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ABSTRACT 

The t ime  o p t i m a l  f l u x  program t o  s h u t  down a  r e a c t o r  

w i t h o u t  l o s i n g  r e s t a r t  c a p a b i l i t y  t h r o u g h  xenon p o i s o n i n g  i s  

r ev iewed .  A more r i g o r o u s  p r o o f  o f  t h e  o p t i m a l  n a t u r e  of  

o p e r a t i n g  a l o n g  t h e  xenon boundary i s  o f f e r e d ,  t o g e t h e r  w i t h  

a  d i s c u s s i o n  o f  s i t u a t i o n s  which might  n o t  b e  o p t i m a l .  I t  i s  

conc luded  t h a t  f o r  p r a c t i c a l  p u r p o s e s  o p e r a t i o n  a l o n g  t h e  

boundary  w i l l  b e  o p t i m a l .  P a r t  o f  t h e  p r o o f  c o n s i s t s  o f  

a n a l o g  c o m p u t a t i o n s ,  and a  d i s c u s s i o n  i s  g i v e n  o f  t h e  s u i t -  

a b i l i t y  o f  t h e  optimum xenon s t u d y  t o  a n a l o g  t e c h n i q u e s .  
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TIME OPTIMAL XENON SHUTDOWN 

O N  THE X E N O N  BOUNDARY 

INTRODUCTION 

When a  r e a c t o r  i s  s h u t  down, t h e  xenon c o n c e n t r a t i o n  

t e n d s  t o  i n c r e a s e  and p a s s e s  through a  maximum o r  peak some 

11 h r  l a t e r .  Many r e a c t o r s  have i n s u f f i c i e n t  e x c e s s  r e a c -  

t i v i t y  t o  overcome t h i s  peak and a r e ,  t h e r e f o r e ,  u n a b l e  t o  

r e s t a r t  u n t i l  t h e  xenon h a s  decayed s u f f i c i e n t l y .  To a v o i d  

t h i s ,  we may i n s t i t u t e  a  c o n t r o l  p e r i o d  d u r i n g  which t h e  f l u x  

i s  n o t  shutdown t o  z e r o ;  i n s t e a d  some r e s i d u a l  f l u x  i s  u s e d  t o  

bu rn  o u t  t h e  accumula t ing  xenon and keep  i t  t o  an a c c e p t a b l e  

v a l u e .  S i n c e  t h e r e  may b e  many such  c o n t r o l  programs c a p a b l e  

o f  mee t lng  t h e  s t a t e d  o b j e c t i v e ,  one can  s e e k  a  program t h a t  i s  

i n  some s e n s e  o p t i m a l ,  

Among many c r i t e r i a  o f  o p t i m a l i t y ,  one o f  i n t e r e s t  i s  t o  

minimize t h e  t ime  s p e n t  i n  t h e  c o n t r o l  p e r i o d  b e f o r e  t h e  f l u x  

i s  f i n a l l y  b r o u g h t  t o  z e r o ,  T h i s  problem has  been  s t u d i e d  by 

s e v e r a l  a u t h o r s  ( 2 2 3 )  u s i n g  t h e  P o n t r y a g i n  o p t i m a l  t h e o r y .  ( 4 )  

R e c e n t l y ,  t h e  t h e o r y  h a s  been  a p p l i e d  by Rober t s  and Smi th .  ( 5 )  

One p a r t i c u l a r  a s p e c t  o f  t h e  Rober t s  and Smith t r e a t m e n t  

IS d i s c u s s e d  i n  an a t t e m p t  t o  s t r e n g t h e n  t h e  r i g o r  of  t h e i r  

r e s u l t s ;  a l s o ,  a  h y p o t h e s i s  o f  D i t t m a n ' s  ( 6 )  a s  t o  t h e  boundary 

condition f o r  an optimum t r a j e c t o r y  i s  d i s p r o v e d .  P a r t s  o f  t h e  

p r o o f  were  c a r r i e d  o u t  by u s i n g  an a n a l o g  computer .  S i n c e  t h e s e  

computers  a r e  a v a i l a b l e  i n  many r e a c t o r s  f o r  c o n t r o l  p u r p o s e s ,  

t h e r e  i s  some i n t e r e s t  i n  t h e  t e c h n i q u e s  f o r  a p p l y i n g  them t o  

t h e  d e t e r m i n a t i o n  o f  t h e  optimum shutdown program. The r e p o r t  

c o n t a i n s  a  s h o r t  account  o f  t h e  u s e  o f  a n a l o g  computers  f o r  

d e t e r m i n i n g  t ime  o g t i m a l  c o n t r o l  programs.  I t  a l s o  c o n t a i n s  a  

d i s c u s s i o n  o f  t h e  somewhat more e l a b o r a t e  p r o c e d u r e  used  h e r e  t o  

prove  o p t i m a l i t y  r i g o r o u s l y .  



BNWL- 186 

T I ,  , -  i r iure (:I,:  I 11tal p~-oblern is  t o  s e c u r e  r e s t a r t  

.i ?rib1 l i r y  a t  a i l  t i m e s ,  t ,  a f t e r  r i s s t  shutdown. To do t h i s ,  

+ I ? r -  - i s  ,T! , ' c ! I ~ ~  vrrt l ~ t i o l l ,  X[r: , n ~ i ~ t  be  k e p t  a t  o r  below some 

$oc:ildaL.y v a l u e  % d e t e r n ~ i r i e d  by the  a v a i l a b l e  e x c e s s  r e a c t i v i t y .  

We make t h e  r e d s o n a b l e  s i m p l i f i c a t i o n  t h a t  X i s  t ime  i n d e p e n d e n t .  
" I  r v ;hi  3 wodld  cf~al:g< ~ l t h  t e ~ i i p e r a t u r e ,  e t c ,  b u t  n o t  enough 

t o  make a  p r a c t i c a l  change i n  t h e  f o l l o w i n g  r e s u l t s .  I f  t h e  

r e a c t o r  can  be  p e r m i t t e d  n o t  t o  have  r e s t a r t  c a p a b i l i t y  o v e r  a  
(9  s e l e c t e d  t i m e  p e r i o d ,  a  more o p t i m a l  t r a j e c t o r y  may b e  p o s s i b l e .  

For  t h e  Gas lc  time o p t i m a l  problem t h e  c o n t r o l  p e r i o d  can  be 

ti...ai,linated when t h e  xenoll, i o d i n e  o r  X ,  I phase  p l a n e  t r a j e c t o r y  

r e a c h e s  t h e  t a r g e t  c u r v e  R .  Th i s  c u r v e ,  a s  shown i n  F i g u r e  1, i s  

t h e  t r a j e c t o r y  f o l l o w e d  a t  z e r o  f l u x  whose peak j u s t  t o u c h e s  X; 
once on t h e  t a r g e r  c u r v e  t h e  f l u x  may be s e t  t o  z e r o  and c o n t r o l  

t c s ~ n i n a t e d .  For a n o n t r i v i a l  c a s e ,  t h e  s t a r t i n g  p o i n t  w i l l  l i e  

; ? s i d e  n ( a b o v e  n r  t c )  t h e  r i g h t ) .  

A p p l i c a t i o n  o f  P o n t r y a g i n ' s  method has  s u g g e s t e d  t h a t  one 

o f  t h r e e  t r a j e c t o r y  reg imes  may be  optimum: 

S i n g l e  P u l s e  C o n t r o l .  C o n t r o l  w i l l  b e  terminated by a  - 
t r a j e c t o r y  a t  t h e  maximum a t t a i n a b l e  f l u x .  I n  t r i v i a l  c a s e s  t h e  

i n i t i a l  p o i n t  may l i e  on t h i s  t r a j e c t o r y ,  b u t  more g e n e r a l l y  t h e  

maximum f l u x  w i l l  b e  p r e c e d e d  by a  p e r i o d  o f  minimum ( z e r o )  f l u x .  

A t  an optimum s w i t c h i n g  p o i n t  between minimum and maximum, t h e  

s w i t c h i n g  f u n c t i o n  v a n i s h e s .  (Swi tch ing  p o i n t s  a r e  on E i n  - 
F i g u r e  1 )  . 

I n t e r m e d i a t e  ----- C o n t r o l .  a A boundary ,  r ,  e x i s t s  i n  t h e  p h a s e  

p l a n e ,  l i m i t i n g  t h e  r e g i o n  o f  optimum 'bang bang '  c o n t r o l .  Zero 

f l u x  t r a j e c t o r i e s  mee t ing  t h i s  l i n e  may f o l l o w  i t  downward w h i l e  



Opera t ion  a t  maximum f l u x  

0 
I o d i n e  Dens i ty ,  Atoms/cc 

F I G U R E  1. Sample Time Optimal  Xenon Shutdown T r a j e c t o r i e s  

s t i l l  s a t i s f y i n g  a  P o n t r y a g i n  c o n d i t i o n  f o r  t h e  s w i t c h i n g  

f u n c t i o n ,  u n t i l  mee t ing  t h e  un ique  s i n g l e  p u l s e  s w i t c h i n g  

p o i n t  ( t 2 )  l e a d i n g  ( a t  maximum f l u x )  t o  t h e  t a r g e t  c u r v e .  

O the r  t r i v i a l  f l u x  maximum t r a j e c t o r i e s  l e a d  t o  r and hence  

t o  t h e  t a r g e t  c u r v e .  

