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ON FRONT'S METHOD OF FITTING EXPONENTIAL
DECAY CURVES AND MULTIPLE-HIT SURVIVAL CURVES

Prony’s method of fitting exponentials is described by Whittaker
and Robinson (3), and by Willers (4). The method is extremely elegant but
suffers from two serious drawbacks. First, while having the appearance of
a least-squares curve fitting, it is not strictly such, and in particular
it provides no means for weighting the observations in accordance with their
supposed precision. Second, it provides no criterion for determining the
number of exponentials required for the fitting, so that one must either
suppose this known in' advance, or else, perhaps, apply the method repeatedly,
increasing the number of terms until one is satisfied with the result.

Each time this is done the work must start afresh.

It is quite possible, however, to elaborate Prony’s method
somewhat so as to obtain a valid least squares fit with correct weighting
of the measurements. It is also possible to develop a sequential process
such that, say, at the n-th step one can test whether nt+tl exponentials
are required, after which one either proceeds to step n+1, or utilizes
the computed results in a simple fashion to complete the first step in
the calculation. For obtaining a wvalid least squares fit it is necessary
to utilize the results of the first step in Prony’s method as a first
approximation, to be improved by an appropriate iteration. We shall
therefore first describe Prony’s method, which sebms to be not well
known. Thereafter it will be shown how one can proceed to obtain a
valid least squares fit, and finally we shall indicate the criterion

for choosing the number of exponentials required.



The method is adapted to cases where measurements are made at
equally spaced intervals of time. This is not the usual way in which, for
example, radio-active decay data is presented, but in many instances an

obvious interpolation in the records will provide this. Hence, if the

theoretical function is

y(t) =2 Ai exp (-ai O €))]

and measurements are made at times

t -0, r, 0.0, Nr
we may set
Uj - exp (-ay); (2
then the experimental values Yos Yij YN are estimates of the quantities
n
yr = y(rr) = 2 Aiuir- (€)]

£sl
The method is based upon the fact that the yr must satisfy a difference

equation of order n which may be written in the form

Yp sn + Yp+iS,,-! + ... + yp*n_i 3! + yptn = O, @)

the Sj being, apart from sign, the elementary symmetric functions of the u”

If the ei can be determined, then we have an equation of degree n to be solved

for the uiS and the AA can be obtained therecafter by ordinary least squares®.



Prony’s method continues now to form the normal equations

from (4) after the usual pattern, obtaining the set

[Yo Yo]' sn + [Yo YI]'sn , + ... + [Yo Y,]- =0,

[Yi Yo] sn + [Yi YI]:- sa-i + ... + [Yi Yn] =0, (5)

tenli Yol S,, + [Ynl ¥yj- 3n3s + ... +HYryj Yn]= O,
where

ET, =T,3j, *YMl Y,., ... (6)

It is clear that these equations are formed in accordance with the usual
least-squares model. However, the usual assumptions do not hold in this
case, since the coefficients in these equations are subject to error,
whereas in the ordinary derivation of the normal equations it is supposed
that only the terms free of the unknowns (in this case the Sj) are subject
to error. Furthermore, as we remarked above, there is no way provided in
this method for applying statistical weights to the Y’s when they differ
in precision.

Since the method purports to yield a least-squares fit to
equations (4), it is at once suggested that we examine the correct
method for obtaining this. The correct method is to so determine the N+1

quantities yr and the n parameters Sj that the sum of squares

S =£w, (Yr'—-yr1)2 @)

is minimized subject to the fulfillment of the side conditions (4).



The multipliers w¢ are the statistical weights associated with the

measurements Y*. If we introduce the Lagrange multipliers \ and define

N . N-n
s = 2 wr (Yr -y ~2 2 Pp ®)
ir=1 P
where
pP 3 yP s, + yP+Hi sn-i +''°+ yP+, = o, 9)

then the minimum is obtained by adjoining to equations (4) the equations
Bs / Byr =0, Bs / Bsj = 0 (10)

and solving for the unknowns Sj, and yr. Unfortunately, the equations
are non-linear and their solution does not appear to be easy.

