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ABSTRACT 

. . 

An improved method f o r  t h e  weight op t imiza t ion  of one-dimensional 

layered  s h i e l d s  has  been developed. The r a d i a t i o n  t r a n s p o r t  problem ' i s  

represented  by coupled neutron-gamma r a y  cl tscrete  ord ina tes '  t ranspor ' t  

ca . lcu la t ions  . I n  t h e  optimiza.tion procedure, forward and a.dJoint ca lcu-  

l a t i o n s  a.re performed f o r  t h e  i n i t i a l  s h i e l d  des ign .  An approximate form 

of t h e  per turbed  a d j o i n t  i s  used i n  t h e  a .djoint  d i f f e r e n c e  approach t o  

determine t h e  e f f e c t  of  s h i e l d  changes, and a simple ' c l o s e d .  fdrm optimi- 

z a t i o n  algori thm i s  used a s  i n  t h e  ASOP code. 

Three r e a l i s t i c  s h i e l d  opt imiza t ion  problems were soived t o  

demonstrate t h e  c a p a b i l i t i e s  of  t h e  method'. A comparison b e k e e n  t h e  

r e s u l t s  ob ta ined  us ing  t h i s  method and t h e  ASOP code showed t h e  agreement 

of t h e  two methods t o  be ve ry  good and t h e  new'method t o  be s i g n i f i c a n t l y  

f a s t e r .  
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CHAPTER I 

INTRODUCTION 

I n  many mobile r e a c t o r  app l i ca t ions ,  system c o n s t r a i n t s  r e q u i r e  

t h a t  t h e  s h i e l d  be minimum weight,. For example, i n  space a p p l i c a t i o n s  

t h e  high c o s t  of launching a  payload i n t o  e a r t h  o r b i t  makes it necessary  

t o  minimize the  weight of a l l  components i n  t h e  system. Thus, t h e r e  i s  

a  need f o r  a n a l y s i s  techniques which can be used t o  des ign  minimum weight 

s h i e l d s .  

The s h i e l d  opt imiza t ion  problem can be d iv ided  i n t o  two p a r t s :  

t h e  s e l e c t i o n  of t h e  s h i e l d i n g  m a t e r i a l s ,  and t h e  arrangement of t h e s e  

m a t e r i a l s .  Only t h e  l a t t e r  problem w i l l  be considered h e r e .  There 

a r e  s e v e r a l  d i f f e r e n t  procedures t h a t  can be used t o  arrange s h i e l d i n g  

m a t e r i a l s .  One poss ib l e  method i s  t o  l e t  t h e  s h i e l d  be composed of 

s e v e r a l  d i f f e r e n t  m a t e r i a l s  whose volume f r a c t i o n s  a r e  continuous func- 

t i o n s  of p o s i t i o n .  However, t h e r e  a r e  disadvantages a s soc i a t ed  wi th  

a  continuous d i s t r i b u t i o n .  I n  some cases ,  it i s  d i f f i c u l t ,  i f  no t  im- 

poss ib l e ,  t o  f a b r i c a t e  a  s h i e l d  of t h i s  k ind .  Also, t h e  b e n e f i t  of 

s e l f - s h i e l d i n g  e f f e c t s  which can be gained by lumping a  m a t e r i a l  i s  

l o s t .  Another method of a r ranging  s h i e l d i n g  m a t e r i a l s  i s  t o  d iv ide  

t h e  s h i e l d  i n t o  reg ions  i n  which t h e  s h i e l d i n g  m a t e r i a l  i s  homogeneous. 

The problem t h a n  i.s t o  f i n d  t h e  optimal composition and opt imal  shape 

f o r  each reg ion .  This  work w i l l  be l i m i t e d  t o  t h e  problem of one- 

dimensional s h i e l d  weight op t imiza t ion  of layered  s h i e l d s  i n  which t h e  

l a y e r  compositions a r e  known. 



I PROBLEM STATEMENT 

One purpose of a. r a d i a t i o n  shie ld  i s  t o  reduce t h e  rad ia t ion  

l e v e l s  a t  a l l  po in t s  outs ide  t h e  sh ie ld  t o  acceptable values .  For one- 

dimensional problems, t h e r e  i s  o f ten  only one requirement: t h a t  t h e  

dose a t  the  surface  of t h e  sh ie ld  o r  a t  some point  outside t h e  sh ie ld  

not exceed a given value .  For t h i s  case,  t h e  sh ie ld  ~ p t i m i z a ~ t i o n  prnb- 

l e m  can be s t a t e d  mathematically a s  follows: 

Assume a one-dimensional sh ie ld  configurat ion t h a t  i s  uniquely 

defined by n v a r i a b l e s .  Let  a vector  X be defined i n  n-dimensional vec- 

t o r  space with t h e  n va r iab les  as components. Possible choices f o r  the' 

va r i ab les  a.re such th ings  as l ayer  thicknesses,  boundary posi t ions ,  or  

any other q u a n t i t i e s  t h a t  completely speci fy  t h e  configurat ion.  The 

problem i s  then t o  f ind  a vector  such t h a t  the  function w(X) i s  mini- 

mized a t  yo subject  t o  t h e  condit icn t h a t  TI(?!) equal the  dose c o n s t r a i n t .  

Here ~ ( 5 )  denotes t h e  s h i e l d  weiaht,  and D(X) denotes the  dnse ~ t -  snge 

poin t  outs ide  o r  a t  t h e  surface  of t h e  sh ie ld .  

TI. PRESENTLY AVAILABLE ME7FIODS 

One method cur ren t ly  i n  use f o r  t h e  design of minimum weight, 

layered r a d i a t i o n  s h i e l d s  i s  , the  method of s teepes t  descent (I., - - 2, 3, 4) - 
This method i s  an i t e r a t i v e  procedure which can be summarized as follows: 

1. Choose an i n i t i a l  vector X1 such t h a t  

where Dc i s  the dose c o n s t r a i n t .  



2 .  Find a. u n i t  v e c t o r  6X which p o i n t s  i n  t h e  d i r e c t i o n  of maxi- 
- .  . 

mum al lowable decrease i n  W(X) s u b j e c t  t o  t h e  c i b s t r a i n t  t h a t  be 

tangent  t o  t h e  s u r f  ace 

3. Calcula,te a rlew vec to r  % dcf ined  by 
L 

where A i s  an a rb i t r a . ry  i t e r a t i o n  parameter .  . . 

4 .  Calcula te  a  co r r ec t ed  p o i n t  Xp such t h a t  t h e  dose c o n s t r a i n t  

i s  met .  The d e f i n i t i o n  o f ' t h e  vec to r  E . c ' a u s e s  t h i s  c o r r e c t i o n  t o  be 

smal l .  

5  Se t  fl equal  t o  % and r e p e a t  s t e p s  2 .  through 5 .  u n t i l  

some convergence c r i t e r i o n  is .  s a t i s f i e d .  . . 
. , _ . ' .  

Summarizing, t h e  method of s t e e p e s t  descent  i s  an i t e r a t i v e  pro-  

cedure which s t a r t s  w i t h  an i n i t i a l  s h i e l d  conf igura t ion  t h a t  s a t i s f i e s  

t h e  dose c o n s t r a i n t  and i t e r a t i v e l y  changes t h e  configura. t ion,  fol lowing 

a  constant-dose,  decreasing-weight path,  u n t i l  a. minimum weight config-  

u r a t i o n  i s  found. The q u a n t i t i e s  V D ( % )  and vw(f1) are requi red ,  t o  

c a l c u l a t e  t h e  vec to r  E,. . A t  ..each p o i n t  i n  t h e  i t e r a t i v e  scheme, t h e  

dose, t he  weight, and t h e i r  g r a d i e n t s  a r e  requi red ,  and' t h e  informat ion  

9bta.ined i s  a  vec tor  which t e l l s  t h e  d i r e c t i o n  i n  which to,move b u t  no t  

how f a r  t o  move. 

Another method t h a t  has  been used t o  so lve  cons t ra ined  func t ion  

minimization problems i s  t h e  .method of LaGrange m u l t i p l i e r s  . ( 5 ) .  - One 

way t o  o b t a i n  t h i ~  r e s u l t  i s  t o  minimize a  new func t ion  def ined  by 



The f'unction H w i l l  have a s t a t i o n a r y  value provided 

a H  and-  = 0 .  
a h  

These requirements may be w r i t t e n  as  

and D(X) - Dc = 0 .  

The l a s t  requirement implies t h a t  the  cons t ra in t  i s  s a t i s f i e d  and t h a t  

H equals  W. 

Clark and Kam ( 5 ) ,  - solve Equations (1-6) by kxpanding every f'unc- 

t i o n  i n  a f i r s t  order Taylor expansion and replacing h with A. + 6h. By 

ignoring products of incrementals,  t h e  system of equations becomes a s e t  

of n + 1 l i n e a r  equations with n + 1 unknowns which i s  solved f o r  6X and 

6A. These r e s u l t s  a re  used t o  obta in  new guesses f o r  X and A and t h e  

process i s  repeated u n t i l  convergence i s  obta.ined. 

