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Controcl Red Programming

Part If

Two~Group Theory of General Configuration

- Raymond L. Murray

_gni:roduqtiono

In Part I of the ?resent series of reports¥, ?n investi-
gation of the possibilities of buckling calculationé for partly
inserted éontrol rods was_made on the one=group neutron diffusion
model. - The results were highly indicative that extension ﬁo
the two-group modél was possiblee The study is continued in
this report, in which is given a method for determining bﬁcka
ling (and hence reactivity) of & generai array of partly insert-~
ed control rods in a cylindrical bare equivalent reactor. At
thislstage of development of the theory, fuellburnup is not
yet specifically iﬁcludedg criticality is provided implicitly
by variation of the effective number of neutrons pef f_i.ssi.on°
The buckling is found to be calculable from suitable flux aver=

ages over the various regions of the operating core.

- Control Rod Programming, Part I Fundamental Analysis,

September 10, 1861




GCeneralized Buckiing Theory

According to the one-group model, the buckling of a reac-

tor is given correctly by the expression
fﬂeMa’psdv

[o9°av

where M' is a perturbed operator = 72 4+ P and @' is the perturbed

Bz=.=

flux (and adjoint). In the pfevious report it was shown that
the flux appropriate to fully inserted rods and that for no
rods could be employed to obtain an excellent estimate of the
B2 in any partly-inserxted rod probiem. An éxtension of this
formulation to the two=-group model, wheré the‘flux is not self-
adjoint, is now presented° 

Consider the two-group equations'for a core in a matrix
form,

Lg = 0
where § = [ng is a_z'x 1 matrix, th?'eléments of which are
the fast and thermal flux. The 2 x 2 matrix operator L can
readily be seen to be
L = Dy 7 - Zq nfZy
2

p}:]_ D?'. v - 2:2

- The null matrix is 0 = [g]

The two-group equations are elements of the matrix L@ = 0:




It will be convenient to decompose L into the sum =M + Bg where

. o 2 -
2
L 0 ”Dz Vo]
and o X . -
BO s > nfzz
Ris “Zg |

In this‘notation,

W - 820
which corresponds formally to the one~gxoup expression. The
generalized buckling B%Nis az2zxa2 maﬁrix containing the removal
coefficients of thé neutron'ballance‘equationsP The subscript
zeiolrefers to the fact that the reactor is in thé critical ox
original state, noxmally with uniform materials, Tﬁe analogous

expression for the adjoint flux is readily written

L‘ﬁ"p‘*" = 0
where L* D, 72 - Zy PEy
' 2
1z, DV =%y

ox
Mg+ ' B‘z’ﬁ'ﬂ't‘

The solution of bc;i:h ordinary and adjoint critical"equations for

a reactor with homogenedus fuel, moderator and structure dis-

.t'ributic.'m is straightfoxward, In a later section; the api)lic

cation to a system with fully inserted rods will be given.




Next consider the equation for a reactoar that is perturbed
by changes in materials constants such that
P= &% =6 (nfZ5)

and that simultaneously a uniform ¢hange in 1 is imagined that
renders the reactor still critical.
B2 = [ o nEE, (dn/7) |
O -0
The flux distribution is now @', and the differential equation
of the system is |
L+ P 6B21¢w = 0

or 2 g
M + P)F' = (By + 6B )Y h

By letting M =M+ P and B2 = Bg + 682» we obtain the compact
expression for the perturbed system
Mg - B2F
‘Multiply the equation through by the 1 x 2 row natrix g¥ =
[ﬁfﬂg] and integrate over the system
fﬁm"g"dv - J/g‘*’“szg”dv |
We are interé;tgd in employing this relation to describe

