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For a p a r t i c l e  beam propagating along the  z-axis and assuming a simple 

d i s t r i bu t ion  i n  the  z, p, project ion of the  six-dimensional phase-space volume i n  

(x,y,z,px,py,pz), the  t o t a l  beam can be represented by: 1 

and the  in tegra ted  p a r t i a l  densi ty  function is  given by: 

Cons equen L l y  , 

For reasons which w i l l  become c l e a r  below, use is made here  of x '  = px/p, 

and y '  = py/pz, instead of px and p t h i s  does not a f f e c t  the  v a l i d i t y  of t he  
Y; 

foregoing express ions. 

The following beam phase-space d i s t r i bu t ion  measurement methods w i l l  be 

considered: 

a )  The two pa i r s  of crossed s l i ts  method. 

b) The two s l i t  method. 

c) The crossed sli ts plus photographic f i lm method. 

a) The Two Pa i r s  of Croased S l i t s  Method 

This method has been described i n  d e t a i l  i.e. t h e  emittance of a 

750 keV proton beam was determined with i ts  two-dimensional densi ty  d is t r ibu t ion .  

This was done with the  object  of matahing t h i s  t o  t h e  acceptance a f  t he  l inac,  fo r  
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which only the in tercepts  of the  four-dimensional phase-space acceptance volume 

with the  x,xl plane (or y,yl plane) had been calculated. Therefore, only the  . 
"speci f ic  p a r t i a l  density  function^"^ 

w e r e  determined. 

For completeness sake the  essent ia ls  of the  method a r e  given here again. 

Two crossed s l i ts  a r e  used t o  sample the  beam; t h e i r  orientat ion define an 

orthogonal coordinate system x,y. Beam propagates i n  the z-direction. The v e r t i c a l  

s l i t ,  a f t e r  centering, is kept s tat ionary a t  y o .  After a cer ta in  d r i f t  space, a 

second pa i r  of crossed s l i ts  is used, with the  v e r t i c a l  s l i t  again centered a t  PO. 

Therefore, the  beam orb i t s  t o  be examined a r e  limited t o  t h e  ( x , ~ ) ~ ,  plane. For 

a c e r t a i n p s i t i o n  of x=xi of the  f i r s t  horizontal s l i t ,  the  angular spread of the  

beam sample i s  determined by s c a ~ i n g  ve r t i ca l ly  with the second horizontal sl i t .  

The second s e t  of s l i ts  is followed by a Faraday cup. For each value of x=xi a 

current d is t r ibut ion  I versus x' is obtained, i. e. : I ( x ~ , x ~ ) ~ ~ ,  l,O. The zero 

points of these functions define the  angular extent of a beam sampJe as defined by 

the f i r s t  pa i r  of crossed slits. The zero points of -a s e t  of these functions 

define an emittance boundary i n  an x,xl diagram, representing the  t o t a l  beam 

intensi ty.  Cutting off  the  d is t r ibut ions  a t  current values # o, 

say, f o r  example, a t  a value equal t o  la of the  maximum current value (x=o,xl=o) 

r e su l t s  i n  a new emittance boundary, obtained from the  xi and associated xl',x2' 

values, as shown i n  Fig. 1. The so found f rac t ional  emittance area represents a 

beam current value, Ifr, given by: 

A family of emittance boundaries may be obtained i n  t h i s  fashion, each of which 

would "enclose" a ce r t a in  f rac t ion  of the  t o t a l  current providing thereby a density 

d is t r ibut ion  i n  two-dimensional phase space. 

I n  the  foilowing, the  l imitat ions of the  method a r e  examined. 



