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LEGAL NOTICE

T his report was prepared as an account of Government sponsored
work. Neither the United States, nor the Commission, nor any
person acting on bebalf of the Commission:

A. Makés any warranty or representation, expressed or implied,
with respect to the accuracy, completeness, or usefulness of
the information contained in this report, or that the use of any
information, apparatus, method, or process disclosed in this
report may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of, or for dam-
ages resulting from the use of any information, apparatus,
method, or process disclosed in this report.

As used in the above, "person acting on bebalf of the Commission”
includes any employee or comtractor of the Commission, or em-
ployee of such contractor, to the extent that such employee or
contractor of the Commission, or employee of such contractor
prepares, disseminates;, or provides access to, anmy information
pursuant to his employment or contract with the Commission, or
bis employment with such contractor.
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SECTION |

INTRODUCTION

One method of demonstrating the stability of a power reactor is to impress the critical
reactor with a sinusoidal oscillating i'eactivity and measure its power response as a function of
“frequency. The computer code FLUZ synthesizes such a test for oscillations of small amplitudes.
The same technique may be used to experimentally measure different coefficients of reactivity of
a given reactor. By varying the period of the impressed reactivity it is possible to change, due
to finite heat transfer times, the relative importance of various reactivity feedback mechanisms,
such as the fuel Doppler effect or coolant density.

FLUZ computes to the first order the amplitudes and phase angles of the oscillating power
and feedback reactivity of a fast reactor which is oscillating about criticality due to an impressed
sinusoidal reactivity of given amplitude and frequency. By varying this amplitude and frequency
as well as the steady-state power, FLUZ can be used to simulate the power response of the
reactor being studied to the magnitudes of various coefficients of reactivity. A compérison of the .
FLUZ results with experimental results from oscillation tests on the actual reactor can be used
to reveal the magnitudes of the various reactivity coefficients.

The oscillating power in FLUZ is expressed in terms of the prompt and ‘delayed components
of the reactivity. Linear feedback reactivity is calculated using pre-determined coefficients of
reactivity and computed time-dependent material temperatures. Average material temperatures
are obtained for each of m axial regions, considering axial heat transfer to occur only by flow of
the coolant. * Heat transfer from fuel to coolant and structure is based upon an average coolant
channel containing a cylindrical fuel rod with annuli of cladding and coolant. A flat radial power
distribution across the fuel rod is assumed.

*See footnote in Section 2.4 which describes an important limitation on the application of FLUZ in
its present form. .

1-1,
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SECTION I

DESCRIPTION OF THE PHYSICAL MODEL

The physical model used in FLUZ must provide for the computation of (1) the reactor power
as a function of both the impressed and feedback reactivities (kinetics equations); (2) the feedback
’ reactivity as a function of the métex:ial temperatures, and (3) the material temperatures as
functions of the reactor power. The response of a reactor which is subjected to an oscillatory
impressed reactivity will depend upon these three functions. In the linear approximations of these
functions, the power, feedback reactivity, and material temperatures are all assumed to oscillate
with the fundamental frequency of the impressed reactivity, differing only in amplitude and phase
angle.' This approximafion greatly simplifies the computations and provides sufficiently accurate
results if the amplitude of the oscillating'power is small compared to the steady-state power.

Two quantities which are normally measured during oscillatory tests are the power and

feedback reactivity transfer functions, designated by G(1 w) and H(1 ""), respectively. The power

transfer function can be defined by the equation

Pl(iw) /P0
K/B

gliw _ (2-1)

Pl(i w) = Amplitude of the average oscillating power density over and above PO (based on
the steady-state volume of fuel)

P, = Magnitude of the steady state average power density corresponding to k = 1;
k1 = Amplitude of the impressed reactivity, and

B = Delayed neutron fraction.

2-1
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The term Guw) relates the fractional oscillating power to the amplitude of the 1mpressed
reactivity in dollars (units of prompt criticality). Associated with the power transfer function
is the zero~-power transfer function, which applies when there is very little heating of reactor
méterials and the amplitude of the feedback reactivity, kf (iw), is very small. This is given by

CoN Giw) . o . 9.9
GO (iw) ——kf(i 3 (2-2)
+

k

1

The feedback reactivity transfer function is an éxpression of the link between the feedback
reactivity and the oscillating power. That is, : '

kf(iw)/B Gliw) - Go(iw)
H(iw) = = - : (2-3)
Pl(iw),/PO Go(iw) G(iw)

For comparison of the results from FLUZ with experimental data, it is necessary to
obtain the amplitudes of the complex quantltles P, (iw), Gliw), Gy (iw), Hiw), and kf(lw) ‘This
can be done by taking .

x| =) [x=)* . [X“’] vz o (2-4)

where X(r) is the real part and X(i) is the imaginary paft for each quantity. The phase angles of
these amplitudes, relative to the impressed oscillating reactivity, can be obtained by recognizing
that the ratio of the imaginary to real parts of each complex amplitude is the tangent of its phase
angle, since k1 is assumed to have a zero phase.

2.1 Kinetics Equations

The total oscillating neutron multiplication factor may be expressed as the sum of the
steady-state neutron multiplication factor, impressed reactivity, and feedback reactivity:

k(1) = ky + ko' @0 ¢ kliget@t (2-5)

The average power density in the fuel is the sum of the steady state power and the oscillating
power:

P(t) = Py + P, (iwe'®t . : (2-6)

2-2
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In Equations (2-5) and (2-6) ki, K¢ (iw), Py, and P, (iw) are as defined previously, and kou
(constant power neutron multiplication factor) equals 1, w is the frequency of steady oscillations,
and t is time. : : ‘

Although the quantities kf(iu.) and Pl(i w) are time independent, they take the form of com-
plex numbers due to the fact that they are not in phase with the impressed reactivity.

The basic kinetics equation relates the time rate of change of the neutron density to the
excess prompt reactivity and the delayed neutron source. It takes the form

I

dn(t) _ k(1-g)-1 c i ' )
o : +E A C; () (2-7)
i=1

The first term in Equation (2-7) is due to prompt neutrons only, thus it is a function
of the delayed neutron fraction, g, and the prompt neutron lifetime, ¢. The second term
gives the neutron source due to the delayed neutron precursors, Ci’ where the xi's are the
precursor decay constants. Expressing Equation (2-7) in terms of the average power density in
the fuel is more useful in FLUZ. Since the prompt term is based upon the neutron level which
already exists at time t, it can just be multiplied by the average power density, P(t). The second
term, however, must be multiplied by the number of fissions produced per second per neutron
produced. Equation (2-7) then becomes '

I .
dat 3 [ vi
cm'-sec i=1
where
v = Number of neutrons produced per fission.
The delayed neutron precursors also vary sinusoidally as
o . iwt _
Ci(t) = Ci,O + Ci, 1(1(4))e , o (2-9)

with C, i,0 representing the precursor for the steady power level and C 1(uo) the complex ampli-
tude of the oscillating precursor. (Since it is important to keep P(t) pr0port10na1 to the total
reactor power, neither P(t) nor the Ci(t) s vary directly with the fuel density, but are based upon

2-3
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- the steady -state fuel volume. ) Furthermore, the time rate of change in the precursors can be
. expressed as 'the production rate mmus the decay rate.  That is,

dC i(t)

" = [vBiPl(iw)=hiCi’1(iw)] eiw,t s A (2-10)

wheére Bi is the delayed neutronfraction associated with the ith precursor.

