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ABSTRACT

The pure scattering model of Fernbach, Green, and Watson
is used to obtain impulse approximation expressions for the
elastic, elastic plus inelastic (closure approximation), and
charge exchange (closure approximation) 1ir-D differential cross
sections. The net interference where p-wave scattering is
dominant is found to be constructive; the interference due
to charge exchange scattering is always negative. The Coulomb

effect gives rise to strong destructive interference in the

T+-D elastic component at 85 Mev (laboratory energy of incident

pion) for angles <( 45°. The multiple scattering correction
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as calculated on Brueckner's model is approximately 10% of the
free particle cross section and positive. However, a perturbation
field-theoretic treatment of the 3 , %ﬁ double scattering
indicates that Brueckner’s model is unreliable at low energies.
The binding correction to the impulse approximation is calculated
using a p-state interaction hamiltonian (pv coupling) and

found to be -3.2 mb at 85 Mev. The forward peak in the elastic
differential cross section is found appreciably reduced by
destructive interference arising from elastic ’'’'absorptive’’
scattering. It is concluded that, at energies © 100 Mev,
absorption corrections are significant, with the multiple

scattering correction becoming important at higher energies
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2 £
INTRODUCTION

A new experiment on the scattering of positive pions by

deuterons at 85 Mev, described in detail in the accompanying

paperl, has motivated the following study of pion-deuteron

K. Rogers and L. M. Lederman, Phys. Rev. (to be published),

hereafter referred to as Paper 1I.

scattering. In view of the present improved status of the
phase shift analysis of pion-nucleon scattering , it is of
J. Orear, Phys. Rev. 100, 288 (1955).

interest to carry through the method of approach adopted by

Fernbach et al the problem is formulated in terms of the

Fernbach, Green, and Watson, Phys. Rev. 84, 1084 (1951),

hereafter referred to as FGW.

impulse approximation with a phenomenological analysis being.

G. Chew and G. Wick, Phys. Rev. 85, 636 (1952); G. Chew
and M. L. Goldberger, Phys. Rev. 87, 778 (1952) .
5

made of the leading terms in the expansion of the transition
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Eqg. (10), ref.4 (Chew and Wick); Egs (13) and (21), ref. 4

(Chew and Goldberger).

operator for the complex system. In the following, the appellation
Tusual* impulse approximation is given to these leading terms
which form a linear superposition of the two particle operators
referring to the scattering of mesons by single free nucleons.
As the work of FGW is essentially independent of any detailed
assumptions about the individual scattered amplitudes, their
conclusions regarding the use of further simplifying approxi-
mations constitute a valid basis for our treatment.

In Section II, the pure scattering model of FGW is used to

derive expressions for the elastic, elastic plus inelastic, and

charge exchange (ir+ + D — ir’ + 2p) differential cross sections.

As the elastic contribution was observed down to 20° in the

laboratory, the Coulomb effect is included in the formalism.
A general discussion of the properties of these cross sections
is given.

The higher order terms0 in the expansion of the transition

Eqg. (21) and discussion, ref. 4 (Chew and Goldberger) .

operator give rise to the well known multiple scattering

corrections and the binding or '’'potential’) correction. In

page two
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Section III we discuss the first of these, the multiple

scattering, from the standpoint of two adiabatic models. We
find, using Brueckner's model for multiple scattering , that
K. A. Brueckner, Phys. Rev. 8j), 834 (1953); Phys. Rev. 90,

715 (1953) .

the total cross section is approximately 10 % larger than the
total free particle cross section at 85 Mev. Calculations are
also presented which indicate large reductions in the total

17-D cross section, as well as the elastic differential cross
section, at energies 1in the neighborhood of the pion-nucleon
resonance. A qualitative study is also made of the (t = 3/2,

j = 3/2) multiple scattering at 85 Mev in the double scattering
approximation via a p-state interaction hamiltonian with
pseudovector coupling.

In Section IV the potential correction to the (3/2, 3/2)
scattering 1is obtained from a perturbation field-theoretic
treatment using the same p-state interaction hamiltonian;
for 85-Mev pions, this correction is found to be -3.2 mb.

In Section V the effects of absorption are discussed
and a modified FGW model including absorption developed in
some detail. Using a simple phenomenological model for pion
absorption, significant interference effects on the elastic
differential cross section are found to result. For the

Hulthen wave function a reduction in the elastic cross section

page three
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(Epion = Mev) of approximately 5% is computed.

