COO-1764 - /47

RL0O-1388-627

1l

- BECEIVED BY Tic JUN * 51974, -

Twist Relation, Third'Faetorization and the

General Vertex in a Dual Multiparticle Theory with Nonlinear Trajectories®

' ; o T RS R
M. Baker and S. Yu . 5’5 ﬁé Y]

University of Washington, Seattle, Washington 98165
' and '
o - . D D. Coon

University of Pittsburgh, Pittsburgh, Pennsylvania 15213

ABSTRACT
The following,propérties~of the dual’multiparticleA
theory with nonlinear trajectories are pfesented: (1) the
twist relation . (II) . the unsymmetric éeheral vertex obtained
directly from third factorization (III) the symmetric

general vertex.
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1. INTRODUCTION»-
In'previods'papers,l the N—psint'Bdrn téfmé of a.dﬁai
multiparticle theory4with=nonlinear,trajectofiesz were
factorized and the vertex inQolvihgltwo.external particles
~with nonzero spins was obtained. in this papef, we will
obtain the twisted propagator and the_gehepal vertex in
the nonlinear model. These are the two basic ingredients

in the Kikkawa-Sakita-Virasoro unitarizétion pi‘ogr'am.3
However, further steps in this programtave not yet been

cappied out for the nonlinear model.

In I, we found it convenient to'introddcé a six-.
‘dimensional formalism for pﬁrﬁbses of préving factbfization.
In Section II of this paper, we develop this formalism
further by introducing a special choice of kinematic
variables which are particulariy éuited,to the study of
duality and>factorizati6n. Using'the‘fdrmaliSm‘deve10ped
in.Section II, we go on to derive fhe fﬁist relation in
. Section III and the unsymmetric général vertex and the
symmetric vertex in Section Iv. | |

Ilfslx DIﬁENSIONAL'FORMALISH

In first factorization, we were_nafurally;led to
censider six-dimensional "vectors". These "6-vecfors"
neither satisfy additivity. nor do they scéle. .Therefore,
they do not form a linear vector spaCéi_ Nevertheless, as

a mnemonic device, it is convenient to call them vactors.
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Furthermore, we‘definé a six-dimensional "metric," and a

scalar product" in thls six dimensional space. The important

property of the 31x dlnen31ona1 space is that a pole chlable

é)' -may be wrltten as.a scalar product of two "6~
vectdrs". We will now develop theﬁ51x~d1men31onal‘formalism
further. |

In I, the pole variable is given bX C* = as +b
whefe 2 and b are constants. In Eq.(14) of I, each Y-vector

Oty

Ei* was mapped into a "6-vector" ‘E& by

B = a P+ b/ -v | (1)

A six dimensional metrlc tensor ~J“P was defined with

the follow1ng nonvanlshlng elements:

If F?), and 2'rL are two 4 vectors, then the correspond-

1ng‘6-vectors satisfy



restrict ourselves to the case b = 0 4o

u . . ¥

072__=_Aa(\°.+ )+b nr? (3)

.where in-énalogy to the usual Einstein convention,

- repeated indices imply summation over the 6 components.

For simplicity, in the rest of this paper, we will

We now generalize

the six~dimensional formalism by associating with each 4-

ey

-vector Pf"“ '~ a six-dimensional matrix -n-;(@ Qs)

given by

T = Guv  Jor O MYSTE

Tag = frrgﬁk = O jgo*’ L# 5

Mea = Mg = T o
The T matrices have the following important property:

T (B+B) = My (B) TR (B) (5)

For future reference, we will write Eq.(5) in the
special case < =5 . Ve haQe‘ _

Trx = TMux(B)RY (6)
where T?; oK ’is'the six-vector associated with the
four-vector (‘FS; + E)r . Eq.(6) suggests thaﬁ;

the TT matrices may be viewed as translation operators

" in the six-dimensional space. If we set .oL:: (3 = 5

-in Eq.(5), we get back Eq.(3). Thus, the result of I is a

special case of Eq. (5)
. We will now show that the‘TY matrices enter naturally
in off-mass-shell factorization of dual amplitudes.

