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LIGHT MODERATOR REACTOR PHYSICS 

Integrated Burnup Equations for Uranium-Plutonium Systems - R.. P. Matsen 

The equations governing burnup analysis can be written in closed form 

for the case in which microscopic c r o s s  sections remain constant a s  a func- 

tion of exposure.  The simplicity brought about by the closed form of these 

equations would make worthwhile an attempt to fit them to experimental data 

by the method of least squares.  The success  of such a venture would point 

the way to predicting isotopic concentrations during burnup of power reac tor  

sys tems,  assuming, of course ,  that a suitable method of determining micro-  

scopic c r o s s  sections i s  available. 

24 1 
Neglecting neutron capture by u~~~ and ~u~~~ and the decay of Pu , 

the differential equations governing burnup for plutonium-uranium sys tems 

a r e  the following: 

25 
l a .  --- d7 

d~~~ = -0 25N25 
lb.  a 
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B 
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c 'a Oa b = - -  a = -  a = -- ' c b = -  'a c = -- 'a ' c where:  d = -- 

25  ' 28  ' 2 5  ' 4 9  ' 25  ' 25  "=x 
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and 7 is thz  exposure  ( f l ux  t ime ) .  The  di f ferent ia l  equat ions  have been c a s t  

into two equivalent  f o r m s ;  the  ' b l  s e t  having been obtained by dividing the  ' a 1  
1 

s e t  by Equation l a .  

Assuming that  the mic ro scop i c  c r o s s  sec t ions  r ema in  constant  as a 

function of exposure ,  the  di f ferent ia l  equat ions  can be  solved analyt ica l ly  

using s tandard  techniques .  In p a r t i c u l a r ,  p r o p e r  cho ices  of in tegra t ing  f a c t o r s  

fac i l i ta te  solving s e t  ' b ' .  With the  z e r o  subscr ip t  indicating in i t ia l  va lues ,  

the  solutions a r e  a s  follows: 

where:  KO = N 2 8 ( N i 5 ) - d  o 

N28) (N95)a  where :  K1 = 
d - a  o 

5 .  N 4 0  + a add 28 CIa N 4 9  - K~ (N25f = 0  
( d - b ) ( a - b )  N +--- a - b  

madd + N4'] (N:5rb 
a - b  o 



Equation 7 is m o s t  e a s i l y  obtained by mult iplying '3b '  by a6, ' 4b '  by a ,  '7bf  
1 by ? ,  and then adding t h e s e  modified equations t o  '5b '  and '6b '  and in tegra t ing.  

Also,  s ince  d is a s m a l l  n u m b e r ,  Equation 3 m a y  be  wr i t t en  

N~~ - N  2 8  
o ~z~ 

8  
= d t n -  

N~~ 

which is a c c u r a t e  t o  f i r s t  o r d e r  in  d.  T o  t h e  extent  that  m i c r o s c o p i c  c r o s s  

sec t ions  a r e  cons tan t ,  m o s t  probable  va lues  of t h e  c r o s s  sec t ion r a t i o s -  

a, a ,  b ,  etc.- m a y  be obtained by p e r f o r m i n g  a s imul taneous  l e a s t  s q u a r e s  

f i t  of Equat ions  2 through 7 t o  avai lable  exper imenta l  burnup data .  

T h e  l e a s t  s q u a r e s  fit r e q u i r e d  h e r e  is cons ide rab ly  m o r e  complex 

than is b rd ina r i ly  encountered.  F i r s t  of a l l  one c o n s i d e r s  only v a r i a b l e s ,  

a s  opposed t o  cons ide r ing  a dependent va r iab le  and one o r  m o r e  independent 

v a r i a b l e s .  In o u r  c a s e  the  v a r i a b l e s  a r e  t h e  i sotopic  concentra t ions  ( the  N ' s  

in Equat ions  2 through 7). T h e  e r r o r s  a s s o c i a t e d  with each  da ta  point m u s t  

be d e s c r i b e d  by a m a t r i x  a s  opposed to  the  s i m p l e r  s i tua t ion,  w h e r e  only t h e  

e r r o r  in t h e  dependent va r iab le  is r e q u i r e d .  L a s t l y  Equat ions  2 through 

7 m u s t  be f i t ted t o  t h e  d a t a  s imul taneously .  A l e a s t  s q u a r e s  fitting rout ine  

with the  r e q u i r e d  sophist icat ion t o  solve t h i s  p rob lem is u n d e r  development 

by B. H .  Duane in t h i s  l abora to ry .  



