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THE PHYSICS OF SOC AND TENSOR 

Abstract 

SOC and TENSOR (respectively, one 
and two dimensional finite difference 
computer codes for the calculation of 
s tress wave propagation) are described 
in some detail from a physical viewpoint. 
Emphasis is placed on the treatment of 
constitutive relations (equations of state) 
as this is the facet of the calculational 
method which most often causes dif­
ficulties. It is shown that not all of the 

This report is an elementary descrip* 
tion of the physical reasoning and method 
contained in two finite-difference, artificial 
viscosity method computer codes (pro­
grams) which have been developed at the 
Lawrence Livermore Laboratory. The 
two codes, called SOC and TENSOR, are 
intended for the Lagraogian calculation 
of time-dependent initial value problems 
involving, respectively, one and two 
dimensional adiabatic motion of a medium. 
Both codes were developed primarily for 
computing the geophysical effects of 
nuclear explosions. 

Explosion-caused motion generally r e ­
sults in a shock w?-"e, or a rapid, very 
nearly discontinuous increase in pressure 
which propagates through the material. 
The shock wave eventually decays into an 
elastic -wave. SOC and TENSOR are dif­
ferent from the so-called hydro codss in 

models are entirely physically or 
numerically plausible, but that they are 
often adequate if understood and manipu­
lated properly. Several sample calcula­
tions are presented. 

It i s concluded that SOC and TENSOR 
require extensive revision. To this end, a 
new one-dimensional code, called SOC73, 
has been developed, and an improved two-
dimensional code is being formulated. 

that they heavily emphasize the compli­
cated s tress-s train response of the rock 
medium and therefore do not generally 
assume that the medium acts as a fluid, 
or even nearly as a fluid. 

SOC and TENSOR are now written, 
so far as possible, so that they contain 
the samf physics in one and two 
dimensions, respectively. Here, we 
intend to describe the physics of the 
codes in a way that the user can more 
readily comprehend the built-in models 
of material behavior and obtain an 
understanding of the interrelationship of 
parameters, calculations, and results . 
We will be operating under the assump­
tion that the details of logic and numerical 
methods are correct and of sufficient 
power to deal with the problems at hand. 
Much of the essential mathematics and 
some of the physics are documented for 

Introduction 



SOC by Seidl and Cherry and Petersen 
and for TENSOR by Maenchen and Sack3 

and Cherry, Sock, Maenchen, and 
Kransty, but reference to these docu­
ments is not prerequisite to the under­
standing of this report. 

In association with the term motion one 
sees the terms stress wave and strain 
wave. If the infinitesimal elements or 
particles of a medium have any effect 
upon one another, then the forced motion 
of one or a group of particles at any 
point or points will eventually be trans­
mitted, though possibly in some distorted 
fashion, to the remainder of the medium. 
Wave-like motion is often termed a 
stress wave when the mechanism of 
transmittal of energy is the s t ress , or 
force acting upon particles of the medium. 
However, because we usually observe in 
the field or laboratory the displacements, 
or strain of the medium, a tei-m which 
often appears is strain wave. (Strain 
refers to any relative displacement which 
cannot be described as a rigid body 
displacement of the entire medium.) For 
most purposes, the terms stress wave and 
strain wave are interchangeable. If a 
particle is strained, but, upon the release 
of the stress causing the strain, the 
particle returns to its original configura­
tion, then the medium is deemed elastic. 
If stress is linearly related to strain, 
then the term linear elastic is used, 
though writers have begun to use several 
terms interchangeably to describe linear 
elasticity, e.g., perfectly elastic, 
Hookean, simple elasticity, or just 
"elastic.^ We will use the terms elastic 
and linear elastic as defined above, and 
we will refer to any departure from 
elasticity as non-elasticity. 
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Ar, adiabatic process is one in which 
the system under consideration (in our 
case the particle) is thermally isolated 
from its surroundings. For a time 
dependent process, thermal isolation 
must continue for a time comparable to 
the time scale of the process. Explosion-
produced shock fronts are generally 
transmittsd through the entire medium 
of Interest in a few milliseconds, and 
slow-moving seismic wave fronts are 
transmitted in times not longer than a 
few seconds. The time scale of normal 
heat transfer processes in a medium 
consisting of solid geologic materials is 
minutes or more. Therefore, normal 
heat transfer simply does not have an 
effect on the mechanical transfer of 
energy in the wave, and we assume 
adiabaticity. An exception occurs at 
very high temperatures where radiative 
heat transfer (which is essentially 
instantaneous! is important. However, 
we are usually not quantitatively interested 
in calculations as near to the source of 
energy where the temperature would be 
so high. The adiabatic assumption has 
two main effects on the calculations. 
The first is that thermal parameters such 
as thermal conductivity and heat capacity 
do not have to be taken into account. The 
second is that the energy deposited in the 
medium by the wave motion is only that 
mechanical energy introduced by the 
compression, distortion, and acceleration 
of the material. 

The calculational method used by SOC 
and TENSOR is called the finite difference 
method. It will not be described here; 
however, the following general con­
siderations are of interest. If the 
problems to be solved are assumed to 
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be governed by a set of sufficiently 
general partial differential equations, 
•hen the essence of the finite difference 
approach is that the derivative 8f(x)/9x 
may be replaced by f(Xj)-f(x 2)/x.-x 2 

= Af/Ax for small but finite values of 
both numerator and denominator. Here 
f(x) is any function of a generalized 
variable x (which may be space or time). 
In othe:«.- words, the infinitesimal in­
crements into which the medium is 
divided in order to treat it as a continuum 
are now considered to be increments of a 
small but finite size. Such a finite in­
crement in space for us is called a zone, 
and in time is called a time step. 

In order for a calculation to be 
physically realistic, the properties of 
the medium must be continuous over 
dimensions comparable to the finite Ax. 
The discontinuities which arise in shock 
waves are ta«ven care of by calculational 
ploys such as artificial viscosity, which 
smear a shock over several Ax's in order 
to minimize the discontinuity, but still 
allow a sudden enough onset to approxi-
mate the real-world shock. There are, 
unfortunately, many other pitfalls of 
discontinuity which must be avoided, 
several of which will be discussed later. 
If discontinuities must occur, they should 
be accompanied by tne use of appropriate 
boundary conditions to patch up the other­
wise inherent breakdown of the finite 
difference method. Also, •he physical 
equations cannot be allowed to depend 
directly on the zone or time step size, 
because tfie zone is an approximation of 
an infinitesimal volume and as such has 
no physical reality. 

When motion of a medium is discussed, 

one must have some way of describing 
that motion which is well-suited to tne 
problem. Let us say that we wish to 
describe the veloci y of the medium as a 
function of time. There ar«j two common 
ways. We can "follow" a mass particle 
and describe its velocity as a function of 
time, or we can establish ^ fixed point in 
the medium, and describe the velocity at 
that point (many particles may move by) 
as a function of time. The former de­
scription, that of "following" on element 
is called L?"rangian and the latter 
Eulerian. The Eulerian description is 
particularly suitable when one is interested 
in identifying particle path lines, or 
making sense out of pictures of flow, 
while thd Lagrangian description, which 
follows particles of constant mass, is 
easy to adapt to the finite difference 
technique. The Lagrangian particles 
become simply the finite zones of the 
problem. The zones are allowed to move 
and distort with the material, but the 
mass within them is iiot permitted to 
flow in or out. 

It should be made clear before we 
enter into detailed description that 
several of the assumed aspects of mate­
rial behavior contained in SOC and 
TENSOR are neither well-founded nor 
generally agreed upon in the scientific 
or engineering communities. Calcula­
tions in which these questionable aspects 
arise may lead the user to erroneous 
conclusions. Nevertheless, the evidence 
of past calculations indicates that the 
codes are usually adequate, provided 
that the user is experienced, and that he 
has access to a set of correct and suf­
ficient input data. 



A Simple Description of the Physics of SOC and TENSOR 

To begin with, one imagines a one or 
two dimensional cross section of the 
msdium (usually a geologic cross section) 
for the problem he is interested in solving. 
For example, a SOC problem might be 
to initiate ground motion by pressure as 
a function of time acting on a spherical 
cavity (Fig. 1). Then the motion prop­
agates to a free surface in spherical 
symmetry and returns by reflection. A 
TENSOR problem might be similar 
except that the volume is divided into 
several plane layers and bounded by a 
plane free surface in cylindrical sym­
metry (Fig. 2). Several other symmetries, 
configurations, sources, and boundaries 
are i.vailable. 

Once one has the general configura­
tion in mind, he may assign different 
materials (e.g., gas. Rock Type I, Rock 
Type II, etc.) to different regions; then 

Fig. 1. Configuration of a typical SOC 
problem. Others are possible. 
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— f ree surface 

Material II 

Material I 

I— Axis of cylinderical 
symmetry 

Fig. 2. Configuration of a typical 
TENSOR problem. Others are 
possible. 

he divides the entire problem up into the 
small zones which will be manipulated by 
the finite difference equations. (A region 
in general contains many zones.) In 
SOC, the available symmetries are plane 
and spherical, and in TENSOR they are 
plane and cylindrical. In SOC, interior 
boundaries cannot slip (one dimensionality 
forces this) or separate from one another 
(an arbitrary restriction to simplify 
coding). Exterior boundaries may be 
either free or rigid or determined by a 
specified pressure profile. In TENSOR, 
interior boundaries may slip (this must 
be specified by the user), but they can­
not separate. Exterior boundaries may 



be free, rigid, determined by a pres­
sure profile, or "alternating" (the bound­
ary alternates both in space and time 
from a free to a rigid surface, which 
acts to disperse a reflected wave). 

In both SOC and TENSOR, the interior 
of a region is assumed for all time to be 
isotropic and homogeneous. A limitation 
of the codes results from the fact that the 
geologic materials are observably not 
isotropic and homogeneous on a labora­
tory scale (centimeters) or on a very 
large scale (kilometers). Only on the 
scale of problem zoning (meters) are 
they often homogeneous. Thus, the 
assumptions of isotropy and homogeneity 
within a region are probably sufficiently 
good to obtain the desired accuracy, but 
we nevertheless lack a good way of going 
from laboratory measurements on small 
specimens to zone-valid quantities. If 
all this is confusing, an example may 
help to clarify things: Fracture in a 
laboratory sample is obviously not an 
isotropic, homogeneous phenomenon, 
since the sample may completely crack 
on one or more planes. The same is 
true of large scale faulting. However, 
when a meter-sized block of material 
from a medium that has been explosively 
fractured is examined;, the cracks often 
have a relatively random orientation. How 
does one account for this with a credible 
model? At the moment, the question is 
sidestepped (as we shall see) by calling 
a zone "cracked" and not defining a 
direction. Ultimately, some type of 
randomized statistical model may be the 
only way to achieve accurate modeling. 

The basic physical process being 
modeled is: Stress acting for time At on 
a zone gives strain via the appropriate 

integrals of an equation of motion. Then, 
some constitutive relation relates the 
strain to a new stress. This process is 
carried out for all the zones of a problem, 
and then time is stepped an additional At 
and the process is begun all over again. 
This process is continued for as long as 
is desired, and the result becomes 
printouts or plots of motion, pressure, 
shear s t ress , etc., as functions of 
position and time. For the sake of 
brevity, the questions of numerical 
methodology, i.e., stability, convergence, 
accuracy, advantages of one differencing 
method over another, etc., will not be 
considered here. The numerical treat­
ment of equations of motion and the 
associated integrations to obtain velocity 
and displacement are relatively straight­
forward. General descriptions are 
given by Richtmyer and Morton and some 
specific discussion may be found in the 
articles mentioned in the introduction. 

