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COMPARISON O F  DIFFERENT PROCEDURES FOR ITERATIVE 
FITTING O F  BUBBLE CHAMBER EVENTS INVOLVING 

NEUTRAL PARTICLES* I 

I 

, Pau l  Arthur Baker 

ABSTRACT 

The goals of the new method tested in  this  r epor t  were'twofold. 

The f i r s t  goal was to reduce the computation t ime required to calculate 

the derivative ma t r i ces  which occur  in  the i teration p rocess  associated 

with the kinematical analysis of bubble chamber data.  The second goal 

was to reduce the number of "fake fi ts" which a r e  obtained when using 

the p resen t  kinematical analysis  computer program.  Reducing the num- 

b e r  of "fake fi ts" a l so  reduces the t ime  required to do an ionization 

check of the data.  The effectiveness of the new method in accomplish-  

ing these two goals i s  limited. The computation t ime required to do the 

i terat ion procedure was  reduced. However, while reducing the number 

of "fake fits", the new method a lso  los t  a portion of the r e a l  f i ts .  

The new method has two vers ions .  The two vers ions  resul ted f r o m  

two different ways of' doing the calculation of e r r o r s  associated with 

var iables  computed i n  the i terat ion procedure.  Versions 2 did be t te r  than 

version 1 in  attaining the des i red  goals. The undesirable fea ture  of the 

old method of doing the kinematical analysis  was  that i t 'obtained too 

many "fake fi ts .  " Version 1 reduced the number of "fake fi ts" by 67%. 

This reduction is helpful in eas'ing thc job of ion checking. However, 

>k 
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due to the rigidity of e r r o r  assignments ,  vers ion  1 los t  up to 3270 of the 

I r e a l  f i ts .  This  lo s s  cannot b e  rationalized by the t ime  savings assoc i  - 
ated with the computation in the i teration procedure and with the ioniza- 

tion check. 

Version 2 reduced the number of "fake fits" by 4770 and a t  the s a m e  

t ime retained a t  leas t  8570 of the r e a l  f i ts .  Although'the reduction of 

"fake fits" by vers ion  2 i s  not a s  g rea t  a s  that for  version 1 the retention 

of r e a l  f i ts  is be t te r .  During t h e  experiments used to t e s t  the new 

method, vers ion  2 represented a compromise between the leniency of 

the old method and the rigidity of version 1 .  In some c a s e s  the los ses  

' sustained by vers ion  2 may b e  counterbalanced by the t ime savings ob- 

tained. F o r  example, if the number of events expected fo r  a des i red  

final s ta te  is la rge ,  one could balance the 1570 los s  of fi ts  with the r e -  

duction in t ime  required to run the p rogram on a computer.  However, 

even a maximum 1570 los s  i s  not acceptable if one has  a sma l l  number 

of f i ts .  In that c a s e  the old method i s  preferable  and the extra  computa- 

tion and ion.checking. t ime is necessary .  



I l NTRODUCT l ON 
/' 
i 
, I n  'a p a r t i c l e  reac t i on  a t  h igh  energy i t  i s  poss ib le  t o  produce more 
I .  

. I 

1 than one f i n a l  s tate.  . For  example when K- mesons i n t e r a c t  w i t h  protons 
1 

some o f  t he  poss ib le  f i n a l  s t a t e  con f i gu ra t i ons  i n v o l v i n g  two outgoing 
i 

',/ charged p a r t i c l e s ' a r e :  

K - ~  K - ~  ( e l a s t i c  s c a t t e r i n g )  
! 

- +. 
(one n e u t r a l  p a r t i c l e )  

- + o  - f i n ?  

(two o r  more n e u t r a l  
p a r t i c l e s )  

etc.  

When ana lyz ing  da ta  accumulated from the  observa t ion  and measure- 

ment o f  p a r t i c l e  i n te rac t i ons ,  i t  i s  necessary t o  determine the  f i n a l  

s t a t e  i n t o  which a  p a r t i c u l a r  event belongs. A h i g h  energy p h y s i c i s t  

uses severa l  c r i t e r i a  t o  decide which c o n f i g u r a t i o n  i s  most probable. 

For example, i n  a1 1 i n t e r a c t  ions t h e  laws o f  momentum and energy conserva- 

t i o n  must be s a t i s f i e d .  These two laws g i ve  f o u r  equat ions o r  f o u r  

c o n s t r a i n t s  r e l a t i n g  the va r iab les  associated w i t h  the  incoming and 

outgo ing  p a r t i c l e s .  When app ly ing  these r e l a t i o n s  t o  bubble chamber 

data, one has t o  rea 1 i ze  t h a t  on l y ,  charged p a r t i c l e s  can be seen i n  a  



bubble chamber. Therefore, if a neutral particle does exist in the 

fina.1 state it will not be seen and consequently cannot be measured. 

This problem may 'be circumvented by using three of the four constraint 
I 

equations to solve for the three variables associated with the unseen 

particle. Since three of the constraints were used to solve for the 

missing variables only one constraint is left to be satisfied. By analogy 

, one sees that it is impossible to solve the case where two neutral 
.. I 

jparticles exist in the final state because there are not enough constraints 
I 

jto determine the missing variables. Hence if an interaction has only 
i 
I 
: charged particles in the final state, it is referred to as four constraint 
i . .  . 
i '- 
I (4C) event. K - ~  4 K p is an example of a 4C event. Likewise a final 
I 
I 

; state configuration containing a neutral particle is referred to as a 1C 

event. There are eight such final states 1 isted in the example above. 

i Finally, any final state containing two or more neutral particles is 
I 

I 
said to be unconstrained. In general, four minus the number of unmeasured 

1 variables is the number of constraints. 

i 
. I  The high speed computer aids a physicist in the analysis of the 

1 
1 
I large amounts of bubble chamber data. The analysis "may be accomplished 

i in roughly three stages. The first stage may consist of an analysis of , 
I 

the measurements in order to determine the most probable values of the 

various quantities -- such as coordinates, space angles, curvature or 
momentum, and energy or velocity-- to be assigned each particle both 

before and after the interaction .... In the second stage, the output 
of such a 'one-track' analysis or spatial reconstruction program may be . . 

