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AN ITERATIVE UNFOLDING METHOD
'                                      FOR RESPONSE MATRICES

by

Raymond Gold

ABSTRACT

The problem of unfolding the output data of a detec-
tion system is reviewed. Physical implications of the ma-
trix representation of a detection system are discussed.  An
iterativemethod of solution is presented. The properties of
the iterative method are investigated, and proof of conver-
gence to the exact solution is given for two-dimensional,
triangular, and positive definite type response matrices.
The unfolding characteristics of the method are examined by
applying the iterative process to the results of a neutron
detection system. Limitations of the iterative method are
discussed.

I. INTRODUCTION

Since ideal detection systems do not exist in practice, the mea-
surement of a continuous spectrum is often complicated by the problem
of finding the actual spectrum from the observed experimental data.  The
distortion of the actual spectrum usually arises from the inherent limi-
tations of the particular detection system that is used. Obvious examples
of such limitations are finite resolving power, multiple interaction modes,
and nonlinear detection efficiency. The process of correcting experimen-
tal distributions for detector distortion has become known as unscram-
bling or unfolding.

The present considerations will be restricted to detection systems
that measure the intensity distribution of one physical observable.  Let
X(11) represent the actual intensity distribution or spectrum of the observ-
able 11, and B(v) represeht the distribution arising as a result of the mea-
surement.  Then, the distributions X(11) and B(v) are related by an equation
of the form

'

,h 142

B (v)    =   A(7,11) X(11) dll,                                    (1)
v   1 1

where the function A(y,#) is customarily called the response function of the
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detection system. Hence, the unfolding problem is that of solving an integral
equation of the above type.  It is instructive to briefly review the status of
such an equation.

If the interval ( 11'/12) is finite and the prescribed kernel A(v#) and
prescribed function B(v) are well-behaved, then Eq. (1) is called a nonsingu-
lar Fredholm equation of the first kind.  It is known that no well-behaved
solution need exist for this equation when arbitrary well-behaved functions
A(v,B) and B(v) are prescribed.(1) Moreover, as pointed out by Eckart,(2)
the existence of a solution of Eq.. (1) does not imply uniqueness. Namely, if
X1(M) is such a solution, then X2(11) = Xi(u) + f(11) is also a solution, where
f(11) satisfies the equation

r #2
0 =       AG/,11) f(M) dp.                                              (2)

J  1

It is evident that subsidiary conditions are required before uniqueness can
be guaranteed, Such conditions would play a role analogous to that of bound- '
ary conditions in the theory of partial differential equatiens.

Since our application  of  Eq: (1) represents the description  of a  phys -
ical process, one might conjecture that the existence of a unique solution is
assured by the physical requirements of the problem. However, a closer
examination reveals that this is not the case. Indeed, the assumption that
Eq. (1) describes a physic,al process tacitly implies that the function B(v)
is determined from experimental data and, as such, B(v) is not known ex-
actly.  As a consequence, one must then consider not Eq. (1), but tho mod-
ified equation,

B(v)  +  E(v)   =·  ' M.2  A(v, 11)  X(11)  dll,                                                                                (3)pl    f

where B(v) now represents the results of some experimental measurement,
and E(v) is a measure of the error that is inherent in the'observation.. It
has been shown that solutions of Eq. (3) are not only nonunique, butare also
subject to severe oscillations.(3) This instability is an inherent character-
istic of numerical solutions of the Fredholm integral equatien, rather than
the particular method of solution that is utilized. 4) It has been recog-
nized(2,3) that only by specifying a criterion of smoothness can a unique
(smooth) solution of Eq. (3) be deterrnined. Such a criterion is, of course,
equivalent to the proper prescription of boundary data in the aforementioned
analogy with partial differential equations.

Let us now turn our attention to the numerical solution of Eq. (3),
which usually proceeds by replacing the integral in Eq. (3) by a quadrature
formula.  In this manner, Eq. (3) is reduced to a system of simultaneous
linear equations.  Iri this approximation, Eq. (3) assumes the matrix form,
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8+E= AX,                                                                                  (4)
' where B, X, and E are n-element column vectors and A is an (n x n)

matrix. Since the resulting output of the detection system is actually a sin-
gle vector,X=B+E, Eq. (4) takes the form,

Y = AX.                                            (5)

It is customary to call A the response matrix (of the detection system).
The vector 2 will be referred to as the output vector (of the detection
system). Consequently, the vector Y is not precisely defined, but pos-
sesses the inherent error associated with the experimental measurement.
In terms of this matrix representation, the input to the detector also takes
the form of a vector, namely the input vector (of the detection system).  The
physical implications of the description imply that for each output vector
there must exist an input vector that satisfies Eq. (5).

The order n of this matrix representation is to a certain extent arbi-
trary. Indeed, the larger one chooses n, the more closely the matrix repre-
sentation approximates the original integral equation. However, the fact that
one is restricted from choosing arbitrarily large n can be seen from the
solution of Eq.  (4).   One has

X  =  A- 1(8  + ED.                                                                                                      (6)

There is no doubt that as n increases, the contribution of the truncation
error in the elements.of E will decrease. However, there does exist a
(nonvanishing) lower bound for the norm of the elements of this error vector.
Such a lower bound is usually set by the error that arises from the physical
limitations of the measuremeht and is thereby independent of n.  On the
other hand, if n is chosen too large, then A may become ill-conditioned,
and the matrix A-,(lill then pos·sess coefficients that become rapidly larger
with increasing n. Consequently, there is no reason to believe that the
contribution to the exact solution vector X arising from the error vector,
that is, A-lE, need become small for arbitrarily large n. Indeed, it is usu-
ally found that as n increases, the solutions first become more accurate,

»
but then eventually become worse.

In practice, the minimum order of a response matrix is usually dic-
tated by the range and resolution of the detection system.  That is, one nat-
urally chooses n large enough to cover this entire range and, at the same
time, retain the resolving power afforded by the instrument.* For.detec-
tion systems of interest, such a choice implies that the order n will be
large. Typically, one finds orders that are larger than n = 20 and quite
commonly  n 2 50.   That such response matrices are ill-conditioned has been

*Otherwise there is little, if anything, to be gained by following any type
of unfolding procedure.
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demonstrated. (5) Consequently, the exact solution of Eq. (4) or (5), as given
in Eq. (6) in terms of A-1, will possess the inherent oscillations that (as has
already been mentioned) persist in numerical solutions of the Fredholm                    '

equation.

In such circumstances, it is clear that the exact solution can be com-

pletely unacceptable. It follows that one does not, in general, desire the exact
solution as given by Eq. (6), but more properly seeks a vector that satisfies

Eq. (5), together with certain subsidiary conditions imposed by the physical
implications of the description.  Such a solution will be -called an appropriate
solution. In other words, appropriate solutions are more than merely mem-
bers of the set of vectors that satisfy Eq. (5). Appropriate solutions must,
in addition, satisfy all relevant physical requirements.

The main features of this problem can be described more precisely
in terms of the (infinite) set of vectors thit satisfy Eq. (5).  This set can be
defined as

X =  { 11(Y- AS) < 0(E)}..