Let us describe a typical SOC or 
TENSOR calculation in more detail. At 
the start, energy in some form is fed into 
the problem. The available options are 
the expansion of a gas with a prescribed 
initial energy, pressure or velocity as 
a function of time at a boundary, and an 
entire region with an initial velocity or 
compression. A typical procedure when 
one desires to simplify a TENSOR problem 
is to run a one dimensional SOC problem 
in as close a configuration as possible to 
the desired two dimensional TENSOR 
configuration, but for a short time only. 
In this way the initial and/or boundary 
conditions for the TENSOR calculation 
are determined. 

Perhaps the most difficult part of the 
calculations! procedure is to relate strain 
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to a new stress field so that the procedure 
may be started over again for a new time 
step. For our purposes, the general 
relationship of stress, strain, and 
perhaps internal energy is most aptly 
called a constitutive relation, although 
the term f ̂ uation of state often appears 
as a hold-over from fluid thermodynamics. 
An equation of state usually refers to a 
closed form expression relating pressure, 
density, and possibly internal energy (or 
temperature). We shall mean by the 
term constitutive relation any relation 
between stress, strain, and internal 
energy. For a geologic material, the 
constitutive relation can seldom be 
written down in closed form. 

There are many possible constitutive 
relations for rocks. Possibly, the 
simplest is linear elasticity, where the 
constitutive relation is Hooke's law, 
which states simply that stress and strain 
are linearly related by the so-called 
elastic constants. Even linear elasticity 
becomes complicated for a non-isotroplc 
material, but for an isotropic material, 
as we assume, the number of independent 
constants required by the constitutive 
relation is only two. A slightly more 
complex material is non-elastic, but 
remains elastic for the small changes in 
stress and strain which occur in a small 

It is bes'. to picture each SOC zone as 
a spherical shell with small thickness, as 
shown in Fig. 3. As a shock wave arrives, 
propagating from the inside outward, the 
onset of compression is so rapid that the 
shell, at first, only compresses, its 
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time step. Such a material might be 
termed incrementally elastic. In this 
case, the two required elastic constants 
must be specified as functions of stress 
and strain. A much higher order of 
complexity is the real system in which 
failure, relaxation, friction, phase 
changes, and rate and path dependences 
all drastically complicate the constitutive 
relations. In general, one must examine 
the strain state, take into account past 
history if necessary, and determine if 
any of the non-elastic processes should 
occur. This is based on existing theory, 
laboratory and field measurements, and 
past successful calculations (if any). 
Then the new stress state is determined 
by some combination of table look-up and 
one or more equations which describe 
the processes which occur. The deter­
mination of a constitutive relation and its 
application to the codes is the most dif­
ficult problem we will discuss. 

For the purpose of detailed descrip­
tion, we choose the one dimensional 
SOC code and spherical symmetry. 
TENSOR, although more general, will 
be considered only briefly in a subse­
quent section. The reason for this 
choice of action is that the one dimen­
sional framework of SOC is simpler 
and at first more comprehensible. 

inertia keeping it from moving outward. 
Then, as the shock passes through and 
the shell begins to move outward, it 
expands. In the following sections, we 
will assume that the initial conditions 
have been properly applied. The 

SOC Physics m Detail 



Zone 

Zone 

Zone 

(c ) Shock passes 
through 

Fig. 3. Progress of shock wave through 
a SOC zone. The initial state 
is shown in (a). In (b), the 
shock wave (shown by arrows) 
arrives and compresses but 
does not move the zone. In (c), 
the shock wave has passed 
through and the zone is both 
expanding and moving outward. 

stress-Strain-constitutive relation loop 
will be described in detail, and we 
will see how a problem is initiated. 
Finally, several sample problems will 
be presented. 

EQUATION OF MOTION 

Consider a continuum described by 
spherical coordinates r, 0, and #. 
Assume one-dimensional symmetry, 
where quantities vary only with radius r. 
The appropriate equation of motion for 
such a system is 

where p is density and u is acceleration 
in the r-direction. (A dot indicates time 
differentiation along a particle path.) 
Normal stresses in the r and 8 directions 
are given by <r r r and aQ0 = o ^ , and X r 

is a body force. Compressive stresses 
are defined to be negative in sign. The 
spherically symmetric system is con­
venient in that the coordinates r, d, and 
$ coincide with the directions of principal 
stress, so that the normal stresses a „ 

trtr 
a . and a, . are also the principal 
s t resses . Thus, shear stresses such as 
a.., c ., e t c , vanish and Eq. (1) is the 
only equation of motion. The fact that 
stresses are purely normal in the 
principal coordinate system does not 
mean that there are no shear stresses 
present. In general, if one considers a 
plane in the system which does not coin­
cide with a principal axis, then there is 
shear stress on that plane. In fact, there 
exists a plane or set of planes for which 
the shear stress is maximum. The 
magnitude of this maximum shear stress 
(in spherical symmetry) is 1/2 | o r r - "^l. 
For convenience, define a stress., K, 
such that 

K 
> • rr * <W ' (2) 

ba 
P u , •5F + l ( o p r - a f l O " " r • > + X _ , U ) 

where K is always equal to plus or minus 
the maximum shear stress. The use of 
K is convenient because many theories 
of failure are based on the notion of a 
limiting maximum shear s t ress . The 
text by Jaeger and Cook has a more 
complete discussion of many of these 
points. 

We wish to rewrite Eq. (1) in torms 
of K and pressure P, where P is the 
negative mean stress given by 



P = . 1 ( C r r + 0 g g + a ^ ) 

= - | ( a r r + 2a e 0 ) . (3) 

The combination of Eqs. <2) and (3) 
yields 

W r r = - P - | K - < 4 ) 

and 

» M - - p + f K " V < 5 ) 

Equations (4) and (S) show that the 
principal stresses can be thought of as 
sums of the negative pressure and a 
devtatoric stress which is either - w K 
— »• . 3 
or + *K. The incorporation of Eqs. (4), 
(5), and (1) yields, as desired, the 
equation of motion in terms of P and K: 

where the body force has been written 
as -g r , the component of gravity in the 
r-direction, and p has been replaced by 
1/V, where V is the specific volume. 
Equation (6) is convenient for those who 
like to think in terms of the perhaps more 
intuitive quantities pressure and shear 
stress, in the code, Eq. (6) is differenced 
in the Lagrangian coordinate system, and 
the appropriate artificial viscosities are 
added. For our purposes, the use of 
Eq. (6) as it stands will be more con­
venient. Equation (6) contains four 
dependent variables, V, u„, P, and K, 
which must be described in terms of the 
independent variables r and t. As such, 
we have an underdetermined system of 
one equation with four unknowns. The 
physical system must be further described 
in order to obtain a solution. 

VELOCITY-DISPLACEMENT-
VOLUMETRIC STRAIN 

If we assume that the initial stress 
state of the system is known, then Eq. (6) 
can be integrated with respect to time to 
obtain velocity and displacement, provided 
that one has an equation describing the 
relationship between velocity and specific 
volume. That equation is the equation of 
continuity, which for our system takes 
the form 

V 1 9 / 2 \ 
T = ; ? 8 ? ( r ur)« ( 7> 

where, as before, the dot is the time 
derivative following a particle path. 
(Note that only specific volume and not 
density appears in Eq. (7), since the 
particle .nass remains constant in the 
Lagrangian system J Though we now have 
only two equations in four unknowns, 
Eqs. (6) and (7) can be solved for V and 
u r by assuming a known stress state 
(values of P and K) at the beginning of 
each time step. For later convenience, 
we will define the changed volume of a 
zone by a quantity mu, the total volumetric 
strain, where 

V - V 
mu = ^ — , (8) 

and VQ is the initial specific volume. The 
quantity mu increases from an initial 
value of zero as a zone is compressed. 
(In several other references, the com­
pression, n = VQ/V, appears also.) 

CONSTITUTIVE RELATIONS 

In the previous section, the assump­
tion of a known stress state has allowed 
a solution for the dependent variables of 
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the system. If this has been done, we 
must determine the new stress state. 
The specification of stress in terms of 
the other unknowns will require two 
additional equations. These equations, 
which complete the system of four equa­
tions, are the constitutive relations. 
For us, the constitutive relations should 
take the general form 

f^P.K) =g i (u r .V) i = 1,2, (9) 

where f; and g. are any appropriate 
functions. For z. discussion of the re ­
quirements, both physical and mathemat­
ical, that must be met by a constitutive 

Q 
relation, see Aris. We have mentioned 
previously that the constitutive relations 
may incorporate another variable, 
namely internal energy E, so that Eq. (9) 
becomes instead 

fj(P,K) = g i ( u r , V,E) 1 = 1,2.(10) 

However, for an adiabatic system, the 
internal energy is strictly a function of 
the mechanical compression and distor­
tion of the system. This means that we 
can always write E = E (u , V). If this 
relationship for energy is substituted in 
Eq. (10), v- ' have again the same form 
as Eq. (9V Therefore, a constitutive 
relation of the form Eq. (9) is all that is 
needed to solve the system, although 
occasionally we may use Eq. (10) for 
convenience. 

In order to know what type of con­
stitutive relation to apply, the first 
thing to determine is the state of the 
material. In SOC, we ask, is the zone 
under consideration solid, liquid, gas, 
in a •state of "water release," or a high 
explosive? The initial state is designated 

by the user; however, changes of state 
may occur during the calculation, e.g., 
melting or vaporization, and these 
changes of state are explained later. 
Other effects, such as solid-solid 
phase changes or chemical changes, are 
not considered. In general, it is not 
possible to determine constitutive rela­
tions entirely by theory. There is, 
therefore, heavy reliance on experi­
mental data. 

Constitutive Relations for a Solid 
SOC defines several "sub states" of a 

solid during loading, unloading, reloading, 
etc. These sub states are entitled elastic, 
crushed (special unloading) brittle and 
ductile failure, and special loading. We 
will define loading as any increase ir the 
compression of the medium. During 
loading, pressure is increasing, but not 
all of the principal stresses are neces­
sarily becoming more compressive. It 
would perhaps be useful in SOC for the 
current state of stress to always uniquely 
determine the current state of strain. 
In fact, more of the code could be written 
this way than now is. However, there 
remains the problem that certain 
phenomena, such as failure, irreversibly 
change even the static properties of the 
material, i.e., a cracked material is 
generally weaker in shear than an un-
cracked material, and can sustain no 
tension at all perpendicular to the crack 
plane. Therefore, a complicated de­
scription of solid behavior is necessary, 
although we hope to avoid as many non-
physical and therefore inherently non-
measurable parameters as is possible. 
Unfortunately, SOC contains several non-
physical parameters. 