Consider the interaction of N spinless particles with



L=momenta {?& i= l,2,-¥5;N. A dual amplitude is an

explicit function of the pole variables

o .2 : : (7)
where

Py = ptpenrrepy @
is the 4-momentum of an internal line. 'Lef the amplitude
be denoted by BN (Qf‘ i ) A | We wish
to consider factorization ‘at a pole, s.ay G-.“ll&

(See Figure 1). 'The residue at a pole is in general a

'polynomlal in the overlapplna varlables ﬁé
le;u‘! 3°Any overlapplng varlable is a functlon of both the
left and the right momenta of Fig.l. To write the re31due
of a pole in a factorized form, a direct first step would
be to wfite each bverlapping variable in a factorized

form :.Using Eq$. (7), (8) and (3), we can write

(Plh'i.) ~HN) o (9)

To ariive at Lq (9), we have used’ energy-momentum conservation:

o\
f,.‘ “, "?Dto

= (P[ A=t < ..:H N) .

SV e fa |
LP{)) T (‘féfi“’i:&'x‘" '”?J = fﬂ,rf)'t‘




Now in Eq.(9), (1:; ,;_-1_) ' depends ohly on thé

vectors D“ fz_ , vt /FA,-

Lo\
of the left blob of Figure 1, while L'Pi.,‘_‘v N)

is a function of vectors of the rlght blob.
0f course, factorization of each overlappi'ng variable
does not imply factorization of the amplitude. Howevef,

"if the amplitude B-h\ (6',:)> ~ should be factorizable,

we will have at the G-:L\Q. pole .the
form I d B
—_n
= A ket *J’P"‘) Bﬁ-wk “J’ “’> :
: = A
“’.aj) ~ »
Ol = G . (10)

The ampiitude : R‘h'ﬂ ( G:v.J > R\")
corresponds to a process with - ‘{2 Spin-zero

particles and one "excited" par‘cicle. The kinematic
‘variables which enter explicitly into this amplitude are
the q‘.&j variables.and the 6-vectors
B , A= 2,3, 000, R-4 . ' These 6-vectors correspond
to the internal momenta of the multiperipheral graph of
Figure 1, Now, we may choose to factorize the ampl‘itude

hndl X § .

R kel (G.‘;) 3 1:“») at a pole of an internal‘ line
of the multiperipheral graph. This procéss is called second

factorization, and, as we have learned in I, all the crossed



kinematlc varlables in this partlcular case may be wrltten

by Eq. (18) and Eq (43) of I in factorlzed form. However,
we may also choose to factorlze the amplltude' H Rt L

- at a pole- *’J | whlch does not correspond to the '
internal lines of F:Lgure 1, (Any pole “J WIth I<A<J < L‘i
will belong to thls category. In Flgure 2, we have an
-example of factorization at such a pole). The residue of '
such a pole is of course a function of.the .' T"'J |
variables and 6-vectors —‘Dl\a r=2,3, -, k-1
Following the philosophy of first factorization, jif [?\‘;;H

is to be facto‘_rized at G:"J s each ”crossed” kinematic
variable will first pe wrltten in a factorlzed form . Now,

it is easy to see from Plgure 2 that any 6- vector of the

type 'FJ:‘.. where |]BYL 3. will "carry momenta

of both the left and the rlght blobs, and is therefore

a "crossed" varlable. Now, by means of Eq.(6), these

b-vectors can be written in factorized form

Rea = T (Ra-)(R)E R

TY;‘P(' ,_..;) depends only on the momenta of the rlght blob ‘of Flgure 2

while (P,.r) (3 depends only on the left llnes If we

~— .
should succeed in factorlzlng H et ‘ at

I\J !
the »esultant amplltude descrlblng the process of the right
blob of Figure 2 will depend explicitly on the Tm‘atrices.

