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Magnetic Interactions on the Basis of a Modified Shell»'r.f;7
. Model of Complex Nuclei L

' ANATOLE BORIS vo_mcov

Under the Supervision of Professor‘Robert G. Sachs

The independent particle shell model of M G Mayer
and Axel, Jensen and Suess does not. give quantitative agree=-
ment with the measured static magnetic moments of most odd-
even: complex nuclei. Furthermore, the model gives qualita-
tiVe'disagreement with certain measured_magnetic dipole
(ML) isomeric. transitions. Recent‘attemptS'to.obtain- '
better agreement with this magnetic interaction data by the

‘use of exchange moments, i e. ‘meson effects, hes proved only

moderately successful. Therefore, an_attempt has been made

to modify the usual shell model by considering more compli-

,cated wave functions.

' Specifically,the ground state wave function of odd"
even nuclei is assumed to be. an admixture of states fairly -
closely related to.the shell model state. These states

share the total _angular momentum of the nucleus among three

pparticles, in a prescribed manner, as compared to the shell
‘:model state in which one’ particle has the total angular mo-f
: mentum of the nucleus, Two of the particles'sharing.the .‘
ahgular momentum are in'equivalent;states.and‘are coupled to

- an angular momentum,ofktwo, and are in turn coupled tova:



third particle so as to give‘the correct,angularlmomentum
and parity of the nuclear wave function. In the Mayer-
Jensen.shell_mOdel the two particles in equivalent states
are assumed to have zero angular momentum. ThiS'particular
coupling scheme is suggested by the'observed angular momen=-
. tum and parity-of most of the first excited states of even;
' even nuclei. ' | |
The'possible admixed states are’assumed to be'determined~
by the.last filled shells for protons and neutrons in'the
odd-even nucleus, and these states are assumed to occur with

equal probability in the nuclear wave function. However, the

B contribution of states in which the two particles in equiva-

. lent states are of the even type in the odd-even nucleus is
1imited by a restriction on . the coupling to the third odd

' particle. This, limitation on the sharing of the total angu-
lar momentum with the even particles is suggested by the

experimentally observed near equality of the magnetic moment

"-deviations of odd proton and odd neutron nuclei with the )

’same number- of odd. particles (the number of even particles

i,‘is generally different for the nuclei) The modified shell

B model represents a. synthesis of the usual independent par-

ticle shell model and the statistical model of Margenau and“

Wigner.
Magnetic moments are calculated for the simple three_

. particle wave functions for all possible couplings. These

values are then used to obtain the magnetic moments of all

measured odd*even nuclet. In the calculation all interfer-~



ence effects'are neglected. The magnetic moments obtained

in this menner: represent a considerable improvement in
fitting the data as compared to the,magnetic momentsecal-
culated on the basis.of,the Mayer-Jensen shell mod_el.j .

Several magnetic dipoleA(Ml) isomeric transitionS»have

been observed which shiould be forbidden according to the

classification of the nuclear states obtalned from the Mayer-
Jensen shell model, provided the ordinary'magnetic moment~A
operator 1is assumed to be responsible for the transition

(the transition matrix;element is zero because of & selec--
tion rule on the orbitsl angular momentum) ' The~tranSitions
are no longer forbidden if the nuclear wave functions are-
described by the modified- shell model. The transition matrix
elements are calculated for the five observed transitions and -
they are found to be of the same order of magnitude as the

experimentally observed- transition matrix elements, with very

- good agreement in three transitions. -

The'improved agreement mith‘magnetic interaétion data
obtained by use of the modified shell model, indicates that

the Mayer-Jensen shell model gives an inadequate description

.of the nuclear ground state wave functions.f The modified shell,

model may represent 8. considerable improvement in describing

the nuclear wave functions, but it must be emphasized that

‘both interference effects and exchange effects have been

rneglected in the analysis of the data. |
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I lNTRODUCTlON'

One of the most accurately measured properties of a’
{:;nucleus is the magnetic moment. Because of this ‘and the Do
f 'relatively simple nature of the magnetic moment operator,'
“.\it is especially interesting to try to interpret the ob-..
served values theoretically._ The alm of such a theoretical '
study would be to learn more about the nature of the wave
functions of complex nuclei and from a knowledge of these
wave functions to increase our understanding of the_nuclear
force problem. | ,' A ‘7
Unfortunately the basic simplicity of the theory is L
marred by various complications, for example, relativistic '
. effects and exchange effects. These effects modify the formffA

. of the magnetic moment operator in an ambiguous manner.

' Thus the magnetic moment data cannot be expected to give un=

:ambiguous information concerning the nuclear wave functions.
However, certain features of the odd-even (odd Z even N or
even Z odd N) nuclear magnetic moments appear to depend
primarily on the nuclear wave functions rather’ than any
modification of the magnetic moment operator. -These fea-
'Mres of the magnetic moments and their relation to the nu-
clear wave functlons will constitute the main topic of this .

.,thesis.' | N

In order‘to make a theoretical calculation of the mag*-

| netid‘moments'of complex nuclei it is necessary to use some



&,
specific model of the nucleus. 'The starting polat of’tnis,;;
study will be the independent particle shell model as sug- -
| gested by Goeppert-Mayer1 and by Haxel, Jensen, and Suessz..
_Tnls model na3~nad great success in accounting for the- :
"magic" numbers 2, 8, 20, 50;$82, and l?6 as well as successF
'fully assigning the correct spin to the ground state of odd-
even complex nuclei. An essential feature of the model ls'a
'speclfic assignment of the parity of the ground state as
well as the spin. ‘ | o

However, the model does more then just assign a given
spin tolfhe ground state. The model specifically assigns
| this spin to only one nucleon of the odd numbered nucleons
Ain the odd-even nucleus. All other nucleons are assumed to
couple to zero angular momentum. In its simplest‘form the
| model implles that any two identical particles in the same
state of angular momentum j and orbital angular momentum 1
couple to a total angular momentum j' = O,

A caleulation of the magnetic moment is very simple for
the type’of coupling just described. The magnetic moment of
the nucleus in this case‘is‘just the magnetic‘momenf of;a' .
single particle with total angular momentum and orbital
‘A angular momentum equal to that of the complex nucleus, For

. a given orbital angular momentum. L, the total angular momen-

If a plot is made of

Nl)—

tum J can assume the values J = L t

1M, Goeppert-Mayer, Phys. Rev. 78, 16 (1950).
‘2Haxel, Jensen, and Suess, Z. f. Phys. 128, 295 (1950).




S SO

| 7 o 5
the calculated magnetic mement of a proton or of a neutron

fortvariouS-values‘of 3, two lines are obtained for each

type of particle, one line for J = L'* % and the Other‘line

- for J=L-~ % These lines are usually referred to as the

Schmidt line. - These plots, shown in Fig. 1 and Fig. 2,'
. are only meaningful for half integer values of J.

If the shell model were strictly vallid, the magnetic.
moments of all odd-even nuclei would fall on the appropriate
Schmidt lines. A plot of the data, Fig. 1 and. Fig. 2, shows
that such cases are certainly rare, although most of the
points 1lle decidedly closer to one or the other of the Schmidt
1ines. It 1s. especially'interesting to note that with the ex-
.ception of five nuclei, H3 He3, C13, N15, and 03189, all the
| points fall between - the two Schmigt lines, and that. three of
15 189

,the exceptions, l3, N° "y-and 0s 7, have J = L - = 2 and

have only minute deviations from the appropriate Schmidt
‘ 1ine. The deviatien of the two quite pronounced exceptions,»"
'{Hz and HeB, outside of their appropriate Schmidt 1ine is be-
]flieved to be due primarily to exchange momentsj.‘:.v o '
At first sight the magnetic moment data appears to con'l
'firm .the validity of the independent particle shell model
;However, an entirely different»model of,the.nucleus,_theu
y

‘Margenaudﬁiéner modei,niniwhichfthe;anguiar.momentum:isr

. 3F. Villars Phys. Rev. 72, 257 (1947) Helv. Phys.;
Acta 20, 476 (1947) R. G. Sachs, Phys. Rev. 12 1947),'-
Ry Avery end R, G. Sachs, Phys. Rev. 74, 1321, 19

4Margenau and. Wigner, Phys. Rev.,ﬁﬁ, 103 (1940)
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shared émong all the particlés<ofAthe nupleué, giVes almost
as good a description. of the magnetic momeﬁt‘data; Thus
relatively sﬁall deviations of the magnetic moments. from

the Schmidt lines may Indicate wave functions which afe'radi-
cally different from the shell‘mddel‘wavé functions.

On the other hand the wave functions may be adequétely
described by the shell-model, and as 1ndicated'bef0re, the
deviation would then be due to modified magnetic moment
operators caused by exchange effects, i.e. the effecté of
‘meson currents in the nucleus. This has been the point of
view adopted in several 1nvestigation35. M. Ross considered
.thé question of magnetic moment deviations in great detail
with épecial emphasis on those exchange'moments‘whiéh‘are

capable of explaining the 1 - He”

magnetic moment anomalies,
The theoretical magnetic momént‘deviations calcuiéted on the
basis of these exphange,moment bperétors were found'to be
small compared to the experimentally‘observed deviatibns,
and the calculated deviétidns were all found to have the in-
correct. sign (deviations outside the Schmidt lines). Ross
finally concluded that, although magnetic momeht deviétions
due,tq exchange effects may exlst in complex‘nﬁciei,.theSe
deviations are masked by mﬁch more important deviéﬁions-dué

tQ d1stort1oné of the nuclear wave function away from the

'pure shell model wave function.

o 2H. Miyazawa, Prog. Theoret. Phys. 6, 263 (1951);

A, De Shalit, Helv. Phys, Acta 24, 296 (1951); F. Bloch,
Phys. Rev. 83, 8%9 31951); A. Russek and. L. Spruch, Phys.
Rev, 87, 1111 (1952); Marc Ross, Phys. Rev. &g, 039 (1952).




It may be argued that the exchange magnetic moment
operators in complex nuclei are. quite different from those
needed to explain the Hj - He3 magnetic moment anomalies.-
However, 1f the operatcrs are assumed to be two body opera?
tors (corresponding to the assumption of two body forces
among nucleons), then it has been demonstrated by Ross that
the exchange magnetic moment operators must'be‘Of the same
form as those- considered previously to’ explain ‘the H3 -AHe'3
magnetic moment deviations. Thus simple two body exchange mag-
netic moment operators seem’ incapable of explaining the data.
| It is possible that the exchange magnetic moment opera-
‘tors are many body operators rather than simple two body 4
operators. However, many body operators would be expected
to produce magnetic moment deviations which vary only ‘
slightly from nucleus to nucleus, especially in heavierv
'Anuclei.» While the observed deviations of the heavier nuclei
| ‘seem to indicate some regularity, the fluctuations of the mag-
netic moment deviations from nucleus to nucleus especially in
: those odd-even nuclei with 41 to 65 odd nucleons, seem much
‘too great to be consistent with this :sort: of explanation of
the megnetic moment deviations. : . |

These qualitative arguments against manylbody operators
are reinforced by consideration of certain isomeric magnetic

1dipole transitions ’7.' These particular transitions are

. ,forbidden on the basisvof shell model wave functions and the'_

' 6R. a. Sachs and M Ross, Phys. Rev. 8&, 379 (1951),-
" Mare Ross, Phys. Rev. 88, 935 (1951). A ‘

7R ‘L. Graham and R. E. Bell, Can. J ‘of Phys 11, 377
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vordinarv.magnetic moment. operator. . A7typical-isomeric'trans?
ition of this type is found in P12 (or're135.) where the
-excited state (according to. the shell model) 1is believedato

be a 4 3/2 state and the ground state is (also according to
the shell model) an s 1/2 state. ‘This transitlon .has angu-
lwmmmmmmm@sdALé-EmdAJrﬂ,mweAL
' 'indicates the chang_e of orbital angular momentum and A J
indicates the change of total angular momentum; ‘Thefordinv'
‘ aryvmagnetic dipole operator'only_connectS'states in mhich
AL = o. | o R
' The exchange magnetic dipole operators do not have
| this limitation on AL and the occurrence of the "forbidden
f(subJect to the: purity of the two states) transition can be
explained by the presence of - these operators in the total
magnetic moment operator. Ross used the same operators as
'-'in his magnetic moment deviation calculations and he found
that the measured lifetimes of the forbidden transitions are |
consistent with the exchange moment operators needed to o

3

'i‘account for the H; - He~ magnetic moment anomalies.~:“.: .
These results, at first, seem to confirm the existence
'of exchange moments in complex nuclei.” However,_"forbidden
.transitions of the above tvpe can also oceur if the wave '
'functions of the two levels are not pure shell model func-'7

tions but are a sultable admixture of states. Such ¥4 possi'

o bility is especially interesting since the nuclei concerned

in these .forbidden transitions have considerable magnetic

moment deviations. Both the magnetic moment deviations and
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the forbidden transitions may be explainable in terms of a
_suitable admixture of states rather than any exohange mag- o
. netic.moment operator. This is the point of view taken_in
this thesls so forbldden transitions will be studied in -
conjunction with the magnetic=momentwdeviations.-

- ‘_The'results of the exchange magnetic moment enalysis
~of thelforbidden'magnetic,moment'transitions are still'of_
‘considerable interest. Although 1t is not'possible'to es~
tablish-the.absolute existence of the exchange megnetic
moment operators on the basis of the forbidden tranSitIOns,
interaction effects (including meny body operators)-capable
_of'explaining the magnetic moment deviations do-appear to |

be excluded since these would be expected to:produce shorter 1

lifetimes than measured. Tnus the forbidden transitions may ‘

" be used to set an upper bound on the contribution of exchange ;
effects8 in heavier nuclei9 '
Tne question  of the nature of the nuclear wave . functions"

"1s seen to be one of the primary importance in dealing with

8This statement 1s only partlally true since only two of
four possible exchange interactions considered by Ross give
any significent contribution to the transition probabilities,
Thus an upper bound is not especlally meaningful for the - -
other: two exchange interactions, which could increase signi- -
ficantly In heavy nuclel without any contradiction to the -
above analysis. L

9Tne previous discussion indicates the rather tenuous'ﬂ
nature of .the evidence for the existence of exchange effects,

in complex nucleil, although there is every reason.to believe' R

that hese xchange effects do exlst on the basis of both

the B2 - He magnetic moment anomalies and meson theory.