ény configuration of contfoi rods, some in, some out, some
partly out, for;which BZ Bg 4 éBzo Figure 1 shows a typical

array. The fluxes are not known and essentially impossible to
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L 1A

determine precisely by analytlcal means. Lf we view the reac-
tor as consmstlng of several axial zones, four in the Figurep
it is seen that the reactor is constructed from a fourwrod
regxonpa tworod and a oneqngaand 8 region with no rods. Were
these zdnes isolated readtor39 it would be,possiblé by-snalytic
methods to determine ordinary and adjoint flux distributions;
with fluxes_ﬂag‘ﬁig ﬂép‘g%g and critical bucklings ng ﬁ%» Bi“
Bgfe .
The fundamental assumption is now made; that the integral
expreséion is applicable to the system, using these fluxes for.
thé respective zones., Write | |
- .

fﬁmsf"de fﬂo 0dv + Jﬁinfg}dvl+oocoo

core 1 :

and equate to

f grecg av = f gﬁ’sop’ dv + f #*sB28° av

core core core

Then for M zones

M= 1 g«au 2 2 ﬂ;s
= (B. = B) av
‘632, - =0 i 0" I
M=1 . '
z g av
im0 L%

This ététes in words that the total buckling change is equai
to the flux-and adjoint-weighted values of the local buckling

changes.




The quantity {GBZQ is fzzén from which the chahge in neutrons

per absorption or reactivity /?G’GH/Q can be computed.

The adjoint fluxes for a bare cylindrical core withcut
rods bear a simple relation to the ordinary fluxes. .Fox that
special case §; = AX, Qz = Sle | v

+ o Q¥ * o Ak
gt = stA*x, 9, = AX
where X = Jo(fir). Since the amplitudes A and A% are arbitrary

for a critical reactor, they may be set equal to 1, thus

4o
ﬁa S‘+ ;?3.8‘2;.“
9y 1 8y 5

There is no a priori evidence that a similar situation may
hold for the system with an array of control rods. An investim
gation of the form of adjoints was thus undertaken.

The first problem was that of establishing appwopriate
boundary conditions at the rod surfaces. (There appears to be
no distinction between the adjoint and ordinary conditions of
vani.shing flux at the core boundary.) Two equivalent views
of rod conditions are available: (a) application of continyity
of adjoint fluxes across the core-rod interface, (b) use of

extrapolation distances from the core into the rod, defined by




. .#3 = ‘ 4 8 _5,99 .s,ﬂ -
gy continuity, 9191 Dlr¢1r9 Dzﬁz thﬂzr where the sub
script r refexrs to vod. Now specific solutions for the thermal
and fast fluxes in the rod are

-+ =3 * & =3 ot
¢2r G*Z,, ¢1r $3672, + F*Zl

where Z; = Io(ffirr)o - If diffusion theory is also assumed to
hold for t:hermmls@, 2y = IO(/Eer)., Subst:itution yields

D

2
d} =
2 Doy
where 6= [25) = i?zl,:il(!ﬁzra)
(Zg) o Apa)

. L&
with a as the rod radius and iigr = %§ + ( -ﬁf;-) .

Py — P k4 - - +
We note that for i(zl,__a >>1, IO }.'11” 6 ~> f, >0 and dz—->-00

The adjoint thermal is seen to obey approximately the same
boundary condition as the 6rdinary thermal flux. ' Next, the

expression for d’i’ is formed. It will be D; Siclz,)l+ F¥[z

+ 1

I Pir stet[z))+ F*[zF)
L =gilay (24}

Invoking the 1_'-el.at:i.4:m£§i

G+[Zz] = B~ a

+ o, ot
F*[Zl] = SI(B = Pg0) + SZ(/ozb = a) - S5(B ~ a)

& .
Normally, a thermal extrapolation distance in the range él ¢
to 0,71 A, is employed, based on transport theory.

# Raymond L. Murray, "Perturbation Theory and Applications to
Reactors", APAE Memo No. 208, 1959,




6" [zp) = ¢¥(z,]e

F*[z,] = F* [21] y

We obtain .
gt = E.L(N+ 1 )
where ' .
$367[2,)
N =
F*(z,]

An analytical and numerical investigation (not reproduced here)
of typical values of the constants was performed, noting that

V>> (. The approximate result was
: D
1

Dy

which is the same as d1 s the fast.extrapolation distance for

+
d1

the ordinary fluxes. It thus is shown that use of d, and d,
is appropriate for adjoint extrapolation distances. There is

good physical logic hehind this result--If the rod has strong

S

op S governed by

* thermal absorption and is not fissionable, @
' 2.+ + -

Dor V Par = Por¥ar = 0 | |
for which @} drops off very rapidly inside the rod. This gives
a negligible fast adjoint source, and thus fé;r is approximately
the solution of

2
+ gt -
DirV Py ﬂlrzlr 0
which gives the same solution as for the ordinary flux.

