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PHYSICS R E S E A R C H  Q U A R T E R L Y  R E P O R T  

CRITICALITY O F  PLUTONIUM C O M P O U N D S  IN THE U N D E R M O D E R A T E D  RANGE, H : P u  5 20- 

L .  E .  Hansen, C r i t i c a l  Mass Physics Sec t ion  

A v a r i e t y  of  plutonium compounds 

a r e  known t o  e x i s t ,  some of which a r e  

f r e q u e n t l y  encountered  d u r i n g  p l u t o -  

nium p r o c e s s i n g  and f a b r i c a t i o n  ope ra -  

t i o n s .  I n  t h e  p rocess  of s e t t i n g  

c r i t i c a l i t y  s a f e t y  l i m i t s  f o r  hand l ing  

t h e s e  compounds, one i s  o f t e n  hampered 

by t h e  l i m i t e d  amount, o r  complete 

l a c k ,  of  c r i t i c a l i t y  d a t a  a v a i l a b l e .  

Assumptions a r e  f r e q u e n t l y  made which 

l e a d  t o  q u i t e  c o n s e r v a t i v e  e s t i m a t e s  

of  t h e  mass r e q u i r e d  f o r  c r i t i c a l i t y .  

Allowances a r e  seldom made f o r  depa r -  

t u r e s  from t h e o r e t i c a l  compound con- 

c e n t r a t i o n s ,  and t h e  c r i t i c a l  mass 

i s  f r e q u e n t l y  based on t h e  assump- 

t i o n  o f  a  h y p o t h e t i c a l  mix tu re  of  

plutonium atoms i n  w a t e r .  

C a l c u l a t i o n s  were made t o  d e t e r -  

mine t h e  b a r e  and wa te r  r e f l e c t e d  

s p h e r i c a l  c r i t i c a l  masses of  twelve 

of  t h e  most f . requent ly  encountered  

compounds, i n  t h e  undermoderated 

range (H/Pu 5 20) .  The c r i t i c a l  

masses of  plutonium atoms i n  wa te r  

were a l s o  c a l c u l a t e d  f o r  under-  

moderated sys tems.  

S ince  t h e s e  compounds a r e  r a r e l y  

encountered  a t  t h e i r  t h e o r e t i c a l  

d e n s i t i e s ,  t h e  v a r i a t i o n  of t h e  c r i t i -  

c a l  mass w i t h  changes i n  t h e  concen- 

t r a t i o n  of t h e  compounds was a l s o  c a l -  

c u l a t e d .  For u n r e f l e c t e d  systems t h e  

c r i t i c a l  mass may be expres sed  a s  Mca 

( d e n s i t y )  - 2 ,  and f o r  r e f l e c t e d  systems 

Mca ( co re  d e n s i t y )  - m  ( r e f  l e c t o r  

d e n s i t y )  -". For r e f l e c t e d  systems t h e  

equa t ion  i s  s u b j e c t  t o  t h e  c o n d i t i o n  

t h a t  m + n  = 2 .  (1)  
I f  '0 c o r e  and 

'o r e f l .  a r e  t h e  t h e o r e t i c a l  d e n s i t i e s  
of t h e  c o r e  and r e f l e c t o r ,  and Mc t h e  

0 c r i t i c a l  mass a t  t h o s e  d e n s i t i e s ,  t h e  

c r i t i c a l  mass (Mc) f o r  o t h e r  d e n s i t i e s  

may be computed from t h e  e q u a t i o n  

Mc = M '0 c o r e  1' i 'o r e f l .  

( 'core ' r e f  1. 
l n  - 

For t h e  wa te r  r e f l e c t o r  a t  f u l l  den- 

s i t y  ( p  = 1 g/cm3), t h e  c o r e  d e n s i t y  

exponent (m) can e a s i l y  be de termined 

by computing t h e  c r i t i c a l  mass a t  two 

c o n c e n t r a t i o n s  o f  compound i n  t h e  c o r e  

and making use  of  t h e  equa t ion  

l o g  Mc = -m l o g  o c o r e  + l o g  A.  