_ Any further test for the existence of exchange effects in
complex nuclel would be very valuasble.  SBuch & test could
‘possibly be offered by an appropriate analysis of angular
correlation data, ‘ |
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_magnetic dipole moment data. This thesis will disregard all

.exchange effects and concentrate on the study of static

magnetic moment deviations in relation to the.nuclear wave

functions.  The independent particle shell model of Jensen

and Mayer is taken'as a starting point. However, as pre-

viously mentioned, & small deviation of the magnetic moment

from the Schmidt limits may indlcate a nuclear wave funotion

'which‘dlffers'considerably from that orescribed by the shell

model.

In order to treat the problem of magnetic moment devia- -

‘tions systematlcally, it is necessary to consider a system=

‘atic modification of the nuclear wave functions. Because

of the nature of the ordinary megnetic moment operator, it
is only necessary to consider the angular part of the wave
functions in all that follows. |

The arrangement of levels in the shell model in terms .

" of a single particle wave function can be considered valid
"as far as the symmetry proberties of the nucleus‘are con-

. cerned. Any modification of'tne_shell model wave functilon

must be consistent with the symmetry properties of that

. functlon. Only wave functions with the same.totei sngular
_momentum and parity can be admixed to form the nuclear

state. However, it is entirely possible that the amplitude

of the shell model state is'quite'smell in the admixture of

. states which.presumably constitute the nuclear wave function,

. A simple modification of the Mayer- Jensen shell model
state is obtained by distributing the angular momentum among,




three particles instead of'concentrating it ondone.-‘It is“-
generally assumed in the shell model that two identical
‘particles with the same j and l couple to give .angular mo-'
‘mentum J' = 0. This coupling rule seems to be verified by
the fact that all even-even nuclel appear to have total
angular momentum J = O, ‘While the shell model prescription‘
for coupling is verv attractive in itsasimplicity,:there is |
no reason to believe that the addition of another particle
'to an even-even nucleus will not rearrange the coupling in
& more complicated fashion; | 4 o o

Any recoupling'would require the rearrangement of at'
least two ‘particles in the even-even core of the odd-even
nucleus. .Thus & simple modification of the shell model
scheme would be to uncouple two identical particles which |
‘had been coupled to . give J"- O and recouple them to some
'angular momentum J' :x: 0 without changing the j and & values :
: of the nucleons. These - two particles would then have to be- ..
jcoupled to the single particle of the shell model i.e. the _
'angular momen tum jv would have to be coupled to the angular |
.momentum J of the single particle S0 as to give the same’
'angular momentum J for the complex nucleus. This modifi--
,.cation of the shell model coupling scheme would of necessityi
.have the same parity as the original state.

In‘a j-j representation the Pauli principle.allowsltwo
,.identical particles In the same J eand t states to couple
" into only even total angular momentum, i.e. bk :‘O, 2, L, etc.

A reasonablé modification. of the shell model is to consider.
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. states'where two 1denfice1fpart1c1ee are recoupled to glve,
an angular momentum j° = 2. This choice seems to be justi- -
“fied on the basis of the experimental fact that the first
excited states of even-even nuclel nearly always have total
angular momentum J = 2 and positive paritylo
The modiflcation of the shell model state which is used
in this thesis is more general than that just described, al-
.thoughﬂthe basic features are the same. As before,'the
angular-momenttim of the nucleus 1s shared among three par-
ticles, of which two are identical particles coupied to"
5‘.’ 2 (both particles‘having'the same j and ). However,

. the third pérticle is no longer restricted to fhe total;
angular momentum J and orbital angular momentum L of  the
shell model state. The third particle, which now has total
.anguler momen tum j‘.and orbltallangular momentum ", is ‘
‘coupled.with j' = 2-to give & total angular momentum J (the
same J as for the shell model state) for the three particle
"gystom. Wave functions of'thie type will'be:used‘to oalcn-
late magnetic moments and these calculated moments wiil be
compared with the observed deviations from the Schmidt lines .
of the magnetic moments of odd-even nuclei11 ‘

- The actual wave function of the nucleus will be assumed'

loGerﬁrude Scharff-Goldhaber,~Pnys.’Rev 90, 587 (1953).

llMagnetic moment deviations have been studled with
~similar but more restricted modifications of -the shell model.
" A, DeShalit, Phys. Rev, 90, 83 (1953), Minoru Umezawa, Prog.’
- Theoret.’ Phys. , 509 (195&)
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to be a lirear combination of the uuual Maycr-Jensen shell -
model state ahd states,of,phe type just described in which
' the angular ﬁomentum ie’shered among, three particles.h Ex-
tensive sharing of the angular momentum amohg the nucleons
ef ihe hucleus'(MargenauﬂNigner model) would be-expected on
the basis of the ueually assumed short range, two body nu-
clear forces. HoweVer, the shell model, with 1ts success in
explaining much of the data concerning complex nuclei,-is'at
the other extreme. The model 1n this thesis therefofe repre=-
sents a synthesis of the Margenau-Wigner model and the Mayer-
Jensen shell model of the nucleus. The extent of the sharing
of the angular momentum among different»nucleens will depend
on the asSumed admixture ofustates and on ﬁhe allowed values
"of j, t end j", " used in constructing modified shell model
states of three particles. a ' |

‘The ‘two 1dentical particles. in equivalent states may be
elther odd (of the odd number type of particles in the odd-
even nucleus)lperticles or even (of the- even humber type of
particles in the.odd-even nucleus) particles. Since these
two particles are assumed to be coupled to ' =2, then'j“‘j
‘could 1in principle assume any one of  the possible'ﬁalues
(T2, J+1, --=-- {7 - 21) allowed by the vector' rule
“with the appropriate value of 1" being determined by consi-
‘derations of parity. | | T -

However, the Mayer-Jensen shell model 1s still assumed
to determine g system of levels which will limit the allowable
values of j, t and j", ¥". Specifically, each shell in the




shell model 1s composed oi a number of states of roughly the.

12

same energy separated from other such groupings of states by
~a noticeable energy difference ' In any given‘nucleus the
'allowable values of j, & and J R 1” are‘those which occur

within the unclosed shells of the nubleus, i.e. sharing of

ithe angular momentum is assumed to only occur in the last shell

of odd particleé and,even particles. _

VWhen the two identical particles coupled to j'-E 2 are
even particles, the value for j" is arbitrarily restricted
to the one value ' = J “the angular momentum of the nucleus.
The restriction is assumed to hold for the sake of simplicity'
and on the basis of the following evidence which seems to
indicate that the amount of angular mementum shered“With the
even particles is sm&ller than that shared among the odd par-
ticleslg.A | 4

Schawlow and Townes13 have‘observed definite correlatlons
(near equality in magnifude)«of~the deviatiens from the
Schmidt lines of the'magnetic moments of,baifs of odd-even -
nuclei,~with ihe same’total augular momentum J, where one
-nucieus has n odd protons and-the othef has the same number
n. of odd ueutrdne. If the angular momentum J is shared only
among the n odd particles and if the wave function represent-

ing the n odd protons 1s the same as that repreéenting the

12 In the final model of the nucleus considered in- this
thesis, this particular restriction on the possible values
of j" automatically decreases any sharing of the angular
momentum with the even particles.

13 -
(1951)

A, L. Schawlow and C. H. Townes, Phys Rev. 82, 268
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n odd neutrons (mirror property), then the calculated mag- |
netic moment deviations (appropriately defined) are equal
for the two nuclei regardless of the admixture of states
contributing to the odd particle wave function. The ex-
perimentally observed correlations can therefore be under- .
stood qualitively.by assuming that the even particles do not
share theiangular momentum and that odd proton'states are
the same as odd neutron states.

The explanation Just given for the experimentally ob~-
?Served correlations is undoubtedly an oversimplification,
especlally since none'of the experimental deviations for
.the nuclear'pairs are»exactly equal. . It-is'also hard~to
understand. how there can be any significant'sharing.of.the
angular momen tum among the odd particles‘without some . shar=
ing among the even particles. However;'the observed corre-
lations seems to suggest that there must be 8 significant :
mirroring of the odd particle states-: regardless of the
specific role played by the even particles.

The question of the role played by the even particles
in sharing the angular momentum is complicated and will be
discussed_in greater detall in the main body_of the thesis.
However, the great difference in the number of even particles
in the two nuclei of the pair'(the odd proton nucleus would

generally have a much larger atomic number‘A than the cor-

.. responding odd neutron nucleus) would seem to indicate that ;

any mirroring of states: (odd particle states included) would
be improbable if'the even,particles had a great share of the
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totél aﬁgular momentum. - If the even particles do not play
a'too_distdrbing role, then the mirror‘propefty of the -odd

i particle étates‘isifairly reasﬁnable on the basis of the
assumed charge independence of nuclear forces. |

In Section II of this thesis, thelmagnetic‘momenté are
calculated for three particle wave functions, of the type
previously described, for all possible values of j, t and
i", 1". The main qualitative feature of the results is the
factvthat the great majority of the calculated moments fall
between the two Schmidt limits. It then follows that many
sultable admixtures of states cen be formed to f1t the ex-
perimental masnetic moments, the great ma jority of wﬁich |
also fall betwecen the Schmidt limits. ’

A speciflic medel of complex'nuclei is proposed in Sec-
tion III in which all possible three particle states (and -the
shell model state), as already prescribed, are assumed to
have equal probability in the nuclear wave function. This
represents a rether thorough sharing of the anguiar momentum
among the particles of the unclosed shell of the odd particles
and .a less complete sharing of the angular momentum wiﬁh the
particles iIn the cven unclosed shell. The magnetic moments.
calculated from this'model,,using appropriate assumptions
for simplification, represent a dramatic improvement in
f'itting the data as compared to the usual Mayer-Jensen shell
model. | | ' |

Finally, in Section IV, the.”Statisthal shell model"

usert in the previous section to calculate the static mag-
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netic moments;iis»used to calculate the trans;tiqn matrix
elements of the "forbidden" magnetic dipole transitions.
‘The transition matrix elements,are a1s6 found ‘to be in gen-
"erally good égreement with‘experimenﬁal results. . |

Thé statistical shellrmddel represents a réther exten-
sive modificatlon of the Mayer-Jensen shell mcdel. The 1m-
proved agreement with‘the eXperimental_data of statlc mag-
netic.moments<and forbidden magnetic dipole‘transitions
therefore 1nd;cates that the Mayer-Jdensen shell model may
~ glve a poor descrlpfionAofithe ground state wave'fuﬁctioné
of complex nuclel. The statistical shell model is closely
related to the Mayer-Jensen shell model by the wa& the -three
partigle states are chosen fér'admixture and bj the chqice
of spin and parity which<1s that‘presqribed by the Mayer-

Jensen shell model, but the statistical sheil model seems .
to be more compatible with the assumed . two body; shbrt range

nature of the nuclear forces.
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II. MAQNLIQML&_EQDDMM

A. mnmm:q Values of the Magmz&m M.czm&
The ordinary mag'netic'moment operator is given by

| -.-   N L= II-1)
A2 Gy oelap-i100) » 0 2,5 T

where/(p( j(p = 2.791 n.m;-) and /{n( ﬂn" = \- 1.913 n.m.) are
respectively the magnetic‘momeﬁts'of a proton and a neutron,
J is the single proton total angular momentum operator, and

—

0‘2 o and g n are respectively the usual Pauli spin operators
for a proton and a neutron. The megnetic moment of a nuclear
' ‘syst'em 1s defined as the expsctation value of. the' & -compon-

ent, . /‘9 , of the 'magnetic moment operator:
. A I\N. | ' > (II'é)
w2 )

