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THE THEORETICAL PHYSICS OF THE ARGONAUT REACTOR 

by 
Char les N. Kelber 

I. INTRODUCTION 

The Argonaut i s a ve r sa t i l e , low-power r eac to r designed and con­
s t ruc ted at Argonne for use as a t ra ining facility and for the conduct of 
exper iments in r eac to r phys ics . 

The Argonaut assembly is compr i sed of a graphite cube with a cen­
t r a l annulus formed by two concentr ic a luminum tanks . The inner tank 
contains a removable , graphite re f lec tor . The outer tank, or core annulus, 
contains fuel a s s e m b l i e s , graphi te , and wa te r . 

The fuel plates a r e made of 20% enr iched U3O8 in an a luminum nna-
t r i x and a re clad with aluminum. A fuel a s sembly is composed of a c lus te r 
of 1 7 p l a t e s . Moderation is provided by graphite wedges between c l u s t e r s 
and by water between fuel p la tes in each c lus t e r . 

The fuel loading is ex t remely flexible in p r inc ip le . The annulus 
contains 24 graphite wedges outlining a like number of spaces of 3 x 6 in. 
c r o s s sect ion. Theoret ica l ly , each of these spaces could be filled with 
fuel a s sembl i e s or graphi te blocks of equal c r o s s sect ion. 

This repor t is a s u m m a r y of the methods used (with some degree 
of success ) to compute the c r i t i ca l p rope r t i e s of four typical core loadings 
shown in Fig . 1. Each loading r equ i r e s a different type of solution of the 
c r i t i ca l p rob lem. 

The one-and- two-s ided loadings can be approximated as slab a r ­
r angemen t s . The 3-inch annular loading can be t r ea t ed as a homogeneous 
annulus. The "two by six" loading can be r ega rded as an a r r a y of six 
equally spaced homogeneous cyl inders imbedded in graphi te . In t rea t ing 
each case the u ran ium content will be a s sumed to be pure U^^ .̂ (The addi­
tion of U"^ in the amount four p a r t s U"® to one pa r t U^̂ ^ will i nc rease the 
c r i t i ca l loading by about 10%.) 

In each ins tance , the composit ion will be es tabl ished and group 
constants computed; then the c r i t i ca l p rob lem will be solved for each c a s e . 
Finally, a compar ison with the r e su l t s of Argonaut mult ipl icat ion expe r i ­
ments will be made . 
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II . COMPOSITION AND G R O U P CONSTANTS 

The i n t e r n a l and e x t e r n a l r e f l e c t o r s a r e g r a p h i t e , a s a r e t h e f i l l e r s 
in the a n n u l u s . The fuel p l a t e s a r e a l u m i n u m and U^^^. The m o d e r a t o r i s 
w a t e r . One t r i a n g u l a r , g r a p h i t e f i l l e r p i e c e i s a s s o c i a t e d wi th e a c h fuel 
box . The v o l u m e f r a c t i o n s of t h e v a r i o u s m a t e r i a l s in the fuel r e g i o n a r e 
l i s t e d in T a b l e I. 

T a b l e I 

COMPOSITION O F F U E L REGION 

(Tota l v o l u m e of one fuel b o x : 8.34333 l i t e r s ) 

M a t e r i a l 

Al 

H2O 

C 

U235 

V o l u m e F r a c t i o n 

0 .21952 (1 - X) 

0.52706 (1 - X) 

0 .25342 

X (0.74658) 

T w o - g r o u p m e t h o d s a r e e m p l o y e d t h r o u g h o u t . The t h e r m a l g r o u p 
c o n s t a n t s a r e t a k e n f r o m B N L - 3 2 5 and a r e c o r r e c t e d for a M a x w e l l i a n 
d i s t r i b u t i o n with a t e m p e r a t u r e of 25C. A n o n - ( l / v ) f a c t o r for t h e U"^ 
c r o s s s e c t i o n h a s b e e n i n c l u d e d . The t h e r m a l c r o s s s e c t i o n s a r e l i s t e d in 
T a b l e II . 

T a b l e II 

T H E R M A L - G R O U P CROSS SECTIONS 

M a t e r i a l 

H2O 

Al 

C 

U235 

A t o m / c c 

0.033326 

0 .060297 

0.08024 

0.04790 

2 a 
( c a p t u r e c r o s s 
s e c t i o n , cm~^) 

0.01949 

0.01229 

0.00036 

28.60836 

2 ^ ^ ( c m - » ) . 

2.106 

0.0823 

0 .36913 

7] = 2.08 
a = 0 .183 

1 D. J . H u g h e s , J . A. H a r v e y , B N L - 3 2 5 " N e u t r o n C r o s s S e c t i o n s , " 
B r o o k h a v e n N a t i o n a l L a b o r a t o r y ( Ju ly 1, 1955) . 
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The fas t -group c r o s s sect ions a re not so easi ly computed. An ap ­

proximate method of some utili ty is to r ega rd the age T and fast diffusion 
coefficients Df as un iversa l functions of the water density and the excess 
sca t ter ing per water molecule . A reasonable es t imate of the average 
scat ter ing c r o s s section for Al in the h igh-energy range is 4.28 b , and 3 b 
is a good es t imate for C Values of the age and Df in AI-H2O mix tu re s^ 
provide cal ibrat ion points . 

In the following tabulation TJ, i s the age reduced by the square of 
the water density. Dfj^ is the diffusion coefficient reduced by the water 
density, eind S is the excess sca t te r ing per water molecule in b a r n s . 

T D, 
S R fR 

(barns) (cm^) (cm) 

3.87 22.9 0.804 
5.81 20.96 0.709 
7.75 19.95 0.637 

F r o m the volume fract ions given in Table I and the concentrat ions 
given in the second column of Table II, it is found that the excess sca t te r ing 
per water molecule is 6 .70b. Linear interpolat ion y ie lds : '7ĵ  = 20.50 cin^; 
DfR = 0.676 cm. F r o m the water density of 0.52706 g / cm ' one quickly finds 
T = 73.80 cm^, D£ = 1.28 cm. 

The age and fast diffusion coefficient can also be calculated by the 
methods of Deutsch. Using these methods a value of D£ = 1.25 cm is o b ­
tained, in good agreement with the previous resu l t ; the age, however, is 
de termined as 60 cm^, in cont ras t to the 73.8 cm^ found by the approximate 
method. A numer ica l integrat ion scdled to the co r r ec t age in water y ie lds : 
T = 65 cm^; D£ = 1.27 cm. The last set of values r e p r e s e n t s a connpromise, 
but subsequent calculat ions will show that the age is slightly excess ive . 
This favors the se t : r = 60 cm^; D£ = 1.25 cm. 

In the graphite ref lector the fast diffusion coefficient is teiken to be 
1.1 cm and the age as 364 cmi^. Vert ical ref lec tor savings f rom the 1-foot 
water reflector top and bottom a re taken as 15 cm. This yields an equiva­
lent b a r e height of 75 cm. The macroscop ic c r o s s sect ions can now be 
computed and the re la t ionship sought between loading and m a t e r i a l buckling. 
Thus the following values a r e found. 

2 
"The Reactor Handbook," Vol. 1 (Physics) , p . 486 

^R. W. Deutsch, "Computing 3-Group Constants for Neutron 
Diffusion," Nucleonics, 15(1), pp. 47-51 (1957). 
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The m o d e r a t o r c r o s s s e c t i o n : 

^ a m = 0.01297 (l - X) + 0.00009 

The U^^^ c r o s s s e c t i o n : 

S^U = 28 .60836X . 

The t o t a l c r o s s s e c t i o n : 

2 ^ = 0.01306 + 28.59539X 

(2.08) ( 2 ) 2 .08094 

^ = ^ f = 1 ; ~- , 0 .45671 ^'^ 
• ' ( x ) ( i o 3 ) 

V c o r e ) = 3 (1 .^2160) = ^"^"^^^^ ^"^ ' 

The t w o - g r o u p c r i t i c a l cond i t i on i s 

(1 + T B ^ ) (1 + L^B^) = k ^ , (2) 

wh ich y i e l d s for the buck l ing 

B-4(̂ ^ )̂ 4 y ( ^ i r - w (-, 
and for the t h e r m a l diffusion a r e a 

D 

0 . 0 1 3 0 6 T 2 8 . 5 9 5 3 9 X L^ = . . . . . . . ' . n . , n ^ • (3b) 

I n v e r t i n g the f o r m u l a e , 

La= Y^'' ''^"^ (4a) 
a m „ 7 / , „7 \ 

T] — + B M I + T'B^) 
s 

(1 + T B ^ ) (2 + D B^) 
a m s 

^ a U " T) . (1 + T B 2 ) ^^^^ 

The s t a g e i s now se t for a s e r i e s of c r i t i c a l c a l c u l a t i o n s . In the 
s u c c e e d i n g s e c t i o n s t h r e e d i f f e ren t t e c h n i q u e s a r e d e v e l o p e d , c o r r e s p o n d ­
ing to the v a r i o u s g e o m e t r i e s . 
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III. C R I T I C A L P R O P E R T I E S O F AN ANNULUS 

While s t r a i g h t f o r w a r d so lu t i on of the t w o - g r o u p e q u a t i o n s for the 
r e f l e c t e d annu lus t h r o u g h m a t r i x r e d u c t i o n i s p o s s i b l e , such a t e c h n i q u e i s 
f r a u g h t wi th n u m e r i c a l p r o b l e n a s a r i s i n g f r o m a n e e d fo r e x c e s s i v e a c c u ­
r a c y . A d i f f e r e n c e e q u a t i o n m e t h o d , su i t ab l e for m a n u a l c o m p u t a t i o n , w a s 
t h e r e f o r e deve loped . T h i s t e chn ique by i t s e l f i s not new, but the e q u a t i o n s 
and b o u n d a r y cond i t ions u s e d h e r e differ f r o m t h o s e p r e v i o u s l y e m p l o y e d 
and t h u s a r e d i s p l a y e d in ful l . 

