . The 
i n t e r n a l energy on the i s e n t r o p i c curve i s obta ined by i n t e g r a t i o n of the 
d i f f e r e n t i a l thermodynamic r e l a t i o n 

de = T ds - p d ( l / p ) . 

For cons tan t entropy s , the i n t e g r a t i o n y i e l d s 

. . . . 1 (l!.Ic). ms 
1 c T - 1 \ , P P c / 

Nothing has yet been said regarding the reference level for the internal 
energy. If the reference level is chosen so that 

ec = T^T ~T = 7- 0 3 8( 1 0 l°) ers/gm > 
c 

then, 
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e,, = 
1 Pi 

i Y - 1 P (B17) 

At the initial density p0, the internal energy on the isentropic 
curve is 

1 Pi,o 
i,o Y - J- P, = 4.079(10iU) erg/gm 

and t h e p r e s s u r e i s 

p_, = c p Y = 123.6 kb . i , o o 

The va lue of e (with r e spec t to the Chapman-Jouguet p o i n t ) i s obta ined 
from Eqs. B7 and B16: 

e = o Y " 1 P 
— = 0.33(10 6 ) (B18) 

= 0 (compared t o q) , 

The properties of the detonation wave can be summarized in Fig. B4. 

CHAPMAN-JOUGUET POINT 
Pc = 290 4 kbA / HUGONIOT CURVE(a = 82083 . q = 4789 ^ -

gm 

ISENTROPIC CURVE , 
P„,0=l45 2 k b , e M i 0 = 4 7 8 9 - ^ r 

Fig. B4. 
The Detonation States in the 
(P,V) Plane 

P. 0=I23 6 kb, e.o=4079 
joule 

i,o gm 

0 735 

V = P0'P 

For the Chapman-Jouguet wave, t he burning v e l o c i t y i s der ived from 
the Mach number 

M = t/1 + «(y\-» + J^\- i) 
c » 2Y T 2Y 

(B19) 

= 628.72, 

The sonic speed in the undisturbed medium is 
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a o = l/^Po^o = 1 2 7 1 c m / s e c » 

and consequently the burning v e l o c i t y i s 

U = a M = 7991 m/sec . o c 

The particle velocity behind the detonation front is obtained from Eqs. B2 
and B3: 

u = (p - p )/p U = 2120 m/sec. p c o o 

Also, the sound speed in the detonated region is 

a c = VYP /P = 5871 m/sec . 

By comparison, the va lues given by Dasgupta and Penney* are 

a = 5660 m/sec; u = 1620 m/sec; p = 177 kb , 

and a re based upon an exper imenta l burning v e l o c i t y U of 7280 m/sec . 

A Mie-Gruneisen form for the equat ion of s t a t e of the de tona t ion 
products i n the neighborhood of the i s e n t r o p i c curve through the Chapman-
Jouguet po in t i s 

p = P ± + Tp(e - e±). (B20) 

Substitution of the values for p. and e. from Eqs. B14 and B17 gives 
exactly the "constant 6" Eq. Bl, where 

B = 1/r; Cl = c. 

Since conditions on both the isentropic and the Hugoniot curves are known, 
the value of T as a function of p can be computed: 

r = 1
 PH ~ Pi 

p eR - e. 

However, a cons tan t value of T i s assumed to apply i n the equat ion of 
s t a t e Bl for the products of de tona t ion . 

R. H. Cole, Underwater Explosions, P r ince ton U. Press (1948), p . 100. 
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For the finite-difference computation in REXCO-H, a cell width is 
much larger than the detonation zone, which in fact is simply assumed to 
be a shock discontinuity ("infinitely thin"). A question is immediately 
raised concerning what state should be assigned to the cell containing 
the detonation to represent the net effect of the detonation traversing 
the cell. For example, suppose the entire explosive charge is contained 
within a single cell. The most direct method is to assume the detonation 
wave has passed through the cell, raising the pressure and providing the 
initial conditions for the REXCO-H code. The cell has not yet expanded, 
so the average density is still p0 and the average particle velocity Up 
is zero. The internal energy should then be given by Eq. B13, which from 
Eq. B18 is essentially the chemical energy release q. Substitution of. 
this value for the energy into the equation of state Bl for the detonation 
products gives the initial pressure 

Po' = p o ( q / 3 ) + c p Y
o [ l - ^ - A _ ] (B21) 

= 130.5 kb. 