‘ ﬁy proper substitution of k, P, and C from Equations (2-5), (2-6), and (2-9), into Equa-

'tlens (2-8) and (2-10), both for steady- state power (k1 = 0) and for steady-state osc1llat10ns
(k1 >0), the complex amphtude of the oscillating power density can be expressed as

| |:k1 + K (iw):lp | )
— (%o - '
P, = B , (2-11)
I

’ 8./8

i L S S

e B * Z A+ i

- i=1 '

wt

where all terms of order higher than ei have been dropped (linear approximation).

. All of the quantities in_Equations (2-1), (2-2), (2-3), and 2-11) are known with the exception
of the-complex amplitude of the feedback reactivity, kf(i w). When kf(i w) has been determined,

" "the amplitudes of the complex quantities P1 (iw), G(iw), Go(iw), H(iw) and kf(i.w) can be obtained.

2.2 Feedback Reactivity

fwt

" The feedback reactivity for a cylindrical reactor, kf(iw) e" ", results from (1) the Doppler

_ effect in the fuel, (2) changes in material densities due to expansion and contraction, (3) axial
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and radial core expansion, ‘and (4) fuel rod bowing. Considering the four basic fast reactor
materials of fuel, cladding, coolant, and structure, the feedback reactivity for a core divided

‘%

. ial reei N
into m . 2xial regions is given by

m
max

' . _ (m) (m) A.N’l (m)
N T Z (m) ok _ £
kf(lw) e = ) (an> T (Nf’. 0 N2 ) N

m=1 / Dop

ak ' (m) AN’ (m)
- N cl _ N’ ok
co, 0 3N

(m) anv_ ()

Nc':o, 0

co,0

(m) (m)
- N 2k (m) AN'S +A H. 3k AAHC
$0 onr ) N’ ¢,0 5u H .,
: . ' . Ac,O

D | (o) | {
. R .
‘ (oo e (3) T e e
3 a C,O , a - B

The quantities Nf 0’ cl 0’ co 0’ and N ;0 are homogemzed nuclear densmes of the fuel,
cladding, coolant and structure respectlvely Hc 0 is the core height, Rc o the core radius,
and d a number specifying the degree of fuel bowmg ‘Primes on the nuclear densities indicate
homogemzed values, wh11e the subscript zeros refer to values at the constant- power den51ty
level, P0
The factors in the parentheses are reactivity coefficients fer the fuel Doppler effect; fuel,
cladding, coolant, and structural nuclear density effects; axial core expansion; radial core
expansion and degree-of fuel rod bowing; in that order. These coefficients, with the exceptions
of the axial and radial core expansion coefficients, refer to the total core reactivity response

to a change only in axial region m.

The quantities involving " A", in Equation (2-12), are fractional differences between the
values at time t and the values at constant power density, PO’ of the basic quantities which
* ) affect the reactivity. By considering the response of core materials to changes in temperature
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A%
they may all be expressed as functions of the average materlal temperatures. These difference

quantities can be represented by the general quantity, AX( ), in the generalized form

x(m) - xlm), xlmlg ) etwt - xim) , axim) (2-13)

where the zero subscript refers to the constant-power value and the unit subscript to the ampli-
tude of the oscillating quantity (that over and above the steady-state value). For the Doppler
term, AT§ m) can be substituted directly into Equation (2-12). However, relating the other " A"
terms to average material temperatures requires a consideration of the design of the reactor
core and how it responds to material temperature changes.

The change in core height, AHém), is determined only by axial expansion of the fuel, since
the effective reactor height is always that of the fuel. Thus, assuming axial expansion in fuel is

additive [rom region to region, the time dependent core height is

® M ,
iwt
H, =Z : az(m) <1 + ang“l) el® > (2-14)
& ’ m= 1 ’
where.
AZ(m) Height of region m,
Qe = Linear expansion coefficient of fuel, and
( ) = = Amplitude of the oscillating component of the average fuel temperature.
T 1 g
‘ - The chenge in radius, ARgm), with time is assumed to be governed by structural expansion,
giving ' '
‘s, ' () _ m _fwt _
, . o Re “‘Rc,0<1+aTsl ) (2-15)

‘for the radius of axial region m at time t, In this case ais the linear expansion coefficient of
the structure and Tg 1) is the amplitude of the oscillating component of the average structural
temperature. Since every axial region mlght not contam structure which causes core radial

2-6
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2 expansion, provision is made in FLUZ to specify which regions will cause core radial expansion.
In these regions, with ng) = 1, Equation (2-15) applies. For the other regions where 5%m) =0,
(¢ ¢ :

the core radius is taken to be-the linearly interpolated value using the radii of the closest regions

for which 6™ = 1. That s,
(&

c s's,1

R(m)*Rc;o [1+'a 'r( 1) lwt] ra e 1wt[ (mz) g“;l)]

m-1

! [Az (m1) , Az<m>] T a2t

m’=ml + 1

-1

(2-16)

N M2

%[Az(ml) + Az(mz)]+z az(™")

m'=m1 + 1

when ng) - 0. Region numbers m, and m, refer to the nearest regions less than and greater

than m whlch have 6 %m) =1. The top and bottom regions of the core must have bgn) =1,

C . . C

The fuel-rod-bowing term is simply expressed in terms of the fuel and claddmg tempera-
tures by using bowing coefficients. So Ad can be written

t - . ' 2d (m) 2d (m) .
' (2-17

where the temperature coefficients of bowing must be supplied as input.

- 2-T
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To express the difference quantities for the nuclear densities in terms of average material
temperature changes, two things must be considered. First there is the change in nuclear
densities due to the volumetric expansion of the materials. Seéond, the homogenized nuclear
densities will change due to changes in dlmensxons i.e.; volume fractions. Using the form of
Equation (2-13), the nuclear density of material n in reglon ‘m is given by -

N;l(m) = Ng‘f‘g LA AN;I(“‘) ' | (2-18)

]

where V" ,0 is the volume fraction of material n and N ,0 is the nuclear density of non- homog-
enized materlal n at constant power density P0 However the time varying quantity can be given
by

N = N e ()
! . fo’“g (‘1 - 3"nTg,n1) (iw) eif"t> wm | (2-19)

where Tgml) is the amplitude of the oscillating component of the average temperature of material
n, and ozn’ is its linear expansion coefficient. . Since the reactor height is determined by the fuel .
height, the volume fractions are proportional only to the cross sectional areas of the materials.