Initial S t r e s s Calculation—SOC always 
begins by t rea t ing solid zones as in­
crementa l ly e las t i c . The two constants 
used a r e bulk modulus, k, and ei ther 
s h e a r modulus, ,u, or Po i s son ' s ra t io , v. 
The bulk modulus is given as a function 
of p r e s s u r e by the user , but the other 
p a r a m e t e r (whichever is used) is assumed 
constant . To be ent i rely complete and 
consis tent , SOC should also allow the 
specification of the shea r modulus as a 
function of P and/or K. This is net done, 
presumably for the r e a s o n s of a p r io r 
lack of necess i ty and the des i r e for 
s impl ic i ty . F o r many m a t e r i a l s , the 
SOC assumption of a constant n o r v work's 
fa ir ly well, but t he re a r e cer ta in ly 
c l a s s e s of m a t e r i a l for which s h e a r 
modulus dec r ea se s as a function of p r e s ­
s u r e , and these cannot be accounted for 
in the p resen t s cheme . (See Eq. (16) 
be*ow.) 

The problem now is to calculate the 
new p r e s s u r e P = P + i P and shea r 
s t r e s s K = K Q + AK after t i m e At . This 
i s equivalent t o the problem of de t e r ­
mining P and k where the dots indicate 

t 
t i m e der iva t ives , s ince A P = PAt and 
AK = &At. 

Hooke's law for spher ica l symmet ry 
takes the well-known form 

infinitesimal s t r a in s , A is equal to the 
sum of the s t r a ins , such that 

v - v 0 

v„ • e r r + 2eee (12) 

Note that for infinitesimal volume changes 
with respec t to the initial s ta te , A = -mu. 
(See Eq. (8).) Now, if we combine 
E q s . (4), (5), (11), and (12), take t ime 
der iva t ives , and r e a r r a n g e t e r m s , we 
obtain 

-f+!«) -kA 

K -n(kr 
C W , « (13) 

where k = A + j y The definition of 
s t r a i n ai,d the equation of continuity, 
Eq . (7), give the re la t ionships 

V A =, 

8u 
r r ~SF £ee (14) 

and using Eq. (14) in Eq. (13) gives the 
final form of the e las t ic constitutive 
re la t ions 

- k 

(15) 

Orr - AA + 2 „ £ r r , 

o g e = XA + 2»eeg - o H , (11) 

where X and /u a r e L a m e ' s p a r a m e t e r s , 
A is the dilatation, which we define as 
the change in volume divided by the 
initial volume, and e__ and e„„ (= e . .) r r 88 q>9 
a r e the normal s t r a ins in the r and 6 
di rec t ions . It can be shown that for 

Equation (15) contain two constants , 
k and n, and apply for smal l changes 
only, but since we assume incremental 
e last ic i ty , Eq. (15) apply for any succes ­
sion of smal l changes, provided that the 
appropr ia te values of the constants as 
functions of P and K a re given. In SOC, 
we assume , as mentioned above, that k 
takes on a value as given by the use r and 
that u is e i ther a constant given by the 
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user or calculated from a constant 
Poisson's ratio (also given by the user) 
and the basic relationship 

H - •fc$ (16) 

Note that Eq. (16) causes n to increase 
as k increases. In SOC, the value of n 
that is specified by the user or calculated 
from Eq. (16) is multiplied by a weighting 
factor, wt, given by 

wt (17) 

where E F is the internal energy per unit 
volume required to melt the material 
(a user-input quantity). The use of wt 
is simply an attempt to grade the shear 
resistance of the material to zero at 
melting. Values of k are effectively 
specified by providing an experimentally 
determined table of P versus mu or P 
versus V. This means that the first 
equation of (15) may be replaced by 

P = P(mu) (18) 

This is the P-mu loading curve, which 
should be the hydrostat for the material. 

There are two popular techniques for 
obtaining loading data. One is to re ­
produce shock conditions with an 
explosive or by the impact of a projectile. 
The other is to squeeze the material 
quasi-statically in a hydraulic press , 
assuming that the much greater strain 
rate of shock loading can be ignored. To 
obtain P-mu curves for SOC, both of 
these techniques are used, the quasi-
static up to about 50 kbar, and shock 
loading beyond. 

1 
1 

200 

\ 
1 1 

\ 
\ 

\A . ^ ^ Hugoniot 

1 100 

0 

- \ 
Hydrostat—-^*5L 

0.25 0.30 0.35 0.40 
Volume — cm / g 

Fig. 4. Comparison of Hugoniot and 
hydrostat for hardhat granite. 
HEL is the Hugoniot elastic 
l imit. 

Shock loading causes a sudden in­
crease of s tress on all axes. However, 
the strain is discontinuous essentially 
along the axis of shock propagation only. 
A state of strain-increase on one axis 
only is called uniaxial strain. The locus 
of points representing the possible states 
of shock loading in the stress-volume 
plane is often called the Hugoniot. In 
quasi-static experiments, one usually 
measures the hydrostat, which is simply 
the loading curve in the pressure-volume 
plane for hydrostatic conditions (no 
deviatoric s tress ) . Only if the material 
behaves always as a fluid would the 
Hugoniot and the hydrostat be super­
imposed. In general, the hydrostat l ies 
below the Hugoniot, as shown in Fig. 4 . 
However, the Hugoniot can be converted 
into the equivalent hydrostat as follows: 
If the loading Hugoniot is assumed to 
represent a state of uniaxial strain 
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(e e. . = 0), then the following re-
lattong hold far the Hugoniat if linear 
elasticity is assumed: 

a - (A + 2u)€ r r M r r 

e = A r r (19) 

(20) 

For the hydrostat. 

So, the difference between the Hugoniot 

<-«r 
A is 
(-<T ) and the hydrostat (P) for the same r r 

Hugoniot - Hydrostat = • ^ A 

4 m (21) 

The behavior implied by Eq. (21) is 
expected up to the Hugoniot elastic limit 
(HEL). Figure 4 gives an example for a 
granite. Above the HEL the material 
fails, along with our assumption of linear 
elasticity, and the shear stress no longer 
increases. However, -a and P now 
increase at the same rate, so the differ­
ence between the Hugoniot and the 
hydrostat remains constant above the 
elastic limit. One should therefore 
maintain, above the HEL, the difference 
between the Hugoniot and the hydrostat 
that is experimentally observed at the 
HEL (Fig. 4). 

What of unloading? The code assumes 
that high pressure unloading occurs along 
the loading path. However, if observed 
in the laboratory with quasi-static 
equipment, unloading is isothermal, 
while shock unloading is more nearly 
adiabatic. Through the range of labora­
tory measurement (50 kbar) this is but 

a small problem, because there is not 
mMch heating vn a 50-\0nar s.iOcX. The 
realm of importance for the adiabatic-
isothermal discrepancy is in the pressure 
range from 100 kbar, up to vaporization 
at about 1000 kbar. Currently, it is 
assumed that the errors in the experi­
mental work are such that the differences 
between the loading Hugoniot, the unload­
ing adiabat, and laboratory isotherms are 
insignificant. This, ol course, will not 
remain a good assumption with increases 
in the accuracy of experimental data and 
a desire for improved calculations. 

Crushing and "Special Unloading" — 
The initial or trial values of P and K have 
now been calculated from the appropriate 
elastic relationships. What reasonable 
modifications to the elastic state 
must we consider? TJie first is called 
crushing. 

Suppose that the material has been 
loaded to a total volumetric strain called 
mu . and unloading has just begun 
(e.g., the peak of the pressure pulse of 
a wave has just gone past). The code now 
checks for the occurrence of crushing. 
The crushing model in SOC is loosely 
based on the concept of a material that 
is composed of a solid matrix with in­
cluded void space (pores). Upon loading, 
the pores collapse until they are closed 
(or at least partly closed). Therefore, 
upon unloading, if the crushing is to 
some extent irreversible, the material 
cannot return to its original volume. The 
effect of crushing is assumed to be a 
function of P only, which is reasonably 
consistent with data, although not com­
pletely general. If the user desires this 
type of behavior (typified by a material 
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a. 

Total volumetic strain/ mu 

Fig. 5. Typical loading and unloading 
curves in P-mu space. 

like alluvium) he must provide a P-mu 
unloading curve, which differs from the 
initial loading curve. 

Typical loading and urloading curves 
are shown in Fig. 5. In addition to these 
curves, two points are specified by the 
user. They are mu.., the value of mu up 
to which the material is to be treated 
elastically, i .e . , the initial increment of 
compression elastically deforms the 
matrix without permanently collapsing 
pores, and m o , , the point at which the 
loading and unloading curves merge, and 
beyond which no further crushing occurs. 
Between the points mu. and mu, , crushing 
behavior occurs. 

Suppose that all the necessary curves 
and points have been supplied and un­
loading from mu is beginning. First , 
mu__ „ and m u , are compared. If mu„„„ max & max 
2 m u , (crushing is complete), then the 
unloading curve is followed, and only the 
unloading curve is used in subsequent 

calculations. On the other hand, if 
mu < m u , then only partial crushing 
has occurred, but we first check if 
mu . < m u , . If this is true, then max l 
crushing has not yet been initiated, and 
the materiel i s treated elastically. Now, 
if mu, < m u _ „ < m u , a routine is 1 max a 
entered which is called "special unloading" 
<even though it includes subsequent r e ­
loading). 

Special unloading accounts mathemat­
ically for partial crushing by modifying, 
at each time step, the slope of the P-mu 
curve. There are several physical models 
of porous materials that might be em­
ployed here. SOC, unfortunately, uses 
a scheme based primarily on geometrical 
reasoning. First , one defines a slope 
sip 

8 l P l = s l P l o a d + - m u f L 

x < s l Punload - s l P i o a d ) • (22) 

where s l p ^ . ^ and s l p u n l o a d are evaluated 
at the current pressure. The value of 
s ip , is in general between the values of 
s l Pload a n d ^unload" F o r m u m a x * m u 2 -
s l P l - s l p u n l o a d , and for m u m a x - muj , 
where mUj « m u 2 , s ip, •» s l p ^ j . Then, 
to determine the new slope sip, sip, is 
modified as follows 

sip = s lpj - • m T ( s l P l " s l p o > • < 2 3 > 

where sip is the first slope of the 
loading curve. The main effect of the 
Eq. <23) modification of Eq. (22) is that 
sip -» sip if mu — mu, upon unloading. 
If unloading proceeds to P < 0, all slopes 
are straight-line extrapolated from their 
P = 0 values. Reloading follows Eq. (23) 
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J. 

until mn = mu is reached and then 
max 

continues up the loading path until another 
unloading occurs, and then the process is 
repeated, but for the new value of m u „ . 

max 
The behavior described by SOC's 

special unloading scheme only crudely 
approximates some of the existing labora­
tory data. That this model i s not better 
founded is unfortunate, because the 
specific nature of the P-mu loading-
unloading model causes much of the 
energy-storing hysteresis in the medium. 
This hysteres is , in turn, may critically 
determine the attenuation of a shock 
wavefront. It is a deficiency of both SOC 
and TENSOR that several of their models 
of material behavior lack true physical 
meaning. 

Failure—In the laboratory, and 
in situ, one observes a very obvious non-
elasticity in rocks, i .e . , at some point 
they fail to maintain the ability to sup­
port the s t re s se s placed upon them. The 
description of the exact conditions under 
which such failure occurs has remained 
a problem, particularly for mining and 
construction engineers, for years.. We 
will first discuss the general character­
ization of failure in rocks, and then 
separate the discussion into sections on 
brittle failure and ductile failure, al­
though the physical mechanisms of the 
two types of failure may be s imilar in 
rocks . 