The analogous equations fo r  a plutonium sys tem a r e  e a s i e r  to deal 

with. Applying the s a m e  procedure a s  above, one has: 

where: = k 4 0  0 + N4')(N:') - b  1 - b  0 

a b  
C 

N41 + N49 + - N40 - K1 (N4') = 0 
( 1  - c)(b .- C )  b - c  

where: K1 = [N4' + a b  49 ( 1  - c)(b - C )  No 
+- 

o b - c  N4'] o (N:')- 

1 Y (N4' - N4') 0 + a (N4' - N4') 0 + N40 - N:" + NI1 - N41 0 = 0 

It mus t  be pointed out that the or iginal  assumption of constant m i c r o -  

scopic c r o s s  sect ions  is a t  best  a weak one. Clear ly ,  the microscopic  c r o s s  

section of any isotope which exhibits a s t rong  and hence self-shielding 



9 BNWL- 222 

resonance  ( ~ u ~ ~ ~  is a good example) will v a r y  a s  the isotope changes con- 

centra t ion.  None the  l e s s ,  the  in tegrated equations given above could 

s t i l l  be worthwhile fo r  some applications.  Meant ime,  the s impl ic i ty  

implicit in the  c losed f o r m  of th2se  equations provides  sufficient mot iva-  

tion fo r  f u r the r  investigation of t h i s  point. 





CRIT1CA.L MASS PHYSICS 

Cri t ical i ty  Safety of Pu02-SS Dr ive r  Fue l  in the  F F T F  - C.  L .  Brown 

When the F F T F  design was  reviewed for  nuclear  safety in July 

1965,") the  review w a s  based on F F T F  d r ive r  fuel pins of 20.0 vol$ Pu02-SS 

and 0.20 in .  d iameter .  Also at that t ime ,  s eve ra l  conservative assumptions 

were  made concerning the calculation of the c r i t i ca l  p a r a m e t e r s  fo r  d r ive r  

fuel in light water ;  in par t icu la r ,  the pins w e r e  assumed t o  contain P u 0 2  at 

theoret ical  density; the minimum ~u~~~ content was  assumed to be 570; and 

the pins w e r e  assumed t o  have no cladding. 

Since July 1965 the maximum proposed enrichment f o r  the  d r ive r  

fuel  has  been increased  slightly t o  21. 6 vol% P u 0 2  and the pin d iameter  

t o  0. 21 in. T o  evaluate the effect of these  changes on the conclusions made 

in the or iginal  study, the c r i t i ca l  p a r a m e t e r s  fo r  the FFTF dr ive r  fuel pins 

in light water  were  recalculated.  In the l a t e r  calculations,  the fuel pins  

were  defined a s  accura te ly  a s  possible; and no conservative allowances were  

made in density, ~u~~~ content, o r  cladding thickness.  The  r e su l t s  a r e  p re -  

sented in Tables  I and 11. 

TABLE I 

CHANGES MADE IN F F T F  DRIVER FUEL DESCRIPTION 

A s sumption Original Study P resen t  Study 

Fue l  P in  Diameter ,  in. 0.200 0.210 

Fue l  P in  Length, in. 36 33 .46  

Cladding, in. None 0.008 (SS) 

PuOZ Content, vol70 20.0 21, 6 

~ ~ 2 4 0 ,  70 5 10 

P u 0 2  Density,  g / c c  11.46 (theo. ) 10.31 (90% theo.)  

Plutonium Density in Fuel ,  
g P U / C C  2.021 1.964 

(1) BNWL- 193, Phys ics  Resea rch  Quar te r ly  Repor t ,  July,  August, 
September ,  19 65. 



Age Theory  and Time Dependent One-Group Diffusion 

T h e r m a l  pulsed neutron sou rces  a r e  not common, however; and a 

modification of the model is needed t o  give r e s u l t s  suitable fo r  comparison 

with experimental  data  obtained using a typical  high energy  neutron source .  