Consider t h e  four-dimensional d e n s i t y  func t ion  p(x ,x ' ,y ,yr) .  Experimentally,  

t h e  number of p a r t i c l e s  pass.ing,:through t h e  four  s l i t s  i s  determined, t h e r e f o r e  

Using four s l i t s ,  with i d e n t i c a l  s l i t  width AS one ob ta ins ,  ' see  Fig. 2: 

Consequent! l y  : 

It follows then,  t h a t  

with 

one f i n d s  

F u r t h e r > m  ( the  number of p a r t i c l e s  p e r , u n i t . t i m e  and per  hE,  where AE i s  t h e  t o t a l  

energy spread i n  t h e  beam) i s  r e l a t e d  t o  t h e  c u r r e n t  measured i n  t h e  Faraday cup as  

Consequently : 

with 



To determine now t h e  "density" d i s t r i b u t i o n  i n  t h e  two-dimensional phase-space 

i n t e r c e p t  i t  i s  necessary t o  consider  a  f r a c t i o n a l  emittance a r e a  wi th in  t h e  t o t a l  

a r e a ,  def ined by t h e  cut-off  va lues  of t h e  funct ions  D y = o , y ~ = o ( ~ , x ~ ) r  as  ind ica ted  

i n  t h e  foregoing.  I n t e g r a t i o n  over t h e s e  d e n s i t y  func t ions ,  wi th in  t h e  cu t -o f f  

va lues  w i l l  y i e l d  t h e  va lue  of t h e  number o f  p a r t i c l e s  (or Ifr) wi th in  t h e  s o  

de f ined  f r a c t i o n a l  emit tance area .  This is v a l i d  i n  t h e  approximation t h a t  t h e  

angu la r  momentum around t h e  z-axis  of t h e  p a r t i c l e s ,  propagating i n  t h e  z -d i rec t ion ,  

i s  n e g l i g i b l e ,  i .e . ,  i n  t h e  approximation pe -r ti o r  even pe << pr, one has ,  wi th  

t h e  u s u a l  n o t a t i o n  f o r  t h e  c y l i n d r i c a l  coordinate  system and a x i a l l y  symmetric beams : 

D (xsx l )  I DT=oJ+o ( r ,  5) 3 f o r  p o s i t i v e  
y=o , y l  =o 

va lues  of x  only,  and wi th  5 = pr/pZ and I) = p8/p, . 
Fur thor  , N t o t  

m JJJJ r ( ~ , ~ '  , y , ~ l ) ~ ~ ' ~ Y ~ ~ l  = 

= J m  p2(r,  8, drd0dgdT ; when: transforming i n  t h e  usua l  

x.x8 ,y,y way t o  t h e  c y l i n d r i c a l  coord ina te  system. Here J ( I ) i s  t h e  Jacobian of 
r, e, T 

t h e  t ransformat ion and p2 equals  ( p l J ) .  S imi la r ly ,  f o r  t h e  case  where * 
w i l l  be def ined by: Po << Pr o r  Pg - 0' N 

* * 
tot = JJj P2 (r,cS e)l,=odrdsd8 = 2n JJ be (r ,g)drdg 

Taking 0=0, and i d e n t i f y i n g  x  and x '  with1 r and g respec t ive ly ,  i t  lfollows then,  
. . 

t h a t  

* 
N t o t  (x,xl) dxdx' . 

0- 

Because of symmetry p r o p e r t i e s  i n  an  a x i a l  symmetric beam 



Therefore ,  

* 
( x , x l )  dx '  where . 

-0) -=' 

L c equals  - a s  i n  t h e  foregoing . 
2e(AS) 

,With t h i s ,  

w X2' 

S d x  s D ( x , x l )  d x l  5 dx s 1 ( x , x 1 )  dx' 
y=0,y1=o y=0,y1=o 

I f r  * f: 0 XI '  0 X '  - = - =' - - 1 
a +oJ +03 

I t o t  Nt:t 
I 

S d x  o -03 S y=o,yl=o ( x , x l )  dx '  I ( x , x l ) y = o , y  ~ ~ d x '  

a s  was used i n  Ref. 2. 

3 
As has been pointed out r e c e n t l y  , i n  cases  where pg zz pr t h i s  method may , I 

Nf; N g r ( ~ = o , ~ ' = o )  '. . 
- lead t o  erroneous values  of I I because - = £1-1 t o t  i s  not n e c e s s a r i l y  

NtZ t  Ntot(y=0,y1=o) 

equa l  t o  - - as N f r  , where y '  i s  not  l i m i t e d  a s  - c y '  < This i s  only s o  i f  t h e  
N t o t  L L ' 

r e l a t i o n s h i p  
As s 1 i s  s a t i s f i e d .    his w i l l  be f u r t h e r  examined below. 