For fuel, cladding, and structure, the time varying volume fractions become

(1 + 201an£‘} (iw) eiwt)

()

2
R \'
v_;l(m) -_¢0'n0 (2-20)

where ( Rgm)) 2 is the instantaneous radius of the reactor in region m, given by Equations (2-15)

and (2-16).
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2 Since the coolant is a fluid, it will occupy any expansion voids into which it can flow. .
However, restrictions on the flow of coolant depend upon the particular design being considered. "
In FLUZ, the volume fraction of the coolant is expressed as

R Vo0 - Re o (A 4 6 [(Ré”f))z - R? ]

‘F‘(m) y CO C,O (2_21)
2
(rE™)

The second term in the numerator is the decrease in coolant volume due to radial expansion of
the fuel and cladding, and is given by

1 | (m) _ (m) (m) | giwt
o | | aa®) _ < L 02T + ¥ g2a ) Yelet (2-22)

14

when Gf =1, and

W (e, e

b

when Gf = (0. The expression in Equation (2-22) represents the condition in which the fuel expands
more than the cladding, thus stretching the cladding. Equation (2-23) is for the opposite condition
in which the cladding expansion is greater than that of the fuel, leaving a gap between the two. In
this case the displacement of coolant is determined by the cladding expansion alone. The user has
the option of choosing 0; to be 0 or 1. ’

The third term in the numerator of Equation (2-21) is determined by the magnitude of the

<

* input quantity 6 co’ which may have any value. If the reactor is designed in such a way that
expansion of the structure does not-increase the coolant flow area, 6(:0 should be zero. If the

N coolant, under all conditions, occupies all of the reactor volume not occupied by fuel, cladding,

or structure, and structure expansion determines the core radius in all axial regions, then
bco should be given the value (1 - V”s 0 ) .

2-9
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The feedback reactivily may be expressed in terms of the material temperatures by sub-

stituting the difference quantities obtained from Equations (2-14) through (2-23) into Equation

iwt

(2-12). Retaining only those terms which contain e to the first power permits the reduction of

Equation (2-12) to a steady -state equation involving onlg; the amphtudes of the oscillating com-

ponents of the average temperature, T§ 1), Tcrln)l’ T(m and T ml. The derivation of these
13 ?

co, I’
quantities is described in Section 2. 3, Material Temperatures

The equations used in FLUZ are slight modifications of those given above to differentiate
between radial and axial expansion coefficients in fuel, cladding, and structure. This permits
the user to consider special core designs in which one or all of these materials do not expand
axially as solid, continuous volumes of materials. This distinction between coefficients involves
Equations- (2-14), (2-15), (2-16), (2-19), (2-20), (2-22), and (2-23).

2.3 Material Temperatures

In Section 2. 1 above, it is shown how the sinusoidal component of the reactor power can
be expressed in terms of the impressed and feedback reactivities. Section 2. 2 then relates
feedback reactivity to core material temperatures. The present section describes how the
material temperatui'es are related to the reactor power.

To determine the reactor material temperatures as a function of reactor power, it is
necessary to define a specific physical model for heat transfer calculations. The model used in
FLUZ is shown in Figure 2-1. An average coolant channel is considered, with the fuel in the

AVERAGE CHANNEL -

1
: Mmax
b =L -4 - -4
|
! Mmax
SRR N DD I
]
{
]
|
|
[ AXIAL REGION (m)
vt lo|
i Z|l =
1 [an) <C
C of| 2|3
, 24l ©
wlo [db]
ORI U | U N R ——
|
' 2
i
i
S O D S I
|
I 1
|
|
'
~tg— T COOLANT

Figure 2-1. Average Channel Heat Transfer Model for FLUZ Calculations
4 ' o 2-10
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* form of a rod, and cladding and coolant forming concentric annuli about it. This average channel
is composed of moox axial regions. Heat is transferred from one axial region to another only

by movement of the coolant.

An effective conductance, H, between the fuel surface and the average temperature is used
and the heat capacity of the cladding is taken to be zero. The value of h is computed from the
cladding thermal conductivity, k,; the thermal conductance across the fuel - cladding gap, hgap;
and the thermal conductance from the cladding to the coolant average temperature (including

coolant surface effects), h,,- Thus

_ S r ,-r -1
h = 1 ( 1 + cl f + -1—> : (2-24)
3600 hgap kcl hco :

where the quantities r_, and re are the outside radii of the cladding and fuel, respectively, as

cl
shown in Figure 2-1.

With this value of h the oscillating coolant temperature in axial region m can be obtained

(SI:I)‘f 18 1wt 2nd the coolant tempera-

lot , by balancing the temperature and heat content of the

as a function of the oscillating fuel surface temperature, T
ture at the inlet to region m, Tin 18
coolant.v The steady-state heat terms cancel so the linearized balance equation becomes

4 plm) lote

(m) ( (m) _ m(m) ), iwt
” 1 \F'OOAZ +V‘;0,02 T T 1 ve C

cofeo Y eo, co,1 ” “in, coPeo *

L (m)g iwt (m) Tt*Tel : (m)= ( (m) (m) ) wt
=ATTP e TCRE oV, 082 T (%0 + V'Zl) AZ7h \Tgure, 1~ Teo, 1
r .
cl :

(2-25)

S 2-11+
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0 where o
C., = Specific heat of coolant (Btu/1b-°F),
v = Velocity of flow of cbolant (ft/sec),
C), = Conversion factor from fissions/cm3 to Btu/fts,
= Steady-state density of the coolant material (lb/fts),

Fy co = Probability that fission energy will be d1551pated in the coolant due to radiation
’ (zamma and neutron), and

A(m) = Ratio of power density in region m to core average power density.

Within the fuel a heat balance equation in terms of the radial fuel temperature distribution,
m (r), for an element of volume at radius r, with a thickness Ar, can be written

ar{™(r) (on) ar{®™(r) dT(2m)(r)
rArCfpf _= CthA PrAar + kfuel ry - Ty
dt dr . dr

(on) ar™(r)  afr{™e)| :
=C, FA Mprar + ke, o1 AT +r- . (2-26)
uel dr ‘ 2
dr

i
-

In Equation (2-26) it is assumed that there is no axial heat transfer and the radial power
distribution is constant (flat) across the fuel. The quantities Cf and pg are the fuel counterparts
of Cco and Peo Ff is the probability that the fission energy will be dissipated in the fuel, and
kfuel is the thermal conductivity of the fuel. The subscripts 1 and 2 within the parentheses refer
to the inner and outer radii of the element of volume at radius r.