Some multiple scattering formulae are collected in Appendix
A, and their derivation, an extension to a spin dependent amplitude
of Brueckner’s model for multiple scattering, 1s sketched in

Appendix B.

IT. THE 77 USUAL’” IMPULSE APPROXIMATION
In what follows, we take h = ¢ = 1; also, af Q' refer to
quantities measured in the pion-nucleon barycentric system with

the corresponding qgquantities a, b measured in the laboratory

system.
Notation and Conventions
feo' 1l vector momentum and energy respectively of the incident
pion
k, o vector momentum and energy respectively of the
scattered pion
e cos-1(k + k/k k)
<00 7 o
v = k'/u
v
M, p average nucleonic mass, average pion mass respectively
EANf total energy of nucleon in pion-nucleon barycentric
system
Vp = kVEK
a = 1/137
. . . 8 ) 2
T meson 1isotopic spin operator (with T =2)

A convenient matrix representation of [T may be found in L. Schiff,
Quantum Mechanics (McGraw-Hill Book Co., 1Inc., New York, 1949),

page 144, Eqg. (24.15) .

page four
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K = &m - % recoil momentum of dinucleon system
. £ Lo £ . .
Sln6t. expl6t_ where is the phase shift for
] ]

momentum kf with indices t, j, £ labelling the
states of total isotopic spin, total angular
momentum, and orbital angular momentum, respectively,

of the pion—-nucleon system.

(]112+42M<Jo+M") cosO[1-(|1i/M) 2sin2@]2 - [uo+ (p2/M (<Jo+M) sin2@
COsO0O' =
[ (ca~+M)2 - (k”cose)?2]

J(e) = -

d (cosO0)

(pL2+2Muo+M2) ([cJo+(|i2/M) JcosO0+ (wo+M) [1l+(p/M)2sin20]12 }2

[1-(p/M)2sin20]2 [(w*M)2 - (kocos0) 2]2

Et” projection operator onto the state of total isotopic

spin t for pion + nucleon (B)

Eo/9B = i(2 + TB + T)

F B F B
" E3/2

[ErY

EFE projection operator onto the state of total angular
momentum j, orbital angular momentum £ for pion +

nucleon (B)

page five
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£ (0)

Al =

A° =

prD

PF

H (2K)

g2 (0)

g3 (0)

W=

= (4ir) » (2cos0' + iaB * nslne’)
B
= (3/41T)P,1 (cos0 1) F,
g
= 1/4-ir
M ai ! where = IR - R
i(k k) » X
g(0)e ~©
ég + a1 ' a2
- Al
/ k2dko6 (Ef - (] - K2/4M)
/ k2dk6 (Ef - ¢ - K2/2M)
iK'r
= / dr |"'!n(r) |2 e ~ ~
DU L /]
=< T =0, ir* |g(0) ! T = 0,T- >
=< T = 1, m* |g(0) T = 0, 11~
=< T =1, m0 |g(0) T=20, -
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The ’'Nuclear*f scattered amplitude (in the laboratory

system) for pions on free nucleons 1is given by
i 0 D 0 i(h —k)-
fwi(e) = [J(0)]2 X'Z TIf. E B4MF < e . (2.1)
N

tJ 1

At energies > 30 Mev, though not so high that relativistic

corrections need be made, the Coulomb effect may be

adequately accounted for through the addition to fN(9)
9

of

the Coulomb amplitude in Born approximation,

J. Ashkin and L. Smith, Technical Report No. 1, Carnegie

Institute of Technology, February 2, 1953 (unpublished) .

i(k —-k)'R6
fo(0) - - [J(@) ]2 - & === (TB+1)T e O 0
4sin” (9'/2) « (v +Vv') Z z
m p

(2.2)

Thus, the scattered amplitude for pions on free nucleons in

the laboratory system takes the form

£(0) = [J(0)]2 Z Tl/. E.B 41F
Bl¢t,j,£ 23 t J'
a(TzB+1l) Tz i(k —-k)*RB
4sin™ (0" /2) " (v +v*) (2.3)
IT P
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For elastic scattering (ir- + D — ir* + D) it follows that