C o n s i d e r f i r s t the c o r e r e g i o n a — r S . b , w h e r e r i s t he r a d i u s . 
If t he v e r t i c a l buck l ing i s n e g l e c t e d , for the m o m e n t , t h e n the n e u t r o n dif­
fus ion e q u a t i o n s wi th a s o u r c e , Q, a r e 

j f^ ( r J ) + 2 0 = Q ; J = -D f , (5) 

w h e r e J i s t he c u r r e n t , D the diffusion coef f i c ien t , and 0 the f lux. Now le t 

^ . (b - a) 
^i = ro + 1 J ; To = a 

and ^ (6) 

w h e r e I i s the n u m b e r of e q u a l i n t e r v a l s in to wh ich (a,b) i s d iv ided . Next 
a s s u m e tha t t h e flux m a y be r e p r e s e n t e d by 

0 W = 0 . . £ ^ ( * u i - * i ) 'i<' <-H 

and tha t Ĵ  (7) 

Subs t i tu t ing into Eq . (5) y i e l d s : 

^ + I = ^i " ^ ( ^ i+ l •*• ^i) 

J. , , = J. + X. (a . J . - ]3.0. H- n ) 
1+1 1 1 1 1 1 1 ^ 

Us) 
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The functions Xj^,a^, jS^, q̂^ a r e functions of r̂ ^ and the nnaterial con­
s tants : 

, _ Ar Ar 
1 1 - e (2 + Ci) C3 

a. = S (2 + Ci) - C2 

/3. = Z * ' +C^ 
i a 2 

^ 1 1+1 1 1 

7. 
1 

F 
i 

= 

= 

2 

1 

+ Ci 
6 

+ 2Ci 
6 

Ci 

C2 

* 
2 

a 

iJ-

e •• 

s = 

^i 

' ^ i + i 

1 

^i+i 

=2 +DB^ 
a z 

D 
2 * 

(Ar)2 
" 12 L^ 

A r 
/ , 2 6 L 

Here B^ is the buckling along the axis . 
z 

* The use of 2 instead of 2^ introduces the effect of the "equivalent 

ba re height" of the reac tor when it is assumed that the flux is the product 
^ = 0 ( r ) cos[B2.(Z)] . 

The boundary conditions can be expressed in the fo rm J = m0 + d. 
To see th i s , examine the case of the annulus with in ternal and external 
r e f l ec to r s . In the in terval 0 ^ r ^ a, the fluxes have the analytical form: 

0£ = AIo(M£r) 

0^^ = SAIo(M£r) + BIo(M ĵ̂ r) (9) 

where the subscr ip ts f and th refer to fast and the rma l neutron groups, 
and [i-i and \i^ a r e ma te r i a l constants . Then in the in terva l 0 < r < a, 

Jf = -Df grad 0£ 

T̂  Ii(Mfr) , ^ 

hence at r = a: 

j£ = m£0£ , (10) 



w h e r e 
m^ = -M£D£ 

S i m i l a r l y , at r = a: 

Ii(Mfa) 
Io(M£a) • 

c / ' ^ ' t h 
-1- Q Jth = " \ h * t h + S ( ^ — m^ - ra^^j 0^ ( l l ) 

w h e r e 
Ii(M,^^a) 

th '^th th I O ( R , a) 
tn 

The cond i t i ons at r = b a r e o b t a i n e d in the s a m e f a sh ion . F o r an 
inf ini te r e f l e c t o r : 

J£ = m^ 0£ , (12) 

w h e r e 

M,D, 
Ki(M£b) 

^̂ f̂ ^f^f Ko(M£b) 

Also 

w h e r e 
Ki(jUgb) 

"^th "" ^ t h ^ t h KoOu^^b) 
tn 

F o r a f ini te r e f l e c t o r of o u t e r r a d i u s c , r e p l a c e the funct ion Kg by 

and Ki by 
' ^ • < ' ' ' > * ^ • ' < ^ ' ' 

A c o m p l e t e d e s c r i p t i o n of the n u m e r i c a l p r o c e d u r e for so lv ing 
E q s . (8), t o g e t h e r wi th E q s . (lO) and (12), i s g iven in ANL-5687 . ' ^ The 
e x a m p l e g iven h e r e i s tha t of a 3 - in . t h i ck annu lu s wi th an i n n e r r a d i u s 
of 1 ft. 

^ B . I. Sp in rad , C. N. K e l b e r , "A T w o - G r o u p I t e r a t i o n Method for 
A n n u l a r C y l i n d e r s " A N L - 5 6 8 7 ( F e b r u a r y , 1957). 
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The g r o u p c o n s t a n t s a r e l i s t e d in Sec t ion I. T e n t a t i v e l y , T = 65 cm^ 
and Df = 1.27 c m . The c o r e v o l u m e i s 95.426 l i t e r s . The v o l u m e f r a c t i o n 
of the c o r e for 1 kg of U^^^ a t 18.7 g m / c c i s then 

x/kg =1- = 5.603 X l O - y k g 

ARGONAUT ANNULAR C O R E CONSTANTS 

X = 5.603 X lO-"* M ( M i n k g ) 

X = 2.2412 X 10"^ a t M = 4 kg 

2 = 0.06412 cm"^ 
au 

2 = 0.01303 cm"* 
a m 

2 = 0.07715 c m ' * 
a 

2 ^ = 0 .01953 cm"* 
af 

2.08094 _ 
^ - 1 . 2 0 3 7 7 - ^'^^^^^ 

D , = 0.27286 c m 
th 

T = 65 c m 

D = 1.27 c m 

I n n e r R e f l e c t o r 

/2 _ 1 
= — + B^ = 0.00448 c m - 2 

M |2 -
1 

th 
= T ^ + B ! = 0.00215 c m - 2 

/i = 0 .06693 c m - * 

jLi , = 0.04637 c m - * 
th 

D = 1.1 c m 

S R = I 
^1L\ - ^+1-1 (2500)\ / 1 

D 
th> 

\r-LZJ 

= 2.29219 

= 1.60240 

= 1.54554 

= 0.87793 

0.903 ; .T-L^ 
^ + 1 . 1 ' 
10.903 

0.903 c m 

= -1 .42641 

Io(2.0079) 

I i (2 .0079) 

Io ( l -391l ) 

I i ( l . 3911) 

Ko(2.50988) = 0.061622 

Ki(2.50988) = 0.072988 

Ko(l.73888) = 0.15757 

Ki(l.73888) = 0.19848 

Io(2.50988) X 3.31482 

1,(2.50988) = 2.53937 

/i£(30) = 2.0079 

^i^i,{30) =1.3911 

iUf(37.5) = 2.50988 

Mth(37.5)= 1.73888 

mf = -0.05942; mf = 0.08996 

mth = -0.02378; m^^ = 0.05846 

^th = +0-03565 0£; d' = -0.02194 0£ 

Io(l.73888) = 1.91136 

Ii (1.73888) = 1.24217 

file:///r-LZJ
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O u t e r R e f l e c t o r 

c = b + 30 c m = 67.5 c m MfC = 4 .51778 jU ĥC = 3.12998 

Ko(Mfc) ^ 0 .0062753 ^oil^th'^) _ 0 .02993 

Io(Mfc) 17.7570278 Io(Mth'=) ~ 5.42596 

= 0.0003523 = 0.00551 

0^ = A(Ko - 0 .0003523 IQ) 

j£ = D£V0^ = -AD^Mf (-Ki - 0 .0003523Ii) 

= AD^Mf (Ki + 0.0003523Ii) 

KiQufb) + 0 .0003523 Ii(Mfb) 
"̂  f^f KolMfb] - 0 .0003523 Io(Mfb) ^f 

I ^ K, + 0 .0003523 L 
m = W D —= =-

f '̂ f f Ko - 0 .0003523 IQ 

I 

m s i m i l a r l y 
th 

m = u D \ ° = 0 , 0 8 9 9 6 
f ^ f 0.06046 •^°yy^ 

0.20532 
" ' t h - "^^h^th 0.14704' 

d' = -0.02194 
s 

= 0.05846 

The e x a m p l e i s for a load ing of 4 k g . The r e s u l t i s t h a t t he l o a d ­
ing i s s u b c r i t i c a l b y 1.9%. P r e v i o u s c a l c u l a t i o n s have shown t h a t : 

d In k = -^ d In M , 

w h e r e M i s the m a s s ; t h e r e f o r e the p r e d i c t e d c r i t i c a l m a s s i s about 
4 .32 k g . The c r i t i c a l m a s s d e t e r m i n e d e x p e r i m e n t a l l y by Lennox eind 
K e l b e r ^ i s 4 .3 kg . T h i s a g r e e m e n t i s , i n p a r t , f o r t u i t o u s , s i n c e t h e e x ­
p e r i m e n t c i t e d u s e d fuel e n r i c h e d to 20% U^^^. A l s o , s o m e c r a c k s in the 
r e f l e c t o r c o n t r i b u t e d to r e a c t i v i t y l o s s e s a m o u n t i n g to about 300 gna. 
Hence i t a p p e a r s m o r e r e a s o n a b l e to u s e the f a s t c o n s t a n t s : r = 60 cm^; 
Df = 1.25 c m . F o r c o n v e n i e n c e , w o r k s h e e t s p e r t i n e n t to t h i s p r o b l e m 
a r e i n c l u d e d on the fol lowing p a g e s . 

c 

D. H. Lennox , C N. K e l b e r , " S u m m a r y R e p o r t on the H a z a r d s of 
the A r g o n a u t R e a c t o r " A N L - 5 6 4 7 ( D e c e m b e r , 1956), p . 1 1 . 



Sheet No. 1 

ANNULAR CYLINDRICAL CORE 

Prob lem: Argonaut (4 kg) Group: Slow 

Geometry: 

ro = 30 cm r = 37.5 No. of Intervals (l): 3 Ar: 2.5 cm 

Group P a r a m e t e r s : 

2^ = 0.07715 cm"* 

0.07763 cm"* 

Set-Up P a r a m e t e r s 

7] : 4.58110 

B^ : 0.00175 c m ' ^ 

L^ : 3.51487 cm^ 

0 : 0.14817 

D : 0.27286 cm 

S : 0.11854 

Formula 

r. = ro + i (Ar) (cm) 

Ci = - iAi +1 

Cz - l / r . ^ j (cm-*) 

Cj = 1 - e (2 + Ci) 

X. = Ar /Cs (cm) 

a . = S(2 + Cj) - C2 (cm"*) 

/3 = 2* (1 + Ci) /2 (cm-*) 
X a. 

