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ABSTRACT

A review is given of the two sufficient stability criteria

against growing transverse dipole oscillations self-induced in

a particle bean. The effect of a non-uniform incoherent u-shift

is then considered. The first stability criterion places a lower

limit on the width, fi, of the u-dlstribution, and can be written,

6 > 6 , where 6 depends on the chamber and beam geometry, as well

aa on the chamber conductivity. It is shown that a skewing of the

density distribution, by a non-uniform u-shift of maximum value s

at the beam center, changes this condition to: 6 > max (flo, s^).

The second stability criterion can be stated as an upper limit on

the u-density, N, i.e., H < n » Where n has a functional dependence

qualitatively similar to 6 » but depends more strongly on chamber

conductivity. A skewing of the u-distribution affects this stability

criterion only insofar as it affects the peak value of the density.

This depends on the initial distribution of u-values, unaffected by

the D-shift. If it is peaked and one-humped, the effect will be

minimal; while if it is uniform the increase in maximum density could

be large. To compensate, an Increase in the u-spread in the beam is

required. This procedure will be successful to the extent that it

decreases the density maximum. Some comments concerning the CERN

experience are made.
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1. Introduction

1 2
Self-induced beam instabilities have been previously studied. '

Specifically, the self-forces caused by a beam interacting with a re-

sistive wall has been shown to lead to growing transverse oscillations

of the dlpole tnomtnt of the beam. However, if the beam has a suffi-

ciently large spread In u (accelerator tune), then a threshold is reach-

ed, above which growing oscillations cannot be supported by the beam.

Thus the study of these processes has led to stability criteria in the

form of a minimum beam u-spread.

Generally, there are two separate sufficient stability conditions.

We will go into these in more detail in a later section. At this point,

some general characteristics can be given. The first condition can be

stated as a lower limit on the width of the u-diatribution. If the con-

ductivity of the chamber it sufficiently large, this condition is depen-

dent mainly on geometric factor! (i.e., chamber sire and beam size). The

second stability criterion puts an upper limit on the maximum density of

particles per unit y. To the extent that the peak density is inversely

related to the width of the distribution in v, then the two conditions

are similar in form. They do, however, give different limits, the second

being dominated by terms involving the wall conductivity. An interesting

conclusion that can be drawn from studying these conditions is this: In

the case of large conductivity, the first type of criterion generally

leads to a much smaller u-spread required for stability.

Here, we will consider the influence on these stability criteria when

there exists a non-uniform incoherent ip-shift in the beam. Neglecting the

uniform component of the incoherent v-shift, we are left with a TJ-shift

which is zero at the ends of the distribution and maximum at the center.
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The effect on the ^-distribution is, generally speaking, (1} a skewing,

with a shift of the peak by a distance given roughly by the maximum y-

shift; i.e., at the beam center} and (2) a change in the maximum u-density.

We will show that the stability conditiont are changed as follows: Let 6

represent the distribution width and N the maximum value of the u-density.

Then, in the case of a symmetric, one-hump distribution, the first type :

of stability criterion is

6 > 5O ; (1.1)

while, in any case, the second type is

N < n . (1.2)
o

The quantities 6 and n are functions of the chamber and beam dimensions I
' o o !

as well as the conductivity of the chamber wall. Note that for a one-hump \

symmetric distribution, N ~ r and the two stability conditions have the

same form* However, for "large" conductivity (1.1) is generally a less

stringent requirement on 6, while for "smaller11 conductivity, (1.2) becomes i

the significant criterion. Now, in the presence of an incoherent y-shift j

of maximum value s at the bean center, then condition (1.2) remains un- '

changed in form, wliile, on the other hand, (1.1) is considerably affected, '••

We find, in fact, that for a triangular distribution, (1.1) becomes, rojghly, <;
fi > max (6O, s^) . (1.3)

In other words, in the event * is small, and a is comparatively large, '
o v : '•

the incoherent y-shift will negate the advantage achieved from the criterion \

(1.1). ; \

The effect on the stability criteria depends, of course, on the un- '

shifted distribution. For a single-humped distribution, the peak density !
-

may not be significantly affected. Thus, to satisfy (1.2), no increase in
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the beam width is required when a non-uniform inccherent y-shift is

present. However, if the peak density is appreciably affected, then

an increase in the -p-spread i» required to compensate. This would be

tha case with a uniform distribution, where a non-uniform v-shift would

produce a peaking directly proportional to the skewing. Such appears to

be the situation in the CERN intersecting storage accelerators, the ISR,

where their technique of enargy stacking produces a beam roughly uni-
2

form in u-density. One would therefora expect a sensitivity to such

non-uniform u-shifts. The skewing of the distribution, on the other hand,

is aot as sensitive to its initial shape. To get a feeling for the effect,

a skewed triangle should give a good estimate, the result is simply that

condition (1.1) should be replaced by (1.3;.