This pressure differs from the 145.2-kb value shown on the Hugoniot curve 
(Fig. B4) because the value of r is assumed to be an effectively constant 
value in the neighborhood of the entire isentropic curve, rather than 
varying as a function of p. The selection of the value of T is based 
upon experimental measurements. 

It was kindly pointed out, in a personal communication, by N. E. 
Hoskin, United Kingdom Atomic Energy Authority, Atomic Weapons Research 
Establishment, that the equation discussed above is for Grade A Composi­
tion B (64/35/1 RDX/TNT/wax by weight), and the detonation process in 
this explosive may differ significantly from that for the Composition B 
(60/40 RDX/TNT) used in the experiments. The reason for the possible 
difference is that the detonation velocity depends upon the percentage 
of RDX and the density, as shown by Deal. 2 Consequently, a more 
appropriate equation of state recommended by Hoskin was used to describe 
the detonation process in the REXCO-H code, and the results presented 
in Sect. Ill are based upon this equation: 

p = ±v + h (Vl"v " 1} » (B22) 

where 

3X = 7.511(1010) dyne/cm2; 

B2 = 1.761 cm3/gm; 

p =1.67 gm/cm3; 

Y = 2.802; 

V = p0/p. 



That no significant differences appeared between the results computed 
for this equation, and the Amsden* equation, B12, is attributed by Hoskin 
to the fact that the energy release is less dependent upon the percentage 
of RDX than is the detonation velocity! For comparison of the two equa­
tions reference should be made to Skidmore (p. 250), where the modifi­
cation of the constant-B equation by Pike for pressures down to the order 
of 1 kb yields Eq. B22. 

It is of interest to compare Eqs. B12 and B22 in terms of the 
discussion leading to Fig. B4. If in Eq. B22 the initial pressure is 
taken to be p0 = 0 (i.e., "gauge pressure" rather than absolute pressure) 
at the initial density p = p0 (i.e., V = 1), then the corresponding 
initial energy reference level is e0 = 0. The energy reference level 
for the Amsden Eq. B12 can be shifted to correspond to this condition: 

' r e f p = J (e - e _ f ) + c 

I t follows that 

J = Be . ^ , n \ I l-< 
ref 6(Y - 1) I o 

[ i - i ^ in r ] pY • (B23) 

y1 B(Y - D J e - = Be I 1 - ' , , I P.Y X 

and 

P = / « / . % i, + c I 1 - 0 , \ . , I p ' V ~ 1 . (B24) [X B(Y - 1)1 (B/PQ) V | B (Y - 1) | M o 

Thus, the Amsden Eq. B12 is transformed to the same form as the Hoskin 
Eq. B22 by a simple shifting of the initial eQ energy reference level, 
where 

62 = e/eo; .Sl = c [i-J^TTj-jpo' 
We are now in a position to compare the parameters for the two explosives 
(in terms of form B12). 

Comp B (Eq. B22) Grade A Comp B (Eq. B12) 
Property (60/40 RDX/TNT) (64/35/1 RDX/TNT/wax) 

PQ, gm/cm3 

B 
dyne/cm2 

' (gm/cmd)^ 
Y 
Po'> k b 

1.67 
2.941 
2.200 (1010) 
2.802 

102,3 

1.714 
1.774 
2.782 (1010) 
2.769 

130.5 

* 
Actually, the constant-B equation of state is attributed to W. E. Deal, 
Third Symposium on Detonation, 0NR Symposium Report , ACR-52, Vol. 2 , 
p . 386 (1960). 
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The value of pQ' is obtained by transforming back from the Hoskin (or 
Pike ) form to the Amsden (or Deal) form, and substituting the new values 
of p0, B, c, and y for the same chemical energy release q. 