We may, however, proceed as follows; presumably the solution
provided by Prony's method would give at least a first approximation to'
the theorectically correct solution. Consequently, we may accept this as
an approximation and proceed thereafter to improve sequentially the

results. This is done by expanding in Taylor’s series, retaining only

constant and linear terms, and solving [see Deming (2), Czuber (1)]-.
For this we set

Yr =yr + V¢ kb = Si + pi (11)
where the 14 are solutions of equations (5), the pi and the are

(presumably small) corrections. We can calculate

Pp() + Yp+l Xn-1 + YP+ n* (12)



and by neglecting terms of second order in the and r]j write, in place

Of §

Ppo = m 4>»>——+7Wn) +  (YP «+ Yp+n_jP!l) e as)
If these linearized equations are used in place of (9) the problem
reduces to that of solving a system of linear equations for the unknowns
r, p and K. We proceed as follows;
Denote by K the column vector of the 'X's, by p the column vector
of the p's in reversed order, by |7 the column vector of the 77's, and by P
the column vector of the PO's,, Let W designate the diagonal matrix of the

>

w’s. Form the matrices

Va2 o\

R - > (14)



and

N-n ~N-n+ [

Then the equations to be solved are found to be

Wr - R\ = 0,
R'T + Yp = P
Yk = 04

Hence the first of these matrix equations gives

1T = WI R\

and then the second becomes

R'" WI RA = p - Yp
If we set

Q = R WI R
we have

k= Q"1 p-Q"l Yp

Hence from the third,

Y Q' Yp = Y Q-1 P.

If we solve these equations for p, we are able then to find first X

and then |7 by substituting back into the preceding equations.

It is to

as)

a6,



be noted that the matrix Q is a triangular matrix and therefore easy to
invert; the last equation in k involves only "N m the preceding one involves
only "N n, and ™N_n 15 etc. The equations can therefore be solved
sequentially starting with the last and proceeding toward the firsts

When the solution is complete, if the rj’s and p!s turn out to be
fairly large it may be necessary to repeat. One substracts the p's thus
found from the Y’s, the p's from the r's, renames the results Y and r,

and proceeds exactly as before.

The statistical test for goodness of fit consists in computing

s = Y-y WY * y), 7

where Y is the vector of initial measurements and y the finally accepted
adjusted wvalues. This has a chi-square distribution with N-n degrees of

freedom.

After the s/ are determined one must solve the algebraic

equation

un +  ss u"-1 +...+ sn = O0f (18)

and the a»s are obtained from these n roots Uj by

al = -1-1 log Uj.

In using Prony’s method one must replace equations (3) by the normal
equations with Y in place of y, and solve for the A’s by least squares.
However if the adjusted values yf are used, and these have been obtained

with sufficient accuracy, then any set of n of the equations (3) will be



suitable, and the normal equations are not necessary unless greater
accuracy is required.

Our modified Prony’s method is seen to comnsist of four distinct
steps. The first is to form the pseudo-normal equations (5) and solve
for the Sj. These values are not, however, the true least squares
estimates we require, so we rename them Tj and take the second step which
amounts to solving equations (16) for the pfs and 77*s, using them to
correct the r’s and adjust the Y’s according to (11). The third step
consists in solving the algebraic equation (18) whose coefficients are
the quantities §* just found. The last step consists in solving any set
of n equations (3), or the normal equations obtained from the entire set,
for the coefficients'Aj. But we have, as yet, no criterion for determining
the number n of exponentials required. We return, therefore, to the first
step involving the pseudo-normal equations.

Consider the wvectors

y0 y*
vi tvse W Ve oy 19
. Y3 it2

yy+i "7+

J

where, for the moment, we leave ) unspecified. If the Yr satisfied a
difference equation of order n, then so would the vectors Vj, and, in
fact, any nt+l of these vectors would be linearly dependent. However,

if y.> n, any smaller number of these vectors would be linearly independent.