For many rocks, it has been 
observed that the point of ultimate 
failure in K-P space does not depend 
upon the loading path in that space and 
is dependent only on K, the maximum 
shear s t r e s s . Then, if rate effects are 
neglected (dependence on K or P) we may 

hopefully define a failure surface in 
K-F space. If the loading path touches 
this surface, failure is defined to occur, 
and the shear s tress is e'ther limited or 
relaxed according to a scheme to be d is ­
cussed in the following sections. 

Let us take a c loser look at K-P space 
in order to define the failure surface. 
(We persist in calling it a surxVce even 
though two variables clearly define only 
a l ine . However, a three dimensional 
generalization of the same notions leads 
to a true surface.) Most M o r a t o r y tests 
are performed on a cylindrical sample 
as shown in Fig. 6. An axial load is 
applied with a piston and the sample is 
enclosed in a fluid medium which applies 
a confining pressure. This is called a 
triaxial test . Since the directions of 
principal s t re s se s , a , a a . coincide 
with the axes of the sample and a = a . 
we may think of these principal s t res ses 
in the same way that we do the three SOC 

Fig. 6. Geometry of cylindrical sample 
for laboratory tes ts compared 
with the equivalent SOC spherical 
coordinates. 
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principal stresses a , CT.„, C,,, where 
Jee CT, ,. Note that the stresses in 
these two systems are not necessarily 
identical, but that the systems may be 
considered equivalent in the sense that 
they both contain two equal principal 
stresses. 

In most laboratory apparatus, we 
cannot easily apply tension to a sample. 
Therefore, all of the principal stresses 
are negative and P is positive. This 
limits us to two basic types of tests. We 
may have a greater axial load than con­
fining pressure where K is positive, 
which is called compression, or, we 
may have a greater confining pressure 
than axial load where K is negative, which 
is called extension. The terms compres­
sion and extension refer to the effect of 
such loading on the dimensions of the 
cylinder. Equations <2) and (3) relate 
P,K, and principal stresses. In K-P 
space, compression occurs above the 
P axis and extension below it (Fig. 7). 
The line K = 0 is hydrostatic compres­
sion. Uniaxial compression (a = a = 0) 

x y 
and uniaxial extension (a = 0) are the 
limits in K-P space which can be investi­
gated with the apparatus as described. 
Furthermore, since we usually apply a 
considerably greater load with the piston 
than we can with the confining fluid, the 
investigatable area extends much further 
to the right above the P-axls than it does 
below. Given these limitations on much 
of the experimental data, what may we 
observe from experimental data about 
failure in the brittle rocks ? 

If typical failure surfaces are re ­
flected across the P axis (Fig. 8), they 
generally resemble one another but do 
not coincide. The magnitudes of K at the 

Uniaxial 
compression 
i - 3 

Slopfi — =• 

Pressure 

Fig. 7. Schematic representation of 
K-P space. Shaded area is the 
approximate limit of commonly 
investigatable area. 

I 0 / 
Failure surfaces 

Pressure 

Fig. 8 Typical failure surfaces in K-P 
space. Material in a stress 
state between the surfaces does 
not fail. 

surfaces are also observed to increase 
monotonically as P is increased. This 
means that rocks can sustain more shear 
as pressure is increased, which makes 
sense if one envisages a mechanism of 
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failure that, involves crack separation and 
sliding friction between interfaces. The 
increasing pressure then makes it more 
difficult for separation and/or sliding to 
occur. We have one more bit of good 
experimental information—namely that 
in those few tension tests which have been 
made (a = <J = 0, a positive), rock 
has been observed to be very weak. If 
one extrapolates the existing curves into 
the tension region, the general picture 
of a failure surface in K-P space emerges 
as shown in Fig. 8. For SOC, we wish 
as a simplification to supply only one 
failure curve, rather than separate 
curves for compression and extension. 
This is particularly desirable because 
there is much more compression than 
extension data (particularly at high pres­
sures), A method of doing this will be 
discussed in the following paragraphs. 

If one pictures the three principal 
stresses {a., <J 2, o„) as having, in gen­
eral, three different values, then one 
would expect that the failure surface 
would depend on all three stresses (which 
is why we call it a surface). In the tests 
we have mentioned (triaxial compression 
and extension), two of the principal 
stresses are equal. In the first case 
the two equal stresses are the greatest, 
and in the second they are the least. 
This mean? that the intermediate principal 
stress has either its largest or smallest 
possible value in one or the other of 
these tests. Let us first assume that 
there is no effect from this change in 
intermediate principal s t ress . This 
means that failure depends only on the 
maximum shear stress (K| seen by the 
material and is independent of the varia­
tion of shear stress with angle. In effect. 

it is the description of a three-
dimensional process with a two-
dimensional model. Even then, the 
failure surfaces for extension and com­
pression do not coincide on a |K|-P plot, 
so to say that the surfaces are the same 
is not, as one might first assume, the 
simplest correct assumption. 

Let us examine this more carefully. 
We will assume that the mechanisms 
and the corresponding stress values are 
the same for compression and extension 
failure. At failure, 

P c = - ^ - ( 2 < T 1 +<7 3 ) , 

|K| = \ (Oj - a3>, (24) 

P e " ' k (al + 2 < V ' 

where c indicates compression and e 
extension. Therefore, for any particular 
value of JK|, the difference in position on 
the P axis is given by 

p c - p e B - y * f f i - V D - l ' K l - < 2 5 ) 

So, on a |K|-P plot, as shown in Fig. 9, 
typical values (in this case for Solenhofen 
Limestone) for failure in extension should 
lie to the right of the values for com­
pression, and they do. This observation 
is ccnsistent with laboratory data on 
many rocks. 

Is there a possible variable other 
than P that would allow a single surface 
for compression and extension in the 
case of the above assumptions concern­
ing the stresses? This would be a worth­
while simplification of the type we are 
looking for. We ask if there is a linear 
combination of P and K, call it P, such 
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• Compression 
A Extension 

2 
Pressure ' 

4 
•kbar 

Fig. 9. Experimental results for failure in Solenhofen l imestone, shown in IKI - P 
space. Data in (a) are from M o g i , 1 1 and in (b) and (c) are, respectively, 
from Blocks 3 and 5 of Handin, Heard, and Magouirk. 

that |K| plotted against P produces 
superposed surfaces for compression 
and extension failure. This is the same 
as solving the following equation for the 
constant, a. 

p c + ^ c = p e + ^ e 

where, in compression, K 4*v 
(26) 

Og), 
The and in extension, K 

solution of Eq. (26) is a = 1/3. Therefore, 
we would expect that a plot of |K| versus 
P where P = P + K/3 should produce 
identical failure surfaces in compression 
and extension if intermediate principal 
s tress has no effect on failure. Figure 10 
shows such | K | versus P plots for the 
same samples as Fig. 9. The results 

do tend more toward one curve when P 
is used, and the |K | -P representation 
appears usefully accurate to within the 
variability of results from one sample 

2 to another. Cherry and Petersen reach 
the conclusion to plot | K | versus F via 
a somewhat different line of reasoning. 
They show that the data of Mogi when 
plotted as jic| versus P produces 
"acceptable 1 1 superposed curves (Fig. 10). 
SOC therefore uses as input a table of 
values of |K | and P. Most of the labora­
tory data for the tables is obtained from 
triaxial compression tes ts . Data for 
tension and very high compression are 
either extrapolated or guessed. 

There are at least two objections to 
the above procedure. The first is that 
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• Compression 
a Extension 

2 4 
F —kbar 

Fig. 10. Experimental results for failure in Solenhofen limestone, shown in | K | - P 
space. Data are the same as in Fig . 9. 

failure obviously should depend to some 
extent on the intermediate principal 
s t r e s s . Mogi shows that this i s true 
experimentally, though the effect is 
usually small . One would certainly 
expect this result from a sufficiently 
general theory. Most theories, however, 
have stemmed from two dimensional con­
siderations, e.g., Griffith's failure 
criteria . (See Jaeger and Cook. > These 
theories , by their very nature, contain 
only two principal s t re s se s . The relative 
ease of the general application of such 
theories to three dimensional media and 
the three dimensional media and the 
tremendous additional complication of 
Involving all three s t res ses generally 
make it desirable to be able to ignore the 

intermediate s tress until data compels 
us to include it. 

The second objection to the use of P 
13 has been mentioned by White. He states 

that to force the superposition of failure 
surfaces for compression and extension 
in | K | - F space causes , in |K | -P space, 
an unreal "separation" before the 
ductility-caused "coming together" as 
shown in Fig . 11. This separation occurs 
because extension and compression 
curves must always be separated by 
|K | $ on the P" axis . T"ie validity of 
White's objection can neither be proven 
nor disproven from the data of Fig. 9. 
A subsidiary point of White's is that the 
| K | - F representation forces compres­
sion and extension curves to be equally 
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I„ ,, the second and third deviatoric in-
Brittle—-I j Ductile variants. In all cases , I, is the equiva­

lent of pressure, and in the case of 
SOC, T 2 ( J = 4 / 3 K 2 and Ig d =16/27 K 3 . 
So we see that for SOC, we can look at 
I- as giving P, I„ , as giving the magni­
tude of K, and I„, as giving the sign of K 
(although both magnitude and sign could 
be obtained from IOJ). 1'he usefulness 
of this system is that when nlotted in 

V X 2 d 2 ' X 3 d 3 s P a c e < F i 8 - 1 2 > - * e 

boundaries for compression, extension, 
and torsion are straight l ines, and the 
failure surface can probably be rep­
resented by a low degree polynomial. 
We must remember that, where only 
compression or extension are allowed, 
as in SCC, there is little practical dif­
ference between White's or the existing 
system. The major advantage of the in­
variant system liec in its possible 
multidimensional applications, such as 
the TENSOR code. 

— Torsion 

Pressure 

Fig. 11. Hypothetical failure surface in 
|K] -P space. Solid lines are 
for assumed validity of the 
IK|-P representation. They 
are separated on the P-axis by 
I K1/3. Dashed l ines are 
Whi te ' s 1 3 claim of the actual 
appearance of data. 

spaced about the torsion failure curve. 
(Torsion, for our purposes, may be 
defined as o_ = i (o, + or,).) He says 
that this is not experimentally observed. 
However, the possible SOC s tre s s states 
are only compression and extension, thus 
the torsion objection is not of crucial 
importance to SOC. It s eems that the 
major overall objection to the use of P 
is a lack of complete generality. In the 
past, this did not matter, but as labora­
tory and field data become more abundant 
and the detail required of calculational 
results increases, we will probably need 
a more general description. 