Thus, t h e  numerical implementation of the  method of La.Grange m u l -  

t i p l i e r s  i s  an i t e r a t i v e  procedure which requires  an i n i t i a l  guess f o r  2 

and A and uses a l i n e a r  approximation t o  obta in  successive es t imates  of 
- 
X and A u n t i l  a s t a t i o n a r y  point  i s  found. The information required a t  



ea.ch s t e p  i n  t h e  i t e m t i o n  i s :  

a D  X) a w ( 5 )  a 2 ~ ( ? )  and D(?), w(X), L, - a2wW f o r  i = 1 t o  n, j = 1 t o  n .  axi axi ' axiaxj' a X i a X j  

The information obtained i s  a  new es t ima te  of t h e  opt imal  s h i e l d  conf ig-  

The main d i f f i c u l t y  i n  applying t h e  method of s t e e p e s t  descent ,  

t h e  method of LaGrange m u l t i p l i e r s ,  o r  any o t h e r  numerical f 'unction 

minimization algori thm t o  t h e  problem of s h i e l d  weight op t imiza t ion  i s  

eva lua t ing  t h e  dose and i t s  d e r i v a t i v e s .  The r igo rous  way t o  c a l c u l a t e  

t h e  dose i s  t o  so lve  t h e  t r a n s p o r t  equat ion .  However, s i n c e  t r a n s p o r t  

c a l c u l a t i o n s  a r e  r e l a t i v e l y  time consuming, and a  l a r g e  number of  dose 

eva lua t ions  a r e  requi red  t o  o b t a i n  t h e  r equ i r ed  d e r i v a t i v e s ,  t r a n s p o r t  

c a l c u l a t i o n s  a r e  n o t  used d i r e c t l y  i n  t he  opt imiza t ion  process  i n  most 

p r e s e n t l y  a v a i l a b l e  methods (2, - - 3, - 6 ) .  Ins tead ,  s i m p l i f i e d  models a r e  

used t o  r e l a t e  t h e  dose t o  t h e  th i cknesses  of t h e  m a t e r i a l s  p r e s e n t .  

Mynatt (7)  - observed t h a t  t h e  complexity of t h e  t r a n s p o r t  problem f o r  

a  h igh -e f f i c i ency  s h i e l d  r e q u i r e s  t h a t  a  r i go rous  method be used f o r  

t h e  t r a n s p o r t  p o r t i o n  of t he  s h i e l d  opt imiza t ion  problem even i f  t h i s  

prec ludes  t h e  use  of a t t r a . c t i v e  opt imiza t ion  t echn iques .  Engle and 

Mynatt (8) - have developed a computer program c a l l e d  ASOP (9)  - which 

incorpora tes  d i s c r e t e  o r d i n a t e s  t r a n s p o r t  c a l c u l a t i o n s  d i r e c t l y  i n t o  

I;he [ ; i r n i zaC io l l  process 

The opt imiza t ion  technique used i n  ASOP i s  based upon t h e  

fol lowing assumptions: 

1. The dose can be approximated by an exponent ia l  of t h e  form 



, . 

where A i  i s  a. cons tan t .  This approximation i s  based on . the observa.- 

t i o n  t h a i  t h e  a t t enua t ion  of  ra.dia,tion i s  roughly exponential  i n  nature .  

2. The dose-weight de r iva t ives  can be approximated by a t run-  

ca ted  Taylor s e r i e s  of t h e  form 

El o = - I  a D  0 + r- a (-)I a~ 0 sx i ,  
&W Xi f GX; aW Xi a X i  3W Xi (1-8) 

~" 

where a D  = a D  aW - - -1- . 
aw axi a X i  

These approximations are  va l id  f o r  small values of and use of t h e  

ASOP program has shown t h a t  they are  f a i r l y  accura1;e f o r  l~ioderate s ized 

changes. 

From the method of LaGrange 1nuLL1pllers ( s e e  Equa l lu l l  (1-6))  

a necessary condit ion f o r  a minimum weight sh ie ld  i s  t h a t  the  dose- 

weight de r iva t ives  be equal .  Requiring t h a t  t h e  dose equal t h e  dose 

c o n s t r a i n t  and t h a t  the  dose-weight de r iva t ives  be equal y ie lds  t h e  

following n + 1 l i n e a r  equations: 

and 

where A '  i s  the dose-weight de r iva t ive .  



These equations ,contain n . +  1 unknowns, t h e  GXils and A ,  and a re  e a s i l y  

solved once the  constant  terms a re  evaluated.  ASOP evaluates  t h e  con- 

s t a n t s  by performing a  s e r i e s  of A N I S N ( ~ O )  - ca lcu la t ions  which cons i s t  of 

the  i n i t i a l  configurat ion and two displacements of each movable boundary. 

F i n i t e  d i f ference  equations a re  then used t o  evaluate t h e  constant  terms.  

The s e t  of l i n e a r  equations can be solved by mult iplying each 

Equation (1-10) by A~/[L (an)] 0  and subtrac t ing from Equation (1-9). axi a W  Xi 

The r e s u l t  i s  

Once A '  i s  known, Equation (1-10) can be solved fo r  & X i .  

The procedure used i n  ASOP i s  t o  solve fo r  the  G X i l s  and use 

them t o  update the  vector  G .  The s e r i e s  of ANISN ca lcu la t ions  i s  then 

repeated and the  i t e r a t i o n  i s  continued u n t i l  both t h e  dose and the dose- 

weight de r iva t ives  converge. I n  each s t e p  of the  i t e r a t i o n ,  2n3+ 1-ANISN 

ca lcu la t ions  a r e  required t o  obtain a  new est imate of' t h e  minimum weight 

conf igura t ion.  

111. PURPOSE 

The purpose of t h i s  work i s  t o  develop a  new method f o r  calcu- 

l a t i n g  minimum weight sh ie lds .  Most methods used f o r  sh ie ld  weight 

optimiaati.on use highly s impl i f ied  ca lcu la t iona l  models t o  represent  



t h e  r a d i a t i o n  t r a n s p o r t  i n  t h e  s h i e l d .  However, s ince  these  simple 

models a r e  not based on a  r igorous so lu t ion  of the  t r anspor t  problem, 

they introduce e r r o r s  i n t o  t h e  optimization process, and it i s  d i f f i -  

c u l t  t o  es t imate  t h e  magnitude of these  e r r o r s .  The ASOP method i s  

based on t r a n s p o r t  c a l c u l a t i o n s  but  has o ther  de f ic ienc ies .  A l a r g e  

number of t r anspor t  ca lcu la t ions  a re  required t o  obta in  a  minimum 

weight s h i e l d .  This makes ASOP ca lcu la t ions  c o s t l y  and tends t o  l i m i t  

t h e  amount of d e t a i l  which may be included i n  the  t r anspor t  calcula-  

t i o n .  For example, t h e  use of r e l a t i v e l y  few energy groups may tend 

t o  d i s t o r t  important d e t a i l s  of t h e  r a d i a t i o n  t r a n s p o r t .  Also t h e  ASOP 

method does not allow t h e  use of general  function minimization algo- 

r i thms which a r e  ava i l ab le .  The approach t o  be used i n  t h i s  develop- 

ment i s  t o  obta in  a  s impl i f ied  function t o  describe t h e  v a r i a t i o n  of 

dose with changes of t h e  sh ie ld  configurat ion which i e  based on a 

r igorous  so lu t ion  of t h e  t r anspor t  problem. This approach allows 

t h e  use of general  minimization techniques. By using c e r t a i n  proper- 

t i e s  of adjoint  t r anspor t  theory, the  f'unction can be obtained using 

t h e  r e s u l t s  from two t ranspor t  ca lcula t ions ,  one forward and one 

a d j o i n t .  Since the  ASOP technique requires  2n + 1 calcula t ions ,  the  

new method should requ i re  s i g n i f i c a n t l y  l e s s  computer t ime.  



DEVELOPMENT OF THE CALCULATIONAL METHOD 

I n  t h i s  chapter,  the  techniques t o  be used i n  ca lcu la t ing  

optimum sh ie ld  configura.tions a re  developed. The t h e o r e t i c a l  concepts 

' u t i l i z e d  and the  approximations made t o  obta in  a s impl i f ied  dose- 

thickness re la t ionsh ip  a re  presented. Final ly ,  t h e  optimization 

procedure t o  be used i s  described.  

I .  THE: DIFFERENCE FLUX F O ~ T I O N  

The Boltmann t ranspor t  equation describes mathematically 

the  behavior of neutrons o r  photons i n  terms of seven-dimensional 

phase space. The form of ten  of i n t e r e s t  i n  shie ld ing appl ica t ions  

i s  the  time-independent form given by 

where 

a @(r,E,bZ) = t h e  p a r t i c l e  f l u x  a t  positiurl 7, energy E, and 

d i r e c t i o n  fi per u n i t  energy per mit s o l i d  angle; 

c ( r , ~ )  = the  t o t a l  macroscopic cross  sec t ion  a t  pos i t ion  r, t 

and energy E; 

- - 
c (r, E'+E,~ '*)  = the  macroscopic d i f f e r e n t i a l  s c a t t e r i n g  

S 

cross sec t ion f o r  p a r t i c l e s  with i n i t i a l  

energy E' and d i r e c t i o n  hZ' which s c a t t e r  a t  



p o s i t i o n  7 and emerge with energy E and d i rec -  

t i o n  6 per  u n i t  energy per u n i t  s o l i d  angle; 

s( ; ,E,~) = source p a r t i c l e s  emitted a t  7 with energy E and 

d i r e c t i o n  per u n i t  energy per  u n i t  s o l i d  angle 

pe r  u n i t  volume. 