Since the migration of high energy  neutrons i s  usually significant, some con- 

sideration mus t  be given t o  th i s  aspect  of the problem.  In a f i r s t  approxima-  

tion th i s  can be done using F e r m i  Age Theory  to  descr ibe  the slowing down 

process ;  the assumption of t ime  dependent F e r m i  Age Theory  combined with 

t ime  dependent diffusion theory  h a s  been successful ly  made by Ky l s t r a  and 

uhrig"' in deriving spatially dependent t r a n s f e r  functions. In o u r  analysis ,  

t ime  independent age theory  and t ime  dependent diffusion theory  were  used 

since in w a t e r ,  the medium of p r ime  concern h e r e ,  slowing down t i m e s  a r e  

v e r y  shor t .  Time-dependent age theory  could be incorporated with ve ry  

l i t t le i nc rease  in complexity. 

Using a del ta  function source  of fas t  monoenergetic neut rons  

and ignoring capture  during slowing down, the predicted t h e r m a l  neutron 

density in an infinite medium with t h i s  model  is 

2 
i i A exp ( - a t )  exp [ - r  I 4  ( ~ v t  + T ~ ~ )  ] 

nth ("t) = 
[4n (Dvt + T ~ ~ )  ! 3 1 2  

Since slowing down t ime h a s  been ignored h e r e ,  the t ime  var iable  t r e f e r s  

to  the  t i m e  elapsed s ince the neutrons were  slowed down. 

F igu re  2 shows the t rans ien t  neutron density as predicted by 

Equation (4 )  f o r  var ious  values of the separat ion distance in light water ;  the 

energy  of the  source  neutrons was  assumed t o  be 14 MeV. The  t ransient  

dens i t i es  predicted by Equation (4)  a r e  significantly different f rom those 

obtained using diffusion theory  alone. The  t rans ien t  c u r v e s  are  much 

s t r a igh te r  and each could be well approximated by a single exponential t e r m .  



Time, p s e c .  

FIGURE 2.  Trans ien t  Neutron Densi ty  in Water  as Predicted 
by Age Theory  P l u s  Time-Dependent One-Group Diffusion 

In addition, the spatial  dependence is f a r  l e s s  than before,  due t o  the wide- 

spread  dispers ion of neutrons f rom the i r  point of origin as they slow down. 

F o r  a nonmultiplying medium, the  combined age and t h e r m a l  diffu- 

sion model  is exactly equivalent to a two-group diffusion model,  where 

source  neutrons a r e  permit ted t o  d i spe r se  as neutrons in the high energy  

group fo r  a specific t ime  before enter ing the t h e r m a l  group. 

F i r s t  Fl ight ,  Age, and Diffusion 

Since the dispers ion of fas t  neutrons s t rongly influences the t he rma l  

neutron density,  an important effect ,  especial ly  in aqueous media ,  is likely 

to  be f i r s t  flight correct ion.  Such a cor rec t ion  w a s  suggested by a 



comparison of the  r e s u l t s  of Equations (2)  and (4); it  was  fur ther  indicated 

by the poor agreement  between experiment  and Equation (4) ,  and it h a s  a l s o  

been suggested by Kyls t ra  and Uhrig.  (') T o  add th i s  cor rec t ion ,  the  fas t  

neutron sou rce  t e r m ,  S ( r ,  t ) ,  i s  not exp res sed  as a delta function, but as f 
a f i r s t  flight collision density. 

where 

C = macroscopic  sca t te r ing  c r o s s  section.  
0 

F o r  source  neut rons ,  the manipulations a r e  involved for  obtaining the the rma l  

neutron density. The s implest  method is t o  solve f i r s t  the one-dimensional 

problem for  a plane source  and then convert  t o  the point source  ca se  via a 

plane -to-point kerne l  conversion,  (10) viz , 

Thi s  method was  used for  a l l  models ,  and the r e su l t s  a r e  summar ized  in 

Table I. Equations ( 2 )  and (4)  in Table  I have a l ready  been presen ted ,  while 

Equation (7)  is new and accounts f o r  the distance t raveled in f i r s t  flight in 

addition to age and the rma l  group diffusion. The  T ' appear ing in  Equat ion(7)  
, 

is different f r o m  T appear ing in Equation (4) .  The  actual value of T used in 

calculations w a s  obtained f r o m  experimental  values of the  mean squared 

slowing down distance,  -Z r . ( I1 )  The value of T I  was  modified to account fo r  

the dis tance t rave led  during the f i r s t  flight. All values of the slowing down 

and diffusion p a r a m e t e r s  of water  used in the predicted cu rves  of t h i s  paper  

a r e  given in Table  11. 