With the above basis, we proceed to the detexmination of



the adjoint flux in the case of a symmetric ring of M rods plus
a central rod., Now

o byt . abyt
ﬁl SIX 4 SzY

QE = x* 4+ Y
where
+ ; " + '
= LA i e - B
X SA Js(ur)cos S ‘+ A Yo(urﬁ)

L ' M
ok -5 — . LI
YY" = ZCTi.(Vx)cos S8 + £ E¥ K {(vr )
S S 0 Om O m

Tﬁe procedure described in previous wprk* was applied in detail
(see‘Appenaix)'with the surprising result that ég;ip Ei = S{ﬂlg
ﬁ; s ¢2/81° The result is of considerable value in the deter-
mination of '632,9 sinée the products:of adjoint and ordinary
fluxes develop no new quantities to be integrated. The follow-
ing products appear: |
718
979,
20N
P,
or Xzs.XY, and Yzov
It will be convenient to express X and Y as composed of two

types of sums, those containing no singularities, X, and YA

& ' A
Raymond L, -Murray, ®Theory of Asymmetric Axrays of Control
Rods in Muclear Reactors", APAE 48’ {1959).




and those with singularities XB<and YBo For the ith.zéné of

a reactor with gereral array of rods, these are

X,, = 8 J (u r)(A cos S8 + No. sin S®)
AL " o sty si
YAi sz Saua> (u r)(cs cos S@ + QSi sin ?@)

My
XBi = YO(qu )BOmi

mao
Ypy = 5 Ko (95 1) Boryg -
=0 ,

In all ca$§59 the constants Ag;, Ngj, gSi’ Qg s BOmig EOmi
will be known.
Further breakdown of products then is as follows:

Yz 4 2X.A_:”B + XB

=Y2+2YY r Y

XY = Xp¥p + XAXB + Xp¥Yp + XBYg
The number of 1ntegrals appears at this stage to be very laxge.
.It'will be‘shcwn'that many of - these vanish by orthogonality
and symmetry properties, and that those remaining are of a

rather standard pattern. We consider these according to several

classes.




-12=

2
Kas Ygo Kp¥y

The integrals are
R 2%

Rzu'&ur)(A cosS8 + N sinSé) 2 rdrde
g -Ss s S

o

' 2
EIW/r) (g c0s59 + Qg sinse)] rdrde

2%
N

/

=

on | . ‘ |
6f [ng(ur)iAS cosS9 + Ng sinS%ﬂ Lglsgdr)cs c0sS6 + Qg sanQ]

o,

rdrde
We first note the vesult of integration over the angular

range 0-2% of the typlcal products of trigonomitric functions.

2% 2% o

[ sin®sede = f cos”sede = {w for s >0
0 0

27 for S = O

2%

]ﬁ sinS® sink®d® = 0 °
1) .

2%

_f sinS® cosk®d® = 0 7y for all S and k

0

a9 ‘ 4

f- cosS@ cosk8d® = 0

5 .