2. The Dispersion Relation and the Stability Criteria

To obtain the dispersion relation for the complex frequency of col-

lective oscillations, w* start with tha aquation for the dipole moment of

a particle beam. Let us consider a beam of constant linear density, X,

and a normalised distribution in v given by !(»). If P (8*t) is the local

dipole moment per unit v> with the total dipole moment of the beam given

by

j (2.D

then we have for t 2 0, the equation,

ft " • f
where Q is the angular frequency of the particles in the beam,

X is the particle density per unit length,

m is the relativistic mass of the proton.
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snd the time derivative is the hydrodynaaic derivative given by

it't + a^ • <2-3>
Tli« quantitios U and W, tor circular geometry, are

v a

with, a • bean radius,

b • chamber radius,

V * energy in units of proton rest mas*,

P • particle velocity in units of c,

and a • chamber conductivity in units I/time.

Expand P and P in a Foultr serial in 8 and a Fourier intagral in t, e.g.

Pv(e,t) - E J dw Pt)«Utk)a
1(lt9<a't) . (2.6)

The contour in the to-plane is chosen to be above the poles of P (0,t) and

P(9,t). Thus, the inverse,

P («.k) - - 1 ^ f dt J2td9 » «.t>."1<»^> , (2.7)

is valid in l-he upper half to-plane above the contour C.
4

Although the details are dependent on the initial conditions , for

reasonable initial (t • 0) disturbances these will not affect the form of'

the large t behavior of the solution. In fact, the solution of Eq. (2.2)

at large t will in general be of the form

P <e,t) ~ . W " " ^ (2.8a)
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for some complex frequency, to , and mode, k. If a solution exists with

Im (u>c) > 0 ,

then we have growing collective oscillations of the beam.

Properly using Eqs. (2.1, 2.6 and 2.7), the solution of Eq. (2.2) can
4

be written

F<6,t) - S J da) .*<»••«) |gag. (2.8b)

k C

where f(<o,k) depends on the initial conditions and H(to,k) depends only on the

characteristics of the bean and its environment:

H(«>»k) - 1 - *% J 9 *^ m 2 «»y fu + W ff) I . (2.8c)
•fi v - (k- ?r)

The function (JJ-) is dafinad to have a positive real part.

Thus, since we ara assuming that f (a),k) has no poles in t'le complex

u) plant, the tint dependence of F(9,t) will be determined by the zeros of

H(to,k). Closing the contour in the lowar half to plane, we obtain a solu-

tion of the fora (2.8a), where wc is a solution of H(cuc,k) • 0, or

^ c J

Note that the u integration can be simply performed only if Im (to) > 0.

As Im (ou ) -> 0, a singularity in the v integration results. However, since
c

we know the direction of the approaching pole, the v integration contour cea

be suitably deformed to provide the proper analytic continuation..

liquation (2.9) is the dispersion relation for the complex frequency «u

(we will henceforth drop the subscript c). It can be written as

eo (U1 + V ± IV1) (2vo) j 2
 N(v?

 2 dM - 1 , (2.10)

v -<k - JJ)
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where
IRr

co" V l " • {2*
I is the beam current in amps,

R ia the radius of the ring,

r ia the classical proton radius* * 1.54 x 10" m,

v 0 is the center of the v distribution,

v - - (4 - 4) » (2-12>
V bZ/

co is ths free space dielectric constant, « o « -^jj x 10* * ^ ° . a » «
n d Pe

is the resistivity of the vacuum chamber wall, in units of ohm-m.

The plus sign is applicable whan u> > 0, the minus oign when m < 0. The

dispersion relation can be simplified if we assume N(u) hus a finite range,

My, N(v) i* 0 only if

vo-d £ v « v 0 • d , (2.14)

and if we further assume that for all k,

d < | / k / - u o | • (2.15)

First let us restrict our considerations to the question of the stability

limit. That is, let us look for solutions with Im (to) • 0. Then, if we

add to the above assumptions the further assumption that V* > 0 (these

are valid for a reasonable physical system), we can show that a solution

exists only if k and u> have the aame sign and that the positive (<u,k) equa-

tions are equivalent to the negative (a>,k) equations. Furthermore, only

the nodes k auch that |k| > y can support growing oscillations. Thus, we

arrive at the dispersion relation.
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co (v' + V - IV) [f J --BfcL- dtf + ilfI (k . g ] , ! , (2<16)

where P signifies that the principal valua integral is to be taken,

k, to > 0 ,

and we have replaced u> by

U) *> 0 (k-»0)

everywhere outside the integral.