Thus, a vector S is.said to satisfy Eq. (5), provided AS differs from   by
no more than the order of the experimental error. Application of subsidiary
conditions will define some subset X.' C X. Provided the subsidiary condi-
tions have (physical) validity and have been properly applied, one can expect
that the input vector will be an element of the subset X'.   On the other hand,
one must also anticipate that the subset X' will generally be infinite.  In ad-
dition, if some pertinent physical implications have not been utilized or could
not be successfully incorporated into the method of solution, then the subset X '
may still possess elements that could not be classified as appropriate solu-
tions. Consequently, there could still exist some uncertainty concerning the
nature of the solutions furnished by such a method.  In this event, a proper
examination of the ability of a given method to provide appropriate solutions

could only be ascertained through testing, utilization, and experience with the
given method.

Many different unfolding procedures have been proposed and used in
an effort to treat this problem. These techniques generally fall into three
categories: iterative, least-squares, and smoothing methods. Inthe itera-
tive approach, one attempts to generate successive approximations which
converge to an appropriate solution. Different types of iteration processes
have been utilized with some success.(6-9) The least-squares method mini-
mizes the norm of the residual.that is constructed from the output vector  and

(10,11)an assumed parametric form of the input vector. A smoothing method
introduces constraints upon the input vector, output vector, or both, in an
effort to suppress unwanted oscillatory behavior. For example, the smooth-

.ing technique of Phillips(12) has demonstrated some success in dampening 4
out spurious oscillations.
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In particular, this report is concerned with a specific iteration meth-
od,(7) which has been successfully employed in practical applications.(13- 15)
The properties of this iteration process will be examined in detail.  The
main goal of this investigation is to develop a more rigorous foundation for
this method than presently exists.  Such a foundation will provide the neces-

sary justification for the application of this method.

The  eneral advantages of iterative methods have been discussed by
Bodewig. ( 16/ Forsythe(17) has given a general classification for different
types of iterative methods. Perhaps the most significant feature of iterative
methods,  for the unfolding ·application,  lies  in the ability to incorporate  read-
ily most of the major physical implications of the description. Furthermore,
the necessity for an explicit calculation of the inverse matrix, A- 1, is
avoided. This advantage can be extremely important since most response
matrices are ill-conditioned, and thereby the error in the elements of A-1
can be prohibitive.

This additional complication does not appear to have been clearly
recognized in this application. The error that arises in the elements of A-1
is due to two essentially independent sources. First, one has round-off error
incurred in the inversion process. Second, one must realize that the ele-

ments (ai 4 of A also possess inherent error. We shall not dwell upon the
subject of  the construction of a response matrix, but refer the reader to ex-
amples in the literature.(18-22) The error in the matrix elements (aij) can
either be the result of experimental measurement or may arise from certain
analytical approximations of the interaction (or detection) process.  As a
result of these two sources alone, it is apparent that the induced error, which
is propagated to the elements of A-1, will increase very rapidly with increas-
ing n.  In such circumstances, any reduction in the number of operations re-
quired to find an appropriate solution can significantly reduce the propagation
of error. The possibility of such a reduction is available when one uses an
iterative technique. Moreover, this very feature is often pointed out as one
of the general advantages of iterative methods.

Finally, the ability to stop and examine the process, after a given
number of iterations, is highly desirable. This affords not only a study of
the convergence of the method, but also permits an examination of any mem-
ber of the sequence of approximations. Consequently, if the iterative method
generates successive vectors that possess the characteristics ascribed to an
appropriate solution, then one may confidently expect (provided convergence
is assured) that the method does furnish appropriate solutions.

The next section reviews the physical implications that arise from the
matrix representation of detection systems. The iterative process is then

' described, and the convergence properties of this method are examined in de-
tail. In Section V, the.lirriitations ofthis unfolding technique are investigated by
applying this method to a Li6 solid- state detector which is utilized for the
measurement of neutron energy spectra.
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II. PHYSICAL IMPLICATIONS

For exposition, the matrices that enter into this representation of
detection systems, as given in Eq. (5), are displayed below. The vectors X
and Y talie the form of column matrices

x              Yl
Y2

Wni

The square (n x n) response matrix A takes the usual form

  all al2 ain

  a21 a22 · azn

A= (5")

 ani ana      ann
Due to physical requirements, Eq.,(5) need not be considered in complete
generality. For example, one can easily recognize that all elements that

enter into Eq. (5) must be restricted to the field of real numbers.  In fact,
all these elements must be nonnegative real numbers. More specifically,
we shall only treat systems that satisfy the following additional
conditions:('7,15)

The input vector is nonnegative.    (i)

The output vector X is positive. (ii)

A is a nonnegative matrix. (iiia)

aii > 0,    i = 1,2,„.,n. (iiib)

A  is nonsingular. (iiic)

The above conditions have by no means been arbitrarilyintroduced, but
follow quite na.Rurally  for   many detection systems. We outline below  the

physical· justification for these assumptions.

Condition· (i) implies that the input vector has posi.tive, or at most                       '
vanishing, components. This follows from the fact that the input vector is                ,· i
the discrete approximation of the intensity distribution of some physical
observable. Condition (ii), which ifinplies that the vector Y must possess
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positive components, follows from the finite resolving power of all detection
systems. Moreover, Condition (ii), together with Condition (iiic), excludes
from consideration the trivial case of a vanishing input vector, which cor-
responds tothephysically uninteresting case in which no observable is
present.

Conditions (iiia) and (iiib) are implied by the fact that any interaction
between the observable and the detection system will yield a positive or, at
most, vanishing result. This follows from the nonnegative character of the
interaction cross sections used in the detection system. One might say that
these conditions require a response or no response, but never a negative
response.

Although we have already implied that A may be ill-conditioned, we
shall require Condition (iiic), that A be nonsingular.  That this assumption
is reasonable follows from the flexible (although not completely arbitrary)
order of the matrix representation that has already been considered.  In ad-
dition, a given matrix representation corresponds to a certain arbitrary sub-          1
division of the v and B space of Eq. (1) or (3). Consequently, if a particular
mesh of the (11,1/) space of a given order leads to a singular A matrix, then
a different mesh or a different order (or both) may remove this difficulty.
Hence it is reasonable to assume that there exists a suitable mesh of suit-
able order for which the response matrix is nonsingular.  We then take Con-
ditions (iiia), (iiib), and (iiic) to define the most general type of response
nnatrix.

We remark that caution need be exercised for the correct interpre-
tation of the above conditions. For example, we note that Condition (ii) does
not imply Condition (i).  In fact, there may exist infinitely many vectors X
satisfying Condition (ii), whose corresponding exact solutions, X = A-1.Y, do
not satisfy Condition (i). If, however, one is given a vector Y that is the re-
sult of an experimental measurement,  i.e., an output vector, then Condition  (i)
follows immediately from the physical requirement of the description.  In
this case, the exact solution X = A- 11 and the input vector or appropriate
solution need not coincide. However, the very fact that X is an output vector
implies that the set X must contain an appropriate solution. The determina-
tidh of this appropriate solution is just what is desired.

III. THE ITERATION METHOD

It has been stressed that the essential difficulties of the unfolding
problem arise from the inexact description inherent in all experimental
measurements.  On the other hand, a basic underatanding of the specific
iteration process considered here can only evolve from the application of
this method to an exact problem. This assumption is employed throughout
the ensuing work on the general characteristics of this iteration method.
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In this event, Eq. (5) is exact, and Conditions (i) through (iii) there-

fore:imply the existence  of  a real, unique, nonne gative solution.* Moreover,
in view of Conditions (ii), one can define a real diagonal matrix D, with the

unique elernents,

Dii  = Xi/Yi,     i  =  1,2 r.-,n.                                                       (7)

One then has the matrix equation,

X  =  DY.                                                                                                                       (8)
- -

It is evident that the matrix D cannot be identified as A- 1. In general,
D / A- 1, and only for the trivial case wherein A is diagonal (hence A-1 is
also diagonal) will D =A-1.