Boundary C o n t r o l .  Both of  t h e  p r e v i o u s  reg imes  may c a l l  

f o r  xenon v a l u e s  above t h e  a l l o w a b l e  X,  depending  upon t h e  

l o c a t i o n  of  t h e  i n i t i a l  p o i n t  i n  t h e  p h a s e  p l a n e .  S i n c e  t h i s  

i s  i n a d m i s s i b l e ,  i t  i s  t h o u g h t  t h a t  t h e  optimum t r a j e c t o r y  w i l l  
- 

f o l l o w  a  z e r o  f l u x  p a t h  t o  t h e  xenon boundary ,  X ,  and t h e r e f o r e  

f o l l o w  t h e  boundary a t  c o n s t a n t  xenon u n t i l  mee t ing  t h a t  un ique  

s w i t c h i n g  p o i n t  ( t  ) t h a t  l e a d s  t o  0 a t  maximum f l u x .  
S 



Our c o n c e r n  i s  t h e  s t r i c t  p r o o f  t h a t  Regime 3 ,  when 

a p p l i c a b l e ,  r s  o p t i m a l .  We n o t e  a t  t h i s  p o i n t  t h a t  t h e r e  i s  

a s i m i l a r i t y  between o p e r a t i o n  a l o n g  r and o p e r a t i o n  a l o n g  t h e  

v a r i o u s  p o s s i b l e  xenon b o u n d a r i e s .  I n d e e d ,  w i t h o u t  p h y s i c a l  

s ~ g n i f i c a n c e ,  one c o u l d  g e n e r a l i z e  t h e  boundary t o  be  a  reg ime 

o f  f ' xed  ( though n o t  n e c e s s a r i l y  z e r o ]  s l o p e  i n  t h e  p h a s e  p l a n e .  

Gamma ( r )  i s  un ique  because  t h e  t r a j e c t o r y  f o l l o w s  s u c h  a  l i n e  

w l t h o u t  c o n s t r a i n t s .  

The s t a t u s  on t h e  r i g o r o u s  p r o o f  of  Regime 3  i s  g i v e n  by 

Smith and R o b e r t s  ( 5 )  and by Woodcock ( 3 )  who t a k e  t h e  f o l l o w i n g  

p o s i t i o n :  

The f l u x  program t o  h o l d  t h e  xenon on t h e  boundary  i s  

u n i q u e l y  s p e c i f i e d  i n  t h e  p h a s e  p l a n e .  

T h e r e f o r e ,  ~ f  t h e  optimum t r a j e c t o r y  h a s  t o  go a l o n g  

t h e  boundary ,  t h e  un ique  f l u x  i s  t h e  o p t i m a l  f l u x .  

' A t  tS ,  a  s w i t c h i n g  p o i n t  t o  a  f l u x  maximum, t h e  f l u x  may 

i n d e e d  change w h i l e  s a t i s f y i n g  a  P o n t r y a g i n  c o n d i t i o n .  

A t  t b ,  t h e  Hami l ton ian  can  b e  made c o n t i n u o u s  by an  

a l l o w a b l e  d i s c o n t i n u i t y  o f  t h e  a d j  o i n t  f u n c t i o n s .  
* I n  t h e  z e r o  f l u x  regime b e f o r e  t b ,  t h e  t r a j e c t o r y  s a t i s f i e s  

t h e  c o n d i t i o n s  o f  t h e  problem w i t h o u t  xenon boundary .  

P h y s i c a l l y  i t  i s  p r o b a b l y  " c l e a r "  t h a t  such  a  t r a j e c t o r y  i s  

i n d e e d  o p t i m a l  ( i f  o n l y  on t h e  grounds  o f  what e l s e  can  it  d o ! ) .  

IIowever, one  c o u l d  e n v i s a g e  s i t u a t i o n s  ( w i t h  o t h e r  c o s t  f u n c t i o n a l s  

p e r h a p s )  where t h e  t r a j e c t o r y  moves v e r y  s l o w l y  a l o n g  t h e  boundary .  

I n  such  a  c a s e ,  t h e  o p t i m a l  p a t h  would a v o i d  t h e  bobndary .  

S p e c i f i c a l l y ,  t h e r e  a r e  two p o i n t s  t h a t  remaln  t o  b e  shown 

f o r  a  r i g o r o u s  p r o o f ,  

( 1 )  Fo l lowing  t h e  t r a j e c t o r y  back from t h e  t a r g e t  c u r v e  t o  

t h e  i n i t i a l  t i m e ,  i t  may b e  t h a t  t h e  t r a j e c t o r y  s t a r t s  a l o n g  t h e  

boundary .  We have  n o t  p roved  t h a t  i t  can  c o n t i n u e  a l o n g  t h e  boundary 

a s  f a r  a s  d e s i r e d .  



( 2 )  I n  t h e  regime a t  z e r o  f l u x ,  b e f o r e  tb ,  it i s  t r u e  

t h a t  t h e  same e q u a t i o n s  a r e  s a t i s f i e d  by t h e  a d j o i n t  f u n c t i o n s  

a s  I n  t h e  u n r e s t r i c t e d  problem. But t h e  boundary c o n d i t i o n s  

a r e  d i f f e r e n t .  Thus,  i t  canno t  be  s a i d  we have v e r i f i e d  t h a t  

t h e  s w i t c h i n g  f u n c t i c n  does n o t  have y e t  a n o t h e r  s w i t c h  u n t i l  

we have i n v e s t i g a t e d  t h e  s o l u t i o n  w i t h  t h e  c o r r e c t  boundary 

condi  t i o n s  

F o r t u n a t e l y ,  the  s l m p l l f i c a t l o n  t h a t  makes t h e  f l u x  on t h e  

boundary unfque  makes i t  r a t h e r  e a s y  t o  d e t e r m i n e  t h e  a d j o i n t  

f u n c t i o n s  e x p l i c i t l y  i n  t h e  boundary ,  T h i s  was - n o t  done by 

Smith and R o b e r t s ,  Our p r o p o s a l ,  t h e r e f o r e ,  i s  t o  f i n d  t h e  

f u l l  s o l u t l o n  o f  t h e  a d j o i n t  e q u a t i o n s  t o  t h e  problem on t h e  

boundary and t h e  e f f e c t  t h e s e  have on t h e  s w i t c h i n g  f u n c t i o n .  

We can  t h e n  c a r r y  o u t  t h e  a p p r o p r i a t e  t e s t s  o f  t h e  P o n t r y a g i n  

f o r m u l a t i o n ,  T h i s  w i l l  b e  done a n a l y t i c a l l y  on t h e  boundary 

and d u r i n g  t h e  z e r o  f l u x  p e r i o d ,  a s  was p r e v i o u s l y  done ( 5 )  

by n u m e r i c a l  s o l u t ~ o n  o v e r  t h e  range  o f  i n t e r e s t .  Due t o  t h e  

r a p i d i t y  w i t h  which one can  change t h e  i n i t i a l  o r  p r o p e r t y  

v a l u e s  o f  t h e  problem,  we found i t  c o n v e n i e n t  t o  g e n e r a t e  

t h e s e  s o l u t i o n s  w l t h  an a n a l o g  computer ,  The a c c u r a c y  i s  l e s s  

t h a n  t h a t  o f f e r e d  by a  d i g i t a l  computa t ion  b u t  w i t h i n  t h e  

a c c u r a c y  of  t h e  model and t h e  u n c e r t a i n t y  o f  t h e  p a r a m e t e r s .  

From some o f  t h e  p r e v i o u s  applications of  t h e  P o n t r y a g i n  

method t o  t h i s  problem ~t a p p e a r s  t h a t  c e r t a i n  a s p e c t s  o f  t h e  

optimum theorem a r e  n o t  w e l l  u n d e r s t o o d .  T h e r e f o r e ,  t h e  optimum 

c o n d i t i o n s  a r e  o u t l ~ n e d  I n  a  way t h a t  d i f f e r s  somewhat from 

P o n t r y a g i n  b u t  a c c o r d s  more c1osel.y w i t h  c l a s s i c a l  c a l c u l u s  o f  
(' 7 )  

v a r i  a t  l o n s .  The e f f e c t  i s  t o  remove an a r b i t r a r y  and n e g a t i v e  

n o r m a l -i z a t i o n  from t h e  P o n t r y a g l n  f o r m u l a t i o n  w i t h  t h e  f o l l o w i n g  

a d v a n t a g e s :  ( 8 )  

" The ad- jo in t  f u n c t i o n s  i n  r e a l  t ime  a r e  p o s i t i v e .  

" The a d j o i n t  func t . ions  may now b e  i d e n t i f i e d  w i t h  t h e  

impor tance  f u n c t i o n s  o f  c o n v e n t i o n a l  p e r t u r b a t i o n  t h e o r y .  