Referr ing now t o  t h e  c y l i n d r i c a l  coordinate  ,system, t h e r e  is no obvious reason,  

when consider ing an i d e a l  ion  source  plasma boundary, t o  assume a d i s t r i b u t i o n  i n  

pr d i f f e r e n t  from t h e  d i s t r i b u t i o n  i n  pe, i . e .  Apr 2 Ape, where A r e f e r s  t o  say,  

t h e  h a l f  maximum width of  t h e  p d i s t r i b u t i o n .  

However, i n  p r a c t i c a l  beam a c c e l e r a t i o n  systems, f o r  example, t r a v e r s i n g  

through a c y l i n d r i c a l  o p t i c a l  system with  a b e r r a t i o n s  one f i n d s  i n  genera l  t h a t  

Apr > Ape. More e x p l i c i t l y  i n  p r a c t i c e ,  t h e  emit tance  i s  no t  determined, i n  a f i r s t  

approach, by t h e  s t a t e  of t h e  plasma4 ( ion  and e l e c t r o n  temperature,  ekc.) but more 

by t h e  a b e r r a t i o n s  i n  the  system, which f o r  an  a x i a l  symmetric system, do e f f e c t i v e l y  

en la rge  t h e  pr d i s t r i b u t i o n  only. 



b) The Two S l i t  Method 

To determine - t h e  x , x '  d i s t r i b u t i o n ,  wi th  two s l i t s  i n f i n i t e l y  extended i n  t h e  

y  d i r e c t i o n  and followed by a  cur ren t  measuring device,  one obta ins1 t h e  

i n t e g r a t e d  p a r t i a l  d e n s i t y  funct ions  D(x,xl ) d i r e c t l y ,  i. e., t h e  i n t e g r a t i o n s  over 

y  and y '  have been au tomat ica l ly  c a r r i e d  out .  I n t e g r a t i o n  over x  and x '  y i e l d s  t h e  

t o t a l  beam cur ren t  

- C Itot - Ntot = J d x J  D(x,xl) dx' . 
The determinat ion of t h e  d e n s i t y  d i s t r i b u t i o n  is  s t ra igh t fo rward  because: 

LO L LOL r P 

J J D(x,xl) dx' 
- 0 )  - 0 )  

again d e f i n e  a  f r a c t i o n a l  emit tance a r e a ,  s i m i l a r l y  as  was done under Sect ion a ) .  

These arguments apply  t o  t h e  method whereby t h e  sequence of t h e  t w o - s l i t s  is  

followed by a  Faraday cup o r  cur ren t  transformer.  An a l t e r n a t i v e  he re  is t o  use  

a t  t h e  f i r s t  l o c a t i o n  a  f i x e d  s e t  of p a r a l l e 1 : ' s l i t s  and a t  t h e  second l o c a t i o n  a  

photographic f i lm.  By s e l e c t i n g  t h e  a p p r o p r i a t e  f i l m  m a t e r i a l  r e l a t e d  t o  beam 
, 

i n t e n s i t y  and p a r t i c l e  energy, it i s  p o s s i b l e  t o  ob ta in  a  usab le  blackness d i s t r i b u t i o n  

on t h e  f i l m  which may be evaluated t o  o b t a i n  t h e  phase-space d e n s i t y  d i s t r i b u t i o n .  

I n  t h i s  case ,  however, t h e  d e n s i t y  funct ion D(xi,xl) is found by i n t e g r a t i n g  denai-  

tometer curves, which a r e  obta ined by scanning t h e  f i l m  image p a r a l l e l  t o  t h e  s l i t  

d i r e c t i o n  f o r  va r ious .  values  of x '  . This is  i l l u s t r a t e d  i n  Fig.  3 where a  s i n g l e  

s l i t  a t  t h e  l o c a t i o n  x=xi  i s  considered. With t h e  d e n s i t y  funct ions  obtained i n  t h i s  

manner t h e  foregoing arguments apply and t h e  d e n s i t y  d i s t r i b u t i o n  i n  two-dimensional 

phase space  may be found a s  i n d i c a t e d  above. 