-, . 
.'.. 

used in ionjunction with kinematical req'ui rements to interpret the inter- 

action under consideration. Such a kinematical analysis may be used in 



t he  choice o f  one o f  several  poss ib le  i n te rp re ta t i ons ,  .... F i n a l l y ,  i n  

the  t h i r d  stage, the  r e s u l t s  from separate events may be combined and 

t h e  u i u a l  s t a t i s t i c a l  ana lys i s  performed upon a  group o f  events" 

( ~ e r g e  e t  'al., 1). It i s  d u r i n g  the  k inemat ica l  ana lys i s  o r  second 

stage t h a t  such c r i t e r i a  as the  momentum and energy c o n s t r a i n t  equations 

are used t o  determine whether o r  no t  a  p a r t i c u l a r  c o n f i g u r a t i o n  could be 

a F i t .  I n  i t s  t'urn, each o f  t he  poss ib le  constrained f i n a l  s ta tes  i s  

t r i e d  as a  work ing hypothesis. Once a  f i n a l  s t a t e  obta ins  a  fit, i t  

must be q u a n t i t a t i v e l y  ascer ta ined how good the  f i t  is .  The mathematical 

2 
q u a n t i t y  x i s  used t o  determine the  "goodness" o f  a  f i t .  . Usual l y  

not  a l l  o f  t he  f i n a l  s ta tes  whi.ch get  a  f i t  are retained. The f i t s  

w i t h  X 2 1 s  g rea te r  than a  predetermined value a re  re jected.  General ly  

the  l i m i t  i s  se t  l e n i e n t  enough t o  insure  t h a t  every poss ib le  r e a l  f i t  

i s  retained. Due t o  the  e r r o r s  associated w i t h  the  measured data, i t  

i s  poss ib le  f o r  more than one f i n a l  s t a t e  t o  get  a  f i t  f o r  a  p a r t i c u l a r  

event. For t h e  purposes o f  t h i s  repo r t  t he  f i t s  o the r  than the t r u e  

one a re  c a l l e d  "fake f i t s . "  The la rge  q u a n t i t y  o f  " fake f i t s "  which 

accumulate i n  the  present k inemat ical  ana lys i s  requ i res  a  p h y s i c i s t  t o  

;spend a d d i t i o n a l  t ime checking t h e  i o n i z a t i o n  o f  the  t racks  i n  each 
' . 

I 
;event. The accumulation o f  " fake f i t s "  i s  g rea te r  f o r  the  1 C  case than 
I 

( i t  i s  f o r  the  two c o n s t r a i n t  (2C), th ree c o n s t r a i n t  ( 3 ~ )  and 4C cases. 
I 
I 

/ Therefore, t a k i n g  t h e  K - ~  i n t e r a c t  ion  c i t e d  above, there  w i  1 1  be more 
I 

t " fake f i t s "  associated w i t h  t h e  f i n a l  s t a t e s  i n v o l v i n g  one ne!ctral 
i 
I 

p a r t i c l e  than there  w i  11 be i n  the  case o f  e l a s t i c  scat te r ing .  

One would 1 i k e  t o  develop a  sys tem~wh ich~wou ld  reduce t h q  number .o f  
I 

; "fake f i t s "  but, a t  t he  same time, r e t a i n  the  r e a l  f i t s .  Th is  repo r t  



descr ibes a  method which reduces the  number of "fake f i t s "  by 47% and 

s t i  1.1 r e t a i n s  a t  l e a s t  85% o f  t h e  des i red  f i t s  f o r  a  p a r t i c u l a r  1 C  f i n a l  

s tate.  Th is  meth'od eases t h e  j o b  o f  i on  checking and reduces the  

computat i on  t ime involved i n  t h e  i t e r a t i o n  process. The new vers ion  does 

no t  a l t e r  t he  c a l c u l a t i o n  i n  the  4C case. However, i n  the  lC,  2C and 3 C  

cases i t  ca lcu la tes  t h e  q u a n t i t i e s  and e r r o r s  associated w i t h  t h e  

miss ing va r iab les  before  t h e  k inemat ica l  ana lys i s  begins. The program 

l o g i c  then proceeds as i f  i t  were processing a  4C case. The r e s u l t  o f  

t h i s  change appears i n  t h e  X2 value f o r  t h e  f it. Consequently, conclu- 

sions about t h e  e f fec t i veness  o f  t h e  new vers ion  were made by comparing 

t h e  X2 d i s t r i b u t i o n s  o f  the  o l d  and new methods. 

The k inemat ica l  ana lys is  program used f o r  the t e s t s  was a  l o c a l  

vers ion  o f  GUTS  e ern an e t  al., 2). The m o d i f i c a t i o n  o f  GUTS was 
I 

tes ted on 1C .and 4C data  only. However, through analogy the  new 

method could be used i n  t h e  2C and 3 C  cases. I n  t e s t i n g  two d i f f e r e n t  

e r r o r  , c a l c u l a t i o n s  were used, and they  produced d i f f e r e n t  resu l ts .  



NOTAT l ON 

I n ' t h i s  r e p o r t  t h e  f o l l o w i n g  n o t a t i o n  convent ions a re  used: 

P The t o t a l  number o f  ou tgo ing  p a r t i c l e s  p l u s  one ( i f  t h e r e  i s  an 
incoming p a r t i c l e ) ;  f o r  t h e  program GUTS, 2 < - P - < 10: 

L The number o f  a n a l y t i c a l  c o n s t r a i n t s  t o  be a p p l i e d  a t  t h e  i n t e r -  
a c t  i o n  ver tex.  Here 0  < L  < 4. - - 

I  h he number o f  measured va r i ab les .  I = 3P + (L - k ) ,  and f o r  . 
GUTS 2 5 1  5 30. 

The az imutha l  ang le  o f  t h e  q t h  p a r t i c l e  a t  t h e  vertex,  measured 
9q f rom some a r b i t r a r y  ax i s .  

t a n  A The "p ro jec ted  c ~ r v a t u r e ' ~  o f  t h e  q t h  p a r t i c l e ,  d e f i n e d  by 
9  - 1 

k  = [Pq cos hq] . 
9 

P The momentum o f  t h e  q t h  p a r t i c l e ,  Mev/c. 
q  

  he x  components o f  t he  momentum summed over  a l l  measured t racks ,  
meas. t r a c k s  

d e f i n e d  by x x  = z k ) q ~ o s q / k .  
9  

9  9  

rc The y  component o f  t h e  momentum summed ove r  a1 1 measured t racks,  
Y meas. t r a c k s  

d e f i n e d  by rc = wq  s i n  9 / k  . 
Y 

9  
9  q 

* Z  
The z  component o f  t h e  momentum summed over  . a  1 1  measu red t racks, 

meas. t r a c k s  
d e f i n e d  by fiz = z &Iq t a n  hq/kq. 

q  

) E q u a l s . + l  (-1) i f  t h e  p a r t i c l e  i s  ou tgo ing  ( incoming).  
9  

x  Any measured v a r i a b l e  (9 t a n  A 
i qJ q, kq) 

Gi j  The e r r o r  m a t r i x  comprised o f  t he  e r ro r s ,  gxi, ass c i a t e d  w i t h  t h e  
measured va r i ab le ,  x., g i v e n  by (gx  i Gxj'ave 

9 = G- . 
I 

m As a  s u p e r s c r i p t  i n d i c a t e s  a  measured q u a n t i t y .  