To de termine  t h e  c o r e  d e n s i t y  

exponent ,  t h e  s p h e r i c a l  c r i t i c a l  mass 

was computed a t  c o r e  d e n s i t i e s  r ang ing  

from 0 . 1  2 p l p o  2 1 . 0 ,  where p o  i s  t h e  

t h e o r e t i c a l  c o n c e n t r a t i o n  o f  t h e  com- 

pound a t  a  s p e c i f i c  H:Pu r a t i o .  The 

t h e o r e t i c a l  c o n c e n t r a t i o n  was computed 

by volume s u b s t i t u t i o n  o f  wa te r  i n t o  



t h e  p lu tonium compound which was 1, 2 ,  3 ,  and 4. The c o r e  d e n s i t y  

assumed t o  e x i s t  when t h e r e  was no exponents  were computed u s i n g  v a l u e s  
* 

w a t e r  p r e s e n t .  The s p h e r i c a l  c r i t i -  of P / P ~  g r e a t e r  t han  0 . 2 ,  s i n c e  a t  
c a l  r a d i i  were computed by means of p / p O  = 0 . 1 ,  a  p l o t  of l o g  Mc v e r s u s  
t h e  DTF mul t i g roup ,  m u l t i r e g i o n  t r a n s -  l o g  p / p O  was no l o n g e r  l i n e a r .  This  
p o r t  t h e o r y  code u s i n g  an S4 a p p r o x i -  d e v i a t i o n  i s  a l s o  shown by Paxton .  (4) 
mation i n  t h e  s o l u t i o n  of  t h e  t r a n s -  The c a l c u l a t e d  v a l u e s  o f  t h e  c o r e  den-  I . 
p o r t  e q u a t i o n .  The a n i s o t r o p i c  s i t y  exponents  and t h e  t h e o r e t i c a l  den- 

s c a t t e r i n g  was d e f i n e d  through t h e  s i t i e s  of t h e  compounds a r e  g iven  i n  

f i r s t  Legendre moment o f  t h e  s c a t t e r -  Tab le  I .  

i n g  k e r n e l .  The mu l t i g roup  c o n s t a n t s  The c o r e  d e n s i t y  exponents  f o r  homo- 

(18 energy  groups)  used  i n  t h e  DTF geneous mix tu re s  o f  Plutonium atoms 

code were o b t a i n e d  from t h e  GAMTEC I1  i n  w a t e r  were a l s o  computed f o r  v a r i o u s  

computer code.  (3) The u n r e f l e c t e d  w a t e r  r e f l e c t o r  t h i c k n e s s e s  ( s ee  

and f u l l y  w a t e r  r e f l e c t e d  s p h e r i c a l  F i g u r e  5 ) .  They i n d i c a t e  t h a t  r e f l e c -  

c r i t i c a l  masses a r e  g iven  i n  F igu re s  t o r  t h i c k n e s s e s  of 15 t o  20 cm a r e  

e s s e n t i a l l y  i n f i n i t e .  T h i s  c o r r e -  
Pu ( C 2 0 4 )  2 and P u ( N 0 3 )  a r e  u n s t a b l e  
comoounds and do n o t  e x i s t  i n  a  

sponds w i t h  6 t o  8 i n .  w a t e r  t h i c k -  

" d r b "  s t a t e .  n e s s e s  which a r e  g e n e r a l l y  accep ted  

H : Pu Ratio 

FIGURE I .  U n r e f l e c t e d  S p h e r i c a l  C r i t i c a l  
Mass f o r  Homogeneous 2 3 9 ~ u  Compound-Water M i x t u r e s  



H : Pu Ratio 

FIGURE 2 .  U n r e f l e c t e d  S p h e r i c a l  C r i t i c a l  
Mass f o r  Homogeneous 2 3 9 ~ ~  Compound-Water M i x t u r e s  