Hence, a knowledge of the matrix D will also supply the solution of

Eq.  (5), satisfying Conditions (i) through (iii). The method of successive

approximations described herein yields approximate values for the elements
of D.  One can thereby obtain an approximate solution without the explicit
use #of A-1.

Toinitiate the iteration process, one must choose X(03, the zero-
order approximation of X.  It will become obvious, in sequel, that X(0) can
be chosen as an arbitrary positive vector. Consequently the zero-order
approximations corresponding to Eqs. (7) and (8) are**

D ) = x )/Yi,   i = 1,2 p. .,n; (9a)

and

X(0) = D(0)Y. (9b)

Using this initial vector 21(0) in Eq. (5) yields the output vector Y(o).  That is,

Y(0) = AX(0). (9C)
- -

In terms of this result,  one can define D(1), the first- order approximation
of   D.    One  has

D  ) = x o)/ylo),  i = 1,2,...,n. (9d)

*It also follows that the exact solution and the input vector coincide.

**It is often convenient to choose the output vector X as the starting
point for the iteration process; i.e.,2£(0).=Y· Irithis event, thezero-
order approximation of D is simply DCo) = I, where I is the identity
matrix.
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Using Eq. (8) again, one can calculate X(1), the first-order approximation of
2,    Thus,  one  has

X(1) = D(1)Y. (9e)

Having determined 21(1), the process  may be repeated to obtain 21(2),  the
second-order approximation of X.  Namely,

Y(1) = AX(1); (10a)- -

I)(2)  *(1)/y(1),  i = 1,2,0 ..,n;        '             (1 Ob)
and

X(2)     = D(2)Y. (loc)

In general, the  (m + 1) approximation of 2i is found with the following anal-
ogous steps:

Y (rn) = AX(m); ( 1 1 a)» -

D(m+1) = x(m)/y(m),  i = 1,2,.;-,n; (llb)
11

and

X(m+1) = D(mti)X. (llc)

Equations (lla), (llb), and (llc) determine the recursion relation between
successive approximations to the elements of D. One finds

D(mt,) -
D (i':' yi

,   i,j = 1,. 2, ...., n. (12)

11     f, a,ip%" sij =1

As an alternate, but fuily equivalent, representation gf this iteration process,
-         one can also write the recursion relation in the form

x(m+1) = xfm). y/y(m) = xlm)yi/1 a..x(m),   i,j - 1,2....,n.
j=i                             (13)

ll J

At this point, it is relevant to remark upon some aspects of the
character of this iteration process. To begin with, one recognizes that
all members of the sequence of approximations {X(In)} are positive vectors.
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Hence, convergence to the exact solution, if it occurs at all, must proceed
through the positive domain. This implies that the limit (if it exists) must

be a positive, or at most nonnegative, vector.  From the viewpoint of our                  !
application, this behavior requires that Condition (i) be satisfied. Moreover,
the simplicity of the recursion relation is evident.   The set ·{ (rn)} is a se-
quence of output vect6rs.  Each step of the process can be viewed as a more
accurate modification of the actual output vector Y. Consequently, one may
anticipate that each member  of the sequence of vectors {X(In)}, generated by
this iteration process, possesses smooth behavior. These properties sug-
gest that approximations can be obtained from this method that possess
properties similar to that required of an appropriate solution.

1
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IV.  CONVERGENCE TO THE EXACT SOLUTION

The domain of applicability of the proposed iteration method must
be established.  That is, for what class of matrices [satisfying Conditions
(iiia), (iiib), and (iii'c)] will the iteration method converge to the exact
solution? Considered, in sequel, are the two-dimensional, triangular, and
positive definite cases.

A.  The Simple Two-dimensional System

Our starting point is chosen not only for its simplicity, but also for
the insight obtained  from the examination  of   such a system.     In  thi s. manner,
it will serve as a guide for the investigation of the·more general n-
dimensional case that will follow.

For this simple case, the system and the corresponding solutions
are given by

/Y,j - /«11  a,Z\/X,\
<y, / -  a, i    a,2 /\x, /

(14a)

xi  =  (azzyl - aliyr)/|A| ,                                                                  (14:b)

and

X2 = (a·ilyz - aziyi) 1 Al' , (14c)

where |A| represents the determinant of the coefficients of A.

In this event, recursion relations (12) reduce to

·r,(mti) -
D 17')y i (15a)u 11

allD 71)Yi + a.12D In)Yz '

and

n (m +1) =
D  i)yz

1-322 (rn) ·

-

(rn) (15b)
a.22D22  Y2 + a21D 11  Yl

In view of Conditions (i) through (iii), it follows from Eqs. (15a) and (15b)
that the elements D(m) ,i=l,2, are bounded for all m. Moreover, for

11

any   rn,    one   ha s *

*For the more .general case of n dimensions, it is evident that Eq. (16)
is also valid, i=1,2, . . . ,n.
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0< D(rn) s a-.1.     i= 1,2. (16)
11        11 '

It follows from Eqs. (15a) and (15b) that

(DIi't')ai, - 1   Dii't')a,z -
0. (17)

D (rn+1)                         (    (mt,)221 I)z2
.,2   -   1)

This equation yields the following two equivalent conditions: *

D (m+1 )a  - 1
D("'t')

. 22       22

1Aj D (rn.+1)  ·  i   ali   0,   ail /L 0; (18a)
1-- 22 - all

aiid
n<mtl)
1-/11 all - 1

D  "t' ) ;  a l2   0·, a21    . (18b)
1 11 (m+1·)1.Al Dll .' ' - a22

Using Eq. (16), together'with Eqs.  (188) an.d  (18b),  one.has, for  all m,

all 2 1 A- 1 I)-ffntl) ; (19a)

and

a,22 IAID(m+1) (19b)11

One ·can substitute Eqs. (18a) and (18b) into Eqs. (15a) and (15b), respectively,
thereby obtaining. two recursion re ations, each involving a single element.

n /In) Since the recursion relation for -22 follows fr6m the recursion relation
for D P) upon interchange of indices, one need only consider the latter
relation.  This is given by (for m 2 1)

D (m+1) =
D ir')yi

(20)11                                                  ·

(rn) < 1 - aiiD  )  a.11D11 ' Yl + al21 ,  ilyz
Cazz - |Al|DJ,m,/

Equation (20) may be placed in a more convenient form by introducing
Eq. (14b). A simple calculation yields

n(mti)                   1ull

DIP )    -                   <                                  (rn )
1 (21)

1+1
1    -   a 1 1 D l i l l       )      [) Irn )    -  21:ij

\,22/11„Al   -  D (rn                         X1/

*It will become apparent that the special case, wherein a12 = 0 or
8121 - 0, may.be treated directly.
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We -proceed by considering two separate cases, namely |A|I < 0 and
lA| > 0.  For the former case, we set |A| = -p, and p > 0; and Eq. (21)
becomes

Dimti)                  1
D  )   = 1 - 1 - a"Di'7') \ t (In) - x,j

(22)

'Dlazz/P + Dir)/ \   1      yl/

We note that for any given m, if Di71) > xi/Yl' then Di ti) > Dip) > xi/Yl'
Conversely, if D 71) < xi/Yl' it follows from Eq. (22) that D   1 +1) < D 171) <
x/y.  Hence, we find for |A  < 0, that although convergence is assured, the
iterative method does not converge to the exact solution.