7. = (2 + C i ) / 6 

e . = (1 + 2Ci)/6 

i = 0 

30 

0.92307 

0.03076 

0.56689 

4.41002 

0.31574 

0.07465 

0.48719 

0.47435 

1 

32.5 

0.92857 

0.02857 

0.56607 

4.41641 

0.31858 

0.07486 

0.48810 

0.47619 

2 

35 

0.93333 

0.02667 

0.56537 

4.42188 

0.32105 

0.07505 

0.48890 

0.47777 

3 

37. 
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^H 
Sheet No. 2 

ANNULAR CYLINDRICAL CORE 

Group: Fas t P rob lem: Argonaut 

Geometry: 

TQ : 30 cm r : 37.5 cm No. of Intervals (l): 3 A r : 2.5 cm 

Group P a r a m e t e r s : 

2 : 0.01953 cm"* 
a 

2* ; 0.02175 cm-* 
a 

Set-Up P a r a m e t e r s : 

r ) : 0.98425 

BI : 0.00175 cm"^ 

L^ : 58.39080 cm^ 

9: 0.00891 

D : 1.27 cm 

S : 0.00713 

Formula i = 0 

r. = ro + i (Ar) (cm) 

^* = ^Ai+1 

C2 = l / r . ^ j (cm"*) 

C3 = 1 - e (2 + Ci) 

A,. = r /Ca (cm) 

a. = S(2 + Ci) - C2 (cm-*) 

^ = 2 * (1 + Ci) /2 
1 a. 

7. = (2 + Ci)/6 

e. = (1 + 2Ci)/6 

30 

0.92307 

0.03076 

0.97395 

2.56686 

-0.00992 

0.02092 

0.48719 

0.47435 

32.5 

0.92857 

0.02857 

0.97391 

2.56697 

-0.00769 

0.02098 

0.48810 

0.47619 

35 

0.93333 

0.02667 

0.97386 

2.56710 

-0.00576 

0.02103 

0.48890 

0.47777 

37.5 



Sheet No. 3 

ANNULAR CYLINDRICAL C O R E 

I t e r a t i o n C o n s t a n t s 

P r o b l e m : 

H o m o g e n e o u s Cond i t i ons : 

F a s t : J ? = -0 .05942 T h e r m a l : J^ = - 0 .02378 

F o r m u l a e : 

15 

J. , , = J. + A..(a.J. - S .0 . ) 
1+1 1 i l l " ^ 1 1 

1+1 1 1 1+1 

i 

0 
1 
2 
3 

0 
1 
2 
3 

X (cm) 

2.56686 
2.56697 
2.56710 

4 .41002 
4.41641 
4 .42188 

a . (cm"*) jS.(cm--') *f 

F a s t G r o u p ; 7] = 0 .98425 

-0 .00992 0.02092 
-0 .00769 0.02098 
-0 .00576 0.02103 

T h e r m a l G r o u p ; T) = 4, 

0.31574 0.07465 
0.31858 0.07486 
0.32105 0.07505 

1.00000 
1.16833 
1.44777 
1.86137 

.58110 

1.00000 
2.87752 

13.26118 
62.88260 

H 
Ji 

-0 .05942 
-0 .11160 
-0 .17231 
-0 .24791 

-0 .02378 
-0 .38606 
-1 .88057 
-8 .9512 



Sheet No. 4 

ANNUL 

P r o b l e m : Argonau t 

i 

0 
1 
2 
3 

0 
1 
2 
3 

o' 
1 
2 
3 

0 
1 
2 
3 

^i 

0.48719 
0.48810 
0.48890 

0.48719 
0.48810 
0.48890 

e. 
1 

F a s t 

0.47435 
0.47619 
0.47777 

T h e r m a 

0.47435 
0.47619 
0.47777 

F a s t 

T h e r m a 

Qi 

0.07715 
0.04172 
0.04629 
0.06172 

ll 

0.02829 
0.02977 
0.02842 
0.02504 

0.07715 
0.05212 
0.04676 
0.04849 

ll 

0.02586 
0.02716 
0.02582 
0.02268 

Qi+1 

0.06172 
0.04629 
0.06172 

0.02977 
0.02842 
0.02504 

0.05212 
0.04676 
0.04849 

0.02716 
0.02582 
0.02268 

16 
ON 

AR CYLINDRICAL CORE 

I t e r a t i o n Sheet 

\ 

0.06666 
0.05198 
0.05229 

0.02792 
0.02805 
0.02582 

0.06199 
0.04764 
0.4605 

0.02550 
0.02554 
0.02342 

*: 

2.00000 
2.16825 
2.25340 
2.30825 

1 

I te r a t io 

F a s t G r o u p ; 

-0 .11884 
-0 .05210 
-0 .03441 
-0 .02132 

< 

n No. 1 

1 

rj= 0.98425 

1.44875 
1.52424 
1.45534 
1.28221 

-0 .08608 
+0.00941 
+0.06057 
+0.11533 

T h e r m a l Group ; 7^=4.58110 

0.65000 
0.00386 
0.76640 
2.23891 

1.32428 
1.39058 
1.32184 
1.16141 

0.03619 
-0 .00430 
-0 .05301 
-0 .26840 

Ite r a t io 

F a s t G r o u p ; 

-0 .07869 
+0.01133 
+0.05851 

0.10449 

0.62500 
0.42975 
0.42205 
0.60571 

n No. 2 

0.03679 
0.00583 

-0.00415 
-0 .03594 

7;= 0.98425 

T h e r m a l Group ; 7^=4.58110 

0.56698 
0.38259 
0.34351 
0.35973 

0.03373 
0.00652 
0.00201 

-0 .00555 

0.56690 
0.38236 
0.34245 
0.35470 

^ i 

1.44871 
1.52416 
1.45528 
1.28213 

0.62158 
0.41991 
0.37670 
0.39065 
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Sheet No. 5 

ANNULAR CYLINDRICAL CORE 

Auxiliary Instruct ions and Constants 

This sheet contains ins t ruct ions for filling out the I terat ion Sheets 
and provides space, if des i red , for performing auxi l iary computat ions. 

1. 7^ and £,[ were computed on Sheet No. 1; they need not be 
computed for each i terat ion. 

f „ th . th , .th . _ 
2. Qj^ = ^a, 9ĵ  , where <p^ is the most recent ly computed set ; 

s imi la r ly , 
th ^f ^i Q. = 2 0. 
1 a 1 

q, = 7 . Q.^i + e . Q. 
T. 1 1 + 1 1 1 

c c 
4. 00 and JQ must satisfy the re la t ions : 

c c 
Jo = m 00 + b . 

The constants m and b a re cha rac te r i s t i c of the problem and group 
and are l is ted in the accompanying box. 

Group 

Fas t 
Thermal 

m 

-0.05942 
-0.02378 

b 

0.035650^ 

c c 
5. Given 0 and JQ , the i tera t ion formulae a r e : 

J^xi = j ' ' + 7. (a. j ' ^ - 13. 0^ + q,) 
1 + 1 1 1 1 1 1 1 T. 

0 lr<- <^U^i:) 
The constants 7^, a^, and /B̂  can be obtained by folding Sheet No. 3 

and clipping to Sheet No. 1 or Sheet No. 2. 
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c c 

6. After 0 and J have been computed, a constant "a" must be 
computed. The formula i s : 

a = 

J j - m ' 0 j - b ' 

m ' 0j - J j 

To aid this computation, the following box contains the fixed 
constants . 

Group 

Fas t 
Thermal 

1.86137 
62.88260 

f̂ 
-0.24791 
-8.9512 

m ' 

0.08996 
0.05846 

b ' 

-0.021940 

Unless 
as new start ing va lues : 

a0r , c 
< 0.01 9o > the i tera t ion is to be repeated, using 

<̂ o + a 0 ? 

and 
JQ + aJo , 

with the "a" being that f i rs t computed. Space for this i te ra t ion is provided 
on Sheet No. 4. The following box is used for computation of "a." 

CDMPUTATION OF "a" 

Group 

Fast 

Thermal 

I t e r a t i o n 

4 
2.30825 

2.23881 

A 
-0 .02132 

-0.26840 

1 

a 

-0 .55125 

-0 .00557 

I t e r a t i o n 1 

*I 

1.28221 

0.60571 

\ 
0.11533 

-0 .03594 

a 

-0 .0004 

-9 .00345 

4 
1.16141 

0.35973 

^I 

0.6449 

-0.00055 

a 

0.0002 

-0.00008 

.0 H 
7. Following the second determinat ion of "a" (or the f i rs t , if 
<0.01 0o), 0. on Sheet No. 4 is computed from: 

0. = 0. + a 0. 
1 1 1 

where 0. and "a" a re the most recent ly computed values . 

8. An es t imate of k i s obtained by completing the columns and 
boxes l is ted on Work Sheet No. 6. The supe r sc r ip t s "f" and "th" refer to 
fast and the rma l groups, respect ively . 