THEORETICAL D I S C U S S I O N  

The mathematical f o rmu la t i on  used i n  the  l o c a l  vers ion  o f  GUTS 

c i t e d  i n .  t he  i n t r o d u c t i o n  was obta inkd f'rom an a r t i c l e  by Berge, Solmi t z  

and T a f t  (Berge:&&., 1) .  Th i s  f o rmu la t i on  invo lves  the  ass ign ing  o f  

probable values t o  , k  
4' 4 and tan  A f o r  each t rack .  The optimum se t  

9 

o f  va r i ab les  x. are obta ined when the , f u n c t i o n  
I 

2 I m x = X (x i  - x i  ) G . .  (x - x  m, 
i = l  IJ  j j 

sub jec t  t o  the c o n s t r a i n t  equat ions 

i s  minimized. L  Lagrange m u l t i p l i e r s  a are  in t roduced and' the  problem 
h 

i s  reduced t o  f i n d i n g  the  s t a t i o n a r y  value o f  the func t ion .  

I m m L 
M = Z, (x i  - X. ) G..(x - x  ) + 2 Z, 5 fA(;) 

I IJ j j ( 3 )  
i = 1 = 1 

Th i s  i s  solved by a s imple i t e r a t i ' o n  which invo lves  t h c e q u a t i o n s  

whe re  

Fo r  a1 1 cases (OC, l C J  2C, 3C, 4C), f (2) i s  a f unc t i on  o f  t h e  measured 



I m  
/ v a r i a b l e s  o n l y  ( i e  x.  = x  ) However t he  d e r i v a t i v e  m a t r i x  F (z) i s  

I i i 1 

*.I a  f u n c t i o n  o f  the  measured and whatever unmeasured v a r i a b l e s  a re  assumed 

I t o  e x i s t .  Tha t  is, i n  the  1 C  case when a  n e u t r a l  p a r t i c l e  i s  assumed t o  

i be m i s s i n g  t h e  q u a n t i t i e s  k, 4 and t a n  A a r e  unknown. The d e r i v a t i v e  

m a t r i x  has f o r  t he  measured v a r i a b l e s  e n t r i e s  o f  t he  f o rm  I 

,/ and f o r  t h e  unmeasured v a r i a b l e s . e n t r i e s  o f , t h e  f o rm  

whe r e  and y = ~r . 
3 z 

I n  o r d e r  t h a t  these d e r i v a t i v e s  may be eva lua ted  GUTS has t o  c a l c u l a t e  

. t h e  unknown v a r i a b l e s  (k, 9, and t a n  1) a t  t h e  s t a r t  o f  each i t e r a t i o n .  
', 

On t h e  o t h e r  hand, i n  t h e  4C case t h e r e  are, by  d e f i n i t i o n ,  no unmeasured 
'. . 

q u a n t i t i e s  and t he  d e r i v a t i v e  m a t r i x  has e n t r i e s  o f  t h e  f o rm  

These a r e  r e l a t i v e l y  simple, and i n  a d d i t i o n  t h e  program i s  n o t  r equ i red  

t o  c a l c u l a t e  any unknown v a r i a b l e s  a t  t h e  s t a r t  o f  each i t e r a t i o n .  T h i s  

r e s u l t s  i n  l ess  computat ion t ime  when c a l c u l a t i n g  t h e  d e r i v a t i v e  m a t r i x  

i n  t h e  4C case than  f o r  t he  1 C  case. 

Fur thermore when a t t emp t i ng  a  1 C  f i t  GUTS has more freedom t o  ad j u s t  

t h e  t r a c k s  i n  o r d e r  t o  m in im ize  X 2  t han  i t  does i n  t h e  4C case: One 

m igh t  expect  t h i s  because .o f  t he  fewer  c o n s t r a i n t s  t h a t  need t o  be s a t i s -  



2 
f i e d  w h i l e  m i n i m i z i n g  x i n  t h e  1 C  case. T h i s  freedom leads t o  " fake 

f i t s "  ( f , i t s  ob ta ined  by GUTS wh ich  a r e  l a t e r  r e j e c t e d  by an i p n i z a t i o n  ' 

check o f  t he  events) .  I n t u i t i v e l y  one f e e l s  t h a t  i f  t h e  1C case cou ld  

be approached as a  4C. case t h e r e  would be fewer  " fake f i t s "  and t he  

c a l c u l a t i o n  procedure would be l e s s  t ime  consuming. Such an approach 

i s  suggested by A. G. W i l son  when he i s  d e s c r i b i n g  a  k i n e m a t i c a l  a n a l y s i s  

program used a t  t h e  Ru the r fo rd  H igh  Energy Labora to ry  ( ~ i  lson, 3 ) .  

1 F o r  a  1 C  case t h e  approach i s  t h e  f o l l o w i n g .  F i r s t ,  s o l v e  t h e  t h r e e  

momentum const  r a  i i t  equat ions  f o r  t h e  unmeasured v a r i a b l e s  p l u s  t h e i  r 
I 

assoc ia ted  e r r o r s .  Second,'one cons iders  these c a l c u l a t e d  q u a n t i t i e s  as 

if they  were measured data. F i n a l l y ,  t h e  i t e r a t i o n  i nvo l ved  i n  m i n i m i z i n g  

X2 i s c a r r i e d  o u t  as i f  i t  were a  4C case. T h i s  reduces t h e  computat ion 

t ime  because t h e  unknown v a r i a b l e s  do n o t  have t o  be c a l c u l a t e d  a t  t h e  
t 

' s t a r t  o f  each i t e r a t i o n .  Hopefu l l y ,  t h i s  approach a l s o  reduces t h e  i 
!number o f  " fake f i t s . "  
I 
i I n  t h e  case o f  a  ou tgo ing  n e u t r a l  p a r t i c l e  t h e  equat ions  f o r  t h e  

i 
j unmeasured v a r i a b l e s  become ( ~ e r g e  e t  al. ,  1) 
i 

- 1  
= t a n  (II /II ) 

Y x 

t a n  ), = - k  n 
z ( 1 0 ~ )  

i The e r r o r s  6q, 6  k and 6  ( t a n  A )  were c a l c u l a t e d  i n  two d i f f e r e n t  ways. 
1 

1 T h e d i f f e r e n c e  i n c a l c u l a t i o n c o n s t i t u t e s t h e d i f f e r e n c e  i n t h e t w o  
I 
i ve rs i ons  wh ich  a r e  compared w i t h  t he  o r i g i n a l  method l a t e r  i n  t he  repo r t .  