If we wish to perform any further factorization; Eq.(5)
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may be used to factorize the “I[ matrices. Thus, the TT-

matrices with their property Eq.(S) allow factorization
of crossed variébleé in any channel. In the derlvatlon
of the thSt relatlon and the three-p01nt vertex ‘in the
following sections, we w1ll demonstrate. exp11c1tly how
the TT matrlces come into the nonllnear theory

We now 1ntroduce one more operator in the six-

dimensional space, the 1nver51on operator, defined by

Iy

"

\ | (11)

In first and second factow17atlon, we 1ntroduced 6-

vectors F>°( given by _
P:( = -'-'P« -f-ov C=sodds 3
Pu = B for k=4,5

"_(12)

Now using the inversion operator (11), we can write
¢

"PM = I @P@ - : , »(13)
For the studies of the twist relatlon and the throc p01nt

vertex which follow, it will also be convenlent to deflne

another matrix -n" @ ( ‘FD) glyeo by
T« & (B) = Ix‘r T ©(B) (14)



III. TWIST RELATION

" The "twisted" propagator was first introduced by
Kikkawa, Sakita, and Virasoro3 as a necessary eleﬁent for
the consfructioﬁ of the most general'higher order diagram.

In this section, we will first briefly indicate how the
"twisted" pfopagator enters into a dual tﬁeory. We will
then indicate why a twist rélation,should exist as a
consequenée of the symmetry of the original émplitude.
Finally, we will derive the twist rélafion in the case of
the dual multiparticle'theory with nonlinear trajectories.

The physical amplitude for N identical particles is

symmetric under the permutation of any numbef of particies.
This property must also be present in the Born terms of a
crossing symmetric theory. The N-point tree graphs of

the dual theory have cyclic symmetry and reflection symmetry.
The entire N-point Born term is then given as the sum of

all trée graphs nct related by cyéliclpr reflection symmetry.
If one starts with a'éyclically symmetric tree graph

B N (F‘ Pab.m?*\“‘ﬁiﬁﬁ‘\ . .,,Pz ﬁ:’.ﬂ ....FN ) ,
one way of -arriving at a tree graph with a different ordering
of gxternal lines is to invert the oraering of a subset of

external lines, i.e. we make the inversion transformation

‘Fl’&i.ﬁ_} /F,.Q-.,:g_ for 1 = 0, 1, =-=--, ﬁ--k and where k<ﬂ This

gives the amplifude BN( F‘Fé_-v-.ﬁa-\ .I\D.Q /ﬁz‘”‘".ﬁ& ﬁﬂ’tﬁ"i‘?:" ;\DN') ‘
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) (
"One can arrive'at'any ordering of extefnél lines by.._ a finite
number of such transformations '(each fime ?nve’rting a .
different sub'slét of external lines).For the particular case

,Q: [\] ) the . version operation transforms the

amplitude - BN (?‘ _”'-'/FR"?R\\-\ )\DN ) E H]

depicted in Figure 3d into the amplitude

BN (?‘ '?R‘?N PR_H) EB] depicted in
Figure 4a. Because of the cyclic symmetry of BN s

any inversion operation. with 2‘( N is equivalent to
an inversion with Q-’-‘- N . The reason for introducing
the inversion operation is that the higher spin amplitudes

obtained by factorizing the tree graphs (A) and (B) at

STak, ‘are linearly related .To be more specific,suppose
(A) and (B) factorize at: G-z.'..z then, we have, as in
Eq.(10)

‘R( ! RTRN TN
BN (?l"'&‘g\)m-\ "?N) 22_ % \ }\3 )

ik — %%
d

;.n‘ =N
R(Fl'ﬁ;ﬂzﬂ"/‘?{q) - Y%ﬂ_ H&j‘\‘*‘(\D""?R)BN'k“\(\ph‘-'".’ﬁxl) (15)

and

where

By (P e ) v SRR PPt

where : _ a\ 1\’{ °

C—n -
? - .o £
T:Q \‘\ ‘m‘%"v‘?“l JE\%’\*\} . h‘:- : ":\ kdt (‘ )\DP} B‘\x..‘ L'ON }i—?’\‘.ﬂ} (16)