~F (0) =~ TrA®"Cxr'~g”e)* (r')"1" (r),g (eUn(r) ) ?
dcl 3 1 D'v' D-v 1 D~ Pj,

(2.4)

Evaluating the indicated trace and labelling the phase shifts in

the conventional way,"*-* we have

10 G. C. Wick, Revs. Modern Phys. 27, 339 (1955) .

—E (0) = i- X»2] H(K) [2J(0) 13) T1142T1, - ——— «——— N

dQ 277 PF 1 J 4sin™ (0Y/2) *(v'+vl)
T p

+ ("11+42T113+42T131+4T7133)cos0! [2+2s1in20t ['mi3+27133-ri1l1-2T713;L

(2.5)

We take for Aﬁ(ﬁ) the Hulthen wave function (neglecting D state

admixture)
-yv -Br
+ ! -
't (r) = r&(r p) (e %7 e X
D -0 ,
2ir(B - y)'

with B = 77,11 with the result that
11

Eqg. (18), ref. 3.
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H(K) = 4rB(r+B) 1 l tan 1 (K ) + tan 1 (K 2tan ¥ ——vV. (2.6)
(B-r)2 K L 2 (r+B)J

The marked effect of the destructive Coulomb interference at

angles <| 45° for positive 85-Mev pions may be noted in Figure 1

where aE(O) and g (0) are plotted together

Nuclear Nuclear + Coulomb
for angles < 45° in the laboratory system.

For inelastic scattering (m+ + D —l - + n + p) one notes
that the possible final dinucleon states are (S E total spin of
the n-p system, T E total isotopic spin of the n-p system)
even parity, with T =0, S =1 or T =1, S = 0, and odd parity,
with T =1, 8§ =1 or T = 0, S = 0. Thus, the differential
cross section for the sum of elastic and inelastic scattering

12
in the closure approximation takes the form,

The closure approximation is discussed in detail in ref. 3,
Section III; see also G. Chew and H. Lewis, Phys. Rev. 84,
779 (1951) ; M. Lax, Revs. Modern Phys. 23, 287 (1951),

Section VII.

A~ E+I ,
(0)

Tr

1
WL
NN

1
2 (Tn(r') ,gt(0) | [6(xr-x’)
j=0 D ~ 1 ~ o~

+(=1)1+3 6 (r+r’)] AJg. (0)AlTn(r) ) (2.7)

page nine
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Following FGW we make the replacement in the closure approximation

to the Elastic + Inelastic cross section,
H(2K) —1 H' (2K) = H(2K) (pD/pF) (2.8)

Hence, there results

H E+1 9 9 3a
— (£)=—*" 1+H' (2K) ][ [T],+2T1 .
) 4sin”™ (0*/2) * (v +v1l)

T op

+cosOt(TI111+42T131+42T113+4T133) |2 + "sin20*' | T113+2133-T111-27131 |2 ]

+ [1-H' (2K) ][ | -T1 +T1-———— g = SRR

4sin (9'/2) e (Vv'+v")
TP

+cosO' (-T111+T131-2T113+271133) |2+ "sin20' 1"l-,~TIR1-T)1 3+T133 |2 |
11 '31  '13  '33

+[1-H? (2K) ]—sin20' |2
3

+[1+4H{ (2K) ]—sin2@* I-HI3+T133+T111-TI31 |2 (2.9)

2
As the gquantities, sin 9', [1-HHSK) ] are small for wvalues of 9
, E-f1I , , .
near zero, the forward peak in a (0) is almost entirely elastic.

The comparison with experiment of the resulting curve for = 85

Mev may be found in Paper 1I. Expression (2.9) may be rewritten as

page ten
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aE+I(0) = on(e) + aP(0) + HT(2K) § . . . . (2.10)

(sura of free particle differential scattering

cross sections) + (interference terms).

Elastic scattering is largely responsible for the inter-
ference terms in a (0) . Their net effect 1is positive
(constructive) with a large positive contribution coming from
scattering angles <( Om (corresponding to 0! = -jr/2) and a much
smaller positive or negative one from 0 )> Om. As H(2K) 1is
small compared to 1 for large momentum transfers or large

scattering angles, aEhI(O) differs only slightly from

(don/dn) + (d(TP/dn) 1in the backward hemisphere at 85 Mev.
(pD/pF) and H(2K) as functions of the scattering angle 0 are
plotted in Figure 3 and Figure 4 respectively for 85-Mev

E+j
mesons. In Figure 2 (da /d£2) has been plotted with and
without inclusion of the Coulomb effect in order to emphasize
the large destructive interference arising from it in ir+-D
scattering.