I 
The f i r s t  i s  f rom d i f f e r e n t i a l  ca l cu lus .  



indep v a r i a b l e s  
tjv(;) = z av axi  . - ( 1  1) 

As s t a t e d  i n  Beer's (4) t he  d e v i a t i o n  f j V  i s  good t o  t h e  f i r s t  o r d e r  o f  

approximat ion. T h i s  i s  c o n s i s t e n t  w i t h  t h e  assumption i n  GUTS " t h a t  

t h e  c o n s t r a i n t  f u n c t  ionsare  l i n e a r  ove r  t h e  r e g i o n  covered by t h e  e r r o r s "  

( ~ e r g e  e t  al., 1). 

The second method i s  suggested by Beers (4) 
i ndep 

v a r i a b l e s  

I 

where P,, rep resen ts  t h e  p robab le  e r r o r  i n  t he  q u a n t i t y  V. The equa t i on  

as s t a t e d  by Beers i n  t h e  re fe rence  c i t e d  has a  c o r r e l a t i o n  c o e f f i c i e n t  

wh ich  ranges i n  va lue  f rom - 1  t o + ] .  When measurements a r e  known a p r i o r i  

t o  be independent t h e  c o e f f i c i e n t  i s  s e t  t o  zero. S ince GUTS makes t h e  

assumption t h a t  " i n d i v i d u a l  p a r t i c l e s  a r e  n o t  c o r r e l a t e d  w i t h  one another," 

( ~ e r g e  e t  al., l)  t h e  c o e f f i c i e n t  has been s e t  equal  t o  zero  f o r  t h i s  e x p e r i -  

ment. , Again n o t e  t h a t  t h e  e r r o r  exp ress ion  i n  equa t i on  12 i s  c o n s i s t e n t  

w i t h  t he  assumption i n  GUTS concern ing l i n e a r  c o n s t r a i n t  f unc t i ons .  

Fo r  the purposes o f  comparison e r r o r s  c a l c u l a t e d  u s i n g  ~ q u a t i o n  11 

w i l l  be c a l l e d  v e r s i o n  1  and those c a l c u l a t e d  u s i n g  equa t i on  12 w i l l  

be c a l l e d  v e r s i o n  2. The e r r o r  equa t ions  f o r  v e r s i o n  1 are:  

0 

meas. 
! rc t r a c k s  ' cos 4 s i n  4 

X 69  = 
rc 2+ rc 2 

9  
a kq 

x  Y .  9  

meas. 
s i n  9 cos 4 

6 .  

+k 2 k  
rc *+,I 

x Y 9  



meas. 
cos Q 

6 k  = 
I< 2 

9 9 
9 

meas .. 
t r a c k s  . ices " s i n  - n c k) -q 

q . kq 
, (13b) 

, 9  
9 

meas. 
-'I2 t r a c k s  

t a n  A 
, 6 ( t a n ~ ) = ,  - f i z 6 k + { f i x 2 + f i t ]  [ : k ) q ( 7 q 6 k q  k 

1 9 

W h i l e  t h e  e r r o r  equa t ions  f o r  v e r s i o n  2 a r e :  

2 mea s . 
t r a c k s  s i n  $ 2 COS $ 

6 + (_Tq 6 kq) 
k 

9 

2 meas. 
n 

X 
t r a c k s  

+ 
9 

2 meas. 
t r a c k s  

9 

meas. 
t r a c k s  

y 

s i n  4 
(-q 

k9 

meas. 
t r a c k s  6 ( t a n  h ) 2 

z k) : (  k 
q .. 

q ,  
9 9 

mea s . 
t r a c k s  

+ c ( 144 
q $1 k 



EXPERl MENTAL PROCEDURE 

E he new approach was tes ted  on data  obta ined from K - ~  i n t e r a c t i o n s  

a t  4.6 Bev/c. O f  t h e ' p o s s i b l e  f i n a l  s t a t e s  l i s t e d  i n  the  in t roduc t ion ,  

t he  ones used i n . t h e  t e s t i n g  were 

K - ~  K - ~  ( e l a s t i c  sca t te r ing-&)  

- K-X+N 

.. . (one n e u t r a l  p a r t i c l e - - l C )  

- +-0 
fl K a  

The events were o r i g i n a l l y  measured and i o n  checked i n  connect ion  

w i t h  an experiment by Kang e t  a l .  (5). The experimenta.1 procedure 

consis ted o f  th ree  steps which were as fo l lows.  

Step 1 600 events which o r i g i n a l l y  obta ined a  4C f i t  (corres-  

ponding t o  an e l a s t i c  s c a t t e r )  were used as the da ta  i n  steps 1 and 2. 

The 600 f i t s  were assumed t o  con ta in  no "fake" 4C f i t s . '  Under t h i s  

assumption these 4C f i ' t s  were used as a  standard to .wh ich  the r e s u l t s  

i n  steps 1 and 2 were compared. 

I n  s t e p  1 the  600 events were processed by GUTS as i f  i t  were 1C 

data. .That is, .a subrout ine, EUREKA, i nse r ted  i n  GUTS f i r s t  de le ted  the  

. measured i n fo rma t ion  associated w i t h  the  proton t rack .  Then EUREKA s e t  

'W i 1 1  iam J. Kernan and John U l  lman, lowa S ta te  Un ive rs i t y ,  Ames, lowa. 
Ion  checking. P r i v a t e  communication. 1967. Ion  checking i nd i ca ted  t h a t  
events no t  i n v o l v i n g  K - p s  2%. W i l l i a m  J. Kernan and Lee S. Schroeder, 
lowa S ta te  Un ive rs i t y ,  Ames, lowa. Background est imates. P r i v a t e  communi- 
ca t ion .  1967. ' Backgrohnd est imates i nd i ca ted  events i n v o l v i n g  K-.pO< 2%. 