To minimize t h e  c o n t r o l  p e r i o d ,  we a r e  now t o  g i v e  an 

api ::JD, r a s e  I i ami l ton ian  i t s  l e a s t  v a l u e  r a t h e r  t h a n  i t s  

g r e a t e s t  v a l u e .  

i L 
,A.r:s-L;;ilL.~~ i.>!. I ~ L  i o l  C o ~ ~ c l i  I i o n s  

We o k t l i n e  t h e  n e c e s s a r y  c o n d i t i o n s  t o  be  s a t i s f i e d  f o r  

t h c  u n r e s t r i c t e d  and r e s t r i c t e d  problems i f  a  c o n t r o l  program 

i s  t o  b e  optimum. The e q u a t i o n s  f o r  xenon (X) and i o d i n e  ( I )  

drj.1:- t , t ~  a r e  assumed t o  be  

I t  i s  c o n v e n i e n t  t o  w r i t e  t h i s  i n  v e c t o r  and m a t r i x  form 

a s  

where 

S 

3-al M j s  z. m a t r i x  of  t h e  c o e f f i c i e n t s  of  t h e  homogeneous 

t e ras  a p p e a r i n g  i n  Equa t ions  (1)  and ( 2 ) .  

I n i t i a l  c o n d i t i o n s  f o r  N( t i )  a r e  assumed s p e c i f i e d .  

The f l u x ,  $ ,  i s  a  c o n t r o l  v a r i a b l e  i n  t h i s  prompt jump a p p r o x i -  
- 

mat ion  which may v a r y  between a  minimum, 0 ,  and a  maximum, 4 .  

The xenon i n  t h e  r e s t r i c t e d  problem i s  t o  l i e  on o r  below X. 

We d e f i n e  a l s o  an a d j o i n t  v e c t o r  N+ = [ I * ,  x+] and a  f u l l  

Hami l ton ian  a s  
+ H =  1 + H  = 1 + N [ M N +  S ] .  ( 4 )  
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Then i n  t h e  u s u a l  way 

aH GIN - = -  

a N+ d t  

r e p r o d u c e s  E q u a t i o n s  ( 1 )  and ( 2 ) .  

A d j o i n t  e q u a t i o n s  a r e  d e f i n e d  th rough  

which l e a d s  t o  t h e  f o l l o w i n g  e q u a t i o n s :  

I t  i s  e a s y  t o  s e e  t h a t  t h e s e  e q u a t i o n s  can  be  w r i t t e n  

s u c c i n c t l y  a s  

which i n v o l v e s  t h e  t r a n s p o s e  o f  M ,  i n  t h i s  l i n e a r  problem.  

C o n t r o l  i s  t e r m i n a t e d ,  a t  a  t ime  t f  s a y ,  when t h e  

t a r g e t  c u r v e  i s  r e a c h e d .  I f  a l p h a  i s  t h e  s l o p e  o f  t h e  t a r g e t  

c u r v e  a t  t f  

t h e n  t h i s  t e r m i n a t i o n  o r  t r a n s v e r s a l i t y  c o n d i t i o n  l e a d s  

t o  one a d j o i n t  boundary c o n d i t i o n ,  

The o t h e r  boundary c o n d i t i o n  w i l l  b e  imposed by a s s i g n i n g  a  

d e f i n i t e  v a l u e  t o  t h e  Hami l ton ian  a t  t f .  We chose  t h i s  v a l u e  



t o  be  z e r o  and w i l l  s h o r t l y  d e m o n s t r a t e  t h a t  f o r  an o p t i m a l  

s o l r x t i o : ~ ,  Sf i s  ze r c  a ?  311 p r e v i o u s  t i m e s .  * 

The s w i t c h i n g  f u n c t i o n  - , i s  
a 4 

I t  i s  s e e n  t h a t  t h e  a d j o i n t  e q u a t i o n s ,  boundary c o n d i t i o n s  .and 
+ 

s w i t c h i n g  f u n c t i o n  a r e  homogeneous i n  N and do admit  t h i s  

a r b i t r a r y  n o r m a l i z a t i o n  of  t h e  H a m i l t o n i a n .  

I n  t h e  absence  o f  t h e  K r e s t r i c t i o n ,  t h e  f o l l o w i n g  

n e c e s s a r y  c o n d i t i o n s  a r e  s a t i s f i e d  by an o p t i m a l  t r a j e c t o r y  

t h a t  minimizes  t h e  c o n t r o l  p e r i o d :  
+ 

( a )  N i s  c o n t i n u o u s  and n o t  i d e n t i c a l l y  z e r o  a t  

any t ime  t 

( b )  H= i n f i n i t u m  ~ ( 4 )  

With o u r  n o r m a l i z a t i o n  o f  t h e  a d j o i n t  f u n c t i o n s ,  H i s  i d e n t i c a l l y  

z e r o  f o r  an optimum and H i d e n t i c a l l y  - 1. The c o n d i t i o n  t h a t  

 is i t s  i n f i n i t u m  f o r  v a r i a t i o n s  o f  4 w i t h  N +  and N c o n s t a n t ,  

i . e .  H t a k e s  i t s  l e a s t  v a l u e  a t  e v e r y  t i m e ,  i s  e q u i v a l e n t  t o  t h e  

t h r e e  p o s s i b i l i t i e s  : 

( a )  i f  - = 0 ,  4 may t a k e  any v a l u e  a 6 

aH ( b )  i f  - > 0 ,  4 must t a k e  i t s  maximum v a l u e ,  s o  t h a t  a 4 

a)r ( c )  i f  - < 0 ,  4 must t a k e  i t s  minimum v a l u e ,  s o  t h a t  a 4 

These c o n d i t i o n s  s e c u r e  t h a t  t h e  change i n  t h e  c o n t r o l  p e r i o d  due 

t o  a  change i n  c o n t r o l  v a r i a b l e  i s  n o t  n e g a t i v e  a round a  minimum 

c o n t r o l  p e r i o d .  

* 
P o n t r y a g i n  g i v e s  a  p r o o f  t h a t  f o r  f r e e  end t ime  p r o b l e m s ,  a s  h e r e ,  
o p t i m u m H  i s  i n d e e d  z e r o .  . 



Optimum C o n d i t i o n s  w i t h  R e s t r i c t e d  Xenon 

On t h e  s t a t e  boundary ,  t h e  a d j o i n t  e q u a t i o n s  a r e  m o d i f i e d .  
Let  us  f i r s t  w r i t e  t h e  boundary e q u a t i o n  i n  t h e  form 

g(N1 = 0 (131 

w i t h  t h e  c o n v e n t i o n  t h a t  8 is an outward  p o i n t i n g  v e c t o r  

( i . e . ,  i n  t h e  f o r b i d d e n  d i r e c t i o n ) .  

I n  o u r  problem 

g =  X -  X; = [ 0 , 1 ] .  

The boundary  c o n d i t i o n  i s  a l s o  s a t i s f i e d  i f  

= = [MN + S ]  E p(N, ( )  = 0 

where p i s  a  f u n c t i o n  o f  t h e  s t a t e  and c o n t r o l  v a r i a b l e s  
t h a t ,  i n  o u r  problem,  i s  

Then 

A new Hamnltsnian i s  d e f i n e d  
* * 

I1 = [ i + i , p .  Cl%> 

where h i ( t )  is a  Lagrange multiplier f o r  t h e  a d d i t i o n a l  
( r e s t r i c t e d  xenon) e q u a t i o n  t o  be s a t i s f i e d  by the s t a t e  
variables at e v e r y  time d u r i n g  which t h e  operation is an the 
boundary .  C lea r ly ,  s i n c e  P v a n i s h e s  when t h e  t r a j e c t o r y  - i s  
on t h e  b o u n d a r y ,  t h e  v a l u e  of  t h e  Hamiltasian i s  unchanged. 

F u r t h e ~ m o r e ,  we have unchanged s t a t e  equations 



- dN - - -- ax* - - [MN + S ]  
d t  a N +  

h11t new a d j  o i n t  e q u a t i o n s  

S p e c i f i c a l l y ,  we have 

The optimum c o n d i t i o n s  f o r  o p e r a t i o n s  on t h e  boundary 

now c a l l  f o r  t h e  f o l l o w i n g  c o n d i t i o n s :  
* 

( a )  H t a k e s  i t s  l e a s t  v a l u e  a s  a f u n c t i o n  o f  4 .  T h i s  i s  * 
e s s e n t i a l l y  t h e  p r e v i o u s  theorem s i n c e  H r e d u c e s  t o H  

on t h e  boundary.  Note t h a t  
* 

( b )  ~ + ( t ~ )  i s  t a n g e n t  t o  t h e  boundary where to  i s  some i n i t i a l  
8 

t i m e .  T h i s  i s  imposed t o  r u l e  o u t  t r i v i a l  s o l u t i o n s  f o r  

N+. I t  i s  c l e a r  from t h e  a d j o i n t  e q u a t i o n s  t h a t  we can  

add t o  a  s o l u t i o n  N+ an a d d i t i o n a l  c o n s t a n t  o f  t h e  form 
+ 

+ w h i l e  s u b t r a c t i n g  w from A'. We may, t h e r e f o r e ,  a N  + 
always n o r m a l i z e  N a t  t o  such  t h a t  t h e  component c o l i n e a r  

as o r  p a r a l l e l  t o  -- v a n i s h e s .  T h i s  h a s  made N+ ( t o )  t a n g e n t  a N  
t o  t h e  boundary a s  l o n g  a s  i t  i s  n o t  now i d e n t i c a l l y  z e r o ,  t h e  

t r i v i a l  c a s e  t o  be a v o i d e d .  I t  i s  n o t  n e c e s s a r y  t o  a c t u a l l y  

c a r r y  o u t  t h i s  n o r m a l i z a t i o n ;  indeed  to  i s  n o t  s p e c i f i e d .  



d h +  < 0. l ' h i s  l a s t  c o n d i t i o n  i s  p e c u l i a r  t o  ( c )  - 
P o n t r y a g i n ' s  t r e a t m e n t  o f  boundary c o n t r o l .  I t  e n s u r e s  

t h a t  a l lowed  p e r t u r b a t i o n s  o f f  t h e  boundary would n o t  

l e a d  t o  a  b e t t e r  s o l u t i o n .  