-where,’)"'JM is the'wave function Qf’ the nuclear system (only
the angular part of the wave function is considered in all
ordinery magnetic moment calc'ulations) having a total angu-
lar momentum J and & = compbnent of angular momentum M,

In the Mayer-Jensen independent particle shell mod'ei,
a single odd particle assumes the total angular momentum J
The magnetic moments cal_culéted on fhe basis of this model

are the Schmidt values of the magnetic moment
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8) A ’<4)_T=Ltg‘ )__ji'-‘-r(a,,—f)a‘*l‘f;u%)
| ', S (11-3)

T - |

b) .,4{:_=/<~<¢T;L.+zz '0—214¢J{~'Lt§>

wheré‘¢ Je=L* £ 1s the single particle wave function having .

a total angular momentum J = L % %, a 2 component of the

angular momentum M, and an orbltal angular momentum L. These

functions are

g 4 5'. - 1 n*i -
a) ¢r Ly VL;Z: 7 + [t yg A

AL+ |
(II-4)

o ‘ ' Myt
s 95 ’——m b TEEEL Y g

14 and .Xt

M '
where )( are the usual surface spherical harmonics
are the usual Paull spin functions. The single particle
functions can now be used to evaluate the Schmidt magnetic

‘moments as deflned by II-3. The'essential expectation

14Condon and Shortley, The Theory %ﬁgét Spectra,
Chapt 111, Cambridge Uhiversity Press 9




value for the;calculation is

Mo M
Orazy 0 e

it
tn
~
3
)
i+

l(Ii‘J)

where & (J) is defined as + (plus) when J = L + & and
- (minus) when J = L - &. The Schmidt values for the mag-

.netic moment are then

8) M : I+ Wy - 1/2) for J = L+1/2

| HsP =3 (4 -1/,2).7—%'3?. for J = L - 1/2 o
| | o - (1176)
) Ke thn for J z L +1/2
AR -/(n._J-%l o ’for.J.-.'L-l'/2

. These values of the magnetic moments yield the Schmidt
lines plotted in Fig. 1 and Fig. 2.

'B. Magoetic Moments with Modified Shell Model Weve Functions.
The wave function of the nucleus ié'assumed to be an ad-

mixtureAbf the usual shell model state with a number of

states in which the angular momentum J 1s. shared among three
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particles, 1 e ’

VN
£ 2 V7 Gjj)

J,

= $¢J’Lt

N

' ’(iI-z).'
ZZ; Jin = '

J

where'a is the probabiiity amplitude’of the shell model
(single particle) state and a,.n 1s the probability ampli-
tude of the three particle state /Y’(&J,")

The types of three particle states considered aré,‘by
aséumption, quite iimited. Two of theAparticies are assumed

to be identical (either‘two odd particles or two even par-

ticles of the odd-eveh nucleus).” Furthermore, theAtwb?particleS'

are each assumed to have the same total angular momentum J
and .orbital anguler momentum t, and are assumed to be coupled
to j' = 2 (compared to j‘ = 0 as is assumed in the shell
model). These two bartlcles are then coupled with the third
particle (of necessity an odd particle), which has & total
éngular momentum j" and orbital,aﬁgular momentum t", so as to
give a final angular momentum J for the system of three
particles. The vector addition rule of angular momentum
allows J to have the values j"+ 2, "+ 1, --- " - 2|
- for every value of j". The value of t" is determined for a
given j" by parity considerations.

 In en independent particle model, a sYstem of n particles
is represented by & product of n single particle wave func-

tions, or by a linéar combination of such product functions.
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The- parity ‘of. &, product function 1s defined as ( 1) ’

th»product

‘where Ii,is the orbital angular momentum‘of-the 1
of the product function. When the state of a system is
represented by'a linear combination of prodnct.functtens,
invarisnce conditions (invariance under coordinate inver-
sions) require that every product'function in the linear
_combination have the same parity. _ |

| 'The parity of a single particle shell model state is
given by (-l)L-where L is the orbital angular momentum of

. the shell model state. The parity of two particles in the
same j and t state (regardless of how they are coupled to-~
gether) 1s ( 1) = +1. Thus for the states ¥ J(2jj”)
described above, the parity is (- 1)2 t e+t = (- 1)1"

Since the parity must be the same for all states of a linear
combinatlion of states, the orbital angular momentum 1", which
is uniquely:determined for a glven J, L and j", can be seen
to be restricted to one'of the values ¥" =L ; LT 2,

The three particle wave functions can be represented as

44 “(234") = "
S 2 s mimlisg, 530 7, ¢

m,m? (11-8)

Z<J“2 T-MMIJ“z)'J) 95 ™

The coefficients‘<:j", 2, m", m"j", 2, J, J;> are the
transformation~amplitudes for vector addition (Clebsch-
Gordon coefficients) of angular momentumlu. Jg'is the

angular momentum function with total angular momentum j‘ =
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and Z component of angular momentum m formed by coupling

' two particles having the same j and t.

The correct wave function of the nucleus‘mustibe'pro-

. perly antisymmetrized to take into account the Paulil exclusion

principle. In.isotopic'spin notation the.wave function_must
be antisymmetric with respect to the interchange of any two
‘nucléons. In more usual notation, where neutrons and protons_
are treated as different particles, it is only necessary to
antisymmetrize with respect to en interchange among protons.

: and among neutrons separately. Since the magnetic moment
operator 1s a sum of single particle operators, the expec*™
tation value of the magnetic moment operator reduces to the
corresponding sum of single particle expectation values15
Thus the entisymmetrization of the wave function does not

need to be considered when caloulating the‘magnetic moment

- expectation value. However, ‘the Pauli principle‘must'still‘

be considered when determining possible values for J, %,

" 3" and J, L. In certain cases the values of j are more
restricted than previously indicated. It 1is especially im-
portant to exercise care when all three- particles have ‘the

_ same angular momentum and parity, 1. e. J = j"»and -1,
| " The Pauli principle forbids the formation of angular momentum )
= 4 for three identical particles in identical states of

15See reference in Footnote 14 p. 171.

16See reference in Footnote 14 p..263.
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- The maénetic moments can now‘be'celcuieted using“tne

" wave functions ‘just described. - First, allfthree particles
are assumed to be of the same kind (odd particles)»- Also,
only expectation values invelving the modified wave functions
are considered, even though cross terms (interference terms)

:are in general possible for certain admixtures of modified

- shell model states. The magnetic moments become, using II-1,

-2, 116, and II-5° 7

8) u'Gijz)e <A;; () Z (a0 )”:‘3— mm}
K

(II-9)
_—
by M “ajjng)- <%(zu) T 4y 05® V7 i)
| .
. [ J " .
= Ap f}.ﬁ_(;)f 2;;3 z(" )(ZMKJ"ZJ'@M!J',’Z,J,’J)‘)]

17 he magnetic moment calculation 1s quite simple for the
state J3(2j) since the two particles are in equivalent states
(states with the same j and 1). The Clebsch-Gordon coeffi-
cients for the state J8(2j) do not have to be known explicitl
(most of the coefficients of interest have not been tabulated
Thus m-sn”

R Z(J J, T, mli,j,m rm-m"? ¢ A 4’ (2)

1<, ,J‘,MJ‘,J D] =

M" '

<-L‘":o~.*+(r*m‘"> L5 @ amnt),
m" 21*"

X |<3,j,xmu,5,4n';mw»7l = £G) am
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/\r JJ(2 j j") represents a function of three protons in II-9a

‘and a function of three neutrons in II-9b The sum

ZM |<J") 2: - m, m‘ J": 2, J, J>l 2 d"epends 'on'the' |

values of J" and J:

Z/M|<J":'2 J -, m] j", 2, J, J>( 2,

ST S - f'or.j“':J+.2
T+ )
- 2 = J | for " = T+ 1 ~ (1I-10)
+ A ’4
- 3 for " = J
J + 1 - .
= J_ 3 : for 3" =J -1
T+ 1 o |
= 2 | for'j“:J-é"

A large number of possible magnetic moments are repre-
aented by the relations II-9a and II"9b. Different values are
vobtained for j =t + é- and §j = % - for the same choice of j,
j" , and J. The smallest allowed value for § is j = 3/2 since
two J = particles cannot be combined to give an angular mo-
" mentum J' = 2'as required in the modified shell model wave
~ function. - | -

For a given choice of j end J there are in general five
possible values for i, all giving ‘different values for the
magnetic moment. In specif‘ying J, 1t is also necessary to
‘speciﬁr whether J e L +4 or J = L - 5 in order to be able
" to specify t" and wtietner " =t"+ % or J" = t' -4, Thus
for example, if §" = J +1 end J = L + 3, then in order to v
have the same parity for the three particle state as for the
shell model state " s J+ 1 =L +3/2 = (L +2) -1/2 =

1 1/2. Then the required value for 1" 1s 1" = L+ 2 and
J' = " - 1/2. The possibility j" = "+ 1/2 1s eéxcluded



since this would require.that " = L + 1 which 1s a .state
having a different parity frdm that of'fhe sheil‘model'
state. A similar analysis must be undertaken for'ali values'
of j, j" and J, when II-9a and II-9b are used to calculate
magnetic moments. o

. . When the angular momentum J of the shell hodei'sfaté

has small values. (J* = 1/2 and T = 3/2), the possible values
of . j" are more limited than previously indicated. When

J = 1/2, the possibilities. =T -1 and_"j" =J -2 are
obviously excluded since a negative value for j" is meaning-
less. The value j" = J = 1/2 1s also excluded since J" = 1/2
cannot be ¢omb1ned with;J s 2 to glve the required anguiar
momentum J = 1/2. Thus for J = 1/2 only two values of .

3" (3" = J +1 end " = J +2) are possible, When J =.3/2,
then only 'J" = J - 2 1s excluded. When J 2 5/2, all
values of j" allowed by the vector addition rule are possible
(3" =T+, =T+, ---- 0 30 z|T - A -A11 the ex-
cluded possibilities just discussed are lmplicitely . contained
. in the vector addition rule (J = j"+ 2, J= j"+ 1, -----
------ J= |5 -2]).

The magnetic moments,b(p(Ejj“:J) and /{n(Ejj":J) given
by II-9a and II-Ob are plotted as a functionvof J in Flgures
3p tb 12p and Figures 3p to 12m respectlvely. A separate .
lplot 1s made for the possibility J =L +1/2 or J = L -'1/2
for each possible j". Since j" in géneral may assume five

values this results 1n ten plots for‘/(p(2jj”:J) and ten
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blots for/“]EUBjjf:J). Each possible value of j (of the two
‘particles,combined to jt = 2) gives a line on every plot.

In order to obtain.all magnetic moment values that are of

interest six values of j = 1 + 1/2 must be plotted

(3 =3/2,5/2 =--- 13/2), and five values of J = 1 - 1/2

(j =3/2, ====--  11/2). - Thuo each plot eontains'ciex}en |

- 1lines each giving a'magnetiq moment vgiun ét the;half integar

values of j'. | B i o |
Tne'appfopriate Schnidt.linéd_are included on each graph

of H} P(233":J) and /(n(‘2nj‘j»""J) The ‘systematic features of

these graphs will now be indicated. There 1s a symmetry
between the deviations from the Schmidt lines. of a given

M P(233":3) plot and the equivalent KX R(233":7).. Later it -
will be shown that the~appropriately'defined deviations are
actually equal to each other. These eqpivalent ploté havé
the same_figure number and are only differentiated by letter,
e.g. Fig. 3p and Fig. ?n. Therefore, in the following dis-
“cussion it 1is necessary‘to.consider onljltne'systematids
of tne‘ﬂlp(2jj"§J) plots. The deViatiéns:frdm'thé Schmidt |
lines of equivalent /(n(2jj":J) have:nearly the §ame gfosg
" features. o R _- ; _..' ‘
In Fig. 3p the plot indicates tne'deviétianfrqm the

J =L+ 1/2 Schmidt line of en odd prntdnfnuciénd.forjthe
'coupling case.j" = J. These characteristics are indicated
at the top of the figure where the notation /(p(ajj" J)
JeL+1/2 and (" = J) appegr. The Schmidt lines are
indicated by extra'heavyblineé. The j 1 +'1/2 1ines are
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-given by fine solid 1ines, while the j=1- 1/3 1lines are
given by flne broken lines. The above notation will be

used in all the following plots The j =1+ 1/° 1lines
alweys tend to fall in a group which is ordered by ascending.
or descending vaiues\of j. Thé gap betweeﬁ lines of glven j
;decreases as j‘increases. The j = t - 1/2 lines display the
. same properties. _ - |

~ The most apparent feature of Fig. 3p 1s:that most
values of A P(2]3":7) fell inside the J = L+ 1/2 Schmidt
11he. "For J = 3/2 no A P(233":J) falls outside the

J =L +1/2 Schmidt line (one #alue falls exactly on the .