- The use of (1) T(m) (r) and P as defined by Equations (2-13) and (2-6), respectively; (2) the
condition that d’l‘§ )(r)/dt = 0 during steady state; and (3) the following two substitutions,

, c, F.p,Alm)
y= Tﬁ)(r) LNE D . S (2-27)
’ iw Pg Cf

2-12
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and

X= of-iw r, (2-28)

puts Equatibn (2-26) in the form

@, .o | (2-29)
dx : :

N

3
xlv-‘

The solutions to this differential equation are theAzero-order- Bessel functions of x. The
general solution is o

y = AJO(x) + BYO(*)

(2-30)

The Bessel function Jo(x) can be readily evaluated for partlcular values of r (See Appen-
dix A - Evaluation of Bessel Functmns)

Since Y (x) »© as x— 0, B must be zero in order to have a flmte value of y at x = 0.
Solvmg Equatmn (2-30) for T )(r) and substltutmg rg for r gives the surface fuel temperature

Téurf 1 with the coefficient A as the only unknown. That is,

‘ ' (m)
 CpFeA
4t poiag

o |9 P O
1 o (VA

l"fuel

ry - (2-31)
w pg Cf



GEAP-4580

»

o The surface boundary condition for Equation (2-30) is given by the balance equation for the
excess heat transfer across the fuel surface,

ar{®@ | L - o R
elwt (m) ( ) ) lwt’ -
zrfkfuel —“—dr - =h ( Tsurt,1 ™ Teo, 1) (%1 * Ter)® (2-32)
( rf . :
By recognizing that ’
dJ (x) o
V1 2 VAW,

and substituting T(m) (r) and Tg?x)'f 1 from Equations (2- 30) and (2- 31) the constant A can be

evaluated in terms’of the temperature Tco 1
Using this expressxon for A in Equatxon (2-31) and obtaxmng( e;cpressuins) for the energy -
m m
. fractions Fy ,co and Ff would reduce the unknowns to Tsurf 1’ Tm 1 and T 1 with the two
independent equations, (2-25) and (2-31).

The probability that fission energy will be d1$$1pated in the coolant due to radiation, F ,co -
can be approxxmated by assuming that both neutron and gamma ray energy absorptlon rates a.re :
proportional to the absorber mass. This gives -

| v, o5 PaVer0* A%, 0
. co, 0 Peco v v
.0, 0

. - _ (2-33)
PEYE,0 * Pe1 VL, 0 * Peo Veo, 0 * Ps

y,€0 "
¥s,0

where
o Fy = Fraction of fission energy released to gamma rays and neutrons, and

6  =1or 0, depending upon whether it is assumed the radiation energy dissipated m the
% ' - cladding and structure is transferred 1mmed1ately to the coolant

2-14
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Then Fy, the fraction of fission energy which is deposited in the fuel, can be approximated
by

» F V¥ .p
Fe= (1-F) + s : (2-34)
, . PEVE,0 * Pel 1,0 * Peo,0 * PsVs, 0

If axial region 1 is takén to be at the inlet end of the core, the oscillating component of the
inlet temperature, Ti? n 1), can be set at zero, since there is assumed to be no feedback outside
the core. Thus, Equat’ions (2-25) and (2-31) can be used to determine the ratios

T(m =1) T(m =1)
surf, 1. 4 _co,1
Py Py

For subsequent regions the inlet temperatures can be computed from the coolant temperatures -

in the previous regions,

. (m-1) -1 -1
LR 2<Tgc? e Tg::l))

’ ’

m-1
) ’ —m’ .
- 2 : (pm + 1 2T‘(:‘;’,1m) : (2-35)
m'=1 " ' '

The oscillating component of the average fuel temperature (T?nl)) in each axial region may now
be obtained by considering the total heat balance in the fuel rod’,

dT(m) '
2 _f, ave _ 2,(m)p _ 7 p(m) _ n(m) -
?fcfpf __d:t_ = C, Fr®AYP (rf + rc) h(Tsurf T . . (2-36) .
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"y However, Equation (2-36) reduces to
e () o pa2alm)y (@) pm) '
lwryCepgTy 'y = CLFTy AT Py - (rp+ ) D {Tgurs, 17 Teo, 1 (2-37)

when the steady state terms are removed. Equation (2-37) is used to compute

Py

The amplitudes of the oscillating components of the average cladding and coolant tempera-
tures are taken to be the mid-cladding temperature and a factor times T(m) respectively. The

co, 1’
equations are ‘ ’
T(m) _/r ,-r —|r ,-r ' ‘ .
ZeLl [y 3g00nf <l f ., L \}plm) | 3g00n|cl f, 1 |pm) (2-38)
P . oK h || co, 1 9k ho | surf, 1
1 clad co clad co ‘
and
.r(m]? T(rn)l
3 B 68 _<co,’ . (2-39)
Py Py

These ratios of amplitudes of the oscillating components of the average fuel materials to .
the amplitude of the oscillating power density are used in conjunction with Equations (2-12) and
(2-13) to get the ratio of

r 4

kf(i w)

Pl(iw)
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This, in turn, is used in Equation (2-3) to determiné the feedback transfer function, H(iw),
and the power transfer function, G(iw). From Equation (2-2), then, the ratio P, (1w)/P and P

may be obtamed followed by computatlons of k T?ri), Tgrln)l’ ((31:)1’ (m) .and Té?:r)'f 1

2.4 Applications and Lxmltatlons*

FLUZ was designed for fast reactor studies and consequently incorporates certain assump- '
tions which make it less applicable to thermal reactors. Also, some feedback and temperature
calculations must, of necessity, assume specific designs for the average coolant channel and core
structure. Options have been included to allow for some variation in these designs but the number
of choices was limited. In the following paragraphs some of the more important assumptions and
design' choices are described.

1. A constant thermal conductivity in fuel is assumed. It is suggested that the average value
during steady-state operation at the power level P0 be used.

2. The heat capacities of the cladding and structure are ignored. These could be approximated
by increasing the heat capacity of the coolant.

3. A constant radial power distribution across the fuel rod is assumed. This may be a poor
approximation for a thermal reactor.