FIGURE 3 .  W a t e r  R e f l e c t e d  S p h e r i c a l  Mass 
o f  Homogeneous 2 3 9 ~ ~  Compound-Water M i x t u r e s  



H : Pu Ratio 

FIGURE 4 .  W a t e r  R e f l e c t e d  S p h e r i c a l  C r i t i c a l  
Mass o f  Homogeneous 2 3 9 ~ ~  Compound-Water M i x t u r e s  

TABLE I .  Core  D e n s i t y  E x p o n e n t s  f o r  P l u t o n i u m  Compounds i n  W a t e r  

1 2 3  5  1 0  1 5  2 0  Compound 'o,g/cm3 0  - - - 
D e n s i t y  Exponents 

f a )  J .  J .  K a t z  and  G .  T .  S e a b o r g ,  " C h e m i s t r y  o f  t h e  A c t i n i d e  E l e m e n t s ,  
W i l e y ,  New Y o r k .  1 9 5 7 .  

f b )  R. K .  S t e u n e n b e r g  and  R. C. V o g e l .  " F l u o r i d e  and O t h e r  H a l i d e  V o l a t i l i t y  
P r o c e s s e s , "  R e a c t o r  Handbook,  F u e l  R e p r o c e s s i n g ,  I n t e r s c i e n c e  P u b l i s h e r s ,  
I n c . ,  New Y o r k ,  1 9 6 1 ,  S e c o n d  E d i t i o n ,  v o l .  11, pp .  254 -268 .  

f c )  D e n s i t y  c o m p u t e d  by  a  l e a s t  s q u a r e s  f i t  o f  e x p e r i m e n t a l  d a t a  o n  Pu(N0  ) 
s o l u t i o n s  w i t h  e x c e s s  n i t r a t e .  3 4  

( d )  D e n s i t y  c o m p u t e d  b y  a s s u m i n g  t h e  maximum d e n s i t y  o f  P u ~ C ~ O ~ ) ~ . G H ~ O  t o  b e  
3 g/cm3 and t h a t  t h e  w a t e r  c a n  b e  r e p l a c e d  by  a n  e q u a l  v o l u m e  o f  
PufC,O,) ,. 



Water Reflector Thickness (cm) 

FIGURE 5 .  Core D e n s i t y  Ezponents  f o r  2 3 9 ~ u  ( m e t a l l -  
Water  S y s t e m s  a s  a  F u n c t i o n  o f  Water  R e f l e c t o r  T h i c k n e s s  

as effectively infinite reflectors. 

Experiments have been performed to 

determine the critical mass of under- 

moderated (H:Pu = 15) Pu02-polysty- 

rene assemblies both bare and Plexi- 

glas reflected. For the bare Pu02- 
240 polystyrene assembly, 2.2 wt% Pu , 

the critical radius in spherical geo- 

metry was derived from experiments to 

be 18.58 * 0.22 cm. The calculated 

critical radius, using the DTF code 

with multigroup constants obtained 

from the GAMTEC-I1 code, was 18.31 cm. 

For the Plexiglas reflected sphere, 

the experimentally derived critical 

radius was 13.54 ' 0.22 cm., which 
also compares favorably with the com- 

puted value of 13.46 cm. The criti- 

cal height of a bare parallelepiped 

whose base was a 30.68 cm square was 

measured to be 32.84 * 0.52 cm. The 

value computed using the DTF code 

was 33.95 cm. 

By making use of the computed 

critical masses and core density 

exponents, the critical masses for 

these compounds map be predicted for 

any concentration down to 0.2 of the 

theoretical concentration at a speci- 

fied H:Pu ratio. These data provide 

a simple method of obtaining estimates 

of the spherical critical mass of some 

of the most frequently encountered 

plutonium compounds by using density 

relationships. 
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OPTIMUM SHIELDING-H. S. Zwibel, Theoretical Physics Unit, Nuclear Analysis Section 

INTRODUCTION 

Among several reasons for studying 

In elementary problem are that its 

solution can represent trends that are 

qualitatively similar to the unsolved 

real problem and that an exact solu- 

tion of the simple system can be used 

as a proving ground for approximation 

(or numerical) methods that are to be 

applied to a complex problem. Both of 

these reasons motivated the following 

research in optimum shielding. 