Sheet No. 6 

-L£L 

ANNULAR CYLINDRICAL CORE 

COMPUTATION OF k 

I t e r a t i o n No. 1 

i 

0 

1 

2 

3 

AH 

4 3 . 4 6 

4 9 . 5 4 

5 0 . 9 3 

4 8 . 0 8 

1 

0 . 8 

0 . 6 

0 . 8 

^ i 

0 .62158 

0 . 4 1 9 9 1 

0 .37670 

0 .39065 

Sum A 

F i r s t term x (l/2-Ar/6rQ) : 

Last term x (1/2 + Ar/6r j ) : 

Sum B 

Sum A minus Sum B 

f ^ th 
0 i Ti 0 i ^ 

4 3 . 4 6 

38 .464 

152 .114 

40.60979 

111 .50421 

c^i r i 0 i 

27 .01387 

18.78245 

85 .78399 

22 .56533 

63 .21866 

I t e r a t i o n No. 2 

A -i 

39.7284 

45 .19385 

46 .2644 

43.55288 

Qf = 4^ ^f 

0.07715 

0 .05212 

0 .04676 

0 .04849 

0i 

0.56690 

0 .38236 

0 .34245 

0.35470 

Sum A 

Sum B 

Sum A minus Sum B 

f £ 
0i ri Oi 

3.06505 

2 .11188 

9 .69575 

2 .55027 

7 .14548 

4>i r i < î 

22 .52203 

15 .44821 

71 .09379 

18.70294 

52 .39085 

k = iL = 1.76378 
V 

S i n c e f = 0 .83110 

' l rj = 2 .1222 

- 0 . 0 1 9 8 9 

2 .12708 
Pi 

p. = - 0 . 0 2 2 1 3 

u 
k = t h 

^a ^ 

1,76782 

vO 
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IV. CRITICAL PROPERTIES OF "Two by Six" LOADING 

As shown in Fig. 1, the "two by six" loading consis ts of six groups 
of two fuel boxes each, separa ted by an equal amount of graphi te . This 
configuration can be approximated by an a r r a y of six cyl inders with cen te rs 
equally spaced on the mean c i rcumference of the annulus. A t rea tment of 
the problem of N cyl inders has been made by Avery." The work repor ted 
here is a condensation of the genera l t rea t raent . 

In this approach the fuel boxes a re conceived as being a ring of 
cyl indrical e lements i m m e r s e d in a block of graphi te . Each fuel e lement 
has a flux within it, descr ibable by an expansion about i ts cen ter . In the 
reflector the flux is descr ibed as the sum (with undetermined coefficient) 
of fluxes about each fuel box. These a re re la ted to the express ion of the 
flux about the origin, and the exter ior boundary conditions and symmet ry 
conditions a re satisfied. Then the fluxes a re determined at the fuel box 
face, and the problem solved. 

The coordinate sys tems and appropr ia te addition theorems are 
given in F igs . 2 and 3. 

Rigid Source Approximation 

In this approximation the shape of the flux in each fuel box is 
assumed to be s imi lar to that in a fuel box which is isolated in an infinite 
modera tor bath. This is assumed for the asymptotic flux independently 
of the ordinary (JQ) flux. Since the rat io of asymptotic to ord inary flux 
will depend on the neighboring fuel boxes, the shape of the total flux can­
not be fixed. Never the less , the situation is reminiscent of the potential 
of rigid, fixed bodies, and hence the t e r m rigid source approximation is 
used. 

R. Avery, "A Two-Group Diffusion Theory for a Ring of Cylindrical 
Rods ." (To be published) 



R = EXTRAPOLATED REFLECTOR RADIUS 

r̂  = RADIUS OF RING OF SOURCES 

RQ = RADIUS OF FUEL ELEMENT 

r = DISTANCE OF FIELD POINT FROM ORIGIN 

pj = DISTANCE OF FIELD POINT FROM CENTER OF FUEL 
ROD i 

Pjj = CENTER TO CENTER DISTANCE, ROD i TO ROD j 
pj j = ar^sinl i-,j )(n/N) 

Sj = ANGULAR DISPLACEMENT OF FIELD POINT VECTOR 
RELATIVE TO BASE LINE FROM ORIGIN TO CENTER 
OF ROD I: 6; E e 

a, = e - e, 

FIG. 2 
COORDINATE SYSTEM AND DEFINITIONS 



Z > z 

CD 

'n(-) IZ ("•' • I n̂*k (̂) 1̂. M IZ •=* 
k = -aD 

v ' S ^ f " * ' - ! ^n.k(^)jkw:i^* 
k = -aD 

^nw:°:('>*)-E(-)\.;(^)\w:°:'=* 
k = -CD 

CD 

K^M 2 ("•) = E \ ^ (z) î  (.) cos 
sin 

k(t) 

k=-QD 

FIG. 3 
ADDITION THEOREMS FOR BESSEL FUNCTIONS 
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Under t h e s e a s s u m p t i o n s , 

0^(p) = EJo(^P) + Flo(mp) 

and 

0^^(p) = Si EJo(-^P) + S2 Flolmp) 

a r e the fas t and s low f luxes in the i n t e r i o r of any fuel box , w h e r e p i s t he 
r a d i u s v e c t o r f r o m the c e n t e r of the fuel box in q u e s t i o n . Under the a s ­
s u m p t i o n of r i g i d s o u r c e s , h i g h e r o r d e r t e r m s con ta in ing a n g u l a r d e p e n d ­
ence a r e d r o p p e d . 

The r e f l e c t o r flux a r i s e s f r o m the s o u r c e s and h e n c e can be d e ­
s c r i b e d a s a s u p e r p o s i t i o n of f luxes which a r e s i m i l a r to tha t in a r e f l e c ­
t o r about an i s o l a t e d c y l i n d e r . Since the r e f l e c t o r i s a m o d e r a t i n g 
m a t e r i a l t h e r e m u s t be i nc luded , in add i t ion , t e r m s which a r e d e s c r i p t i v e 
of the flux in the r e f l e c t o r a s a who le . The on ly r e s t r i c t i o n on a n g u l a r 
d e p e n d e n c e of the r e f l e c t o r flux i s t ha t it be i n v a r i a n t u n d e r a r o t a t i o n 
t h r o u g h 27r/N about the ax i s of the r i n g of fuel e lenr ients . (N i s the n u m b e r 
of fuel b o x e s . ) H e n c e , one can w r i t e : 

N 

I 
n=0 " ' " ' " i = 1 

IN 

*ref= ^ VnN^f^^ '̂ "̂  ^^^ "" X ^ V i ^ ' 

00 

^' 'ef = S R * r e f ' ^ , ^n^nN^^h^^ ^ ° ^ ^ ^ ^ "̂  ^ . 1 ^ ( ^ t h P i ) " 
n=0 1=1 

The t e r m s in A , B a r e c h a r a c t e r i s t i c of the r e f l e c t o r flux away 
n n 

f r o m the s o u r c e s . The s o u r c e t e r m s c o n t a i n t e r m s in KQ on ly b e c a u s e 
h i g h e r cingular d e p e n d e n c e c o r r e s p o n d s to n o n - r i g i d s o u r c e s . We have 
u s e d the b o u n d a r y cond i t ion tha t the flux be f ini te at r = 0 to e l i m i n a t e 
t e r m s of the f o r m A^ K^J^jir). If r > r o : 

K, I(MP.) = Z . e K (jLir) I (/iro) c o s n e n n - • n 
n=0 

w h e r e CQ = l,e^ = Z, and n ^ 1. ( F o r r< ro, i n t e r c h a n g e the a r g u m e n t s 
In ' ^ n - ) H e n c e , at r = R(>ro ) : 

£ ^ ( ^ 1 
^ r= A 1A I , > , R ) c o s nNS + > e K (jU-R) I (/i.ro) cos n0. f 

^®f -n I " nN f .Z-̂  n n '^f n ^ f "' i j 
n=0 

with s i m i l a r f o r m s for 0 , 
ref. 
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Now 

> cos n 0. = cos nd / cos na. + sin n0 > sin na. 
Z—r 1 Z—I 1 ^—> 1 

i=l i=l i=l 

By symmet ry , the sum over sin n . vanishes ; also 

I cos not,. = 0 
i=l 

if n is not a multiple of N, and 

/ cos na. = N 
i=l 

if n is a multiple of N, including n = 0. 

Therefore , 

00 

0 , = y A I , > , r ) cos nN0 + cos nN0 N e K (u,r) I (u.ro) ref ^ n nN f ' n n ^ f ' n^^f "' 
n=0 

At r = R, 0^ ^ = 0 ; 
ref 

thus 

-N e^K^(M,R) I,(M,ro) 

^nN^ f̂̂ J 

Similarly, 

Hence, as R—»oo', A , B — ^ 0 . 
n n 

One can now match the fluxes and cu r r en t s at the rod sur faces . 
Since the problem is symmet r i c with respec t to the rods , choose rodNo. 1 
Write the equation for ref lector flux about the origin of rod 1: 



N 

1 
2 

I N " J 

•̂ ^̂ flP) = Ko(MfP) + X ^ V i l ^ + Z VnN^^f''^ '^^^^^^ 
n=0 

IN N 

I 
2 

N Z 
n=0 

^n^nN^^f^) ^nN^/^f^o) 

W^̂ f̂ ^ 
Io(Mfp) 

w h e r e the f o r m u l a : 

I^{Mr) cos n0 = X ^n+k^'^^o^ ^^CMP) COS k 0 
k= -

h a s b e e n e m p l o y e d and on ly the a n g u l a r l y i ndependen t ( r ig id s o u r c e ) t e r m 
h a s b e e n kep t . T h e n define 

N V e K j^(MfR) 

1=2 n=0 nN f 

Le t fv(M., ) be s i m i l a r l y defined, and le t f(jLi,) = _ ^ ipil^f)> e t c 
th 

Now, a s s u m e tha t RQ, the s o u r c e r a d i u s , i s s m a l l c o m p a r e d to the 
d i s t a n c e b e t w e e n s o u r c e s so tha t the flux a v e r a g e d o v e r the s u r f a c e of 
r o d No. 1 m a y be r e p r e s e n t e d by eva lua t ing the f luxes a s con t inued to 
the c e n t e r of e a c h r o d . T h i s a s s u m p t i o n e n a b l e s one to s u b s t i t u t e 

Ko(MfPii) 

for 

•27r 

KO(M. P,,^P ) ipde/z-n) 

in eva lua t i ng f (MJJ e t c . 
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With this res t r i c t ion , the c r i t i ca l equations evolved a r e : 

K„(MJRO) + i{ Mf) lo(MfRO) = EJ„{ &.„) + FI„(mRo) 

Sj^ {K„(MJRO) + f(Mj) IO(MJRO)} + C {K„(M^J^R„) + f(Mjĵ ) I,(Mtj,Ro)} = S, EJ„(^R„) + S2 FI„(inR„) 

-Djjj^Mj [KI(,UJRO) -f(Mf) Ii()JjRo)] = - EDj^ i J , ( iRo ) + FD^^ mli(mRO) 

"^R ° t h R *"£ [^ ' (^ ' f^°) -^(^f) Il(MfRo)] - CDj^i^Mj,^ [ K,(MJJ^RO) = Hi^^^J Iltf^th^O)] = - ES, D^̂ ^̂  i J,(^R„) + F S^D^j^^ mIi(mR„) 

This sys tem of four equations in four unknowns mus t be solved 
for the c r i t i ca l bucklings. (The coefficient of 0, is a r b i t r a r i l y chosen 
to be 1.) *^ 

Write the c r i t i ca l de terminant : 

K(,(^^Ro) + fOij) lo^Ro) 0 

-^R^thR^f ['̂ •''̂ f^"' - ^("fi ^''"f^"!] -°thR'^th [ K'('^th^°> - *(^th' I '(^th^°' ] 

1-S, 

Df<,-«(Jl/Jo) CfRo) 

S,D^^^^{J,/J„) Ur„) 

1 

Dj^ m(I,/I„) (mRj) 

^2 ° thc •" ' ' ' ' " ° ' ' '^'^'' ' 

Hence, an equivalent set of equations is QY ,̂ = 0, where QYp S 0 defines Q. 