4. Presence of a moderating material separate from the coolant is 1gnored in the heat transfer -
calculations.
5. The linearity assumption of feedback reactivity and temperature i'elationships limits the

~application of FLUZ to cases where P1 << PO'

6. Either fuel or cladding expansion must determine fuel rod radial expansion at all times;
a combination is not possible. If Gf = 0, the inside cladding radius is assumed to be greaterl
than the fuel radius at all times. If 6; = 1, radial expansion of the fuel is assumed to be
greater than that of the cladding for all temperature combinations. 1t is not possible to
have the fuel rod expansion be due to cladding expansion for part of the cycle and due to
fuel expansion during the remainder of the cycle. '

*In addition to the limitations listed here, a numerical instability has been found which further
limits application of the code. For some cases involving more than one axial section, this insta-
bility causes the oscillating component of the coolant temperature to alternate in sign from one
section to the next, This effect was found to be insignificant for those cases where the coolant
temperature coefficient is unimportant. It is recommended, therefore, that the code in its
present form be used either with only a single axial section 'or with more than one axial section
only when the influence of the coolant temperature effect may be disregarded.
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1. In a given axial region the core radial expansion must be due to either structural expan-
sion within the region, or due to expansion in other regions at all times. Similar to the
choice of ﬁf’ a combination of core expansion due to structural expansion within the region
during part of the cycle and core expansion due to expansion outside the region during the
remainder of the cycle’is not permitted.

8. Radial expansion in the top and bottom axial regions must be due to structural expansion
- . . (m=1) (m=mpax
within those regions, i.e., 6R and 6R must be 1. -
c c
9. Any fraction of the increased core volume due to radial expansion may be filled with

coolant. If 5CO= 0, the oscillating component of the coolant volume fraction will have an
amplitude of

initial
(i) )™ (m) (m)
v (m) _ (Vco ) - Vel - AVelad

co, 1

(m)
Vtotal

This corresponds to a case where the total coolant flow area does not change with radial
core expansion. In the other extreme, if the coolant occupies all of the increased core

i (m) Y
~ volume, the ‘F(-:o, { becomes

y initial
(m) '™ (m) _ ay(m) _ ,o(m) _ o (m)
V_—(m) - (Vco ’ + AVtotal AVfuel AVclad AVstructure
€0 ; v(m) '
' total

~

This condition is achieved if 6, =1 - V¥  and s{m) _ 1 for all m.
co s, 0 Rc
10. Separate radial and axial thermal expansion coefficients may be used for fuel, cladding,
and structure. This option permits the user to include special reactor designs, such as
fuel which is segmented to reduce axial expansion.

11. Reactivity coefficients must be computed in such a way as to be consistent with the feed-
m . back reactivity, Equation (2-12). The mass coefficients of reactivity should be computed
' by changing only the density of the material concerned while holding the reactor size
constant. The mass and bowing coefficients should be computed individually for each
axial region. The Doppler coefficient may or may not be computed individually for each
axial region. The core axial and radial expansion coefficients are geometry effects only
. and should be computéd for the whole core, holding all compositions constant.

12. Feedback effects outside of the core are ignored.
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The computer running time for a series of FLUZ cases may be estimated by using the
following formula:

P .
(min) = 0. 124 + 0.01452 [1 +0.763 (m{P) - 1)]'(NR)(P) ,
p=1

where mg)u)ax = Number of axial regions in case p, and

) (NR)(p) = Number of angular velocities, w, in case p.

‘219



3.1

Input Quantities

NR

nhnax

O

Dop

co

SECTION {1

CODE DESCRIPTION

Number of angular velocities

Number of axial regions

=0 if expansion of fuel < expansion of clad -

= 1 if expansion of fuel >expansion of clad

=1if (-—) has been calculated for each region
9Ty Dop ,

ot (_&)(m) ) (_a—k_>Total core
aT¢ Jpop  \3Tt/pop

GEAP-4580

Fraction of increased volume of core whlch is filled in with coolant

{maximum = 1)

= 0 when radial expansion of core results only in increased void in

core

= 1 if gamma and neutron heatmg in claddmg and structure is treated

as heating of coolant (approximation for low frequency oscillations)

= 0. if gamma and neutron heating in cladding and structure 1s not

treated as heating of coolant

= 0 if expansxon of structure in reglon m does not cause radial

" expansion of core

= 1 if expansion of structure in regxon m does cause radial

expansion of core

jth group delayed neutron fraction

jth group decay constant (sec'l)

Steady- -state power density in fuel (at k = 1, 0)(fissions/ sec- cm3) p

Amplitude of 1mpressed oscillating reactivxty (Ak)

Neutron hfet;me (sec)

Fraction of fissioh energy radiated in y -rays and neutrons

Velocity of coolant (ft/sec)

3-1
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Btu/sec-ft° )
3

Conversion factor (
fissions/sec-cm

Axial expansion coefficient of reactivity (geometry effect onl
(ak/k/aft/ft) _, Livity (geometry ef v)

Radial expansion coefficient of reactivity (geometry effect only)

(Ak/k/Aft/ft)

Doppler coefficient of reactivity for region m (Ak/k/°F)

Height of mth region (ft)

Ratio of average power density in region m tq average in reactor

Angular velocity of impressed reactivity (up to 20 values)
(radians/sec)

Volume fraction of fuel in steady state reactor

Mass density of fuel (lb/fts)

Conductivity of fuel (Btu/h-ft-°F)

Heat conductance fuel-to-cladding gap (_B,tu/h-_ftz-°F)
Outer radius of fuel rod (ft)

Specific heat of fuel (Btu/lb-°F) ‘

Fuei axial coefficient of thermal expansion (Aft/ft/°F)

Fuel radial coefficient of thermal expansion (Aft/ft/°F)

Fuel mass coefficient of reactivity for region m(ak/k/A p/p)

Fuel deflection (bowing) coefficient of reactivity for region m
(Ak/k/1t)

Fuel temperature coefficient of deflection (bowing) for region m

(tt/°F)

* Volume fraction of cladding in steady state reactor
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Mass density of cladding '(lb/ ft3)

Heat conductivity of cladding (Btu/h-ft-°F)

Heat conductance cladding-to-coolant gap (Btu/h-ft2-°F)
Outer radius of cladding (ft)

Cladding axial coefficient of thermal expansion (Aft/ft/°F)

Cladding radial coefficient of thermal expansion (Aft/ft/°F)

Cladding mass coefficient of reactivity for region m (Ak/k/ap/p)

Claddmg temperature coefficient of deflection (bowing) for reglon
m (ft/°F)

Volume fraction of coolant in steady state reactor
X (/%) |

Mass density of coolant \ l1b/ft’

Specific heat of coolant (Btu/1b-°F)

Coolant coefficient of thermal expansion (Aft/ft/°F)
Coolant mass coefficient of reactivity for region m (ak/k/Ap/p)

Volume fraction of structure in steady state reactor

Mass density of structure (lb/fts)

Structure axial coefficient of thermal expansion (Aft/ft/°F)

-

Structure radial coefficient of thermal expansion (Aft/ft/°F)
Structure mass coefficient of reactivity for region m (Ak/k/ap/p): . -

~ Ratio of amplitude of structure temperature to amplitude of coolant .