At the interface between the explosive charge and the water, the 
pressure transferred to the water must satisfy a wave diagram matching 
the pressure and particle velocities on either side of the interface. 
Since the impedance of the water is less than that of the explosive, a 
reflected rarefaction will travel back into the explosive. If we assume 
that the detonation and rarefaction waves are of equal strength, since 
the entropy change through the shock is of third order in shock strength, 
the reflected rarefaction is the mirror image about the line of symmetry, 
as shown in Fig. B5. Based upon values given in Ref. 9, the intersection 
of this reflected curve with the water shock-wave Hugoniot (in the p, u 
plane) gives an interface pressure of 103 kb.* 
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Fig. B5. 
Determination of the Interface 
State (Values from M. van Thiel 
et al. 9 J . 
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For the given hea t r e l e a s e [q = 4 .789(10 1 0 ) erg/gm] and s p e c i f i e d 
Y = 2 .802 , the Chapman-Jouguet p r e s s u r e for the exp los ive wi th an i n i t i a l 
dens i ty p 0 = 1.67 gm/cm3 can be computed from Eq. BIO, and the Chapman-
Jouguet dens i ty from Eq. Bl: 

p = 288.2 kb; p = 2.266 gm/cm3. c 

Hoskin has i n d i c a t e d tha t the value of 103 kb i s too low; an exact one-
dimensional s o l u t i o n of the shock i n t e r a c t i o n y i e lded a value of 183 kb. 
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The corresponding detonation velocity is computed by means of Eq. B19 for 
a sonic speed a0 = 1295 cm/sec: 

U = 8100 m/sec. 

The pressure on the-Hugoniot curve at V = 1 is computed from Eq. B8: 

pu = 160 kb . rH,o 

For the i s e n t r o p i c curve through the Chapman-Jouguet p o i n t the value of 
c i s given by Eq. B14, y i e l d i n g the corresponding p r e s su re on the 
i s e n t r o p i c curve at V = 1: 

c = 2 .913(10 1 0 ) (dyne/cm2) (gm/cm3)~Y; 

p . = 123 kb . 

For t h i s value of c and the value B = 2 . 9 4 1 , the p r e s s u r e given by 
Eq. B21 i s 

p ' = 180 kb . r o 

The REXCO-H computation was i n i t i a l i z e d in s e v e r a l d i f f e r e n t ways. 
The f i r s t and most simple method was to assume t h a t the de tona t ion wave 
has passed through the charge before any s i g n i f i c a n t expansion of the 
charge has taken p l a c e . The ne t e f f e c t i s t o r a i s e the p re s su re to p 0 ' 
whi le the average c h a r g e - p a r t i c l e v e l o c i t y i s z e r o . The REXCO-H com­
p u t a t i o n was performed for both the Amsden equat ion of s t a t e wi th an 
i n i t i a l p 0 ' = 130.5 kb and the Hoskin equat ion of s t a t e , both for the 
same chemical energy r e l e a s e of q = 4 .789(10 1 0 ) erg/gm. In both cases 
the p re s su re in the surrounding water quickly adjus ted to very nea r ly the 
same d i s t r i b u t i o n . Also , the i n i t i a l charge p r e s s u r e , d e n s i t y , and p a r t i ­
c l e v e l o c i t y d i s t r i b u t i o n s computed by Dasgupta and Penney ( c i t e d above) 
were in t roduced as i n i t i a l condi t ions i n t o t h e REXCO-H code. Again, no 
s i g n i f i c a n t changes r e s u l t e d in the computed p r e s su re d i s t r i b u t i o n in the 
surrounding wa te r . 

The method f i n a l l y adopted for computing the de tona t ion was the 
"cons tan t -burn ing p r o c e s s . " This method i s perhaps the most r e a l i s t i c 
d e s c r i p t i o n of the a c t u a l p h y s i c a l p r o c e s s , al though the end r e s u l t 
d i f f e r s l i t t l e from the above-mentioned i n i t i a l c o n d i t i o n s . Constant 
burning i s a simple process whereby for each time cycle of the computa­
t ion the energy of the burned p o r t i o n in each c e l l i s added to the c e l l 
energy, and the r e s u l t i n g p r e s su re i n c r e a s e of the c e l l i s computed from 
the s imultaneous s o l u t i o n of the equat ion of s t a t e and energy equa t ion . 
In t h i s way the p r e s su re in the c e l l b u i l d s up in time from zero to 
some f i n a l va lue when the exp los ive i n the c e l l i s completely burned. 
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APPENDIX C 

The A r t i f i c i a l V i scos i ty 

1. The Sca lar A r t i f i c i a l V i scos i ty 

The s c a l a r a r t i f i c i a l v i s c o s i t y in t roduced by von Neumann and 
Richtmyer* to avoid the problems of shock f i t t i n g for one-dimensional 
problems was of the form 