0 _ h 0 Qi 0 " 
0 1 Q2 Q3 

where 

Q i 

Q3 = 

Ko(MfRo) +f(Mp lo(MfRo) 

°fR^f [^ i (^h^o) - f ( M j Ix(MfRo)] 

Ko(M^^Ro) + f(M^ )̂ Io(M,̂ ^Ro) 

^thR^h [̂ (̂̂ th^o) - ̂ Kh^ ^̂ (̂ th^o)] 

S. 
Qi 

R 
D 

thR 
(°fR Q^ - ° t h R Q3) 
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f(jLi) may be approximated by fy(Mr) since 

I (2X) = ̂  | l + ^ ••••1 
n ^ L J 

and 

K (X) = - ^ K (X) + K (X). 
n+ i A n n - 1 

Often it i s found tha t fo(M) i s a d e q u a t e , s i n c e t h i s c o r r e s p o n d s to exc lud ing 
B e s s e l funct ions of o r d e r N » 0 . 

A n u m e r i c a l e x a m p l e of the "two by s i x " load ing i s g iven n e x t . 

R = 75 c m 

Ta = 37.5 c m 

Ro = 788 .52555 = 9-40880 c m (this p r e s e r v e s t he v o l u m e of the 
fuel box) 

N = 6 

Pzi ~ 2ro s in (TT/b) = 37.5 c m 

P31 = 2ro s in ( 2 ^ 6 ) = 64.95 c m 

P^i = 2ro s in {ir/z) = 75 c m 

P51 = P31 = 64.95 c m 

P61 = Pzi = 37.5 cm 

The graphite constants are: 

M = 0.06693 cm"' D = 1.1 cm 

jLi, = 0.04637 cm"' D , = 0.903 cm 
th th 

S = -1.42641 
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Then the following Besse l functions a re used: 

Ko(X) Io(X) Ki(X) Ii(X) 

MfRo = 

^ th^o = 

\^^Pz\ = 

MfPsi = 

MfP41 = 

^,^Pzi -

M ĵ̂ Ps. = 

M,1̂ P4» = 

M ^ = 

^ h ^ = 

f, 

0 .62973 

0.43629 

2.50988 

4 .34710 

5.01975 

1.73888 

3.01173 

3.47775 

5.01975 

3.47775 

6 

i=2 

0.74005 

1.03935 

0 .06162 

0 .00758 

3.61024 X 1 0 " ' 

0 .15738 

0.03427 

0.020100 

3.61204 X 10"^ 

0.020100 

Ko(f^,R) 

' ( ' ^ f ^ i l ^ - ^ Io(M,R) 

1.10162 

1.04816 

3.31482 

1.91137 

27.72000 

7.24150 

ij (Mf-.) 

1.219312 

1.96525 

0.33073 

0.22338 

= 0.14201 - 6 < ° ° ° f ' f ^ ' (3.31482)^ 

0.13343 

fo(M,î ) = 0.40340 - 6 i^ ;^ |H|) (1.91137)^ 

= .34256 

Ko^^Ro) +fo(Mf) Io(MfRo) = 0.88704 

Ki(iL^Ro) - fo(Mf) Ii(MfRo) = 1-17518 

Ko(iU ĵ̂ Ro) +fo(Mth) lo(M^h^o) = 1-29359 

KI(M^J^RQ) - fo(/î î ) Ii(Mth^o) = 1-88873 



Then 

Qi = 10.25235 

Q2 = 4.52886 

Q3 = 16.35669 

("1 0 10.25235 0 1 
" " [O 1 4.52866 I6.35669J 

Equations (3a) and(3b) yield B^ and L^ for a given value of X-

^ = (rirr) ( 1 0 0 W 6 ) = =-3411 ^̂  io-*Ag. 

There i s a slight difference in volume between the full 3-inch annular core 
and the "two by six" or "six by two" loadings. An es t imated c r i t i ca l m a s s 
of 4.7 kg yie lds : 

X = 2.51032 X 10-3, 

where 

k = 1.76062; 

2^ = 0.08484 c m " ' ; 

— = 0.31092 cm"^• 

Z = 0.07182 c m " ' ; 
a u 

iJ- = 3.21617 cm^ ; 

T = 6^ = 0.0166 c m " ^ • 

-A +—= 0.32758 cm-2; 
iJ- r 

7-2- = 0.00518 cm"* ; 

B ^ = i I - 0.32758 •(- (0.12306)^1 =0 

(B^ = 0.00175 cm"^) z 

01161 cm"2 

The remainder of the calculation is c a r r i e d out on the accompany­
ing form shee ts . 
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CORE - CYLINDER 

Dimensions 

Radius = Ro = 9.4088 cm 

Extrapolated bare height = H^ = 75 cm 

(TT/H )^ = B^ = 0.00175 cm"^ 

Constants 

F a s t 

S l o w 

60 c m ^ = T 

3 . 2 1 6 1 7 c m ^ 

- ' ^ 

0 . 0 1 6 6 6 c m * ^ 

0 . 3 1 0 9 2 c m - ^ 

D = — = N a //c 2 
3 a^ 

1 .25 c m 

0 . 2 7 2 8 6 c m 

NO, = K^D 
a. 

0 0 2 0 8 3 c m - ' 

0 . 0 8 4 8 4 c m " ' 

Functions of K 

Test I^ = 0.01161 cm-^ m = 0.58390 cm" ' 

Na 
af 

Na 
0.24546 

ath 

iz\ -V Ki^ -^ i^ = m^ = 0.33919 cm-^ f th 

m^ + B^ = m^ = 0 34094 cm"^ 

NO af 
Na 

a t h . 
1 + l.\ F th 

Si = 0.23662 

1 + L \ i^ = 1.03734 
th 

1 . L '̂ĵ  m -0.09089 

N af 
N a t h l - L ^ ' ^ m ' 

-2.70062 

Functions 

m R o 

5 . 4 9 3 8 0 

lo(mRo) 

0 1 7 4 5 9 

I i (mRo) 

0 . 1 5 7 7 7 

I i / I o ( m R o ) 

0 . 9 0 3 6 8 

mIi°Io(mRo) 

0 . 5 2 7 6 6 

Matrix and Critical Relation 

1 

Si 

0 . 2 3 6 6 2 

Df 

Jo 

^•°th 
Jl 

- 0 . 0 6 4 5 6 - — ( i R o ) 
Jo 

1 

Sz 

- 2 . 7 0 0 6 2 

0 . 6 5 9 5 8 

- 0 . 3 8 8 8 3 

Where y = i ^ URO) 
Jo 

(129 97316 i - {ItKa) = 7.91028 
Jo 

l,Ka -^ (^Ro) = 0.57262 
Jo 

QY = 

1 - 1 2 . 8 1 5 4 4 y 

0 . 2 3 6 6 2 - 6 . 7 1 6 8 1 y 

7 . 7 6 2 2 5 

- 6 . 0 6 3 5 8 

= 0 

iRo =0 99815; i = 0.10608 cm" ' ; -̂ ^ = 0.01125 c m ' ^ i^ = i^ + B^ = 0.01300 cm"^ 
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CORE - CYUNDER 

Dimensions 

Radius = Ro = 9-4088 cm 

Extrapolated bare height = H^ = 75 cm 

(TT^HJ,)^ = B^ = 0.00175 cm-^ 

X = 3.43 X lO"' 

Constants 

Fast 

Slow 

- = ^ 

60 cm^ = T 

2.45356 cm^ 

0.01666 cm"^ 

0.40757 cm-^ 

D = ^ = N a y / c ^ 

1.25 cm 

0.27286 cm 

Na = K^D 

0.02083 cm" ' 

0.11121 cm- ' 

N( 'af 
Na 

0.18730 
a t h 

Functions of K 

Test i^ = 0.01300 cm"^ 

2 = m^ = 0.43723 cm'^ ^l^^l^^ 
m^ -f B ' = m^ = 0.43898 cm - 2 

1 + L^^ i^ = 1.03190 th 

1 - L^ m^ = -0.07277 th 

m = 0.66256 cm"' 

Na 
af 

Na 

N 

a t h 

af 
N 

Functions 

a t h 

' ^ ' ^ t h ^ ^ 

1 - L', m 

Si = 0.18150 

= S, -2.573E 

th 

mRo 

6.23389 

lo(mRo) 

0.16334 

Ii(mR(|) 

0.14960 

Ii/lo{mRo) 

0.91586 

mIi/l(,{mRo) 

0.60681 

Matrix and Critical Relation 

1 

Si 

0.18150 

°f 

-1.25 .e ^' URO) 
Jo 

S ' ° t h 

1 

Sz 

-2.57386 

D^m j ' (mRg) 

0.75851 

SjD ĵ̂ m 5̂  (mRo) 

QY 

1 - 12.81544 y 

0.18150-6.47081y 

8.77651 

-6.10923 

= 0 

-0.04952i-li-(iRo) -0.42615 
Jo 

(135.08360) « A (iRd) = 7.70217 
Jo 

iRo —(JlRo) = 0.53646 
Jo 

.CRO = 0.97026; i = 0.10312 cm" ' ; 0.01063 cm" = i^ + B = 0.01238 cm-2 
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Q = 

3-^ 

Q i _ 0 

10.25235 

4.52866 16.35669; 
The c r i t i c a l buck l ing i s B^ = 0.01257 c m " ^ whence X = 3.095 x 1 0 " ' 

and t h e c r i t i c a l m a s s i s M^ = 5.795 k g . T h i s i s s l i gh t l y h igh , but i s wi th in 
10% of the o b s e r v e d c r i t i c a l m a s s . 