This last substitution is a food approxiaation since any solution must

satisfy

k-w -d < ~ < k-« + d , (2.171

and we have assuaed that d is semll coapared to k-y .

The final fora fox the dispersion .elation is easily obtained from

(2.16):

•VI)2*V|
. (2.18)

This equation also defines the coaplax quantity, W, Actually, (2.1b)

reprenents a mapping for the upper half W plane. (Recall our assumption,

V1 > 0.) If we look for solutions with V' < 0, i.e., in order to map the

lower half W pl»ne, then we find a similar dispersion reletion. The only

difference Is that k and oi aust differ in sign, thus leading to solutions

for nodes k such that |k| < » .

If we asp the left-hand side of expression (2,18) onto the W-plane,

we obtain a closed curve. This curve divides the plane into two parts.

If W lies within the curve, then a solution to the full dispersion rela-

tion with la (<u) > 0 exists. That is, we have instability. If V lies
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outside the curve, no solution with In (u>) > 0 exists, thus, the condi-
4tion for stability is that W lie outside tha boundary curve given by

Eq. (2.18).

If we circumscribe a rectangle around this boundary, we can obtain

two types of sufficient, though not necessary, stability criteria. Looking

at the Imaginary parts In Eq. (2.16), we obtain for stability,

. (2.19)

From the real parts, we have

if WR > 0, MR > aax [pj "fr^ dvj , (2.20)^

or, if W_<0, w_ <«!«[?[ .*fa> . dw] . <2.21)

Vox reasonable dlstvibutloas, tha prlnslpal value iategral peaks at

both ends of the range* Thus* the last two criteria becoae

if WR>0, WK>'f p f f l j *» . (2.22)

or, if WR<0, \ <

To go further one must specify the nature of the distribution. However,

an order of magnitude result is obtained by noting that

Thus we have the stability criteria from (2.19),

d > IT/WJ , <2.24)
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and from (2.22) or (2.23),

j • (2.25)

For the triangular distribution (with ranga ± d), the correspondinn condi-

tions are

d > n/tfj. , (2.26)

and d > T $ r p • (2.27)

3. Effect of a Won-Uniform n-Shift

For a given density distribution, W(u), we have derived two separate

sufficient stability criteria. Hie first is obtained from (2.19) and is

I I«ax <V t T * <3#1)

This condition is unaltered In foru when the distribution is changed by

a non-uniform Incoherent y shift. However, to the extent that the local

density may be increased, the condition (3.1) for a fixed environment

(I.e., fixed W_, W_) might become violated for a large enough v shift.

A symmetrical shift, which la greatest at the beam center, will have the

greatest effect on M if the beam la uniform in density {Mflu) - eon-

stent}, while it will have a declining Influence as the distribution be-

comes more peaked and narrower. Of course, for a fixed number of particles,

the peak value is roughly related to the inverse of the standard deviation,

a • Thus starting out with a small a means a large IN compared to a
o o max

uniform distribution which has a large a and correspondingly small H .

The point is this: If one is to take account of the non-uniform p shift,

the beam environment (i.e., the value of W_) should not be designed with

an N taken from a uniform v distribution, but rather an artlfically

smaller standard deviation should be assumed for the distribution.
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Let us now consider the second stability criterion as represented by

Eq. (2.22) or (2.23). We are thus interested in evaluating the integral,

dp , <3.2)

where the distribution is now cantered around zero, and d, the range, can

take on positive or negative values. For dafinitenss, we will assume d > 0,

although the general results ara applicable in the case d < 0 as well. In

ordar to see the affect of a non-uniform y shift, which clearly depends on

both the initial distribution and the manner in which v shifts along the

beam, we must specify both these characteristics. Thus, if N(v) is the

initial u distribution and the perturbed y value is given by

u - « + f (w), (3.3)

where £(u) sight for exanple be

Uv) ' • [l - \ ] , (3.4)
d

than the perturbed v distribution is given by

W C5) " »fa) ̂ * x y g ^ t (3.5)

with the right hand sida treated as a function of y, taken from (3.3).

We will here, however, avoid the difficulties involved in the choice of

the initial distribution, N(v). and the v shift function f(v). This we

do by simply choosing a perturbed function (and just labeling it N(u))»

With this function we hope to see the effect of a skewing of the v dis-

tribution. Thus, under the influence of the perturbing u shift of amount

s , we assume that the perturbed v distribution is triangular, but skewed:
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N(p) -

, p < - d

" V
» p > d

We then have that

*<d> " ITT

Zhe stability criterion can now be obtained from (2.23):

(d + a ) to 2 J

(3.6)

(3.7)

(3.8)

In the case s_ * 0, thia condition becomes

(3.9)

Now, to see how thia condition it affected by the perturbing v shift, we

write Eq. (3.8) aa

let us monaalize thia by introducing the ratios

y - f , h-a/do .
o

(3.11)