c )  The' Crossed S l i t  P lus  Photographic Film Method 

3 
This method makes use  o f  crossed s l i t s  t o  de f ine  x  and y  and a t  a d i s t a n c e  L 

along t h e  z-axis a  photographic f i l m  i s  exposed. The d e n s i t y  d i s t r i b u t i o n  on t h e  * 
f i l i i  i s  determined (x '  , y  ' d i s t r i b u t i o n ) .  This method y i e l d s  t h e  four-dimensional , 

I * 
It i s , o f  course,  a l s o  p o s s i b l e  t o  u s e  crossed s l i t s  a t  t h e  loca t ion  o f  th,e f i lm 
followed by a  Faraday cup and t o  map t h e  d i s t r i b u t i o n  by scanning these.  s l i t s .  
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phase volume and i t s  d e n s i t y . d C s t r i b u t i o n ;  it .provides more complete information 

on t h e  phase-space d i s t r i b u t i o n ,  however, i t  is  r a t h e r  e l a b o r a t e  because of  t h e  

n e c e s s i t y  t o  determine t h e  d i s t r i b u t i o n  i n  A' ,y ' with  a  scanning densi tometer  . 
From t h e  f our-dimens iona 1 ~ o l u m e '  t h e  two-dimensional i n t e r c e p t  i n  x ,x  ' ks determined 

providing a l s o  t h e  two-dimensional "density" d i s t r i b u t i o n ,  s i m i l a r l y  a s  was done 

under Sections '  a) and b). . 

d)  Comparison of t h e  Methods 

The following,approach i s  an  a t tempt  t o  c o r r e l a t e  more c l o s e l y  t h e  

d e n s i t y  d i s t r i b u t i o n  r e s u l t s  obta ined wi th  t h e  methods under a )  and b) and t h e  

r e s u l t s  from method c ) .  

consider  t h e  d e n s i t y  func t ion  : 

which i s  t h e  Car tes ian  coordinate  system equ iva len t  (assuming c y l i n d r i c a l  symmetry) 

of  t h e  d e n s i t y  funct ion3 i n  c y l i n d r i c a l  coord ina tes ;  D(R,R',t)e=e wi th  t = Re'. 

S i m i l a r l y ,  a s  before ,  

and 

L 
where W i s  t h e  a r e a  exposed on. the  f i l m ,  a s  a  r e s u l t  of beam t ransmiss ion through 

0 
L 

a sample a r e a  (AS) . 
Consequently : . - 2 

, . .. , . . . 

Fur the r  , 
where 

. .  . 
i ( x , x t , y ' . )  ' i s  t h e  densi tometer  scale . . ' reading (p ropor t iona l  t o  f i l m  g r a i n  d e n s i t y ) ,  

- y=o 



2 
(Aw) is  densi tometer  s p o t  s i z e ,  Co i s  a  , s c a l i n g  f a c t o r ,  which t akes  i n t o  account 

f i l m  development, densi tometer  c a l i b r a t i o n ,  e t c .  From t h i s ,  
. . 

- L~ Co D ( x , x ' , y ' )  = y=o 2 i ( x Y x ' , ~ ' ) ~ = ~  
(As) ( k w )  

I n  an  a x i a l  symmetric beam i t . i s  s u f f i c i e n t  now t o  scan only  t h e  h o r i z o n t a l  s l i t  

a t  t h e  f i r s t  l o c a t i o n ,  keeping t h e  v e r t i c a l  s l i t  s t a t i o n a r y  and centered a t  t h e  

beam.  heref fore, only  t h e  f r a c t i o n  -- of t h e  t o t a l  beam i n t e n s i t y  i s  being 
nR 

examined. Consequently, it follows t h a t ,  

With t h i s ,  a s  be fo re ,  

I 
X 

+cD 2 +03 

I t o t  +., sop. SCP N t o t  p r r 

J dx A' J. i ( x , x l  ,y ' )y=o dx'dy'  
-'x, -',, -a, 

Refer r ing  now t o  t h e  two-dimensional phase-space d e n s i t y  d i s t r i b u t i o n  determinat ion 

method desc r ibed  under a )  whereby t h e  y l . v a l u e s  were l i m i t e d  t o  y  AS a  I 't 7, 
comparison i s  made wi th  t h e  above r e s u l t s  where y '  i s  not  s o  l i m i t e d ,  i . e .  y '  va lues  

a r e  p r e s e n t  f o r  which 1 '1 > o r '  
X 

L . . 

