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Abstract

The relation between superfluidity and Bose condensation in *He provides
lessons that may be valuable in understanding the strongly correlated electron
system of high T, superconductivity. Direct observation of a Bose condensate
in the superfluid by deep inelastic neutron scattering measurements has been
attempted over many years. But the impulse approximation, which relates
momentum distributions to neutron scattering structure functions, is broad-
ened by final state eflects. Nevertheless, the excellent quantitative agreement
between ab initio quantum many body theory and high precision neutron ex-
periments provides confidence in the connection between superfluidity and Bose
condensation.

At this conference on high T, superconductivity there has been much speculation
about its possible relation to the most exciting recent development in condensed
matter physics, the discovery of new kinds of Bose condensates of laser cooled atoms
in magnetic traps. The discussions have included intriguing new angle resolved pho-
toemission data on the perovskites that have been interpreted as evidence for the
formation of pre-formed Cooper pairs at high temperatures. These then Bose con-
dense as temperatures are lowered through the superconducting transition. But the
high T. superconductors are strongly interacting electronic systems, and those in-
teractions are sure to cause significant deviations from the paradigm of ideal Bose
condensation. Before our enthusiasm carries us away, it may be useful to recall the
story of protracted effort to establish a connection between Bose condensation and
the superfluid transition in liquid *He.

The discovery of superfluidity in liquid *He below T\ = 2.17°K, and its phenomeno-
logical characterization since then, has been one of the great success stories of con-
densed matter physics. The relation of superfluidity to the behavior of atoms was
conjectured by F. London in 1938. Superfluidity is a manifestation of the Bose con-
densation of helium atoms, the extensive occupation of the zero momentum state.
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Ever since *He has been the paradigm in the search for Bose condensates in other
systems. At the U. S./ India Joint Seminar on Bose Einstein Condensation and Pair-
ing Phenomena held in Pune the week before this meeting, we heard exciting new
evidence for Bose condensates of laser cooled alkali atoms in magnetic traps [1], of ex-
citons in C'up0 [2], and possibly in the high T. perovskite superconductors [3]. There
remains the holy-grail of forming a Bose condensate in spin-polarized hydrogen [4].

Laser cooled alkali atoms in magnetic traps [1] are much closer to ideal Bose con-
densation than superfluid *He. The densities are low, interaction effects are small,
and they can be approximated as a weakly interacting dilute Bose gas. The fraction
of atoms n, condensed in the zero momentum state proceeds from zero at a critical
temperature 7' = 7, to nearly one at 7' = 0°K. The momentum distribution n(p)
has a d-function spike at p = 0 with an integrated intensity of n,. The momentum
distribution can be measured by experiments in which the magnetic trap is released,
allowing the velocities of the escaping atoms to be observed by time-of-flight. The re-
sults conform to expectations within small corrections. Very recent experiments have
discovered quantum coherent phenomena such as the atomic equivalent of lasing and
quantum interference between two traps.

In contrast, liquid # e is a strongly interacting Bose system. That complicates the ex-
perimental verification of F. London’s prediction that the superfluid transition should
be associated with an n,4(p) spike in n(p). The strong interactions dramatically alter
1(p) fromi an ideal Bose gas. Sophisticated many-body calculational methods, such
as Gireens Function Monte Carlo (8] (GFMC) for zero temperature and Path Integral
Monte Carlo [9] (PIMC) methods for non-zero temperatures, have been developed for
such problems. They predict an n, of only about 0.10 at T' = 0°K. This small value
contrasts with alkali Bose condensates where n, is near one. The 90% non-condensate
4He atoms undergo quantum zero-point motion with momenta spread over a width
of about 1A~1.

The relation between superfluidity and Bose condensation in *He has been investi-
gated over many years by neutron scattering experiments and quantum many-body
theory. My goal is to illustrate the difficulties of establishing the existence of a Bose
condensate in a strongly interacting system, even though its macroscopic effects are
manifest. I assume readers have access to a review by Silver and Sokol [5} which
emphasizes the neutron scattering theory through 1990 and a review by Snow and
Sokol [6] of the deep inelastic neutron scattering (DINS) (or neutron Compton scat-
tering) experiments through 1995. Another good source is the 1989 book Momentum
Distributions which addresses related Compton scattering experiments throughout
physics. These reviews present the details. equations and data. I focus here on the




key concepts, the current status and some recent developments. The insight gained
may also be useful for other momentum distribution studies.