}

This reveals that all cross product terms vanish. The double
(2] v

sum % brings in factors of two multiplying all Bessel func=
S::aoo L0

tions of ordexr greater than zero, The final result in compact

- form is




| R

[as e 2w T a2+ D) [ FPeordr

‘ g * Ng) J Jg -
S=eco 0

Ces R
f des - 27 & (cg 4 Qg) 0[ 12 (Jr) zdr
. S=w00 S

R
GO
f KY,a8 = 20 £ (AgGg + NgQg) Of 3 D) I (Wrirdr

S::m cO

. These integrals are of the form
(}mOmO
jrBOng(urh)dS

2 .
£ v
f KO( rm) ds

We make an assumption that is consistent with the basic rod

fnz By Yo (ur )R (Jr,)ds

théory, that the fiux sinks are large near the rod surface and

relatively small far from the rod. The integrations may be per-

formed over thé core as if the rod were located at the center,

i.e. Bgm gg Yg(urm)Zwrﬁgpm = ZwBﬁm gB.Yg(ur)rdr
R

with the corresponding second kind, rZWEim grxﬁ(dr)rdr

Great simplification can be effected if a translation of one

function into the coordinate system of the other is made, as

in applying‘boundary conditions in the basic rod theory° Since

the KO function varies most r:-a'.pidly,7 we choose tc expand

approximately




| N .
Yo ler, ) & = (-1)°%

oMy ‘ '@: rmn)J kiiirm) cosky

k

then the integral over ¥ vanishes except for k = 0, when it

is 2g. Thus the expression becomes

R .
ZﬂBOmE OmYO (i rmn) é,[ J o L¢1) rm) KO (-erm) rmdrm

A typlcal integral is
f Agig{ir) cossSe YO(urm)i‘)medS
Generally, the integral is dominated by the value of the rapldly
varying fumnction Yog near the rod radius a. Also, for puxposes
of integration on o ’éve shall allow the range to be a8 <r <R,
Expand the orxrdinaxry Bessel function as
L2 ok s o
Jglkxr) cosSe = kiw( 1) TIS e BT, e ) cofisﬁm k¥ ) |
and let '
-« i = «Q i&‘ % 137
cos(Sp I\Ym) cosSa, co.,k‘.{!m_{- ] *xs/sm smm‘rm)
Typical angular integrals will be szﬁ cosk‘l’mdwm = 0 except for
N ‘ _
k = 0, when it is 2%, Also f sinkYmd‘}.’m = 0 for all k. The

o

integral becomes
R

2wABy o kd ) cosSpy éf 3 e )Y (er ) dr
For the case i.nvoivi.ng sinS€, replacement of cosSpm by sins}é’m
is made, The integral over r is straightforward. By analogy,

all other integrals in this group may be constructed.



Bessel Integrals

The integration of the nine distrinct types of Péssel
function products is readily’effected using forrmias from
Watsongg'adapteé as needed to functions of imagiﬁary argument .,
Tﬁe details of the integration appear in the Appendix, with
only the summary of working formulas Zisted in the-Table; iden=

tified as to location.

e
G. N. Watson, Theoxy of Bessel Functions, Cawbridge (1944)




TABLE 1

In the table ordinary Bessel functions Jgs Yo have LR or pa as

S
arguments, while modified Bessel functions IS” KS have R or

z)a as a.rgments o

2
f J (kr)xdg = %—- [JZ - 28 5 Is-1 +J2 ]

A S R S=1
2 2 Rz 2s 2
Pl 1l + VI I
: S4+1°°S S s.&,l]
XY, = f.r UD)I_(Jr)rdr = R[ !
A*A o S S | n2 4 Y2
R 2
2, ~d X ] R
XB ° afyg(ur)rdr *{2 [Y(Z) + Yf }a

: !Rl%w:e)rdr a{%ﬁ [K% - K? ]}5

Y "R X{nJ -4/J K.) )R
XBan = f 3, (r) Ky (Vr) vdr = "‘Kg 2"{1 }
X,Y, O pe ¢ v« a

R 2
. X R
XXy = ())( Y ()Y (br)rdr u{ré- [3,%, + JlYl]} .

x2 R
Y, ¥y = f L, (). Vr)rdr “’{z [IOKO + xlxll} .