We shall now prove that convergence to the exact solution is assured,
for this simple case, if  A| > 0.  To this end, we write Eq. (21) in the form

D (m+1) - D ffl) (23a)11 1 + Rir) (Dir) - xi/Yij,
where

R   )     =   .IA |Dfin)  .                                                                                                                                                                     (2 3 b)

Subtracting X1/Yl from both sides of Eq. (23a) yields

(1 - · (xl/Yl)Rir))<D 1") - xjy  = (Dir) - x,/y,) .
l1 - (xi/yi)Rir') + Di )Rtip')).

(24)

It is easy to verify that Eqs. (23a) and (23b), and consequently Eq. (24),
also hold for the special case a.12 - 0 or a.21 = 0·

Since    |A|   >   0,   Eqs.   (16)  a.nd (23b) imply  that.

0 s ( x i/Y l ) R-li  )  =  (xi /Y i ) | A 1 D f:n ) s (x i /Y l )   A ll ai-21 . (25a)

Utilizing Eqs. (14b) and (25a), one finds, for all m, that

0 6 (xl,/y,)Rip) 6 1. (25b)

Using this result in Eq. (24), one has
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'Dir'ti) - xi/yil< ID'7') - xi/141                                (26)
for allm. It follows that the monotone sequence {Iblin) -xi/Yll}must
converge to zero or some positive lower bound. We shall prove that no
such positive lower bound exists. Tothis end; we shall assume the con-
verse and complete the proof by contradiction.

Thus we set

Lim ID'in) - xi/yill = a (27)

where a ·> 0.  In this event, Eq. (24) yields

1 -(xl/Yl)Rlin)
Lirn = 1. (28)

1   -   (xi/y,)11 .  )   +  Dlir')11' i r')

Equation (28) is s.atisfied if R 71) - 0 or D rl) - 0. However, R 71) - 0
implies that. D Fl) - 0.- .Hence, Eq. (28) is satisfied if either. D  71:) + 0 or
D n) - 0.  Let us assume that D  71) - 0; hence, Djr) - dz-zi.  This as-
sumption, together with Eq. (27), implies a = xi/Yl and thereby

Lirn  Di ) -.xi/yi) = -a. (29)

Using these results in Eq. (23a), one finds for sufficiently large rh

D P+1) = Dirl)/[1 -aIA I a2-21 t 6(m  '                           (30)

where the sequence  {€(In)} - 0. Hence for sufficiently large m,
D(m+1) > D(m). However, this contradicts the as·sumption that D  71) - 0.

11 11

n (Ila,       n   1There remains as..yet a consideration of the case 1,22   - )"  ence
D (rn)  --11 al-11. However, itisobvious from the above analysis that I)&71,-0
implies  x2  =  0 and. therefore  D: i :1) -:.ai11 provides convergence tothe exact
solution for this' case as well. Hence, for the simple two-dimensional sys-
tem, convergence to the exact solution is assured if, and only if, |A| > 0.

B. The Triangular Case

Let us partition the general n-dimensional system of Eq. (5) in the
following manner:

C_Y-'- j   =   LIA-' _ ' „9 E) ( - ·F o 4  0
. (31) Yr    Rr , Ar/\XI·/
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One thereby obtains two matrix equations,

Y' = A'X' + CrXr, (32a)

and

Yr = RrX' + ArXr, (32b)

which represent (n - 2) dimensional and.two-dimenBional systems, respec-
tively.  That is, the submatrices A' and· Ar are sguare [(n -.2) x.(n -.2)]
and (2 x 2) matrices, respectively.

On the other hand, we shall need the matrix form of the recursion
relation (12), which is given by

D (rn+1) AD(m)Y  =  D (rn)Y. (33)

This matrix equation may also be partitioned in analogous fashion.  One
has

D(m+1)11 14 11  Or  j   D („')1 1

VI
<D (m),1

r   r 'Ar
111 r \

The (n - 2) dimensional and two-dimensional systems which result from
this partitioning are, respectively,

D(m+1),A'D(m)'Y, + D(In+1)'CrD rn)Yr = D(m)'Yt,          (35a) .
and

D rn+1)ArD in)Yr t'D rn+1)RrD(Irl)'Y, = D rn)Yr. (35b)

Let us consider the case where A is triangular. Herein all the

nonvanishing elements of A occur either above or bulow the main diagonal.
If these nonvanishing elements occur above the main diagonal, A is called
an upper triangular matrix, and if the nonvanishing elements occur below
the main diagonal, then A is called a lower triangular. matrix. Response
matrices of this type often arise in practice.

The proof will be confined to the case wherein A is an upper tri-
angular matrix.  It will be evident iIl what follows that our proof i·s
equally valid for lower triangular matrices.

If A is an upper triangular matrix, then all the elements of the
matrix Rr vanish. Moreover, Eqs. (32b) and (3512) become, respectively,



20

Xr   = AEr, (36a)

and

D P'+1)ArDi"i)Yi  = Dirn)Yr. (36b)

However, Eq. (36a) is a two-dimensional system, and Eq. (36b) is just the
recursiori relation that corresponds to this sytem. Since Ar is also an
upper triangular matrix, |Ar|| > 0, and convergence to the exact solution
is then assured for this system.  We can continue this process by partition-
ing the (n - 2) dimensional system of Eq. (32a) as well as the associated. re-
cursion relation given in Eq. (35a). A knowledge of the convergence to the
exact solution.for Eq. (36) can then be utilized in·this step of the partitioning
process. We complete the proof by induction.

Hence, assume that

D r)Yk = xk + € rn),   k -i+1, ..,n; (37a)

where

E In) _0,   k = it l,... 'n (37b)

It follows that the recursion relation for D n  can be written in the form

D(m)
Dfm+1) =          ii                          (38a),,

11             1  + aii (D fr)  - xi/yi'1  + n rn)

w ith
'/

(In) _
         a ikE n ). (38b)ni           -   Yi *

k=i+i

Equation (38a) can be placed in a form analogous to Eq. (23a).  One has

D (m+i) -          D jrj

"'               1  + aii [Dir)  -  (xi/Yi  - ypn))1  '                                              (39a)

where

(In) (In)
Yi           =   7}i aiii. (39b)
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It follows from our cgn4iderations of the simple two-dimensional system
that the  sequence  {|D <En)  -  (xi/Yi  - y rn))111} converges to zero. Consequently,11

given an € arbitrarily small, there exists an index mo such that

|DC:+1) - (*i/yi - 7 rn))| < 6 (40)
11

for all m > mo. Thus, one has

11  (m+') - xi/yi'-17("')11                                        (41)I 'Dii <€

for all m > ino. However, Eq. (41) implies .that either

| (m+1) 1 (m)1'Dii -  xi Yi I  <    6   +  |  i . 1, (42a)

or

'Dir,i) - xi/yi  <  7(rn)' (42b)i  1,

for all m > mo.    follows from
the definition of the sequenc·e {7 rn)} that

the sequence {Dii } converges to xi/Yi·  Consequently, the proof of con-
vergence to the exact solution for triangular systems is complete.