I n  order t o  s impl i fy  notat ion,  it i s  convenient t'o wr i t e  
. . 

Equation (2-1) i n  operator  nota t ion a s  

where P represents  pos i t ion ,  energy, and d i r e c t i o n  phase space. 

I n  the  s h i e l d  optimiza.tion problem, a reference sh ie ld  config- 

u r a t i o n  and severa l  a . rb i t r a ry  per turbat ions  of t h a t  sh ie ld  configurat ion 

w i l l  be considered. It i s  convenient t o  r e l a t e  the ,pe r tu rbed  f lux  t o  

t h e  unperturbed f l u x  as follows: 

where the  subscr ip t  zero denotes the  unperturbed o r  reference configura- 

t i o n ,  and 6@(F) i s  c a l l e d  t h e  d i f ference  f l u x  (11, - - -  12, 13, 1 4 ) .  
.I - 

Subs t i tu t ing  Equation (2-3) i n t o  Equation (2-2) gives : 
. . , 8 



Since the  Boltzmann operator  i s  l i n e a r  (15),  - Equation (2-4) can bc 

wr i t t en  as  

The Boltmann equa,tion f o r  t h e  unperturbed case i s  

. . 

, Subtract ing Equation (2-6) from Equa.tion (2-5) and rearranging terms 

y i e l d s  : 

~ q u a . t i o n  (2-7) m a y  be w r i t t e n  a.s 

bm(~) = f(2), 

where 

The e f f e c t s  of per turbat ions  can be evaluated by solving Equa- 

t i o n  (2-8) .  However, most present ly  avai lable  computer programs could 

not be used because the  source term f ( F )  i s  pos i t ive  i n  some regions 

of phase space and negative i n .  o thers  : 



11. ADJOINT TRANSPORT CALCULATIONS 

Transport problems t h a t  have a. s i n g l e  source and many de tec to r s  

can be solved by a  s ingle ,  forward t r anspor t  ca lcu la t ion .  However, tra.ns- 

p o r t  problems t h a t  have s e v e r a l  d i f fer .ent  sources and a  s ing le  de tec to r  

would requ i re  a  separa te ,  forward t r anspor t  ca. lculat ion f o r  each source.  

Problems of t h i s  type can be , so lved  more e f f i c i e n t l y  using ad jo in t  

t r a a s p o r t  thccrr3y. 

A +  
The ad jo in t  of t h e  operator  k i s  defined as an operator ,  H , 

t h a t  s a t i s f i e s  t h e  fol lowing equation: 

A+ + S t ( ~ )  ha(?) di; = J o(?) H m (F) di; + B T.,  - 

where 

P. T. is a boundary term; 
- 
P i s  a  region oS phase space t h a t  includes a  volume, Vo, 0 

a i l  energies,  and a l l  d i rec t ions ;  

and @(P) and @+(P) are  any functions t h a t  s a t i s f y  c e r t a i n  boundary 

and con t inu i ty  condit ions (16) .  - 

When fi i s  the  opera tor  defined i n  Equations (2-1) and (2-2),  h+ 

i s  given by the  following equation (16) : 

A 
The only boundary term comes from the  f i r s t  term i n  t h e  H operator  and 



i s  as  follows (16): - 
. . 

where So i s  t h e  surface  of t h e  volume Vo. Let the  funct ions  Q(F) 

and d ( ~ )  be defined by t h e  following equations : 

and 

- 
where R(P)  i s  any response funct ion .  I f  Equation (2-13) i s  mul t ip l i ed  

by @+(P), Equation (2-14) i s  mul t ip l ied  by 0(5), and t h e  r e s u l t i n g  

expressions a re  subt rac ted  and in tegra ted  over Po, the  fol lowing r e s u l t  

i s  obta.ined: 

.[ ( P )  s(P) aP - J m(F) R(F) dP. 

Subs t i tu t ing  Equations (2-10) and (2-12) i n t o  Equation (2-15) and re -  

arranging terms  yield^ t h e  following r e s u l t :  

Equations (2-U) and (2-14) do ~ i u t  uniquely def ine  o(P) and G?+(F) 



because boundary condit ions have not been spec i f i ed . .  I f  the  surface 

So i s  chosen t o  be a nonreentrant surfa.ce t h a t  envelops the  outer 

surface  of the  system, no p a r t i c l e s  enter .  the  surface of the  system. 

Thus, t h e  boundary condit ion i s :  

. , - - 
o(;,,E,~) = 0, for  ( n - a )  c 0 .  (2-17) 

Equation (2-16) i s  va l id  no matter what boundary condition i s  chnsen 

+ - 
f o r  0 ( P ) .  The boundary term i n  Equation (2-16) may be eliminated by 

choosing the  following boundary condition: 

- - 
O+(F~,E,E)  = 0, (n.0) > 0. . . (2-18) 

Equation (2-16) thus becomes 

+ - -  
The! boundary condit ion el~ascn for Q (P) is c u l l u l s L e ~ ~ L  wf,Lh t h e  

i n t e rp re t a t i on  of @+(P) as  an importance f inc t ion  (16) .  - This i s  e a s i l y  

demonstrated by considerirg the  s p e c i a l  s i  t i i ~ t i  nn whprp is a unit. 

point  source i n  phase space given by 

For t h i s  case, Equation (2-19) becomes 



Thus, a)+(?) is t h e  probable c o n t r i b u t i o n  of a p a r t i c l e  a t  ? t o  t h e  

response.  . . 

The l e f t  hand s i d e  of Equation (2-19) r e p r e s e n t s  t h e  w a y  t o  

c a l c u l a t e  a response o f  some type  us ing  va lues  of o(?) ob ta ined  from 

a forward c a l c u l a t i o n .  The r i g h t  hand s i d e  of Equa.tion (2-19) may be 

+ - 
used t o  c a l c u l a t e  t h e  same r e s u l t  u s ing  va lues  of 0 (P)  obtgined from 

an a d j o i n t  c a l c u l a t i o n .  The a d j o i n t  method (us ing  ~ ' ( 5 ) )  a l lows prob- 

lems witbmany' d i f f e r e n t  sources and a s i n g l e  d e t e c t o r  t o  be solved 

us ing  t h e  r e s u l t s  of s i n g l e '  t r a n s p o r t  c a l c u l a t i o n .  

111. AN APPROXIMATE DOSE-THICKNESS RELATIONSHIP 

The r e l a t i o n s h i p  between t h e  dose a t  a given p o i n t  and t h e  

f l u x  can be expressed as fol lows 

For a p o i n t  quan t i t y  such a s  dose, t h e  s p a t i a l  dependence of 

R(P)  i s  represented  by a d e l t a  f 'unction. S u b s t i t u t i n g  Equation (2-3) 

' i n t o  Equa.tion (2-22) y i e l d s :  

. , 

n = J m,(Y) R(?) d? + J m ( i )  R(P) aP 
- - 
Po Po 

= D, + /' 60(Y) R(Y) d?, 
4 n 

(2-23) 

Po 

where Do i s  t h e  dose i n  t h e  unperturbed case .  Equation (2-8) i s  t h e  

Boltzmann equat ion  f o r  t h e  d i f f e r e n c e  f lux ,  and Equation (2 -19)  i s  an 



a l t e r n a t e  expression f o r  i n t e g r a l s  l i k e  t h e  one i n  Equation (2-23) : 

Using Equations (2-8) and (2- ly) ,  Equation (2-23) may be wri t ten .  as 

This r e s u l t  i s  sometimes ca l l ed  t h e  ad jo in t  d i f ference  method (12, - - 1 4 ) .  

The ob jec t ive  of t h i s  development i s  t o  obta.in an expression 

f o r  D which i s  accura.te f o r  any small per turbat ion and can a l s o  be ea.si ly 

evaluated f o r  a. l a r g e  number of d i f f e r e n t  perturba. t ions.  Equation (2-23) 

i s  not s u i t a b l e  f o r  t h i s  purpose because 6@(P) i s  d i f f e r e n t  f o r  each 

perturba. t ion . Equation (2-24) can be used provided s u i t a b l e  expressions 

+ - 
f o r  0 (P) and f (7) can be found. For s m a l l  perturbations,  @:(P) i s  a 

+ - 
good approximation f o r  0 ( P ) .  The equivalent  source was defined i n  

Equation (2-9) using opera tor  nota t ion.  Equation (2-9) can be w r i t t e n  as :  

I n  one-dimensional geometries, Equation.  (2-25) can be f u r t h e r  s impl i f ied  

provided t h e  pe r tu rba t ions  considered are l imi ted  t o  changes i n  zone 

th icknesses .  I n  t h i s  case, a given f r a c t i o n a l  change i n  zone thickness 

can be approximated by the sartie f r a c t i o n a l  change i n  the  densi ty  of the  

zone. This r e l a t i o n s h i p  i s  exact f o r  s l a b  geometry but i& only an approxi- 

mation i n  c y l i n d r i c a l  and spher ica l  geometries because of curvature 

e f f e c t s .  Using t h i s  approximation, t h e  perturbed cross  sec t ions  are 



and 

where p(?) i s  t h e  "density" a t  p o s i t i o n  r. 
S u b s t i t u t i n g  t h e s e  express ions  i n t o  Equation (2-25) y i e l d s  