This s t r e s s term i s taken to be zero for expans ions . An equ iva l en t form 
for one-dimensional p lane flow i s 

\ o i , « N 2 q = V ( v ) 2 

For cylindrical flows the two forms are not equivalent, and I2 is 
replaced by aAQR/r, where 'a' is a shock width constant and A0 is the 
original Lagrangian mesh area at initial density pQ: 

a2p A 2 
q f~ (v) . (CI) 

v 

The area A is the deformed mesh area at time t and density p. The 
value of v is negative (for compression); otherwise, q is zero, and 
for REXCO-H the value of 'a' is taken to be 1.2. Larger values of 'a' 
will spread the shock width out more. 

The artificial stress q is added to the hydrostatic pressure p, 
and an effective pressure P = p + q replaces the pressure p in the 
momentum and energy equations 

pu = -VP (C2) 

and 

e = -Pv . (C3) 

* 
R. D. Richtmyer and K. W. Morton, Difference Methods for Initial-Value 

Problems, I n t e r s c i e n c e P u b l i s h e r s , New York (1967). 
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The REXCO-H computation proceeds as follows: 

i. For the initial pressure, velocity, and density distribution, 
accelerations are computed from Eq. (C2). 

ii. For the specified time step, incremental velocities and the 
resulting new velocity distribution are computed. 

iii. From the new velocity distribution, displacements and cell 
sizes are computed, and from mass conservation, the new cell 
densities are determined (p} = M^/T^ for the (i,j) cell, the 
fixed cell mass divided by the new cell volume). 

iv. The new pressure and internal energy are computed from the 
simultaneous solution of the energy and state equations: 

et+At - et " 2(Pt + Pt+At) AV 5 

Pt+At = f(vt+At' 6t+At) ' 

2 . 1 Av\2 

Av = 0 for -=̂  > 0 . At 

Under certain special circumstances the use of an artificial vis­
cosity as described above may lead to instabilities at certain cells. 
An example of such an instability was described in Appendix A, Sect. 3. 
Various modifications may be introduced which will avoid some of the 
possible difficulties. However, it should be recognized that a price 
must be paid by using a more complicated q-term. Instabilities may 
still occur, and additional complications will usually make the problem 
of tracking down the cause of the instability more difficult. 

One obvious means of reducing the tendency towards an instability 
at a particular cell is effectively to spread out the influence of q. 
The instability discussed in Appendix A, Sect. 3 was due to a strong 
relationship between the e and p values in the cell to the q value. 
This relationship can be weakened if, rather than using a simple q-value 
for a cell, the values surrounding the cell are used. This can easily 
be accomplished by changing the finite-difference equations. The finite-
difference approximation to a given differential equation is not unique. 
The form of the energy equation (C3) can be changed by using the 
continuity equation 

v = v V«u . (C4) 
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The energy equation can then be expressed as 

pe = -P V«u . 

Combining with the momentum equation C2 yields* 

P Dt (e + 1 "'^ = "V'P" * (C5) 

For c y l i n d r i c a l coord ina tes and a x i a l symmetry t h i s form becomes 

e . ^ [ i | « + | s ) . i i |HE. |gw + uia + w | S L . (C6) 
v l r 3r 3r / r 3r 3z 3r 3z 

The corresponding f i n i t e - d i f f e r e n c e form for the r igh t -hand s ide of 
t h i s equat ion involves a s i n g l e p r e s su re for the c e l l , bu t q w i l l e n t e r 
i n terms of d i f fe rences across t he c e l l : 

Oq/3r)* - (qj+1- q^l/ZAr; 

Oq/Wj - (Vi-Vx 2Az, 

Although the gradient is directional, q is a scalar for each cell. The 
value of q itself can be given a directional property by using an alter­
native form based upon the divergence of the velocity vector: 

q„ = a2pA — I — J for the radial gradient component 

q = a2pA — I T - ] for the axial gradient component 

The application of such a directional artificial viscosity is discussed 

* 
The dot over the symbol is equivalent to D/Dt, both indicating the time 

derivative along the particle path (i.e., holding the Lagrangian co­
ordinate fixed). 
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by Schultz.* The physical interpretation of this directional viscosity 
presented below is based upon his article. 