C o n t i n u i t y  C o n d i t i o n s .  P o n t r y a g i n ' s  jump c o n d i t i o n s  t o  

connec t  a  s o l u t i o n  on t h e  boundary w i t h  a  s o l u t i o n  o f f  t h e  

boundary c a l l  f o r  
+ + 

N ( o f f )  = N (on) + qa a N  

+ ag - N ( o f f  + - 0 .  

These two c o n d i t i o n s  a r e  a l t e r n a t i v e s  o n l y ,  i n  view o f  

c o n d i t i o n  (b) above ,  t h a t   on) i s  n o t  t r i v i a l .  I n  o u r  

problem,  e i t h e r  c o n d i t i o n  r e q u i r e s  t h e  c o n t i n u i t y  o f  1' b u t  

n o t  X+ a c r o s s  t h e  p o i n t  o f  approach ing  o r  l e a v i n g  t h e  boundary.  

The number q i s  r e a l ;  it i s  de te rmined  o f f  t h e  boundary from t h e  

v a l u e  o f  t h e  Hami l ton ian .  On t h e  boundary ,  X+ i s  n o t  de te rmined  

w i t h i n  an  a r b i t r a r y  c o n s t a n t  s i n c e  an e q u a l l y  a c c e p t a b l e  s o l u t i o n  
+ + 

of  Equa t ions  2 1  and 2 2  adds a  v a l u e  w C  s a y  t o  X +  and - w t o  h . 
However, t h e  f u n c t i o n  [x' + A + ]  i s  f u l l y  de te rmined  and ( a s  we 

s h a l l  s e e )  i s  c o n t i n u o u s  w i t h  X' o f f  t h e  boundary.  

Constancy o f  Optimum Hami l ton ian .  Before  t u r n i n g  t o  t h e  

d e t e r m i n a t i o n  o f  t h e  a d j o i n t  s o l u t i o n s  o f f  and on t h e  boundary ,  

l e t  us  d e m o n s t r a t e  t h a t  when t h e  optimum f l u x  program h a s  been  

found ,  t h e  f I ami l ton ian  w i l l  b e  z e r o  a t  - a l l  t i m e s .  The r a t e  o f  

change o f  t h e  H a m i l t o n i a n ,  i n  g e n e r a l ,  i s  g i v e n  by 

For  an autonomous sys t em,  a s  h e r e ,  whose c o e f f i c i e n t s  do n o t  

depend e x p l i c i t l y  on t i m e ,  t h e  f i r s t  p a r t i a l  d e r i v a t i v e  v a n i s h e s .  

The te rm i n  $I v a n i s h e s  f o r  an optimum d i s t r i b u t i o n  because  e i t h e r  



g v a n i s h e s  o r  t h e  f l u x  i s  a  c o n s t a n t ,  maximum o r  minimum. I n t r o -  a m  
dbc ing  t h e  r e l a t i o n s  s a t i s f i e d  by t h e  r ema in ing  t e rms  y i e l d s  

S i n c e  we choose 24  ( t f )  t o  be  z e r o ,  H i s  i d e n t i c a l l y  z e r o  f o r  an * 
optimum d i s t r i b u t i o n .  Fur the rmore ,  t h e  same r e s u l t  a p p l i e s  t o H  

+ 
on t h e  boundary s i n c e  t h e  t e rm A p  t h e n  v a n i s h e s .  

A d j o i n t  S o l u t i o n s  

To s e c u r e  t h e  v a n i s h i n g o f  X ( t f ) ,  we must s e l e c t  f i n a l  v a l u e s  

f o r  X +  and I + ,  a l s o  s a t i s f y i n g  t h e  r e l a t i o n  (11)  o f  t h e  form 

where ,  a s  b e f o r e ,  a i s  t h e  s l o p e  of  t h e  t a r g e t  c u r v e ,  n , w h i l e  

B i s  t h e  s l o p e  o f  t h e  f l u x  maximum t r a j e c t o r y  i n t e r c e p t i n g  i t .  

C l e a r l y  f o r  i n t e r c e p t i o n  B 5 a ;  we can s e e  immedia te ly  t h a t  t h e  . 

e q u a l i t y  i s  n o t  a c c e p t a b l e  o r  we would have i n f i n i t e  impor tances  a 

t o  g i v e  a  z e r o  Hami l ton ian .  

A l i t t l e  m a n i p u l a t i o n  shows t h a t  

+ + dX 
d l + ~  = = 0  H ( t f )  = 1 + I -&f (30) 

a s  r e q u i r e d ,  and t h a t  t h e s e  f i n a l  a d j o i n t  c o n d i t i o n s  a r e  

u n i q u e l y  s p e c i f i e d .  



On the boundary, the solutions for the flux and resulting 

iodine that keep X constant at W are easily determined (Table I). 
dX + Since vanishes, we obtain the explicit solution for I on the 

boundary immediately: 

T a b l e  I . A n a l y t i c a l  S o l u t i o n s  

1. F l u x  f o r  o p e r a t i o n  on l i n e  T - 

2. F l u x  and i o d i n e  f o r  o p e r a t i o n  on l i n e  x 

3. E q u a t i o n s  f o r  boundary  l i n e s  

4. P a r a m e t r i c  V a l u e s  Employed 

y i  = 0 .056  X i  = 0.00174/min If = 0 . 0 0 1  

y x  = 0 .000  A x  = 0.00126/min u = 3 . 5  x 1 0 - l 8  cm 2 

2 - 
= 2 x 1013  n/cm s e c  

2 
@ = 5 x  1013 n/cm s e c  



But we may d i f f e r e n t i a t e  t h i s  s o l u t i o n  t o  compare i t  w i t h  

t h e  fo rma l  e q u a t i o n  f o r  =, E q u a t i o n  2 1 .  We f i n d  t h a t  

A I s o  t h a t  t h e  compar ison  g i v e s  us  

dX+ But we a l s o  have  E q u a t i o n  2 2  f o r  , and can  t h e r e f o r e  

e s t a b l i s h  

from which we c o u l d  d e t e r m i n e  X* t o  w i t h i n  t h e  a r b i t r a r y  c o n s t a n t  

t o  which i t  i s  d e f i n e d  on t h e  boundary .  Of more i m p o r t a n c e ,  a  

f u r t h e r  d i f f e r e n t i a t i o n  e s t a b l i s h e s  

+ 
The f a c t o r  b e f o r e  t h e  b r a c k e t  i s  p o s i t i v e .  I f  dA i s  t o  b e  

n e g a t i v e  a s  r e q u i r e d  f o r  an o p t i m a l  s o l u t i o n ,  t h e  b r a c k e t e d  t e r m  

must b e  n e g a t i v e .  N a t u r a l l y ,  we a r e  i n t e r e s t e d  i n  d e t e r m i n i n g  

t h e  r a n g e  o v e r  which t h i s  i s  p o s s i b l e .  I t  w i l l  be  s e e n  t h a t  t h e  

v a n i s h i n g  o f  t h e  t e rm i s  a  l i n e a r  e q u a t i o n  between W and I ,  

d e f i n i n g  a  r e g i o n  o f  t h e  phase  p l a n e  where o p e r a t i o n  a l o n g  t h e  

xenon boundary  can  b e  o p t i m a l .  
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I t  t u r n s  o u t  t h a t  t h i s  l i n e a r  e q u a t i o n  i s  i d e n t i c a l  w i t h  

t he  e q u a t i o n  f o r  t h e  l i n e  r which d i v i d e s  t h e  phase p l a n e  i n t o  

a  r e g i o n  where op t imal  s w i t c h i n g  i s  p e r m i s s i b l e .  To s e e  t h i s ,  

we r e c o l l e c t  t h a t  r i s  determined by t h e  requirement  t h a t  t h e  

s w i t c h i n g  f u n c t i o n ,  and i t s  r a t e  of  change s imu l t aneous ly  

van i sh  : 

and s u b s t i t u t i o n  l e a d s  t o  t h e  same l i n e a r  equa t ion  i n h e r e n t  

i n  Equa t ion  36 .  