Direct experimental observation of n(p) in *He has proved elusive. It can not be
measured by kinetic experiments on escaping atoms, because *He is self bound. Ho-
henberg and Platzman [10] suggested in 1966 that the best hope for measuring n(p)
is DINS. This is the neutron analogue of X-ray Compton scattering measurements
of electron momentum distributions in solids and molecules. But after decades of
effort and hundreds of research papers, the conclusion reached is that the strong
interactions among *He atoms invalidate a simple impulse approrimation (IA) in-
terpretation of DINS experiments. The Bose condensate d-function predicted in the
dynamical structure function by the IA is irretrievably broadened. Only circumstan-
tial evidence remains for a correlation between superfluidity and Bose condensation
in *He. It consists of excellent quantitative agreement between experiment and ab-
initio many-body theories, which predict a Bose condensate. But this requires a more
sophisticated theory for what DINS measures than the IA.

More generically. deep inelastic scattering refers to experiments in which a high energy
probe particle scatters at sufficient energy %w and momentum AQ) transfers that the
incoherent dynamical structure function for single particle scattering dominates the
coherent structure function for interference scattering between particles. For this
concept to be applicable to neutron scattering from *He, @ and w must be much larger
than the scales set by the phonon-roton spectrum or the static structure function,
S(Q), related by Fourier transform to the radial distribution function g(r). This
scale is approximately @ > 5471, The impulse approrimation (IA) to deep inelastic
scattering further assumes that a target particle recoiling from a scattering event
has high kinetic energy compared with potential energies with neighboring particles.
This is an excellent assumption for x-ray Compton scattering studies of electronic
momentum distributions in solids, and for electron scattering studies of subtructure
of nucleons in high energy physics. The IA incoherent structure function S(Q.w)
has a simple integral relation to single-particle momentum distribution n{p). The
Compton profile J(Y,Q) = QS(Q,w) is a universal function of a scaling variable
Y = (w— hQ?/2M)/Q and independent of @ [11]. For DINS from liquid *He,
a condensate would produce a n,6(Y) peak in the Compton profile, corresponding
to a peak in S(Q,w) at the recoil energy w = hQ?/2M with integrated intensity
proportional to n,. This prediction provides motivation to use DINS experiments to
study the relation of Bose condensation and superfluidity in *He.

Unfortunately, this IA ideal can not be reached for liquid *He at any feasible @ due
to final state effects (FSE). Even though experimental @’s can now reach deep into




the DINS range, interactions of the recoiling helium atom with neighboring atoms
broaden the Compton profile. This broadening may be represented as a convolution
of J14(Y) in Y with a FSE broadening function R(Y,Q). The combination of a FSE
theory and quantum many-body calculations of n(p) yields quantitative predictions
for neutron Compton profiles. The remarkable story of Monte Carlo and quantum
many-body calculations of n(p) has been told elsewhere [8. 9]. In these proceedings,
I emphasize developments in the theory of FSE, and the comparison of recent DINS
experiments to theory.

The first physical picture of FSE was presented by Hohenberg and Platzman [10] in
1966. A helium atom recoiling from a neutron scattering event has a collision life-
time with neighboring atoms, 1/7 = hQpo(Q)/M. Here p is density, o(Q) is the
He-He cross section and M is mass. R(Y, @) would be a Lorentzian in Y of width
AY = po(Q). If the *He-*He potential had a hard core. such that o(Q) went to
a constant at high Q. the Compton profile would obey Y-scaling without satisfying
the IA. The 1A would not be valid no matter how high the Q). The actual ¢(Q) has
been measured and found to decrease slowly with increasing @ (approximately log-
arithmically). modulated by ‘glory’ oscillations resulting from quantum interference
between 1dentical particles. The corresponding potential is steeply repulsive at short
distances. The IA would be approached equally slowly with increasing Q. while the
required instrumental energy resolution would scale as Ahw x Q7. The correspond-
ing required neutron intensity increases approximately as @> for most spectrometers
providing an intensity limit to the achievable Q.