A
we will show there exists a d x d matrlx E)nm"

Py

' ; > -
.d‘ependlng enly on Pt N = .f.)h'-f ﬁl%\+"'+ 'PN




f

such that

N-hi-\(?"‘ \R*") ( h-\-\b&)BN hﬂ(ﬁ@ Sl 7

Substituting Eq. (17) into Eq (16), we have

d —
! o= : Y - (18
BB BB B = 55 Redlfrfdg ‘Si-_g_ b T »&0 )
Comparing Eq. (18) to Eq. (15), we see that the transformation

Of one diagram to another with a dlfferent order‘lng may be

NNk
carried out by insertlng the new propagator ~
. T ¥R
in place of LTI he relation Eq.(17)
P Sik~ o * en i
is known as the twist relation. L2 is commonly
cgl]_.ed(th‘e twist operator, and S is S

. the twisted propagator. The i.nser*t‘ion of the twisted.

propagator in higher order Feynman-like diagrams produce

a similar effect of genefating other diagran.ls.' The twist
relation Eq.(17) is a cohsequende of the symmetry properties
of BN' To see this, we consider for simplicity the
special case .h"—'—' N"l% ,. i.e. we have the same. number of
line“s on the left and right of 0"'4_\% in Figure 3.
The amplitude BN'(/YD"” 'PR'FK‘A'\”" ’\DN.)
has cyclic symmetry and reflection symmetry. This implies
that the residue R («?,‘f‘ ’F\n R\ ;FN ) i
in Eq.(315) has the following _symmetry properties: |
(i) Reflection symmetry | ‘
R ('?\ F&"'Ptv&) = R(}\)H,}\D‘) . | (19)
(ii) The special cyclic symmetry

R (’) Rl ) = R R Py

Suppose P; ket L,o ceus h.)

(

J
“
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-in Eq.(15) are the follow1ng llnear comblnatlons of Eshk\(fk-i?>‘

Hhﬂ(f ! = Z Bkﬂ(’?a ’f)N (‘?{h) (21)

Qhere the dxd matrlg m“ (ﬁh ) ‘ .
“depends only on ﬁh = P‘ + '?a"' "“‘"fh. T,
‘and has the property :
mn (F—D;,\Q )‘= ‘”‘m (.._ YD&.\R) (22)

then, from Eqs.(21) and (15), we have

R( I (hﬂ lN) ZB\,\“(’@,/F)N (Pik) '&(\3\::&"‘?74). ,(23) ‘

The reflection symmetry property Eq.(19) of R follows ‘

immediately from the representation (23) of R and the-
mn - [ - -n

property (22) of- N "+  Likewise, if F§h+l "'ﬁ%z)

in Eq (15) .. are the followxng 11near comblnatlons ‘ |

A A'Of Bhﬂ ('Fl 'Fh.) . ' 4
Rhﬁ(‘? “ng) = Z Bm\(‘f; ‘FR) (.-(ZN) (ﬁh) (2u)

m= |
where the d x 4 matrix (—IZ N) (ﬁ.h) depends
only on - ]?1kl , and has the property
(N (B = ()™ ("-%) | (25)

then, from Eqs.(24) and (15), we have

RUpr R fud o) = Z,Em RN’ G’Q‘% \*’
M= 6)
The special cyclic symmetry Eq.(20) of R follows from the
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reprcsentatlon (26) of R and the property (25) of

(cQ-N)m(Ph)

Furthermore, from Eqs}(Zl) and (24), we have
o d -—-m | mn (= ) i
(1Y e,y : of.l' " (27)

B"*' (ﬂ )\O') - Z Bb’.«-\(ﬁ ?“)'Q' . (.?“‘ |
where A .
. . -\ AN
oo o= Z @N)™ ()
From the prop‘ertles of _ Nm“ and” SN in
Eqs. (22) and (25), it follows that

(Fl(‘-\> -Q-m(""\:t)\a) . (28)
Since —Clm“ is a fu‘né"cion onl'y' ofi"’?%{: B-\-E‘ﬁ- e .\,)?R.)

