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The p rope r t i e s  of a strong-focusing Cockcroft-Walton a c c e l e r a t o r  have 
been calcula ted.  P e r m a n e n t  quadrupole magne t s  would be ins ta l led i n  each  d r i f t  
tube.  It a p p e a r s  that  the space  -charge  repuls ion can be overcome s o  that  the 
machine can a c c e l e r a t e  a proton beam of 50 mi l l i amperes '  o r  m o r e .  
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. I .  

INTRODUCTION 

At the suggestion of J a m e s  D. Gow, . the  proper t ies  of a Cockcroft -Walton 
acce lera tor  tube employing permanent strong-f cusing magnets have been 
investigated. Blewett, Christofilos,  and VashYP working a t  Brookhaven National 
Laboratory, have developed a technique for producing a. permanent quadrupole 
field in sma l l  cylindric,al magnets by pulsing an  extremely l a rge  cu r ren t  through 
suitably shaped electrodes inside the cylinder.  In May of 1955 they had mag  - 
netized a 1-inch-long cylinder of-Indox, 1 inch i. d. and 2.5 . inches o. d. , to 
produce a field gradient of 1035 gauss/cm. Such magnetk should be ideally 
suited for inser t ion in the dr i f t  tubes, of a. Cockcroft- Walton machine. Their  
focusing i s  weak compared to that in "alternating synchrotrons,  but 
the resulting smal l  angular divergence of the beam i s  very  desirable .  

2 J .  P. Blewett has  suggested the use of a .  s u c c e s s i o ~  of e lec t r ic  o r  mag:-. 
netic quadrupole lenses  to overcome the gap defocusing in a l inear  acce lera tor ,  
and a t reatment  of this problem by means  of an  impulse-approximation'method 
has been made  by ~ o h n s t o n ~  for  the Minnesota linac. This impulse method has  
bee-n applied to the problem described he re .  

. . .. . . 
The injection sys tem for the Bevatron consists of a PIG ion source,  a 

Cockcroft-Walton tube to 460 kev, a proton "buncherr' to increase  the accept-  
ance of the linac, and a l inear  acce lera tor  to 10 Mev. The present  Cockcroft-  
Walton i s  l imited by the space-charge repulsion of the beam to a beam current  
of a few mi l l iamperes .  If this repulsion can be,.:overcome by strong focusing, 
the l a rge  increase  in the beam through the Cockcroft-Walton that would be 
achieved- should be reflected in a proportional increase  in the Bevatron output 
cur rent .  

PROPOSED MACHINE 
. . 

The present  proposal i s  to  place a pe'rmanent quadrupole magnet in the .  
middle of each drift  tube of a .  Cockcroft - Walton machine, which'is  otherwise 
quite s imi l a r  to the one present ly in use a t  the Bevatron. , This would save a 
considerable.amount of engineering and drafting, since many of the existing 

. .. . . 
. . .  



. " 

drawings could be used in  the new machine. The specifications would be 
( see  Fig.  1) :  

Cockcroft-Walton Accelerator  

L = length of sections = repeat length = 2.75 inches 

I = length of quadrupole magnets = 1.5 inches 
I 

'R .= radius of e lectrostat ic  cylinders = 0.75 inches 

number of sections = 20 

injection energy = 60 kv . +  

, final energy = 460 kv 

' .  length of tube = 55 -inches 

, k = .gradient of quadrupole magnets = ,700 gauss/cm 

'I := proton cur rent  =. 50 mil l iamperes  

r O =  initial radius of injected beam = 0.5 inch : -  . . 

r = final radius of beam = approx. 3/16 inch . 
f . j .  

. . 
quadrupole sequence: N S N S N S '  

I 

. . 

BEAM ORBIT CALCULATTONS 

The hea.m orbi t  calculation proceeds in the following manner .  There a r e  
three forces  a.cting. on a beam proton, (1)  .the space-charge repulsion, ( 2 )  the 
s t rong-foc~ising.  forces ;  and (.3) ' the electrostat ic  .focusing forces  a t  the gaps. 
The la t te r  become negligible about halfway down the tube. The total rad ia l  
momentum received by a proton in passing through one drift  tube i s  lumped 
into an  impulse,  assumed to be applied a t  the center  of the tube. The resul tant  
t ra jec tory  i s  a s e r i e s  of s t raight  l ines with breaks  a t  the impulse points. This 
method i s  of course  approximate,  but i t  has  the advantage that the calculations 
can be handled in a finite amount of t ime and many geometr ies  can be invest-  
gated. The grea tes t  e r r o r  found by the Minnesota gr-oup with this 'method was 
15% /O. 