TABLE I 

DISTRIBUTION O F  THERMAL NEUTRONS, n(x ,  t )  AND n ( r ,  t )  

FOLLOWING A PULSE O F  NEUTRONS A T  THE ORIGIN 

Plane Source ,  A 6(x) 6(t) Point Source,  A 6 ( r )  6 ( t )  

2 A e - ~  / 4 D v t e - a t  
2 

i One-group t ime  dependent (x ,  t )  = i  A e 
- r  / 4 ~ v t ~ - a t  

diffusion 
n ( r ,  t )  = 

( 4 r r ~ v t ) l ' ~  ( 4 n ~ v t ) ~ ~ ~  

F e r m i  age slowing down i i  A e - x 2 / 4 ( ~ v t  +  at A e - r 2 / 4 ( ~ v t  + TIe-at plus t h e r m a l  t ime -  n (x ,  t )  = ni i ( r ,  t )  = 
dependent diffusion 4n(Dvt + T )  I 3 l 2  

F i r s t  flight col l is ion densi ty 2 
r o ( D v t  + 7 ' )  L:(DV~ + T I ) .  

p lus  

e - a t  I AC;e ,- a t  
i i i  

age n (x,  t )  = nii i (r ,  t )  = 
plus  4 817 r 

t h e r m a l  t ime-dependent  
diffusion 

-Cox 2' (Dvt + 7 ' )  - x 'Lor 2 C o ( D v t + ~ ' ) + r  
+ e e r f c  O - e e r f c  

2(Dvt + T ' ) " ~  2(Dvt + T ' ) " ~  } 
D ,  v = t h e r m a l  group diffusion coefficient and speed 

t = t ime  var iab le  

a = vC- [l - ka(l - B ) ]  

Equation No. 

(2 )  

C o  = Macroscopic  s ca t t e r i ng  c r o s s  sect ion f o r  sou rce  neut rons  
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TABLE I1 

SLOWING DOWN AND DIFFUSION PARA.METER S 

OF WATER USED IN CALCULATIONS 

Value 

10" neut rons  

Pred ic ted  values  f rom Equation ( 7 )  fo r  a point source  of 14  MeV 

neutrons a r e  plotted in F igure  3 .  On comparing these cu rves  with those of 

F igu re  2 ,  it is apparent that the f i r s t  flight correct ion is significant. The 

changes r e su l t  in l e s s  curva ture  of the  semilog plots a s  well  as l e s s  spat ia l  

variation in the t ime  decay of neutron density. The  cu rves  of F igu re  3 

approach v e r y  nea r ly  the behavior one would expect fo r  the asymptot ic ,  
- at  space -independent t rans ien t ,  i. e .  , an exponential decay proportional t o  e . 

T o  i l lus t ra te  the  c loseness  of approach,  the par t ia l  t ime  derivative of 

Equation (7)  is plotted as a function of t ime  in F igu re  4 and m a y  be compared 

with -a. 

EXPERIMENTAL RESULTS 

Exper iments  have been conducted at the  C r i t i c a l  M a s s  Labora tory  

where  neutron pulses ,  generated by a Kaman,  sealed tube neutron genera tor ,  

we re  introduced into var ious  media  and the  subsequent neutron density t r a n -  

sient measu red  with a 3 in. liquid scinti l lator tube.  The  f i r s t  exper iments  

were  conducted in an underground waste s torage c r i b  containing some fis- 

sionable ma te r i a l .  The  c r i b  itself was  v e r y  l a rge ,  but the experiment  was  not 

expecially p rec i se  since the pulsed neutron genera tor  tube and the  detector  

could not be lowered into the medium but were  suspended above i t .  The  
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Time, psec .  

FIGURE 3 .  Trans ien t  Neutron Densi ty  in Water  a s  Pred ic ted  by a 
Combination of F i r s t  Fl ight ,  Age, and Time-Dependent Diffusion 

FIGURE 4. Comparison of the  Asymptotic Decay Constant,  a ,  
with the Apparent Decay Constant Pred ic ted  by Equation ( 7 )  



spacing between pulser and the detector could not be varied over a signifi- 

cant range,  not could the spacing be carefully controlled. Although the 

resul t s  ( I 2 )  were  not conclusive, they did indicate that the neutron die-away 

was quite s imi lar  to a simple exponential decay, which was unexpected in 

light of the predictions obtained from one-group time dependent diffusion 

theory. 