Eq. (26) also implieé

cl
Ehﬂ(f U hﬂ('ﬁi' )-D. (P;«) (29)
Substltutlng Eq. (29) 1nto Eq. (27), we see that
;E:A hﬂ& .~Y1 = §;< ,
A=) ‘ '

. Finally, if we perform the transformation

Po =P Pasi , A=LZoowk o fa 06 wsing

the property (28) of uftln : ' ,, We arrive
immediately at the twist relation of Eq.(l?), 'In Eq.(22)
of I, we derived a factorized form of the N-point tree

graph of the nonllnear model which has the reflection
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symmetric form of Eq.(23). The N matrix, which'is‘

N e art e, BiBat Ba " defined in Eq.(19)
of I, is independenf'of : wFﬂh; ~ and depends only on
the parsmeter' 4? . '.oIt*is a symmetric matrix ,

consistent with Eq.(é?). The twist operator we‘will
derive will have exp11c1tly the properties of Eqs.(28)
“and (30). It is 1nterest1ng that ._r):nru - of
the theory depends on ‘Fﬂ; , but is independent of
the parameter - ég .
The various dlfferent factorlzed forms of the tree graphs are
summarlzed in Figs. 3 and 4. The three flgures, 3a, 3b, and 3c,

are dlfferent representatlons of the amplltude

| Bl\\ (’f‘\ F\l{)hﬂ /?“> | AFig-ures

3a and 3b have poles at dlfferent 1ocat10ns, but are

related by duality. FlgureA3a corresponds.to the reflec-
tion symmetric form of Eq.(23), whereas Flgure 3b corresponds
to thc spec1al cyclically symmetrlc form of Eq.(2€).

Figure 3c 1s‘by definition equal to Figure 3b. In the form
of Figure 3¢, it is clear Why —fZ:nrb is called the
twist operator. TFigure u glves the correspondlng represent-
ations fo? the emplltude BN L‘F""?{z ‘?N'"‘ /?\Q_*:\)

It is clear that all graphs in Figpre 4 can be built out

of differcnt combinations of the same propagators and

excited amplitudes occurring in Figure 3,
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We now go on tb derive the twist relation in the
dual médel with ‘nonlinear trajectories. The N—pbint
amplltude w1th one excited partlcle, correspondlng to
Flgure 5, is glven by | |

Angr _Fnan, P-?-nm W)

-1
‘%..n,.‘ﬁ Pl 'E

O(.OL
= B S
(? ﬁ\‘ n*\,q (t\b -:F( ;) -E(n,_) 'F(”N»:e_)
: i (31)
The u-vectcms'Fai a58001ated with TD of Eq. (31)

are related to the external momenta

(% -i-,‘%;i- -i-,f)A

The twisted amplitude is given by making the trans- }

”?s

o02Me3

by .
. (32)

Rip =

formation

Pi = Pu-i

A= lo2,0

Y
o&&ﬁ , |
Thus, corresponding to Figure 6, we havé the twisted
amplitude - .
d | a ‘i»‘.m 4
d et e, ( k::m “) i rHR\ el R-\ Mt
Rerf) = 5 (ggy)
o"m +1 “\'ﬂ < 3N e N‘Q,,m 1.‘ d".
: N~y w=t ey
x TRz 1) "’Fvl-z Nt P w07tz -l
—_j‘-('mN-z,) -E- (mz) (33)
where
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Now, by energy-momentuh conservatidn ‘

PO .:'j‘ "‘-’.'i .o . -
: £ . A

Eﬂ N-l ‘.\ (fcu* ‘*fN ,)r ® - (ﬂ;\vﬁ*@_f +f;)
B —-(f.u i)y emp=3z O

ATherefore; by Eqs.(lZ)g,(l3), (6), and.(lu) of‘the.pfeVibus

section, we have

R-Q»N—to(: "' @Tr (fN) ?

