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Para; 11 

Two-Group Theory of General Con£ is rat ion 

In  Par t  1 of the present ser ies  of reportsa, an investi- 

gation of the poss ib i l i t ies  of buckling ealcu~at%ons for  part ly  

inserted control rods was made ow the one-group neutron d i f ~ e i o n  

modelo The resul ts  were highly indica%ive that extension to 

the two-group model was possible, The study is coaatfn~~edl i n  

this report, i n  which is given a me%hod fo r  determining buck- 

l ing (and hence reactivity) of a general array of part ly insert-  

ed control rods En a cylindrical 'bare equivalent reactor. At 

t h i s  stage of development o i  the theory, fuel burnup is  not 

yet specifically includedg cr i t i ca l i ty  Is provided implicitly 

by vartation of t h e  effective number. of neutrons per f iss ion,  

The buckling i s  fowd eo be calculable from suitable flux aver- , 

ages over the  va.pious regions of ghe operating sore,  

Control Ibd Programing, Part I Fundamental Analysis, 



Generalazed BuckPiw- 

According to  t h e  one-gmup model, t h e  buckling of a reac- 

esr i s  given co~recgay by the expression 
r 

J 

where M' i s  a perturbed operator - 9 c P and jiY"s the perturbed 

fiux (and adjoint). In the previous report i t  was s h a m  t h a t  

the flux tappropdate to  f u l l y  inserted rods and that fo r  no 

rods could be employed.to obtain an excellent estimate of t h e  

2 B i n  any partly-inserted rod problem. An extension of t h i s  

formulation t o  the two-group model, where the flux i s  not self- 

adjoine, is now presented, - 

Consider the two-group equations for a core i n  a matrix 

where jf = [L i ]  is a 2 ; 1 matrix, t h e  elements of which are 

the fast and t h e m d .  flux, Prame.2 x 2 matrix operator % can 

readily be seen t o  be 

The nul l  matrix i s  .O = [:I 
The two-group equations ere elements of the matrix Lp = 0 .  



2 It w i l l  be  convenient to decompose L into the  sum -M =+ Bo where 

En t h i s  notation, 

w- ~3 
which eomrresponds fomallly t~ t h e  one-group expression, The 

generalized buckling B: i s  a 2 x 2 matrix containing the removal 

coefficients sf the neutron balance equations. The subscript 

zeros refers to t h e .  face that thc  reactor is in  the crit ical  or 

original date, nomallly w%8h utnaifom materials, The malogous 

expression for the adjoint fiux i s  readily written 

p j j 4 a z  B2~'B'~ . 

The soliutiton of both ord;izaa.ry and adgoifit crit ical  equaehons for 

a reactor w i t h  homogeneous fuel, mderator auad structure d i s -  

tribution i s  straighefomard, In a later sectionp the appli- 

cation to a system with  f u l l y  inser ted  rods w i l l  b e  giveno, 



Next coa;asid.eu t h e  equation f o r  a reactas: ' t h a t  is perturbed 

by changes in materials constants s,us'h &ha$ 

and that  s ~ l t m e o u s % y  a uniform change In q f s -imagined Chat 

renders the reactor. still  crit ical .  

The flux distributgon is law p,  and the differential equation 

of the system is 

(L + P 3. = 0 

; By lefting M" M M P and B2 - B~ + 6 ~ ~ ,  we obtain the compact 
0 

expression for  he perturbed system 

M'T =. Ij2@' 

Multiply the  equation through by ehe 1 x 2 row fiatr3.x p-= 
+ 9 [p1p2] and integrate over the  system 

Weme interested in  etllplloyia-g t h i s  relation to describe 

m y  configuration of control mds, some in,  some out, some 

2 
partly out, for which B~ = B2 + 6B . Figure 1 shows a typical 

0 0 

array, The fluxes are not h o r n  and essenticalllg impossible t o  





determine precisely by analytical means,. If w e  view t h e  reac- 

tor as consisting of several axial. zones, fcmr i n  the Figure, 
.. . .- 

.it is  seen that  the rea5toac i s  'constructed from a four-rod 

region, a esmod and a oile&,rmd a region with n o  rods, Were 

these zones isolated reactors,. it woerhd be, possible by malytis 

methods to determine ordinary and adjotnt flux distributions; 

2 w i t h  fluxes goD,fi, f12' fin m d  critical. bucklings B:, B:, B2, 

me hndaruentinB assumption is now made, that the  integral 

expression is applicablle to  the system, using these fluxes for 
. . 

the  respective zones, Write 

/-, JPM9f d?Y r,. / y l ~ B ~ ~ d V o  i / $B!C~V; + . . 0 

core 0 k 

andl equate to 

J j i ~ B ~ f l ~ d v  = J p B g  dv + / pm2f dv 
core core core 

Then for M zones 

This states in words that the total buckling change is equal 

t o  the  flux-end adjoint-weighted . values . of ihe local buckling 

changes, . . 