A good general system for represent­
ing the state of s t re s s of a material and 
the complete failure surface has been 
proposed by White. His scheme de­
scribes the s tress state in terms of I j , 
the first s tress invariant, and !_ . and 

Compression ** 

I , Axis info page 

Fig. 12. Invariant geometry for descrip­
tion of the failure surface. The 
shaded area represents allow­
able s tress states . 
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Brittle Failure or "Cracking"—Assume 
that a failure surface has been provided 
by the user in the form of a table called 
the K-ff loading curve. We now wish to 
describe the behavior of material that 
has been loaded to the failure surface for 
the first t ime. <In some cases, the failure 
surface may never be reached. Then, 
of course, special procedures for failure 
are never required.) In the laboratory, 
one observes the violent growth of a 
crack, or many cracks, and the sample 
suddenly loses its ability to sustain shear 
or tensile s t ress . A "stress relaxation" 
occurs. In the field, one observes any­
thing from microfracture to a general 
breaking up of the rock material and 
severe attenuation of waves which pass 
through it. One infers that the stress 
relaxation observed in the laboratory 
accounts for the attenuation observed in 
the field. From an energy point of view, 
we can any that some of the kinetic 
energy that has been converted into strain 
energy and/or heat is never returned to 
the motion of the medium. 

How shall stresses be relaxed when 
brittle failure occurs? We assume that 
for material which has not failed pre­
viously and is not in tension, that only 
the shear (or deviatoric) stress relaxes. 
Two quantities must then be established, 
namely, the rate of relaxation and the 
"equilibrium value" toward which K is 
relaxed. Perhaps the simplest relaxa­
tion model that has a physical interpreta­
tion is that of a Maxwell solid. If an 
elastic solid can be represented by a 
spring, then the Maxwell solid is given 
by a spring in series with a dashpot. In 
SCC notation, the equation for K in 

Eq. (15) should be replaced by the 
equivalent equation for a Maxwell solid 

/u au \ 
K^l -T-T^J - f (K-Ko>. W 

where the relaxation rate is given by n, 
the viscosity of the material associated 
with brittle failure, and K is the ' o 
equilibrium value of K. Equation (27) is 
convenient in that it has a rough physical 
interpretation, that is, a similar equation 
is obtained from a dislocation theory of 

15 failure. The viscosity can then be 
associated with the plastic strain rate. 
Unfortunately, this physical description 
probably applies best to metals and 
single crystals, and not to rock, where 
failure is initiated and determined by, 
for example, intergranular sliding, 
degree of cementing, etc. Nevertheless, 
Eq. (27) is convenient and doas in gen­
eral produce an exponential stress r e ­
laxation, which is a sufficient way to 
reproduce the scanty data on relaxation 
in rocks. In support of the attitude that 
Eq. (27) is usually adequate, is our 
observation that the most critical effect 
of failure models on code calculations is 
in their limitation of the shear stresses, 
and not in the exact rate of stress re ­
laxation (provided that the relaxation rate 
is not so rapid as to cause numerical 
instabilities). A definite disadvantage of 
Eq. (27) is that it is effectively a high-
pass filter. Often we would prefer a 
low-pass filter in order to produce high-

1 B 

frequency attenuation. 
The correct way of applying Eq. (27) 

would be to difference it according to the 
SOC scheme and then to use the new 
equation as the appropriate constitutive 
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relation. SOC, however, uses a cruder 
approximation, and that is to compute 
the elastic value of K from Eq. (15), call 
it K , and then relax K back each time 
step according to the relation 

K = K e (l - H At) , (28) 

where the relaxation rate fi/t) is obtained 
from a scheme described in the next 
paragraph, and relaxation is toward 
K = 0. It can be shown 1 6 that Eq. (28) 
represents Maxwell relaxation only over 
a narrow range of wavelengths, or 
frequencies, and that in general Eq. (28) 
relaxes K somewhat too quickly as com­
pared to Eq. (27). Of course we could 
easily argue that we know so little, and 
ha \e so few measurements, that the 
exact form of relaxation hardly matters. 
This leads immediately to the conclusion 
that Eq. (28) is the more desirable form, 
since we have already calculated K , and 
need apply only a simple correction. 
This argument has considerable validity, 
because we can only guess at the appro­
priate value of viscosity anyway. How­
ever, as our knowledge improves, our 
mathematical representation must 
eventually improve also. 

SOC attempts to give brittle failure, 
and in particular the viscosity term in 
Eq. (28), a more literal interpretation 
in terms of the "cracking" of the material. 
When the failure surface (K-F loading 
curve) is reached, a crack is assumed to 
initiate in the zone with a velocity C given 

17 
by Bieniawaski. This velocity is some­
what less than the shear velocity in the 
material. No physical crack actually 
occurs in the calculational grid., but 

s tress is relaxed according to Eq. (28) 
with the viscosity term given by 

% - - ^ . <29) 

where AR is the zone dimension and L is 
a "crack length" given simply by 

L = Ct , (30) 

where t is the time beginning at crack 
initiation. The quantity L is allowed to 
enlarge with time until it is equal to 
4AR. At this point, a comparison of the 
relaxed s tress is made with another user 
provided curve, the K-F unloading curve. 
This curve is meant to represent the 
failure surface for previously failed 
material, which is presumably weaker 
than it was originally. The user could 
use the same curve as his original failure 
surface if he did not prefer the weakening. 
At any rate, the relaxed s tress is checked 
to see if it is l e s s than 1/2 the K-F unload­
ing s t r e s s . If it i s , the crack is deemed 
complete, and the code returns to the 
uncracked routines, except that the fact 
that the material has previously failed 
has been stored. If the s tress has not 
relaxed to 1/2 of K-P unloading, then the 
failure routine continues until that value 
is reached, and only then is failure com­
plete. Note that Eq. (28) implies r e ­
laxation toward K = 0, but that the code 
stops the process sooner. This procedure 
is modified if any of the principal s tresses 
is tensile (greater than zero), in which 
case the crack velocity is multiplied by 
a factor of 12, under the assumption that 
tensile failure is more rapid than shear 
failure. 

There are some further complications 
to the above procedure. If the initial 
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crack i s forming; K could conceivably be 
incremented upward on some time steps. 
In this case, there is a limiting upper 
value of K given by wt • K_ where ° " max 
K „ (maximum shear s tress ) is a max 
user-provided quantity and wt is the same 
fluid weighting factor from Eq. (17) that 
we have seen previously applied to the 
shear modulus. As we shall s ee later, 
the quantity K is also the limiting 
value of K used for ductile failure. Thus, 
the brittle failure routine must relax the 
shear s t re s s immediately to at least its 
value for ductile failure. This modifica-
tioii is not applied to the second or sub­
sequent cracks, because K must already 
drop at least to the K - F unloading curve. 
Also , both the loading and unloading 
failure curves are multiplied by wt to 
reflect the fact that the shear s t re s s 
should approach zero at the melting 
point. 

In general, subsequent failure is 
treated in the same way as just described, 
except that the failure surface is now the 
K - P unloading curve. There are, how­
ever, three exceptions, as we will now 
describe. Suppose that the material is 
in some state of initial or subsequent 
failure. First , consider the case in 
which the principal s t r e s s with the 
greatest magnitude i s tensi le . This case 
corresponds to the condition F < 0. The 
code now requires that failure occur very 
rapidly, and that the zone be prevented 
from sustaining any s t r e s s at all, i .e. , 
the zone "comes apart." Thus, the 
normal relaxation scheme is bypassed 
and both I and K are simply set to zero . 
The second special case is s imilar, but 
it occurs v/hen the mean s t re s s is tensile 
(P < 0). In this case, P and K are also 

set to zero, with the bypass of normal 
relaxation. The third special case in­
volves another user provided quantity, 
mu , the "bulking factor." If the total 
volumetric strain mu is l e s s than mu„, 

o' 
where mo is usually negative, then the 
material "bulks," or becomes disoriented 
rubble. In thir case, we also set K = P 
= 0 and bypass normal relaxation. If any 
of the special cases of failure has oc ­
curred, the code henceforth uses only a 
routine called "special loading," which 
will be described in the next section. 

Whether there is any physical reality 
in the cracking description of s tress 
relaxation as described by Eqs. (28), 
(29), and (30), and the subsequent para­
graphs is questionable. Because no real 
crack i s actually formed, "cracking" is 
just the name of the s tress relaxation 
scheme. Altogether, this scheme appears 
to depend on about 10 parameters, some 
of which are dependent. Several of these 
parameters such as the K-F unloading 
curve, mu„, and K „ . are difficult to ' o* m a r 
measure or predict, and one of the 
parameters (the zone s ize) is completely 
without physical meaning. A finite-
difference approximation, in the limit of 
vanishing zone s ize , should approach the 
partial differential equation it represents . 
The effect of vanishing zone s ize on 
Eqs. (28) and (29), as they operate in the 
code, is uncertain. What we witness in 
SOC is apparently a procedure that has 
grown over a period of several years 
into something much more complicated 
and l e s s physical than was originally 
intended. SOC, however, does appear 
to produce acceptable results for the 
materials and conditions for which it was 
originally developed. Cherry and 



Petersen, for example, point out that 
there is some agreement with relaxation 
data for granite (for a problem run using 
"standard" zoning). This might result 
from the arbitrary choice of four zones 
for relaxation as well as anything e lse . 
We have no confidence in predicting that 
the SOC failure description will work in 
a previously unknown material under 
untested conditions. It is more desirable 
to have a relaxation model consistent in 
complication with our understanding of 
the phenomenon, containing perhaps two 
or three parameters that can be cor­
related with the actual behavior of dif­
ferent materials under many conditions. 
Tc describe quantities called.for instance, 
"crack length" and then to render them 
meaningless by connecting them with the 
zone s ize simply confuses the issue and 
is numerically unBound. 

"Special Loading" —The special load­
ing routine is entered if failed material 
s ee s either P or P less than zero, or 
mu < mu . The simplest case of special 
loading occurs if P, at each time step, 
tends to remain l e s s than zero. Then, 
both P and K continue to be zeroed. The 
more complicated cases occur for r e ­
loading with P > 0. The purpose of 
special loading is to modify the calcula­
tion of P such as to take into account the 
apparent increase of material volume 
due to the separation of cracks and 
opening of voids. (The K calculation is 
unchanged.) Upon reloading, the P-mu 
curve must eventually merge back into the 
P-mu loading curve, but we would like 
this to be a gradual process as the mate­
rial reconsolidates. The scheme which 
SOC uses i s , as with the case of crushing. 

apparently chosen from geometrical con­
siderations only and not from a more 
physical mode', of material behavior. 

Assume at first that there is no P-mu 
unloading (crushed) curve for the material 
(Fig. 13), and that we are at some posi­
tive pressure. Pressure, however, may 
have been zeroed in the past, so we are 
not necessarily on the initial P-mu load­
ing curve. There are three possible 
special loading paths. If mu is greater 
than it would be if it were at the current 
pressure on the initial P-mu loading 
curve (mu > m u i o a d ) t SOC calculates the 
new slope of the loading path as 

s l P = s l Pload (31) 

Thus, s ip is the same as for the initial 
loading curve. The loading path defined 
by Eq. (31) will always remain below and 
parallel to the initial curve, without 
merging with it. In this case, SOC does 
not achieve the desired behavior. 