2. A Directional Artificial Viscosity 

Suppose the shock f ron t i s resolved i n t o two or thogonal components 
in the Lagrangian (R,Z) space , as shown in F i g . CI. The t ransformat ion 
t o Euler ian coord ina tes i s not conformal, so i n the ( r , z ) space the two 
shock­ f ron t components do not remain or thogona l . 

SHOCK FRONT 
(R = const) 

TRANSFORMATION 
_ _ ^ 
r = r ( R , t ) 

R = (R,Z) POSITION VECTOR 

TANGENT VECTOR 
di/dz 

RECIPROCAL 
VECTOR NR 

.SHOCK FRONT 
(R = const) 

7 =(r,z) POSITION VECTOR 

» ' ■ ' ' " 
SHOCK FRONT 

(Z = const) 

TANGENT VECTOR d r / 0 R 

SHOCK FRONT ( Z = const) 

Nz RECIPROCAL VECTOR 

Fig. CI. Resolution of the Shock Front into 
the Lagrangian R and Z Directions 

The momentum equat ion C2 i s 

pu + Vp = ­Vq, 

where the g r a d i e n t vec to r opera to r i s 

3z 3 3z 3 3r 3 3r 3 
RJ \ 3Z 9R 3R 3Z' ~ 3Z 3R 3R 3Z 

W. D. Schu l t z , "Two­dimensional Difference Equat ions" in Methods in 
Computational Physics, Academic Press (1964). 
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Now the reciprocal vectors, or normal vectors, to the tangents 3r/3Z and 
3r/3R are 

Z \3R' 3R )> ".-(If..-
Hence, the momentum equat ion becomes 

pu + Vp = - - I r f i L ! | - N, | £ M M RJ \ R 3R Z 3Z 

Since NR i s in the d i r e c t i o n of motion of the constant -R shock f r o n t , 
the a r t i f i c i a l v i s c o s i t y for t h i s d i r e c t i o n , qR , may be considered to 
have a d i f f e r e n t value from the a r t i f i c i a l v i s c o s i t y q% i n the Nz 
d i r e c t i o n , i . e . , the a r t i f i c i a l v i s c o s i t y can be regarded by d i r e c t 
ex tens ion to be a vec tor quan t i t y 

q = (qR . q z ) , (C8) 

and 

p u + V p = - - N R — - N z ^ 

8 q R . 8 q2 
3r 3z 

or 

pu + Dp = -D*q 

when the vector operator D is defined to have the properties 
\ 

Dp = Vp; 

D-q = Vq - — 

(C9) 

The energy equation will be of the same form as Eq. A29 when the stress 
deviators are analogous to the artificial viscous stresses q,, and q : 

r, 8u » 3u • _!_ • r / M d U M d U 

e + p v = _ _ v q RN R.- - q ^ . - (C10) 

The effective velocity gradient in the R and Z directions will be 
designated by 
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(3u i _ - jhj . / 3 u 
8 R A = v 3R ' V 3 Z , = e in 

Z 3Z ' 

when e and e are the unit normal vectors 

eR-V'V ! eZ = VlSzl 
The v i scos i t i e s wi l l then be 

2 A
 R / 3 u r 

qR = a pAo r h i ) 

2 A
 R I 9 u r 

(Cll) 

For a uniform expansion or contraction over the entire medium the deri­
vative of the velocity gradient would be zero. It would be desired that 
the artificial viscosity be independent of such a condition, so Schultz 
expresses the viscosity by the form 

lo = -* £ _3_ 
9R 3R 

q-7 = -^ t l SR ^ z / z 

(C12) 

Schultz sets £ equal to two, rather than to a A R/r as in Eq. Cll. 
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APPENDIX D 

The Equation of State for a Porous Material 

In the configuration for the experiment shown in Fig. 2, lead shot 
surrounds the explosive charge to simulate the reactor breeder section. 
The lead shot and the porous graphite attenuated the pressure reaching 
the tank wall by a factor of about six, as shown in Fig. Dl, and 
significantly altered the shape of the pressure profile behind the shock 
front. The void content of the lead shot and graphite is of the order 

CALCULATED (2-0IMENSI0NAL) 
CALCULATED (I-DIMENSIONAL) 
MEASURED EXPERIMENTAL 

a. 
3 

Fig. Dl. 
Comparison of Measured 
Loadings vs. Time at Gauge 3 
for Bare and Confined Charges1 

(a) THE BARE CHARGE 

0 2 — 

(b) THE CONFINED CHARGE 

of 30 to 40%, and the work required to crush the voids absorbs a large 
fraction of the available energy. 