e rScl\l"lmi_dﬁ line). For each increase in J, one additlional value |
of M P(2jj":J) falls outside the Schmidt value, but even for
= 9/2 the center. of gravity of all the /Kp(Ejj":J)'values.
falls inside the Schmidt line. The same~Qualitative features
hold for Fig. Yp where J = L - 1/2 and j" = J. 'As'previou51§ ."

mentioned 1t is net p0331ble to construct a wave function
qu,J’(EJJ“) for J = 1/a when j* = J. |
-In anticipation of a detalled discusslon of the experi-
mentally observed magnetic moment deviations from tne;Séhmidt
'11nes, 1t shduld;be mentioned here that the .observed devié-
tions for J 2 T/2 cannot be explained'by the magnetid'moments'
plotted in Fig. 3p, Fig. 3n, Fig. Up and Fig. 4n. The ob-
served deviations are-usuallyigreater than the greatest de~
viation of ény /(p(Ejj";J) or /Xn(Ejj”:J)‘for'J,2>‘?/2. Thus
the coupling "= J gi&eé values of M P(23j":J) end
M %(2353":J) which have the correct qualitative features to
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4exp1ain the observed deviations but which are not- adequate

27i

to explain a number of" observed megnetic moment deviations.
The .effect on. /(p(dJJ”.J) of the coupling j" J-f 1

is illustrated in Fig. 5p and Fig. 6p for J=L+1/2 and
J = L - 1/2 respectively. In Fig. 5p (7 = L+1/2) all the
U P(233":J) fall inside the J = L + 1/2 Schuldt 1ine. The
deviations of these M P(2jj":J) are large, especially for

>'3/2. ~The same general characteristics are true for -
the ;Zp(2jj“:J) in Fig. 6p (J = L - 1/2) with the exception -
of those M P(23j":J) for J = 1/2 and J = t - 1/2. These
values of MP(2])":J) fall cutside the J = L - 1/2 Schmidt
sline; However, the center of gravity of the values of
/(p(2j3”.J) st1ll falls slightly inside ‘the Schmidt line.
'..This’hehavior of /Kp(agj”.J) for J =L - 1/2 = 1/2 and

:j s'l;- 1/2 gives a possible explanation for the experi-

: mentally observed magnetic moment deviations of those odd-
even‘nuclei with J = L' - 1/2 = 1/2. The experimentally ob-
' served magnetic moment deviations for these nuclei-are all
much smaller than average ‘and in three instances have de-
'viations which actually fall slightly outside the Schmidt
'line. Tais behavior 1s clearly consistent with the
1/{,p(2jj" J) values plotted in Fig. 6p. :

* The values of/( p(aJJ“.J) plotted in Fig. o (J Lv+ 1/2)
and Fig. 8p (J L -1/2) for the coupling j“ = J - 1 have the
same:general properties as in the previous coupling (3" =
J+ 1). However, the J = 1/2 state is nct‘possible for
; j“'= J -1 end the values of /(p(an" J? which fall outside
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the J = L - 1/2 Schmidt'line'in Fig. 8? occur for J'::L - l/2v'
3/2. These results are also compatible with the observed~

~magnetic moment deviations of odd-even nuclei with J=L -
/2 = 3/2. :
Fig. 9p end Fig. 10 p show the values of /(p(ajj” J)
for the coupling §" = J+ 2 for J =L +1/2and J = L - 1/2
respectively. The.general tendency of these values is for
the j = t + 1/2 values to fall inside the J = L - 1/2 Schmidt
line in Fig. 9p and to fall outside the J'= L - 1/2 Schmidt
line in Fig. 10p. The j = t - l/é'values tend to fall‘
Qu‘gid the J=L++ 1/2 Schmidt line in~Fig. 9p‘(except at

= 1/2 and J = 3/2) and to fall inside the J = L - 1/2
Schmidt line in Fig lOp The center of gravity of the :
/Kfnajg”.J) values 1is inside the appropriate Schmidt. line
in Fig Op and slightly outside the appropriate Schmidt line-
in Fig. lOp° Fig. 10 represents the only possible values of
';/Y P(2§3":1d) for J = 1/2 besides those: alredady discussed in.

‘.'connection with Fig 6p These two sets of values have a

.center of gravity very close to the Schmidt line which may
explain the small experimental magnetic moment deviations
for J =L - 1/2 = 1/2 already noted in connection with Fig.
6p. | . ' . L o
Fig. llp and Fig. l°p show the values of. /29(233“ J)
for the coupling e J - for J =L+ 1/2 and J =L - 1/2
respectively. For this coupling J is restricted to the
values J . “5/2 In Fig. llp the j T+ 1/2 values of
M 9(233” J) rell outside the J = L + 1/a Schmidt 1ine while

f the j t - 1/2 values of,ﬂ(p 333"°J) fall in_id4 the = .
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J=L+1/2 Schmidtlline;"The:center of grarity of these
lines falls slightly outside thefSchmidt line. In Fig. 12p
the general picture is similar to that of Fig. 1lp with the
roles of j=t+1l/2and j=1 -1/2 reversed. However;lthe
center of gravity of the‘/(p(°jj”°J) values in thie case
falls slightly inside the J = : L - 1/2 Schmidt line. |

The overall tendency of all the couplings considered is
to give magnetic moment values which fall inside the Schmidt
" lines, If only a single type of coupling 1s considered
(such as j" : J), many of the observed magnetic moment de-
viations cannot be explained However, all experimental
magnetic moment deviations can be explalned by using appro-
priate combinations. of'all the couplings considered abave.
The correlation of the calculatedlt(p(AJJ".J) and U7(233":7)
values with the experimentally observed magnetlic moment de-
viations willl be considered in greater detall in the section
on experimental magnetic moment deviations which follows.

Before discussing the experimental magnetic moment de-
. viations, there is stlll one type of wave function modifica-
tion, mentioned in the introduction, to be considered. Two~
of the three particles sharing the angular momentum J may
be'even,particles (both particles are assumed to have the
same ] and t) while the third 1s an odd particle. The two
'even particles are coupled to glve an'angular momentum
j' =2, and the third particle Witn an angular momentum
.vj" = 'J 1s coupled to tne two even particles so as to glve a

total angular momentum J for the system of three particles.



”considered when even particles snare the angular momentum is
S - h ' |
N When two even neutrons combine with an odd proton, the
,magnetic moment 1s
/%.(:Jéﬁ?JhﬂfT) = ,J- - 3:—“ t
| - AL (1[' Il)

£ J
+ ( )-?(A ) QLH (J"+I)(2£"’)j
. £0G) Uy
(24+1)(T+1)

When two even protons combine with an odd neutron, the
‘magnetic moment is

M QjpyTem:T) = EP 2T L (T -17)

¢ (1+ 28 K9 2 8T My) 2
24+ T IR

The magnetic moments calculated from II-1l and II-12'
are plotted in Fig. 13p, Fig. l4p and Fig. 1%m;, Flg. l4m
respectively. . Again the general characteristics of the
equivalent (seme j, 1,  J and L) U P(2J3(n)J(p):J) end
| /(n(2j(p)J(n)°J) values are similar. However, the devia-

- "tlons of II- ll and II-12 are not truly symmetric with respect.

| I A
As- mentioned in the" 1ntroduction, the only j" that will be'
to the Schmidt lines as are- the magnetic moment deviations
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. B
: given by II-9a and II 9b The quesiion ofwsymmeﬁry.mifh -
“respect to the Schmidt- lines of the odd proton and’ -odd neutron
' magnetic moments calculated from modified shell model wave

- functions will be discussed in some detail in the next sec-
tion; | | - |

| In Fig. 13p and Fig. 13m (J = L + 1/2), the magnetic
momentsAall fall inside the J = L + 1/2 Schmidt.line. The
deviations,inside the J = L + 1/2 Schmidt line are quite

large for J = 3/2 and become considerably smaller as J in-
creases. In Fig. l4p and Fig. m (J = L - 1/2) most of the
magnetic moment values fall outside the J = L - 1/2 Schmidt
line. When the j = 1 ?-1/2 even particles share the angular
momentum with a J = L - 1/2 odd particle,. the resulting |
‘magnetic moment is considerably outside the J = L - 1/2
Schmidt line. When-the even particles have j = 1.-~l/2,.the
'magnetic moment deviations (some of which are outside and

some of which are inside the J = L - 1/2 Schmidt line) are
considerably smaller than when j = t + 1/2.

Thus, for odd-even nuclel which are assigned J = L + 1/2
by the shell model, the sharing of the angular momentum J wlth
even particles is consistent with the observed deviations of
the magnetic moments from the J = L +'l/é Schmidt line. For
odd-even nuclel which are assigned J:-L - l/é, the sharing
of the angular momentum among the7even particles would tend
to make -the magnetic moments fall outside the J = L - 1/2
Schmidt line. |
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III. E@PERIND?NTAIL 'MAGN'.ETIC MOIVIPTNT QEVIATIQN _E
" ODD-EVEN NUCLEL.

When‘comparing the experimentally observed magnetic
moments of odd-even nucleil to the Schmidt lines, 1t is.im-.
portant'to provide a scale in terms of-which deViations can
be measured The Iollowing quantlties provide an especially‘
convenient measure of the deviations from the Schmidt 1ines.

AP_ /‘(: —ﬂez

v é“r - "‘)

b) A /f‘s "r“ex (-I.I.I-:‘L)
~ My

where A © and A" refer to odd proton nuclel and odd neutron
nucleli respectively,,a g is the Schmidt value for the.mag-
netic moment of "the odd proton nucleus /( 1s the Schmidt‘
value for the magnetic moment of the odd neutron nucleus,
'andlﬁtex and ll are the experimental magnetic- moments of
the corresponding nuclei The quantities AP and An will '
be referred to simply as . "deviations" in the. following dis"
cussion. . ' o , : o
L The experimental magnetic moment deviatlons, as deter-"

18 -
ined by III la and III 1b, are plotted in Pig, 15 as a

The experimental magnetic moments used to obtain this
plot are from an unpublished compilation of nuclear moment
data by Harold E. Walchli : :

I
1
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Odd neutron devigtions.
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U*i function of ‘the’ number of odd particles in the odd-even e
nucleus.’ Odd proton magnetic moment deviations are- indi- o
" cated by dots while odd neutron magnetic moments are indi-
cated by crosses, The total angular momentum J 18 written
_ beside the indicated deviation. The.Scnmidt values are such
.'that deviations inside the J = L +1/2 Schmidt line are
positive (for both odd proton and odd neutron nuclei), while
deviations. inside the J = L - 1/2 Schmidt lines are pegative.
Except for those nuclel with n = 1, 7, and 113 odd nucleons,
all the deviations plotted in Fig. 15 represent deviations
Inside the appropriate Schmidt line.: § | |
| A number of systematic features of the magnetic moments
are suggested by’Fig; 15. The negative‘deviations (inside
“the J '.L -'i/2 Schmidt line) are;~on the'whoie; much smaller.‘
than. the positive deviations (inside the J L *'1/2 Schmidt -
1ine). 'The deviations,for n smaller}than 53 seem to very
}“‘in a systematic manner which may be related to the shell
modellg, since 'they assume definite minimum values ‘in the
" .peglon of‘the closed shells at nv: 2,'8.and-20_(the system-'
aticivariations mould'become'more apparent if only the magni- .
tudes of the deviations mereAplotted). A fairlv definite
minimum”also occurs in thefregion?of the closed subsnellﬂat
_ e 40.. A less definite‘minimum’occurs at the closedvn = 50
shell, At the n =z 28 subsnell.the-deviations'snow no minimum

: 19This behavior of- the magnetic moment deviations was
noted by J. P. Davidson, Phys. Rev. 85, 432 (1952). :



'fbut instead a general rising trend to a maximum at n 33.11'
The positive deviations seem to’ cluster around anv.: |

A average value 4 P and. AP~ o 58 which does not. depend in
any significant way on the value of J (except all_J 9/2

" deviations are below this average); The‘flhctuations'from,
this average.are greatest for n € 53. The positive deviations
in the region of closed shells or subshells on the whole do
not becomerappreciably smaller than the average except: for

n = 9.

| The negative deviations are not only smaller than the
positive deviations, but the magnitudes of the negative de~
viations appear to depend on the value of J. The average
(for a specific J) of the negative deviations is smallest
for J = 1/2 and increases with J reaching a maximum value
with the highe°t experimentally observed value J = 9/2 The .

' ‘magnitude of the negative deviations for J = 7/2 and J = 9/2
i1s nearly the same as the average for the positive devia-

tions. The behavior of the negative deviations In the re-
glon of the closed shells at n = 50 and n = 82 is quité in-

.teresting. The deviations are small when J 18 small and

large when J is large, nhich suggests that the small nega-'

tive deviations are priMarily a'consequence of a small

| J =L - 1/2 rather than any closed_shell property.

| Theldeviations of the magnetic moments of’isotopes,'

which are indicated by two dots with the same n (odd proton
isotopes) or by two or more'crosses with adjaoent n values
(even proton isotopes), are usually close to each other.