: I 
I 

I up t he  necessary l o g i c  and conveyed t h e  remain ing measured d a t a  t o  GUTS. 
' *  I 

. . GUTS proceeded t o  do  a  normal 1C k i n e m a t i c a l  a n a l y s i s  o f  t h i s  data.  The 

purpose of s t e p  1  was t o  t e s t  how w e l l  a  normal 1 C  c a l c u l a t i o n  cou ld  

reproduce 'known , r esu l t s .  

Step 2  The new method was t e s t e d  on t he  4C data.  A 1 C  f i t  was 

aga in  s imu la ted  by d e l e t i n g  t he  measured i n f o r m a t i o n  assoc ia ted  w i t h  the  

p r o t o n  t rack .  However, t h i s  time, EUREKA took  t h e  measured i n f o r m a t i o n  

o f  t he  remain ing two t r a c k s  and u s i n g  equat ions  10, 13 and 14 c a l c u l a t e d  

t h e  m i s s i n g  v a r i a b l e s  p l u s  corresponding e r r o r s  f o r  t he  p r o t o n  t r ack .  

Then t he  measured and c a l c u l a t e d  i n f o r m a t i o n  were conveyed t o  GUTS. 

GUTS proceeded t o  do a  normal 4C k i n e m a t i c a l  a n a l y s i s  o f  t h e  combined 

data.  The purpose o f . s t e p  2 was t o  t e s t  how w e l l  t he  new method cou ld  

reproduce known resu 1  ts.  

Step 3  . The da ta  used i n  s t e p  3  was n o t  t h e  same 600 even ts  used 

i n  s teps 1 and 2. The new da ta  cons i s ted  o f  622 new events.  When 

o r i g i n a l l y  processed by GUTS, most o f  new events  ob ta ined  f i f s  f o r  more 

t han  one o f  t h e  p o s s i b l e  f i n a l  s t a t e  c o n f i g u r a t i o n .  I n  f a c t  some even ts  

ob ta ined  a  4C f i t  i n  a d d i t i o n  t o  the  1 C  f i t s .  Consequently, t h e r e  

were 1335 1C f i t s  assoc ia ted  w i t h  t he  622 events. 

I n  s t e p  3  t h e  new events  were processed by GUTS u s i n g  equat ions  10, 

13 and 14 t o  supply  t h e  v a r i a b l e s  and e r r o r s  f o r  t h e  assumed m i s s i n g  

n e u t r a l .  . 'I  h a t  is, u s i n g  t h e  i n f o r m a t i o n  f r om a l l  t h r e e  o f  t h e  measured 

t racks,  EUREKA c a l c u l a t e d  t h e  p r o j e c t e d  curvature,  k, t h e  azimutha 1 angle, 

9 and the  tangent  o f  ' t he  l a t i t u d e ,  t a n  1, p l u s  t he  assoc ia ted  e r r o r s  f o r  

t h e  assumed m i s s i n g  n e u t r a l  p a r t i c l e .  I n  add i t i on ,  EUREKA s e t  up  t h e  

l o g i c  f o r  a normal 4C f i t .  GUTS then  processed t h e  combined measured 



and c a l c u l a t e d  da ta  as a  s tandard 4C case. 
! 

! The r e s u l t s  o f  an i o n i z a t i o n  check were used t o  determine'  whi ch 

; o f  t h e  o r i g i n a l  1'335 f i t s  were "fake." The r e s u l t s  o f  t h e  i o n i z a t i o n  

I 
, check and a  sample o f  the  622 events  were used t o  determine which o f  

i 
/ t he  methods ( o l d  o r  new) d i d  a  b e t t e r  j o b  o f  r e j e c t i n g  " fake f i t s "  and 

i ; r e t a i n i n g  r e a l  f i t s .  
I 

1 Note t h a t  i n  s teps  2 and 3  t h e  e r r o r  c a l c u l a t i o n  was done i n  two 
I 

j d i f f e r e n t  ways (see p. 8 ) .  Consequently, i n  t he  d i s c u s s i o n  o f  t he  
I 

I 
. ,  

j r e s u l t s  t h r e e  r a t h e r  than  two se t s  o f  da ta  w i  1 1  be compared. 



D I S C U S S 1  ON OF RESULTS 

2 
The importance of x i s  n o t  i t s  abso lu te  va lue  b u t  i n  t h e  r e l a t i v e  

values among f i t s  f o r  a  p a r t i c u l a r  s e t  o f  data.  The re fo re  i t  i s  no t  

v a l  i d  t o  compare t h e  'X2 d i s t r i b u t i o n s  ob ta ined  from d i f f e r e n t  s e t s  o f  

data. Nor i s  i t  meaningfu l  t o  compare X2 d i s t r i b u t i o n s  r e s u l t i n g  f rom 

1C a'nd 4C m in im iza t i ons  performed on t he  same data.  However, i t  i s  

i n s t r u c t i v e  t o  n o t i c e  t h e  appearance o f  1 C  and 4C d i s t r i b u t i o n s  r e l a t i v e  I 
2 

t o  one another.  The t h e o r e t i c a l  x d i s t r i b u t i o n  f o r  va r i ous  numbers o f  

1 c o n s t r a i n t s  i s  shown i n  F i g u r e  1 ( ~ e l i s s i n o s ,  6, p. 466). I n  F i g u r e  1 

t h e  peaks o f  t he  va r i ous  d i s t r i b u t i o n s  become broader  as t he  number o f  

c o n s t r a i n t s  increases. Also, as t h e  c o n s t r a i n t s  inc rease  t he  va lue  o f  

X 2  a t  which t h e  peak occurs. increases. I n  t h e  case o f  a  X2 f i t  i n  t h i s  
I .  