Tke slopk of the t ra jec tory  i.4 descr ibed a s  dr/dn, .where n i s  the ordinal 
number of each drift  tube ( Z  = nL), and the change in slope, occurr ing a t  an  
impulse point i s  A dr/dn. Since the impulse received f rom each of the above 
forces  i s  proportional to the radial  displacement r ,  we can define a deflection 



QUAD,RUPOLE MAGNET . . . . . .  

11 ;W'ly, 1 L =' 2.75 in. = LENGTH OF 
., SECTIONS 

2 .1/2 r = 0.5in:= INITIAL RADIUS OF 

2 3/411 
BEAM. 

1 '  . J R = 0.75 in. = RADIUS ,OF DRIFT 
SECTION'# I . . TUBES 

1 = 1.5 in. = L E N G T ~ ~  'OF QUAD- 
RUPOLE .MAGNET$ . . 

F i g .  1. D r i f t  tube geometry. , '' 



c'on.$tadtiD such that 

1 
DS = (F A dr/dn) 

space charge 
change of slope 
due to space-  
charge repulsion 

1 ck l a~~ge  uL' slupe 
= (F A dr/dn)quadrupoie lens 4 duc to otrong- 

focusing magnets 

change of slope 
due. to electrostat ic  

lens  focusing 

Note that a negative value.,of D implies focu'sing and a positive value implies  
defocusing. 

In some cases  we can calculate D by noting that i t  i s  re lated to the.foca1 
length F of a lens  element by . . .  

where L i s  the drift  tube repeat length. 
1 

The value of D i s  derived in Appendix A for a beam with cylindrical sym:- ... ;i: : :y s 
m,ctry as . . 

where L = dr i f t  tube repeat  length, 

r = beam radius,  n 

I -= beam current ,  . 

v .-:= beam velocity, 

e = charge of beam part ic les ,  

m = m a s s  of beam particles;  

k = permittivity of f r ee  space.  
0 

After the beam has  passed  through the f i r s t  quadrupole lens,  i t  will no longer 
.have a c i rcu lar  c r o s s  section but will have a l a r g e r  radius in the x direction and 
a sma l l e r  radius  in the y direction ( see  Fig. 2 ) .  This effect remains  and in-  
c r e a s e s  a s  the beam goes down the tube. F o r  this calculation the maximum and 



Fig .  2. Beam t r a j ec to ry  for  5 0 . m a . c u r r e n t .  .' 
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minimum radi i  have been averaged to give the radius  inser ted  in Eq. (5) .  As  
long  as  these two radi i  a r e  not great ly  different this should be a good approxi-  
mation, but near  the end of the tube it tends to break  down. Of course the 
space-charge force becomes nonlinear a s  soon a s  the beam depar ts  f r o m  cy-  
l indrical  symmetry  anyway. 

The vall-~t of D is derived i n  Appendix R n 9 
q 

where L = drift  tube repeat  length, 

-1 = length . . of quadrupole magnet, 

k = field gradient of quadrupole magnet,  

p = momentum of beam part ic le  ( 'gauss-cm).  

The value of Des i s  derived in Appendix C, by use of Eq. (4) between D 
and the focal.length of a cylindrical e lectrostat ic  lens .  Since the lens  s t rengths 
involved a r e  weaker than those plotted in  graphs such a s  given by ~ e r m a r i ~  o r  
Zworykin, 5 the focai length had to be calculated with the aid of some numer ica l  
theory developed by Zworykin;, . 