C.  The Positive Definite Case

Let us examine the possible implications   of our treatment  to  thi s
point. As a consequence of our two-dimensional considerations, one can
show that

akk akj
k < j,

>0,     k=  1,2, . . . , (n- 1), (43)

ajk   ajj       j = 2,3,...,n,
is a necessary condition for convergence to the exact solution.  In fact,
consider a vector X which possesses only two nonvanishing elements,
xk and xj. Assume further that all D Fl), i 0 j, k,  converge to zeso.  It

11
follows that the recursion relations for the elements kk                JJD (in)    and    D (m)     of
the n-dimensional system apprpach those of a two-dimensional system.
Indeed, under t] e presept essumptions, one can have the recursion re-
lations for D ) and D km) approximate the recursion relations of a two-

33
dimensional system in an arbitrarily close. fashion. However, it has already
been proven that convergence to the exact solution for such a system will
occur if, and only if, the determinant of the coefficients is positive.  Con-
dition (43), that is, the positiveness of all the (2 x 2) principal minors A,
then follows from.the fact that the.choice.of nonvanishing elements xj and
xk of X is arbitrary.
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Passing to a three-dimensional system, one can show that if  A| < 0
[even though Condition  (43) is satisfied], convergence to the exact solution is
no longer assured.  This can be demonstrated by a simple numerical
calculation.

These remarks indicate that a necessary condition for convergence
to the exact solution in the general case·might be that all the principal
minors of A be positive. Moreover, one finds this condition is automatically
satisfied by triangular response·matrices. There exists, however, another
important similarity in structure between two-dimensional and triangular
response·matrices; namely, the eigenvalues of such matrices must be real
and positive.

Consequently, one is led to an examination of the following
requirements:

(a)  All principal minors of A are positive.

(b)  All eigenvalues of A are real.

(c)  All eigenvalues of A are positive.

Note·that Conditions (a) and (b) imply Condition (c). However, Condition (c)
obviously implies Condition (b), but does not imply Condition (a). Indeed, one
can demonstrate by simple numerical calculations that Condition (c) is not
a sufficient condition for convergence to the exact solution.  The most ob-
vious class of matrices that are an extension of triangular response matrices,
in that Conditions  (a)  and  (b) hold,  are the positive definite matrices.   Fur-
thermore, it is well known that the systen  given in Eq. (5) can be trans-
formed by multiplication on the left with A, the transpose matrix of A.
This yields the system

V = BX, (44a)
- -

where

-

B = AA, ·(44b)

and

V = AX. (44c)

Moreover, if A is a response·matrix, then B must be a positive definite
response matrix. In addition, Eq. (44c) implies·that if X is a positive
vector, then V must also be·a positive·vector. Hence the above system
satisfies Conditions (i) through (iii) and possesses a positive definite
response matrix. It follows that one may assume that the matrix A, in
Eq. (5), is positive definite without any loss in generality.
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To verify that these assumptions provide sufficient conditibns for
convergence ·to the exact solution,  one can introduce the positive definite
quadratic form,

F (Z) = (Z- 8) A(Z-X). (45)

This quadratic form is actually the norm of the vector (Z - X) with respect
to A as a metric.  If Z is some approximation of. X, then ·F(Z) is also
called the error function (corresponding to the vector Z ).  It has been shown
that solving Eq. (5) is equivalent to minimizing the error function.(23)  Con-
sequently, one need only demonstrate that the iteration method generates a
sequence of vectors {X(rn)}, which minimize the error function  on  the  non -
negative subspace. To establish this property, it will be necessary to prove
several theorems and lemmas that are introduced below.

Theorem I

For positive definite response matrices,· the eigenvalue s of the matrix

(D(m)A) satisfy*

0  <  li<D (rn)A    51,        i=  1,2,  ...,n,

for all m(21)..

Since A is ,a nonnegative matrix, then for any m, the matrix

 D(rn+1)A) is also nonnegative. Consequently, the hypothesis of the
"F robenius Theorem" (as appl'ied to reducible·matrices) .is satisfied.(24)
Hence, the matrix (D (rn+1)A) has a maximal nonnegative real eigenvalue /1,,
such that  Xi(D(m+1)A)  SP,i= 1,2, ... ,n.. Moreover, the eigenvector
corresponding to this maximal eigenvalue is nonnegative:

Theorem I will be verified with the aid of the following lemma:

Lemma I.   If the nonnegative ·matrix (D (rn+1)A) possesses a
positive .eigenvector, then the eigenval.ue corresnondin   to this positive
eigenvector must be·the maximal eigenvalue of  'D (In+1 A).

We  set P(rn+i)  A:D (rn+1)A  and 'denote ·the dominant eigenvalue  of
p(Inti) by B. It follows that 11'  is also the dominant eigenvalue of the trans-

.-I

posed matrix P(rn+1).  Let .Xi be the eigenvector of P(rn+1) corresponding
to the eigenvalue 11.  By the "Frobenius Theorem," Xi is d nonnegative
vector.   One  has

p (mt.1 )Yl    = MYl· (46)

*For triangular response matrices, this theorem follows immediately
flom Eq. (16).

.-
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Assume further that there exists a positive eigenvector  V2 of P(rn+1) cor-
responding to an eigenvalue X < B.  Then,

p (In+l)XZ = X Yz· (47)

Taking the scalar product of Eqs. (46) and (47) with X2 and Yl, respectively,
yields

11(X:, 1)  =  x(vl, v:).
Since X <p, Eq. (47) can.hold 0Illy if (Yl, YZ) = 0· However, this is im-
possible since Xi is anonnesiative·vector and Yz is apositive vector.
Hence, the eigenvectors of Pirn+1) dorresponding to |Xii < B cannot be
positive. Conversely, if Xi does correspond to a positive eigenvector, then
Xi must be the maximal eigenvalue of Pcm.+1).

We may now apply this lemma. Examination of Eq. (33) reveals
D (m)X is a positive·eigenvector of the matrix (D (rn+1)A) corresponding to
an eigenvalue of unity. It follows that

 Xi(D(rn+1)A | 51,   i= 1,2, ...,n,                       (48)
fpr all m.

The eigenvalues Xi(D(In+1)A   also satisfyr the characteristic
equation,

ID(m+1)A - XI| = 0, (49a)

which can also be written in the form,

|lA - AD-(m+1)l = 0,                                           (49b)
where D-,(In+1) is the inverse of D(In+1)..* Now D-(rn+1) is obviously posi-
tive definite for all m, and A ispositive definite by. assumption. It follows
from the theory of quadi·atic.forms,(25) that the· eigenvalues found from
Eq. (49b),. hence those of Eq. (49a), are real and positive.  Thus, the proof
of Theorem I is complete:

Theorem I will be·used.to demonstrate·that the sequence
{F(X(rn))} is.monotone decreasing.  To this end, one notes that the non-
negative diagonal matrix D of Eq. (8) satisfies the relation,

DADY = DY. (50)-

*The abbreviated notation, S-(rn) E .[S (m)]-1, is·used throughout.
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Let us set

8 (m-)     =    D(m)    - D, (51)

where {8(rn)} must be a sequence of diagonal matrices. The recursion re-
lation for the 'sequence {6(In)} may be obtained by substituting Eq. (51) into
Eq. (33) and utilizing Eq. (50). One finds

8(m+1)y = (I.D(m+i)A) 8(rn)Y. (52)

It is easy to verify that the matrix (D (rn+1)A) corresponds to
a symmetric operator with respect to A as a metric.  That is, for arbitrary
vettors U and V, one can write

 V-,D (rn+1)AU A   =   RAD (rn+1)AU·, · (53a)

and

.