We can conclude t h a t  wherever t h e  end p o i n t  o f  t h e  

o p e r a t i o n  on t h e  boundary can be s a t i s f i e d  t h e n  t h e  o p e r a t i o n  

on t h e  boundary,  i t s e l f ,  i s - i n d e e d  op t ima l .  Let  us now show 

t h a t  t h e s e  end c o n d i t i o n s  a r e  t h e  van i sh ing  o f  t h e  s w i t c h i n g  

f u ~ c t i o n  - a H  and t h a t ,  on t h e  boundary,  t h e  s w i t c h i n g  f u n c t i o n  
3H a @ - van i she s  i d e n t i c a l l y  ( t h u s  a l l owing  t h e  Elux program t h a t  a @ 
t ake s  t h e  t r a j e c t o r y  a long  t h e  boundary) .  S ince  1' i s  con- 

t i n u o u s  and known from i t s  s o l u t i o n  on t h e  boundary,  t-he 

c o n t i n u i t y  o f  t h e  Hamil tonian  a t  e i t h e r  end of  t h e  boundary 

l e a d s  t o  t h e  c o n t i n u i t y  of 

+ dX H = ~ + I * ~ + x  =. (391 

d I  But 1' i s  con t inuous  and t h e  d i s c o n t i n u i t y  i n  and dX 
t aT 

i s  caused by t h e  d i s c o n t i n u i t y  i n  t h e  f l u x  ( I  and X a r e  

c o n t i n u o u s ) .  The re fo r e ,  c o n t i n u i t y  o f  t h e  Hamil tonian  r e q u i r e s  

t h e  p a r t i a l  d e r i v a t i v e  (wi th  r e s p e c t  t o  t h e  f l u x )  t o  van i sh  a t  

t h e  end p o i n t s ;  t h i s  i s  i d e n t i c a l  w i t h  t h e  van i sh ing  of  t h e  

s w i t c h i n g  f u n c t i o n  a t  t h e  end p o i n t s .  Fur thermore ,  t h e  
+ 

r e l a t i o n  between X + A* and I +  on t h e  boundary,  Equat ion 34, 
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i s  i t s e l f  t i e  c o n d i t i o n  f o r  t h e  v a n i s h i n g  o f  t h e  s w i t c h i n g  

f u n c t i o n  a on t h e  boundary a s  c l a i m e d .  I t  f o l l o w s  t h a t  a 4 
X' + A* on t h e  boundary i s  c o n t i n u o u s  w i t h  X* o f f  t h e  boundary 

a t  e i t h e r  j u n c t i o n  p o i n t .  

Optimal  Behav io r  Befo re  t h e  Boundary 

We have shown a n a l y t i c a l l y  t h a t  i f  t h e  boundary o p e r a t i o n  

o c c u r s  i n  t h a t  s e c t i o n  o f  t h e  phase  p l a n e  where t h e  s w i t c h i n g  

f u n c t i o n  a t  t h e  end p o i n t  can  be  made t o  v a n i s h ,  t h e n  o p e r a t i o n  

a l o n g  t h e  boundary i s  o p t i m a l  f o r  a s  l o n g  a s  r e q u i r e d .  Now i t  

must b e  shown t h a t  t h e  o p e r a t i o n  a t  z e r o  f l u x  b e f o r e  t h e  boundary 

i s  r e a c h e d  i s  a l s o  o p t i m a l ;  t h a t  no a d d i t i o n a l  s w i t c h i n g  p o i n t s  

a r e  found a s  t h e  t r a j e c t o r y  i s  t r a c e d  backwards from t h e  boundary .  

A s  i n  Smith and Rober t s  t r e a t m e n t  o f  t h e  u n r e s t r i c t e d  

p rob lem,  t h e  r e s t r i c t e d  problem was s t u d i e d  n u m e r i c a l l y ,  w i t h  t h e  

t r a j e c t o r y  f o l l o w e d  o v e r  a  r ange  o f  examples .  We chose  t o  c a r r y  

o u t  by u s i n g  an  a n a l o g  computer  r a t h e r  t h a n  a  d i g i t a l  computer .  

The s i g n i f i c a n t  d i f f e r e n c e ,  however ,  i s  t h a t  we have  i n t r o d u c e d  

t h e  c o r r e c t  boundary c o n d i t i o n s ,  t h a t  t h e  s w i t c h i n g  f u n c t i o n  

v a n i s h e s  a t  t h e  j u n c t i o n  w i t h  t h e  boundary f u n c t i o n ;  t h a t  i s  a t  tb .  

Where t h e  computa t ion  was c a r r i e d  back u n t i l  t r a j e c t o r y  
1 

c o r r e s p o n d e d  t o  a  z e r o  xenon v a l u e ,  no a d d i t i o n a l  s w i t c h i n g  p o i n t  

was e n c o u n t e r e d  ( F i g u r e  2 ) .  Perhaps  i t  would be  n i c e  t o  have  t h i s  

shown a n a l y t i c a l l y ,  b u t  t h e r e  a r e  no p h y s i c a l  o r  o t h e r  grounds  t o  

a n t i c i p a t e  any s u c h  a d d i t i o n a l  s w i t c h i n g  p o i n t .  F u r t h e r m o r e ,  

s i n c e  t h e  l o g i c  t o  d e t e r n i n e  t h e  s w i t c h i n g  p o i n t  a t  t ( t h e  
S 

o t h e r  end  o f  t h e  boundary )has  t o  be  s e t  up ,  l i t t l e  a d d i t i o n a l  

c o m p u t a t i o n  i s  i n v o l v e d  i n  v e r i f y i n g  ( c a s e  by c a s e )  t h a t  t h e  p e r i o d  

o f  o p e r a t i o n  a t  z e r o  f l u x  i s  o p t i m a l  t h r o u g h o u t  t h e  p h y s i c a l l y  

s i g n i f i c a n t  s e c t i o n  of t h e  t r a j e c t o r y .  
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FIGURE 2 .  S w i t c h i n g  F u n c t i o n s  f o r  Time-Optimal T r a j e c t o r y  on 
Boundary 

The a n a l o g  computer  was used  t o  i l l u s t r a t e  some o f  t h e  o t h e r  

a n a l y t i c a l  r e s u l t s  by programming i t  t o  s o l v e  t h e  d e n s i t y  and 

a d j o i n t  e q u a t i o n s  i n  r e v e r s e  t i m e .  S t a r t i n g  from a r b i t r a r y  f i n a l  

p o i n t s  on t h e  t a r g e t  c u r v e  a d j u s t e d  u n t i l  t h e y  f i t t e d  ( a )  t h e  

boundary v a l u e  f o r  3 and ,  s u b s e q u e n t l y ,  (b)  a  s w i t c h i n g  t o  meet 

a  g i v e n  i n i t i a l  c o n d i t i o n  from t h e  boundary.  The s w i t c h i n g  

f u n c t i o n  was computed t o  d e t e r m i n e  t h e  s w i t c h  a t  t a s  w e l l  a s  
S 

v e r i f y  t h e  subsequen t  o p t i m a l  z e r o  f l u x  t r a j e c t o r y .  R e s u l t s  shown 

i n c l u d e  : 

a ~ *  The s w i t c h i n g  f u n c t i o n ,  -- a + aH w i t h  and w i t h o u t  o r  - a + '  
t h e  boundary l o g i c  ( F i g u r e  2 ) .  

+ 
The a d j o i n t  p h a s e  p l a n e ,  X' o r  X* + A +  v e r s u s  I  f o r  

o p e r a t i o n  on t h e  boundary w i t h  and w i t h o u t  t h e  boundary l o g i c  

( F i g u r e  3) 



t y p i c a l  f l u x - t i m e  and x e n o n - t i m e  t r a j e c t o r i e s  ( F i g u r e  4 ) .  

Flux o p e r a t i o n :  

+ Z e r o  flux 

: C o n s t a n t  x e n o n  

: Maximum flux 

F I G U R E  3 .  A d j o i n t  P h a s e  P l a n e  f o r  Time Op t ima l  T r a j e c t o r y  on 
Boundary 

T a r g e t  Boundary C o n d i t i o n s  

We have  a l r e a d y  d i s p r o v e d ,  a f t e r  E q u a t i o n  28 ,  D i t t m a n ' s  

h y p o t h e s i s ( 6 )  t h a t  t h e  t i m e  o p t i m a l  t r a j e c t o r y  i s  t a n g e n t  t o  t h e  

t a r g e t  c u r v e ;  t h i s  would l e a d  t o  i n f i n i t e  a d j o i n t  f u n c t i o n s  t o  

makeH z e r o ,  o r  e v e n  more g e n e r a l l y ,  t o  s e c u r e  a  f i n i t e  v a l u e  o f H  

i n  E q u a t i o n  4 .  D i t t m a n ' s  s o l u t i o n  i s  o p t i m a l  i n  a d i f f e r e n t  

s e n s e  i n  t h a t  g i v e n  one p u l s e  c o n t r o l ,  t h e  t a n g e n t  c o n d i t i o n  

p e r m i t s  t h e  minimum o f  t h e  r e s u l t i n g  maximum xenon .  

A t r i v i a l  e x c e p t i o n  a l l o w s  D i t t m a n ' s  t a n g e n t  c o n d i t i o n  i n  a 

l i m i t e d  s e n s e  f o r  t h e  

e x i s t s  o n l y  f o r  an  i n  

o f  t h e  f l u x  maximum t 

' f o r  a  s w i t c h i n g  a t  t h  

c  a s  

f i n i  

r a j  e  

e  s t  

e  t h a t  

t e s  i m a l  

c t o r y  i 

eady  op 

t h e  

t i m  

s no 

e r a t  

o p e r a t i o n  a t  maximum 

. e ,  a n d ,  t h e r e f o r e ,  t h  

t f u l l y  d e f i n e d .  T h i  

i n g  p o i n t  o f  t h e  t a r g  

f l u x  

e  g r a d i e  

S o c c u r s  

e t  c u r v e  
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FIGURE 4 .  Time Optimal  F lux  and R e s u l t i n g  Xenon 

i n i t i a l  p o i n t s  t h a t  l i e  on an e x t e n s i o n  o f  t h e  t a r g e t  cu rve  

towards  t h e  i o d i n e  a x i s ,  c l e a r l y  f o l l o w  t h e  t a r g e t  c u r v e  i t s e l f  

and n o  c o n t r o l  i s  needed.  On r e a c h i n g  t h e  t a r g e t  c u r v e ,  t h e  

s w i t c h i n g  f u n c t i o n  i s  momentar i ly  z e r o ,  b u t  rio f l u x  change i s  

c a l l e d  f o r  because  t h e  c o n t r o l  p e r i o d  i s  t e r m i n a t e d .  To show 

t h i s ,  r e c o l l e c t  t h a t  t h e  s t e a d y  o p e r a t i n g  p o i n t ,  I o ,  X o ,  i s  

g i v e n  by 

b u t  

t h e r e f o r e ,  

a s  supposed .  