Loading P-mu 
curve 

Total volume tic strain/ mu 

Fig. 13. "Special loading" behavior for 
the case of no crushing. Path 
1 is given by Eq. (31), 2 by 
Eq. (32). and 3 by Eq. (33). 
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The second possibility is that 
mu < mil, j a n d mu < 0. SOC then cal­
culates 

sip = sip. load Vmu. "load 
(32) 

where mu is the bulking mu as defined 
previously. (If mu < mu Q , the pressure 
will simply be zeroed, so we are concerned 
here only with the case mu < mu < 0.) 
The squared factor in Eq. (32) is usually 
small but approaches unity as mu 
approaches m u l o a d . It turns out that 
Eq. (32) gives the desired merging be­
havior, because, on the negative mu axis 
near to m u 0 , reloading is at a very 
small angle with respect to horizontal, 
but, as rnu -* 0, sip becomes c loser to, 
but l e s s than, sip. ., as desired. Sup­
pose reloading has occurred as described, 
and mu has become positive, but it stil l 
l i es above the initial loading curve. Then, 
we have the third possibility, that 
mu > 0 and mu < m U i o a ( } ' The code 
treats this by setting 

s l P " s l p l o a d ' (33) 

Total volumetic strain, mu 

Fig. 14. "Special loading1' behavior for 
the case of crushing. Path 1 
is given by Eq. (34), 2 by 
Eq. (35), 3 by Eq. (36), and 
4 by Eq. (35). 

possibility is mu < m u

r r l , s u a n<3 mu > 0. 
Then we l ie between the initial loading 
and crushed curves and load between 
them according to 

,2 

( mu - mu 
mu" 

/ m u - m u 0 V 

\ m u c r u s h " m u o / 

which causes loading to be above the 
elastic curve, thus not achieving the 
desired behavior. 

Now, consider the same problem, 
but for the case where the user has 
specified a P-mu unloading (crushed) 
curve as well. There are now four pos­
sibilities (Fig. 14). First , we have the 
possibility that mu > m u

c r u s n - V so , 
SOC uses 

sip = sip crush (34) 

which causes loading below the crushed 
curve, which is not correct. The second 

< s lPl, oad ^Pcrush' ' (35) 

which produces a curve with the correct 
geometry. The third possibility is 
mu < mu . and mu < 0. Then we load crush 
according to 

sip = sip 
/ m u - m u o \ 2 

rush \ m u c r u s h - maj ' (36) 

which is the same as Eq. (32) except 

*"•* s l p l o a d i s r e P l a c e d b y s l P C r u s h ' 
This relationship produces the desired 
behavior in much the same way as Eq. (32). 
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For reloading the mu > 0, we now have 
the fourth possibility, in which mu > 0 
and mu < mu, .. In this case, SOC uses 
Eq. (35) which produces a path that tends 
slowly back toward the initial loading 
curve, as desired. 

If a crushed P-mu curve is specified 
which lies below the original loading 
curve, the special loading behavior seems 
to be at least qualitatively adequate 
except in the case where mu > mu . 

cr 
Then Eq. (34), which defines the sub­
sequent behavior, is clearly not adequate. 
The case mu > mu could occur only if 
the pressure is zeroed from a point 
beyond which the crushed P-mu curve 
crosses the P=0 axis. Since this occurs 
in general for positive pressures, the 
zeroing can occur only from the P < 0 
criterion. An examination of the state­
ments in the previous section reveals 
that P < 0 and P > 0 occur simultaneously 
only for a state of extension and a 
limited range of parameter values. For 
the parameters normally specified (in 
particular, typical values of the failure 
surfaces and P-mu curves), the occur­
rence of the above peculiarity is extremely 
rare , and even so, it might appear only 
as noise imposed in a normal calculation. 
Nevertheless, the possibility indicates a 
lack of generality which should not exist. 

Ductile Failure—Ductile failure (yield), 
ia the most common failure mechanism in 
metals and plastics, but it occurs in most 
rock materials only at high pressures 
and temperatures. If failure is ductile, 
a limiting shear stress is observed, as 
for brittle failure. If one attempts to 
increase the shear stress above the 
limiting v.-ilue, the material simply de­

forms without allowing an increase In the 
shear s t ress . There is, however, little 
tendency to relax below the limiting value. 
We assume that ductile failure affects 
only K and not P. 

SOC uses a very simple and mostly 
adequate model of ductility. First, in 
K-P space, the user specifies a value of 
P, called P j , at which the brittle-ductile 
transition occurs. If P> P the brittle 
failure routine is ignored, and K is set 
equal to itself or 

K = wt • K max ' (37) 

whichever is smaller. The quantity 
K has been mentioned previously in 
conjunction with brittle stress relaxation. 
No other adjustments are made. If the 
material has previously failed in a brittle 
manner, all brittle "cracks" are assumed 
to heal. Any subsequent reloading is as 
for a new uncracked elastic material 
except that the code remains in special 
loading if it was in it to begin with. SOC 
does not account for ductile strain 
hardening, in which K increases as 
yield occurs. For rocks, this is probably 
net a crucial shortcoming-, because 
ductile failure is not common at low 
pressures. Furthermore, at very high 
pressures, the existence of hardening is 
probably not significant with respect to 
calculational accuracy. 

An important problem for SOC is the 
nature of the transition from brittle to 
ductile failure. Microscope examination 
shows that failed rock exhibits both 
brittle and ductile phenomena, even if, 
macroscopically, the failure appears 
entirely brittle or duct i le . i o The transi­
tion should therefore not be as sudden ac 
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SOC treats it. The best model to use may 
well be some combination of brittle and 
ductile failure, or it may be better to 
rearrange the entire approach to failure 
by going to a more microscopic and 
perhaps randomized model with statistical 
averaging to obtain bulk properties. 
Currently, it is possible for two adjoining 
points in the same SOC continuum to be, 
respectively, entirely brittle and entirely 
ductile, and this type of discontinuity is 
always numerically unsound and often 
physically unsound. If such discontinuities 
must ar ise , e.g. , a first order phase 
transition, they must be handled with the 
appropriate boundary conditions. 

Other Non-Elastic Processes—We have 
discussed, thus far, primarily the end 
product of non-elastic effects, i .e . , 
failure. SOC does not consider non-
elasticity, other than crushing, which 
may preceed failure. (An exception is the 
forced decrease of shear modulus as 
melting is approached.) Presumably, 
even brittle failure is to some degree a 
gradational process . Within the solid, 
changes must occur prior to failure. 
Ultimate failure is perhaps best described 
as the final unstable manifestation of these 
changes. An example is the phenomenon 

19 of dilatancy. Aside from increasing 
the generality of the code's constitutive 
relations, the successful modeling of 
such prefailure mechanisms could help 
to avoid the problem of treating failure 
as a discontinuous process . Thus, the 
numerical as well as the physical model 
might be improved. 

Melting—The phenomenon of meltir.g 
is treated very simply by SOC within the 

same routine as the constitutive relations 
for a solid. Melting and subsequent un­
loading are assumed adiabatic. At each 
cycle, the internal energy E (per unit 
volume) of each zone is compared with 
the melt energy E , as specified by the 
user. If E > E*, then the shear modulus 
and shear s tress are set to zero but the 
zone retains knowledge of prior cracks, 
if any, although ductility usually eliminates 
them. The P-mu curva remains the same 
as for the solid, u the internal energy 
drops below the melt energy upoi. unloading, 
the zor.e reto-rns to the solid state. Note 
that the user must specify some kind of 
failure preferably ductile, to occur prior 
to melting, lest the material retain a 
finite shear s tress which is suddently 
zeroed. 

More precise models of melting be­
havior in rock materials than the above 
have not yet been developed. The con­
cept of melting used by SOC has been 
developed following the reasoning of 

20 Butkovich. When a volume of material 
is compressed and distorted by a shock 
wave, and then subsequently unloads, 
the work done by the shock loading is not 
entirely returned to the motion of the 
material. If this left-over or "waste" 
energy is assumed to be in the form of 
heat, and it is sufficiently large, then, 
according to SOC, it will cause melting. 
(One can, however, imagine that some 
of the energy may remain instead as 
permanent distortion, or as the heat 
necessary for a solid-solid phase transi­
tion, chemical reaction, etc.) Further­
more, if it is assumed that the shock 
loading and subsequent unloading curve 
for a given material are always approxi­
mately the same, then the critical amount 
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of "waste heat" for melting may be re ­
lated to the internal energy. The melt 
energy E, is somewhat arbitrarily chosen 
to be about one half that for vaporization. 
(See the next section for further explana­
tion.) 

Constitutive Relations for a Gas 
Vaporized material has no strength in 

shear, hence no deviatoric stress may 
exist. We therefore need only investigate 
the pressure-density relationship. How­
ever, since we consider the expansion 
(or compression) of a material containing 
a considerable amount of heat, we need 
a relationship of the form P = P(p, E). 
First, we must decide upon the criterion 
for vaporization. 

The concept of using the internal 
energy in a zone as an indicator for 

20 vaporization is basically the same as 
has been described in the previous 
section for melting. In fact, the con» 
cept was developed for a gas and then 
applied to melting. The same limitations 
still apply. Basically, the user specifies 
a vaporization energy E which is the 
internal energy (per unit volume) neces­
sary for complete vaporization. Partially 
vaporized states are not considered. The 
value of E is at best an educated guess. 
Butkovich 1 8 assumes that the "waste 
heat" necessary to vaporize SiO„ (the 
major constituent of most rocks) is 
2800 cal/g. If one combines this number 
with a loading Hugoniot (also assumed 
to be the unloading curve) for the solid 
rock material of interest, he can arrive 
at the vaporization pressure for that 
material. An example is given in Fig. 15. 
This method, though highly approximate, 
is probably as good as our current 

Volume — cm / g 

Fig. 15. Shock Hugoniot for granite 
showing how energy and pres­
sure of vaporization are ob-
tained.20 p v a n d E v are 
determined from E v = 1/2 P v 

Av/V 0 when the shaded area 
is 2800 cal/g. 

understanding of the shock vaporization 
process. Continued loading above the 
vaporization pressure follows the initial 
P-mu loading curve. The only problem 
then is to define the adiabatic unloading 
curve that the gas follows when it expands 

Butkovich expresses the gas equation 
of state, which determines the expansion 
as 

Y - l = ^ , (38) 

where 7 is the effective isentropic or 
adiabatic exponent. In essence, he treats 
the gas as an ideal gas for each small 
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change in unloading s ta te (the equivalent 
of incremental elast ici ty) and calculates 
t he neces sa ry t ab l e s . The use r has t h r ee 
options. The f irst two a re to provide a 
table of values of P , E, and p or a table 
of (T - 1), E, and p. In ei ther case , 
s ince the code at any point has calculated 
E and p, the use of the table and Eq. (38) 

20 will yield the p r e s s u r e . Butkovich and 
21 Rodean d iscuss the aptness of the 

approximations that a r e involved. The 
r eason for the two-table redundant option 
is that ( 7 - 1 ) va r i e s over a much s m a l l e r 
r ange than P, ana the resul t ing numbers 
a r e e a s i e r to manipulate . The thi rd 
option is s imply to specify a " shor t gas 
t ab le" consist ing of one set of P and V 
values for unloading from the initial 
density p . The validity of the use of the 
shor t table depends mos t ly on the 

assumption that all of the vaporized 
ma te r i a l unloads from a single P -V s ta te 
at vaporizat ion. This is probably suf­
ficiently accura te for most purposes , 
but it is seldom necessa ry to use a shor t 
table in view of the availabili ty of the 
complete tables and fast c o m p u t e r s . A 
sample P, E, p table is shown graphical ly 
in F ig . 16. 