 D(In+1)AX,U A =  D(m+i)AU. (53b)

Consequently, for A positive definite, one has

 V,D(rn+1)AU A -  D(rn+1)Ax,U A· (54)

This condition implies that the eigenvectors comprising the modal matrix,
T - (rn), can be chosen A orthogonal. Proper normalization yields

T-(m)AT-(m) = I. (55)

It follows from Eq. (55) that the·matrices T-(rn) and T(rn) exist for all m.
Hence, for any m, the matrix (D(rn+1)A) €an be diagonalized.  One has

T(m)D(m+1).AT-(m) = A(mti) (56)

where··the elernents of the diagonal matrix .A(rn.+1) are just the eigenvalues
of (D(rn+1)A).

Let us examine the form of recursion relation (52) in the prin-
cipal axis system.  One can write

Z(m+1) = (I- A(m+1)) 2(m), (57a)

with

2(m+1)  =  T(m) 8(m+1)Y, (57b)

add
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Z(rn) = T(m)A(m)Y. -.(57c)

It is obvious from Theorem I and Eq. (57a) that the norm of Z(rn+1.) is less
than.the norm of Z (In).  That is,

N(Z(rn)) >N(Z(™+1)) (58)'

where the norm of a vector Z is defined in the customary manner as

n

N(%) =   zi. (59)

.i=1.

Multiplying Eqs. (57b) and (576) on the left by T-(rn), one finds

T-(m)Z(intl) = 8(m+1)Y,                         (60a)
and

T -(rn)Z (rn) = 8(rn)y (6Ob)·

We proceed by forming the norm of these .vectors with respect to A  as a
metric. Utilizing Eqs. (55) and (45), one finds

N· Z("'+i)  =  NA  (8(rn+1)Y )   =   F (X(rn+1)) (6la)

and

N Z(rn)  = NA  4(rn)Y  = F(X(rn)  (6lb)

where NA denotes the norm that has been formed with respect to 4 as a
metric. Using Eqs. (6 la) and (6 lb) in Eq. (58), one has, for all m,

F(X(rn)) > F( 3(171+1)).                        (62)
Since the sequence F(X·(rn)) is monotene decreas.ing, .it con-

verges. As inthe- two-dimensional case, convergence ·to .the exact solution
is assured.unless a positive lower bound exists. However, from the above

analysis it follows that convergence to a positive lower bound can occur
only  f some Xi(D(rn+1)A   converge to zero.  Thus, we assume that some
Xi(D(In+1)A) do converge to zero. It follows from· Eq. (56) that some sub-
sequence of {Dfm)}'. i·= 1,2, . .'. ,n, must converge to zero.  Let {D  }

11
be such a subsequence.  In this event, it follows from recursion relation (12)
that all subsequences  of {D  2)} converge.  to  zero, and. hence the sequence
{D (m)} must itself converge  to zero. Consequently,  one can utilize  this

kk
property to define two nonvacuous disjoint subsets of the elements of D(rn+1)
Wederiotd by {D· i 1+.i)'}..the subsetcontaining the elements of  D(In+1)  that
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converge to zero. The remaining elements of D(rn+1); which possess· a
positive lower bound, are denoted by the subset. {D frt-1)!11.

This result implies that by choosing m. sufficiently large, the
recursion relation (33) can be made arbitrarily close to a recursion rela-
tion.that is representative of a system of lower dimension. This recursion
relation is

D(rn+1)„A"D(rn)"y"  = :D(rn)1151,, (63a)

and the corresponding. reduced system obviously is

Y" = A"XII.                                       (63b)- -

Herein the matrix A" is positive definite. * Since all the elements of
D (Intl)'1 possess a positive lower bound, then so do all the eigenvalues
Xi (D(rn+1)"A") „ and- convergence to the exact solution for this reduced sys-
tem is assured.  One can write

Lim   D (In ) "      = D" (64a)r'                                                                                         1

and                                                                          ;

D'#A"D.#Y"   =:-  D':1.Y"..                                                                          (641: )

It follows from the assumption of a positive lower bound for all the elements
of {D (m)" }, that the reduced diagonal matrix Dj must be positive. Conse-
quently, Ect. (64b) may be simplified.  One has

Dil Y"    =   (All)-ly't . (65)

Since the iterative process converges, one can write

Lim X(In) = WL (66)-          1-  '

rn -+ 00

or for the individual elements·,

  Lim x(m) = .x ,    i = 1,2,.: ..,n. (67)
rn-,00

Concerning the sequence    {2<(In)},    one  has the following theorem.

Theorem II

The·convergence of·the sequence {3(rn)} to -XL is independent of the
choice of the (positive) initial vector X)).

*The submatrix A:" , obtained from A by deleting like rows and columns, is a principal submatrix. Since.
A  is positive definite, it follows that  A "   must also be positive definite.
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Theorem II will be· verified with the aid of the following lemma.

Lemma II. The convergence of any element, x In) -*. 0, -
i= 1,2, . . . ,n,, is independent of the choice of the (positive) initial vector.

Taking the de'rivative of Eq. (13) with respect to x ' , one -finds

dx In+1) Yi Id=f"i)  "(„') yi tdy'„') 1
 

-
1 j = 1,2, .,.. ,n.

«4')   - ·,trn) ld·lo)             (rim)), < «4')   (68)

For x rn) + 0 and sufficiently large ·m, Eq. (68) takes·the forni,

Id. ,I..,   1
1, (rn)\

Yi   uxi I (m)          .  _

   '4')  1  = , rn)  ,4') 1

+ Ei  ,   1 - 1,2, .... 'n,         (69a)

where

(In )
Lim    €i          = 0. (69b)

rn-* 00:

Taking absolute:values on both sides of Eq. (69a), one finds

dx(mti) (In)                                                                                                                                   i
1 Yi   dx.c.-   1    -+ 1€irn) ,  j= 1,2, ...,11. (70)

dx(o)      .'  yim)     dxfo)
3                               3

Using the assumption x In) - O in recursion relation (13), one· has y rn) > yi
for all m sufficiently large.  This fact, together with Eq. (70), implies

dx rn + 1) dx(rn)
<               j= 1,2, . . . ,n, (71)

dtjo) dx(o)
J

for all m sufficiently large. Equations (69a), (69b), and (71) imply the
convergence of this sequence of derivatives.  One can write

It't  Z'p   .= Aj.,  j = 1,2, ... ,„.                       (72)

Using the Taylor series representation of 4"1) (4') + 64')),·one has (tofirst order)
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   dx fm)      .

x rn)(4') + ax ,)) - "(rn) x(,)) ,
1

1
' axhz (73)

1   "         d' ,)1       ,
Consequently, for m - 00, one finds

*L <x(0)   -1.  Ax(0))   =  xI, 1(, (0)\   +  113 · · Ax o),        j  =  1,2,2,...,n. (74a)1 \ J        .J.        1 \ 0  /     4

Since by assumption, xip(x,1,)) = 0, one
has:,for sufficiently small

4'cio),

x:L xf°) + A o)  = BijAx o),   :j= 1,2, . . . ,n. (74b)l\J

Hence, for Ax (4 > 0.8·· > 0; and for tx   <.0,  ij < 0. Since this is im-, 1-lj              J
possible, one must have  ·· = 0, i = 1,·2, .:. . ,n, which·verifies Lemma II,

1J

Thus, for any .choice of (the necessarily positive vector) 3(0),
one finds the same reduced system given in Eqs. (63a) and (63b). As the
reduced diagonal matrix Di; is defined uniquely in terms.of this reduced
system [viz., Eq.. (65)]; the iterative method converges to a unique vector,
EL, independent of the choice of X(').  This completes the proof of
Theorem II.