SUMMARY 

We have f o r m u l a t e d  t h e  optimum theorem i n  t e rms  o f  a  

H a m i l t o n i a n  f u n c t i o n  and i t s  g e n e r a l i z a t i o n  f o r  o p e r a t i o n  on a 

boundary  o f  l i m i t e d  d e n s i t y  o r  s t a t e  v a r i a b l e s .  We s e e  t h a t  t h e  

s w i t c h i n g  f u n c t i o n  f o r  t h i s  g e n e r a l i z e d  Hami l ton ian  v a n i s h e s  

i d e n t i c a l l y  on t h e  boundary ,  which s e r v e s  t o  connec t  t h e  two 

r e g u l a r  s w i t c h i n g  p o i n t s  a t  e i t h e r  end of  t h e  boundary t r a j e c t o r y .  

For  t h i s  p a r t i c u l a r  problem o f  a  boundary a t  c o n s t a n t  xenon,  

we have been  a b l e  t o  p rove  a n a l y t i c a l l y  t h a t  whereve r  t h e  end 

p o i n t s  o f  t h e  boundary  can  b e  e s t a b l i s h e d  o p t i m a l l y  ( i e  t o  t h e  

r i g h t  o f  t h e  l i n e  r ) ,  t h e n  t h e  boundary i t s e l f  i s  o p t i m a l .  I n  

p r a c t i c e ,  t h i s  means t h a t  t h e  boundary can  e x t e n d  a s  f a r  t o  t h e  

r i g h t  i n  t h e  p h a s e  p l a n e  a s  d e s i r e d .  Of c o u r s e ,  t h i s  i s  s u b j e c t  

t o  t h e  a v a i l a b i l i t y  o f  a  s u f f i c i e n t l y  l a r g e  c o n t r o l  f l u x  c a r r y i n g  

t h e  t r a j e c t o r y  t o  t h e  r i g h t .  We have a l s o  shown f o r  a  v a r i e t y  of 

r e a c t o r  c o n d i t i o n s  t h a t  t h e  o p e r a t i o n  a t  z e r o  f l u x  b e f o r e  t h e  

boundary  i s  r e a c h e d  i s  o p t i m a l .  These r e s u l t s  now f u l l y  j u s t l f y  

t h e  g e n e r a l  n a t u r e  o f  t h e  t ime  o p t i m a l  solutions d i s c u s s e d  on 

page  2 .  

The f a c t  t h a t  t h e  r e g i o n  o f  a l lowed  boundary c o n t r o l  i s  

i d e n t i c a l  w i t h  t h e  r e g i o n  o f  a l lowed  s w i t c h i n g  was a n t i c i p a t e d .  We 

e n v i s a g e d  a  g e n e r a l i z a t i o n  of  t h e  r e s t r i c t e d  problem where t h e  

boundary  l i n e  was no l o n g e r  t h e  h o r i z o n t a l  l i n e ,  X = X, b u t  some 

s t r a i g h t  l i n e  o f  a r b i t r a r y  s l o p e ,  One such  l i n e  i s  r i t s e l f .  

S i n c e  o p e r a t i o n  down r i s  a l r e a d y  o p t i m a l  w i t h i n  t h e  framework o f  

t h e  u n r e s t r i c t e d  problem,  i t  s u f f e r s  no change on i n t r o d u c i n g  t h i s  

s p e c i f i c  r e s t r i c t i o n .  We c o u l d  a n t i c i p a t e  t h a t  any s l o p e  r e s t r i c t i c n  

t o  t h e  r i g h t  o f  r would l e a d  t o  a l l o w a b l e  boundary c o n t r o l .  A f u r -  

t h e r  g e n e r a l i z a t i o n  would b e  t o  c u r v e d  b o u n d a r i e s  r a t h e r  t h a n  s t r a i g h t  



boundar ies .  I f  t h e  same r e s u l t  h o l d s ,  we might be a b l e  t o  cover 

t h e  p r a c t i c a l  c a se  where t h e  v a r i a t i o n  i n  t h e  t empera ture ,  e t c ,  

o f  t h e  r e a c t o r  a f t e r  shutdown l eads  t o  changes i n  t h e  accep t ab l e  

xenon maximum X. 

We s u g g e s t ,  t h e r e f o r e ,  t h a t  a  f u r t h e r  p o i n t  of  s t udy  i s  t o  

g e n e r a l i z e  t h e  d e n s i t y  boundary as  i n d i c a t e d .  For a  l i n e a r  

boundary, t h i s  w i l l  be most e a s i l y  done perhaps by seek ing  a  

l i n e a r  t r ans fo rm of t h e  d e n s i t y  v e c t o r  and equa t ions  i n t o  t h e  

d i r e c t i o n  of t h e  new boundary, a l though i t  may no t  prove 

p r a c t i c a l  t o  g e n e r a l i z e  t h i s  t o  t h e  problem of t h e  curved 

boundary. 

For very  l a r g e  excess  r e a c t i v i t i e s ,  it can happen t h a t  t h e  
- 
X boundary i n t e r s e c t s  t h e  l i n e  r r a t h e r  t h a n  reach ing  a  d i r e c t  

sw i t ch ing  p o l n t .  I n  t h i s  c a s e ,  t h e  optimum bounded t r a j e c t o r y  

has  an a d d i t i o n a l  segment where i t  fo l lows  r t o  t h e  h i g h e s t  

sw i t ch ing  p o i n t .  This ca se  l i e s  o u t s i d e  t h e  range of i n t e r e s t  

s t u d i e d ,  b u t ,  i f  it a r o s e ,  a  s imple  mod i f i ca t i on  cou ld  be made 

i n  t h e  fo l lowing  analog program which would enab le  t h e  l i n e  r 
t o  be fol lowed.  The equa t ion  f o r  r and t h e  f l u x  on r a r e  g iven 

i n  Table I 

ANALOG COMPUTATION METHODS 

Computing t h e  Optimum T r a j e c t o r y  

An analog computer,which can be cons ide red  an e l e c t r o n i c  

p i l o t  p l a n t ,  can be i n s t a l l e d  t o  monitor  t h e  o n - l i n e  o p e r a t i o n  

of a  r e a c t o r .  The computer i s  e a s i l y  modif ied  t o  under take a  

speeded up c a l c u l a t i o n  i n  an e l apsed  t ime of minutes f o r  an 

optimum f l u x  program. A s i g n i f i c a n t  advantage i n  having an on- 

l i n e  computer a v a i l a b l e  f o r  t h i s  t a s k  i s  t h a t  r e a l i s t i c  va lues  of  

xenon and i o d i n e  d e n s i t i e s  and admis s ib l e  xenon maximum d e n s i t i e s  

a r e  a v a i l a b l e .  



A s  an a l t e r n a t i v e ,  t h e  optimum f l u x  program can  b e  s o l v e d  

r e a d i l y  ' o f f  - l i n e 1  and a  t a b u l a t i o n  f o r  a  r ange  o f  o p e r a t i n g  

c o n d i t i o n s  can  b e  made a v a i l a b l e  t o  t h e  r e a c t o r  o p e r a t o r .  T h i s  

s e c t i o n  o f  t h e  r e p o r t  d e s c r i b e s  how an EASE model 1132 a n a l o g  

computer  was programmed f o r  such  an o f f  - l i n e  computa t ion .  The 

program i s  r e a d i l y  a d a p t e d  t o  o t h e r  computers ;  i n  p a r t i c u l a r ,  

t h e r e  i s  an advan tage  i n  t h e  u s e  o f  an i t e r a t i v e  a n a l o g  computer  

s i n c e  t h e  t a s k  o f  d e t e r m i n i n g  a  s w i t c h i n g  p o i n t  can  b e  u n d e r -  

t a k e n  s i m u l t a n e o u s l y  w i t h  t h e  computa t ion  o f  t h e  r ema inde r  o f  t h e  

f l u x  program. 

The r e p r e s e n t a t i o n  o f  t h e  r e a c t o r  i n  t h e  x e n o n- i o d i n e  p h a s e  

p l a n e ,  F i g u r e  5 ,  i s  u s e f u l  i n  c o n s i d e r i n g  t h e  sys t em b e h a v i o r .  