However, this Lorentzian broadening FSE theory disagrees with experiment even for
the normal fluid where the PIMC prediction for J;4(Y) is approximately Gaussian
except as it tails off at large |Y|. Normal fluid experiments are within a few % of
the PIMC-IA prediction. The Lorentzian FSE theory predicts too much broadening
as well as Lorentzian tails decreasing as O(Y ~2) at large |}| that are not observed.
A Lorentzian R(Y, Q) would also violate the kinetic energy sum rule which requires
the second moment of the Compton profile to have the IA value. Thus, the sum rule
requires the second moment of R(Y, @) in Y to be zero.

Another approach to FSE has been to develop additive corrections to the TA as a
truncated power series in inverse powers of @ [12, 13]. The first termin this expansion
is the IA. The next term decreases as Q! and involves the semi-diagonal two-body
density matrix po(r,r”; 7', r”). It is natural (although, we shall learn later, incorrect)
to assume that only the first few terms in this series are important at high ¢J, and
therefore that FSE fall off as O(Q™!). No such additive corrections to the IA can
cancel a Y-scaling Bose condensate ¢-function.




The empirical failure of the Lorentzian broadening theories in the normal fluid and
the additive correction FSE theories decreasing as O(Q™!) encouraged investigation
of n(p) by DINS at increasingly large @ [14]. Early reactor neutron experiments
with their thermal neutron spectrum could not practically exceed Q = 124~!. But
the advent of pulsed spallation neutron sources in the 1980’s with their high flux of
epithermal neutrons enabled practical experiments at Q’s up to 304!, well into the
DINS range.

Unfortunately, as we shall see, Nature frustrates any hope that FSE could be ignored
at any feasible momentum transfers (). The correct qualitative physics of FSE was
first identified by Gersch and Rodriguez [15] (GR) in 1973. The positions of atoms in
the ground state of liquid *He are correlated as described by their radial distribution
function g(r). They stay away from the repulsive core of neighboring atoms in order
to minimize their energy. A high kinetic energy * He atom recoiling from a neutron
collision must travel a distance on the order of the first peak (~ 34~!) in the radial
distribution function before it begins to scatter at the rate 1/7 of the Hohenberg-
Platzman theory. This significantly reduces FSE. but it does not eliminate them. FSE
still scale like the cross section o(@). The GR quantitative calculation of FSE used
an eikonal approximation for the scattering, a novel cumulant expansion of S(@Q,w})
involving again the semi-diagonal two-body density matrix p,, and an approximation
to py in terms of the one-body density matrix pi(r.7') and the radial distribution
function g(r). The resulting FSE broadening function R(Y,Q) is non-Lorentzian
with a central peak for small |Y'|. rapidly damped oscillations at large |Y'|, and a zero
second moment in Y as required by the kinetic energy sum rule.

Actually, the above description is a paraphrase in modern language of what GR ac-
complished. Their work was perhaps 15 years ahead of its time, phrased in different
language. and largely ignored. One can speculate about the reasons. It was published
prior to the realization of the general character of Y-scaling in all Compton scatter-
ing (or deep inelastic scattering) experiments throughout physics {11]. It appeared
at a time when the only experiments had been performed at the low @’s of reac-
tor sources, and Monte Carlo and variational calculations of n(p) were not accurate.
Their quantitative predictions were buried in an experimental paper which claimed to
measure n, 2~ 0.02, in disagreement with both many-body theory and all subsequent
experiments. Their step function approximation to the radial distribution function is
unrealistic. The approach did not make contact with the more familiar methods of
diagrammatic perturbation theory. In retrospect, their quantitative theory underes-
timated the FSE broadening.