2 Tbe quantity 1 6 ~  [ is from which t h e  change in neuerons 

per &sorption or reactivity p y 6q/q cen be computed. 

Adjoint g u x e s  for System with Rods. 

The adjoint fluxes for. a bare cylindrical .coze without 

rods bear e simple relation to the ordinary flkwes. .For that 

special case = AX, P2 SIAX \ 

9: = S~A-. $9: = A?X 

where X - Jo(Pr). Sgnca the  amplitu.dss A m d  AC are arbitrary 

for s critical reactor, they may be see equal to I ,  thus 

There is no - -  a prLorS evidence that a similar situation may 

bold for the system with an array of control rods,, An invesgi- 

gaeion of the  foe& of adjoints was thus undertaken. 

me £%rst problem was that of establishing appmpriate 

boundary conditions st the  m d  surfaces. (mere appears to be 

no distinction between the adjoint and ordinary conditions of 

vanishtng flux at the core boundary ,) n~o equivalent viaus 

of rod conditions are available: (a) application of continuity 

of adjoine fluxes across the core-rod interface, (b) use of 

extrapolaeion distances from the core into ehe rod, def ined  by 



+' where the sub- BY continuity, ~ ~ p f '  = %&:, D ~ P ~ ~  = 02$2r 

s c r i p t  r refers t o  rod. N m  s g e ~ h f i c  solutions fo r  the thermal 

m d  fast fluxes in  the  rod are 

+ f3+ = G Z2, glr = S ~ G + Z ~  + 
2r 

where Zl - Io(<irr). . If diffusion theory i s  also assumed to 
@ 

hold for themas , Z2 = Iob zzrr) ScbsP::ltu?ion yields . 
I 

.... 2 
with  a as the rod radius and /62r 

- -200 m d  d + 4 0 .  we note that  for Z2p >> 1. x O - p  1 1 9  6 -> I&2, 2 

The adjoint thermal is seen eo obey approximately the same 

boundary condition as the ordinary thermal flusgo : Next, the  

expression for d l  i s  formed. It w i l l  be  Dl s$[z21+ F*[z~] 
an- ': al, +c+r r g  .+ @ [ z ; ~  

Invoicing t h e  relations * 

Normally; a thermal extrapolation distance i n  the  range $t 
to 0.71 Xt i s  employed, besad 03 transport theory. 

# Raymond Lo Murray, stPerturb~tion Theory and Applications t o  
jtaceac$oxsqt9, AFM Mano No, 288, 3958. 



where 

A n  analytical and nmer%caE investf gation Qnot .reproduced hare) 

of t y p i c a l  values of the constants was perfomed, noting that 

J > > fie. h e  approximate result was 

Dl d; = --- 
Dl37 

which is the same as d t h e  fast actrapolation distance for 
1 , 

che ordLnary fluxes. It thus is shown that use of dl and d2 

is appmpti&te for adjoint extuapoPatiom distances, fiere f s 

good physical logic hekind t h i s  resuIC--Xf the  rod has strong 

* thermal absorption and is not fissionable, @ is governed by 
2r 

for which ~ z ,  drops off very rapidly inside the  rod. This gives 
t 

a negligible fast adjoint source, and &.,Emus $5 is approxbately 
Er 

the solution of 
n 

which gives the same sollugion as for t h e  ordinary flux, 

With the  above b a s i s ,  we proceed to the determination of 



$he adjo;%nt flux in khe case of a symmtrLc ring of M rods PLUS 

a central rod. Ebw 

where 
M[ 

Ihe procedure descr ibed  in  previous works was applied in def ail 
. . . . , . 

(see Appendix) with t h e  surprising result thaC again $3: = sip1, 

9: m B2/S10 %ae result is of ~ o n s % d e r a b l e  value: in  the deter- 

minat ion  of 1 , since the products of a d j o i n t  and ordinary 

fluxes develop no new quantities to be integrated, The follow- 

ing products appear: 

I% will b e  convenient co express X and '%a as composed of two 

types of sums, those contxxining no singularities, XA and YA 



and thase with singulardties XB and %. For the ith zone of 

a kectox. wf th general array of rode, these are 

00 
Z JSiIB d (A cos So + NSi sin S@) 
*-a 1 Si 

b0 

Y Z XSI(Jir) (CSI cos SO -P Q sin SO) 
f i  *-00 S% 

]In ail1 cases, the constants hi, .hiSi, CSis QSiP BW3 

Further bredcdown of products then is as fo1lorus: 

The number of integrals appears a.t $his  stage to be very large, 

Xt will be shown that many of. Ckese vmfsh by orthogo~mli$y , . . '  

m d  symmetry progereies, and that those remaining are of a 

raCher atmdard pattern, We consider these according to sevesall 



The integrals are. 