A h y p o t h e t i c a l  

D (x,x. ' ,y') func t ion  i s  g iven i n  Fig.  4 t o  i l l u s t r a t e  t h e  approach. When c u t t i n g  y=o 
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' 1 o f f  t h i s  d i s t r i b u t i o n  a t  x '  = -x and x '  = x; i n  o rde r  t o  d e f i n e  a  f r a c t i o n a l  
1. 

two-dimensional emit tance  boundary, i n t e g r a t i o n ,  t o  determine p a r t i c l e  content  wit?iin 

t h e  f r a c t i o n a l  boundaries,  whereby e i t h e r  y '  h o, o r  y '  ' s @ r e s p e c t i v e l y ,  y i e l d s  
L ' 

t h e  following r e l a t i o n s h i p s  : 

N f r . = o  J dx J o dxl J ~ ~ = ~ ( x , x ' , ~ ' )  dyl  - - 0 

R m m 
and 

.Nto t  
: 1 dx  XI 1 D ~ = ~ ( x , x I , Y I )  dy l  

dx dx' D (x,xl  , y l )  dy' 
y=o 

0 0 0 

where rp = - Use i s  made h e r e  o,f (see  t h e  foregoing) L ' .  

J' dx J' D ~ ~ ~ , ~ ' = ~  (x,x') dx l  J dx J d x h  I D  Y=o ( x , * ~ , Y ~ )  dy' 
0 0 - 0 0 0 - 

- R  m R ' =  CP 

J dx J D ~ = ~ , ~ ' = ~ .  (x ,x ' )  dxl  
0 .  0 

J dx J dx' J D ( x , x ' , y l )  dy' y=o 
0 '  0 0 

Also, f o r  s i m p l i c i t y ,  t h e  assumption has  been made h e r e  t h a t  ( x l (  = [x i# .  , which 1 
f o r  t h e  p resen t  a&urnent means t h a t  t h e  phase-space d i s t r i b u t i o n  a t  a  beam wais t  .is 

being considered. ,  As w i l l  become evident  below x i  i s  a  func t ion  of  x  i n  genera l .  

The equivalency o f  the 'phase-space  d e n s i t y  d i s t r i b u t i o n  methods descr ibed above may 

" .; . be i n v e s t i g a t e d  now by de f in ing  
.., . , 

N,fr*/ Nto: ' 
Q 2 

. . Nfr Ntot  

It has been shown i n  Appendix I t h a t  ( in .genera1)  o = 1 i £  t h e  following d e n s i t y  

func t ion  i s  used: 
. .  . 



This  i s  b a s i c a l l y  a n  e m p i r i c a l  d i s t r i b u t i o n  ( see  Fig. 4,  Ref. 2 ) ,  bu t  is c o n s i s t e n t  

wi th  t h e  Maxwell-Boltzman d i s t r i b u t i o n  i n  x t , y ' ,  t y p i c a l l y  a t  a n  ion source  plasma 

boundary, and t h e  exper imenta l ly  observed r e s u l t  t h a t  t h e  cur ren t  d e n s i t y  d i s t r i b u t i o n  

i n  a  p a r t i c l e  beam i s  i n  g e n e r a l  not homogeneous and may be approximated by a  

Gaussian ( t y p i c a l l y ,  s e e  t h e  exper imenta l  r e s u l t s ,  Ref. 5) .  

Because D ( x , x ' , y V )  s 0.02 do f o r  x  2 R, x'  2 a ,  y '  s b, f o r  p r a c t i c a l  purposes y=o 

t h e  p a r t i a l  phase-space boundary c o n s i s t e n t  wi th  t h i s  d i s t r i b u t i o n  is 

wi th  

2 2 'I L 

-4  [(ff) + (G) + (5) ] w i t h i n  t h i s  boundary, and 
D ( x , x l , y ' . )  = do e  y=o 

D (x,x' , y ' )  + o o u t s i d e  t h i s  boundary. y=o. 

e .  