The v a l u e  o f  t h e  n e u t r o n  f l u x  d e t e r m i n e s  t h e  r a t e  o f  change o f  

i o d i n e  and xenon l e a d i n g  t o  a  un ique  t r a j e c t o r y  s t a r t i n g  from an 

assumed i n i t i a l  p o i n t .  D i f f e r e n t  f l u x  programs o r  p a t t e r n s  l e a d  

t o  d i f f e r e n t  t r a j e c t o r i e s  from t h e  i n i t i a l  p o i n t  t o  t h e  r e q u i r e d  

t e r m i n a l  p o i n t  on t h e  t a r g e t  c u r v e ,  Q .  A p u r e l y  a r b i t r a r y  p r o -  

gram t o  keep  t h e  xenon c o n c e n t r a t i o n  below a  v a l u e  W i s  shown i n  

F i g u r e  5 .  But a c c o r d i n g  t o  t h e  optimum t h e o r y ,  t o  s e c u r e  a  

-+ Zero flux - Maximum flux 
F I G U R E  5 .  A r b i t r a r y  T r a j e c t o r y  and F lux  Program 



minimum c o n t r o l  p e r i o d  o r  shutdown t i m e ,  t h e  t r a j e c t o r y  s h o u l d  

f o l l o w  t h a t  shown i n  F i g u r e  6 .  

I / Maximum f l u x  @b( t )  t o  s e c u r e  

Zero f l u x  cons tant  xenon + 
D I 

FIGURE 6 .  Optimum T r a j e c t o r y  and Flux  Program 

A t  t i ,  t h e  r e a c t o r  f l u x  i s  r educed  t o  z e r o  ( f i r s t  shutdown) 

u n t i l  t h e  maximum a l l o w a b l e  xenon c o n c e n t r a t i o n  X i s  r e a c h e d  a t  

tb .  A v a r i a b l e  f l u x  i s  t h e n  r e q u i r e d  t o  c o n t r o l  t h e  xenon con-  

c e n t r a t i o n  which keeps  i t  c o n s t a n t  u n t i l  t h e  t r a j e c t o r y  r e a c h e s  a  

p r e v i o u s l y  de te rmined  s w i t c h i n g  p o i n t  a t  t s ' A t  t h e  s w i t c h i n g  

p o i n t ,  t h e  maximum a v i a l a b l e  c o n t r o l  f l u x  i s  a p p l i e d  t o  bu rn  o u t  

xenon and t o  b r i n g  t h e  t r a j e c t o r y  t o  t h e  t a r g e t  c u r v e .  

I n  t h e  d e t e r m i n a t i o n  o f  t h e  s w i t c h i n g  p o i n t ,  i t  i s  n e c e s s a r y  

t o  employ t h e  a d j o i n t  e q u a t i o n s ,  boundary c o n d i t i o n s ,  and s w i t c h i n g  

f u n c t i o n  of  t h e  t h e o r y  a l r e a d y  d i s c u s s e d .  F i g u r e  7 shows a  f a m i l y  

o f  c u r v e s  f o r  shutdown w i t h  no r e s t r i c t i o n  on t h e  xenon d e n s i t y .  

The s w i t c h i n g  p o i n t  i s  t h e  apex  o f  t h e  t r a j e c t o r y ,  which marks t h e  

change from a  z e r o  t o  a  maximum f l u x .  I t  i s  s e e n  t h a t  f o r  d i f f e r e n t  

end p o i n t s  on t h e  t a r g e t  c u r v e ,  t h e r e  a r e  d i f f e r e n t  xenon v a l u e s  a t  

t h e  s w i t c h i n g  p o i n t .  The t a s k  i s  t o  d e t e r m i n e  which end p o i n t  w i l l  

l e a d  t o  a  s w i t c h i n g  w i t h  t h e  zenon v a l u e  e q u a l  t o  X i n  t h e  bounded 

problem. 



F I G U R E  7 .  U n r e s t r i c t e d  S w i t c h i n g  P o i n t s  

To f o l l o w  t h e  optimum t r a j e c t o r y ,  c e r t a i n  i n f o r m a t i o n  i s  

r e q u i r e d  by a r e a c t o r  o p e r a t o r .  He needs  t o  know tb ,  t h e  t i m e  

a t  which t h e  f l u x  i s  t o  be  s w i t c h e d  on a f t e r  f i r s t  shutdown,  t h e  

f l u x  t r a j e c t o r y  t o  f o l l o w ,  t h e  t ime  ts a t  which t o  switch.  t o  a 

maximum f l u x ,  and t h e  t ime  t f  a t  which t h i s  f l u x  i s  s w i t c h e d  o f f  

and t h e  c o n t r o l  p e r i o d  f i n i s h e d .  For  g i v e n  maxima f l u x  and 

xenon d e n s i t i e s ,  b u t  f o r  d i f f e r e n t  i n i t i a l  c o n d i t i o n s ,  t h i s  

i n f o r m a t i o n  can  be de te rmined  and p r e s e n t e d  c o n v e n i e n t l y  by 

measur ing  backwards from a  f i x e d  f i n a l  t i m e .  ( I n  t h i s  c a s e ,  

t h e  s w i t c h i n g  t ime  i s  a l s o  f i x e d ,  because  f o r  a  g i v e n  X and T '  
t h e  s w i t c h i n g  p o i n t  i s  f i x e d . )  

F i g u r e  8 i l l u s t r a t e s  t h e  combina t ion  o f  f o r w a r d  and r e v e r s e  

t ime  f o l l o w e d  by t h e  a n a l o g  i n  d e t e r m i n i n g  t h e  t a r g e t  c u r v e  and 



S o l u t i o n  d i r e c t i o n  

f :  Forward t ime 

b :  Backward t ime 

FIGURE 8 .  S o l u t i o n  Sequence t o  Find S w i t c h i n g  P o i n t s  

t h e  s w i t c h i n g  p o i n t .  F i r s t ,  t h e  x e n o n - i o d i n e  t a r g e t  c u r v e  i s  

e s t a b l i s h e d  and a  s u i t a b l e  p o i n t  on t h e  t a r g e t  cu rve  i s  a r b i -  

t r a r i l y  s e l e c t e d .  The s w i t c h i n g  f u n c t i o n  i s  computed by s o l v i n g  

t h e  n d j o i n t  and p r o c e s s  e q u a t i o n s  i n  r e v e r s e  t ime  from t h e  t a r g e t  

cu rve  w i t h  t h e  computer  ' h o l d i n g '  when t h e  s w i t c h i n g  f u n c t i o n  

v a n i s h e s .  The xenon and i o d i n e  v a l u e s  a r e  obse rved  a t  t h i s  

s w i t c h i n g  p o i n t ,  and t h e  c a l c u l a t i o n  i s  r e p e a t e d ,  i f  n e c e s s a r y ,  

f rom a  d i f f e r e n t  p o i n t  on t h e  t a r g e t  c u r v e  u n t i l  s w i t c h i n g  o c c u r s  

w i t h  t h e  xenon d e n s i t y  e x a c t l y  e q u a l  t o  t h e  r e q u i r e d  v a l u e  X. 

F i g u r e  9 p r e s e n t s  t h e  e q u a t i o n s  used  i n  t h e  d i f f e r e n t  

p o r t i o n s  o f  t h e  t r a j e c t o r y  o r  i n  e s t a b l i s h i n g  t h e  t a r g e t  c u r v e  

( i n c l u d i n g  e q u a t i o n s  f o r  t h e  fo rma l  p r o o f  o f  o p t i m a l i t y ,  d i s -  

c u s s e d  i n  t h e  n e x t  s e c t i o n ) .  These e q u a t i o n s  have been c a t e g o r i z e d  

a s  : 



E s t a b l i s h i n g  t a r g e t  curve - I n i t i a l i z a t i o n  

Switching p o i n t  de t e rmina t ion  - Regime 1 

Operat ion on t h e  boundary - Regime 2 

Returning t o  o p e r a t i n g  p o i n t  - Regime 3. 

The s o l i d  p o r t i o n  of t h e  curves  dep i c t ed  w i th  each s e t  o f  

equa t ions  shows where t h e  equa t ions  apply .  

Figure  1 0  shows t h e  pa t ch ing  diagrams wi th  s p e c i a l  swi tches  

a s  used on t h e  EASE 1132 analog computer. I n t e g r a t o r s  2 and 3 

s imu la t e  t h e  i o d i n e  and xenon d e n s i t i e s  t o  s a t i s f y  t h e  c o n t r o l  

f l u x  (Ampl i f i e r  1 ) .  The a d j o i n t  equa t ions  a r e  s imu la t ed  w i t h  

" spec i a l"  I n t e g r a t o r s  6 and 7 .  These i n t e g r a t o r s  a r e  s p e c i a l  

because t h e i r  i n i t i a l  c o n d i t i o n  mode i s  c o n t r o l l e d  by Hand 

Switch 4 (SW4 i n  upper r i g h t  hand co rne r  of Figure  9 ) .  When 

SW4 i s  down, t h e  i n t e g r a t o r s  a r e  i n  i n i t i a l  c o n d i t i o n  ( I . C . )  

D i f f e r e n t i a l  Relay 1 (K-1) p rov ides  t h e  l o g i c  f o r  a l t e r i n g  

t h e  f l u x  a t  t h e  swi t ch ing  p o i n t  and f o r  a u t o m a t i c a l l y  p l a c i n g  

t h e  computer i n  HOLD when SW1 i s  up. D i f f e r e n t i a l  Relay 2 and 

SW1 a r e  used f o r  a u t o m a t i c a l l y  p l a c i n g  t h e  computer i n  HOLD 

when t h e  i o d i n e  va lue  drops below t h e  va lue  by Hand S e t  Pot 1 

(HI) .  Switch 7 ,  t o g e t h e r  w i th  D i f f e r e n t i a l  Relays K - 3  and K- 5 ,  

i s  used f o r  changing from forward time t o  r e v e r s e  t ime .  Hand 

Switches 2 ,  3 ,  5 a r e  used f o r  p l a c i n g  m u l t i p l i e r s  i n  t h e  d i v i d e  

mode. F igure  11 shows t h e  sequence of o p e r a t i n g  a l l  sw i t ches  

f o r  s a t i s f a c t o r y  s imu la t i on  a f  t h e  problem. 