We consider now the differential cross section for charge

exchange 1m-D scattering. Noting that the states accessible
to the diproton system are odd parity, S = 1, and even parity,
S = 0, we may write the charge exchange differential cross

section in the closure approximation as:

page eleven
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(6 = I Tr 2 (Tn(rl),gA(O)A[6(r—r')+(—l)j6(r+r«)]Ajg (0)A1lYn (r)
3 =0 D ~ 3 2 ' ~o— 3 D'v

= JX'2 — { [1-H(2K)]1[6{T11-T13+(T111-T131+2T113-2T133)CO0OS0" |2
27

+ 4s5in20*3T113-T133-T111+T131 |2]

+ 2[1+H(2K) 1sin20"' |T111-T131-T113+T133 [2] . (2.11)

The charge exchange differential cross section (closure approxi-

mation) may also be written as

daC/<m = da”/dft - H(2K) |

where (danC/dn) 1s the charge exchange differential cross section

for positive pions on free neutrons (0r negative pions on free

protons) . Here, the interference is always destructive. Note
that at energies where p-wave scattering is dominant (Epion 5370

Mev) the net interference in (doC/df2) + (dofj+I/<m) 1s constructive
In the closure approximation, ac(0) clearly vanishes at 0 = 0
since that part of aC(0) which arises from transitions to odd
parity final states contains [1 - H(2K)]| as a factor while the
part arising from transitions to even parity final states contains
sin O' as a factor. As before, detailed comparison of (2.11)

with experiment may be found in paper I.

page twelve
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ITT THE MULTIPLE SCATTERING CORRECTION

We consider the multiple scattering correction to rr-D
scattering first on the fixed point source model due to
Brueckner7 where off-the-energy-shell scattering is neglected.
The coupled equations for the scattered amplitude are solved
in an approximation described in Appendix B. Expressions
for the total cross section and the elastic differential
cross section are exhibited in Appendix A. The resulting
for

values of SN as well as ay

a . L .
exact! ouble scattering

85-and 190~Mev pions are tabulated In Table I, where in both
cases 6g, and 6" were taken from the Orear fit to
pion-nucleon scattering data.

At 85 Mev double scattering furnishes the principal
contribution to the multiple scattering correction. While
the qguantitative results (see Table 1I) are sensitive to the
'small* phase shifts, ~13" and 711" an en”ancement 0;f
the free particle cross section of approximately 10% by
multiple scattering is indicated.

On the other hand, at pion kinetic energies in the
neighborhood of the resonance energy for 3 é) scattering,
multiple scattering reduces the total cross section well
below the free particle cross section. At these energies,
the multiple scattering correction to the elastic differential
cross section calculated in the impulse approximation 1is also
appreciable (see Table 1II).

(3

We now consider qualitatively the -, %} double scattering

correction resulting from a field theoretic treatment in

page thirteen
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Born approximation of an interaction hamiltonian similar to that
13 . .
of Chew. Besides the expectation that such a treatment has

1
3 S. Gartenhaus, Phys. Rev. 100, 900 (1955), Eqg. (1) .

some validity at low energies, the procedure has the added
advantage of specifying the behavior of the meson-nucleon
scattering matrices off the energy shell.

We use the fixed point source interaction hamiltonian in
the charge-symmetric pseudoscalar theory with pseudovector
coupling.

HT = (42 — 2 2 r <e) ?(B) 0 (86) (3.1)
1 11 B-1 a-1 a [} a

. 14
Following Chew and Goldberger the elastic double scattering

14
Ref.4 (Chew and Goldberger), Eq. (29a) .

impulse approximation matrix element, (k* OTdl k) is given by
(see Figure 5 for the diagrammatic representation)

—-ii(k+k") + r
ITfolSs) - <>i,T.C)|«g<r)e

i'n'r 0
e —~ dQ(27r)~J
/7 TIhlTj)

Wk - + 1€

)y kx, T=0>+ (7~ , 1—2). (3.2)

page fourteen
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Note the adiabatic approximation in (3.2).