It i s  recognized h e r e  t h a t  i n  an a x i a l l y  symmetric system f o r  x=o (and y=o), 

a  should  equal  b.. To account f o r  abe r ra t ions ,  b  .is assumed t o  be of  t h e  form 

X 
2  

X 
2  

b. = . a  (1: + C,. (F) + . C ?  .(%):+ ,...) 
Actua l ly ,  a s  a l s o  i n d i c a t e d  i n  Appendix I, a l s o  i n  t h e  case  where 

2  2  
2  w i t h  G(x ) o  f o r  x  > R, and where G(x ) i s  

D = . d o  G(x ) e  
y=o 

a  "wel l  behaved", symmetric, but  arbitra*:y func t ion  of  x ,  i n  t h e  region of cicx<R, 

i t  can be  shown t h a t  0 = .1. 
2 

X 
However, £0; t h e  case  where b = a  (1 + C (-) + ...) but w i t h  C >>I, i . e .  

1 R  1 . .  
. . 

assuming apprec iab le  a b e r r a t i o n s ,  i t  has  been f u r t h e r  shown i n  Appendix I t h a t  0 

i s  given by 1 a = 1 + jj C1 + ... and may d e v i a t e  s i g n i f i c a n t l y  

from t h e  value  1, consequently t h e  -method 'descr ibed under Sec t ion  a )  would y i e l d  

d i f f e r e n t .  d e n s i t y . d i s t . r i b u t i o n  c,ontours . . .  i n  t h i s  c a s e  a s  compared wi th  t h e  methods 
, . 

5 .  

desc r ibed  under Sec t ions  b) and, c). 
. ,  . .  . . 
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Conclusion 

It is evident  from t h e s e  r e s u l t s  t h a t  even though i n  g e n e r a 1 , i t  cannot be 

shown t h a t  f o r  any d i s ' t r ibu t ion  D (x,x '  , y  ' ) t h e  r a t i o  a = 1; f o r  a p a r t i a l  
Y=O 

d e n s i t y  func t ion  approaching p r a c t i c a l  cases  a equals  o r  approximates t h e  value  1, 

a s  shown. As a consequence the '  space-space d e n s i t y  d i s t r i b u t i o n  methods a s  . . 

descr ibed i n  t h e  foregoing should i n  genera l  y i e l d  s i m i l a r  two-dimensional phase- 

space contours  and d e n s i t y  d i s t r i b u t i o n s  independent of t h e  p a r t i c u l a r  method used. 
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Evalua t ion  of  a 
: .  . . :  . . .  . . . . . . .  . .  . . . . .  

Consider t h e  p a r t i a l  d e n s i t y  func t ion  
- 

. . . .  ; . Rqferr ing now a l s o  t o  t h e . d i s c u s s i o n  i n  Sect ion.  a,), . t h e n  t ak ing  a . .va . lue . .  

D (x ,x t  ,y') = £do, where f  i s  a cons tan t  and o<f<l, t h e  cut-off  values :  x7 for . . :  . . . .  :. 
y '0 , . 

var ipus , ;va lues  of x a r e .  determined. ,by: . - . s _ '.. 

. .'. 

. . - : .  _  hi^ is f u r t h e r  i l l u s t r a t e d -  i n  Fig.  5 where D " ( ~ , x " . , ~  '.) is . p l o t t e d ,  :fat 
Y=o 

. . . .  . aar, ious .:values qb . x=x ~. . . . . . .  . ,  . :  . . . .  . . .  . . i' . . 
.... 

, . ,.. , 

This y i e l d s  then a s  t h e  upper l i m i t s  of i n t e g r a t i o n  i n  t h e  express ions  f o r  
.... . . . .  - . . .  

. P I  . \ '  , : I .  

. . . . . . .  . . . , . . .. , 

. . . .  N f r  ( o r  N&) : . . . . .: :. .: ..:, . :. . . . . 

XI' = a 4- - !or x, 6 ,  ER W i t h  . . . . . . 
3 i 

logef . 2  , e = - -  
4 

. For x > sR, 9 equals  zero.  