In 1987-89 the author [16] (S) developed a new approach to FSE using a Liouville




projection superoperator expansion of S(@,w) about the ground state wave function.
The superoperator projected all single particle excitations of momentum transfer
h(Q) above the ground state. The expansion was truncated at the level of p,, which
again 1s approximated in terms of the g(r) and p; in a somewhat different manner
than GR. Although the expansion generates many terms. all terms which did not
Y-scale in the asymptotically high @ limit for hard core potentials are dropped.
The theory has a perturbative representation as a Dyson equation in which FSE are
vertex corrections involving additional single particle excitations. The two-body t-
matrix is approximated by semiclassical methods which are accurate at high Q. The
small parameter is a product of the t-matrix and p, which is well behaved. The
Dyson equation corresponds to an infinite order partial resummation of the additive
FSE correction series. This resummation has an entirely different asymptotic @
dependence than the first correction to the IA in the additive series.

The result is. like the GR theory, a convolution broadening R(Y, @) of the IA Compton
profile J;4(Y). Moreover, it may be described by a simple physical picture. The
scaling variable Y is canonically conjugate to the distance traveled by a recoiling *He
atom. The FSE broadening function R(Y, @) is the Fourier transform of the classical
scattering probability of no collisions as a function of this distance. This probability
depends on real space correlations in the ground state wave function through the
radial distribution function. The inputs required to calculate FSE are all known
from experiment, so the theory has no adjustable parameters. The central peak of
R(Y. Q) is about twice as wide in Y as the GR calculation. FSE eftects on the normal
fluid Compton profile are very small in agreement with experiment. because the 1A
profile is almost Gaussian and FSE do not alter the second moment of the Compton
profile. But for the superfluid where the IA Compton profile is very non-Gaussian,
the FSE broadening is sufficient to eliminate the distinct Bose condensate §-function
peak predicted by the IA. The ) dependence follows o(Q), so that FSE decrease very
slowly with increasing Q).

My theory appeared a vear or two before the high () experiments from the new
generation of pulsed spallation neutron sources. These beautiful experiments are
best described in the aforementioned review by Snow and Sokol [6] to which we
refer readers. After correcting the data for instrumental effects such as resolution
and backgrounds. there is almost perfect agreement within statistical error between
experiment at = 23A~! and ab initio predictions for J(Y, Q) obtained by combining
GFMC and PIMC n(p) with the author’s theory for FSE [16]. This is true even though
the shape of the Compton profile varies significantly with temperature, becoming
more sharply peaked and less Gaussian as lower temperatures. As g¢(r) changes
little in this range, the same R(Y,Q) can be used at all temperatures to a good




approximation apart from a simple linear scaling of the Y variable with density. Thus
the experimental data are consistent with calculations that predict a Bose condensate
fraction n, &~ 10%. The forward prediction of experiment by S-PIMC and S-GFMC
theory is quite good at high @ [17]. '

Detailed comparisons with other FSE theories can be made assuming the n(p) cal-
culations are correct [18]. There is dramaiic disagreement with the IA theory at
superfluid temperatures especially in the region near Y = 0 where the condensate
would contribute. There is similar disagreement with additive FSE corrections that
allow a condensate é-function to persist. The broadening predicted by GR is about
a factor two too small.

Not everything is perfect, however. One unexplained discrepancy is a slight asymme-
try in which the Y < 0 (Y > 0) side of the Compton profile is slightly lower (higher)
than experiment [6]. The agreement is not so good at smaller Q [19]. as should be
expected from the approximations employed. These discrepancies point to the need
for further development of the DINS theory.

The inverse problem of extracting n(p) and R(Y') from experiment in the presence
of noise. instrumental broadening, and backgrounds is ill-posed and more difficult.
One approach is to assume the FSE theory to be correct, and to fit a model form for
n(p) that includes a Bose condensate with n, as a parameter along with other known
singular structures induced by the condensate. Using this model fitting approach,
Snow and Sokol [6] report broad trends in the extracted values for n, and the kinetic
energy as functions of temperature and density that are in reasonable agreement
with expectations. However, the error bars on n, are approximately £2% which
are not small compared to n, itself. With those errors it is impossible to say with
precision that there is evidence for a sharp transition from zero to non-zero n, as the
temperature is lowered past 7). Indeed, the data below T\ may also be adequately fit
by n(p) that is a sum of narrow and wide Gaussians that have no é-function. Attempts
to extract R(Y, Q) assume, conversely, that the GFMC and PIMC calculations of n(p)
are correct. The result is reasonably close to my theory at high @, although there are
differences in the damped oscillatory wings at large |Y|. There is no estimate of the
statistical significance of those differences.