. - 3 3 . . . .
Specializing to -*) scattering 1in the Born approximation,

we make the replacement,1”

Aitken, Mahmoud, Henley, Ruderman, and Watson, Phys. Rev.
93, 1349 (1954), Eqg. (30) . (B)
(B)
(H'IMNIT)) (HT|u3 3 n):
2" 2
32 2 ﬁ2 § 7)1 i E3B<a,iF3Biil> <3-3)
i <j tej )2 n' 1
where
(TV |F |T1) = (211" * 77 + diaB . 1] x TI]') . (3.4)
*g £\ £\/ £l
4irT] ) ¢ v Y :

7

The resolution of the denominator of (k'I7rrdik) into partial

fractions,
/ 1 1 1 \ 1
(———— 3 + —2—=2 + —3—j + =-3-.————————
n (<Ik_"n+le) \ukwT] u CJ$-j Chy k‘l;ﬂ/ (3, (CJk—WTﬁ+1e)
(3.5)

readily vyields the separation of (kMwWdlk) into contri-

butions from real and virtual double scattering. Thus, we have

. LWMIA]) - (k—.LWMIealIS) + 'S'ix Niﬁtﬁallk)

page fifteen
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where - Bi C]§+k’ ) ';T"T
. im, real , ,32 2 f2 ,2 k2
1=d IS/ ~ -2 ) — ; (rm(pe

T12dT1(2Tr) 3

v/ el -~ (kK |F (1) |T)(Tl |F ;l|1k)A
“k—V16
+ (I~~— 2, r — - 1) (3.06a)
and : %
(k' |7Rdvlrtual k) - (28 r2 LZ2)2 *2 T (e
- ("n(r)e
9 D '~
iTj- ¢ 2 _3
C /e ~ ~xl F, ARy ) (11 Fok2) K TimdT1 (211)
~ 2
T T YD(r)}) + (I—"2,r-" - 1)
\\k/\n /\k "n
(3.6D)
As Im (k]972'}Alk) = Im (k TITET®®! |X) | it follows that the correction

to the total free particle cross section 1is

We make use of the '"'optical theorem'’, cf. B. Lippman and

J. Schwinger, Phys. Rev. 79, 969 (1950), Eg.(1.75).

page sixteen



R-134

2Ukx ~ Sp 1Al!'® (!5|7ndreal k)

16 r2 ,4 £2 k3 .2 .

— TTX (ri —m @ — ) — < (30 (kr) )2>

27 J Vv u. 3 a

+ — < <j2(kr) )2> -
3 A

A second Born approximation to the phase shift analysis of the
17 n27 23 2
S-matrix for pion-nucleon scattering yields = 4f k /3p

17 G. F. Chew, Phys. Rev. 94, 1755 (1954), Egs. (9) and (10).

thus (3.7) 1is seen to be formally identical with that

obtained from the Brueckner model in the Born approximation

3 3 . . .
for ("-, -9) scattering only. It is easily shown, for a
reasonable cut-off radius, that (k' [(7)TjV:"r"Ua” |k) , the matrix

element for off-the-energy-shell scattering, furnishes
contributions to the double scattering correction to the
elastic differential cross section at 85 Mev which are of the
same order of magnitude as those furnished by (k* 197, k).
Thus, 1t 1is possible to conclude that the Brueckner model 1is
not reliable at energies far below the resonance where the
real scattering 1is weak and at 85 Mev in particular, and that
the neglect of scattering off the energy shell is a bad

approximation in this region.

page seventeen
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IV. THE *POTENTIAL' CORRECTION

In our systematic analysis of corrections to the ,Tusual”
impulse approximation, we turn now to consideration of those
terms in the perturbation expansion of the transition matrix for
the problem which form the 'potential* correction to the
p-wave single scattering under the given interaction hamiltonian.
These terms occur as 'interruptions' 1in the single scattering
with virtual mesons exchanged by the two nucleons during the
scattering. For simplicity we shall only be concerned with
the 'potential* correction to the total cross section resulting
from 3 %ﬁ single scattering, 1.e. we apply the optical theorem
to the imaginary part of the 'potential' correction to the
scattering matrix in the forward direction. It should be noted
that ladder corrections (Figure 6 C), 1i.e. the exchange of virtual
mesons before or after the scattering takes place, are removed
by using the 'correct' deuteron wave function. This follows
from the fact that in the forward direction, (elastic scattering),
ladder corrections are decoupled from the real scattering.