Ano the r c a l c u l a t i o n of the s a m e g e n e r a l type a s the p r e c e d i n g h a s 
b e e n m a d e for a s l i gh t l y d i f fe ren t c a s e wi th inf ini te r e f l e c t o r of b e t t e r 
g r a p h i t e , and fuel " r o d s " c o r r e s p o n d i n g to two fuel b o x e s w i th no g r a p h i t e 
i nc luded . The fas t c o n s t a n t s a r e s o m e w h a t b e t t e r known in t h i s c a s e , bu t 
the i d e a l i z a t i o n i s no t a s good a s b e f o r e . The p r e d i c t e d c r i t i c a l m a s s i s 
4 .7 kg ; when c o r r e c t e d for a f ini te r e f l e c t o r and vo ids t h i s i s r a i s e d to 
about 5.1 k g . The p e r t u r b a t i o n s c a l c u l a t e d for t h i s c a s e a r e p a r t i c u l a r l y 
r e v e a l i n g ; the m a g n i t u d e of t h e s e p e r t u r b a t i o n s i s not e x p e c t e d to change 
a g r e a t dea l f r o m c a s e to c a s e . 

Le t : 
Rg = 8.66 c m ; rg = 40 c m ; N = 6 

Infinite R e f l e c t o r : 

Pzi = 2ro s in {TT/S) = 40 c m 

P31 = 2ro s in (27T/6) = 69-28 c m 

P41 = 2ro s in (7T/2) = 80 c m 

P51 = P31 = 69.28 c m 

P(,i = P 21 = 40 c m 

In G r a p h i t e 

M. = / ( l / r ) + B ^ = 0.06701 c m " ' 

M ^ = / ( I / L ^ ) + B ^ = 0.04626 c m " ' 
th ¥ ' z 

D^ = 1.1 c m ; D .̂̂  = 0.9 c m ; S„ = -1 .44383 
f th R 

M ̂ 0 = 0.58031 M.Psi = 4 .64245 

M^^Ro = 0.40061 M,., P31 = 3.20989 
th th 

/i^P2i = 2.6804 iU^p4i = 5.3608 

M ĵ̂ Pzi = 1-8504 M ĵ̂ p 41 = 3.70080 
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Ko(X) Io(X) Ki(X) Ii(X) 

MfRo 

^ h ^ o 

M^Pai 

^ h ^ -

MjfPsi 

^ h ^ 3 i 

MfP41 

^ h ^ « 

0.80376 

0.11319 

0.05034 

0.13703 

0.00546 

0.02744 

0.00249 

0.015617 

1.08598 

1.04053 

1.36287 

2.18035 

0.30254 

0.20435 

f(Mf) =Y2 Ko(iUfPii) =0.11409 
i=2 

6 

f(Mth^=IZKo(^th^il^=°-^^^^^ 
i=2 

Ko(MfJ^o) +f(Mf) lo(MfRo) = 0.96766 

Ki(jLifRo) - f(Mf) lo(iLifRo) = 1-32835 

Ko(M^l^Ro) +f(Mth) lo(Mti^Ro) = 1-47172 

KI(M,^ ,RO) - f(M,, ) I I (M, , Ro) = 2.10994 th th th 

Qi = 9.88264 

Q2 = 5.52201 

Q3 = 16.75336 

C o r e C o n s t i t u e n t s and P a r a m e t e r s 

M a t e r i a l 

H 2 O 

Al 

U235 

Volume F r a c t i o n 

0.71428 (1 - X) 

0.28571 (1 - X) 

X 

Z ( c m - ' ) 
ct 

0.01949 

0.01229 

28.2381 

2 , ^ ( c m - ' ) 

2.106 

0.0823 

-
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T = 47.5 cm^ D , = 1.193 cm D,^ = 0.21817 cm 
f th 

Conve 

2 mo 
a 

d T T " 5 

= 0.01743 (1-X) S"" = 28.2381 
Si 

^ to ta l ^ ^mod ^ ^U"' 
a a a 

î  = 

r se ly : 

•V -

k-1 (Z.08)(EfVr"Vl 
''+^" ~ 47 .5+(0 .21817/2^°^^l ) 

30.51458X - 0.01743 
1.04610 + 1340.48183X 

0.01743 + 1.04610 I^ 

(X) 

30.51458 - 1340.48183 F 

X ., = 0.00295 
c r i t 

therefore 

Cr i t ica l m a s s = 18.7 (67rR^ H)X 

= (1586.096)(X) 

= 4.68 kg 



CORE - C Y U N D E R 

Dimens ions 

Radius = Ro = 8.66 cm 

E x t r a p o l a t e d B a r e Height = H^ = 75 c m 

(TT/H^)^ = B ^ = 0.00175 cm"^ 

Xj = 0.00300 

Cons tants 

Fast 

Slow 

- ' • ^ 

47.5 cm* =T 

2.13702 cm* 

-=17 
0.02105 cm"* 

0.96794 cm"* 

T, ^t NOa 

1.193 cm 

0.21817 cm 

NO^ = /c*D 

0.02511 c m - ' 

0.10209 c m - ' 

NO af 
Na 

0.24595 
a t h 

Func t ions of K 

T e s t i* = 0.01429 cm-* 

/c* + /c* + J* = m* = 0.050328 cm-* 
I tn 

iii* + B* = m* = 0.50503 cm"* 

N^thA 1 - L*^rn' 
X-=qr = 3 2 = -3.25675 

1 + L*^ I* 1.03054 

-0.07552 

m = 0.71065 c m - ' 

1 - L * j ^ m * 

Func t ions 

mRo 

6.15432 

lo(mRo) 

0.16345 

Ii(mRo) 

0.15042 

Il/lo(mRo) 

0.92028 

mIi/lo(mRo) 

0.65400 

Mat r ix and C r i t i c a l Rela t ion 

1 

Si 

0.23866 

Df 

-1.193 i ( i R o ) 

SiDth 

-0 .4968^4^ (iRo) 
Jo 

1 

-3.25675 

D f m ^ ( m R o ) 

0.78022 

Sz^th m ^ (mRo) 

-0.46469 

QY = 

l -11.78999y 

0.23866-7.42006y 

8.71063 

-6.73341 

= 0 

(144.02023) i i ^ ( iRo) = (8 .81229) i ^ ( i R o ) = 0.06118 
Jo Jo 

iRo 4 ^ ( iRo) = 0.52982 
Jo 

iRc = 0 .965 ; i = 0.11143 c m - ' ; i * = 0.01242 c m - * ; i * + B* = 0.01416 
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We c a n now d e t e r m i n e the f luxes and t h e i r ad jo in t s . Since t h i s i s a 
s t a n d a r d p r o b l e m in a l g e b r a , we wi l l not e n t e r into the d e t a i l s h e r e . F o r 
the c r i t i c a l s y s t e m j u s t s t u d i e d we c a n now s u m m a r i z e the c r i t i c a l 
p a r a m e t e r s : 

B ^ = 0.01419 c m - 2 [BI = 0 .00175 cm-^) 

D^ = 1.193 c m D^.^ = 0.21817 c m 
f t h 

Si = 0.24195 S2 = 3.26653 

L^ = 2.16696 cm^ r = 47 .5 cm^ 

s\ = 0 .59738 Sl = -0 .04426 

Then , in the r o d s we c a n w r i t e : 

0^ = EJo(.^r) + F I o ( m r ) 

0^j^ = Sl E J o ( i r ) + S2 F lo (mr ) 

0jj^ = E^ Jo(^r) + F^Io(mr) 

0 | = s l E^ Jo(^r) -f sl F^Io(mr) . 

In the r e f l e c t o r i m m e d i a t e l y o u t s i d e the r o d s we h a v e : 

0^(r) = Ko(Mfr) + f{n^) loi^^^r) 

ĥ(̂ ^ = V f -̂  ^ f^(^h^) -̂  (̂̂ tĥ  ôKĥ ) 1 

^'h^^Kh^^-^^V^^^Kh^) 

0f = S ^ 0̂ "̂ ^ + C+ [KoOi^r) + f(|up lo(iUfr) ] 

T h e n : 

E = 1 .23321; F = - 0 . 0 0 0 4 8 ; C = 1.16099 

£•••= 2 .43286; F""" = - 0 . 0 0 5 9 5 ; C"*" = 0.22576 
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Per turbat ion calculations can now be made by means of the formula: 

Av r 
" — = / d V - AD,V0 - 70"̂  - AD^̂ V0 • 70̂ "̂  - Azf 0^0. 

f f f th th th f f f 

ft. 
-^t\^th<^^f<V^^tI^^h 

/ vZ^ 0+ 0 dV 
th f th 

where supersc r ip t s a and f refer to absorption and fission, the subscr ip ts 
f and th to fast and the rma l . The in tegra l is over the ent i re reac to r vol­
ume and the curvature in the Z direct ion is introduced by assuming that 
the fl\ixes a re proport ional to cos (ZBz)-

The per turbat ion due to the introduction of a void is found by sup­
posing that the mate r ia l density is changed to the f i rs t o rde r of inf ini tes­
ima l s ; the result ing per turbat ion is proport ional to the change in density 
and the proport ionali ty constant is then assumed to be the per turbat ion 
due to the introduction of a void. 

In the case of ver t i ca l d isplacements the equivalent b a r e reac tor 
was introduced, the c r i t i ca l core height was found (and verif ied to be 
60 cm), and the fluxes and adjoints determined. The react ivi ty change 
due to the \iniform addition of fuel was found ajid the scale factor of 
1.28355 was determined as being requi red to r e - n o r m a l i z e this ca lcula­
tion to the same calculation based on the rods imbedded in the ref lec tor . 
It was assumed this scale factor would apply to ver t i ca l displacements 
and the des i red resu l t was obtained in the usual way. 