The system studied is an infinites- 

imally thin rod. It is designed so 

that particles can leave only at the 

ends; hence only two directions of 

motion need be specified, either right 

or left. This rod is uniformally 

composed of a material that isotrop- 

ically scatters the particles. In 

addition, a fixed amount of a pure 

absorber can be embedded in the rod. 

The question, "How shall the absorber 

be distributed throughout the rod in 

order that the transmission coefficient 

be as small as possible?" is answered 

theoretically by variational methods 

later in this paper under Analytical 

Solution and studied numerically under 

Numerical Method. 

THEORY 

The equations satisfied by the par- 

ticle flux in the rod are 

dR(x) + (a(x) + 1/2) R(x) = 1/2 L(x) 

(la) 

with the following boundary conditions 

R(x) is the right moving flux, L(x) 

is the left moving flux, and x is the 

distance in the rod (total length xo) 

measured in units of the scattering 

mean free path of the scattering medium. 

u(x) is the absorption cross section 

and is to be chosen such that R(xo), 

mean free path of the scattering medi- 

um. u(x) is the absorption cross 

section and is to be chosen such that 

R(x), the transmitted flux, is as 

small as possible, subject to the 

constraint, 

where a is the total opacity. 

The problem would be straightfor- 

ward if Equation 1 could be solved 

directly for R(xo) as a function of 

o'(x). This, however, is not possible 

in general and recourse to another 

method is necessary. 

A tractable method is provided by 



Rt (x) (Lt (x)) are the adjoint func- 

tions--often called importance--and 

represent the probability that a right 

(left) moving particle at x be trans- 

mitted. They satisfy the adjoint 

equations: 

t 
d x 

Rt (x) dLt(x) + (o(x) + 1/21 L (x) =7 

with the boundary conditions 
(5b) 

x is an unknown constant (Lagrange 
multiplier) that takes account of the 

constraint on o(x). 

The usefulness of this functional 

is that it is stationary with respect 

to small variations of o(x) about the * 
optimum, o (x). This yields an equa- 

tion connecting the fluxes, adjoints, 

A, and o(x) which, together with the 

other equations (1, 3, S), provide a 

solvable system (i.e., six equations 

for six unknowns). 

To see this in more detail, vary 

o(x) by an arbitrary (but small) amount 

in Equation 4. This yields for 



where o n l y  t e r m s  l i n e a r  i n  t h e  v a r i a -  

t i o n ,  E ~ ( x ) .  have  been r e t a i n e d .  The 

v a r i a t i o n  o f  t h e  f l u x e s ,  e . g . ,  6 ( R ( x ) ) ,  

i s  t h e  d i f f e r e n c e  between t h e  e x a c t  

f l u x e s  f o r  a ( x )  g i v e n  by a ( x )  + ~ g ( x ) ,  

and o (x)  . Due t o  E q u a t i o n s  1 and 5 

t h i s  r e d u c e s  t o  

+ L~ (XI L(x)  - A E ~ ( x )  d x ,  (7 )  I 
which ,  o f  c o u r s e ,  i s  t h e  w e l l  known 

f i r s t  o r d e r  p e r t u r b a t i o n  e x p r e s s i o n .  

T h i s  forms t h e  b a s i s  f o r  b o t h  t h e  

t h e o r e t i c a l  and n u m e r i c a l  s o l u t i o n s  

t h a t  f o l l o w .  

A N A L Y T I C A L  S O L U T I O N  

A  n e c e s s a r y  c o n d i t i o n  t h a t  an o p t i -  

mum d i s t r i b u t i o n  must  s a t i s f y  i s  t h a t  

6T = 0  f o r  s u f f i c i e n t l y  s m a l l  v a r i a -  

t i o n s  o f  a  a b o u t  t h e  optimum. One 

h a s  from E q u a t i o n  7  

where  

C(x)  5 R ~ ( x )  R(x) + L ~ ( x )  L ( x ) .  