Consti tutive Relation for a State of 
"Water Re lease" 

In a rock m a t e r i a l which contains 
water, t he re is a poss ible s ta te which 
is not accounted for by the constitutive 
re la t ions thus far descr ibed , that i s , 
when the rock ma te r i a l is solid or liquid, 
but the water has been vaporized. The 
adiabatic unloading of such a two-phase 

22 sys tem has been calculated by Butkovich. 

Pressure — mb 

Fig . 16. Equil ibrium equation of s tate for SiO„ and 1% H„0 by weight. 
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Basically, he combines, by volume 
weighting, the unloading curve3 for the 
solid with the unloading adiabat for water 
to obtain an unloading curve for the 
system. 

In SOC, the P-V adiabatic release 
curves for water are stored in the code, 
and the user need only specify the weight 
fraction of water and a total volumetric 
strain above which all of the wat«sr is 
assumed to vaporize. For continued 
loading, the material follows the input 
P-iau curve, but for unloading, the 
appropriate expansion adiabat is followed 
(Fig. 17). Butkovich has determined 
that a mu corresponding to a pressure of 
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Fig. 17, Loading and release paths for 
Schooner tuff, water, and tuff-
water combination.20 Dashed 
curves, identified by primed 
letters, are for release from 
1 mb. 

100 kbar is a sufficiently good approxi­
mation for satisfactory results. Of 
course, in the actual case, there is a 
minimum pressure for the onset of 
vaporization (about 50 kbar) and a maxi­
mum pressure for total vaporization 
(about 700 kbar), and in between, there 
exists a solid-liquid-gas system. How­
ever, in light of current computational 
accuracies, it is not necessary to cal­
culate the complete system. The use of 
a single mu to characterize water vapor­
ization is sufficient. 

Constitutive Relations for a High 
Explosive 

Due to the finite velocity of detonation, 
and the complex thermodynamic nature 
of the expanding gases produced by a 
high explosive (HE), SOC treats HE in a 
separate routine. Basically, one deter­
mines from the detonation velocity and 
properties of the explosive (as provided 
by the user) whether or not burn has 
occurred in the zone. If burn has oc­
curred, the subsequent adiabatic expansion 
is determined from a set of tables 

23 developed by Lee, et al. It does not 
appear at this point that there are any 
severe problems with the SOC formula­
tion. 

ENERGY 

The internal energy of a zone is used 
explicitly for the determination of the 
shear modulus weighting factor (wt), the 
melting point, the vaporization point, and, 
if the material is vaporized, the point it 
occupies on the gas tables. Other than 
these applications, the remaining purpose 
of the energy calculation is as a consistency 
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check. Because the adiabatic process 
that we consider can only transfer energy 
mechanically, the total mechanical energy 
(internal plus kinetic) of all the zones 
must remain equal to whatever energy is 
given as input to the problem. To cal­
culate the total energy, we note that the 
time rate of change of the internal (strain) 
energy of a zone is given by 

E = cr r r krr + 2c$e kge . (39) 

To put this in the form that SOC uses, 
we combine Eqs. (4), (5), and (14) to 
obtain 

E = - ^ - | K ( - V + 3 ^ ) . (40) 

Equation (40) is used to find the change 
in internal energy after each time step. 
To this, we add the kinetic energy, and 
then sum over all the zones to find the 
total energy. (We may also add the 
gravitational potential energy, if neces­
sary.) When a problem is terminated, 
any discrepancy between the accumulated 
energy of all the zones and the energy 
provided by input may be attributed to 
numerical error . 

This section completes the description 
of a SOC calculation for one time in­
crement At. The next step is to return 
to the equation of motion and, using the 
newly-calculated stress state, to begin 
the loop again. This process is con­
tinued until a sufficient time segment, as 
determined by the user, has elapsed. 

INITIATION OF A SOC PROBLEM 

This report is not meant to be a 
user's manual. Nevertheless, it would 

be worthwhile to describe several of the 
means of energizing the medium (which 
in turn cause the motion). 

Complete Simulated Nuclear Explosive 
The simulation of a nuclear explosion 

with SOC is achieved as follows: The 
inner most region in the problem is 
specified as "iron gas" with the appro­
priate volume and mass of the nuclear 
device (made to be spherical). This 
volume of gas is given an initial internal 
energy equal to the yield of the device. 
The subsequent cavity expansion, vapor-
izatioi? of rock material, and motion are 
then calculated by the code. 

"Bubble" Simulated Nuclear Explosive 
The so-called "bubble" was developed 

as a means of approximating the complete 
problem as described above, but with 
the use of less computer time. Currently, 
there is seldom need for the small time 
savings, but the bubble still may be a 
convenience for some. The bubble 
assumes that 70 metric tons of rock are 

1 8 vaporized per kiloton of device yield. 
The problem starts with a vaporized 
volume of rock gas at exactly the radius 
beyond which no more vaporization occurs. 
This volume contains the energy of the 
device distributed uniformly. No iron 
gas is considered, because the volume of 
the rock gas bubble is considerably larger 
than the volume of the iron in the device. 
The bubble is obviously a fairly crude 
approximation to a true device for early 
times or close to the expanding cavity. 
However, it has proved to be quite 
adequate at later times and farther from 
the source. 
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Chemical High Explosive 
A volume of HE material may be the 

SOC source of energy. In this case the 
HE may be placed anywhere and allowed 
to yield energy in some finite time (as 
compared to a nuclear explosion, which 
is essentially instantaneous). 

Pressure at a Boundary 
If one calculates the pressure versus 

time at a nuclear-caused cavity wall, he 
sees an initial peak followed by a more-
or-less exponential decay (possibly with 
some ringing). It is a sufficient approxi­
mation for many problems, and certainly 
allows savings of computer time and 
unnecessary complexity, to simply use 
pressure as a function of time at an 
internal boundary to initiate motion. 
This is often a good way to perform 
parameter studies, since problems such 
as cavity ringing are avoided. 

Velocity in a Region 
There are some problems, such as 

projectile impact, which require a mass 
with a prescribed velocity to initiate the 
motion of a medium. SOC allows this 
option, although it does mot ordinarily 
apply to explosion problems. 

SAMPLE SOC PROBLEMS 

This section contains the results of 
four representative SOC calculations. 
All four calculations use a 1 kt "bubble" 
energy source. The initial cavity radius 
and pressure are 1.86 m and 1.72 mb 
respectively. The first calculation is for 
an essentially linearly elastic material 
(no failure and constant bulk and shear 
moduli). The second calculation intro­

duces a very simple failure surface and 
more realistic bulk modulus versus pres­
sure relationship, although a simplified 
r t ress relaxation scheme is used. The 
third calculation introduces a more 
realistic failure surface, and the fourth 
calculation uses the complete SOC stress 
relaxation scheme. 

The purpose of these sample calcula­
tions is to show that, although SOC works 
acceptably well for the elastic case, the 
successive introduction of several non-
elastic phenomena produces increasingly 
questionable results. We have purposely 
chosen calculations ttiat emphasize SOC's 
difficulties. If we had used a larger 
energy input, or weaker material, many 
of these difficulties would not have arisen. 

Elastic 
Material properties for the elastic 

case are given in Table 1. We show, in 
Fig. 18, velocity (V), pressure (P), and 
shear stress (K) versus radius at time 
t = 5 msec after problem initiation. Fig­
ures 19 and 20 show P and K versus time 
at, respectively, the cavity radius and 
at the zone with an initial radius of 
6.41 m. The results shown are quite 
straightforward and acceptable. The 
noise indicated is a result of some 
"ringing" in the cavity and numerical 
instability. We show all of these figures 
so that they may be compared with the 
subsequent non-elastic results. 

Table 1. Material properties for elastic 
case. 

Property Value 

Initial density 2.61 g/cm3 

Bulk modulus 0.33 mb 
Rigidity modulus 0.200 mb 
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Fig. 18a. Elastic sample problem show­
ing velocity at 5 msec. Fig. 18c. Elastic sample problem show­

ing shear stress at 5 msec. 
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Fig. 18b. Elastic sample problem show­
ing pressure at 5 msec. 

Simple Failure 
The material properties used for this 

sample problem are given in Table 2 and 
Fig. 21. The failure surface, | K | versus 
F , in this material is simply a constant, 
as for an elastic-plastic material, except 

Fig. 19. Elastic sample problem. Pand 
:fK f versus time at the cavity 
radius. 

that both brittle and ductile failure are 
allowed. The stress relaxation scheme, 
however, differs from the SOC model in 
that the viscosity term in Eq. (29) has 
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Fig. 20. Elastic sample problem. Pand 
|K| versus time at the zone 
with an initial radius of 6.41 m. 

Fig. 21. Pressure-volume relationship 
for non-elastic sample problems. 

Table 2. Material properties for simple 
failure sample problem. 

Property Value 

Initial density 2.61 g/cm 
Pressure-volume relation See Fig. 21 
Poisson's ratio 0.25 
Failure stress 15 kbar 
Brittle-ductile transition 0.06S mb 
"Bulking" strain -0.14 

been replaced by njn - 0.001/sec. This 
has been done to simplify the relaxation 
scheme such that the gross features of 
failure as described by SOC can be 
emphasized. Normally, SOC relaxation 
begins slowly, but finishes very rapidly. 

while the scheme in this example produces 
a constant relaxation rate. 

Figure 22 shows V, P. and K versus 
radius at t = 5 msec. Due to the SOC 
treatment of failure, several discon­
tinuities and considerable noise have 
appeared. These are particularly 
noticeable in the P and K plots. To see 
why these arise, we have plotted P and 
K versus time for three pairs of adjoin­
ing zones that find themselves in the 
situations shown in Figs. 23a, 24a, and 
25a. The first pair of zones, at 6.3 m, 
is one that sees both ductile and brittle 
failure and one that sees only ductile 
failure. The second pair of zones, at 
7.8 m, is a zone that sees ductile failure 
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Fig. 22a. Sample problem with simple 
failure, showing velocity at 
5 msec. 

Fig. 22c. Sample problem with simple 
failure, showing shear stress 
at 5 msec. 

Radius — 1(T cm 

Fig. 22b. Sample problem with simple 
failure, showing pressure at 
5 msec. 

only and one that sees brittle failure only. 
The third pair of zones, at 11.2 m, is 
a zone of brittle failure and an adjoining 
elastic zone. 

- — Brittle | Ductile — -

Fig. 23a. Sample problem with simple 
failure, showing schematic 
stresspaths for a pair of ad­
joining zones at 6.3 m. Both 
Start at 0,0. Zone 1 fails 
ductile and then brittle, while 
Zone 2 fails ductile only. 

The time plots in Figs. 23b, 24b, and 
25b contain discontinuities which result 
from the zeroing of P and K depending 
upon the stress histories of the zones. 
These discontinuities act effectively as 
internal boundaries in the problem and 
produce reflections, dispersions, etc.. 
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Fig. 23b, Sample problem with simple 
failure, showing pressure 
and |K| versus time for the 
zones of Fig. 23a. A s tress 
discontinuity ar i ses at P = 0 
when Zone 1 suddenly goes to 
"special loading." 

Fig. 24b. Sample problem with simple 
failure, showing pressure and 
|K I versus time for the zones 
of Fig. 24a. A s tress dis­
continuity arises at P = 0 when 
Zone 2 goes to "special loading." 