The most serious theoretical criticism of the my approach to FSE has addressed the
approximation to the semi-diagonal two-particle density matrix p;. Ristig and Clark
[20] in 1989 pointed out that the my approximation, while satisfying the p— and
g— sum rules on py, does not satisfy other known properties such as symmetry and
sequential relations. The different approximations of GR and by Rinat [21] also satisfy




these properties to a limited extent. Ristig and Clark suggest a general structure for p,
based on hypernetted chain theory which satisfies all the known constraints including
sum rules, symmetry and sequential relations. Unfortunately, this form has not yet
been quantitatively used in my theory.

Carraro and Koonin {CK) in 1990 [22] presented a calculation of FSE that did not
depend on approximations to p;. They solved the scattering problem of a high @
recoiling atom moving in the instantaneous potential of a Jastrow approximation to
the many-body wave function, the assumption being that neighboring atoms provide
a static field. Their resulting R(Y,{)) has approximately the same width central
peak as I predicted at high ), and so they also agree well with experiment. There
are some differences between the two predictions in the damped oscillatory wings at
large |Y|, but the available experiments are insensitive. They also predict a more
severe () dependence, but the discrepancies between of both CK and S theories with
experiment increase at small () and are comparable in magnitude.

In 1996 Mazzanti et al. [23] reexamined the GR theory using an HNC estimate for
the semi-diagonal two-body density matrix p, based on the earlier work of Ristig and
Clark. They claim essential agreement between the GR, CK and S predictions for
the width of the central peak of R(Y, Q) provided that a proper p; is used in GR
theory. Experiments are insensitive to somewhat larger differences between theories
in the damped oscillatory wings at large |Y|. In the original GR paper. their p, relied
on a step function approximation to g(r) at r, = 2.5A which gave too little FSE
broadening. Mazzanti et al. note that a choice of r, = 2.14 in the original theory
would also yield good agreement with experiment and the CK and S theories for
R(Y,Q). However, examination of the measured g(r) reveals that there is almost no
probability for collisions at » = 2.1A4.

Thus, today there are three different theoretical approaches that are in quantitative
agreement about the magnitude and character of FSE at high ). What remains
to be tested is whether use of a better py in my theory would significantly alter its
prediction.

A focus of recent experimental work has been systematic studies as a function of
Q [19, 24]. Andersen et al. [24] in 1994 measured the FWHM (full-width-half-
maximum) and peak position of S(@,w) in the range 3 < @ < 12471, They observe
at least four oscillations in the FWHM and peak position in both the normal fluid and
the superfluid that appear to track the aforementioned glory oscillations of the He-He
cross section. Their interpretation is that it provides model-independent evidence
that final state effects are present in the data which vary like o(Q). However, the @’s




are not large enough to ignore coherent scattering. The shift in peak position also
suggests there are real part of the self-energy corrections to the IA in addition to the
vertex corrections associated, in my theory, with FSE broadening.

"Where there’s smoke, there’s fire.” This old adage is good enough for me. I am sure
about the correlation between Bose condensation and superfluidity. The empirical
manifestations are overwhelming. We have achieved excellent quantitative agreement
between ab initio theory and high precision DINS experiments. Further efforts to
understand the ‘smoke’ should tell us more about the ‘fire’. But for those who insist
on "Seeing is believing!”, a new approach other than DINS will be needed to directly
observe a Bose condensate é-function in the momentum distribution of superfluid
4He. One can only speculate how difficult it will be to establish a relation between

Bose condensation and the superconducting transition in the high 7, superconductors.

This research was funded by the U. S. Dept. of Energy. This was a plenary paper
presented at the International Workshop on High T. Superconductivity: 10 Years
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