In terms of the Chew-Goldberger formalism, the impulse

approximation matrix element of the 'potential' correction to

3 3 . . . . . . .
("=, elastic single scattering in the forward direction is
. 18
given by

Ref. 4 (Chew and Goldberger), Eq. (24) .

page eighteen
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| (B)
= 2b< T=0| (YD(r), / (kO|O 33 3 96)
? 2
4 vgif> (£1io0 3:6: (A)
) - ("1loQ g |k )V(r)
N2 ~ 2
ai  (2i) >
(r) ) IT = 0, irx > (4.1)
non : ¥
(t50-wr+ie) Y 1
2
The term of order f in (&\vg]ﬁ) is (see Figures 6a and ©6b)
\
iTl-r
(2] £~ 1 3 Tg2 * Il e dt,
(v I3 = - 4T (=) T ' T2/ '
-9 o UTl<~”" ~U0) (217)"
(4.2)

2 4
Note that the terms of order £ and f of (%A.v Knzo) are
yu'l g (t"U

just the familiar second and fourth order nucleon—-nucleon

) ) ) ) 1
potentials discussed in detail by Brueckner and Watson. ?

K. A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023

(1953), Eg. (60).

The potential V(%) is related to the binding energy of the

deuteron, - e by the Schrodinger equation,

r
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In evaluating ImCk~ "fTIt || ), the following relations are useful:
f p1-v-ﬁl

Im - =1 6 (ut - u0) , (4.4a)
.(u"-w"+ie) . du
(2) ‘ a , ..
(«|vg \1) - -8 (f) T -T2 0O1-'"? 02 -V KO (jir)
] Tl Li |1 i mp nmo rord css U
i-du«
(4.4b)

Further, 1t seems a reasonable approximation at low energies

(o5, ~ a) to replace (knlv Jkn) and V(r) in the final expression
for (k,, 1CT|7jp 1Ik,-.) by a charge-independent static potential V(;,gxl,T)
which fits all the low energy data. One such ,,omnibus,,

potential, due to Feynman,”0 which fits high energy n-p data

Notes on High Energy Phenomena and Meson Theories by

R. P. Feynman, 1951 (unpublished), p. 28.

as well, is

Vi(r,a,x) = 2 (1+4P,] (-46.1 Mev) + .54 s (4.5)

with 1 = 1.18 x 10 13cm, 1 = 1.69 x 10 13cm.

page twenty
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The potential correction to the total cross section (for

A%’ }W single scattering) 1s then,

u
I 0 1 sp [im(kOWpl£fo)Al]
tot
320 + 3 /1*D! Vc (r)dr
icug
1 2,2 2 - A
1600 x= £ /lTD KO (gr) K1 ("r) dr
243
pr
(4.
' -g r
where Vc(r) = (-46.1 Mev) (gcr) e c . We treat
2.3 2, , .
6"3 = 4f k /3p ¢ phenomenologically, setting 673 equal to
its experimental wvalue. In calculating / £ [~ (gr) -
(gr) 1 K, (gr)] (y, I2 dr we make use of the parameters used
X U 1

19 . .
by Brueckner and Watson to fit the low energy properties
of the two nucleon system, namely f = .0855 and the core

. -13 . .
radius, r* = .3 x 10 cm. (The procedure 1is equivalent to
the assumption of two phenomenological coupling constants,
the one energy-dependent (scattering interaction), and the
other energy-independent (nucleon-nucleon interaction) ).

At 85 Mev, taking = .27, we find = -3.5 mb + .3 mb

= -3.2 mb.
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The principal sources of error in our treatment are:
(1) the phenomenological fit of the Born approximation;
(2) the omission of terms for which three mesons are simultan-
eously present in an intermediate state (see Figure 6d,e) (these
terms increase 1in importance as the energy of the incident meson
decreases); (3) neglect of the terms

in the evaluation of (4.1).

V. THE EFFECTS OF ABSORPTION; A MODIFIED FGW MODEL

As the FGW model neglects mesic absorption, its contribution
to the total ir-D cross section must be separately calculated. A
calculation of the cross section for pion absorption at 85 Mev
from the inverse process 1is in good agreement with experiment.l
One notes that the absorption cross section is a not inconsiderable

fraction of the total cross section at this energy, indeed

°abs ~ 10% of a(ir,D). Two qgquestions now arise: (1) what 1is
the reaction of the absorption (i.e. the “absorptive'!l scattering)
on the scattering calculated on the FGW model? (2) How could

one modify the FGW model, albeit crudely, to take into account
more realistically the effects of absorption?