. repor t ,  t h e  reason t h e  peak s h i f t s  t o  t h e  r i g h t  i s  t h a t  GUTS must s imu l -  
I 

2 
! taneous ly  m in im ize  x & each c o n s t r a i n t  equat ion.  The re fo re  w i t h  an I 
I 

, I  i n c reas ing  number o f  c o n s t r a i n t s  t h e  program has a  decreas ing  amount o f  
I 

2 
; freedom , t o  a d j u s t  t h e  t r a c k s  i n  o r d e r  t o  m in im ize  x . I n  p a r t i c u l a r ,  i I t h e  1 C  d i s t r i b u t i o n  i s  s h a r p l y  peaked a t  X2 = 0  whereas t h e  4C d i s t r i  bu- 

2 
j t i o n  appears t o  be f l a t t e r  and has a  peak a t  x = 2.0. Onc would 

I 

l i k e  exper imenta l  r e s u l t s  t o  be s i m i l a r  t o  t h e  t h e o r e t i c a l  p r e d i c t i o n s .  I 
i 
I The o r i g i n a l  X2 d i s t r i b u t i o n  o f  600 even ts  used i n  s teps 1 and 2 I 

- i s  shown i n  F i g u r e  2. The h is togram agrees q u i t e  w e l l  w i t h  t h e  theory.  i 
./ T h e d i s t r i b u t i o n  h a s a  r e l a t i v e l y b r o a d  p e a k o c c u r r i n g  a t  a x !  between 
, 

I 1.5 and 2.0. L i kew ise  when t he  same 600 even ts  a r e  processed i n  t he  1 C  
I 
I 

1 
Me 1 1  ss inos  r e f e r s  t o  v as t he  number o f  degrees o f  , f reedom whereas 

t h i s  r e p o r t  r e f e r s  t o  t h e  same q u a n t i t y  JS t h e  number o f  c o n s t r a i n t s .  



F i g u r e  1.  The t h e o r e t i c a l  X2  d i s t r i b u t i o n  f o r  va r i ous  c o n s t r a i n t s  



F i g u r e  2 ;  The X2 d i s t r i b u t i o n  of t he  o r i g i n a l  4C events  



mode -- as descr ibed i n  s tep  1, p.11 -- the r e s u l t i n g X 2  d i s t r i b u t i o n  

L agrees w i t h  the t h e o r e t i c a l  p red i c t i on .  F igu re  3 d isp lays  the 1 C  x 

d i s t r i b u t i o n .  . I n ' a d d i t i o n  a l l  events which obta ined f i t s  i n  the  4C 

mode a l s o  obta ined f i t s  i n  the 1C mode. Th i s  agreement gives one conf i -  

dence t h a t  t he  data does no t  c o n t a i n  an abnormal i ty  such as a  systemat ic  

e r ro r .  Also, s ince  none o f  the  o r i g i n a l  4C f i t s  were l o s t  i n  the 1 C  

f i t t i n g  procedure, one concludes t h a t  the  1 C  mode i s  e f f e c t i v e  i n  repro- 

duc i  ng known resu 1 ts .  

Step 2 represented the  f i r s t  t e s t  f o r  the  new method. As mentioned 

before  on p. 6' e r r o r s  corresponding t o  the  ca l cu la ted  vari ,ables 

were computed i n  two d i f f e r i n g  ways. The X2 d i s t r i b u t i o n  r e s u l t i n g  from 

the appl i c a t i o n  o f  vers ion  1 -- as descr ibed i n  s tep  2, p. 12 -- i s  shown 

i n  F igure  4. Since vers ion  1 i s  a  mod i f ied  1 C  ca l cu la t i on ,  i t  i s  v a l i d  

t o  compare the  d i s t r i b u t i o n s  i n  F igures  3 and 4. Although the  d i s t r i -  

b u t i o n  i n  F igure  4 has the  general f ea tu res  o f  a  normal 1 C  d i s t r i b u t i o n ,  

i t  i s  no t  as sha rp l y  peaked as the d i s t r i b u t i o n  i n  F igure  3. Also, 

2  
vers ion  1 r e jec ted  101 events which obta ined a  x z 15. The X2 d i s t r i b u -  

t i o n  r e s u l t i n g  f rom, the  a p p l i c a t i o n  o f  vers ion  2  shows s i m i l a r  b u t  a  less 

pronounced e f f e c t  when compared w i t h  t h e  o r i g i n a l  X2 d i s t r i b u t i o n .  

Version 2 ' s  X2 d i s t r i b u t i o n  shown i n  F igure  5 i s  not  as sharp ly  peaked 

as the  o r i g i n a l  d i s t r i b u t i o n  bu t  i s  sharper than vers ion  1 's  d i s t r i b u t i o n .  

I n  addi t ion,  ve rs ion  2 re jec ted  o n l y  33 events. As noted e a r l  i e r  the 

L 
x d i s t r i b u t i o n  f l a t t e n s  ou t  w i t h  an increas ing  number o f  cons t ra in t s .  

Versions 1 and 2 a l s o  tend t o  f l a t t e n  the  d i s t r i b u t i o n .  I t  appears the  

mod i f  ied  l C  case has the  same e f f e c t  as increas ing  the  number o f  

cons t ra in t s .  That is,  , t h e  mod i f  i c a t  i on  r e s t r i c t s  the  freedom GUTS has t o  



F igu re  3. The X2 d i s t r i b u t i o n  o f  4C events processed by normal 
1C method 



F i g u r e  4. The X2 d i s t r i b u t i o n  o f  4C events  processed by v e r s i o n  1 



F i g u r e  5. The X 2  d i s t r i b u t i o n  o f  4C events  processed by ve r s i on  2 



2 
ad jus t  the  t racks  i n  o rder  t o  minimize x . 

The 101 and 33 re jec ted  f i t s  represent a maximum loss because the  

o r i g i n a l  600 everits were assumed t o  have on ly .4C f i t s .  Th i s  assumption 

may be i n  e r r o r  as much as 4% ( foo tno te  p. 1 1  ). F o r  600 events t h i s  

represents 24 events. Although these 24 events cannot account, f o r  101 

r e j e c t  ions by vers ion  1, they could account f o r  a m a j o r i t y  of the  33 

r e j e c t i o n s  by vers ion  2. Assuming 12 o f  the re jec ted  f i t s  belonged 

o r i g i n a l l y  t o  the  contaminated sample leaves one w i t h  89 and 21 o u t  o f  

588 f i t s  which were re jec ted  by ve rs ion  1 and 2. 

The ab i  1 i t y  o f  t he  new method t o  reproduce .known r e s u l t s  was 1 imi ted.  

The l i m i t a t i o n  was more severe f o r  vers ion  1 -- where " 15% o f  the  f i t s  

were l o s t  -- than f o r  vers ion  2 -- where" 3.5% o f  the f i t s  were l os t .  