"~ temperature
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3.2 Card Formats

Input data for FLUZ must be entered in fixed field formats, and data shéets are available
for this use. However, FORTRAN sheets may be used for input by following the instructions
given below. A listing of the descriptions of the input quantities is provided in Section 3. 1.

As many as 20 angular velocities (w) may be included in one problem. A maximum of 20
axial nodes (regions) may be used. Overlay cases may be run by putting a "'("" in column 1 of the
case card, followed by the instruction card plus any input data which are to be changed. An A
'overlay case refers to the case immediately preceeding it. Each case to be run must have a
case card, an instruction card, data cards and a case end card. A LAST card must follow the
final case of a run.

1. Case Card

Columns Description
1 : ) for an independent case
( for a dependent case
2-5 FLUZ
6-8 ] User's initials
10-14 Case number ]
15-20 000000
21-24 - Charge number _
28-34 Date
57 Y
A 2 " Instruction Card
| 1-4 - FLUZ
5-1 User's initials
8-9 D* -
' 10-14 Case number
15-20 000000
23-24 ' NR, Number of angular—-ve‘locities
27-28 moo .Nun}.ber of axial regidns .

3. Data Cards -
"Columns 1-14 of all data cards are identical to co;umns 1-14 on the instruction card.
" Columns 15-18 contain the vector location of the first input quantity on the card. A card -

34
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sequence number may, or may not, be put in columns 19-20 at the discretion of the user.
Each data card contains 4 input quantities in the fixed fields defined by columns 22-33, .
35-46, 48-59, and 61-72. o o

All data must be in floating point form with a decimal point included. If an exponential

" form is used, the exponent must be at the extreme right side of the field.

The following list of data cards gives the vector location needed for each card plus the
input quantities which go on that card. Four quantities are read from each card and stored

- in the vector locations indicated by the card. Thus, omission of a quantity will result in

a zero being stored in that location of memory. Quantities which are axial region dependent
are superscripted by an m. If more than four regions are to be considered, the additional
data cards needed for these qhantities must be px"oyided. Each region dependent quantity
forms an array in the order of ascending region number. The vector location of each
additional card needed for an array must be 4 greater than the vector location of the pre-
ceding card.

The content of data cards is as shown in Table 3- 1'.'

. Case End Card

Columns ' .. Description
1-14 " Same as Data Cards
15-20 ' 999999
LAST Card . 1 )
2-5 LAST

9 *
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Vector
Location,
Columns

" 715-18

0805
0809

0829
0833
0837
0841
0845

0849
0853

0873

.0893
. 0913
thru
0929

0933
0937
0941

0961

0981
1001

1005

1009

Sequer.ce

Number, |

Columns
19-20

TABLE 3-%
DATA CARD CONTENT

Data Columns

22 through 33
o

8 (m=1)
Rc

(2 k/an)'g‘.};”

azm=1)
A(m=1)

“1

g
Nt " \(m)
(Nf’oak/aNf,o)
ak/ad, (m)
(m)
ad /aT;
Yel,0

Tel

(Ney, 0%/3Ng o

(m)

35 through 46
6ADop

5 (m=2)

=2
(2w/dty) g‘gp )

(az)(m=2)
A(m=2)

b

“18
2t

48 through 59

o
co

5 §m=3)

(He, 0 2%/aH, )

=3
(e5/9Ty) o

(azy(m=3)
A(m=3)

w3
“19

kfuel

o
f,ax

- for m=1 through 4 :

for m=1 through 4

for m=1 through 4

i Kelad

a
cl,r

for m=1 through 4

61 through 72

[
Y

5 (m=4).
Re

(Re,02K/2R¢ o)

(aw/oy) G

(Az)(m=4)
A(m=4)

Wy

heo

. s

086y -dVaD
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Vector
Location
Columns

15-18

1029

1049

1053

1073

1077

1097

Sequence

Nurnber,

Columns
19-20

o

TABLE 3-1 (continued)

Data Columns

22 through 33
(adc/aTcl)(m)
‘Fco, 0
(Nc':o, 0? k/aNé:o, 0) ()
5,0
(M, g2/aN; )

%

35 through 46

48 through 59

for m=1 through 4

CCO

for m=1 through 4

a
s, ax

+ for m=1 through 4

61 through 72

co

08SP-dVHD
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Coded Equations

3.3

(3-1)

I
1=

(3-2)

« .
]
lnc.W.
N
(4]
| e
<
3l
+
)
\A“ +
1
i
\) © Z M

N3
(2]
<] + TN
o) ey |

I | I

-

(3-4)

(3-5)

M max
_ (m)
H, o= E AZ
m=1

(3-6)
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Zkf . ' :
a uel f) -ber - bei, X, ) + <r +r )Hber X
1° <3600P ( 1 f 1 f) f cl 0t

< 2kfuel f

3600\F'> (ber X - beile)

u1=(rf+ r l)hbelox +

’

py=pf "?,0+ pCIVZI,O+ Peo V(-:O,O.’- Ps ¥, 0

F ' v v
F _ Z‘Fco,o' p_ 46 Pc1Yel,0 * Ps s, 0
Y, CO D Cco Y A"
¥ co,0
Fp=(1-F)) + 2 L%
f Y D
Y
(m)- Ccopco . = (G0 cl,O)
co 2v = (’ff"’ rcl)h 5
' az\™ ré v

(m) = wccopco

#*See Appendix A for evaluation of ber-and bei functions.

GEAP-4580

(3-7)

(3-8)
- (3-9)*

(3-10)*

(3-11)

(3-12)

(3-13)

(3-14)

(3-16)
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‘:‘ .

f,0 .
() - plwe, F oo oin (3-16)
co,0 .
2 v\ 2 . . .
Dgg)‘ - (Eg;’)) A ( F((:’;‘)> o - (3-17)
(m) 5 (m)
. GY' E
x{in) . Zco o (mf;o (3-18)
Deo
{11) ~(m)
G F . .
Yg’;‘) =_Co_co_ o (3-19)
p{m) '
co
ov Ccopco E(m)
(m) azl@ <
SCO = (3-20)
] D(m) .
co -
2vcco‘oco Flm)
(m)__az® (3.91)
w = (3'21)
co (m)
Deo
‘(rf +r 1) (V'},'O * Yer0 )H Ekm)
c 9 co
U((:rg) - _ra‘)co,? ‘ (3-22)
| Dco o
i gt F A
(rf + rc1~)<_'_"_'_,120 + cl 0>h FS:;)
- .
V(m) - Tel co, 0 (3-23)
co (m) .
. Dio™