Thera are fifteen values of n (excluding n = 1 which is
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. anomalous) for which experimental deviations are recorded
for both odd proton and odd neutron nuclei having the same
‘n and the same angular momentum J (conJugate pairs) h@‘

. palrs . (or in some cases, triplets) are boxed of f in Fig..

' 1520. It is seen that the deviations for the odd proton and..

© odd neutron nucleil with the same n and J are generally closel

to each other. The importance of this fact, which was first

noted by Schawlow and Townes, has already been discussed in

" . the Introduction.

The close correlation of the majority of the;conjugate
pairs (or triplets) seems to indicate some mirror'property.
With respect to odd proton and odd neutron states. Other,
but‘less direct, evidence for such a mirror property is'
glven by the near equality of the magnetic moment'deviations
for odd proton and odd neutron nuclei with the same J whose
n valuesidiffer by two, four, or six. 'Manj such cases are
found distributed throughout Fig. 15; The addition'of two,
four, or six odd particles does not appear, in”these cases,
to affect serlously the magnetic moment deviations.21 These

additional particles can be considered as filling subshells

OThe measured odd ngutron magnetic moments for n = 31

Feol) and n = are quoted as 4Ae+0 (P.F.A,
Ki@nkenberg, Rov. op ﬁéd Phys., ok, 63 (1952).) with a
fairly large error possible., The conjugate pair with n = 33
- 18 boxed off because of the good correlatlon of the devia-
tions, while the conjugate triplet with n = 31 is not indi-
cated because of the poor correlation. This procedure 1s
 highly arbitrary.

alIn meny instances there is also an aedditional increase
in the number of even particles.
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in such a way as not to change the admixture of odd particle
states.; The odd proton states mey thus be essentially the
gsame as: the odd neutron states even though the number of odd
protons is different from the number of odd neutrons. This _-'
;is not inconceivable, since four particles (1n general any
'possible even number of particles) in equivalent states
(same j and ) coupled to J = 2 cannot be distinguished,
with respect to any effect on the magnetic moments, from two
particles in equivalent states coupled to J ='2.‘

The experimentally observed correlations of the
conjugate pairs can be understood in terms of two conditions
‘which are consistent with, but much wmore general than, the
shell model. One of these is that inx__ne_gdg,ngglegng
carry the total angular momentum of the nucleons, the other, :
that the odd nucleon wave function satisfies a mirror con~ .
dition. When the angular momentum J is assumed to be distri-,
buted only among the odd particles the magnetic moment de- _
‘Vistions s defined by III-la and III"lb are e B
\Aa)' : _A_"'gff",’il:%-' "—<’Y" (p) 2:0'p ’V" cv)} |
L () :

b) .:*Aw = £ 2T~ </Y” (~>,Z_o‘;, (~)>
AL+ N

- 2 ! | P
where WV (p) and WV (n) are the wave functions of the odd
. protons of the odd proton nucleus and of the odd neutrons of

the odd neutron nucleus respectively. If the wave functions
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/erJ(p) and QV (n) are the same when the number of protons

- 1s equal to the number of neutrons, then

| T . 2T N = T S3w)
- <’Y§m,;o’p ’Vf“’» <%, 'n %)(me) |
- This léads to the result o |
P N S : ' ‘ .‘ .
A" = 4 R C (TIIA8)
Therefore,‘the experimentally observed correlations of'the,
magnetic momént deviations can be understood by assuming

.thht the even particles do not share the angular momentum

J Lnd that the odd particle states are described by the -

same wave functlon. _ ‘

_ However, the experimental deviations of the conJugate
pairs are not really equal, especially for larger n. Dif-_
ferences in the deviations of conjugate pairs may arise

;either from a lack of perfect mirroring of the odd particle

‘wave functions or to a sharing of the angular momentum with
,the even particles. ‘ '

. The interpretation of the conjugate pairs is further
complicated by the fact that the nature of the admixtures
(number of admixed states and their relative importance)

\

:contributing to the magnetic moment deviations,is also im-‘

i

22The poor correlation for the conjugate pair with

53 mey B? associa{gs in part-with the anomalous behaviar’
of the 1127 and {, isotopes in having diggerent total
-angular %omenta (5 ? 27 ‘has J = 5/2 while 531 has J = 7/2).
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portant‘whenﬂtrying to'determine what properties of the’wave
function are responsible for the correlation (or lack. of
-correlation) of. conjugate pairs. If only a few states con;
tribute to the nuclear wave function (the prebability. ampli'
" tudes. of these states are not necessarily small),,then.tne

'experimental correlationsiare a good indication'that'tne )
-‘admixtures involve only odd particle states, which are very
'»nearly the same . for the paired nuclei For, 1if the ‘number

- of states in the admixture is small, the magnetic moment
~deviation would depend:quite sensitively on the'probability
amplitudes of these states and on‘possible interference
.weffectsQE. :Under these clrcumstances even particle contri~
‘ putions would -tend to destroy the correlation in conjugate
,pairs‘in‘two'Ways, both due to tne large difference‘in the
number of even particles In the odd proton nucleus as -com-
-pared to the odd ‘neutron nucleus. First, the even particle
contributionsmwould general@y~come from different snells in
‘ the two nuclei, 80 equaltcontributions to the«magnetic:
moment deviations for the two nuclel would be unlikely, )
Second,ithe admixtures of the even particle states-from;dif4‘
vferent shells would be expected to occur with.different*proba-
".bility amplitudes.:.This would,‘of necessity,‘destroy any
Amirroring of the odd particle states since the'probability.
:amplitudes of the odd particle admixtures could no longer be

“QBInterference effects can only occ&r with the. stﬁtes )
being considered, between two states (233") and ¥;9(241")
where j = i, ¥ =t and " = 1", The Mayer Jensen shell model
state can glve no interference contributions, - : S
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Jthe same (because of normalization conditions) for both nu-'_:-:'
: clei Thus if the magnetic moment deviations are due to ad-
“mixtures of only a few states, experimental evidence indi-'
-cates that only odd particles are responsible for most of'- the
'angular momentum and the odd particle states display a mirror

property between neutrons and protons.

If many states contribute to the admixture describing

~ an odd- even nucleus, then the experimental evidence does not
"1 clearly exclude sharing of the angular momentum among the
_.even particles. The deviations Would-not be expected to
. depend sensitively on the probability amplitude of any single
'state (the probability of any single state being comparatively

small) Interference effects would also tend to be of less

importance in the deviatlons since interference terms would

-oceur: with arbitrary signs and would be expected to .average

+to zero 1f the number of admixed states were very large._

- The experimental correlations would require that the

"general admixture of states be more or less- the same for the

two nuclei. The correlations would also require that the.

" average contribution to the magnetic'moment'deviations“dueﬂ

to the admixture of even particle states. be nearly the same

‘for the two nuclei.’ In Section II it was noted that the .
- magnetic moment deviations for two even particles coupled' P
'to a third odd particle (j" = J) were roughly symmetric for

" odd, proton-even neutron and odd’ neutron-even proton nuclel

(see Fig. 13p, Fig. 13n and Fig. 14p, Fig. lun) i e, the

.deviations from .the Schmidt lines are. almost the same for |
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the two cases, though not?exactly equal,fas they are when
all the particles are odd. Thus, if the even particles

share tne angular momentum'in tne mannervdescribed in the
previous section, then a large number of contributing_states
"could easily tend to give sbout the same‘contribution to the
magnetic ‘moment deviation even though tne.contributing states
come from different shells, ‘

The interpretation of the correlations observed by .
Scnawlow and Townes is thus seen to be quite- difficult - For
tne lighter nuclel (n £ ’9) where shell effects seem impor- |
tant and where the number of possible admixtures is compara-
tively small, the correlations are probably due to mirroring '
of the odd particle states with little. or no sharing of the
t angular momentum among the even particles.~ For neavier
nuclei it is not possible to exclude a snaring of the angu-’
lar momentum by the even particles. Such . a’ sharing may in-’
deed account for the poorer correlations,of the conjugate
pairs ‘found for larger n. | | - _

' On the basis of the experimental correlation of conJu-
gate pairs, odd particle admixtures will be; assumed to be

, primarily responsible for magnetic moment deviations even
when the number of admixed states 1s assumed to be larée.
waever, even. particle contributions -will also be considered,
.but with the value of j" restricted to j' = J. Such a res-
triction on the value of j" limits the number of possible
even partlcle states avallable for admigture as compared to

the number of possible odd. particle states. .Thus, even if all
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' 'possible states were admixed with eqnal probabllity, the odd
particle contributions would be of most importance in deter-
mining the magnetic moment deviations in agreement with the |
evidence of the congugate palrs.

Anjattemnt will now be made to understand the magnetic
_moment'deViations in terms of admixtnres of those states |
considered in Section II. The Mayer-Jensen shell model 1s
used as a guilde to determine which states are to be admixed
to form the nuclear ground state wave fnnction. Of’primary-
importance is the energy level system proposed by Mayer1 and
J'ensena to account for the magic shells at.2, 8, 20, 50, 82, “and
‘4126 protons or neutrons.. . , o

The 1eve1 scheme24 used in this thesis is shown in Flg. '
16, The level ordering of protons and neutrons are very
similar with the slight differences being attributed to
coulomb. effects among_the protons. Every state shown'in
Fig. 16‘nas a 2J +1 fold degeneracy'of the magnetic_quantnm
‘number M (M = J, J -1, ... -~J). Klinkenberg indicates 28 as
a closed shell but this is msually consldered as a subshell
and shall be so treated in this work. '

The odd-even nuclel are assumed to have their nucleons.
in those configurations specified by the shell scheme given
‘in Fig. 16. In those cases where the levels are fairly
‘close to each other so that there is competition between the

states, the shell modei configuration of a given odd-even

24
. From the I_ples_gﬁ Structur by P. F.~A.
Klinkenberg, Rev Mod. Phys., éﬁ 63, 1953; |
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- FlG. 16. Nuclear shell schemes.
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"nucleus must be deduced from the experimental data, as has
beén done, for example, by Klinkenberg 4;; |
Although the polnt of view here is that the «Wave func -
~tion may'differ‘Quite appreciably from the shell model func-
ition; 1t willabe assumed that the energy,levels and the nu-
.clear conflgurations given by Klinkenherg may be used to
,determine'the "most probable" states which are admixzed in
the:nuclear wave,functions; Considerablelfreedom will be
'assumedcin mixing configurations as well as in‘mixing'wavel
functions of a given configuration.  However, it seems
reasonable (for the sake of simplicity if nothing else) to
‘limit any mixing of configurations, i e any new distribu-
_tion of the particles among the energy levels, to those
1evels within a given shell. Of course the different con-
figurations must form wave functions with the correct angu-
‘*lar momentum and parity in order to be part of the nuclear o
wave function. - _' .
| Thus, for a given odd-even nucleus .the three particle
'8t8t6825 considered for any . admixture are constructed from:’
‘;the various possible configurations having two particles in
,'equivalent states within a gilven shell When the three par-
“'ticles are all odd, all possible odd particle configurations
;with two particles in equivalent states within the unfilled

351t should be emphasized again that in all considerations
of the three particle states that actuelly many more than
three particles may be sharing the angular momentum in the
‘wave functions specified in Section II. The wave function of.
any even number of particles in equivalent states combined to
‘glve j' = 2, will give the same magnetic momént as two par-
ticles in equivalent states combined to give j' = 2, .
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~odd shell are considered. ‘The even shell'is assumed'to be
coupled to angular momentum'j' = 0. When two particles of
the three particle state are even, the odd particle confi-
. guration 1s assumed to be the same as in the shell model,
lwhile all possible even particle configurations within the
unfilled even shell (with the two particles in equivalent
states) are‘conSidered.26 A typical nucleus will be dis- o
cussed here in order to 1llustrate the method for obtaining‘
possible stateslfor admixture :
37Rb85 is an odd proton nucleus with a measured ‘magne =
“tic moment equal to + 1.353 n.m. (nuclear magnetons) It has
the following shell model configuration for the odd particles, '
(20)(4r 7/2) (3p 3/2) (4f 5/2)5, where the (20) indicates I
that ‘the 20 shell is filled and where (nLj)% indicates ‘that
X particles are in the ‘state specified by the radial quantum :
numer n, the orbital angular- momentum L, and tne total angu-‘
' 1ar momentum J. - For the nucleus being considered the shell |
model specifies that the he 7/2 and p 3/2 subshells are.
‘completely filled (end of necessity coupled to angular mo-‘
mentum j' = 0) while there are five out' of .a'possible six

particles in the Uf 5/2 subsnell. Four of .these :five par-
ticles are, according to the shell model, coupled to j'. z O

6When the shell is closed or one less or one more. than
closed, there 1s some ambiguity as to which configurations
should be used in admixtures. In this work two particles
are assumed to be promoted out of the closed or near closed .
shell (into equivalent states and usually coupled to j' = 0),
and the configurations- of the now opened shell are usually
used for admixture. In some cases, when there 1s one par-.
ticle more than a closed shell, the closed shell 1is treated
as still closed even though two particles have been promoted
to what is then treated as the unfilled shell. Again this ‘
" procedure 1ls completely arbitrary, .
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The fifth particle has the total anaular momentum J = 5/2 |
and determines the parity (odd) of the nucleus. .The states,
&r 5/2, 3p 1/2, and 5g 9/2 of the (20)-(50) shell have ener-
‘gles close to those that are filled and the nucleons mayl |
' find it advantageous to. distribute .themselves among these
'states rather Lhan those indicated by the strict shell model.
The configurations of three odd particles (having the correct
parity and capable of giving the correct angular momentum),
allowed by the prescription of the previous paragraph are '
indicated in Table 1 along with the-appropriatelmagnetic |
moment as calculated in Section II. o _

In Table 1 the radial quantum numbers have been omitted

for convenience and only the three particles sharing the .
angular momentum in the configuration are lndicated, where
’YfJ (2j3") is defined by II-8 Some " of these configurations‘
represent considerable modifications of the shell model,
Thus the three particle configuration %, :‘f‘7/2 and

J . .
can only be formed by taking two particles out :

,}u . =
5/2
of the filled f7/a subshell and* placing themn, coupled to |
j* =0, in an unfilled_subshell. Four of thelremaining.f,?/‘2
particles are coupled to j' = O .while the other two f772 par-'
ticles are coupled to j' = 2 which in turn is coupled to the.
4-'f5/a particle to give the: final total angular momentum
= 5/2, - Other three particle configurations represent '
similar shifting of particles, appropriately coupled to glve,

‘the final angular momentum correctly.