It follows from Theorem II that·the error function assumes a
limiting form,

F(XI«)   =  aL 2 0, (75)

independent of the choice of the (positive) initial vector X(°).  That the limit
XL minimizes ·the error function on the nonnegative subspace alsp follows
f rom  Theorem II. As sunne  that a nonnegative vector Z exists  such that

F(Z) = aL-< aL·  One can then contradict Theorem II by choosing X(0) =
(Z +  ), where fi isapositive vector with arbitrarily small elements. Hence,
for the positive definite case, the iterative method converges to the exact

solution  if  and  only  if the exact solution  lies  in the nonnegative subspace.

Interms of the'actual unfolding problem, itis·clear that the
structure of this iterative method admits the possibility of determining
appropriate solutions  even when exact solutions are physically meaningles s.
Standard iterative techniques, Which converge  to the exact ·solution,' do not
offer this possibility.  That is, the exact solution X, for problems of physical
interest, is invariably beset with·violent oscillations. Consequently, in
practical applications, the present iterative ·method will not converge  to  X,
but will still minimize the error function on the nonnegative subspace.

1'
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V. APPLICATIONS

It has been noted,that some success has been demonstrated by this
method. (13-15) However, it must be stressed that this limited success,
together with the domain of applicability described above, does not imply
a general solution of the unfolding problem. First, one should recall that
the theoretical treatment given above has been confined to an exact problem.
The fact that unfolding problems in practice are not exact, and response
matrices may be ill-conditioned, may lead to considerable complications.
Secondly, from the viewpoint of practical applications, the rate of conver-
gence of the method can be just as important as the convergence properties
of the method.  That is, the rate of convergence can be so poor that the
iterative method is of little value.  In view of Theorem I, it is obvious that
the rate of convergence will depend on both the c'onditioning of the A matrix
and the choice of the (positive) initial vector XCO)·

Hence, there can be no general guarantee that the approximations
furnished by this method will be completely satisfactory. Additional physical
information and criteria for a given detection system may be required before
such a conclusion can be reached. Trial and testing of this method, with the
response matrix under consideration and for the simplest physical cases
that can arise, would also be advisable.  Such a series of tests provides a
basis for assessing the ability of the iterative method for a given detection
system.

To examine some of the properties and implications of the theoretical
treatment, the iteration method has been applied to a Li6 solid-state neutron
spectrometer.  In this detection system, the 3Li6(n,a )1H3 reaction is employed
in conjunction with two separate silicon surface-barrier detectors.  Each of
the two charged particles, which result from this reaction, impinge on each
of the silicon surface-barrier detectors, and the output of these two detec-
tors is summed. The resulting pulse is suitably amplified and fed to a
multichinnel analyzer for pulse-height analysis.

Since a correction for the finite resolving power of this detector was
desired, the response matrix was determined by measurements with a
thermal neutron spectrum. * Table I presents the first ten rows and columns
of a (33 x 33) response matrix determined from such measurements.  This
matrix is typical of what arises in practice, since·many detectors possess
an (approximately) Gaussian representation of the response resolution.

' Since · it is well known that matrices of this type are poorly. conditioned, (5)
this response matrix should'provide a more exacting test for the iteration
method than the response matrices that have already been considered. (13-15)

*Since the resolution of this detector was assumed independent of neutron

energy, measurements at zero neutron energy (i. e., with thermal neu-
trons) define the response matrix completely.
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Table I

RESPONSE MATRIX ·FOR THE NEUTRON DETECTOR

  Col.

R o w   1 2 3 4 5 6 7 8 9 1 0
1 1.0000 0.8142 0.5948 0.3585 0.1843 0.1338 0.0871 0.0622 0.0467. 0.0345

2 0.8244 1.0000 0.8142 0.5948 0.3585 0.1843 0.1338 .0.0871 0.0622 0.0467

3 0.5083 0.8244 1.0000 0.8142 0.5948 0.3585 0.1843 0.1338 0.0871 0.0622

4 0.2310 0.5083 0.8244 1.0000 0.8142 0.5948 0.3585 0.1843 0.1338 0.0871

5 0.0579 0.2310 0.5083 0.8244 1.0000 0.8142 0.5948 0.3585 0.1843 0.1338

6 0.0209 0.0579 0.2310 0.5083 0.8244 1.0000 0.8142 0.5948 0.3585 0.1843

7 0.0054 0.0209 0.0579 0.2310 0.5083 0.8244 1.0000 0.8142 0.5948 0.3585

8 0.0010 0.0054 0.0209 0.0579 0.2310 0.5083 0.8244 1.0000 0.8142 0.5948

9 0.0019 0.0010 0.0054 0.0209 0.0579 0.2310 0.5083 0.8244 1.0000 0.8142

10 0.0024 0.0019 0.0010 0.0054 0.0209 0.0579 0.2310 0.5083 0.8244 1.0000

The neutron measurements of interest were taken in the center of
a fast critical reactor assembly. To unfold the experimental data, the rep-
resentation had to be symmetrized as described in Eq. (44). The vectors  
2 and y, which result from the exper imental data and the symmetrization
process, respectively, are depicted in Fig. 1.  As may be anticipated, the
exact solution X = B- ly, which is displayed in Fig. 2, proves to be corn-
pletely unacceptable.
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Fig. 1.  The Li6 Solid-state Detector
Pulse-height Distribution or
Y-vector, and the Symmetrized
Experimental Data or  -vector
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Fig. 2. The Exact Solution
X = A-ly, Unfolded by the
Inverse Response Matrix

Before depicting any iterative approximations, it is perhaps of
greater significance to examine the rate of convergence. The simplest
index that one can utilize to investigate the rate of convergence is the norm
of the residual vector. Since the residual vector is defined as

R(m) . V(m) _ V, (76)

the norm of the residual vector is given by

N(a (rn))     =   (2(rn)   -   2)(Y(rn)   -   y)    =   (X("i)   -   2 )  B'(X("')   -   X).
(77)

Examination  of  N R (rn)  as a function  of   m will provide certain insight .into
the behavior of the iteration method.