Proof of O ~ t i r n a l  T r a i e c t o r v  

To use  t h e  analog computer t o  r e p e a t  t h e  proof  of  op t imal  

shutdown i n  t h e  zero  f l u x  s e c t i o n  of t h e  t r a j e c t o r y ,  i t  i s  

neces sa ry  t o  make use  of  t h e  a d d i t i o n a l  equa t ions  shown i n  

s e c t i o n s  3 and 4 of  Figure  9 .  These a r e  no t  r e q u i r e d  f o r  j u s t  



INITIALIZATION REGIME 1 REGIME 2 REGIME 3 

EQUATIONS FOR ESTABLISHING 

TARGET CURVES 

(IN FORWARD TIME) 

EQUATIONS FOR DETERMINING 

SWITCHING POINT 

(IN REVERSE TIME) 

EQUATIONS FOR OPERATING 

ON THE BOUNDARY 
EQUATIONS FOR RETURNING TO 

OPERATING POINT 

(IN REVERSE TIME) 

Reauired Eauations Required Equations 

Values that result in aH/a@ = 0 
at maximum allowable xenon density 
(determined by trial and error). 

I (tb) {Continuous 

X(tb) d I ' = 'target when > O  

Equations for Demonstrating 
Proof of Derivation 

aH - - - 
a 4 

l+Yif - X + ~ X  

d I + h= - "[I' - XI] 

dx+ hi = - "x+ 

I + 

(tb) is continuous 

Y C 
x+ - - - 

(tb) 
I+ 

ox (tb) 

Equations for Demonstrating 
Proof of Derivation 

I+ = 1 
dI/dt 

I + is continuous 
(t,) 

FIGURE 9. Summary of Equations for Solving the Time Optimal 
Boundary Limited Problem 



BNWL- 186 

FIGURE 10. Xenon Time Optimal Shutdown 1132 Computer 
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d e t e r m i n i n g  t h e  optimum t r a j e c t o r y .  The a d j o i n t  e q u a t i o n s  i n  

Regime 3 a r e  t h e  same a s  i n  Regime 1. Note t h a t  t h e  i n i t i a l  

c o n d i t i o n s  f o r  t h e  a d j o i n t  e q u a t i o n s  i n  Regime 3 a r e  - n o t  t h e  

same a s  i n  Regime 1. R a t h e r ,  t h e  a d j o i n t  s o l u t i o n  i s  g e n e r a t e d  

i n  Regime 2 i n  o r d e r  t o  p r o v i d e  t h e  c o r r e c t  i n i t i a l  c o n d i t i o n s  

i n  Regime 3 .  The n e c e s s a r y  s w i t c h i n g  f o r  t h i s  e x t e n s i o n  o f  t h e  

a n a l o g  s i m u l a t i o n  i s  shown a s  p a r t  o f  F i g u r e  11. 

P r e s e n t a t i o n  o f  R e s u l t s  

When t h e  computa t ion  i s  done " o f f - l i n e " ,  t h e  n e c e s s a r y  

i n f o r m a t i o n  f o r  . s t a n d a r d  o p e r a t i n g  p r o c e d u r e s  can  be  p r e s e n t e d  

i n  t h e  form o f  a  c h a r t  o f  f l u x  v e r s u s  t ime .  Such c h a r t s  w i l l  

v a r y  w i t h  

I n i t i a l  c o n d i t i o n  o f  r e a c t o r  - The most s i g n i f i c a n t  c a s e  

where t h e  r e a c t o r  had  been  runn ing  a t  s t e a d y  s t a t e  b e f o r e  

shutdown.  I t  i s  e a s y  t o  g e n e r a t e  s o l u t i o n s  f o r  any i n i t i a l  

c o n d i t i o n s ,  b u t  t h e  o p e r a t o r  must know what i n i t i a l  v a l u e s  

o f  i o d i n e  and xenon he  h a s ,  p robab ly  from an o n - l i n e  

computer .  

Maximum f l u x  d u r i n g  shutdown - This  w i l l  u s u a l l y  b e  t h e  

s t e a d y  o p e r a t i n g  f l u x .  

Maximum a d m i s s i b l e  xenon d e n s i t y  - This  w i l l  v a r y  w i t h  

t h e  a v a i l a b l e  e x c e s s  r e a c t i v i t y .  

D i  t tman ( 6 )  d i s c u s s e d  a  nondimens ional  r e p r e s e n t a t i o n  o f  t h e  

phase  p l a n e ,  which might  b e  found u s e f u l  i n  p r e s e n t i n g  o p t i m a l  

t r a j e c t o r i e s  when t h e s e  v a r i a b l e s  a r e  a l t e r e d .  

Conc lus ion  

The a n a l o g  program and t e c h n i q u e s  h e r e  e n a b l e  t h e  o p t i m a l  

shutdown f l u x  t o  b e  de te rmined  i n  minimum t ime w h i l e  n o t  e x c e e d i n g  

r e s t r i c t i o n s  on t h e  maximum xenon p o i s o n i n g  p e r m i t t e d .  The computer  



can  f i n d  and p r e s e n t  t h e  i n f o r m a t i o n  n e c e s s a r y  f o r  a  r e a c t o r  

f o l l o w i n g  such  a  program a s  i n  F i g u r e  4 .  

Two o b s e r v a t i o n s  s h o u l d  be  made. The f i r s t  conce rns  t h e  

s e n s i t i v i t y  o f  t h e  s o l u t i o n  d u r i n g  t h e  p e r i o d  o f  maximum f l u x ,  

e s p e c i a l l y  i n  t h e  d e t e r m i n a t i o n  o f  t h e  s w i t c h i n g  p o i n t .  Al though 

t h e  method d e t a i l e d  h e r e  comple te s  t h e  optimum t r a j e c t o r y  by f o l -  

lowing back  from t h e  s w i t c h i n g  p o i n t ,  t h e r e  a r e  a d v a n t a g e s  i n  

u s i n g  an a l t e r n a t i v e  p r o c e d u r e  (employing t h e  same a n a l o g  program, 

however) .  For  example ,  t h e  r e q u i r e d  s w i t c h i n g  p o i n t  would b e  

c a l c u l a t e d  s e p a r a t e l y ,  by u s e  o f  a  t ime  s c a l e  t h a t  would e n a b l e  * 
a  more a c c u r a t e  s o l u t i o n  t o  be  found.  With t h i s  s w i t c h i n g  p o i n t  

d e t e r m i n e d ,  i t  would b e  t h e n  e l e m e n t a r y  t o  f o l l o w  t h e  optimum 

t r a j e c t o r y  a t  a  h i g h e r  computing s p e e d  f o r  d e t e r m i n i n g  t h e  t ime  

o f  s w i t c h i n g  r e l a t i v e  t o  t h e  f i r s t  shutdown.  

The second  o b s e r v a t i o n  conce rns  an obv ious  g e n e r a l i z a t i o n  o f  

t h e  p r o c e d u r e .  I n  t h e  problem d i s c u s s e d  s o  f a r ,  i t  was r e q u i r e d  

t h a t  t h e  r e a c t o r  be  a v a i l a b l e  f o r  r e s t a r t  a t  - a l l  t i m e s  a f t e r  t f .  

I n  p r a c t i c e ,  i t  may be  t h a t  a  s h o r t  o u t a g e  would b e  a c c e p t e d ,  

w i t h  t h e  advan tage  b e i n g  t h a t  t h e  c o n t r o l  p e r i o d  can  b e  s h o r t e n e d  

even  f u r t h e r .  I n  t h e  p h a s e  p l a n e ,  t h e  t r a j e c t o r y  would be  t e r m i -  

n a t e d  e a r l i e r  on a  t a r g e t  c u r v e  whose peak  was g r e a t e r  t h a n  X. 
There  would b e ,  t h e r e f o r e ,  a  p e r i o d  where t h e  xenon d e n s i t y  r o s e  

a b o u t  X and p r e v e n t e d  r e s t a r t .  The a n a l o g  computer  i s  w e l l  s u i t e d  

f o r  f o l l o w i n g  t h i s  new t a r g e t  c u r v e  and d e t e r m i n i n g  t h e  t ime  a t  

which t h e  xenon d e n s i t y  f a l l s  a g a i n  t o  W, a l l o w i n g  r e s t a r t .  I t  

t h e n  becomes a  m a t t e r  o f  i t e r a t i o n  t o  s e l e c t  t h e  new t a r g e t  c u r v e  

l e a d i n g  t o  t h e  d e s i r e d  r e s t a r t  t i m e .  The t e c h n i q u e  f o r  o b t a i n i n g  

t h e  optimum t r a j e c t o r y  t o  t h e  t a r g e t  c u r v e  i s  unchanged.  

* 
Note t h a t  t h e  p u l s e  o f  maximum f l u x  may l a s t  f o r  o n l y  t e n s  o f  
minu tes  i n  Regime 1 w h i l e  Regimes 2 and 3 may l a s t  i n  a l l  f o r  
10 t o  15  h r .  
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