Fig. 24a. Sample problem with simple 
failure, showing schematic 
s tress paths for a pair of ad­
joining zones at 7.8 m. Both 
start at 0,0. Zone 1 fails 
ductile only. Zone 2 fails 
brittle only. 

Fig. 25a. Sample problem with simple 
failure, showing schematic 
s t re s s paths for a pair of ad­
joining zones at 11.2 m. Both 
start at 0,0. Zone 1 fails 
brittle. Zone 2 does not fail. 
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Table 3 . Materials for a more realistic 
failure sample problem. 
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Time — msec 

Fig. 25b. Sample problem with simple 
failure, showing pressure and 
|IT| versus time for the zones 
of Fig. 25a. A s tress d is ­
continuity ar ises at P = 0 when 
Zone 1 goes to "special loading." 

as would any boundary. They are, how­
ever, not representative of real-world 
boundaries. In a single body of rock, 
the strese-strain-fai lure relations should 
not in general be entirely different for 
an infinitesimal change in position. To 
be sure, a boundary between pure mate­
r ia ls , or between individual grains in a 
rock, may act tilts way, but the average 
properties of bulk rock should be more 
continuous. A zone in SOC, which rep­
resents an entire spherical shell many 
cubic meters in volume, should not 
suddenly be aU brittle and then all ductile. 
This discontinuities which arise in this 
example indicate a real deficiency in the 
SOC code, even in cases where the over­
all aspects of the motion as calculated 
may be accurate. 

Property Value 

Initial density 2.61 g/cm 
Pressure-volume relation See Fig. 21 
Poisson's ratio 0.25 
Failure strength See Fig. 26 
Brittle-ductile transition 0.065 mb 
"Bulking" strain -0.14 

I 
5 

Fig. 26. Failure surfaces in | K | - P 
space for sample problem with 
more realistic failure. Solid 
l ine is loading (initial failure) 
curve and dashed line is un­
loading (subsequent failure) 

failure surface toward zero for tension. 
V, P, and K versus radius at 5 msec are 
shown in Fig. 27. Similar features appear 
as in the previous example, except that 
they are somewhat obscured by the de­
creased strength near to F = 0. 

More Realistic Failure 
The material properties are given in 

Table 3 and Fig . 26. The only essential 
difference between this and the previous 
sample problem is the decrease of the 

Complete SOC Failure Model 
The example is exactly the same as 

the above except that the SOC "cracking" 
scheme is used. V, P, and K versus 
radius at 5 msec are shown in Fig. 28. 
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Fig. 27a. Sample problem with more 
realistic failure, showing 
velocity at 5 msec . 

Fig. 27c. Sample problem with more 
realistic failure, showing 
shear s tress at 5 msec . 

v . 
g 
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J 
Radius — 10 cm 

Fig. 27b. Sample problem with more 
realistic failure, showing pres­
sure at 5 msec . 

Fig. 28a. Sample problem with SOC 
failure model, showing 
velocity at 5 msec . 

The increased noise as c o m p a r e d 
with the previous s a m p l e calcula­
tions is due to the SOC relaxation 

scheme, which begins slowly, but 
becomes very violent before cracking 
ceases . 
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Fig. 28b. Sample problem with SOC 
failure model, showing pres­
sure at 5 msec . 

F ig . 28c. Sample problem with complete 
SOC failure model, showing 
shear s t re s s at 5 msec . 

TENSOR Physics 

Insofar as physics i s concerned, the 
main differences between SOC (the one 
dimensional code) and TENSOR (the two 
dimensional code) are found in their con­
stitutive relation formations. These 
differences are the result of the gen­
eralizations necessary to describe the 
additional dimension in TENSOR. In 
most cases , the generalized quantities 
are invarient, independent of zone s ize , 
and reduce to the quantities found in SOC 
for a one dimensional problem. An ex­
ception is the case of s tress relaxation 
following brittle failure in which the 
dependence of the existing unsatisfactory 
scheme on the zone length in one dimen­
sion and on an "average" length in two 
dimensions may cause the relaxation to 

differ in the two ;odes (although intent of 
the formulation is the same). A discus­
sion of the various quantities of interest 
follows. 

In TENSOR, the relevant physical 
components of s t re s s , deviators, and 
mean s tress which are appropriate for 
a cylindrical coordinate system, r, z, 
#, with axial symmetry, are defined by 
Cherry et al.4 

Stresses: 

Pressure: 

Stress 
deviators: 

rr' T T 

P = 

T_ = P + T 

? < T r r + T 4 + T z z > -

rr' 
P + T z z -
- <T r + T 2 ) . (41) 

This section contributed by W. J. r.annon. 
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As a generalization of the quantity K 
usod in SOC Eq. (2), TENSOR uses the 
invariant quantity 

,1/2 Y = (3/4 I 2 D ) ' ' « . (42) 

where 

I,— is the second deviatoric in-
24 variant given by 

J 2 D = S ( ( T 1 1 " T 2 2 > 

+ < T 2 2 - T 3 3 ) 2 + ( T 3 3 - T I l > 2 ' 

t o t 9 » 9 
+ T ! 2 + T 1 3 + T 3 i • ( 4 3 ) 

where 
T ' . = P 6 . . + T . . = s t r e s s devia tors , 

13 13 13 

T: - = physical components of the 
s t r e s s t ensor (orthogonal 
bas i s ) , and 

6.. = Kronecker delta. 

To write E q s . (42) and (43) in two 
dimensions using the notation of Eq. (41), 
note that 

11 " r ' x 2 2 xz' *12 " r z ' 33 

( T r + T z ) 

T 2 3 ~~ T i 3

 = ° • 
These substitutions give 

(44) 

Z 2D * T r + T l + T r T z + T r z » ( 4 5 > 

and 

[3/4 (l , 2 2 2 M 1 ^ 2 

r z r z r z / I (46> 

In the case of one dimension, for both 
spher ica l and plane p rob lems . 

T n = P + a r r > T 2 2 - T 3 3 = P + < I 90 ' 

T 1 2 = T 1 3 = T 2 3 = ° • « 7 > 

where a and a„„ a r e defined in E q s . (4) 
and (5). 
This gives 

1 , .2 
2D " 3" v a r r " "06 

and 

(48) 

(49) 

Although it can b<*. shown that in the 
spher ica l and plane SOC geometr ies K 
is proport ional to the maximum shear 
s t r e s s , the octahedral shea r s t r e s s , and 
the square root of the s t ra in energy of 
distort ion, Y, in genera l , is proportional 
only t o the l a s t two. Thus , Y cannot be 
considered to be a generalization of a 
fai lure c r i te r ion based on maximum shear 
s t r e s s . It is interest ing to note that in 
the case of one dimensional symmet ry 
( i .e . , dependence only on the distance 
from the z axis) we can no longer make 
the assumption that the azimuthal s t ress , 
o , ,, equals the axial s t r e s s , o . In­
s tead, the axial s t r e s s is determined 
from the condition that the axial s t ra in 
e is z e r o . We find that <J = f(o„^ 
+ o, , ) , where v i s Po i s son ' s r a t i o . Thus , 
in genera l , cr does not equal e i ther of 
the other two principal s t r e s s e s an<" may 
be such that the differences given by 

l f f zz " CTrr' o r l a z z * ° ^ m a y b e l a r g e r 

than la _ - a. , I. Under these conditions r r 99 
the use of K is probably an inadequate 
failure cr i ter ion and Y should be used 
even in the one dimensional code. 

Although Y can be looked upon as a 
general ized expression consistent with 
a failure cr i te r ion based on distort ional 
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strain energy or octahedral shear stress, 
the generalized form of P does not appear 
to have such a specific physical inter­
pretation. An invariant form in two and 
three dimensions which reduces to 
P = P + K/3 in the usual SOC cases is 

T'J(J13D) • (50) 

where 
I. - the first stress invariant, 
lsr> = the third deviatcric stress 

invariant 
= det (Tj ) . 

In practice, a Y-F criterion provides a 
convenient way of using a single failure 
criterion for a variety of stress states. 
{See the previous discussion for SOC.) 
H does not represent a fundamental 
physical relationship and should be used 
with caution. 

As in the case of SOC, TENSOR makes 
a distinction between shear failure and 
tension failure. This distinction is made 
on the basis of the algebraically largest 
principal s t ress . The principal deviatoric 
stresses, S., are given by 

- <T r + T z ) , 

2,3 = 1 {' <T_ + T J 

± i(T r - rzr + m «tri (SI) 

This is easily seen by noting that one of 
the principal deviatoric stresses is T , , 
and that the other two are equivalent to 
a state of plane stress in the r, z, 

24 plan*?. The principal stresses are 
formed in the usual way. tf the largest 
principal stress is greater than zero and 
the failure surface is exceeded, then the 

material is assumed to fail in tension. 
The "crack velocity" is adjusted as de­
scribed in the SOC section. No provision 
is made for an anisotropic change in 
material properties due to the failure. 

In the event that brittle failure has 
occurred, stress relaxation takes place. 
The relaxation scheme is essentially 
that given in the SOC description. A 
complication occurs in the two dimen­
sional code because of the necessity of 
defining a linear zone dimension, DL, 
with which the "crack length" can be 
compared. This zone dimension is 
determined by letting D. and D„ be the 
vectors corresponding to the diagonals 
of the zone. We then define a variable, 
Ljy where 

L D S ^ m a x ( ^ + D 2 | , |p x -D 2 |J . (52) 

If the zone were a rectangle, L— would 
correspond to the length of the longest 
side. The zone dimension, DL, is then 
defined as the area divided by Lj-,, Re­
laxation proceeds as in SOC using the 
value of DL in place of AR in Eq. <29). 
In comparing SOC and TENSOR calcula­
tions it is important to note that the 
TENSOR zoning can cause DL to differ 
from AR, even for spherical zoning with 
the same radial spacing of zones. This 
will cause the effective relaxation schemes 

25 to differ in the two codes. 
The above comments point out the 

major differences in the formulations of 
constitutive relations for solids in SOC 
and TENSOR. In addition to these dif­
ferences, others exist in the areas of 
the other constitutive relations and the 
treatment of artificial viscosity. In 
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particular, TENSOR does not have the 
extended gas tables in the form of Eq. (38). 
A gas table giving pressure versus radius 
may be entered for a spherical source 
region, and a table giving pressure versus 
mi corresponding to the short table of 
SOC may be entered. Also, there is no 

To become truly viable predictive 
tools, particularly in the case of a 
medium for which there is little or no 
prior experience, SOC and TENSOR 
need considerable revision. The major 
physics-associated effort of such re ­
vision should be in the formulation and 
use of constitutive relations for solid 
materials. (There are, of course, 

provision at all for water release (at 
present). In those relatively simple 
cases for which the same problem can be 
run on both SOC and TENSOR, the dif­
ferences in the calculated velocities, 
displacements, and stresses are less 

2fi than a few percent. 

many strictly numerical improvements 
which are also necessary.) Such a 
revision of SOC has already been 
undertaken, and the resulting code 
named SOC73, is essentially com­
pleted and will be described in a sub­
sequent report. An improved, but as 
yet unnamed, two-dimensional code is 
also being developed. 

Conclusions 
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