To this end, Fig. 3 depicts N E:(In)  as a function of m obtained for
three different initial vectors with up to 80 iterations. These initial vectors

are, respectively:

x o) =C>0,    i= 1,2,...,33; (78a)

(O jX> / i = 1,2,...,33; (78b)1  - Vi,

xf )   = 1/vi, i = 1,2,...,33. (78c)

The rate of convergence appears to be only slightly sensitive to the choice
of these three initial vectors.
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If one utilizes more unusual choices for the initial vector, the re-
sulting effect on the rate of convergence can be pronounced. To demon-
strate this behavior, initial vectors of the form

xf°) = 0.05,   i = 1,2,-.,33,   i   17;1

x(0) =C>0, (79)· 17

have been used. The results for the initial vector given in Eq. (79), with
C = 1, 2, 5, 10, and 100 are displayed in Fig. 4.  Here it is apparent that
the rate of convergence decreases rather drastically as the constant, C,
increases. In addition, for all values of the constant,  C, the' rate of con-
vergence is considerably reduced when compared with that obtained with
the initial vectors of Eq. (78).
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112-3810 Rev.                    m

Although there  can be little justification  for an arbitrary, initial vec -
tor of the type given in Eq. (79), the initial vectors given in Eq|s. (78a) and
(78b) can be justified on physical grounds.  Thus the choice suggested in
Eq. (78b) is reasonable when the response matrix introduces small distor-
tions of the input vector.  On the other hand, the choice of initial vector
given in Eq. (78a) implies no a priori bias for the start of the iteration pro-
cess.     In  view  of the general influence   of  X(')  upon· the   rate of convergence,
it is apparent that this choice should be based upon pertinent physical im-
plications that arise for the particular detection system under consideration.
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Another feature, which is possibly more significant, is revealed in
Fig. 4.  That is, Fig. 4 also implies that the rate of convergence will be
strongly influenced by the conditioning of the response matrix.  This con-
clusion follows from Theorem I, since the eigenvalues that influence con-
vergence, Xi (D (rn)A), are characteristic values of the product of the matrix
D(rn) and the response matrix A. Consequently, the·'conditioning of the
response matrix has important bearing upon the rate of convergence and
therefore can affect the adequacy of the method. This behavior can gener-
ally be ascertained by examining the approximations generated by the
iteration method.

For the present detection system, the iterative approximations of
interest have been obtained by employing initial vectors that possess phys-
ical justification.  As has been mentioned above, these are the first two
initial vectors given in Eq. (78). Figures 5 and 6 display the iterative ap-
proximations for m =  10, 30, and 80 obtained with these two initial vectors,
respectively. The similarity exhibited in Figs. 5 and 6 demonstrates that
the iterative approximations are rather insensitive to this particular change
of initial vector. However,   it is clear  from the change  in  the peak value s
for these approximations that the rate of convergence is not great enough
to properly define an appropriate solution.

111111  1 1-                                       h
(10)

X
(30)0.3

: ------ X

(80)
••- X

Fig.   50.2

2-1 2 The Iterative Approximations X(10), X(30),
- -

-

l'    and X(80) of the Neutron Spectrum Obtained
O.1 (O ) ,         4    with the Initial Vector X, / = Constant

-.

-            f
A.1.           4'

0-1  1  1-1  1 1

1 5 9    13   17   21 25 29 33

CHANNEL NUMBER

112-3802 Rev.

- .,1 r-     1, --(30)0.3 ------ X

(BO)
-••- X

Fig. 6                    -0.2                       1
(m)

The Iterative Approximations X(10),         1    -           6 1
-

2£(30), and X(80) of the Neutron Speptrum            -
Obtained with the Initial Vector X*) = Y.       0.1 -

-               9         .....-  I

0-

1 5 9    13   17   21 25 29  33
CHANNEL NUMBER

112-3803 Rev.



35

In this event, as stated earlier, additional criteria must be intro-
duced. Two general conditions can be employed. These conditions are
described below.

One can utilize the arresting condition proposed by Skarsgard, Johns,
and Green, (8) which terminates the iterative process when the components
of the residual vector are reduced to the order of the experimental error.
From the data for N(R (rn)), given in Fig. 3, this condition is met when m is
roughly 30. Consequently, X(30) would be chosen as the appropriate solution
by this arresting condition.  It is obvious that this arresting condition is
precisely the same condition used to define the set X. Consequently, the
satisfaction of this arresting condition only implies that the resulting ap-
proximation is a member of X.

Generally speaking, the arresting condition for iterative methods
may only be viewed as a necessary condition.  It can become a sufficient
condition for a given detection system and iteration process, provided the
rate of convergence is sufficiently high.  For this to be the case, all the
iterates {X(rn)} that are obtained above the arresting point must not differ                  ¢
appreciably from the approximation obtained at the arresting point. Other-
wise, as for the present case under consideration (viz., Figs. 5 and 6), ad-
ditional criteria are necessary to define an appropriate solution.

One further general criterion can be employed. Indeed, it has
already been pointed out, (2,3 ) that a unique smooth solution of the unfolding
problem does exist. Consequently, it is reasonable, especially for systems
with poor rates of convergence, to choose the iterate X<rn) (beyond the
arresting point) that in some sense possesses the "smoothest" behavior.
It is often possible to choose this "smoothest" approximation by simply in-
specting the sequence of vectors {2&(In)} generated by the iteration process.

To examine this smoothness criterion in more detail for the present
detection system and iteration method, the computations were extended to
m = 420 iterations. The approximations which result for m = 120, 180, and
240 are given in Fig. 7. Figure 8 displays similar results for m = 300, 360,
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and 420.  It is obvious that as m increases, the iterates gradually become
more peaked and sharply varying. Hence, in terms of the above criteria,
one would choose X(30) as the best available approximation of the appropriate
solution.

This system also serves as a striking example of how additional
physical information can be utilized.  The main peak, which arises in the
iterative approximations and is centered at channel No. 17, corresponds to
thermal neutrons. Therefore, this main peak defines the zero neutron en-
ergy point (En = 0 )· The small peak that arises in the neighborhood of
channel No. 27 corresponds to the resonance in the 3Li6(n, 06)1H3 cross sec-
tion at the neutron energy En = 0·26 MeV. These two points serve as an
energy calibration for the pulse-height response of the detector. In terms
of this calibration, one can compare the shape of the small peak at chan-
nel No. 27 with the measured features of this cross-section resonance.(26)
In particular, the relative full width at half maximum of this resonance is
roughly 40%. Inspection of the iterative approximations given in Figs. 5 to
8 reveals that this small peak is barely discernible at m = 10, but attains
a reasonable shape at m = 30. For iterations beyond m = 30, this small
peak becomes too narrow to be consistent with the known details of this
resonance. Consequently, application of this additional physical informa-
tion not only supports the choice of 3=(30), but also furnishes a specific ex-
ample of the success of the two general criteria discussed above.

VI. CONCLUSIONS

The application presented above clearly demonstrates that the
ability of the iterative method to furnish appropriate solutions depends
crucially upon the rate of convergence.  If the response matrix is poorly
conditioned, the rate of convergence may be too low to afford a proper
definition of the appropriate solution. This result is not durprising since



37

the extent of the set X is determined chiefly by the conditioning of the re-
sponse matrix.   From this viewpoint, the subset, Xr..C X, determined by the
iterative method may not provide an adequate classification of the. appro-
priate solution.  In this event, as for the ab6ve results with the neutron
detection system, one must introduce more subsidiary conditions than have
already been employed (in the iteration method) in order to ascertain the
appropriate solution.

Two possibilities exist for increasing the general applicability of
this iterative method. First, one can consider modifications that could ·
improve the rate of convergence. Perhaps the most apparent modification
would be to neglect the components of an iterate X(rn) that fall below a
certain small positive lower bound and .continue the iteration process with
the reduced system. This corresponds to the assumption that the same
identical components actually vanish  in the ·appropriate soluti6n.    This  tech-
nique would keep the eigenvalues, Xi(D(rn)A), from becoming too small and
thereby increase the rate of convergence.

The second possibility would be to apply additioilal criteria or con-
straints directly to the iterative approximations that arise. It would be
highly desirable, for Example, to incorporate a smoothing technique at
every step of the iteration process.  Such an approach also suggests that
combinations of. different unfolding methods; each of which may be suc-
cessful only to a limited degree,  may afford a more adequate solution of
the general unfolding problem.
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