- (XY, I+ ¥ I)) R
YpXp = fRIO(z/r)Y (pr)rdr -_-,{ 19 071 }
~ 0 0 . " »

2 42 a
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Flux Amplictude gnd Integrals

The axial distribution has been taken to be sin‘ﬁ— over
‘the whole set of zones. This may be viswed as referring to the
distribution of each of the average fluxes. At a given level z
in a zone i, the radial fast flux will be of the form

@, 7€ . (5,0

where ihe'relgtive amplitudes of the varioqs functions in
ﬁfli(rse) are correci:, and one conyenient arbitrary constant
has been set equal to 1. We let CZ', have a value for every
zone sﬁch that Jﬂﬁ 79 ; €r,@)ds is equal to a constant, which
may just as well be unity. | Integrating; Q [ j ‘ j .. \{rne)ds]

The complete flux then becomes
: i(r 9) sin ®z/H

fﬁii(rse)ds

A similar approach is applied to the thermal flux. For purposes

¢li(rsgvz)

of buckling calcuiationé9 the adjoint Fluxes need not-be com=~
-puted, since the‘relations ﬂz.w S;QI and Qg = 9,/8, conﬁect

them with the ordina;y fluxes. The correct physical description
would entail impesing continuity of fast and thermal flux and
current at each interface between zones. Since the whole prob~
lem i; basically of the non-separable type, we would expect to

employ more relaxed boundary conditions, such as continuity of

area flux and curxent, i.e.

©




[ g”ids = f ,d;.'ds
fJidS = j 3 ds
where the matrices are
L)
g= [Ql} and J = »Dlgll

ﬂz * 292

In addition we would wish to provide continuity of adjoint

thermal and fast flux'and current.
/~
ﬁ’ds = *dS
./r‘i J ﬁ;d

f Jtds = f J*ds
i j

where §% = [g7, 7], 3= [-D)5}%, -]

The normalization adopted satisfies the above boundary eonditions
st a level h. As now demonstrated consider the fast flux for

example.

fﬂli(rsegh)ds = fﬂflj (r,8h)ds
which is

sin %ﬁli(r’@)ds sin %t-!- fﬁlj (x,8)ds

Jﬁeli(-r,,e)ds fklj (r,0)ds

This is seen to be an identity. ' The same proofs obtain for the

thermal flux.
Several integrals of the flux functions appearing in
¢1 =X+ ¥, §5 = SlX +'SzY

with X = Kp + Xpy, Y= Yy + Yp




X =% { ]
AT % Jglir) §AS cosSe + Ng sinsQ)
Y, = Zg,? I-.s(w/r) (Cg cosS9 + Qg sinsSe)

M
Xp= & Y (ur )B
B o 0 m Om

M
Y, = Z K (Jr )E
B =0 0 m’ Om

The integral from C ito 2% of cosS® vanishes except fox § = '09

when it is 27, ALl integrals of sinS® are zero. Thus

R : .?nm0
= 2 X 1 -en
v{iAdSA whg Gj’JO(Ar)rdr RJIQMRJ
R o 2300 ‘
J1,as = 2ec, J R - 2w, R
M R M Boy
_f- dS ~» ¥ 2%B Y (urdr dr =28 & —— |R%Y (®R)
XB. =0 Om é/i 0" mmm . ome0 P [ 1
| - =a?y, (ua)]

M R , M Eom [o.
fY dS o~ & 2%E, - (Vr dr dr = =28 L === [Rz (VR
B o Om éJPKb n mom wmo Y &

=a2K1(V%)J

These are readily evaluated.

All of the necessary relations are now available for thé
computation of the buckling of a waactor with any number of
rods having an arbitrary degree‘ of insertion or removal. In 3
- subsequent reporﬁ, a nmnerical example will be given to illus-

trate and emphasize the power of the approach,




The adjoint fluxes are given in the case of a symmetric array by

+‘m SR .'\_,. S
ﬂl SlX. 4 SZY+

APPENDIX

»

ﬁz = Xt 4 vyt

where

X¥ = £55 Jglurdcosse +

¥¥ = ZCY Ig(¥r)cosSe +

S

M
. BngO {u rm)
=0

M
r EY R .(Ve)
=0 OmOAm

Upon making the transformations of coordinates to the vicinity

of the mth rcd, as in APAE No. 48, we obtain .