10



We could write, in fact,

vQ s, + wvis,~a+»»» + VB " 0O» 20)

Let us apply Choleski’s orthogonalization process to tihese equations,.
This process consists of first orthogonalizing the wvectors

Vi. That is, we replace each vector v. by a linear combination of the

vectors v0, Vj, Vj orthogonal to all vectors v0, wva, 06,, 0

Thus we set

Ti = ai + ao>

where Mil is chosen so as to make Sj and al orthogonal. This means

that

ar vi ~ 7o afl a0 i
Next, we set
vl = aZ+/uJlal+/Lt20a0,
choosing /u2l and /u20 30 aa is orthogonal to both al and a,. Hence
av) = [lt2oaoar
ai v2 = 721 a; ar

Proceeding sequentially, we finally set

V..—-1 = an—I + Mn,.1)n 2 an-2 + e 4 1,0 30

11



yvhere

al V,.-1 - “n-1.O a0 al

Let Vj, Aj, Mi designate the matrices

- (vor vi> eee> Vi)> 21
AN~ (a0 ai ai)> 22,
0 ~20
I A2
M 0 1 (23)

Then

Vi = Ai Mi (24)

Now MZ, being a triangular matrix, is easily inverted, so that the solution

Ai = Vi MO (25)

is easily obtained.

Equations (20) can be written in the form

12



if by cm we designate the column vector

v J

By means of (24) we see that (26) is equivalent to

An-1 Mn ! <7, + wvn - o.

But snnce An is a matrix of orthogonal vectors* the product

~n-1 An-1 An-I

is a diagonal matrix. Consequently (27) can be written

En-£ Mn-1 + An-1 Vn 0,

and this gives
M—n—l oy, t Dn—J Ar;—f Vi
by an easy inversion of DnJI5 and thence

+ Mn-1 ~-1 K-7 Vn - (0)

by the inversion of the triangular matrix Mn.

13
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Note that if we multiply (29) by

pseudo-normal equations (5) written in matrix form.

are equivalent.

Now define the wvectors

on the left we have precisely the

Thus (29) and (5)

The equations for determining the a’s and (U’s can be written

Vi +1 ait+l] + hi+i
These give

A VIEH Aj Mi+i |

since all columns of A are orthogonal to

whence

h-i+i - Al vi+ti

In particular,

14

ai+1*

or

(32)

(33)

(34)



so that equation (31} hoouses

CTn + K-i - o. 35)

To summarize, we calculate and ait+| sequentially by means

of (32) and (33). We adjoin ai+i to Aj to obtain A.+J; we border Mi

by

+J] and a unit row-vector to obtain Mi+1" Eac” vector a.+tl

is that component of wvi+ithat is orthogonal to the space of the

previous v’s. If the vectors Vj satisfied strictly a difference

equation of order n, then vn would be a linear combination of the

preceding v’s and an would vanish® We could thus continue the process

until we found a vanishing a. Since the components of the v’s are

subject to errors of measurement, it is not to be expected that any

vector a will vanish strictly, but we may expect that for some n,

A

an will be negligibly small. Having found such an an, there remains

only the simple calculation (35) to obtain crn.

Y.

There remains only one unsettled point; the choice of

Since all vectors v must have the same number of components, we

must not choose y so large that we run out of components as we

include higher v’s. Hence we must set some upper limit to the

likely value of n, and choose y accordingly. If y is chosen too

small we waste some of the experimental values at this stage.

However, these can be picked up again when we improve our solution

by the method of equations (16.) .

The above method is readily adapted, with minor modifications,

15



to the fitting of general multiple-hit survival curves of the form

y = e ou (I+Z™M+Z™M2 + ... +/3ntn). (36)

As No M. Smith has pointed out, curves of this type are to be
expected from irradiated organisms if there is a region within which
n hits will be lethal, and also other regions in which a smaller number

will suffice. Here t stands for dose.

This function satisfies an n-th order difference equation whose
characteristic equation has all its roots equal. Hence the coefficients

s determined as above must be such that for some u
u
(—r Cx) 37)

Consequently

St U (38)

The consistency of these equations may provide a rough test of the
hypothesis, but not a rigorous test since, of course, the measurements

are not correctly weighted.

Having found u, one obtains a as before and then from (36)

the /S’s can be found by ordinary least squares.
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