Note t h a t  t h e  term i n  t h e  bracke ts  depends only on t h e  unperturbed 

cond i t i ons .  Equation (2-28)' can be w r i t t e n  a s  

where f (?,E,;) i s  the  term i n  t h e  b racke t  i n  Equation (2-28) .  sub-' 0 

e t i t u t i n g  Equation (2-29) i n t o  .Equation (2-24) g ivea  

I f  t h e  p e r t u r b a t i o n  is  a .uni form change i n  d e n s i t y  i n  one zone i n  which 

p ( r )  i s  cons tan t ,  Equation (2-30) becomes 
0 



- 
where Zi i s  the  zone where t h e  p e r t u r b a t i o n  was in t roduced .  Dividing 

Equat ion (2-31) by A p i  and t a k i n g  t h e  l i m i t  as A p i  approaches zero  

y i e l d s  

It was shown i n  Chapter I t h a t  a necessary  cond i t i on  f o r  n 

mult izone  s h i e l d  t o  be minimum weight i s  t h a t  all dose-weight deriva.- 

t i v e s  be equa l .  The dose-weight d e r i v a t i v e s  can be eva lua ted  as fo l lows:  

Thus, Equations (2-32) and (2-33) can be used t o  determine i f  a s h i e l d  

meets t h e  necessary condi t ion .  Also, Equations (2-32) and (2-33) provide 

t h e  information necessary  t o  apply t h e  method of s t e e p e s t  descent .  How- 

eve r ,  t h e  method o f  s t e e p e s t  descent  r e q u i r e s  t h a t  l& equal  t h e  dose 

c o n s t r a i n t  and does no t  g ive  any information about t h e  magnitude of t h e  

change t o  be made t o  t h e  con f igu ra t ion .  For t h e s e  reasons,  it i s  d e s i r a b l e  

t o  u se  t h e  more gene ra l  r e l a t i o n s h i p ,  Equation (2-31) ,  i n s t ead  of Equa- 

t i o n  (2-32) i n  t h e  op t imiza t ion  procedure.  

I n  order  t o  u se  Equation ( 2 - X ) ,  t h e  perturbed a d j o i n t  flux, 

0+(?) i s  r e q u i r e d .  Since it i s  not  p r a c t i c a l  t o  ob ta in  @+(P) r i go rous ly ,  



a  sinlple appruxinfation is used t o  ob ta in  a  r e l a t i o n s h i p  between d ( Y )  

and @L(P). Phys ika l ly ,  @+(F) is; thb  c o n t r i b u t i b n  :of a  p a r t i c r e  zat 

p o i n t  t o  t h e  dose .  The e f f e c t  of an i n c r c a ~ e  i n  d e n s i t y  ( o r  zone 

th i ckness )  i s  t o  p l ace  a d d i t i o n a l  m a t e r i a l  between t h e  p a r t i . c l e  and 

t h e  d e t e c t o r .  Thus, t h e  amount of ma.teria1 between t h e  p a r t i c l e  and 

t h e  d e t e c t o r  i n  t h e  per turbed  case  i s  i d e n t i c a l  t o  t h e  amount of m a t e r i a l  

between another p o i n t  f a r t h e r  from t h e  d e t e c t o r  and t h e  d e t e c t o r  i n  t h e  

unperturbed c a s e .  Therefore,  a simple approximation f o r  @+(?) i s  

mi(?) where Pt  i s  t h e  second p o i n t .  Semi-log p l o t s  o f  t h e  importance 

of p a r t i c l e s  i n  one-dimensional s h i e l d s  t o  t he  dose a t  t h e  s u r f a c e  of  

t h e  s h i e l d  show t h a t  t h e  v a r i a t i o n  of importance wi th  p o s i t i o n  can be 

w e l l  represented  by a  s i n g l e  exponent ia l  i n  any homogeneous zone.  h he 

pa th  l e n g t h  s t r e t c h i n g  used i n  Monte Carlo c a l c u l a t i o n s  (17) i s  based 
, . - 

on t h i s  observat ion .) Using the  two approximations j u s t  mentioned, 

t he  per turbed  a d j o i n t  f l u x  (importance) i s  

i P i  - aln@:(P) 
@(P)  e mi(?) exp [ - ( r b  - r )  (- I , (2-34 1 

P, a r  

where r i  i s  the  boundary of t h e  zone n e a r e s t  t o  t h e  d e t e c t o r  ( t h e  r i g h t  

boundary ) and ainoh(H) i s  the  aver ige  logar i thmic  s lope  of O:(F) i n  
a r  .. . 

t h e  zone. A case  where t h i s  approximation can f a i l  i s  when- p a r t i c l e s  

f a r t h e r  from t h e  d e t e c t o r  a.re more important tha.n p a r t i c l e s  c l o s e r  t o  

t h e  d e t e c t o r .  An exaiiple o f  t h i s  i s  t h e  importance of low energy neu- 

t r o n s  i n  a. hydrogenous zone a.d j acent  t o  a  heavy me ta l  zone . The 



con t r ibu t ion  of. these  *neutrons t o  t h e  neutron dose.-at t h e  surface  of 

t h e ' s h i e l d  i s  n e g l i g i b l y  smal l .  However, these  neutrons can enter t h e  

heavy meta l  region and produce secondary gamma rays which can con t r ibu te  

t o  t h e  t o t a l  dose. For these  neutrons, Equation (2-54) pred ic t s  thae  

t h e i r  importance grows exponent ia l ly  with increas ing dens i ty .  This i s  

a. nonphysical r e s u l t  which could make Equation (2-34) a very poor 

approximation, even if t h i s  phenomenon occurs only i n  a few r e l a t i v e l y  

unimportant regions of phase space. Physical ly,  the  heavy metal 

appears t o  be a. "detector" t o  the  neutrons. . Thus, Equation (2-34) 

can s t i l l  be used provided r i s  replaced by ri(P),  where r i ( ~ )  i s  

defined t o  be t h e  boundary where the  importance i s  l a r g e r  f o r  a given 

neutron energy and d i r e c t i o n .  Equation (2-34) then becomes 

Pi m+(F) = $(F) exp [ - ( r & ( ~ )  - r )  ( - 1) atn~:(I) J ,  ( 2 -55 )  

p i a r 

. - 
where r;(P) r t h e  r i g h t  boundary of t h e  zone i f  

arn$(i;) 2 0,  

a r 

a . tn~A(i.)  
t h e  l e f t  bour~ilary of t h e  zone i f  a r < U. 

Equation (2-35) insures  t h a t  importance decrea.ses whenever the  densi ty  

increases  which i s  more r e a l i s t i c  tha.n Eq~iat,ion (2-34). Equation (2-35) 

was used i n  the  ca lcu la t ions  described i n  Chapter I V .  



: ,  . - . . . . 

Consider a p o i n t  i so t r ' op i c  moidenergetic source enclosed by 

s e v e r a l  concen t r i c  s h e l l s  of s h i e l d i n g  m a t e r i a l .  The unco l l i ded  flux 
, : 

at  a p o i n t  ou t s ide  the  s h i e l d  is: 

where Oo i s  t h e  f l u x  when no s h i e l d i n g  ma. te r ia l  i s  p re sen t ,  

$ i s  t h e  t o t a l  c r o s s  s e c t i o n  of t h e  i t h  ma te r i a l ,  

and ti i s  t h e  th i ckness  of t h e  i t h  s h e l l .  

Equation (2-36) can a l s o  be w r i t t e n  as 

where Oi i s  the  uncol l ided  f l u  a t  t h e  p o i n t  when only  t h e  i t h  s h e l l  

i s  p r e s e n t .  The quo t i en t  i s  t h e  m a t e r i a l  a t t e n u a t i o n  f a c t o r ,  f o r  

t h e  i t h  zone. A r e l a t i o n s h i p  s i m i l a r  t o  Equation (2-38) can be assumed 

f o r  t he  dose wheri several pe r tu rba t ions  a r e  introduced i n  t h e  s h i e l d .  



Thus, t h e  dose can be approximated by . . . . . * .  
., . ' 

where D i  i s  the  dose when only t h e  i , t h  zone i n  t h e  sh ie ld  i s  per turbed.  

Equation (2-39) can a l s o  be wr i t t en  as  

. . 

By expanding t h e  product and ignoring the  product, of two incremental 

q u a n t i t i e s ,  Equation (2-40) becomes 

Solving f o r  t h e  change i n  dose gives 

which i s  the  l i n e a r  approximation. Thus, Equation (2-39) agrees ,wi th  

t h e  l i n e a r  approxima.tion f o r ,  ~ r n a l 1 ' ~ e r t u r b a t i o n s  and i s  more accurate 

f o r  l a r g e r  pe r tu rba t ions .  Also, Equation (2-39)  never p red ic t s  a nega- 

t i v e  dose as lorig as  a l l  t h e  Di's are  pos i t ive .  

Subs t i tu t ing  Equation (2-31) i n t o  Equation (2-40) y ie lds  



S u b s t i t u t i n g  . Equation . (2-35) i n t o  Equation (2-43) y i e l d s  
. . . . 

, . .  

Equation (2-44) can be w r i t t e n  as  

where 

B(P) s (r&(T) - r )  a mn@j(F.) and a r 

Equation (2-45) i s  the  des i red  expression f o r  the  dose as  a f'unction of 

changes i n  zone thickness i n  a one-dimensional s h i e l d .  The approxima- 

t i o n s  made i n  der iv ing Equation (2-45) are :  

1. The changes i n  zone thicknesses can be approximated.by a 

change i n  dens i ty  of the  zone. . 