Experiments were conducted in a large (15 ft d iameter ,  20 ft high) 

cylindrical tank filled with light water .  The resul t s  of these experiments 

confirmed those previously obtained on, and provided experimental data on, 

a medium having well- established nuclear propert ies  for  comparison with 

theory. A typical set  of experimental neutron density and theoret ical  p r e -  

dictions i s  shown in Figure 5. F o r  comparison between theory and experi-  

ment ,  a l l  t ransients  have  been normalized to the experimental value at  

600 p s e c .  Th i s  procedure was purely a rb i t r a ry  and was selected mainly 

on the bas is  of i l lustrating the difference in curvature and slope between 

experiment and predictions. Values obtained using time-dependent thermal  

diffusion theory have been corrected for a nominal slowing down time in 

water of 10 u sec.  

DISCUSSION 

The experimental resul t s  and a comparison of them with the pre-  

dictions of the three  simple models outlined above a r e  very  revealing. 

F i r s t ,  it i s  c lear  that the use of one-group ( thermal)  diffusion theory to 

describe o r  interpret  normal  pulsed neutron measurements  in large aqueous 

media i s  apt to  be in g r o s s  e r r o r ,  not only quantitatively, but qualitatively. 

The dispersion of fast  source neutrons i s  very  important and must be 

included. If the fast  dispersion i s  accounted for  by a F e r m i  Age Model, 

the resulting prediction i s  improved significantly. If ,  in addition to F e r m i  

Age, a f i r s t  flight correction to the initial source distribution i s  made,  the 

prediction i s  s t i l l  fur ther  improved and the agreement with experimental 

resul t s  i s  quite satisfactory. 

Second, it s eems  worth noting that the decay of neutrons in a l a rge ,  

homogeneous, aqueous medium appears  very  much like an exponential decay, 



Light Water, r = 77.6 cm 

Experimental 
-- Asymptotic [€xp( -vXat ) ]  
-.- Thermal diffusion 
---- Age +diffusion 
- First collision +age +diffusion 

/ 

/. 
/. 

t 

0 300 600 900 1200 1500 1800 2100 
Time, psec 

FIGURE 5. Experimental and Theoretical Neutron Density 
in Water; 7 7 . 6  cm Separation Between Source 
and Detector 

from which a decay constant may be estimated. This  "apparent" decay 

constant is a good estimator of the asymptotic value and in these experi- 

ment s was  always within 100/0, and usually within 570, of the asymptotic. 

Third,  these resul t s  suggest that pulsed neutron experiments in 

very large multiplying systems may also give useful resul ts .  In multi- 

plying sys tems it would be essent ial  to  account for  high energy neutrons 

through the use of time-dependent age o r  few-group theory,  but in prin- 

ciple the treatment would be identical. In aqueous media the apparent 

decay constant is usually l e s s  than the t rue  asymptotic constant, and only 

for a very small separation distances is it grea ter .  Therefore,  this 

indicates that an estimate of ka based on a pulsed neutron experiment 

would nearly always be conservative in that the apparent k" would be 



higher than the t r u e  value. To  make  any e s t ima te  of k, of c o u r s e ,  one 

must  know P / ?  , but engineer ing e s t i m a t e s  can often b e  made  with f a i r  

precis ion.  

F ina l ly ,  i t  should be  noted that  t he se  r e s u l t s  apply p r i m a r i l y  t o  

aqueous media .  I n  a sy s t em such  a s  g raph i te ,  whe re  the  t h e r m a l  dif- 

fusion length is long and where  t h e r e  is not such a d i spar i ty  between 

fast  and t h e r m a l  neutron mean  f r e e  pa ths ,  the quali tat ive na tu r e  of t he  

t rans ien t  neutron densi ty  wi l l  be di f ferent .  F igu re  6 g ives  an indication 

of the  di f ference and shows that  h e r e  again the  effects  of fas t  neutron 

d i spers ion  a r e  s ignif icant ,  but in t h i s  c a s e  the  apparent  decay  constant  

is significantly g r e a t e r  than the  asymptot ic  va lue ,  and that  the  t ime  

sca le  f o r  es tabl ishing an exponential decay is significantly g r e a t e r  than 

in an aqueous medium.  

Graphite; r.77.6crn. 
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-,, Age and Diffusion - First Collision, Age 

and Diffusion 

10 1 I I  I I I I I I 
0 1000 2000 3000 4000 5000 6000 7000 

Time,  p s e c .  

FIGURE 6 .  P r ed i c t ed  T rans i en t  Neutron Densi ty  in Graphi te  
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