1.: We fkrst note the result of integra$iora over Zhe angular 

xkge 8-2z oE t h e  typical products of $rigonom~tx~c hctii60nso 

( 2 ~  for S -; 0 

This reveals %hat a l l  crass product terns vanish, The double 
m . 

sum C brings in factors of two multiplying a l l  Bessel iwe-  
*-m 

kions of order greageac Chan zero, The resuL$ in. compcx$ 



nese bntegsals are of the  form 

We make an s s s ~ p t i o n  that is consistent x-?lth the basic rod 

theory, that the flux sinks are large near the rod surface and 

x'ellsttiveBy small far from the rod, The LntegratLons may be. per- 

fsmed over the  core as if the rod were located at the center, 

with the corresponding second lcind, 8 - 2 s ~ &  [ d r l  rdr 
0 

Great simplification can be effected if a trmsla$Lon of one 

fmctlon into the coordinate system sf the other fs m d e ,  as 

9,n applying b m d a r y  conditions in the  baa;%@ rod theory. Since 

t h e  KO function varies most rapidly, we choose to expand 



then t h e  inZlfegral owr Ym wkishes except- 2or k = 0 ,  when it 

f s 27r, Thus the  expression becmes 

A typical knkegqal As 

/AsJs(") cosSQ yo (pr rn )i'wS 

Generalally, the  integral is dominated by Che value of t h e  rapidly 

varying frmceim Yo, near the  rod risdius a. k l so ,  for purposes 

of fntegragion on rm, we s h a l l  allow the  . rmgc to be a < r < R. 

E q m d  the  ordinary Bessel finetion-as 

and Bet 

. . 

- For the case involving sins@, replacemnc of cosSp, by ~ i n S $ 8 ~ ,  

2s made?. h e  integral over r is s C T Q ~ @ ' I ~ ~ O L W ~ ~ F ~ ~  By malogy, 

csll amer integrals tc!. t h i s  group may be coristxucted, 



a s e %  1nleg~:als a- 

The integration of the nine distrinct types of E&ssell 

ftrlnction products is readily effected using fom-1x6 from 

* .  Watson , adapqed as needed to hc$ions of br%inw 8GmPto 

%"he details of the in$egratim appear in t k e  Appendix, w i t h  
1 

o~aly the summary of working foqmBas I i s t e d  in t h e  Tablee, iden- 

tified as to Iscation; 

@ 
6 .  No Watson, !i!!heouy Bessesl fincfrions, Cambridge Q19-44) 



Xn t h e  table ordinary BesseL functions JS., YS have aR or pa as 

92 I!: : ~"@9r,rd= u , [I: +. '  - % I  t / R  2s s S-I. - IS-1 " I 
0 



The axial distribution has been taken to be sin oveb- 
%K 

t h e  whole set of zones, This m y  be viewed as reEerrhg to the 

distapihtion of each of  he averwe f % m s o  At a given Bevel z 

in a zone i, the  radial Pas! flux will be of the form 

where the  relative apBBtudes of the various hct6ons in 

% (re,@) are correct:, and one convenient arbitrary constant 
If -, . 

has been set equal to 1, We let a hanre a value for every 
li 

zone kch that /iZ . ?f? (r,Q)d,S is equal to a constant, which 3.1 Pi 
2% R -1 

may j u s t  as well be unity'. Integrating, a 14 6 % . (r? *I CIS] 
d. la ... 

The complete .flux then becomes 
Rli (r ,@)  sin az/H 

Pli(12@,z)' ' J81i (r9 e ~ d ~  

A similar approach is' applied to t h e  ,thermal flux. For purposes 

of bucklfng calcukations, the adjoint fluxes need not -be sm- 

puted, since the relations 9:. - sip1 and p i  = pZ/SI comect 

them with the ordinary fluxes, The correct physical descrr9ptiora 

would entail $mpos$ng continuity of fast and thermal flux and 

current at each interface between zones. Since the vzholle prob- 
I 

Pem Ls basfcallly of the non-separable type, we wouBd expect to 

employ more relaxed boundary conditions, such as continuity of 



where ithe matrices are 

Xn addition we would wish to provide conginuity of adjoint 

thermal. andl fasG flux and cur~:en@., 

where jf* - J [ D  -, pg] 
2 2 

The noxmalization adopted satisfies theabove  boqdary conditions 

at a level h ,  As now demonstrated consider the fast flux for 

which Is 

ah sin - /eIj (rD Q I ~ S  
H 

,. 
This Is seen to be eria identity,. The p~oofs obtain for the 

Severall integrals of the flux functions appearing in 
. . 