2 .  The perturbed ad jo in t  f l u  can be approximated by Equation 

(2-35 ) - 
3 .  The e f f e c t  of seve ra l  per turbat ions  can be approximated by 

Equation (2-39) .  



Equation (2-45) can be used i n  conjunction with a function minimization 
, . : .  . , - I . I . ,  . . . -  . , "  

algori thm t o  ob ta in  an optimized sh ie ld .  ' The only r e s t r i c t i o n  i s  t h a t  

t h e  t h r e e  approximations l i s t e d  above do not s u b s t a n t i a l l y  a f f e c t  t h e  
-. I t -  . 

1 -. 
f i n a l  r e i u i t .  Thea result 's  presented i n  Chapter I V  were obtainid us ing 

Equation (2-45) .  
, - .  

I n  order t o  inves t iga te  the  usef'ulness of Equation (2-45) f o r  

evaluat ing an i n i t i a l  configurat ion,  the  p a r t i a l  de r iva t ive  o f .  Equation 

(2-45) wi th  respect  t o  uj is determined: 
, . . . . . . . '  . . 

/ 

2!2 = n  t l + a i r  A(?) exp [-B(?) ail d ~ )  
anj i#j Do J- 

Z i 

Evaluating t h i s  expression f o r  t h e  i n i t i a l  configurat ion.  ( a l l  ai equal 
... - -  

t o  zero)  y ie lds  

. . 

and 



Equation (2-48) i s  i d e n t i c a l  t o  Equation (2132) .  Since only t h e  den- 

s i t y  change approxima.tion was used i n  de r iv ing  Equation (2-32))  on ly  

t h i s  approximation in t roduces  any e r r o r s  i n  an op'tim'ized sh i e ld .  con- 

f i g u r a t i o n  obtained us ing  Equation (2-46) .  The o the r  two approximations 

only  a f f e c t  t h e  r a t e  of convergence of  any i t e r a t i v e ' , p r o c e d u r e  which 

. . 

u t i l i z e s  Equation (2-45) o r  Equation (2-46) . i 

. . 

I V  . THE OPTIMIZATION PROCEDURE 

The opt imiza t ion  procedure t o  be used i s  based on t h e  ASOP 

method descr ibed  i n  Chapter I .  I n  o rde r  t o  eva lua t e  t h e  cons t an t  

terms appearing i n  Equations (1-7) through (1-11))  it i s  necessary  t o  

de f ine  t h e  vec to r  TI which desc r ibes  t h e  s h i e l d  con f igu ra t ion .  The 

r a t e  of change of dose wi th  r e s p e c t  t o  Xi can then  be ca l cu la t ed  us ing  

t h e  cha in  r u l e :  

a D  where - i s  given by Equation (2-46) .  
aa 

j 

One p o s s i b l e  choice i s  t o  de f ine  Xi t o  be t h e  th i ckness  of t h e  
. .  . .  

i t h  zofie. I n  t h i s  case,  the  zone th i ckness  case ,  Equation (2-49) becomes 

The alphas,  a r e  r e l a t e d  t o  t h e  a c t u a l  per turbed  s h i e l d  con f igu ra t ion  by 



,. b .  
. . 

where t h e  r ' s . ,  a r e  , t h e  .,a.ctual zone, boundaries i n  t h e  p.ertwrbed. s h i e l d  

(no d e n s i t y  approxi.ma.tion) and the .  r o t s  are .  t h e  , zone I -  boundari,es . . i n  t h e  

unperturbed.  s h i e l d :  Ta.king t h e  p a r t i a l  d e r i v a t i v e  of  Equa.tion (2-51) 

w i th  r e s p e c t  t o  Xi y i e l d s  ': 

8 , i . .- - -  
i + l  i ' (2-52) ax, '0 - * o  

4 .  I .  

S u b s t i t u t i n g  Equation (2-52) i n t o  Equation (2-50) y i e l d s  

A n o t h e r , p o s s i b i l i t y  i s  t o  def ine  Xi t o  he r i .  I n  t h i s  ca.se, 

Equation (2-49) beeoi11ts 

. The second term i n  Equation (2-54) vanishes  when Xi i s  -the ou t s ide  

boundary of t h e  system. 

A more g e n e r a l  way t o  def ine  t h e  X i ' s  i s  t o  l e t  Xi be t h e  amount 

t h a t  boundaries  i through i + ki a r e  moved, where k. i s  t h e  number of 
1 

/ 



succeeding boundaries t o  be moved s imultaneously wi th  boundary i. For 

example if hi i s  zero, no boundaries  a r e  moved wi th  'libundar? i, j,iind 'ki 

becomes ri .  Also, : the s p e c i a l  case  i n  which ki is  chosen such t h a t  t h e  

i t h  boundary a.nd all success ive  b o u n d a r i e s , a r e  moved s imultaneously cor-  

responds t o  t h e  zone th i ckness  d e f i n i t i o n .  Using t h i s  more gene ra l  d e f i n i -  

t i o n ,  Equation (2-49) becomes 
I .  

As before,  t h e  second term i n  Equation (2-55) vanishes when boundary 

i + ki i s  t h e  ou t s ide  boundary of  t h e  system. 

Using t h e  more g e n e r a l  d e f i n i t i o n  f o r  X i ,  t h e  r a t e  of change of  

t h e  weight wi th  r e spec t  t o  Xi i s  given by t h e  cha in  r u l e  a s  



. , . . .,., ' .  . d < a , .  , . .  

I n  . ,  .one , . dimensional ... ge,ometri,es,, .." , ,: -,. .. . , . . . .  . . . . . . ' . _.:. 

The ASOP method assumes t h e  following expression f o r  the  dose 

Taking t h e  p a r t i a l  d e r i v a t i v e  of Equa.tion (2-58) with r e spec t  t o  X 
i 

y i e l d s  

a D  - = A - D  F X ~ [  A ~ B x ~ ]  . axi 1 0  C i 

Dividlng Equation (2-59) by Equation (2-58) y ie lds  

where D and a re  obtained from ~ ~ u a t i o n s  (2-45) and (2-55) r e spec t ive ly .  a x i  

The dose-weight de r iva t ive  c m  be evaluated using t h e  r e l a t i o n -  

sh ip :  

a D = s  l a w  - 
aw ax,. axi' 

a D  where - and are  given by Equations (2-55) and (2-56) r e spec t ive ly .  a x i  axi 



a a D  The [-(-)I terms i n  Equakion (1-11) can be eva.luated using a. f i n i t e  axi aw 
di f ference  approximation of the  form 

where e i s  a re la . t ive ly  s m a l l  number. 

I n  summary, t h e  optimization procedure can be out l ined as  

follows : 

1. Evaluate 0 (5) and 0:(P). This requires  two t ranspor t  
0 

ca lcu la t ions .  

2 .  Use the  ASOP optimization procedure described i n  Chapter I 

t o  obtain a, new est imate of t h e  optimized. configurat ion,  but  evaluate 

the  constants  i n  Equations (1-7) through (1-11) using Equations (2-60), 

(2-61), and (2-62). 

3. Since Equations (2-60), (2-61), and (2-62) may'not be accurate 

f o r  l a rge  changes i n  t h e  configurat ion,  l i m i t  t h e  amount t h e  sh ie ld  con- 

f igura t ion  i s  allowed t o  change t o  some arbi t ra . ry  but  reasonable value. 

4 .  Repeat s teps  1. through 3 .  u n t i l  some convergence c r i t e r i a  

on the  dose and weight are met. 



CHAPTER I11 

IMPLEMENTATION OF THE CALCULATION& METHOD 

I n  t h i s  chap te r ,  s e v e r a l  concepts of importance t o  s h i e l d i n g  

ca l cu la . t i ons  a.re d i scussed .  Included a r e .  coupled neutron-garpma r ay  

c a l c u l a t i o n s  and mul t igroup t r a n s p o r t  ca l cu la t ions . .  Also, t he  com- 

p u t e r  program used and t h e  m o d i f i c a t i o n ~  made a r e  deSCr='bed. 

. .  , . 

I . COUPLED NELTTRON- GAMMA RAY CALCULATIONS 

Using t h e  n o t a t i o n  introduced i n  Chapter 11, Lhe Bol tunmn 

equat ion  f o r  neut rons  may be w r i t t e n  as  

where t h e  s u b s c r i p t  n  i.ndic,ates neut ron .  - ,, . 

Simi l a r ly ,  t h e  Boltzmann equat ion  f o r  gamma rays  may be w r i t t e n  

as . . 

where zny(;;En,san+E ,c ) i s  t h e  gamma-ray product ion c ros s  s e c t i o n  due 
Y 7 

t o  cap tu re  and i n e l a . s t i c  s c a . t t e r i n g .  F i s s i o n  gammas a r e  someti.mes in -  

c luded i n  t h i s  c r o s s  s e c t i o n  a l s o .  A term s i m i l a r  t o  t h e  secondary 

gamma ray product ion  term i n  Equation (3-2) could have been included 

i n  Equation (3-1)  t o  account f o r  photo-production of neut rons .  However, 

s i n c e  photoneutrons a r e  seldom of  importance i n  s h i e l d i n g  c a l c u l a t i o n s ,  

t h e y  w i l l  be i gnored .  