We now tabulate the var ious react ivi ty effects. 

Change 

(l) Uniform addition of fuel to core regions 0.41906 x 10~'*AE (cm^) 
th^ 

(2) Addition of fuel to in ternal t he rma l 
column 1.105 x 10-'*AE ^(cm^) 

th 
(3) Void at the center of the in ternal 

the rmal column -0.702 x 10~^/cc 
(4) Void in the middle of the annular 

graphite -2.862 x l O ' y c c 

(5) Void in the graphite at the edge of the 
fuel box -20.24991 X 1 0 " y c c 

(6) Water rep laces graphite at the center 
of in ternal t h e r m a l column -1 .62 x 10" / cc 

file:///iniform
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Change 

(7) Water replaces graphite at middle of 
annular graphite -1.373 x 10~ycc 

(8) Water rep laces graphite at edge of 
fuel box -0.232 x 10"Vcc 

(9) Displacement ver t ica l ly of one fuel box 
12 in. into top (or bottom) reflector -0.00882 

(10) Uniform addition of void to the water in 
the fuel rods and ref lec tors -0.57 (l - p ) 

H2O 

(11) Uniform tennperature change -1.065 x 10~'*/°C 

Items (10) and ( l l ) were found by di rect computation. 

The lifetime was found by the method of uniform addition of 
poison; e.g., write the t ime-dependent neutron balance equations: 

1 ^ * f 
D A 0 - 2 ^ 0 + k 2 0 = _ ^ ; 

f f f f «> th ^th v^ ^ F 

S 0 
D A0 - 2 ^ 0 + 2^ 0 =^— - ^ - ^ 

th ^th th ^th f ^f v̂ .̂  St 
th 

Now assume 

^ ^ ctt 
0f. 0̂ ĵ  <x e 

^ " ^ ^ (^^effAeff) 
°^= J 

and, since v , » v , neglect the t e r m in 

1 ^ 
Vf at 

Then the equations can be rewr i t ten : 
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0̂0 fh ~ ^^fh ^^'^ ^^ independent of the poison presen t , so that we 

have per turbed the sys tem through the uniform addition of t he rma l poison 
of the amount: 

2 (poison) = 
*^ ^th 

If now we find the react ivi ty change (Ak/k) induced by this per turbat ion, 
we have the following equation for the prompt neutron l i fet ime: 

ya , . > a (Ak/k) 
^ , (poison) = = —— ; 

th^^ V , V , 
th th 

£ = 
(Ak/k) 

"th th(P°'"°^^ 

Actually, one should make the Maxwellian cor rec t ion to 2 (poison) 

as one does to the other slow absorption c r o s s sect ions . By taking var ious 
smal l values of a, success ive es t imates of i can be obtained and the resul t 
extrapolated to a = 0. For the c r i t i ca l sys tem under study h e r e , this yields 
a prompt neutron lifetime of 1.9 x 10""* sec . 

Par t i cu la r ly revealing is the worth of 1 cc of H2O rela t ive to 1 cc 
of void distr ibuted in the in ters t i t ia l graphi te . As shown on page 37, if 
some of the graphite were replaced by water , introduction of a void into 
the water would yield a positive react ivi ty change. While the ove r - a l l 
void coefficient is sti l l negative, it i s possible for the t empera tu re coeffi­
cient to be positive under these conditions. Other requ i rements d i s r e ­
garded, this possibi l i ty alone se rves to requi re that as much as possible 
water be confined to the fuel-bearing region. 
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V. C R I T I C A L P R O P E R T I E S O F O N E - AND TWO-SIDED LOADINGS 

T h e s e l oad ings (F ig . 1) can be a p p r o x i m a t e d by s l a b s . B e c a u s e of 
t h e i n t e r n a l t h e r m a l c o l u m n t h e s e b e c o m e t h r e e - r e g i o n p r o b l e m s . 

The c o o r d i n a t e s y s t e m s and d e s i g n a t i o n s u s e d in t h e s e p r o b l e m s a r e ; 

I 
Left Hand R e f l e c t o r 

II 
F u e l Reg ion 

In Reg ion I: 

0 = Al s inh jLLx 

x i Yi 

T h u s 

t 
0 th 

th 

III 
Right Hand R e f l e c t o r 

z 
0 m. z, 

^ 

0 = SAi s inh /ijc + A^ s inh /i J 

d0. 
J^ = D , -^— = jU n . c tnh Mr X Aj s inh IJ..X 

f f dx f f f f 

J , = S D^, jU c tnh M- x A] s inh jU x 
t h t i l I I I 

+ jLî ., D^, c tnhU , X A , s inh U, x 
th th t h ^ th 

1 

s 

M^D^ctnh M x̂ 

0 

1 

0 

S M,D,, c tnh M , X M ,̂ D^, c tnh R , x 
f t h th th th th 

Al s inh M jc 

A2 s inh M X 

> (14) 

s Yj(x) Vj(x) 

(15) 

w h e r e Yi i s a 2 x 4 m a t r i x and Y i s a 1 x 2 m a t r i x . 

In Reg ion II : 

0 . = Bi s in i y + B2 c o s Jly + B3 s inh m y + B4 c o s h m y 

0 = SiBi s in i y + S1B2 c o s i y + S2B3 s inh m y + S2B4 c o s h m y 

J- = - D . i B i cos i y + iD,B2 s i n i y + m B 3 D . c o s h m y + mD.B4 s inh m y 

J = -SiD i Bi c o s i y + Sl i D B j s i n i y + S2mB3 D c o s h m y 

K16) 

th th th th 
+ S2miB4 D s inh m y 

y 
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'*f"" 

* th 

^f 

/ t h 

= 

= 

= 

= 

s in *y c o s h i y sinh m y c o s h m y 

Sl s in i y Si cos i y Sjsinh m y 82 cosh m y 

-D -̂  cos i y i D r s i n i y mD cosh m y mD s inh m y 

-SiD i cos y Sl -^D^j^siniy S2mD^.j^cosh iny SzmD^j^sinh m y 
th th th 

Bz 

B3 

B4 

= Y„(y)Vjj (17) 

w h e r e Yyj i s a 4 x 4 m a t r i x , and Vjj i s a 1 x 4 m a t r i x . 

In r e g i o n III, t h e r e a r e two s e t s of cond i t i ons u s a b l e : 

(a) O n e - s i d e d load ing . Reg ion III i s c o n s i d e r e d inf ini te in 
ex ten t , and the flux v a n i s h e s a t inf ini ty . 

(b) T w o - s i d e d load ing . Reg ion III i s bounded by the m e d i a n 
p lane b e t w e e n the two s l a b s and the c u r r e n t s v a n i s h t h e r e . 

C a s e (a): 

0^ = Cie 

*th = ^^-

-Mfz 

• ^ h % s C i e - ^ f " 

Jf ^-y-pfie 
-Mfz 

th .SM,D^^C.e-^f^ - ^ H ° t h = ^ « " ' ' ' • ^ 

> (18) 

^ 

\ 

*th 

^f 

^th 

1 

s 

-M,D^ 

-̂  W h 

0 

1 

-u D 
^ t h th 

C i e 
-Mfz 

Cze • / ^ h z 

= Y^ V^ (z) (19) 
III i i r ' ^^' 

w h e r e Y i s the 2 x 4 m a t r i x , and V the 1 x 2 m a t r i x . 
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Case (b): 
•N 

0 = Ci cosh M£(zi - z) 

0 ,̂ = S Ci cosh M,(zi - z) + Cz cosh M ,̂ (^i - z) th 1 tn 

Jf = -MfD^Ci sinhMf(zi - z) 

•̂ th = - S ^ A h ^ ' ^^"^ /'f̂ '̂ • ^^ " ^ h ^ h ^ 2 sinhM^i^(zi - z) 

y (20) 

-/ 
o r 

<t>. 

0 
th 

th 

1 

S 

0 

1 

-/i D tanh (zi - z) 0 

-^i^P^^ tanh (zi - z) M, D^, tanh (zi - z) 
f th 

= Y^ (z) V^ (z) 
III^ ' IIP ' 

th th 

Q cosh (zi - z) 

C2 cosh ^^(zi - z) 

(21) 

The cr i t ica l i ty condition in ei ther case is of the form: 

Yi (xi) Vj (xi) = Yjj(o) Vjj(o) ; 

1̂11̂ °̂  1̂11̂ °̂  " ^lA'^ ^lA'^ • 
Then write 

^11 = ^ u <°> ^ i (="' ^ i <=") 

and find 

Yjjj(o) Vjjj(o) = Yjj(yi) Y-j'(o) Y^ (xi) V^ (xi) 

Let: 

Y = Yjj(yi) Y-j' (o) 

Let Q be such that: 

> (22) 

QYj„HO 



^ > 
43 

The cr i t i ca l equation is then 

det Q Y Yj(xi) = 0 . 

Now 

(23) 

hence 

Y = Yjj(yi) Y-j'(o) ; 

Y Yjj(o) = Yjj(yi) (24) 

Let the elements of Y be y.. , where i denotes row and j the column. 