( 9 )  

I f  g ( x )  i s  i n d e e d  a r b i t r a r y ,  t h e n  

t h e  i n t e g r a n d  must v a n i s h ,  which  

g i v e s  

C(x) - A = 0  (10)  

however ,  one  must  a t  t h i s  p o i n t  b e  

c a u t i o u s .  T h e r e  a r e  c e r t a i n  s i t u -  

a t i o n s  u n d e r  which  g ( x )  i s  n o t  a r b i -  

t r a r y .  One s u c h  c a s e  i s  a t  t h o s e  x  * 
v a l u e s  f o r  which  a  ( x ) ,  t h e  optimum 

d i s t r i b u t i o n ,  i s  z e r o .  S i n c e  o must  

b e  g r e a t e r  t h a n  o r  e q u a l  t o  z e r o ,  o n l y  

p o s i t i v e  g ( x )  i s  a l l o w e d  a t  s u c h  x  

v a l u e s .  At s u c h  x  v a l u e s ,  E q u a t i o n  10  

need  n o t  be t r u e .  

Assuming t h e  v a l i d i t y  o f  E q u a t i o n  

1 0 ,  d i f f e r e n t i a t i n g ,  and u s i n g  t h e  

t r a n s p o r t  e q u a t i o n s  t o  e l i m i n a t e  t h e  

d e r i v a t i v e s  y i e l d s  

I t  i s  e a s y  t o  s e e ,  however ,  t h a t  t h i s  

e q u a t i o n  c a n n o t  h o l d  a t  t h e  e n d s  o f  

t h e  r o d .  C o n s i d e r  t h e  r i g h t  e n d  

( x  = xo) : s i n c e  L ( x o )  = 0 ,  t h e n  
t L (xo)  = 0. T h i s ,  w i t h  t h e  boundary  

t c o n d i t i o n  L (0)  = 0 ,  i m p l i e s  t h a t  L t 

b e  i d e n t i c a l l y  z e r o .  T h i s  c o n d i t i o n  

c a n  be t r u e  o n l y  i f  t h e r e  i s  no back  

s c a t t e r i n g  ( s i n c e  t h a n  a  l e f t  moving 

p a r t i c l e  h a s  z e r o  p r o b a b i l i t y  o f  

l e a v i n g  t h e  r i g h t  e n d ) .  S i m i l a r  con-  

c l u s i o n s  a r e  o b t a i n e d  a t  x  = 0 ,  due 
t t o  t h e  f a c t  t h a t  L ( 0 )  = 0: t h i s  

i m p l e s  t h a t  L ( x )  be  i d e n t i c a l l y  z e r o ,  

which a g a i n  c a n  be t r u e  o n l y  i f  t h e r e  * * 
i s  no back  s c a t t e r .  

The o n l y  way o u t  o f  t h i s  dilemma i s  

t o  demand t h a t  E q u a t i o n  11 n o t  be  t r u e  

a t  e i t h e r  e n d .  S i n c e  E q u a t i o n  11 i s  

a  d i r e c t  consequence  of  E q u a t i o n  10 

* * 
I n  f a c t ,  i f  t h e r e  i s  no back 
s c a t t e r ,  t h e n  i t  does  n o t  m u t t e r  
how t h e  a b s o r b e r  i s  d i s t r i b u t e d .  



we must  h a v e  x 
T  = 

1 exp  [ a  + u 
C(x)  # 1 ( Z  + 1 )  a 

f o r  x  a t  t h e  e n d s .  S i n c e  E q u a t i o n  10  

n e e d  n o t  h o l d  i f  o  i s  z e r o ,  a  p o s s i b l e  where  a = a /  (xo - 22) . (14)  
* 

s o l u t i o n  i s  t o  h a v e  o ( o )  = o ( x  ) = 0.  T  i s  s m a l l e r  t h a n  any  o t h e r  t h a t  h a s  
0 * * *  * * 