30 



The neutron and gamma. r ay  doses may be def ined  by t h e  fol lowing 

equat ions  : 

Dn = JRn(Fn) O n  dP, 

and 

where R , ( F ~ )  and R (P ) a r e  neutron and gamma ray  response func t ions .  Y Y  

The a d j o i n t  concept m a y  be introduced by making the  fol lowing 

d e f i n i t i o n s :  

and 

These d e f i n i t i o n s  a r e  c o n s i s t e n t  wi th  t h e  development i n  

+ Chapter 11- Thus, On, ,(F,) i s  t h e  p r o b a b i l i t y  t h a t  a  neutron a t  pos i -  

t i o n  Fn w i l l  c o n t r i b u t e  t o  t h e  neutron dose, and @+ (Py)  i s  t h e  
Y, Y  

p r o b a b i l i t y  t h a t  a  gamma ray  a t  p o s i t i o n  Fr w i l l  con t r ibu te  t o  gamma 

dose. 

The gamma ray  source r e s u l t i n g  from neutron i n t e r a c t i o n s  i s  

given by t h e  secondary product ion term i n  Equation (3 -2 ) .  The c o n t r i -  

bu t ion  of t h i s  source t o  t h e  gamma r a y  dose i s  given by the  fol lowing 

express ion:  



\ 

Equation (3-7) may be w r i t t e n  a s  

where 

- 
Rn, y(Pn) ' SS@;, 7(F) EY9Er) Z ~ ~ ( F ; E ~ ~ ~ ~ ~ E , , ~ , )  dE7dEY. 

Then t h e  fo l lowing  d e f i n i t i o n  may be made : 

S u b s t i t u t i n g  Equation (3-6) i n t o  Equation (3-4) y i e l d s :  

Using t h e  d e f i n i t i o n  ot' t h e  a d j o i n t  opera tor ,  Equation (2-lo), with  t h e  

boundary term made ze ro  by t h e  boundary condi t ions ,  Equation (3-11) 

becomes 

S u b s t i t u t i n g  Equation (3-2) i n t o  Equation (3-12) y i e l d s  : 

Using Equa.tions (3-7) and' ( 3 - 8 ) )  'Equat ion (3-13) becomes 



Dy = So;, , (PY) sY(Fy)  dFy + Rn, y(Fn) dFn.,  
. . , . , . . . 

(3-15) 

S u b s t i t u t i n g  Equation (3-10) i n t o  Equation (3-15 ) y i e l d s .  

Using t h e  d e f i n i t i o n  of t h e  a d j o i n t  opera tor ,  Equation (3-16) becomes 

DY = , ( )  sY(Py)  dFy + SO:, y(Fn) f i n  dPn. (3-17) 

S u b s t i t u t i n g  Equation (3- 1 )  i n t o  ~ q u a t i o n ( 3 - 1 7 )  y i e l d s  

Dy = S % Y  (FYI sY(Yy) dFy + J@:, y(Fn) sn(Fn) d%. (3-18) 

Equa.tion (2-19) ma.y be w r i t t e n  a s  

Combining Equations (3-4) and (3-18) y i e l d s  

Adding Equations (3-19) and (3-20) y i e l d s  



Note i n  Equation (3-21) t h a t  both @;,,(Fn) and 0: (%) need no t  be 
r Y 

c a l c u l a t e d  bu t  on ly  t h e i r  sum. Thus, Equation (3-2) may be w r i t t e n  a s  

where 

Adding Equat ions (3-5) and (3-10) y i e l d s  

The above development i s  a genera l iza . t ion  of t h e  concept of 

neut ron  importance f o r  coupled neutron-gamma r a y  t r a n s p o r t  c a l c u l a t i o n s .  

Equat ions (3-1) and (3-2)  can be solved t o  ob ta in  t h e  neutron and gamma 

r a y  f l u x e s .  Note t h a t  t h e  neutron f l u x  does no t  depend upon t h e  gamma. 

r a y  f l u x ,  while t h e  gamma r a y  f l u x  i s  coupled t o  t h e  neutron f l u x  by 

t h e  secondary gamma r a y  product ion  term i n  Equation ( 3 - 2 )  . Equations 

(3-6)  and (3-23) can be solved t o  o b t a i n  a d j o i n t  neutron andl gamma ray  

f l u x e s .  Note t h a t  t h e  a d j o i n t  gamma ray f l u x  does no t  depend upon t h e  

a d j o i n t  neutron f l u ,  whi le  t h e  a d j o i n t  neutron f l u x  i s  coupled t o  t h e  

a d j o i n t  & m a  ray f l u x  by t h e  R (Fn) term i n  ~ ~ u a t i o n  (3-23) which 
n, Y 

i s  g iven  by Equation ( 5 - 9 ) .  It can be seen from Equation (3-22) t h a t  



i s  t h e  p r o b a b i l i t y  $hat  a neutron a t . %  w i l l  con t r ibu te  t o  

t h e  dose and t h a t  0;) y(Yy) i s  t h e  p r o b a b i l i t y  t h a t  a gamma r a y  a t  ? 
Y 

w i l l  con t r ibu te  t o  the  dose.  Equation (3-22) can be considered a gener- 

a l i z a t i o n  of Equation (2-19) f o r  t h e  coupled problem. 

11 MULTIGROUP TRANSPORT CALCULATIONS 

The multigroup form of the  Boltzmann equation can be obtained 

by in t eg ra t ing  each term of Equa.tion (2-1) over t h e  energy i n t e r v a l  

, . 

AEg 
. The r e s u l t  i s  (18) 

where G i s  t he  number of  group^. 

The coupled ne~t ron-~amma,  r ay  t r anspor t  problem described by 

Equations (3-1) and (3-2) can be combined i n t o  one c a l c u l a t i o n  by 

including t h e  gamma ray groups a s  add i t iona l  groups below t h e  neutron 

groups. The secondary gamma ray pro.duction term represents  a. group t o  

group t r a n s f e r  j u s t  a s  the  s c a t t e r i n g  term i n  a neutron o r  gamma ray 

t r a n s p o r t  problem does. Thus t h e  procedure f o r  so lv ing  a coupled t r ans -  

p o r t  problem can be t h e  same as the  procedure used t o  solve one p a r t i c l e  

t ranspor t  problems. 

The multigroup form of t h e  equation ad jo in t  t o  the  Boltzmann 

equation i s  (18)  - 



where t h e  group averaged parameters m a y  be defined i n  more than one 

way (18). - 

The ad j o i n t ,  coupled neutron-gamma ray t r anspor t  problem des- 

c r ibed  by Equations (3-6) and (3-23) can a l s o  be combined i n t o  one 

c a l c u l a t i o n  by including t h e  gamma ray  groups a s  add i t iona l  groups 

below t h e  neutron groups. The Rn, I(Fn) i n  Equation (3-23) is given 

by Equation (3-9) and has t h e  same form as  the  sca . t te r ing term i n  

Equation (2-11). Thus Equa.tions (3-24) and (3-25) can represent  a 

neutron problem, a gamma. ray  problem, o r  a coupled neutron-gamma ray 

problem. 

Equakion (3-24) can be wr i t t en  as  

where P now represents  pos i t ion  and d i r e c t i o n  but not energy phase 

epace . 
Equation (3-26) i s  t h e  multigroup form of Equation (2 -2 ) .  

The group form of the  d i f fe rence  f l u x  formulations i s  

where 6mg(T) i s  t h e  group averaged di f ference  f l u x .  



The group form of Equation (2-8) i k  
. . . , .  

where 

0 0 
fg(P) = [Ag - $1 rng(F). (3-29) 

When group g i s  a  gamma ray  group i n  a  coupled. neutron-gamma ray  

problem, the  "sca t ter ing"  term i n  t h e  equivalent  source (see Equation 

(2-25))  includes neutron t o  gamma ra.y t r a n s i t i o n s  as wel l  a s  the  t rue  

s c a t t e r i n g  term. 

111. COMPUTER PROGRAM MODIFICATIONS 

The coupled neutron-gamma ray t r anspor t  ca lcula t ions ,  Equations 

; (3-24) and (3-25), were performed using t h e  d i s c r e t e  ordina.te method. 

A computer program was wr i t t en  t o  perform t h e  following ca lcu la t ions  a s  

one automated ca lcula t ion:  

1. Perform the  forward ca lcu la t ion  represented by Equation 

(3-24) using A.NISN (10) - t o  obta in  a O ( ~ ) .  
g 

0 - 
2 .  Calculate f (P)  ( see  Equation (2-28)) using the  equation 

g 

The f i r s t  term i n  Equation (3-30) i s  t h e  s c a t t e r i n g  source i n  Equation 

0 - (3-24) and i s  ava i l ab le  from t h e ' c a l c u l a t i o n  of  ( P ) .  g  

3 .  Calculate Do using Equation (2-22). 



, 
4 . Perform t h e  a d j o i n t  c a l c u l a t i o n  represented  by Equation 

(3-25) t o  o b t a i n  @io(F). 

5 .  Ca lcu la t e  t h e  q u a n t i t y  a rn@& (F) f o r  each zone, energy group, 
a r 

and d i s c r e t e  o r d i n a t e  i n  t h e  quadra ture .  This  s lope  i s  c a l c u l a t e d  us ing  

two space p o i n t s  near  t h e  c e n t e r  o f  t h e  zone. 