TABLE 1

POSSIBLE THREE PARTICLE CQNFI_GURATION

MAGNETIC MOMENT

(233 (N (235"

By | ooy
-- £ 5/2 0,862
£ 7/2 £ 572 2,506
p 3/2 £ 5/2 2,735k
gof | - ssp 2,795
£ /2 ‘ £7/2 4,135
D 3/2 s/ 1,010 -
rap | £ 7/2 4,303
|_gos NN X 7] 4,156
£ 7/2 | D 3/2 4,049
£ 5/2 b3 2,888
g9/ ‘ _pi3/2 71
£ 7/ p1/2 3,045
2.3/2 ol , 4,793
52 p1/2 . 0.427
_;_g;g/z ‘ _ pa/e

3,143
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" The even neutrons of the 37Rb85 nucleus have the‘shell
'model configuration (20)(4f 7/2)8(39 3/2) (42 5/.2) (3p 1/,2)2
(58 9/2) » 80 Just two 5g 9/2 particles are needed to close
the 50 shell. The three nucleon configurations which will
"lead to possible admixed states in this case are given in
Table 2. The two particles in equivalent states are neutrons .
and the third particle is a proton.. Only the one proton state

5/2 is considered for the reasons stated earlier,

Altogether there are eighteen possible configurations, ,
corresponding to elghteen wave functions. The magnetic '
‘.moments of these states vary considerably with the great:
.majority falling inside the J =L - 1/2 Schmidt'line for
.‘protons, i e. the great ma jority of magnetic moments are
greater than O 862 n.m., the Schmidt value for an f 5/2 odd _r:
proton nucleus. Thus the experimental magnetic moment of
1. 353 n m. can be obtained by a simple admixture of the shell '
‘model state with almost any of the eighteen states being

.I, Lo

| tconsidered.kﬁj' ;{a‘ g:;l;gﬁ} ‘,';-z'guz.',, m.;gff{& P
| wmun the: scope of- “the’ model being ‘used here, the

: maximum probability for the shell model state that is con- ~

: sistent with the observed magnetic moment is 87 2% In this
‘case the only admixed configuration is lj = f,7/2 and 1 j" =
P 3/2 (18 2%) For most nuclei the maximum shell'model pro=’
bability would be considerably 1ess, since the magnetic ‘moment
'deviation of 37Rb85 is smaller than average (A Pu-0. 2).
In general, if the admixed wave functions are of the type

considered in Seotion II and restricted by the prescription




TABIE 2

2

THREE PARTICLE (TWO EVEN-ONE ODD)

CONFIGURATION (23J)."

MAGNETIC MOMENT _

t; Ly

£ 7/2; £ 5/2 0,100
b 3/2_ £.5/2 0,525 ,

£ 5/2 £ 5/2 1,0%
_gof2 £ 5/2 0. 204"
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for the admixed wave functions given in this Section, then
the magnetic mwoment devietions indicate that at best the
shell model states are not much more probable than the ad-
. mixed states. If interference effects are considered, then
'the admixed states cen possibly. become even.more'important_r'
relative to the shell model.state. |
In many nuclel the magnetic moment deviation can be

explained by assuming that the shell model state‘haS'littIe
or no probability amplitude compared to a single possible .
admixed state. However, this is not & general rule and there
Iis no reason_to believe: that such agreement between the ob-‘
served magnetic moment and the magnetic moment given by a -
single admixed state is not fortuitous. R

. - If more than one of the possible states is admixed with
the shell model state, the correlation of the magnetic moment
deviations with the wave functions becomes impossible with-~
_out further assumptions. The observed magnetic moment can ;:
only: give a functional relation among the probability ampli-
~ tudes of the various admixed states 1f there are more than -
two states. Furthermore interference effects can occur in ‘
many cases when more than one admixed state is considered, e. g.,

states' formed from the configurations h j = f 5 /9, '.t j" = |
'p 3/2 and IJ H f 5/29 1 J" tp 1/2 will give a non-vanishing
matrix element: for the magnetic moment operator.; The . contri’
butions of interference effects occur with an unknown sign
since the probability amplitudes of - the admixed states are‘

‘undetermined with respectkto sign. In many possible admix-

A
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" tures involving several states, the interference contribu- ‘

tions to the calculated magnetic moment may be of consider-
-able importance. Thus any specific assignment of ‘more than
‘one admixed state on the basis of magnetic ‘moment deviations_
"1s highly arbitrary. . S
Since there is little basis for an a,gnigni selection x
of one admixed state over another in constructing a nuclear
model, it seems reasonable to consider a statistical model
i.e., to assume that, within the classes of the admixed
wave functions being considered, all possible-states (includ-
.ing the shell model state) are. equally~probable. This repre-
sents, in effect, a sharing of the angular momentum among
most of the “unfilled" shell states of both the odd and even
_ particles. However, thelangular momentum is not shared uni-
-formly among the states, but instead'is subject to a decided
influence of the shell model energy levels as. entailed in
the particular specification of the admixed states being used.
. Such a model of complex nuclel is fairly reasonable on
the basis of the rather contradictory evidence of the two
body problem and complex nuclei. - The nuclear forces deduced
‘ from two body data, e.8. ‘the deuteron, proton'proton scatter-
ing and proton-neutron scattering- are’ strong and short ranged.‘
"Data on complex nuclei, ©.8. nuclear spins, magnetic moments,‘
'isomeric states, etc., indicate that a given nucleon moves
in an average central potential, i e. the independent par-
ticle shell model. Strong short range nuclear forces would

.appear to be inconsistent with ‘the' idea of an average poten-'
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. tial, necessary for the independent particle model. The in-
. teractions between nucleons due to. the short range forces
: would be expected to cause continual interchanges of energy
4and momenta between particles. Such_interchanges would also
'invOlve the angular.momentum4of the nucleus, and on  the
average for very:strong and- short range interactions.itris
reasonable to assume that the total angular momentum of the |
Vnucleus,'which of course 1s a constant‘of the motion, is
equally shared among all the nucleonsvof.the nuclsus.' This
assumption carried to the extreme leads to the Margenau- A
Wigner valués for the magnetic moments of complex nucleir
_The Margenau-Wigner model takes no account of the shell R
Amodel but the statistical model suggested here takes account
‘ of that model by introducing it as a basis for the selection
.of states. In that sense the present model is & synthesis

of the basic principles of the shell model and those of the ‘1

| "Margenaunﬂigner scheme,

A further assumption must be made before magnetic moments .

can be calculated on the basis of what may now be called the
' "statistical shell model", Namely, interference effects are;
- assumed to average to zero., If the number of admixed states'”

tis very 1arge, this assumption 1s probably Justified. How-f

' ever, the number ef states usually considered in the statistical
~ shell model is not very large and the number of interference

| terms is still smaller. Inlthese cases the interference :

. terms -are assumed to be equal to zero just for the sake of

',simplicity._ ’
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" When using the‘statistical'shell model ‘to- caleulate
theoretical magnetic moments, every odd-even nucleus 1s
;classified by the usual shell model state (vy total angular )
.,‘ momentum and parity), the- unfilled odd particle shell 6 » and
| 'by the unfilled even particle shell 6 The allowed’bonfigura-
"tions of three particles ‘are determined by the unfilled shells
of the. odd particles and of the. even particles. The allowed '
admixed states.(constructed from these.configurations) are
B then-determined-by the . usually assigned shell.model state..

‘All states are assumed to occur with equal probability

-~ .8ince the interference terms are assumed to- be equal to o

'Zero, the theoretical magnetic moment is obtained by taking

& simple average of'the magnetic momentsobtained in Section

.II for,each oflthe admixed states (the"usual shell model-

statehbeing fncluded as one of the states). It then follows
.that'all odd-even nuclei in the same.class, i.e. havingdthe

_ same. shell model state end the same unfilled'shells.{would."

heve the same magnetic moment according to the statistical

shell model. Such & behavior is noted experimentally as can,»

be seen in Fig. 15 which shows that the: magnetic moment de- -
iations for nuclei with the _same J, parity, and unfilled

“' shells are nearly the same., A striking example of . this,be-

.i havior 1s offered by the negative deviations for J = 7/2
_'between n =51 and n =57 (the Js 7/2 negative deviations at
=Tl and n = 735 are in a different class since the even

shell 1s different) o - ',,..
Eighty-five odd-even nuolei with measured magnetio o

t
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moments have been combined into 15 odd!proton-even neutron
'classes and 15 odd neutron-even proton classes. These
classes are shown in Table 3 aﬁd Table 4 respectively. The
total angular momentum J is indicated in the first columm
‘Twhile the usually assigned shell model state 1s given in the
second column. The third and fourth columms indicate the
unfilled neutron shell and proton .shell respectively (the ‘
unfilled shell is 1ndicatéd'by the two: closed shell numbers
which constitute its upper and lower b@unds). The fifth
column gives the number of nuclel 1n‘the particular,class '
beiﬁg'considered‘ The sixth column gives the a&erage‘expéri'
‘mental magnetic moment,/{i)(ave) or/kr’(ave), of the- nuclei
in the class. The seventh colum gives the magnetic moment,
)/( E of'[lg)‘obtainéd from consi@ering admixtures of ohly odd i
pafticle_configurétions in the'statistical shell model, while,
'the' elghth column gives the magnetic 'moment, /{{g or /{ t21’- ob-
“tained from considering all possible admixtures in the statis-~-
‘ticailshell model. The ninth column gives the average of the
absolute value of the magnetic moment deviations Zg, or zﬂ n
for the nuclei in & given class which are to be compared to
the deviations from the statistical shell model magnetic moments,
The next two columns give the sbsolute deviations of the aver-
age éxperimental magnetic moment;/u gx(ave) or. . gx(ave),
from M E, /(rf and /(5, Mg where these absolute deviations

are defined as
» P 'ﬂ L - /“cx (3!/(), '4
8) i /Kf ' o (111-5)