1. Hydrodynamic Crushing 

The f i r s t computation made with REXCO-H treated the lead-shot region 
purely hydrodynamically, i . e . , with zero shear s t r e s s e s . The material in 
each ce l l was loaded up to i t s yield s t ress to overcome the i n i t i a l 
r i g i d i t y , and then was allowed to compact at constant s t ress u n t i l the 
voids were completely closed. From that point on the Mie-Gruneisen 
equation of s t a t e , referred to the material Hugoniot curve, was used to 
describe the (p,v) re la t ionship . 

The Hugoniot for the completely compacted porous material must be 
above the Hugoniot for the sol id because of the energy absorbed during 
the compaction process. This can be shown from the following consider­
a t ions . (For simplicity the Hugoniot reference pressure at the yield 
point w i l l be taken as zero.) The Hugoniot curves are shown in Fig. D2, 
where the as ter isk refers to the nonporous mater ial . 

If the i n i t i a l porosity of the material i s a, then the i n i t i a l 
specif ic volume i s 
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PH POROUS HUGONIOT 

AREA IS eH =1/2 PH(v00-v) 

AREA XfY/s IS e* = l/2 p j ( v * - v ) 

(SOLID) 
»oo 

(POROUS) 

(P,V) 
•H = l /2pHv*(V0 0 -V) 

eJ=l /2p*v*(Vo -V) 

V= v/w 

(VQ) v00= "+a 

Fig. D2. The Hugoniot Curves for the Solid 
and Porous-material States 

v n = (1 + a)v* , oo v o 

where v* is the initial specific volume of the solid material. 
convenient to let It is 

V = v/v* . 

Hence, for a material with, say, 40% voids, 
Voo = X + a = 1A 
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The pressure and internal energy relation at a given specific volume for 
any point off the Hugoniot is given by the Mie­Gruneisen equation with 
respect to the solid Hugoniot: 

e ­ ej + f (p ­ p*). (Dl) 

In pa r t i cu l a r , , f o r a point on the compacted porous­material Hugoniot, 

**'**+ 7%­*$' (D2) 

Substi tution of this expression into Eq. Dl gives 

e = e R + ^ (p ­ pR) (Dl') 

which is the Mie­Grlineisen equation with reference to the Hugoniot for 
the compacted porous material and is exactly equivalent to Eq. Dl, i.e., 
either form will yield the same results. 

Substitution of the values for ejj and e§ into Eq. D2, i.e., the 
triangular areas shown in Fig. D2, will give the ratio of pH to p*,: 

l
 2 4. i \ V

° 

P
H lj+l\­ oo 

Since VOQ is greater than VQ, i.e., greater than 1, the Hugoniot pH for 
the crushed material must be greater than pjj for the uncrushed solid 
material. 

The slopes of the Hugoniots at V are proportional to the same 
speeds: 

dp i 
" H " l ! : ■ <

D4
> 

dP
» F ­ <

V
o o ­ » 

Since the ra t io i s greater than one, the sonic speed in the compacted 
material i s greather than that in the uncrushed sol id mater ia l , which, 
since both materials are at the same pressure and density, indicates 
that the compacted material i s at a higher temperature. 

2. Elas t i c ­P las t i c Crushing 

The computed attenuation of the pressure wave based upon hydrodynamic 
crushing of the lead shot was not nearly enough to compare with the experi­
mental measurements. Consequently, energy dissipat ion through shearing 
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and p l a s t i c flow was introduced through the e l a s t i c - p l a s t i c equations 
described in Appendix A, Sect. 5. The application of these equations in 
the code requires an equation of s t a t e re la t ing the hydrostat ic pressure 
p and the in te rna l energy e at a given specif ic volume. An equation 
of s t a te including e l a s t i c - p l a s t i c effects for a porous material i s 
discussed below based upon a paper by Herrmann.* 

After the material i s fully compacted, the equation of s t a t e w i l l 
be based upon the Hugoniot for the hydrodynamic case as discussed above. 
However, for the period before the material i s fully compacted, i t w i l l 
be t reated as shown in Fig. D3. 