! , -(35)
| -_TY ?,,x : osoc.(a,x.ss |
Applying Eq. (35)-t9 every vector sz*‘ N-1 in Eq. (32),
~ and making ‘the trivial change m,,-—» \"\,;_( , we have
Oﬂdz Q&. g e' i“FUZ dﬂ*u

N(ﬁw ﬁ) (ﬁ &-\)Qee gﬁ(ﬁd (36)
where ‘the twist operator -.Kjl_. Tis given by
oy (r) T
(37)
—f:L@,e Pﬂ.cfh) -T( e& fk) f& Th fh
Eq.(36) is the twist relation of thg theory. We verlfy
easily that the twist 0pérafor Q«l“&',"',“kj e\ea'“@,&

satisfy the properties Eqs.(28) and (29).

IV. THIRD FACTORIZATION AND THE GENERAL THREE-POINT VERTEX
By second factorizétion, we arrived at the N-point

Born term with two nonzero spins given by Eq.(34) of I.

BEE P Aty
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dcnotes the amplitude for the process in Fig. 7. We wish
to obtain the general vertex with three nonzero spins. To

do this, we note that Fig. 7 is équivaleﬁt to Fig. 8
by duality.' Thus, to extract the general vertex, we need
only to consider factorization at G‘i 'N“\
as in Figure g. |
.The procedure of third factorizatign is identical to
first and second factorization. First, to exhibit the
pole G*z. At\\-'\ | s, We sum -over.the index 0, N-y
We then separate all the remaining kinematic variables and
summation indices into three groups, the "left" group,
“the "right" group, and the "crossed" group. Finally, we
apply the factorization of the crossed polynomial as in
Eqs;(ZO) and (49) of I to bring about total factorization.
From Eq.(34) of I, we see that there are threc kinds

-B G\ Gt.“'(él e !a"'dk

of kinematic variables appearing in

Ao, ony (imi<i=N-) ) S Qsas Nz)
ol CPRR (z=is )

The | 16 g variables may be grouped into the "left"
the "rlght" and the "crossed" sets as in first and second
factorization. TD‘ < and PN-‘ @ carry
the momenta and spin indices of the right hand side of
Figure 9. They are therefofe "pight" vafiébles; All other

six-vectors are crossed variables. The tensor

Nwl @l (73:2..”(‘3&‘ G:lo(z_"' 0)0(

in Eq.(34%) of I is independent of momentum, but it carries
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‘the spin indiées of the spinning parficles on the right

"hand side of Figure 9. It may fherefore‘be classified as

a "right variable." | |
The‘crosséd Q™ variables may be decomposed into

a scalar product of two six-vectors by Eq. (9 of the present

paper. The 'P x and. - ,(i Gg-vectors

2 '_<A ~Z N-Z may be decompose_d, using Eqs (6),

(13) and (14) of the present paper. Noting that the

coefficients thaﬁ eﬁter‘the crossed polynbmial are jhsf}

those of C in Eq.(lu4) of I, .we arrive at once at the.
factorized form of BN@" @2 ?2’ KAy e kg
given by‘

B ,0(0{ e oL g? S \ | NK (4
‘Ez§ @z- @ﬁ { Q :E::‘ESN ' £ rj&ﬂ&ﬂsi"gﬂﬂfﬁiw \/’ B
N Gr ((S;_N,‘gk") (38)
whefe ’ BN'&-: éz B S'Q" ‘_ | | is J;u'st

the (N-1)-point amplitude with one excited particle,
corresponding to the left hand side of Figure 9, and given
by Eq.(31) of the present paper. The general three-point

vertex is given by

~ | weelg ), d?l 2 P ¥an, |
VAL (N BB ety old>( dn Plan plang |

£ (v1z)