';r *. f r  
The i n t e g r a t i o n  of  / N ~ ~ ~  and I N t o t  i s  then a s  fo l lows:  



w i t h  cq/b <<I, i t  fo l lows 

f r  
S i m i l a r l y  f o r  - i t  i s  found t h a t  

N t o t  

f r  8 x 2 

- = - Rn [F 1 X = E ~ ]  
wi th  b  = a  [ I +  C (-) + ...I 

N t o t  1 R 

and t a k i n g  he re ,  f o r  s i m p l i c i t y ,  C and h igher  o r d e r  terms <<I. 1 

Consequently, 0 = 1. 

It i s  immediately obv-ious t h a t  0 = 1 a l s o  f o r  t h e  more genera l  case  where 

x12# 2 
2 

y=o 
- 4r(7) + ((%I where G(x ) i s  a D (x ,x l  , y t )  = do G(x ) e  

2 2 
" w e l l  behaved',' but  a r b i t r a r y ,  f u n c t i o n  of x i n  t h e  r eg ion  of o  t o  x=R, and G(x ) * o  

f o r  x -, R. 

I n  t h i s  case  t h e  i n t e g r a l  g iven by F(x) I , i.e. 
X= BR 
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L 
2 - 4s 

The upper l i m i t  x = f (s) follows from G(x ) = e . The sake r e s u l t  

[~(x) 1 X=f occurs  both i n  N * and N f r  leading aga in  t o  u = 1. f r 

For  t h e  case  where 
. . . . 

2 4 
b = a t 1  + C; (g) + c2 (3 + ...I with 

C and higher  o r d e r  terms eel, but C s 1, t h e  r e s u l t s  a r e  of t h e  form: 
. 2  1 

1 
1 + j j C l  

u = with I + ?(s) GI 

X 
With t h e .  s u b s r i ~ u r i o n s  u = and v = - * s R one g e t s  

R 



2 
I n  t h e  range o G l ,  i t  follows t h a t  Q(E) < E :. Limiting f t o  the  range 

2 
0.1 < f < 0.9, which i n  p r a c t i c e  i s  no r e s t r i c t i o n ,  t h e  maximum value  o f  c i s  

approximately 0.6. Consequently, 

1 2 
a = l + - C  8 1 

i f  C Q(E) < C1c <1 o r  more e x p l i c i t l y  
1 

Therefore ,  a . lso i n  t h i s  case  (but  w.ith t h e  r e s t r i c t i o n  t h a t  C S 1)  . the  value  . . 1 
of 0 equals  1 t o  w i t h i n  of t h e  o rde r  of  15%. It i s  ev iden t  however, t h a t  f o r  t h e  

case  of apprec iab le  a b e r r a t i o n ,  i .e . , ,  C >> 1, a may d e v i a t e  s i g n i f i c a n t l y  from the  
1 

va lue  1. 
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. . 
APPENDIX I1 

Some Comments on the Description of Particle Beams , 

Related to Phase Space Distribution 

In the literature cited and in the "normal" beam treatment by Walsh, 
6 

the notation and definitions for beam emittances, etc. vary. Therefore, . . 
the following enumeration and relationships might be useful and could serve 

as a suggestion in the direction of some more generally accepted .usage. 

Particle distribution in two (x,xt ) or four (x,xt ,.y ,y.' ) dimensional . . 

phase space, where x and y are the transverse coordinates, and x' = p,/pz, 

E2 , two-dimensional beam emittance in x,x' space. 

E4 , four-dimensional emittance in xSy ,xt ,Y' space. 

PTE or A2, two-dimensional phase-space area. 
2 
2 

(n /2)E4 or V4, four-dimensional phase-space volume. 

The above quantities refer to a fixed p value (or simple distribution z 
around p ). To obtain emittance "invariants" one may normalize .the foregoing z 
expressions and obtain pZ independent values: 

ByA2 
= - =  

2 -  l-r 
BYE2, two-dimensional momentum normalized emittance. 

p2y$4 2 2 
B =-= B Y E4, four-dimensional normalized emittance. 