I n  f a c t ,  due  t o  t h e  c o n t i n u i t y  been  c a l c u l a t e d .  T h i s  means t h a t  * * 
o f  C ( x ) ,  a  ( x )  w i l l  h a v e  t o  be  z e r o  o  a t  l e a s t  y i e l d s  a  r e l a t i v e  minimum 

o v e r  a  f i n i t e  d i s t a n c e  f rom t h e  e n d s .  ( and  n o t  a  maximum). The p o s s i b i l i t y  

The s i m p l e s t  p i c t u r e  t h a t  emerges  e x i s t s  t h a t  a  more c o m p l i c a t e d  d i s t r i -  * * * *  
i s  t h e  f o l l o w i n g :  o  (x )  = 0  f o r  some b u t i o n  m i g h t  y i e l d  a  s m a l l e r  m i n i -  

d i s t a n c e  z  i n  f rom t h e  l e f t  e n d .  For  mum. T h i s  h a s  n o t  been  i n v e s t i g a t e d .  

0  < x  < z ,  C(x)  w i l l  n o t  be  c o n s t a n t .  - 
A s i m i l a r  s i t u a t i o n  h o l d s  f o r  some NUMERICAL M E T H O D  

d i s t a n c e  z '  i n  f rom t h e  r i g h t  end  o f  The n u m e r i c a l  a p p r o a c h  i s  s t r a i g h t  

t h e  r o d .  Aga in  C(x)  w i l l  n o t  b e  f o r w a r d ,  and  i s  b a s e d  on E q u a t i o n  7 ,  
I 

c o n s t a n t .  F o r  z  2 x  2 xo - z  , how- 

e v e r ,  E q u a t i o n  10  o b t a i n s  ( t h i s  

assumes t h a t  o  # 0  i n  t h i s  r e g i o n ) .  

With  t h i s  a s s u m p t i o n  one now 

a t t e m p t s  t o  s o l v e  t h e  c o u p l e d  s e t  o f  

n o n l i n e a r  e q u a t i o n s .  What i s  remark-  

a b l e  i s  t h a t  a  s o l u t i o n  i s  r e a d i l y  

o b t a i n e d .  The optimum d i s t r i b u t i o n  

i s  a  s t e p  f u n c t i o n  l o c a t e d  sym- 

m e t r i c a l l y  a b o u t  t h e  m i d p o i n t  o f  t h e  

r o d .  I n  o t h e r  words  

6T = - C(x)  ~ g ( x )  d x  i' 0 (7 )  

T h i s  g i v e s  t h e  change  i n  T  when one  

g o e s  f rom o  (x )  t o  o  ( x )  + ag (x )  . To 

make t h i s  change  i n  T  n e g a t i v e  

( s m a l l e r  t r a n s m i s s i o n ) ,  o n e  n e e d  o n l y  

make g ( x )  l a r g e  where  C(x)  i s  l a r g e  

and  make g ( x )  s m a l l  where  C(x)  i s  

s m a l l .  Excep t  f o r  p o s s i b l e  s e c o n d  o  

o r d e r  c o r r e c t i o n s ,  t h i s  w i l l  a l w a y s  ****  
y i e l d  a  s m a l l e r  v a l u e  f o r  T. 

A compute r  c o d e ,  SEARCH, h a s  been  
a - - Z ( X 2 X  - z  

X o  - 2 2  0 
w r i t t e n  t h a t  a u t o m a t e s  t h e  above 

* * 
= 0  x  - z < x  ( xo (12)  o  C a l c u l a t i o n s  have b e e n  done f o r  

o  ( x )  = a / x o ,  and o ( x )  = a6 ( x - 0 1 ,  
where z  i s  g i v e n  by w i t h  0 v a r i a b l e .  I n  a l l  t h e s e  

c a s e s  T  i s  l a r g e r  t h a n  w i t h  Equa- 
t i o n  1 2 .  