'3-10



- f C, Falm - ‘ '
= (m) h*f (m)
- l:halxco +“l—f"'“1hYco (rf*rcl)
x(m) _ _

wpr
2 2
)+
~ hc, Falm :
_ h'f — o(m) .
- (m) + u, h X re+ r

L) . l:haly“’ R I (* Yar)
A < ) 5
- 1+ My

Ua P
Ay + L
1 1
T (m) (nﬂ]
yim) _ [h * Veo M1 R U, (rf * rcl)
A o2 4 42
1t H
) 2
o (m) _lm) s ]
Dsurf = [1 - UA bero Xf VA be10 Xf

(m) pei x. - vi™) pe x]z'
+ [Up " beig Xp - Vo berg

GEAP-4580

(3-24)

(3-25)

(3-26)

(3-27)

(3-28)

(3-29)

(3-30)



1S

GEAP-4580

1xmper %+ yMpei ][ - y(m) (m), .
[ ®oer, Moeigx; | |1 - UlPberyx, - v )beloxf

X(m) = f
surf ( )
m
Dsuri
c, F.Am) | ' ‘
h™ _ x(m) (m)
[_—wpfcf X A beiOXf +Y A bex‘-OXf U‘(‘{“)beioxf - V&m)beroxf_:
+ : :
- (3-31)
Dgurf ' '
(en) -[X&m)ber X, + Y{™pei x ] [U(m)bei X, - Vi®™per x
yim) 0t YA Pl LA 0%y AerOf]
D(m) '
surf
c, F.Alm) |
h™f _ x(m) . (m) ' '
[——wpfcf X{ei X, + YiPber X, l-U&m)berOXf- vﬁ{“)beioxf
+ —
) (3-32)
surf
[S(m)ber X, + Wipei x ] [1 (m)pe; x - vim) '
’ D(m)
surf
wimper x. - gMpe; (m), . (m
+£ A roXs SA_ beloxf] [UA beloxf- VA )beroxf] : (3-33
) ‘ -33)
surf
-[S(m)ber X, + wiMpei x ] [U(m)b i X, - viWper x |
wim) _ZLPA 2o fpeigx, | [ UhbeigX; - ViMbergX]
surf
W(m)be X. - S(m) : _ (m) (m), . -
. [ V) bergXe - Sy be‘oxf] [1 U), "bergXy - Vi )be‘oxf] (3-34)
plm) '
“surf
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Dop

Al = Xeg) + U(m)xéﬁlr) Ve Yoy (3-35)
vl v o - o
AP S e v, Ak
s e, ot
apLeezal® G o] -9
wry Cepg
(m) ' ,
C, F,A h : ~
g -2 U ) [ ] a0
. wapf o.)rszfpf
r.+r_,)h . o | | C |
Agn) ( £+ To)h [Wéﬁ‘gf . B(m)] SR (3-41)
wrfCypy ' '
. B§tm e ( ; ) [Sg?gf Agtn)] : : (3-42) -
- wrgCePy '
Ac(m) \ =) ' 1-6 ) az(® [atm)]
| an Dop_ ( Dop 7 '

N? o4 6, —10 o4 ’ .

- £,0 % ax * °f f 0 T, :

[( 3 ONg o) ' ‘Fco 0 r< e N o0/ . S

. L. AZ ; od - : : .

- +om, ~-o_.:“ak .4 ‘(m) aflgx_ N LS (N (5-43)
e\ T, o ) He,o0 \2dc /. \3Tg e E

3-13




GEAP-4580

(m) __| ak_\ (m) -~ ek \\M) ap -
aCq " = (Ncl,o N’ el ax * (N'co,o N ) = 2%l,r
cl,0 ‘ . co,0 “co,0

(m) . ‘ .

) d .

e e
adc 9T o P ' 4

(m) _ _{; ok (@ SR o - .
Acco - Né:o,O BT— 3%, - ‘ . ' (3-45)
co, 0

N o ¢
s (np 2K >(m) 2™ a4 (N'1 02X >(m) 26{™q_
s, T cl,. ' s, T
TN g c. 7 N0 c
+ <N' o= '>-(m) (1 . Do > 20, o)
'co,0 : s, T
T aNg o V0,0 e
( ()| 2
. . ) m) Az(m) A(m) : : .
ok $,r R 4 '
* <Rc 0 ) ' Co (3-46)
? .
aRc, 0 4 z ,
When Gg“) =0 for a given m, .m(lm), and m(zm), are determined, where mgm) and m(zm..)
: c 4 S
are the closest regions to m in which ﬁg’?) =1, with mgm) < m and m'gm) >m. It is'a requirement
¢ : : :

. - v m=m : ’ . ’ o
that at least ng‘l) =1 and Gf({ Amax)= 1. The value of m(lm) is found by successively taking
the regions (m-n) where n=1, 2, 3, ... and testing for ng'-n) =1. The value of m(zm? is found
" by successively taking the regions (m + n) wheren =1, 2, 3 ... and testing for 5&"“'") =1,
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(3-47)

(3-48)
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(o 52 ) )
. ’ aN::0,0 V'Zo,o

(m) ’ o v A
, 'k
+ (Ns,o ar§'s .0> :H:l - apm _ ag:),, 5%1;)AL(m):|2as’r

' o [1-6%’2’] [1- AL(m)] ag rAZ(m) [A(m)]z
+ Rc,o
’ 0 :

IR, - (3-49)
OB r 0 , ' '
CO! .
P, =Acp o (3-50)
O B - .
T .
1 1 , A .
I e
v T
il
f1 1
l:—’—s;l; :| + xéu)rf (3-52)
(1 i | , - ' .
rrgu)rf 1} _ Y“) : .
P, - “surf ‘3-53)
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(3-54)

(3-55)

(3-56)

(3-57)

(3-58)
(3-59)
(3-60)-

(3:61?
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) r ’ m r

Y| L am, | Tint| | om | Tink |
_a(m m in m in
- = Afp + Ag > + By > » (3-62)
1 1 1 :
i r
o) | plm oim) " -
f,11 _ _B§@) . A§m) in,11 _ B(m) in, 1 |  (3-63)
P, p. t P, ft P,
I r
[r(m) rer (m)
| Zel, 1 _ 1-3600h< cl f+l_> co, 1
Py Zkejad  Peo Py
_fr ,-r T(m) .
. 3600}1(& . ;> Tsurt, 1 | -6
: chlad hco P1 .
i - i ' "
T(m) - _[fr ,-r T(m)
Py | Zkejaa  Peo Py
‘ i
_/r ,-r T(m) '
+ 3600 h( el f, 1_> _:_S;rfl | | (3-65)
2kclad heo 1 : '
- _Qr ’ - r
(m) (m)
b L F1
[p(m)]" . [p(m) ]
Ts 1 “Tco 1 ;
—=} = 65 —D - (3-67)
Pl ] P'1 :
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+ AC =1 8 L ac - S O . (3-68)
P, s P,
k. \1 max r(m i ~(m) i
i E Ac§m) f,1 . AC(rln) cl1
P P P
1 1 1
m=1
(m) YT
+ AC(m) co, 1 N AC(m) s, 1
co P 2
1 1
(m)] ' [ ()] !
1l o [m5 (m) !
my Ts my Ts 1
+ ACS + AC e (3-69)
P P
1 1
For each m for which ng)= 0 values of m(lm), and m(zm) have been previously determined.
c :
[m(m)] r [m(m)] i m(m)] r [m(m)] i
Tt 1 Tt 1 Tk 2 Tk 2
Thus the quantities {—S:1 __ § | S:1 , 5,1 , and { —S——— 1 can be directly
P Py Py P
transferred from the E/al)ues in the re%io)ns corresponding to mgm), and m(zm). For regions in
m m
m m
which égn)= 1, ACS 2 and ACS are zero so any values for the temperature to power