(n2/2) 

(Similarly, normalized emittance area, $yA2, and normalized emittance volume, 

132~44 . 
Actually, it would seem preferable to normalize with the factor 

2 
p2 = (moc$Y) or pz = (m CBY) in order to obtain an "absolute" v%lue of beam z 0 

quality or emittance in four-dimensional transverse coordinate and conjugate 

momentum phase apace, or its intercept with the (xSpx) or (Y,Py) planes, 

respectively, leading to the two-dimensional emittance (mot) E2 and four- 
2 

dimensional ernittame (mot) E4. However, the f0regn.f.n~ expressions for 

s and have been more generally'used and in effect the assumptfon is made 
2 4 
that m c  1. . .  - 

0 
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A partial description of the particle density in phase space is given by: 
- - 

' 1 1 d = - = - '  , "density" in two-dimensional (x,xt) space, 
. 2 nE2 A2 

d2 g = - = -  I , normaliz&d "density" in two-dimensional phase space. 
2 BY ns, 

Short of a specification of particle density distribution in six- L 

dimensional phase space, a practical expression, ,if a simple distribution 

in z, pZ (or E,t) is assumed, is the particle density in the four-dimensional, 

phase-space projection, as follows: 

I B = - =  I , density in four-dimensional (x,y,x9,y') space. 
'4 (772/2)~4 

!i34 ( o r  =' -A = 
I , momentum normalized density in four- 2 

B2yZv4 (" 12)'4 dimeniional phase space. 

Here, I is the total beam current, the subscript 4 in B4 andB4 seems redundant, 

however a more complete description of particle beams in accelerators would 

include the (z ) distributions as well and specify six-dimensional emittance 
Pz 

(E ) and particle density in six-dimensional phase space ( H6). 6 

Regarding two and four-dimensional space only it is assumed now that the , 

particles, in an axially ,symmetric beam, propagating along the z-axis c,ollectively , 
have zero angular momentum around the z-axis. In this case, the two-dimensional 

emittance area in (x,xl), i.e. the intercept of the y=o,y9=o plane with the 

four-dimensional volume in (x,y,x9 ,y') is equal to the projection of the four- 

dime.nsj.onal, vol~irne on, the y=o, y I=o plane. Then it follows for a "normal" beam, 

i.e. identical two-dimensional phase-space ellipses in both transverse planes, 

that: 
6 

E4 = ( E ~ ) ~  * and 
1 2 v4 = 5 (A2) 

Consequent ly : 
2 

E = (g2) 4 

I = -  I and 

Jr 
In practice one might have to use the more general relationship 
E4 = (E2)x,x 1(E2)y ,y I *  



The usefulness of these expressions stems from the fact that in general the 

maximum beam intensity transport in an accelerator subcomponent is determined 

by B4 (or'%) of the preceding source, whereas in practice normally the two- 

dimensional emittance E or A /r has been measured. 
2 2 



Comparison of ~ o t a t i o n  Used i n  .the L i t e r a t u r e  

For t h e  sake of completeness t h e  present  n o t a t i o n  i s  r e l a t e d ' t o  t h a t  

used i n  Ref. 6: 

It r e l a t e s  a s  fol lows t o  t h a t  used i n  Ref. 3: 

E2. = .' E 
. .  . .. . .  . . 

It . r e l a t e s  a s  fol lows t o  t h e  n o t a t i o n  I ,used s o  f a r :  

>k 
The f a c t o r  of 2  e n t e r s  because . the four-dimensional volume has been divided 

2 
by " 1 2  t'o ob ta in  E4 ( s e e  Ref. 6). 

** 
Again t h e  f a c t o r  of .2 e n t e r s  f o r  t h e  same reason a s  under ( )  I n  e f f e c t  

1 am redef in ing  here  "source brigh'tness1',  as I used t h i s  term before, a s  

I 
ins tead  of I - (note  C2 = v )  , 

n2v2 

i n  order  t o  be c o n s i s t e n t  with t h e  four-dimensional t rea tment .  
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Current Distribution I=f(x') x=x for-&<y<& and *cy "<g 
2 2 L i L 

Fig. 1 . .  - 

: 

Slit Arrangement (the vertical slits are not. shown). 
" 

Fig. 2 -, 
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Eva lua t ion  of D(x ,XI )  f o r  a  f i x e d  s e t  of p a r a l l e l  s l i t s  a t  t h e  f i r s t  l o c a t i o n  
i 

and a photographic  f i l m  a t  t h e  second location. [A s i n g l e  s l i t  image is shown). 

F i g .  3 
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4 Fig. 4 

Determination of x' 
2 

Fig. 5 