6 .  IJse the  op t imiza t ion  procedure descr ibed  i n  Chapter I1 t o  

o b t a i n  a  new s h i e l d  c o n f i g w a t f o n .  

7 .  Modify t h e  ANISN space mesh and zone map t o  desc r ibe  t h e  new 

s h i e l d  con f igu ra t ion .  

8. Repea.t s t e p s  one thrvugh seven u n t i l  some convergence c r i t e r i a  

a r e  met.  

Equations (2-43) a.nd (2-lc6) r e q u i r e  i n t e g r a t i o n s  over all phase 

s p a c e .  ANISN performs i n t e g r a t i o n s  o f  t h i s  type  by us ing  energy groups 

t o  d e s c r i b e  energy' dependence, a  space mesh t o  desc r ibe  s p a t i a l  depen- 

dence, and an angu l s r  mesh cha rac t e r i zed  by d i s c r e t e  va lues  of t h e  

angu la r  coord ina tes  t o  desc r ibe  angular  dependence. The i n t e g r a t i o n  

over  a.11 phase space i s  eva lua ted  us ing  

IGM I M  MM 

where 

x(;, E,2) i s  any a r b i t r a r y  f'unction, 

IGM i s  t h e  t o t a l  number of energy groups (neut ron  p l u s  gamma), 



I M  i s  the  number of i n t e r v a l s  i n  t h e  space mesh, 

MM i s  t h e  number of d i s c r e t e  angles i n  the  quadrature formula, 

- - 
X D , l , ~  t he  average values of x G ( r , ~ )  i n  spa.ce mesh I and 

angular mesh D, 

xG(rYE) i s  the i n t e g r a l  of x(F,E,T~) over energy group Gy 

WD i s  t h e  quadra.ture weight of .angle D, 

and VI i s  the  volume of mesh i n t e r v a l  I .  

This same method wa.s used when e i t h e r  Equation (2-43) o r  Equation 

(2-46) was evaluaied i n  s t e p  s i x  above. 



CHAPTER I V  

PRESENTATION OF RESULTS 

When p o s s i b l e ,  it i s  . d e s i r a b l e  t o  compare t h e  r e s u l t s  of  a 

new computat ional  procedure with t h e  r e s u l t s  obtained from an indepen- 

den t  c a l c u l a t i o n  i n  which one has confidence.  I d e a l l y  t h e  two c a l c u l a t i o n s  

would be  completely u n c o r r e l a t e d .  Then good agreement would l end  

confidence t o  t h e  answers obta ined .  Unfortuna.tely, it would probably 

n o t  be p o s s i b l e  t o  reproduce most publ i shed  s h i e l d  opt imiza t ion  

r e s u l t s ,  and it would be d i f f i c u l t  o r  impossible  t o  determine what 

caused t h e  d i s c r e p a n c i e s .  For t h i s  reason, t h e  sample ASOP problem 

(8) was chosen f o r  a t e s t  problem. Since both ASOP and t h e  c a l c u l a t i o n s  

performed here  u se  M S N ,  t h e r e  should be no l a r g e  d i sc repanc ie s  caused 

by d i f f e rences  i n  t h e  t r a n s p o r t  c a l c u l a t i o n s .  Also, us ing  e x a c t l y  t h e  

same c r o s s  s ec t ions  e l i m i n a t e s  another  p o s s i b l e  source of disagreement .  

The sample ASOP problem c o n s i s t s  of a  s p h e r i c a l  model of a  

SNAP-8 Z r H  r e f e rence  r e a c t o r  and a s h i e l d .  'I'he s h i e l d  conta ins  four  

l a y e r s  a s  shown i n  F igure  1. The compositions of t h e  sh i e ld ing  m a t e r i a l s  

a r e  g iven  i n  Table 1. The L iH-s t a in l e s s  s t e e l  has  a  d e n s i t y  of 1 .026 

grams p e r  cubic  cent imeter ,  and t h e  tungs ten  has a d e n s i t y  of 18.61 

grams p e r  cubic  cen t ime te r .  The r e a c t o r  model  contain^ a r e a c t o r  

core, ,  g r id , ,  plenum, and v e s s e l .  The ANISN c a l c u l a t i o n s  were made 

u s i n g  a  39 group c r o s s  s e c t i o n  s e t  con ta in ing  2 1  neutron groups and 

18 g m a  r a y  groups, an S8 angular  quadrature,  130 s p a t i a l  i n t e r v a l s ,  
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Figure 1. ASOP convergence of t h e  sample ASOP problem. 
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TABLE 1 

COMPOSITION OF PRINCIPAL SHIELD MATERIALS 

Mater ia l  Density (atomslbarn- cm)  
I 

LiH-SS - 

6 
L i  o .0041188 



and an PJ expansion of t h e  t r a n s f e r  c ros s  s e c t i o n s .  The energy group 

s t r u c t u r e  and response f 'unctions a r e  given i n  Table 2 .  The c a l c u l a t i o n s  

a r e  f ixed  source problems wi th  a  f l a t ,  f i s s i o n  spectrum source i n  t h e  

core  normalized t o  a  power of 600 k i lowa t t s  thermal .  The dose c o n s t r a i n t  

i s  t h a t  t h e  dose r a t e  a t  3048 cent imeters  (100 f e e t )  from t h e  core  

c e n t e r  be 60 mrem per  hour .  

Figure 1 desc r ibes  g r a p h i c a l l y  t h e  r e s u l t s  of t h e  ASOP c a l c u l a t i o n  

f o r  t h e  sample ASOP problem. Figure 2 shows s i m i l a r  r e s u l t s  obtained 

us ing  t h e  methods developed i n  Chapter 11. The computer program imple- 

menting these  methods i s  named SHAPE, and t h i s  name w i l l  be  used t o  

i d e n t i f y  t h e  method. Comparison of Figure 1 and Figure 2 show t h a t  

t h e  convergence of  t h e  SHAPE c a l c u l a t i o n  i s  very s i m i l a r  t o  t h e  conver- 

gence of t h e  ASOP c a l c u l a t i o n .  It should be noted t h a t  nine ANISN 

c a l c u l a t i o n s  were requi red  p e r  i t e r a t i o n  i n  t he  ASOP c a l c u l a t i o n ,  while 

only  two ANISN c a l c u l a t i o n s  were requi red  p e r  i t e r a t i o n  i n  t h e  SHAPE 

c a l c u l a t i o n .  Since t h e  t r a n s p o r t  c a l c u l a t i o n s  dominate t h e  computat ional  

e f f o r t  i n  both methods, t h e  number of ANISN c a l c u l a t i o n s  may be used as 

a measure uI' Lt~e ef'l'lc'lel~cy uf' each melhud. 

The weight, dose and t h e  r a t i o  of t h e  maximum t o  minimum dose- 

weight d e r i v a t i v e s  obtained us ing  ASOP and SHAPE a r e  shown i n  Table 3.  

The dose f o r  t h e  i n i t i a l  con f igu ra t ion  i s  s l i g h t l y  d i f f e r e n t  i n  t h e  

two c a l c u l a t i o n s  because t h e  SHAPE c a l c u l a t i o n  used equal  s i zed  i n -  

t e r v a l s  i n  each zone f o r  t h e  f i r s t  ~ t e r a t i o n ,  whlle  t h e  ASOP c a l c u l a t i o n  

used smal le r  i n t e r v a l s  near  zone boundaries .  SHAPE used smal le r  

i n t e r v a l s  near  zone boundaries f o r  a l l  i t e r a t i o n s  except t h e  f i r s t  

i t e r a t i o n .  The dose-weight d e r i v a t i v e  r a t i o  i s  d i f f e r e n t  f o r  t he  two 



TABLE 2 

ENERGY GROUP STRUCTURE AND FLUENCE-TO-DOSE CONVERSION FACTORS 

Fluence-to-Dose 
Conversion Factors 

Gr ou 

Neutrons : 

Gamma Kay$ : 



70 80 90 

RADIUS (cm) 

Figure 2. SHAPE convergence of the sample ASOP problem. 



TABLE 3 

. COMPARISON OF THE CONVERGENCE OF ASOP AND SHAPE . . 

I t e r a t i o n  Weight Dose 
Number  rams ) , an ~axirnum/~inimum 

(mem/hr) aw 
1. 
2 .  
3. 
4. 
5 .  
6 .  

P r o j e c t i o n  

SHAPE 

~ t e r ' a t i o n  Weight Dose an ~aximum/~inimum 
N &ii~b e 1: ( ~ r a m c  ) (mrem/hr) . aW 

7 
8 .: 

Pro jec t ion  



c a l c u l a t i o n s  because ASOP used a zone boundary movement d e f i n i t i o n  

f o r  t h e  dose-weight d e r i v a t i v e s  wi th  t h e  outs ide.boundary of  t h e  second 

tungs ten  l a y e r  moved s imultaneously wi th  i t s  i n s i d e  boundary, whi le  

t h e  SHAPE c a l c u l a t i o n  used a zone th i ckness  d e f i n i t i o n  f o r  t h e  dose- 

weight d e r i v a t i v e .  Convergence c r i t e r i a  were t h a t  t h e  dose be wi th in  

one percent  of t h e  dose c o n s t r a i n t  and t h a t  t h e  dose-weight d e r i v a t i v e  

r a t i o  be l e s s  than  1 .15 .  The most important  r e s u l t  t o  cons ider  i s  t h e  

weight of t h e  s h i e l d .  Table 3 sliows t h a t  t h e  weights  c a l c u l a t e d  by 

t h e  two methods d i f f e r  by one d i g i t  i n  t h e  f o u r t h  s i g n i f i c a n t  f i g u r e .  