Note that a s  a roton goes down t h e  tube the space-charge  repulsion Ds 
dec reases  a s  I / v ~ B ~  while the strong focusing Dq dec reases  a s  l/vl/', w h e r e  

i 
V i s  the voltage. However, a s  the beam i s  focused, the space-charge - repul -  
sion  increase,^ a s  l / r2 ,  so  that in fact Ds and-D m a y  remain  roughly p ropor -  

9 
tional. As mentioned above, the electrostat ic  focusing. Des becomes negligible 
a f t e r  the i i r s t  few drift  tubes.  

W e  begin the numerical calrulations by assuming an  init ial  radius  and 
slope, and calculating the effects of the deflections. At each deflection point, 
thc ncw clope ie obtained f rom 

( d r / d d n +  = ( d r / W n  I - + D n r n ,  ( 7 )  

and the new radius i s  calc.ulated f rom the old radius  and the slope by 

and since An = 1 between drif t  tubes, 

, The values of Dn used in Eq. ( 7 )  i s  the algebraic  sum of DS, D and D 
9' . ~ e s .  
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RESULTS AND DISCUSSION 

A t ra jec tory  plotted in this manner  i s  shown in Fig.  2 .  When the injected 
beam comes into the f i r s t  quadrupole magnet, one section of i t  i s  diverged and 
the sections a t  right angles a r e  converged. This distortion of the beam i s  due 
to a fa i lure  of the space-charge approximation used, which overes t imates  the 
diverging effect on the initially divergent beam and underest imates  the diverg- 
ing'effect on the initially convergent beam. The dashed l ines  in Fig. 2 indicate 
the general  trend of the actual forces  on the beam. In pract ice the beam will 
have to be adjusted experimentally by changing the divergence o r  convergence 
of the injected beam f rom the ion source,  and by having the final quadrupole 
magnets electromagnets s o  that their  s t rengths can be adjusted. 

The quadrupole lenses  produce relatively l a rge  local changes in the 
angular defl.ertion of the beam. Therefore,  a s  suggested by Johnston, the 
f i r  s t  .lens i s  made half - s  trength i.n o rde r  to decrease  the init ial  enlargement 
of a para l le l  injected beam. 

Figure 2 shows the t ra jec tory  for an initially para l le l  beam of 50 m a ,  and 
Fig.  3 i s  the same  for a beam of 75 m a .  The open c i r c l e s  'in Fig.  2 indicate 
the t ra jec tory  for a ' z e r o i c u r r e n t  beam, i. e . ,  no space-charge repulsion. The 
qualitative behavior of the sys tem can be inferred f rom these f igures .  A con- 
s iderable  variation in the injected beam current  can s t i l l  be focuaed, but a 
change in ion-source cur rent  f rom pulse to pulse will be reflected in a change 
of the s ize  and divergence of the output beam. Thus. the ion source  should be 
induced to give a uniform output f rom to pulse,. and a l so  each individual 
pulse should be steady, i. e . ,  have a rectangular waveform dutput. ' Then by 
adjusting the divergence. o r  convergence of the injected beam and t r imming the 
final e lectromagnet  quadrupoles one can maximize the output beam. It i s  ap-  
parent  f r o m t h e  figures that an  acceptance angle of a few degrees  can be 
tolerated. . . 

The divergence of a 50-ma beam in the. absence of the strong-focusing 
lenses  i s  shown in Fig.  4. 

. ~ u k t h e r  calculations a.re proceeding on the above points. 

It i s  lanhed to use 'the t i tanium-discharge ion source  developed by Ruby 
and Gow.& The m a s s  spec t rum f rom this source includes a conside'rable 
fraction of heavy ions, including those of titanium, Equation (5 )  for  the space-  
charge force includes the factors  

where V i s  the voltage. Thus since a l l  par t ic les  will have the s a m e  energy V, 
the heavy par t ic les  will contribute to the space-charge rep,ulsion a s  6, i. e . ,  
one mi l l iampere  of titanium ions would contribute a s  much repulsion a s  6.9 
mi l l iamperes  of protons.  Thus the use of some form of ion t r ap  in the injected 
beam will be desirable .  
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Breakdowns caused by an electron avalanche traveling in the r e v e r s e  d i -  
rection in the tube should be greatly inhibited by the bending action of the 
quadrupole magnets.  