[ HUGONIOT 

Fig. D3. 
Elastic-Plastic Behavior 
of Porous Material before 
Complete Compaction. 

SONIC SPEED c „ 

V= v /v* 

The differential equation for the elastic compression (or recompres­
sion) curves is given by 

dV _ .., ( . _ V /_ V \ 
^ - V <p) -K* ^ " h ^ O )' (D5) 

where K* i s the bulk modulus of the sol id material : o 

K* = -v* fl^-rj = C*2/v* . o o V9v*/ o o (D6) 

The function h(V) can be based upon experiments; a simple form is the 
linear relation 

h(V) = aV + b, (D7) 

W. Herrmann, Constitutive Equation for the Dynamic Compaction of Ductile 
Porous Materials, J . Appl. Physics, 40, 2490-2499 (1969). 
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where 

b = 1 - a . (D8) 

Hence, to solve Eq. D5 by finite differences for the elastic compression 
curve, all that need be known are the sonic speeds Cg and COQ and the 
elastic limits which are given by the plastic curve. The plastic curve 
can be represented by the quadratic form 

Vp - 1 \po - pe/ 
(D9) 

The assumptions underlying the elastic-plastic curves are given by 
Eqs. D5 and D9 will be summarized in the following development. (The 
asterisk will indicate the uncrushed solid material.) 

The solid material is assumed to have a thermodynamic equation of 
state 

p = f(v*,e) . 

The sound speed is the velocity of a small isentropic compression wave: 

C* = - v*2(9p/3v*) = v*K* . 

The isentropic derivative is 

(*JLA = AL. + M (*±-\ 
13v*i 3v* 9e 19v*y ' 

but 

/ip_ 
, 9 V * / ^ /s 

= -p 

so that 

prjs
 = 1* ~ p a l ' (D10) 

Hence, for the initial conditions p = 0, v* = v*, and C* = C*, it follows 
that 
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K* = ­v*(9f/9v*) ; C*
2 = v*K* . 

o o o o o o 

The porous material is also assumed to have a thermodynamic equation 
of state: 

V = <Kp,v) . 

The explicit representation of the V(p) curve in Fig. D3 has the total 
derivative (for constant entropy) 

The isentropic derivative analogous to Eq. D10 is 

(4-£(r)s-p!f. 
where 

/3v*\ = _1 v id±\ 
W A = v"w W. 

■♦[.- _3j>' 
V V ' ( P ) V3v 

\ / s J 
(D12) 

Combination of Eqs. Dll and D12 gives 

/ \ I JUL i£ 
M . v av« ­ " 3e _ ' 

This equation will be considered first for the initial elastic compression 
from VQO and then for an elastic recompression from any V . 

For the initial elastic compression from V00, the conditions at p = 0 
are v* = v*, V = V = v /v*, so that 

o' oo oo o 

C
oo ■ 1 =^K* V'° (0)/V C

o
2 ' ­

 ( D 1 4 ) 

o oo oo 

At any other point on the axis (p = 0) the condition V = V = v /v* 
• IJ e e' o 

yields 
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Ce = 1 - k* V'(0)/V CS 2- (D15) 

o e e 

The value C is assumed to vary continuously from C to C*, so that 
e J } oo o 

C = h(V )C* , (D16) 

e e o 

where the continuous function h must satisfy the conditions 

h(l) = 1 
h(V ) = C /C* . oo e o 

Combination of Eqs. D15 and D16 yields 

V 
v;<o) =f 

o 
u '« 1 (D17) 

The relations D14 through D17 strictly hold only on the axis (p = 0), 
whereas if the compression is taking place along the plastic curve the 
pressure is not zero. If the pressure should be relieved at some point, 
the material is to expand along some elastic curve. To obtain the shape 
of this elastic curve, it will be assumed that along this curve the 
conditions D15 and D16 are similar: 

c 2 - 1 - 1 * v ^ ) / v ( p ) c ; 2 • <°18> 

C = h(V)C* , (D19) 
o 

and the differential Eq. D5 is derived. The numerical finite-difference 
integration will then proceed down from the point on the plastic curve 
during the expansion. If the material is recompressed, it will proceed 
back up this elastic curve until it again reaches the plastic curve, 
which it follows for further compression. 
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