¥ e
X" (x ) = Joler)

Y*(rﬁ)AQ Io(Vrﬁ)

M : M .

Z BL Y (ur ) - & B
| n7m n"0™ "mn p=0 Of  mn
[ M

M .
L EgnKO (‘#rmn) = ni o Egn mn

| nFm

~

-

o

n 4

+
+ EOmKO(v%ﬁ)

The bracket in Y* may be neglected ard that in x* symbolized by

[ ]. Boundary gonditibns are applied at each rod

or

R
d 2
I +3\1
(93)
+ Sg‘ %i GIY*S) = Q
1 .

g -, ;. ‘.
%ﬁ = K+’) + (%l = Y*3>:z 0
“2 2

Apply at the speclflec mth rod of radius a.

Then



si’ [i@%if"m} # HJlf(fiam) 11+ 8% &S’E’i‘ {Yoiiaﬁ* + pY (uam,j
* EGSh {%&:ﬁﬁ ¢ VR (ay) j = 0
[J5tnay) 1 Yo (kay)
1m,a;:m,, o+ MJ]_&uam} ,;[ 1+ Bom [“‘gﬁ;’m + qu(uam)}
Abbreviating in the usual manner,
Sfagy, [1 + BOquaszm 4 Egmsz B340 = O

The second egquation may be written

a a 2
; _%;gg [14 8% . 42m ¥ gém w 0
S4 Om S, Om P2

Multiply ?ha first by 841/Sy, the second by SfaSlm and sub=

tract. The result is

U’ ‘ ol 3
Bom §; (241m32m = 31nPgon’ ” Pou!®Binfem T 7 2a1n34m °§';>
or gince Sy S§7 ,
Sy~ §1
+ o
e ‘__}‘_ ( 8’41111&3?111 as 1m6'42m> e,
Oom  Om S3 \ 833;,844m " 334nP4im
which may be abbreviated
5
Ef BOm 5 7

The corresponding expression for the ordinary f£lux coefficients™ is
- :
Om B()1:(1‘},’1:1

#  Raymomd L. Murray, “énelytical Flux Bistyibutions in Reactoys
wiith Mulfiple Contvol Rods,"” BIM-84, Apwil 7, 1260

E




Now the coefficients A§ and Cg are proportional to sums over
. ' V r

VN TN £ o

coefficients BOm and E5y &8s followss

Ca +
AL~ 5 B
S o %50m

+ M §

CS ~s g CmEom
i1f these are inserted in the expressions for X* and Y*,~one

obtains, schematically,

X' = mx BOE
. go
¥ "‘v Ziy)ho

where (x) and (y) are combinations of Bessel functions. Also,.

= - " s bt aPpd
pr =z [sisl, + (SEES

Py = & [0sfy + (e ]

ot

Now insert the relation between EOm and Bgm in the fast adjocint

flux o [ - b _}
. offs o o o 8
B4 % (x)slBOm + (y)SlBOm

g = sﬁlg‘[(x) + (] By

With any given one of the Bzm arbitrary, and the rest determined

from it in exactly the same way as for the ordimary flux, this

may be written



Similarly

51
+ o L L ]
g, =z [(g)BOm + (y) 5t Bom

However Sl i%
+ .
sz 5

Rearranging, identifying Bgm and By ,

| 8,
+ —a:!'- —ca—
-5 & [08,Bg + (93,5, ] 5

We thug conclude that the relations
2
+ 4 2

f1 = 5:9y and P35 = 50

hold for the case of a reactor with multiple rods.
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APPENDIX BESSEL FUNCTIONS

| 2 ] &
w? “fﬁz {er)rdr = {[1 o o8 2.1 z(ur) + [Jsiur)
(pr)< | S

wheré the derivative is with respect to the argument.