Y„(o) = 0 

0 

1 0 

0 

0 mD, 

SiD., i 0 SzmD 
th th 

Yj,(yi) = 1 

Sl 

1 

Sl 

1 

S2 

0 

0 

1 1 

Sz S2 

mD ctnh myi mD tanh myi •D i c t n i y i i D t a n i y i 

-SiD i c t n iy i S i i D tan yi SzmD ctnh myi S2niD tanh myi 
th th th t h 

(25) 

s i n i y 

0 

0 

0 

0 

cosi y 

0 

0 

0 

0 

sinh myi 

0 

0 

0 

0 

c cosh myi = Y* D 
II 

For any row, i, one finds 

y. + Sl y. = a. 
' i i ' ^12 12 

y. + S2 y. = a. ' i i ^ '\z 14 

(26) 
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yi3 ( - i D p + y i 4 (-Sl iDg) = a i i 

yi3 (mD^) + yi4 (S2mD^) = a.^^ 

w h e r e a., a r e the e l e m e n t s of Y.,...(yi). T h e n 
i j II •" ' 

y i i 

y i2 

yis = 

yi4 = 

Si3-i4 - S2a.i2 

Sl - Sz 

"> 

a^2 ~ a-i 14 

Si - So 

Sl - S 2 

-1 
Sl - S2 

> (28) 

I D , ^ 

i iL 

Sl - S2 
ai3 

m D , 

i D 
H3 

t h m D , 

J 
If Eq . (23) i s now m u l t i p l i e d t h r o u g h by Si - S2 and if Y i s r e d e f i n e d a s 

Y D ' = Y 

w h e r e D i s the d i agona l m a t r i x in Eq. (25), t hen the e l e m e n t s of Y a r e 
g iven by 

y. = Sl a. - Sz a i , , e t c , 
^11 ' 1 4 ^ '•^ • 

w h e r e a- a r e the e l e m e n t s of Y ( y j . T h i s s t e p m a k e s n u m e r i c a l accu ­
r a c y a l i t t l e e a s i e r to a t t a i n . 

Yi(xi) = 1 

S 

M,D c tnh ju_xi 

SM^D^j^ctnh MfXi 

0 

1 

^ t h ^ t h ^ ^ ^ ^ ^ t h " ' 

In bo th c a s e s Xi = 30 c m ; DfD^^ ^^^ S h a v e a l l b e e n g iven p r e ­
v i o u s l y . The p e r p e n d i c u l a r buck l ing i s now i n c r e a s e d by the buck l ing in 
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one l a t e r a l d i r e c t i o n . A s s u m i n g a r e f l e c t o r sav ing of about 15 c m f r o m 
the " inf in i te" g r a p h i t e r e f l e c t o r s on e i t h e r end, the equ iva l en t b a r e l eng th 
of a 62 box a r r a y i s 

60 c m -f 30 c m = 90 c m . 

Hence the add i t i ona l buck l ing i s : 

B | = 71^/(90)2 = 0.00122 cm"2 ; 

added to the v e r t i c a l buck l ing B ^ = .00175 cm~^, t h i s y i e l d s a t o t a l 
•o2 _ n nn-ynn - 2 m i B ^ = 0.00297 c m T h e n : 

(2 _ 0.00570 c m - 2 

M^ = 0.00337 c m - 2 
th 

M̂  = 0.07549 c m - ' 

M , = 0.05805 c m " ' 
th 

M ̂ x = 1.7415 
th 1 Mpc = 2.2647 

c tnh (2.2647) = 1.0237070 c tnh (1.7415) = 1.0633769 

Yi(xi) = 1 0 

-1 .42641000 1 

0.08500761 0 

-0 .09953991 0.05574131 

Let the m a t r i x Q for c a s e (a) be deno ted by Q_: 

1 
Qa = 1 

0 1 

"A 
_S / 1 
D 

1 

f \Mf Mth; ^ t h ^ t h 

12.04253422 

5.16067523 19.07699761 
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For case (a) the c r i t i ca l loading will be in the neighborhood of 2 kg. The 
determinant will be examined for bucklings corresponding to 2 kg and 
2.2 kg and the resul t ing function of buckling will be extrapolated or i n t e r ­
polated to find that buckling at which the determinant vanishes . This will 
yield a f irs t es t imate of the predic ted c r i t i ca l m a s s . 

The active volume is 54.231645 l i t e r s ; hence the volume fraction 
}f U"^ i s 

X = 9.86060 X 1 0 " y k g . 

per kg of U '̂'̂  is 

At 2 kg: 

X = 19.7212 X 10""* 

At 2.2 kg: 

X = 21.69332 X 10""* 

S = 0.05641912 c m " ' 
au 

S = 0.01303442 c m " ' 
am 

iJ- = 3.92866935 cm^ 

,2 _ 0.01038971 cm"2 

k = 1.6896420 

0.06206097 c m " ' 

0.01303186 c m - ' 

3.63363576 cm^ 

0.01089301 cm"2 

1.71903181 

Then from Eq. (28), the following e lements y. . a re obtained for a 
loading of 2 

Y = 

Q^Y = 

kg: 

3.11014699 

0 

1.25147827 

-0.05158443 

78.18111688 

5.47439673 

0 

3.11014699 

-0.29056933 

0.43442164 

-3.49919110 

9.89807366 

•'J 

-25.77651937 

-8.77293518 

1.36972917 

-0.12672376 

-9.28150897 

-4.12171678 

-49.41697474 

7.12548526 

-3.27008372 

2.90442658 

-88.79706984 

45.65738446 



IJ '̂  

DY, A B 

A = 

B = 

0.96140553 

0 

0 

0 

1 

-1.42641 

0.08500761 

-0.09953991 

therefore 

DYi= 0.96140553 

-0.39245566 

126.72472049 

-148.38871620 

For a loading of 2.2 kg: 

Y = 

QaY = 

DYi = 

3.03728662 

0 

1.46835477 

-0.03675408 

20.71999918 

6.87654445 

0.97236816 

0 

0 

0 

0 

0.27513524 

0 

0 

0 1990.7455994 

0 

0 

1 

0 

0.05574131 

0 

0.27513524 

0 

83.096131 

0 

3.03728662 

-0.22773452 

0.44497968 

-2.74250075 

10.35089904 

0 

0.23345268 

0 

f 

-24.51333415 

-7.71465444 

0.93201144 

-0.12264253 

-13.31239918 

-5.24449743 

0 

0 

0 1999.923897 

0 0 

0 

0 

0 

1440.7459348 

-47.80130875 

7.37453137 

-3.48124200 

2.83448779 

-89.72428466 

43.48248915 

0 

0 

0 

1999.924147 

0.97236816 0 

-0.33299924 0.23345268 

170.00875066 0 

•199.07226960 111.47839185 
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Evaluating the determinants and extrapolating the determinant a s 
a function of buckling to the point where it vanishes , one finds a c r i ­
t ical m a s s of 1.6 kg, corresponding to a c r i t i ca l buckling of 0.00913 cm"^ . 
The observed c r i t i ca l m a s s is about 2 kg. Numerica l accuracy is improved 
if, in evaluating 

A = det 
a b 

c d 

one divides by cd : 

A =A 
cd c 

h_ 
d 

and the quantities (a /c) , (b/d) a r e of o rde r of magnitude unity; thus the dif­
ficulty of computing the difference of two la rge but near ly equal numbers 
is avoided. 

Case (b): 

The volume of each slab is 6/6.5 t imes the volume of the slab in 
case (a). If the same concentrat ions a r e used a s before only the m a t r i x 
(Q]^) need be computed anew; there will be a slight inc rease in the buckling 
since the slab is slightly shor t e r , but this may be neglected for the moment 
and t rea ted as a per turbat ion. 

Y?il(o) - 1 

S 

- jUfDftanh jUf zj 

-SjLt^D^j^tanh^^Zi 

0 

1 

0 

- ^ h ^ t h ^ ^ ' ^ ^ h " ^ 

r e f o r e 

Qb = 1 

0 

1 
t anh jLtfZi 

1 
tanh a\ .hzi 

0 

1 

ctnh 

ctnh 

1 
-f jUfDftanh jUfZi 

- S / -1 
Df /iftanhjUfZi 

Mfzi - 1.0237070 

jLi^^zi = 1.0633769 

+ Mth^thtanh/^thzi 
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Qb = 1 

0 

0 

1 

F o r H,^ = 0.00741971 c m ' ^ : 

QbY = 18.53840435 -3.58214642 

6.67264258 10.13016764 

Q^YDYi = 12205.8100748 

7146.9994285 

-J - 4 - = -1.707823 + 1.961946857 
b d 

0.2541 

+12.32802657 

+ 6.16793088 

-8.89046177 

-2.89512866 

+20.2849752 

•89.73065373 

45.70802077 

•7457.2557291 

3800.9468498 

At 2.2 kg: 

^ 2 

l, 

QbYDYi = 

a 
b 

^c 

^l 
B 2 

c 

= 0.00792 cm^ 

= 0 .08901129 c m 

15866.8542495 

-10113 .7691915 

§- = 0.52050 
d 

= 0.08285 cm-^ 

= 0.00686 cm"2 

= O.OC 983 cm^^ 

-10113.7691904 

4840.6490177 

The e x t r a p o l a t i o n y i e ld s a c r i t i c a l m a s s of 3.323 k g . The change 
in buck l ing due to the s h o r t e r l ength of the s l a b s i s 0.00011 cnfi"^ ; and 
p e r t u r b a t i o n t h e o r y i n d i c a t e s tha t t h i s wi l l i n c r e a s e the nmass by abou t 6% 
o r to abou t 3.52 k g . The o b s e r v e d c r i t i c a l m a s s for th i s con f igu ra t i on i s 
3.6 k g . 
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VI. SUMMARY 

Three different methods of solving the two-group equations for the 
cr i t ica l loading of Argonaut for as many different types of core configura­
tions have been presented . 

The c r i t i ca l m a s s is overes t imated for the la t t ices with highest 
c r i t i ca l m a s s and is underes t imated in the case of lowest c r i t i ca l m a s s . 
In the cases of highest in te res t , the two-sided loading and the 3-inch annu­
lar loading, the m a s s predict ion is very good indeed. In any case , the dif­
ference between experiment and theore t ica l predict ion is not more than 
400 gm. 

There is some question as to the p roper value of the age; the value 
chosen for the 3-inch annular loading (Section III) yields an es t imate of the 
cr i t ica l m a s s which is known to be too high. Use of the lowest est imation 
of the age yields the resu l t s summar ized in the preceding pa ragraph . The 
annular a r r a y is the only one in which a reasonably good idealization of the 
physical set up can be made; since the calculation has been coded for a 
la rge computing machine (AVIDAC) it is anticipated that m o r e p rec i se ca l -
cvilations will allow a bet ter empir ica l determinat ion of the approximate 
age. At present , the best value appears to be that predicted by the formula 
of Deutsch (See Section II). 
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