This  agreement i s  more than  adequate f o r  most, i f  n o t  all, engineer ing  

purposes.  This  agreement a l s o  tends  t o  show t h a t  t h e  SHAPE computer 

program conta.ins no s i g n i f i c a n t  programing e r r o r s  and tha . t  t h e  equiva- 

l e n t  d e n s i t y  approximation does not  s i g n i f i c a n t l y  a f f e c t  t h e  s h i e l d  

I 
weight, a t  1ea.s t  f o r  s h i e l d s  s i m i l a r  t o  t h e  one cons idered .  

.. . .  
The converged s h i e l d  dimensions and' s h i e l d  th i cknesses  f o r  

t h e  sample ASOP problem a r e  shown i n  Table 4. None of  t h e  boundary 

p o s i t i o n s  o r  zone th icknesses  d i f f e r  by much more than  h a l f  a, c en t ime te r .  

While t hese  parameters a.re more s e n s i t i v e  t o  t h e  method used than  t h e  

weight, t h e  d i f f e r ences  a r e  probably no t  of p r a c t i c a l  importance. The 

f a c t  tha. t  t h e  f i r s t  tungs ten  l a y e r ' s  t h i ckness  can change 11$ without  

a f f e c t i n g  t h e  weight i n d i c a t e s  t h a t  t h i s  t h i ckness  could be s e t  a t  some 

non-optimum th i ckness  i n  order  t o  meet some o the r  c o n s t r a i n t  such a s  

maximum a.llowable hea t ing  without  m a t e r i a l l y  a f f e c t i n g  t h e  weight .  

Two a d d i t i o n a l  s h i e l d i n g  problems were s e l e c t e d  t o  f u r t h e r  t e s t  

t h e  computational procedures and t o  demonstrate t h e i r  v e r s a t i l i t y .  The 



. TABLE 4 

CONVERGED CONFIGURATION FOR THE SAMPLE ASOP PROBLEM 

Phys i c  a1 
Region TYP e 

. ASOP 

Outer Radius , Thickness 
i n  cm i n  cm 

Core 18.59 
Grid 21-95 . 

.tu. 6u pl pnllrn 

Vesse l  31.08 
W 36 -29 

LiH 55 -88 
W 62 -79 

LiH 109.01 

Physical 
Region 'wee 

Outer Radius 
I n  c1u 

Thiclcncoo 
iil 2:1n 

Core 
Grid 
P le  nun 
Vessel 

W 
LiH 

W 
L i H  



second problem considered was t h e  sample ASOP problem modified by t h e  

a .ddi t ion of two more s h i e l d  l a y e r s  a s  shown i n  Figure . 3 .  The t h i r d  

problem considered was obta ined  by sandwiching each tungs t en  l a y e r  

wi th  l a y e r s  of B4C of d e n s i t y  2.54 grams pe r  cubic .  cen t ime te r .  The 

optimized s h i e l d  configura. t ions obta ined  a r e  shown i n  Figure 3 .  The 

zone boundaries and t h e  zone th i cknesses  a r e  given i n  .Table 5 .  The 

s i x  l a y e r  s h i e l d  weighed 1.133 X lo7 grams o r  7$ l e s s  t han  t h e  four  

7 l a y e r  s h i e l d .  The twelve l a y e r  s h i e l d  weighed 1.104 X 1 0  grams o r  

3% l e s s  than  t h e  s i x  l a y e r  s h i e l d .  The pe rcen t  weight decreases  

would be l a r g e r  i f  t h e  dose c o n s t r a i n t  had been lower o r  t h e  r e a c t o r  

power h ighe r .  These two problems demonstrate tha . t  i nc reas ing  t h e  

number of l a y e r s  does not  p re sen t  any p a r t i c u l a r  c a l c u l a t i o n a l  d i f f i -  

c u l t i e s .  The convergence of t h e s e  two problems was n o t  s i g n i f i c a n t l y  

d i f f e r e n t  t han  t h e  convergence of  t h e  four  l a y e r  problem. The t h i r d  
. . 

problem demonstrates t he  usef 'ulness of t h i s  method f o r  s tudying  t h e  

' e f f ec t iveness  of d i f f e r e n t  s h i e l d i n g  m a t e r i a l s  i n  a p a r t i c u l a r  s h i e l d i n g  

a p p l i c a t i o n .  It should be noted t h a t  only two ANISN ca lcu la t i 'ons  pe r  

i t e r a t i o n  were requi red  f o r  t h e s e  problems, while  ASOP would r equ i r e  

t h i r t e e n  and twenty f i v e  ANISN c a l c u l a t i o n s  per  i t e r a t i o n  f o r  t h e  same 

two prohlems . 
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OPTIMIZED SHIELDS FOR,PROBLEMS TWO AND THREE 
! ? ? - +  . 

, .  . . Problem 2 . 

Physic a1 Outer Radius Thickness 
Region m e  in cm in cm 

1 Core 18.89 
2 Grid 21.93 
3 Plenum 30 .60 
4 Vessel 31.08 
5 W 35 -23 4.15 . 

6 LiH 45 -58 10 35 
7 w 50.06 . *  4.48. 
8 LiH 62.28 12.22 
9 w 65.50 . .  , 3.22 
10 LiH 106.97 41.47 

Problem 3 

Physical Outer Radius Thickness' 
Region Type in cm in cm - 
1. Core 18.89 
2 Grid 21 -93 
3 Plenum 30 .60 
4 Vessel 31.08 
5 Bj+ C 32.00 0 -92 
6 w 35 .'76 3 -76 
7 B4C . 36 -67 0.91 
8 LiH 45 -39 8.72 
9 B4 C 46.35 0.96 
10 W 50.84 4.49 
11 . B4 C. 51.72 0.88 
12 LiH 61.64 9.91 
13 B4C 62.48 . 0.85. . 

14 w 65.12 2.64 
15 B4C 65 -73 0.63.. 
16 L i~ 106.97 41.24 



A method has been developed f o r  t h e  weight optimizat ion of one- 

dimensional layered  s h i e l d s .  'The method i s  based on d i s c r e t e  ordinates  

t r a n s p o r t  ca lcu la t ions  which allows t h e  use of the  b e s t  ava i l ab le  cross  

sec t ion  information through coupled n e u t r o n - g m a  ray cruss  sectiol-I s e t o *  

Resu l t s  obtained us ing t h i s  method were compared with r e s u l t s  from t h e  

compl.?t,er progrm S O P .  The optimum w c i g h t ~  ca lcula ted  'by the  t w o  methuds 

f o r  a  r ep resen ta t ive  SNAP reactc.r  s h i e l d  d i f f e r e d  by approxiraately 0.1%. 

This  agreement i s  considered %o be  s a t i s f a c t o r y .  The method also 

proved t o  r equ i re  s i g n i f i c a n t l y  l e s s  computer time than t h e  ASOP program. 

This  reduction i n  computer time was obtained using ad jo in t  t r anspor t  

theory  which proved t o  be a  very e f f e c t i v e  way t o  obtain t h e  information 

requi red  f o r  t h e  s h i e l d  optimization calculaLlur~s .  Fut' the few logrcr 

SNAP s h i e l d ,  t h e  new method was roughly a f'actor of t h r c c  f a ~ t e r  than 

t h e  ASOP method. However, t h e  Lime required f o r  t h e  ASOP method i s  

approximately propor t ional  t o  t h e  number of design va r i ab les ,  while t h e  

t ime required f o r  t h e  new method i s  r e l a t i v e l y  independent oi' t n e  number 

of design v a r i a b l e s .  For a twelve l a y e r  s h i c l d ,  t h e  new method would be 

something l i k e  a  f a c t o r  of t en  f a s t e r .  A s i x  l a y e r  and a  twelve l a y e r  

s h i e l d  were optimized, and t h e  r e s u l t s  demonstrated t h a t  increasing t h e  

number of l a y e r s  presented no p a r t i c u l a r  problems. 

It i s  f e l t  t h a t  the  r e s u l t s  of t h i s  work are  adequate f o r  the  

p r a c t i c a l  design of  one dimensional layered sh ie lds .  A genera l iza t ion  

of t h i s  problem i s  t o  allow t h e  composition of t h e  zones t o  vary as  we l l  



as  t h e  zone th icknesses .  Severa l  of t h e  techniques used i n  t h i s  work 

a r e  appl icable  t o  t h e  general ized problem. 

While t h e  one-dimensional sh ie ld  weight optimizat ion problem has 

been inves t iga ted  by a number of  workers, very l i t t l e  work has been done 

on two-dimensional sh ie ld  weight optimizat ion.  Many add i t iona l  d i f f i c u l  

t i e s  a re  encountered when a t r u l y  two-dimensional model i s  used ins tead  

of a one-dimensional model. The ad jo in t  d i f f e rence  method could be used 

i n  two dimensions t o  evaluate t h e  e f f e c t  of moving a port ion of a s h i e l d  

boundary a small amount. The equivalent  dens i ty  change approximation 

could be used i n  performing a ca lcu la t ion  of  t h i s  type .  
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