Then, we have

y + h > 1 -
to ( l - h/y)

to 2 (3.12)

For s > 0, we clearly must have

d > « (3.13)
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That this it also a sufficient condition for large h can be seen by writing

(3.12) in the equivalent fora

JUl-21"*-11 . (3.14)

For large h we can neglect the second term on the right hand side, leading

to

y > h, or d > »u . (3.15)

For h < 0, we can writ* (3.12) in the form,

1 + > 2 . (

This is identical with the condition

y > | h | o r d > } s j . (3.17)

For • snail compared to d , (3.10) clearly lsads to the condition

d > d^ . (3.18)
o

We thus have that the second stability condition becomes

d > max <a, » ) . (3.19)

There is an interesting implication here. Suppose a beam environ-

ment is designed with large conductivity, such that V* < U1. Then the

stability criterion depends essentially on the geometry of the beam and

chamber and the condition d > d is much less stringent than the condition

N < W_/TT. From the above arguments, we can see that this is valid asmax x

as long as f s J, the v shift at the beam center, is small compared to do.

One must, however, remember that if Is I > d , the stability criterion
' ii>* o

d > d becomes d > |s |. Thus, the value of using a regime V' < Uf must

be questioned if there is appreciable non-unifor» y shift. In such cir-

cumstaness a more appropriate procedure might be, for example, to use the regime
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U" + V1 ~ 0 ,

which from Eqs. (2.18) and (3.1) leads to the stability criterion

M-x<^F • <3-20>

For H • *j as in the triangular distribution, this becomes

d > ncoV* . (3.21)

However* II can increase if the initial distribution in y is broad and

if the rate of change of incoherent v if sufficiently large. In these

cases, we cannot use the simple connection between N and the range, d

(i.e. •IBW'
W *[)• ThBt *•» "• "utt obtain H from

and use it together with (3.20) directly,

4. Conclusions

We have shown in sonewhat general terns how a non-uniform incoherent

u shift could affect the stability criteria for transverse collective

oscillations. By assuming that the effect of such a v shift is a skewing

of the v distribution function, we can derive a Modified stability condi-

tion. If d is the minimum required range due to the beam geometry and

environment and if s is the maximum v shift at the beam center, then we

conclude that the actual required y range depends on the relative size of

d and s . In fact, the required range is just the larger of these two

numbers:

d > max {dQ, a } for stability.

We have also concluded that stability can be maintained by keeping the

maximum density in the u distribution below a prescribed design value.
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Of course, a non-unifom incoherent u shift night increase the density

maximum (m* compared to the unperturbed value). This effect will be most

pronounced in a beasi with constant v density. To the extent that this

occurs, we must either raise the design limit on N or reduce H it-
IMIX IIMX

self by external swans* such as increasing the v spread.

The conclusions arrived at here are in rough agreement with the obser-

vations of this affect made at the C E W 1SI. There is, however, one inter-

esting fact: The observation that baa* loss occurs at one or the other

edge of the beast. The explanation given is that the beam becomes locally

unstable. That is, from our way of looking at it, as the u distribution

skews and the peak density rises, that part of the beam experiencing this

density rise becomes locally unstable, leaving the rest of the beam intact.

However, it should be recognised that this Interesting observation is

actually not inconsistent with a "collective growth of the entire beam"

even though at first glance this might not be obvious. Let us consider

what happens to the different ••» bites" of the beam. We have thet the

response of the beam to an initial impulse can be written as in Eq. (2.8b).

But given the Fourier components of the average beam response, Pgu ,k), we

can obtain from Eq. (2.2), the response of a particular v bite. Thus, we

have

V V k ) «k c0 W • V - iVf) P(<uc,k) . (4.1)

How, i f V'>|V' | and M(v) i s roughly rectangular, as i s the case at CERN,

then we can show from Eq. (2.18) that

Re fo>c) « n [k - (»o-d)3 . (4.2)

Thus the particles with large amplitude will appear near the lower edge

of the v distribution. Mow, as the density function gets skewed and peaked
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due to the incoherent v shift, the solution of the dispersion relation

•will give Rc(w ) related to the position of the peak rather than to the

lower edge. Thus if the skewing is toward high values of y, losses will

occur preferentially at the upper edge of the u distribution {"outer"

physical edge of beam), while if the skewing is toward low values of u,

losses will initially appear at the "inner" physical edge of beam.

To recapitulate» we have described the effect of a non-uniform inco-

harent v shift in terms of a skewing of the v density distribution. This

can then influence the transverse collective dipole instability. We heve

shown in fact how the stability criteria bacoae core difficult to achieve.

This model is consistent with the observation of these effects at the CEBH

I St.

Mt/lsk
Distr: AADD External
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