/

LPN"'@&HF, @o«‘ti ;fd Brz-c) (P‘G'\s St PB’\,- 2 ,,Fr\’},‘\’uz,\

$ g oo

/

e e ey )
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X . (N*‘l O(&f—n 41 ~olg ? ?z. gv ~n..? .-\J' +\ (,\)) -(Tgrx Vit2 Cﬁ) -{rg):"?." (?‘)>

| x . n,_‘(N_,+hz\f3+Y)2_\rz_-de_v' + AM.‘\J}_“‘ A\rz

(39)

where the sum is performed over Ci, c*‘&;\, N, Uy, \EL';\ﬁg

subject to the conditions

d+ n, +v, = X
) | A"' AN..\"\'\Sg ""’ ﬂ’

2"

Vit Vot vy (40)

The vertei?i; not symmetric w1th respect tobthe three
particles. The reason is that we had extracted the vertex
from an unsymmetric factorized form of the free graph
corresponding to Figure 10. It is felatively easy to
see that by the first, second;Aahd.third factorization
procedures up to this point, We-have.arriQed at a factorized
form of the tree graph in which the léft and upper middle
blobs of Figure 10 are related by the cyclic transformation
of Eq.(20) but they are in turn related to the right blob
by the reflection symmetry of Eq.(19). Thus, the three-.
point vertex which links the three blobs is naturally

unsymnetric. In order to have a cyclically symmetric vertex,




4expressions'(ul) and- (42) be equal.

20 .

we want the pright blob in a form which is related to the
left and upper middle blobs by the cyclic transformation

of 'Eq.(20). This can be achieved by performing a twist

" on the right hand blob. The symmetric»form obtained by

twisting the right-hand graph is graphically represented

_in Figure 11.

We wish now to derive thevéymmetric three-point vertex
A o ‘ : . ' .
VK‘@ . Let us consider only the lower right-hand
corner of Figufes 10 and 11. Corresponding to Figure 10,

we ‘have
oo

~ ¥R No(‘o(;- a,QB Su3g Sidw 'Q(
ng YAl | G_(%?‘Nzg) ’FN?N\ 'ﬁ\ﬂ)( i)

Correspondlng to Figure 7, we have

N . YT YRR Y | .
Z \ SB N, - o{gs&o& B S (ﬁ‘*‘f?‘*’:..;f‘l>(u2)
= é"(ﬁ\\zﬂ N % )
The vertex \[ K@“ ~can be found by requiring that the

W 11 first f the twist 'BS'S"S‘Q ;F )
e Wl Ars per orm e WlS on ( .
| S o ’fr& Rt

-

in Eq.(41). Eqs.(36) and (37) give -us the operator which
twists a "left" graph. We want the operator which twists

a "right" graph. Eqs.(20) and (17) allow us to go from the

twist relation for a "left" graph ‘to the twist relation for

a "right" graph. Thus, we can write down

3,5, 8 | 8,83 §:8e 8¢
BN ‘ ﬂ(fﬂlﬁm): Q?S é( it M)EN (ﬁuzu; m‘).
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Substituting the twist relation of Eq.(43) in (41), and

equating (41) with (42), we have : :
seul | R | 8278 =
V Nd#&"«k 8".82 - V NQ’M; al ?.f ?Q Q 8‘ 8)‘.' 5.9‘(_' lh(*[: S>

where the twist operator _(2 (—ﬁﬂ. M) is defined in

Eq.(37). It can be easily proved. that the twigt operator

commutes with the tensor N i.e.,’

08t _ o o iS5
N"‘t"‘» “Affz fe 5689 Qd.ﬂs‘“xf\gi‘fz 8iSardg

: (ul)
Using Eq.(44) in Eq.(43), we have

X _ YERS
ALSEERY fzg,&_ 5

: g
- Substituting into Eq.(u45), the expression '\/ <3

(45)

in Eq.(39), we arrive finally at the genéral symmetric

three-point vertex corresponding to Figure 12 given by

VK@d Z (’ﬂ' (‘a"ﬂ" (’b) 'W' 2 CIH )t\("'?is) fc,XtB b’)