(s
ratios can be used.
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Gliw=-—28 0°¢g
az + BZ
g g
r i
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{(m)7i (m)r ' o
: T T o
A[Tflm)]l - Pt {_;1] + Bl [; J (3-19)

1

where n = {
=cl
=co

k. \r . ke

r

K=pi( L) -pifd (3-80)
P P

1 1 ;

. k., \i . /[ ko \r

i r f i f

kf P1 + P1 (3-81)
Py Py

2, i["rgm)]i ‘2 ]1/2 (3-82)

[Tr(lnl)]i§  (3-83) |

[z ]
for eachn=f
=cl
= CO
=8
= surf
|etw| = [¢" auw? + (iw?]1/2 (3-84)
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[0} = arc tan —jl

G0 Gt

: 0

I'H(iw)| - [Hr(iw)z + Hi(iw)z] 1/2

'¢h = arc tan !i:ii&i
H (iw)

2 2\1/2
r 1

k} (iw)

¢g = arc tan
kfr (iw)
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Output

The output to FLUZ is listed below ..ccording to the type of quantities printed.

Statements of the choice of options used.

Input constants pertaining to the reactqr: PO’ kl’ 4 , (Rc, oak/aRc, 0), (Hc, Oak/ch, 0),

S (m) s(m) ,(m) (m) - ' inti
F),, v, Cps BJ., AZY ORC , AV, ( ak/an)Dop. (See Section 3.1 for descriptions

:\j,
of these quantities. )

Input constants pertammg to fuel Pp Co Vi o Kppepr @ £ Tp Nf O(ak/de 0)

(ak/adc) ), (ad /aT ) . (See Section 3.1 for descrlptwns of these quantities. )

-

Input constants pertaining to cladding: Pey V-'l o r

clad’ cl ax’ cl r’ “cl
(N’ 1,0 ak/aN’Cl 0) m) (ad /aT )(m) (See Section 3.1 for descrlptlons of these
quantmes

A' 4

Input constants pertaining to coolant: co. 0’
’

Poo Ceo’ (N'co, 0 ak/aN'co’o) (See Section 3.1

for descriptions of these quantities. )

Input constants pertaining to structure: Py \Fs o @ ak/aN’S 0)(See
b b

, O (N
s,ax’ s s,0
Section 3. 1 for descriptions of these quantities. )

Amplitude and phase angle of the following output quantities for each angular velocity w:
1. Go(iw), zero power transfer function;

G(iw), power transfer function;

H(iw), feedback transfer function;

2
3
4. kf(iw), feedback reactivity;
5 P, (iw) /PU, fractional oscillating componcent of power; .
6

T(m) (iw), Tglgf 1(n.o) T( )1(1w) T(m)l(lw) T( m) (1w) and T( )(lw), oscillating

‘ COmponents of fuel average fuel surface claddmg coolant and structure tempera-
e of n axial region )
tures for each ¢ " ax ial regions.

The phase angles are all measured with respect to the oscillating impressed reactivity, k'l,.
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APPENDIX A

EVALUATION OF BESSEL FUNCTIONS

The quantities berOXf, beioxf:. berIXf, and bei1Xf used in Equations (3-9), (3-10), (3-30),
(3-31), (3-32), (3-33), and (3-34) are defined in terms of the Bessel functions

JO(J-1'xf)= beryX; + i beijX,

3y (VFT %)= ber X; + 1 bei X,

and must be provided either from file tables or calculated for Xf 0.

Jahnke and Emde* list tables of the values of the real and imaginary parts of JO(\/i_'x)and

JT 3, (JTx) for 0 =X = 10. Values for beryX,, beigX;, ber,X;, and bei X  for 0 = X; = 10
may-be obtained from these tables thru the use of the following expressions:
- r
ber X, = [JO (VT xf)] - (A-1)
. : - i '
bei X, = - [JO(JT‘ xf)] | (A-2)
o . NZH[ f . r . : | ' '
ver Xp = - = [JT‘Jl (VT xf)] . [JT‘ 3 (VT xf)] ( (A-3)
. vz - . i . e o
beiy Xy = - 4. [4? 3, (VT xf)] . [Jf‘ (VTR (A-4)

Tables of the real and imaginary parts of JO («/T X)ands/i_' Jl (\/1_' X) for 0 = X = 10 are
included as an integral part of the coding. Values for any given 0 - Xf = 10 are obtained from the

*BEugene Jahnke and Fritz Emde, Tables of Functions, pp. 246-251 and 258, Dover Publications,
New York (1945).
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tables by four-point Lagrangian interpolation. Equations (A-lj through (A-4) are then used to
convert these to ber and bei values. -~

When X »-10, the Bessel functions may be approximated by damped cosine functions, given

J (x) ~ \}—-2—- cos [x - (2p+1) E]
p X 4

The values for ber 0Xf, be10X be11 £ and bexle are then given by~

by

X X
berO £ = J__._‘ Yo 1 — (COS _f + Sinji-i>
4 TIXf ) ,Jzﬂ_ 1 1 Npk 5
2
X, %\ :
-1 (sin f cos_i> s
: Ui T

Xf X
beiX = — e sin — —cos—f
‘[' 1 Jz Iz
2
Voorf o % %
cos ——+ sin —— (A-6)
2 V2© V2'
X X
ber1 f=+£ Fexf 1 7 sin—£— cos—f
4 an ) J2- 1 NFX V2!
2
X X
+ —@ sin L4 cos —L (A-7)
2 : 2 N2
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/57 X, X X
2 ‘/? e 1 1 e <sin -—i + Ccos —-—f—>

bei X = 4 — —-_—
1%t = =
4 an 0 JT_ 1 2 2
2
e < % Xf> |
— SIN =~ - COS —— . ' -
2 J? NEX ' - (A-8)

Equations (A-5) through (A-8) are used when Xf is greater than 10 in place of the tables and
Equations (A-1) through (A-4).
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