However, the a b i l i t y  o f  t he  new method t o  f l a t t e n  ou t  the X2 d i s t r i b u t i o n  

may be h e l p f u l  i n  c u l l i n g  out  the "fake f i t s "  i n  a normal 1 C  c a l c u l a t i o n  

i n v o l v i n g  a neutl 'al p a r t i c l e .  I t  appears these "fake f i t s "  may be c u l l e d  

ou t  a t  the  expense o f  l o s i n g  3.5% o r  15% o f  the rea l  f i t s .  Whi le 15% i s  

t oo  great  a number t o  be lost ,  a 3.5% loss could be t o l e r a t e d  i f  the  

number o f  events one' has t o  work w i t h  i s  large. Whether o r  ,not t h i s  

w i  1 1  be the  performance o f  vers ions 1 and 2 i s  the t e s t  o.f s tep  3. 

Z 
Before cont inuing,  a p o i n t  concerning t h e %  l i m i t  should be 

discussed. 89 f i t s  under vers ion  1 and 21 f i t s  under vers ion  2 were 

2 
re jec ted  because i h e i  r value was g rea te r  than 15. One might  t h i n k  

a s o l u t i o n  t o  the  r e j e c t i o n  problem i s  t o  r a i s e  the  X2 l i m i t  se t  i n  t he  

l a s t  s tep  o f  t he  i t e r a t i o n .  However, a s tudy o f  F igu re  6 i n d i c a t e s  t h i s  

w i l l  no t  a l l e v i a t e  the problem. F igu re  6 i s  a graph o f  t he  i n t e g r a l  o f  

' the t h e o r e t i c a l  X2 p r o b a b i l i t y  f u n c t i o n  versus X2 f o r  var ious  numbers o f  



Z -Figure 6. . T h e  integral o f  the theoretical x 
prnhahility f u n c t i o n  



2 
cons t ra in t s .  Given data  which g i v e  x d i s t r i b u t i o n s  such as the ones 

shown i n  F igure  I, the  i n t e r p r e t a t i o n  o f  F igu re  6 i s  as fo l lows.  For  

2  2  . a  p a r t i c u l a r  c o n s t r a i n t  and a  p a r t i c u l a r x  l i m i t ,  P(*, v) x  100 

represents the  percentage o f  poss ib le  f i t s  one w i l l  have obta ined a f t e r  

processing the  g iven data. F o r  example w i t h  a  x2 l i m i t  s e t  a t  9  f o r  t he  

1 C  case"  99.99% o f  the  poss ib le  f i t s  w i l l  be obtained. Likewise, w i t h  

x2  = 9 f o r  the 4C case " 94% o f  the  p o s s i b l e  f i t s  w i  1 1  be obtained. 

2  
Therefore, s ince  the % l i m i t  i n  steps 1 and 2  was se t  a t  15, r a i s i n g  

the  l i m i t  w i l l  n o t  h e l p  solve the  problem. . . 
2 .  

I n  s tep  3 t he  x value was se t  a t  9  s ince  a t  t h a t  value " 99.99% 

of the  poss ib le  f i t s  w i l l  be 'obta ined.  A l s o  i n  s tep  3 -- as exp la ined on 

p. 12 -- the da ta  i s  d i f f e r e n t  than i n  steps 1 and 2. F igures 7, 8 and 9  

show the X 2 ' d i s t r i b u t i o n s  which resu l ted  f rom the a p p l i c a t i o n  o f  o r i g i n a l  

GUTS, ve rs ion  1 and vers ion  2  respect ive ly .  The o r i g i n a l  X 2 ' d i s t r i b u t i o n  

(F igure 7) agrees q u i t e  we1 1 w i t h  the  t h e o r e t i c a l  p r e d i c t i o n  f o r  a  1C 

case. The shape and peak are e x a c t l y  as one expects. Also, as expected 

from the  resu l t s '  o f  s tep  2,versions 1 and 2  ( ~ i ~ u r e s  8  and 9) have a  

f l a t t e n e d  d i s t r i b u t ! o n  and have re jec ted  a  p o r t i o n  o f  the f i t s .  The 

r e j e c t i o n s  are shown a t  the  r i g h t  o f  the  corre'sponding histogram. Before 

becoming alarmed a t  the  number o f  re ject ions, .  one must r e a l i z e  t h a t  t he  

o r i g i n a l  f i t s  used i n  s tep  3 contained many "fake f i t s . "  I n  i t  would be 

a  boon i f  a l l  t h e  r e j e c t i o n s  were "fake." An i o n i z a t i o n  check o f  t he  

da ta  revealed t h a t  807 o f  the  o r i g i n a l  1335 f i t s  were "fake." The 

d i s t r i b u t i o n  o f  these 807 "fake f i t s "  i s  shown i n  F igure  10. How w e l l  

the  two new vers ions re jec ted  the ','fake f i t s "  can be determined from 

F igurcs  1 1  and 12. . As can be seen f rcmi F igure  11  vers ion  1 reduce.; the 



Figure  7. T h e  X 2  d i s t r i b u t i o n  o f  1 C  f i t s  
o r i g i n a l l y  obta ined by GUTS 





after 



Figure  10. T h e X 2  d i s t r i b u t i o n  f o r  the 1 C  f i t s w h i c h  
were re jec ted  by the i o n i z a t i o n  check 



F i g u r e  11. The X 2  d i s t r i b u t i o n  o f  t h e  1C f i t s  r e j e c t e d  
by t he  i o n i z a t i o n  check a f t e r  t hey  were  
processed by v e r s i o n  1 
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~ i c J u &  12;. The X2 d i s t r i b u t i o n  of the 1C f i t s  rejected 

b y  the ionizat ion a f t e r  t h e y  were processed 
. by ,version.2 



I number o f  " f a k e . f i t s l '  from 807 t o  265. Whereas from F igu re  12 one sees 

. / ve rs ion  2  reduces t h e  "fake f i t s "  t o  427. These numbers represent  67% 
I 
1. 

, I and 47% reduct ions i n  the  number of  " fake f i t s . "  The d i f f e r e n c e  i n  t he  

number o f  r e j e c t i o n s  comes from the  magnitude o f  the e r r o r s  involved. 