Ci.d
- I ‘) ' 0’ - v.(' 2 .,O(‘D( _...(;{:Jl
x(n % q) B gﬂhgu'ﬂ Hg L% C)
' rb’ ( VY Ve, B, R,
(WG RTS8 e pes)
“Ea- Teorn =Xesrd, aoSett mta an  wXo
x M LF: € a'Pl ciedy i._?:cz”.P::C,:h.‘“a wtds
% Pg@cgﬂ '{:(:BG’CB.\.Z“"FB@CS*'(AE}
-+ (el3)
QLCZOEI". C:B d\eﬁ‘ C—|C{3+ C{(Cl:._% CLJ\:\} < A&’e“) 4.6

%
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where 2 , .. implies summa;tion 0ver‘~' 'C. CaCs . d‘ ‘0‘1:013
- C;ﬂc}; | | TR SH
subject to- fhe conditions.
C + C, ol '2;
(:z'%(:3 T<i3 = gz. - ' ‘
ca+civd = L . | 'gsZ)
and N / « (3 (?3 | : ‘- is 'defined.in

Eqs.(14) and (11).

AT

V. CONCLUSION -
In this paper, we have derived the twist relation,

and the general unsymmetric and symmetric vertices in

the ‘nonlinear dual model.A ‘While the .existence of these
objects is expected in any‘fact'orizab'le dual theory, it
is interesting to note that both».t}ie results as well as
the techniqu_eé used to arrive at these results are quite

dif'ferent in the Veneziano and in the nonlinear model.
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4. In the case W:-&S‘fb , b#o0
we can»defihe‘q 7-vector 12& ’ by '
e = dza R for o=zoc<3
P‘;': 4 -2‘4 :
"Ps— =g = a?t :
Ve =:S-€”

A 7-dimensional metric is defined with the only nonvanishing
elements given by

8 = =Qy = ‘“33;: = Qaz = 345 = ’3,54':"'866 =
The'II'nutrlces then become seven- dlmen31onal matrices glven
by Eq. (M) plus the deflnltlon

then, the multiplicative property of thé'jw‘natrlces, given
by Eq.(5) still holds.
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FIGURE CAPTION

Symbolic factorization of the N=point

“tree graph with N spin-zero external particles

at G - | 4
Symbolic factorization of the k+1l-point tree

graph with k spin-zero-éxternal particle,

. and one "excited" external particle with

—

momentum = {5k, at a pole 075. :

Three different representations of the N-point

Aampl.i'tude —BN (;\3‘ ?&,1\)& &‘\"\ ft\\)

described in the text.-

Three different representations of the N-point

| B‘\l ("B fzﬂa ?r\('}\) N%"'?\m) |

described in the text.

amplitude

Tree graph with H-1 spin-zero external lines

.hav%ng momenta {?‘, 4?3_, R )f%q_\

and another external line with momentum fDN

ong

The momentum labelling Fi‘, ?32” A) Fiyqav

is used in the text.



Figure 6.

Figure 7.

- Figure 8.

Figure 9.

Figure 10,

Figure 11.

Figure 12.
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'Tree graph which is related to the graph in

‘Figure 5 by a twist.

Tree graph withAtwo external lines having
nonzero spin. | _

Tree gfaph related to the gréph of.Figdfe 7
by duality. | | '

Symbolic factorization:of the graph in Figure
8 info aﬁ_amplitude,A"proﬁagator," and a
general vertex. | |

Configuration of the tree graph from which

the nonsymmetric general vertex is obtained
by third factorization.

Tree graph'configuration obtained by twisting

Figure 10. 'The stmetric general vertex is
obtained by factorization of this graph.
Symbolic form of the symmetric geﬁeral vertex
indicating the.association of tensor indices

and particles.
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Figure 12