. . . . 
The effect of random e r r o r s  has  been discussed by Smith and Gluckstern.  7 

They consider the following types of imperfections : 

( a )  dispiacement and ti l t  of the axis  of ze ro  field, 

' (b) angular misalignment .of the t r ansve r se  axes ,  

( c )  fluctuations of lens  s t rengths about computed values.  

Smith and Gluckstern emphasize that ex t reme c a r e  m u s t  be taken in the m e -  
chanical alignment of th,e' sys tem in order .  to real ize the . maximum . beam output. 

This work was done under the auspices  of the U. S. Atomic Energy 
~ o m m i s  sion. 
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APPENDIX . .  , . . . . , 

A. SPACE-CHARGE REPULSION CONSTANT 

The radial  impulse received by a beam particle f rom space-charge r e -  
pulsion while traveling a length L in the Z direction i s  

Apr = e E r  At, b a )  

where A Z '  - LAn A t = -  - - 
v v '  

and f rom Poisson ' s  equation for  cylindrical symmetry  

where p i s  the. charge density and KO i s  the permittivity 
of f r e e  space. 

d r '  
O W  A (,) = A 

(L &) 

Now Ds i s  defined a s  chargey and, sub- 
stituting i n E q s .  (a), we have 

1' D = -  An. 
s r v 

Assuming a uniform charge distribution, we have 



. . .  . 
and we have .Eq. (5)  

- L~ I e 
D s - ~  -3 An: . 

r n v 2 r r K o m  

As a g e n e r ~ l  check on the cal=ulations and on the impulse approximation, 
the spreading of an  initially paral le l  proton beam of 10 m a  a t  100 .kv was 
calculated, and found to 'agree  within a few percent  :with the analytic r e s u l t s  
of: F,. R ,  Ha,rrigon_.8 (she  Fig. 5 . )  

B. ALTERNATING-GRADIENT DEFLECTION CONSTANT 

Fro111 Ll~e d e f i a i t i ~ n  of the deflection constant D w e  have 

. D  = ~ / f ,  where f i s  the focal length of a lens,  and L is the 
repeat  length. 

Courant e t  a l .  9 give,.  for the focal length of a quadrupole lens,  

where 

I = length of quadrupole magnet,  

p = BR; R i s  radius  of curva ture  in field B, . 

Bx = ky for the quadrupole magnet .  

Thus 
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Alternatively, D can be derived in the manner  of Appendix A. The radial  
impulse received by 'B beam part ic le  in passing through a;quadrupole magnet  
of length .I i s  

B 0 .  with Bx . = k y and At = - 
v 

where z i s  measured  down the tube,'  and x and y a r e  orthogonal. 

we have - k y e I  
Apy - C 9 

and as developed in Appendix A,  

Substituting, we 0btai.n 

B e v  - m v 
2 

Now F o r c e  = - - - , 
c r 

C and p = B r = m v - .  
e 

k l L  - k B  L Then D = - - - 
C , P  q rn v- 
e 

which ag;ees with the -previous resu l t s .  

C. ELECTROSTATIC FOCUSING CONSTANT . . 

The deflection constant D i s  again calculated f rom t h e  relationship D = ~ / f ,  
where f i s  the focal length o a n  equal-diameter  cylindrical lens .  This  focal 4 length i s  plotted by Terman  and Zworykin, but not for  the weak lenses  en -  
countered h e r e ,    he ref r e  i t  has  bee'n computedwith the a id  of some theory 
developed by Zworykin.. ' We deal  with a smal l  value o f  Vobject/vimage s o  that 



the lens  i s  weak and can be'considered a thin lens.  F o r  this case, ,  Formula  
13.35 on page 437 of Zworykin gives 

' where the integral i s  tak'en over the gap. Also on. page 379, Fig.  1 1 . 1 0 ( b ) ,  
Zworykin has  plotted the voltage V and derivative V '  over  the gap between two 
equal-diameter.  cylinders.  Thus a simple numerical  inte,gration can be done , 
to yield the. r'kquired focal lengths, which a r e  shown in Fig.  6 .  Some focal  
lengths were  computed by this method in the range included in the graph in 
~ e r m a n ~  and found to agree.  - .  
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Fig .  6.  Foca l  length of equal-diameter  ,cylindrical  e lec t r ic  
l enses .  
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