My -
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'TABLE 3 - ODD P NUCLEI

h_9/2

g2-126

—82-126

4,082

5,796

0,090

SHELL N o . , .
J soars | w smmn| P smmn| Mot P | ' p AVERRGE o | ¢p .
‘ , A . ) .
' 1 /k (.VE) . /&1. 2 _Jﬁ P 1 AS.Q
1/2 | o 1/2 | ‘50-82 20-50 4 -0,123 0,320 | -0,370 0,062 | 0,1081 0.1
1/2 | s 1/2 | 82-126 | 50-82 2 1,620 1,082 1 1,182 0,512 0,0601 0,060
2/ | 5 3/2 2-8 2-8 5 2689 2,723 | 2,004 0,481 | 0,015] 0,203
/5 1 6 5/2 820 820 5 1520 1677 1 1.35L 0608 10,0681 0.077
3/2 d 3/2 20~50 8-20 3 0,430 1,677 1,008 0,1%5 1 _0,5431 0,291
55 1 b 3/2 1 _20-50 30-50 B 2.219 5.213 1 1.820 0.686 1 0.0051 0.17%4
%/ 3 575 | 82-126 | FO-RD 5 0,165 .03 [ 0.728 0.017 } 0.577] 0,246
52 | a5/ | 8-20 820 |~ -1l U] 3515 3,856 | 0,502 | 0,055| 0,004
5/2 f 5/2 20-50 20-50 - . 2 2,437 - 3,357 1 2,693 0,676 { 0,4131 0,123
5/2 | 3 5/2 | _82-126 082 | 7 3,058 | 2,076 1 3,013 0.757 1 0.0%6 1 0.019
/2 | e 7/2 | 20-50 20-50 -3 b ngs1l w700t n.6931  o.m11 | 0.0271 0.069
o1 o772 1 5082 50 B2 % L6811 3460 1 2,050 0.1 1 0544 _0.118
/2.1 g 1/2 82-126 50-82 3. 2,667 | 34E69 2,809 o115 1 0,350} 0,062
/2 o2 | s0-82 " | 20-50 y 5,613 | . 2.635 56181  0,5151 0,011l 0,015
YA ~ 1 14,088 0,633_ 0.12%




obtain satisfactory agreement

TABLE 4 - ODD N NUCLEI
. SHELL - . | Y o .
"MODEL | = - o No. OF | o .. 4| ' AVERAGE| '
. : oo A n- n . n n
J. | STATE | N SHELL| P SHELL| NUCLEI | (" (AVE)| * s 11 U 3 [ o
121 p1e |- 28 5-8-. 1 0,702 | 0,637 0,637 0.03% |- 0,034 | 0,034
1/2 s 1/2 1 . 8-20 8-20 1 -0,555 1,212 1 =1,212 0,710 0,343 0,343
172 1 s 172 | 50-82 5082 8" S0.700._ | -1.050.1 =1.050 | 0.63%F I 0.185 | 0.18%
12 1 p i/ | _82-1261  50-82 5 —0.k21 | 0,774 | 0.77% | 0.113 0,185 1 0.185
3/2 | p 3/2 2-8 28 T -t o-uwestico,6791 0,385 0,130 | 0,286
/2 14 5/2 820 8-20 1 | 0.6U3 | 0.606] 0.856 | 0,26k 0,000 |_ 0,111
72 10 3/2 [_20-50 50-50 1 0.5 =0,6211 -0, 037 1 0.739 0.065 1 0.0%53
/2 148 3/2 15082 5082 3 — 0.R25 0,302 0,505 | 0,150 | 0,226 | 0,121
7o 1 b 5/ | B2-1261 _ 50-82_ 1) 0,613 | 0,82k =0,373 | 0.630 0.099_1__ 0,231
s/2 | £ 5/2_ 1 28-50%! 20-50 1 1 0876 | -0.170] 0,669 | 0.257 0,547 | 0,108
5/2 1 d5/2 | _50-82 | 20-50 3 S0.828 | - -0.5521 -0.390 | 0.567 0.155 10,22k
/2 | £ 5/2 | B2-106] _ 50-82 1 0,661 _-0.5401 0,169 | 1,060 0,058 | 0.257
2 | £ 7/2 |- 20-50 | . 20-50 2 -1,10% | -1.0761 -0,901 | 0,423 0,015 ! 0,106
7/2 | £ 7/2 | 827126 50-62 an 0. 71% 1 =0.2661 <0.377 1 0.627 0.23% | 0.176
9/2 2 9/2 | _.20-50 | _ 20-50 o ¢—1.035 -0;928 -o,céo3 o459 | - 0,056 1 0.069
*# The £ 7/2 shell model -level has been treated as a closed shell in this cese in order to
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;I‘ne two deviations 8 ~and S are considered separ-

‘ ately, since, as has already been noted, the correlations '
of conjugate pairs of nuclel seem to indicate that only odd
particles share the angular momentum in lighter nuclei,A
while for heavier nuclel the evidence of conjugate pairs
does not exclude even particle contributions. As will be
indicated in the following discussion, the conclusions ob~
'tained from the conJugate pair data seem to be verified by
'tbe results tabulated in Teble 3 and Table 4.

In Table 5 the,weighted averages of tne.last three'
colums- of Table.3 and Table 4 are given. In the averaging
“process the welght for each class 1s given by the number of
nuclel in the class. This procedure seems called for by the
; statistical nature of the theory. Thus the averagevmagnetic
" moment of a class which contains a large number of nuclel

would be expectad to agree with the theoretlcal magnetic moment

. on the statistical model better than a class composed of_one

o or two nuclei. Individual differences in the ground States‘7

of nuclei within a class would be expected to average to zero ‘

if there is a sufficiently large number of nuclei in the
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. TABIE 5
~ Ave Ave “Avs‘ Ave |Ave Ave
hve AP P | 52" [ Ave 4B a0 |50

ALl Nuclet | 0,485  l0,167]0.321] o.45h Jo,169] 0,169
J =L & 0.555 |0.020] 0.076] 0.500 |0.158] 0.178
- — . - 9 -
R . K
J=L -4 0.383 |0.348 0.159) 0.215 = [0.187 |'0.152
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o

.class. ' A welghted average emphasizes'this exp'e'ctati'on..

52

Besides the simple welighted: averages, Table 5 also
gives the weighted averages of\the J = L +1/2 and J = L =

1/2 classes separately. When the average S 1s S p and

n
) 1)
tions from the Schmidt lines A Pand AB, it 1is seen that

the statistical shell model gives a much better fit to -the

S N are compared to the appropriate averaged devia-

'magnetic moment data than the Mayer-Jensen shell model '
Thus in the best case, involving 29 nuclet, the J =L + 1/2
odd proton nuclel have an average § E = 0. 020, l.e. an

| average deviation of the \theoretical magnetic moments from
the experimental magnetic moments of approximately 0 04

‘ ,nuclear magnetons. Tbis is to be compared. to the aversge.
deviation from the Schmidt lines of AP = 0.555, t.e. over
1 nuclear magneton. The surprisingly good agreement in |

this case 1is probably fortuitous to some extent. _

The J = L + 1/2 nuclei are seen to be in generally ‘good |
~z'agreement-with‘ the.‘ statistic’:alp shell model, where the im--
provement over the deviations from t‘he-S,chmidt value 4°
and A" is by at least a factor of 4. .The imp_rove_ment for =
J=-L~ .1/2_ nuclei is seen to be negligible in comparison
with tha't-for the J = L +1/2 nuclei. The comparatively
- poor agreement for the J = L - 1/2 nuclei may be attributed -

in part to the fact that most J = L - 1/2 odd-even nuclel
| occur near the closing of a shell. This may lead to e,ith_er .
.the ambiguous prescription forvmixin‘g disc,ussed"inafootnote.

26, or may actuaily result in a much more restricted form of - -
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mixing.' In any event there is still some improvement for |
the J = L - nuclei, especially for S 5 where both even and
;odd particle admixtures are considered. The average devia-
‘tions forlthe S a's are equivalent to a difference of ap-
'proximately.O 33 nuclear magnetons between.the experimental
. magnetic moments and the magnetic moments predicted by the
statistical shell model The average Schmidt value deviations .
.are not much larger- than this -as can be seen in Table 5.

In connection with this discussion of the J L-3
.,‘nuclei, it is interesting to note that most of the deviations |
predicted by the statistical shell model for the J = L - 4
classes are too far inside the corresponding Schmidt limit;"i
compared to the experimental'magnetic monents. ~Agreement
can be immediately improved by assuning'that for J = L - i
' nuclel the shell.model state has a somewhat greater weight:
.”than any other single admixed state. T
These averages, while quite significant obscure some
" interesting features found in the body of Table 3 and
Table 4, -First;:there is the fact that the variation of
' the average magnetic moments forbciasses_with theisamelJf
i and parity, but different unfilled shells, is'in large
'measure predicted by the'statisticalishell modei magnetic
moments, e.g. the p 3/2 and d'5/é.classes‘in Table‘B‘and the
p 3/2 classes in Table L. Furthermore the Sl's generaily ‘
represent‘a better fit‘for the smaller unfilled shells .
~ (1ighter nuclei), while the_ggzgs‘represent a better fit for
the larger unfilled shells (heavier nuclei);pi.e,; odd par=~ -



ticle admixtures alone give better agreement for lighter o
nuclei, while both odd particle admixtures and even particle n
admixtures give better agreement for heavier nuclei. |

Agreement for nuclei in many classes could be improved

'by eliminating a few admixed states or by a Judicious weight-
”ing of the admixed states, 8 weighting based on considerations‘
' of the shell model. However, such detailed treatment does
not seem warranted,‘since the theory is already rather arbi'
liftrary. The improved agreement by use “of the statistical
shell model with the experimental magnetic moments seems to :
-indicate that a falrly 1arge number of . admixed states is |
f'necessary -and that the usual shell model may be a rather

’g_inadequate description of complex nuclel..
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Graham'and Bell7 have measured‘the-lifetimes of-several'
fisomeric ‘magnetic dipole (Mp) radiative transitions which
should be forbidden on the basis of the Mayer-Jensen shell
model assignment for the excited state and. the ground state.
The measured lifetimes of these "forbidden transitions were
found to be comparable to ‘the lifetimes of allowed Ml trans -
itions.5 The experimentel 1ifetimes of the."forbidden
transitions indicate that either the ground state ‘and excited
state are not adequately described by the Mayer-Jensen shell
model or the magnetic moment operator has terms‘in addition
to the ordinarj.magnetic moment“operator, e.g. exchange mag-
netic moment operators, which have different selection rules
‘than the'ordinary magnetic moment operator. The latter point
of view was that considered by Sachs and Rosss.
' The investigation in. Section III of the magnetic moment
‘Adeviations indicated that the,Mayer-Jensen shell model may be
quite inadeqnate in describing theiground states of complex'4
nuclet. If this is the case, then the excited states are
probably also composed of admixtnres somewhat similar to
those of the ground states. The statistical shell model,
‘used in the last section to account for the static magnetic
moment deviations, will be investigated in this sectlion as a

. possible explenation for the "forbidden" ML radiative trans-




| s
'itions a8 opposed to the use of additional magnetic moment
: operators.' However, the actual cause of the- “forbidden" ML
transitions is probably a rather complicated combination of
exchange moments and admixtures of states rather than a X

'single one of the two. - . _
'The ML radiative transition probability is- given by the'

7expression

d -a 4
- @,f.)(mmx )ErZ K% "i’m-n
las’xlo’ Ey lul® see- . |

..27'+l

where E y 18 the photon energy of the radiative transition in
units of me?, J' end M' are the’ total angular momen tum and z
component of the total angular momentum of the initial (ex~-
cited) state of the nucleus in the transition, J and M are the
total angular momentum and z component of the total angular
momentum of the final (ground) states, of the nucleus, ‘7 18 an
arbitrary unit vector ‘which. will be ‘taken as the z axis in
. further_calculations, ,«,is the appropriate;magnetic moment

i operator which will be assumed'to be the ordinary’magnetic
moment operator II-1 1n all further work in this section,
. .and Iﬂlz o, 1. l< Jr O/M'YJM)I 2, o
| : The symmetry properties of the emitted Nﬂ radiation re-
- quires that the following selection rules hold for the initial'

‘ and final states of the nucleus

] ]AJI' =1; no-change of:parity | | ~f(Iv;2)
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- The assumption tnat /4 is an ordinary moment operator (sum

of the nucleon moments) results in the furtner selection '
- rule |
AL =0 | L (me3)
'More.complicated magnetic moment operators would tn géneral
not have such a stringent selection rule on L
'The "forbidden" ML transitions investigated by Grabam
and Bell were interpreted,ion the basis of the usual shell
lmodel; as single particle transitions. between either d 3/2;
and 8 3 /> states or d'5/2 and g 7/ states, These trans-
itions involve fA L’l s 2 "and are 'therefore incompatible
with the ‘selection rules of the ordinary magnetic moment
operator as given by IV-3, hence the term "Porbldden"
transition. ‘ y _
The statistioal shell model will be'used to calculate
'};q2 Jryeor ’<: J,M',J thﬁ>‘ where only the. ordinary
magnetic operator.II-l will be ‘considered. These calculated
values must then be compared with the Values-obtained from
the experimental lifetimes determined by Grahem and Bell ,
using the relation IV'l. The experimental data and the ex-
perimental values for | H)? are given in Table 6, In '
‘determining tne experimental values of. La} 2 from measured
half lives (T4, in the third column of Table 6), the following
~relation between tne transition probability anq nalfglife |
must be used | J.
vyl s )z BB (Iv-u) |
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a.3/2
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_81
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2.1
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0237 __{"
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i35.
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0,1

4. 5/2

g 7/2

0,072 "

m147 o

91,5

22

d 5/2

(2,44 0,08) %1072
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where &« 13 the total conversion coefficient
A1l the nuclel listed in Table 6, with the exception of
147 and Fe”’, provide examples of the "forbidden” transitions.

. The value of Lul varies from ~ 0.22 to ~ 0,03 for the

forbidden transitions. These values are smaller than the

' 2 ‘
predicted value for l/%[ - for allowed transitlens by a fac-

tor of approximatéljp50 to 150 (:),a] differs by a factor of

7:to 13). The experlmental values of j/(le for the allowed

57

transitions'in'Li7 and Fe are larger than;predicted in'the;

‘first‘instance and smaller in the second. It 1s interesting

to note that the experimental ]/LI f r Fe57, a SquOSedly
allowed transition, is equal to the smallest experimental .
value of - |Ml2 for the "forbidden" transitions.27 It should

also be noted that the magnetic moment deviation of Fe57

‘;'( /“cp¢/0) is very large on the basis of the assumed p 3/,

’ground ‘state. ,

) o 2 ' . . . . .
-In calculating,the value of ﬁkl . a slight generaliza- .