NEH

2\ ®
0

| However, JS = szl w JS‘
7 Substituting, h
P
Rf ZS
=3 [J @Ry - =2 T l(uRJJS(nRJ - J LR }

For the special case S = 0, noting that Jml-w =Jl, this becomes

| 2,2 .2
: 410=§-<Jo+31)

o0
X}
eo
)
X
-X]
[-X.]
co
[N}
oc
oo
co
.00
o0

<, S Rxggmrar |
Invoke the relation IS(Z) = %E Jsiiz) and let ivr = x, i/R= 31
gL I
22,25 g Jg(=x)xdx
7/2229 ?{?.2 12”12(1)11) ‘“““5‘22 I, (VRI /R

Z&nz
+1 I3 ,0R
28

(1 T
e XD 320%) - szol(x)J x + Iz (x)]

H

2 g_ )
> [ ’/R)‘*dg Sl(z/mz R 1 (z/m]

©0O0O0POO0DOLONODOO0O DO O
cnuabuvuuunoaaoedé

P, = 6[ W I (/D) xdr




- as

From Watson, p. 134, the result £or f Js(ur)Ié(dr)rdr is obtained

r [ g, W0IWr) - vIg@B (0]

- Y2
Invoking IS(Jr) = -1-;§ 33(7/3:') and substituting yields -
: i

L3 = R, WRIR + JIGRIG,, KR
p2 oo

©
L]

N

R 2 g3
f Y7 {er)rdr,
2 ¢

This obeys the same rules as Jj,, but with a lower limit a,

Q0

-4 o o o 0600000
90 L - © © 0 ® 0000

‘hence

A, = -542- [Yﬁ(um * Yf(um]a Z- [Yg(ua) * Yf_(ua)]

Js IRK(Z)(vr)rdr = i f K (x)xdx
a
21}2 [x%(x) - () ]UR

-E [xﬁ(dm - 2wR)- .gf’: [Kg(va) - Klwa)]

0 009Q@0000O0CODOO
00000000000

6 v afjo(ur)xxowr)rdr

This is evaluated by ¢rial and erroxr, setting

[3p@om oz = v [a,00x 0 + B, (/D)3 (e |



A=T

differentiating, and determining correct 'values of \ and B to be

L B o et h
= o , B.= - s thence
p? 4 w2 p2 42
mlj b ¢ P, * '\J R
qd . fJO(Ul)Kl(!/f} 4 urJliur}Koi )
6
uz " 42 ‘ a

0 00O DO OG0 GO
00 0€© 00 0BO GO OGO

oA, = _[«J (pr)¥, (pr)rdr

From Watson, p. 134, equation (8},

>

zc (kz)c (ka)d” = w e {12C (kz)Es(kz) - kzC (kz)C' . (kz)
21 Bl I8 ® TN

°C‘L (kZ)cp' 2,1 %ku}}

oy

Letting Cu(kz) ~J Oislr)
| Cp-(kz) ~ Yﬂ(ur)
This yields
%
Zu- {ur’J (!-!f)tf ) - pxJ Yliu-r) Jo(ur)Yl(ur)}

Y .
‘ 1

Then with Y5 = =¥, Y; =¥, = == , it becomes

2 R

- Eleprd ¥, - wmI Yy v Jo¥p = Jo¥yre =5 oY 4 J,Y)

2n ) i o 0¥1(7 75 Yot * Y170,

Thus
2

Sq= ég- [Joiuﬁ)%(um + J.liuRJYliuR)}

i
- {ngawowa} + 3 (wa)Y (ba) j



’ R
50‘, = éfIO(Vr)KO(#r)rdr
By analégy with 47, suppose the integral is
= 1, w0% 0 + 1, ok /o) |
) o*vVrE o0 1 1

Differentiation and comparison verifies this ass;zmptiono

o, = 5 1 wor,0m L WRIK, R |

- o [I (va)R_{+8) + I,(/a)K (!/a)]
2 o -0 ¢ s R
R ‘ .
Ly = [ 1,00 woyrdz

a .
i

‘ 1
Use of the relations I,(vr) = J (iJr) and I, (Jr) = 79, (V)

in conjunction with za?s yields

o, = R [ﬁwmoaum + /Y, WRL R
w2 V2

- a [uylwmdwaz + /¥ (wadx (V)]
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