The e r r o r s  i n  vers ion  1 have smal le r  magnitudes than do the  opes i n  

I 
I 
I 

vers ion  2. Therefore the  e r r o r s  which vers ion  1 conveys t o  GUTS do not  

I 2  
, a1 low as much freedom t o  ad jus t  t he  t racks  i n  o rde r  t o  minimize x as do 

I 

I the ones which are ca l cu la ted  by vers ion  2. Hence the  number o f  

r e j e c t i o n s  f o r  vers ion  1 i s  g rea ter .  

An i d e a l  s i t u a t i o n  would have e x i s t e d  i f  the  new vers ions  had re- 

. j e c t e d  o n l y  the  "fake f i t s . "  But, as expected f rom t h e  r e s u l t s  o f  s tep  2, 

an i o n i z a t i o n  check revealed t h i s  was not  t h e  s i t u a t i o n .  I n  fac t ,  187 o f  

the  f i t s  o r i g i n a l l y  obta ined by GUTS and which wcre i o n  cons i s ten t  were 

re jec ted  by vers ion  1. S i m i  l a r l y  66 o f  t he  f i t s  were re jec ted  by vers ion  

2. These numbers a re  quoted t o  p o i n t  o u t  t h a t  no t  o n l y  " fake f i t s "  bu t  

r e a l  f i t s  were re jec ted  by by the  new versions. They are  no t  t o  be 

taken as  the  exact number o f  re jec t i ons .  To understand t h i s  one must 

r e a l i z e  t h a t  an i o n i z a t i o n  check does not  i n d i c a t e  one f i n a l  5 t a t e  con- '  

f i g u r a t i o n  as t h e  o n l y  one probable f o r  the event. Instead i t  i s  poss ib le  
I 

f o r  an event t o  have more than-one c o n f i g u r a t i o n  and t o  be i o n  cons is ten t .  

However, o n l y  one o f  t h e  poss ib le  con f i gu ra t i ons  was the  rea l  f i n a l  s t a t e  

f o r  t he  i n te rac t i on .  Hence, t h e  i o n i z a t i o n  check cannot be used as an 

absolute standard by which t o  determine how many events were re jec ted  by 

the  new versions. To determine t h i s  one, one needs a  da ta  sample i n  which 

o n l y  one f i n a l  s t a t e  c o n f i g u r a t i o n  i s  known t o  e x i s t .  Such a  da ta  ex i s ted  in 

the 622 events processed f o r  s tep  3. These 622 events were pa rt o f  the  da ta  



Kang used f o r  h i s  paper (5). To determine ~ " ( 8 9 1 )  and ~ " ( 1 4 2 0 )  p roduct ions  

h; se lec ted  a  sample o f  events which had the  f i n a l  c o n f i g u r a t i o n  K-~+N.  

' The contaminat ion.: i n  the sample was small ( w  10%) (Kang, 5, p. 2). 184 
I 

events o f  h i s  f i n a l  sample were contained i n  the  622 used i n  s tep  3. 

Therefore, these 184 events were used t o  f u r t h e r  t e s t  the  e f f e c t i v e n e s s  

o f  vers ions 1 and 2. T h e ' r e s u l t s  a re  shown g r a p h i c a l l y  i n  F igures  13, 

2  
, \ 4 a n d  15. F igu re  13 shows the o r i g i n a l  GUTS x - d i s t r i b u t i o n  of K - ~ + N  

: f i t s .  I t  has the  t h e o r e t i c a l l y  p red ic ted  shape f o r  a  1 C  event. The 

2 
f a c t  t h a t  the  d i s t r i b u t i o n  does not  con ta in  a  f i t  having a  x grea te r  

i 
! t h a n  6.0 i s  another i n d i c a t i o n  o f  the  "cleanness" o f  the sample. The . 

performance o f  ve rs ion  1 i s  shown i n  F igu re  14. Version 1, as expected, 

spreads the  d i s t r i b u t i o n  considerably. I n  add i t ion ,  i t  re jec ted  58 o r  
i 

I 

1 32% o f  the o r i g i n a l  f i t s .  The performance o f  ve rs ion  2  was be t te r .  As 

seen i n  F igu re  15 i t  re ta ined the  shape o f  the  o r i g i n a l  d i s t r i b u t i o n  

! b e t t e r  and o n l y  re jec ted  28 o r  15% o f  the  o r i g i n a l  f i t s .  The loss o f  

i 58 and 28 f i t s  represent a  maximum loss because up f o  10% o f  the r e j e c t i o n s  

I may be a t t r i b u t e d  t o  contaminat ion i n  t h e  sample. 'That  is, events 

/ w h i c h d i d n o t  r e a l 1 y h a v e ~ - n + ~  i n t h e f i n a l s t a t e c o u l d b e a p o r t i o n o f  
I 

I t he  evenLs which were re jec ted  by the  new versions. Therefore, ve rs ion  

1 may be responsib le f o r  o n l y  22% o f  the  r e j e c t i o n s .  S i m i l a r l y  ve rs ion  2  

may be responsib le f o r  as 1 itt l e  as 5% o f  the  re jec t i ons .  However, one 

cannot be sure what p o r t i o n  o f  the  10% were i n  the  f i t s  re jec ted  by the  

new versions. . T h e r e f o r e  t h e  r e j e c t i o n s  can o n l y  be s ta ted  i n  terms o f  

maximum losses. 

l h . t h e  case o f  ve rs ion  1 a  maximum loss  o f  32% i s  t oo  great .  Th i s  

loss cannot be r a t i o n a l  ized by the  t ime savings associated w i t h '  t h e  



F i g u r e  1). The o r i g i n a l  X2 d i s t r i b u t i o n  o f  t h e  K - ~ + N  f i n a l  
s t a t e  sample 

. 

F i g u r e  14. The X2 d i s t r i b u t i o n  ~ i ~ u r e  15. A The X2 d i s t r i b u t i o n  
I r e s u l t i n , g  a f t e r  t h e  resu 1 t i ng a f t e r  t h e  

app l  i c a t i o n  o f  v e r s i o n  1 
t o  t h e  K-X'N f i n a l  s t a t e  
samp 1 e  

a ,pp l i ca t i on  o f  v e r s i o n  2  
t o  t h e  K ' ~ + N  f i n a l  s t a t e  
sample 



computation in the iteration procedure and with the ionization check. 

However,the maximum 15% loss by version 2 may be rationalized in some 

cases. I f  dealitig with a large number of events the time savings may be 

great enough that one could accept the 15% loss. Even a maximum 15% loss . 

is not acceptable if one is dealing with a small number of f'its. In 

that case the old method is preferable and the extra computation and ion 

checking time are necessary. 
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