p1 - x * Yo y I Z "  SIX +S2Y 

wi th  x xA + xBD Y.- yA -k yB 



The integral Erm 0 Go 2% of cosS8 vmf.shes except fox ,S .i. 0 ,  

when f t i s  Zlr , b b l l   in^-egxals of sinSB are zero, Thus 

These are r e a d i l y  evalkotrged, 

U P  of the necessary relations are now wailable fo r  t h e  

colmputation of %he bucE;1ti1g ,oE $ rsactor w i t h  any number 0% 

rods l~sv%ng an arbitrary 3,egree of inserthn or resnow&. , Ira n 

subsequent .:epai)lp:: a numerical example will be given to Pl.lsas- 

trate m d  mphas%ze Ehe power of $he approach, 



Derivation of AdJoink F ? n C o o a b  Rods, - 

The adjoin$ fluxes are given in the  case sf a symmetric array by 
&' 

where 

Upon making the tra7~sfomatioaas of coordinates to t h e  vicini%;y 

of the mth rod,, as in APAE No. 48, we obtain - 

The bracket in may be neglected ad tha t  in X+ symbolized by 

[ .I . Boundary condlitions are applied at each rod 

Appiy at tba syrcLfLc aeh rod of radius R,. Then 



'bbreviathng in the usual rnau~ex, 

I * 

The second equation may be written 

Mhlltip3.y the first by aglm,tSks t h e  second by %as1, and sub- 

t a t  The result is 

or since S$ - s; 0 

s- 

S2 Sx 

which may  be abbreviated s*? 
1 

4%. 'BLbe corresponding expression for t h e  ordinary EPux coeffs9.cient.s is 
: . ~. 

EOm = BOJm 
.. p - l r i e D - 3  7 ~ a y m d  L. &wr.?y, " h a l y f  ical Flux D i s t s i b u k l ~ x ~ s  j-2 Reactors 

wj,..icb M a X $ j , p l e  CsaC?:ol R,oBs , g F  BU.J4E.94, Ap?:;P;EP 7,  2.960 



Nau the coefficients A$ and C: are proportional to sums over 
r 

coefficients B:~ and EL as dollars: 
M 

If these are inserted in t h e  expressions for X? m 4  .dbD one 

obtains, schematicalBy, 

, 
where 4x1 and &y) are 'combinations of Bessel functkdns. Allstse ., 

+ hlow insert t h e  relation between EOln and B& in the fast adjoinl: 

With any given one of t h e  B+ arbitrary, and the  rest determined 
om 

from it in exactly t h e  sane way as f o r  ehe ordlnaqr flux, this 

may be wrieten 



However ST S2 
-a-  

s; sl. 
6' Rearranging, identifying Bm and Born, 

We ahu& conclude t h a t  t h e  relations 

82 P: = sip1, and $ = - s1 

h o l d  for t h e  ease of a reactor with mu'l'tiplle rods, 



where t h e  derivrat5ve i s  w i t h  respect- t o  t h e  argument, 

FOP ehe special case S = 0 ,  noting thar Jpl e i  -J1, t h i s  basmes 

R , = J IL;~J,X-) rdr 
0 

Invoke rhe relatzon 9 (2) = - 
S . 

J (iz) and let idr 7 x, i&= x 
is 

$2 -2 [ I~~JEO +-I 2s ~ J R ) I , ~ ~ I O  2 S 1 / ~  S-3. S-B 



From Watson, p.  134, the  result E6r /~~( lrr )  ~ ~ ( d r l r d r  is obtained 

' J (dr)  and substituting yields Invoking ~ ~ ( d r )  = 
-J, 

This obeys the  same rules as JO, but w i t h  a lmler limit a,. 

This is evaluated by erZal m d  emor, setting 



a-a 

different%ating3 det:eminLng correct values of A and B to be 

mSIYD...-)IU . . L I P P P  

, . 
O O O O a O D o O O O O O  

O O O O D e U O U O o O o  

= /JO(yr)YO (pr)rdr 
a> 

:3 . 
F m m   atso son, P O  194, equation (81, , . 

9 
Then with  Y; = -Y1, Y; a :Yo - - x it becomes 



By maLiijgy w i t h  4 7 p  suppose the %ntegral is 

Differenfiation and compwiso~a verifies Lhis  asaxmptlon. 

( I 
~lsa of the relatZons EoBvr) = ~ ~ ( i d r )  end I~ $dr) 7 i l ~ ~  ti&) 

, in ~oxyjmctlon wieb $ yie lds  . 6 