~ tion of the statistical shell model-will be used‘inﬁorder to

obtain & more general theoretical expression for ]Ad 2, The

f. prescription for choosing states for admixture is ‘the same,_.

"but for the present it will no longer be assumed that the

probability of each admixed state is-the same.' The ground.
state qV‘JM will be written as '

271t 1s quite ossible that the assignment for P37 given

by Graham and Bell (p: p 3/2) is incorrect. On the basis of -

the Mayer=-Jensen shell model and the observed magnetic moments
the transition may actually be f 5/2 P 3/2 i.e. a for- =
bidden" ML transition. B
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o A ' o ee),
Y, »=as¢J ,o % s j..“l”“(eu") + {6 ’)V (239)
where ¢ J 1s the shell model wave function and /)V g (233") 1s
' the state of two equivalent particles coupled to j' = 2 which

are in turn coupled to a third particle of angular momentum j

to give a total angular momentum J, i. .
(Iv-7).

/\f/' 2j,]") Z<jul’ 2, J, Ml j", 2’ M -m :m> J2 (21)¢M

The second term in IV-6 refers to states of three odd nucleons
and the third term to states’ of two even nucleons (J) and one ‘-
odd one. The summation indices § and 3" include only _ngsg_
states Q_ﬁ.ﬂ.er.mﬁi by the statistical shell m.o.dsl as d.esnrib_e.d
in §ec_inn III. The probablility amplvitudes are subJect to

the usual normalization condition
lasl “4 2:" )ajj"l + Zlbjl . (1v-8)

It can be shown that the probability amplitudes as, a. it and

b. j -are all real, but they are st111 arbitrary with respect to

' their sign.

. In a similar manner: the wave function of the excited

i state is written as

M | M o
Iy =8l %" al u/Y.J,'M'(2jj")+ Zj: b."]x
x -'J.M"<ajJ>' - . (1v-9)

The probability amplitudes al, a! Yy b& are assumed to have

no s‘imp_le correlation with the ground'state amplitudes.
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It is now possible to calculate the matrix element t -
) <2VrJ,M' }/( ’V’N$> . Several important simplifications
are. possible In- this calculation. First because of the .

: selection rule IV-} it follows tnat

SRR /44’,3-7

| (1v-10)
QRS WJ'M"EJ’J'.)? HEZ /}VJM(”‘?QV‘-- :

since lL"- Ll = 2 according to the shell model assign-
‘ments for the transitions under consideration. Now, because‘

~ the functions are orthogonal,

<8, P2y

and because | A Jl = 2 1s forbldden for megnetic dipole

transitions o | |
2P HE - u BOPY

Here Jg'is‘the usual shell model function of two particles‘

(1abéled 1 end 2) in equivalent states coupled to‘total
angular momentum j! = Q,'Jgais the function for the same

two particles coupled to total angular momentum j' : 2,"and°
,ag and./(g are the z components of the single particle

“magnetic moment operators for the tno particles, It follows

that
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Aa)‘<4’y EZQN %(e,,)) <Z 4»" ”“""’ /4?75 ) 9

b) <¢-.,M zb 47 ir) = <Zb (zﬁ)w;ﬁ") (Iv-n)

c) <§;4 /V" (.‘gu) ,a*Zé 4/'”(2‘,])7 | | A ,
/" _ .
s <%’l’ (‘J.T) /“izau" 7 (JJ'J”)> il ?
With these results in mind the calculation of the

matrix < J,M'-, /'( ’}VJM) is reduced to

</y, 'L(?/y.) <Z- J)". J! ("?JJ) AGZ JJN J (2‘/:}'"))
- (1v-12)

-z( i awwz aw aw)

In IV'12 the value of j must be the same in ’)V (2jj") and
’\r (ij“) because /4 being a one particle operetor; can
lead to a change in the state of only one nueleon. 'I‘he

values of j" can be different in /)VJ' (233") and 'Y/ (233"), "
" but: the ¥ values must be the same.in order to satisfy the

selection rule IV-3, Hence 4 3" 20, £ 1 and the matrix

‘element may finally be written as .

! . S LA M N ‘ M, "
<H ,u*y;n) ’5’?»1'?‘-:,, 25 e Y37 i), MY (‘“"?
+ g 4o ey Y, w2, aw Y (@)

+ Z; “JJ": JJ" /Y (z.u -') ’“ ’% (".U“))}
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- In the last two.sums the-states.specified by j" and j" -
must have the same 1" value, 1.e. j" = "+ 1/2 and
FRIEIE NS S V- | o

' By using the seme techniques as in Section II the -
" matrix elements on the right side of IV-13 are found to. be .

| <%‘ (2JJf9 / }l (-’OJ") )

=2 (5r j;f, 2 }(2: 352 Tl o 95
x(J“z J,H)i%2,n-m, 4«7)

v) (W Gim, a Wi > e S ()

= 2'(,, Z\ﬁJ‘+n -4) ("~ Mt m) <J"-2 T, n,J".?H-M ~><J 1,2 M)t ,zn-m«>

,0) ( ,))-;) M? /‘71/ (3.’)“))
Z.\D-m w -m)(J i, “><’ T, )
an

1

21

The matrix elements given by IV-14 are e:asily' evaluated
and thus the theoretical determination of the transition |
_probability depends on the values assumed foi' a5 3" and a L

The indeterminateness of the sign of these probability ampli-=

tudes requires some simplifying assumption when evaluating .

- the absolute square of the matrix element glven by IV-l}.

E
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. The assumption 1s made that'the cross termsgaVenage to zero
(or merefstrictly'to a ndmber.small comparéd to the sum of
thefsquebed tefms). This 13 a reasonable assumption as long
- as there are 8 fairly large number of terms hw contributing ,

to the sums in IV-13. .
~ 'With the use of this aSsumption :

R LR AR e o
| +Z“ JJ"I |<’V~: (4JJ”) '“ /)V (‘?JJ-')>}2 |

(IV‘15)

.‘_Z a > JJ“ |< J'I(sz /) '« (:JJ“)>1 E

J J“

.Thelnuclei involved in the meesured‘"foroidden" magnetic

dipole radiative transitions are of two types. The odd neu- -
12 12 131 ; ' .
3, 52Te 5,»and 54Xe 2 involve transitions

between states having total angular momentum 3/2 and 1/2 |
(d 3/2 &and s 1/2 states according to the Mayer-Jensen shell

model) while the odd proton nuclel’ 28 cs™>” end _ CsiOD

55 55.
volve transitions between states having total angular momentum
'5/2 and 7/2 (4 5/2 and g 7/2 states according to the Mayer- ‘
| Jensen shell model) All the nuclel are 1n the statistical

shell model classes of 50-82 even papticles and,50f82 odd

tron nuclei 52'l‘

in-

particles.

'2861P 147will not be considered in detaill because there
has been no definite assignment of Mayer=-Jensen shell model
states for this nucleus. However, the results for this case
are probably very similar to those obtained for the Cs isotopes,
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\/‘\é will now be calculated on the basis of the
statistical shell model used in Section III. Thus

. = : . AI, _ : (IVfl6).

" for all values of j and J" allowed by the statisticai shell

model, where N is the total number of states (as gtven by
IV-7) admixed to give the ground state, and N! is the total
number of states (as glven by IV-9) admixed to give the ex-

- cited state. Thus every state in the admixture is assumed to.

,ocdur with equal probability.

The value for M |° becomes
it 1 4B
3z K¥reir a® mr’)))
AR (zv-17)

+§ = K% i), 4? D]
’<'%" (25i), M* Y aj "‘/)}FE

Since the operator /“ is hermitian, and the wave functions

- with the same J of the Te isotopes and Xe isotope are the

same according to the statistical shell model, the value of
2
‘Lﬂ}, will be the same for all these lsotopes even though
the role of the ground state and excited state 1s interchanged



‘-betweeh the Te isotopes and the Xe isotobe.J
Table 7 glves the value of ﬂﬁ/ calculated on the
~ basis of the statistical shell model ( lll‘ ssm).as well as
the experimental value of ll( A ]/{, 2x)" Also indicated
in the table 1s M 4 the Schmidt value of the wagnetic
"moment, /q'ex the experimental value of the magnetic moment,
'j“ ssm the statistical shell model magnetic moment, and N
and N' the totallnumber of states (including the shell model
.states) admixed in the ground state and excited state re- =
spectively. -
It 1s seen that the values of,/{'sém represent a better

.fit to the experimental magnetic moments ox tham do the
Schmidt wagnetic moments /| 4. The theoretical values of

[,K[ ssm 8re larger than' the correspanding experimental
~ values ,[/ZI»E . The agreement 1s quite good for the odd

‘neutron isotopes while the agreement is poor for the odd.
- proton isotopes. The poorest agreement (for Cs 33) gives

'1|/1l§sm/l/¢(le~10 or l/&ssm///l 3,

However, the fact that the theoretical values of

IAxllism are larger than }/(lgx is satisfying since almost
any reasonable modification of the statistical shell model

ssm
mixing of even particle states would make N and N' larger

. would tend to meke ,/%’ smaller. Thus any additional

while not increasing (IV-10b) the square of the transition
matrix element IV-15. Aiso if the shell model state occurs
‘with a larger probability amplitude than assumed by the
‘statistical shell model, then ajj" and ajj" must become



TABLE 7. |

>

Nucleus :

52Te123

//a/gx -

Mex

/{( ssm :

-0.726

-1.050

20

0.223

10,263

52 Te125

'_-0.887

~1.050

20

- 0.157

131

i%e’”

0.708

-0.593

20

0,137

0.265 |

10,263

5508 133

2.577 |

2,952

16

20

“o.uoa_

550.8135

2,952

16

20 -

0.072

| 2.727

-'-o.u035
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“smaller (assuming all'states other tnanftne usnal;snell o
. model state to have equal probability) because of the
" normalization condition IV-8. Since the ‘shell: model states
~ cannot contribute to the transiticn-matrix element (IV 10a), .
LI(I cem Would decrease as g incresses. | ‘
Tn 1lne with these considerations it is noted that the
'::statistical shell model magnetic moment /“ gsm represents too
‘great a deviation of the magnetic moment inside of the Schmidt
" 1line when compared tc tne'experimental moment'of the two Cs
isctones. If the shell model probability amplitude 1s in-
[creased sufficiently ‘to glve the correct magnetic moment
for these isotopes, then.’/%/ssn]is decreased by approximately
a factor of two (assuming the shell model Statejin tnegex- '
citedistate nas the same increase in its probablility ampli-
_tude). |
| It 1s seen that the value of L“/'2 can vary as the
statistical shell model is modified. However, if the ad-
*mixtnre of states, necessarj to fit the cbserved magnetic
moment, involves several'different wate functions andAthe ex-
cited state wave functions. are formed from the same configura=~
“tions as the ground state wave functions, then there is no
violent fluctuation in the value of Lﬁq 2, Thus, a very
considerable modification of the statistical shell model,
such as eliminating all the wave functions formed from an
arbitrary configuration of the unfilled shell, does not
result in too great a'cnange in Ldl 2. ‘TniS'seems tc
indicate that the calculated values of I/([a are not Jjust




K
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fortuitous, and that the occurrence of the forbidden" ML
transitlons may be due in part to ground ‘state and excited
_state admixtures of the type considered in- the last two ..
sections. '

It is. interesting to note that on the basis of the
lstatistical shell model the value of l/‘l for supposedly
“allowed magnetic dipséle transitions would be expected to be
of the same order of megnitude as for the "forbidden"
transitions. This would explain the rather ema11=experimen-
tal ve1u628 of )}Hl 2 found for Fe57 The 1arge value of

Laf 2 found for Li7 can probably be attributed to the
fact that the statistical shell model would not be expected"
to apply to so light a nucleus. ‘

Thus the statistical shell model appears to cffer at
least a partiai explanation of two anomalous features of
magnetic dipole phenomena as 1nterpreted'by the Mayer-Jeﬁsen'
shell model. First, the deviations of the statie magnetic .
moments of edd-even nuclel are in large measure'predlcted
by means of the statistical shell model. Then, the supposedly
forbidden magnetic dipole radiattve transitions are found to
be allowed by the statistical shell model and the theoretical
values of the transition probability are of the same order
of,magnitude as the experimentally determined values. The
statistical shell model 1is undoubtedly andoversimplificaticn
- of the‘true physical situatiod, but the success.of this com-
'paratively simple model 1ndicates that the Mayer-Jeusen shell
mcdel probably gives a rather poor. describtiOn of the éround
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state wave function of complex nuclel. The great success
of the Mayer-Jensen model in predicting spins and parities
does not justify the assumption that it also glves an ade-
quate representation of the dynamical features of complex

nuclel.
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