* * * 
For example  a ( x )  m i g h t  have  one o r  
more z e r o s  i n  t h e  i n t e r i o r  o f  t h e  
r o d .  

* * * * *  
The v a l u e  o f  T ,  when o  (x )  i s  u s e d ,  T h i s ,  o f  c o u r s e ,  i s  why C ( x )  m u s t  

be c o n s t a n t  f o r  t h e  optimum d i s t r i -  
i s  b u t i o n .  The e x c e p t i o n  o c c u r s  a t  

t h o s e  x  v a l u e s  f o r  w h i c h  o  i s  z e r o .  
I f ,  f o r  t h o s e  x ,  C ( X )  i s  s m a l l e r  

* * *  t h a n  a v e r a g e ,  one c a n n o t  t a k e  away 
T h i s  i s  t r u e  e v e n  i f  a ( x )  h a s  from o ( x ) ,  hence  C ( X )  w i l l  r e m a i n  
d e l t a  f u n c t i o n  d i s c o n t i n u i t i e s .  low .  



scheme. An a r b i t r a r y  a  ( x )  i s  chosen  

and C(x)  i s  de t e rmined  by s o l v i n g  t h e  

t r a n s p o r t  e q u a t i o n s .  A new a  ( x )  i s  

chosen  by m u l t i p l y i n g  t h e  o l d  a ( x )  by 

C(x)  and t h e n  r e n o r m a l i z i n g .  Using 

t h i s  u (x )  , a  new C ( x )  i s  o b t a i n e d  

and t h e  p r o c e s s  i s  r e p e a t e d .  The 

r e s u l t s  o f  a  t y p i c a l  c a l c u l a t i o n  a r e  

shown i n  F i g u r e  1. Except  n e a r  t h e  

d i s c o n t i n u i t y ,  t h e  agreement  i s  ve ry  

good ( t h e  v a l u e  f o r  t h e  optimum T  i s  

q u i t e  good) . 

CONCLUSION 

Two p o i n t s  emerge from t h i s  s t u d y .  

F i r s t ,  t h e  optimum d i s t r i b u t i o n  c o u l d  

n o t  have been guessed  by i n t u i t i o n .  

Pe rhaps ,  i f  t h e  s o l u t i o n  had been t h e  

un i form d i s t r i b u t i o n  o r  a  d e l t a  func -  

t i o n ,  one c o u l d  have guessed  t h e  an-  

swer (w i th  a  p o s t e r i o r i  " f o r e s i g h t "  - 
of  c o u r s e ) ,  b u t  n o t  t h e  p e c u l i a r  s t e p  

t h a t  was o b t a i n e d .  S i n c e  one can  n o t  

" f e e l "  t h e  answer even i n  t h i s  s i m p l e  

problem, t h e  s o l u t i o n  f o r  a  r e a l i s t i c  
problem must be even h a r d e r  t o  g u e s s .  

T h i s  l e a d s  u s  t o  t h e  second  p o i n t ,  

a s  i l l u s t r a t e d  by Program SEARCH. 

The numer i ca l  t e c h n i q u e s  i t  u s e s  a r e  

s i m p l e ,  s t r a i g h t f o r w a r d ,  and a p p e a r  

t o  work. For  complex problems,  a  

numer i ca l  approach  is  p robab ly  t h e  

on ly  way, and SEARCH can  s e r v e  a s  a  

p r o t o t y p e .  A t  t h e  p r e s e n t  t ime  work 

i s  underway t o  e x t e n d  SEARCH t o  

i n c l u d e  m u l t i e n e r g y  d e t a i l .  T h i s ,  o f  

c o u r s e ,  w i l l  v a s t l y  e n l a r g e  t h e  t y p e  

of optimum problems t h a t  c an  be  con-  

s i d e r e d ;  and t h e  r e s u l t s  s h o u l d  

f u r t h e r  broaden  ou r  " i n t u i t i o n " .  
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