We shall discuss the absorptive’' scattering first. For
simplicity, 1in estimating this effect, we consider only the
elastic component. As the fit we obtain for the observed elastic
and elastic plus inelastic cross sections 1is most sensitive to

the details of the theory (e.g. the specification of the ’’'small®!
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pion—-nucleon phase shifts) at angles ~ 45° where the

scattering is principally elestic, this is also a reasonable
approximation to make. We utilize the model for pion

absorption and production due to Brueckner and Watson.

Brueckner, Berber, and Watson, Phys. Rev. 84, 258 (1951);
K. M. Watson, Phys. Rev. 89, 575 (1953) ; N. Francis and

K. M. Watson, Am. J. Phys. 21, 659 (1953) .

This model comprehends absorption as a cooperative process,
with the necleons being separated a distance of the order of
h/ (Mp)2 ¢ or less, 1in order to accept a momentum transfer of
the order of (Mg)g c. Thus, this model furnishes a contri-
bution to the scattering from the region where the adiabatic
approximation to nucleonic motion breaks down, the region of
r R/p where p ~ (Mg)2 c.

The implications of these statements are obvious. (1) In
interpreting over intermediate nucleon relative momenta 1in the
expression for the matrix element for absorptive scattering,
given below, one must subtract out the contribution from low
momenta, i.e. for r /+ h/(Mg)? c. (2) This ''strong'
absorption model implies the breakdown of the impulse approxi-
mation for small internucleon separations; thus, when the
nucleons are close together, the incident pion is either
absorbed or ''absorptively'' scattered, with these being little

or no possibility of scattering in the sense of the impulse
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approximation, i.e. as a two-body problem. We will pursue this
point further when we discuss a modified FGW model.
In terms of the R-matrix formalism described in detail by
22 L . . .
Brueckner, the transition amplitude for the elastic ’?absorptive’t

22 K. A. Brueckner, Phys. Rev. 98, 769 (1955) .

scattering of a meson from momentum g to g! in the -rr-D center of

mass system is

(', S =9rt' (S,

o\

> A
dp (2ir) ™3 9

/R 'a'! 2, R<a' s! I~"D"TI
E+i6-p /M

dp (2ir) -3 9
- / R+ 0) -————————— R(~, O)|0OD (£)]2 (5.1)

where R(g, ") 1is the transition amplitude for absorption of
meson q by two nucleons (plane wave representation) leading to
a final state of two nucleons with relative momentum g;

R (cl, > corresponding amplitude for meson production.

Note that

W - [ vdelE' | I

E y o+ 92/4M

(5.2)
q
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It is dinstructive to examine the consequences of a

simple ansatz for R(ci, £) which incorporates some of the

observed features of pion absorption. We will assume for
simplicity that R is independent of (gl and linear in
23 The assumption that the dependence of R on r (the

relative coordinate of the dinucleon system) may be
approximated by a delta-function, is consistent with

the choice of the Hulthen wave function for YB(X).

g (p—-wave absorption). The factor (p ' @) 1is suggested by

] iyl S15
the strong cos0 dependence of the differential cross section

. , 24 B B +
for pion absorption. The factors , x+ (for 1 -D

24
Durbin, Loar, and Steinberger, Phys. Rev. 84, 581 (1951)

absorption) induce transitions to the singlet final state

(T = 1) required by p-wave absorption. The parameter G is
fit to the observed total absorption cross section. Thus,
25

we have

Cf. L. Wolfenstein, Phys. Rev. 98, 766 (1955), the

"B’'-term of the collision matrix M, Eqg. (1) .
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R(q< p) »G Z (aB + q) (p ' 9) (pg) 1T B

flj 5] g 5\ fls - (5.3)
wi th
4. = - 2 Im Sp Al< T=0|0rr(g,q) |T=0 >
a
2 |Gl2 M g(2t'q4) plODI(p) (5.4)
e (U +2M)
q
where p = (ME) 2.

We calculate the ratio of the real to the imaginary part

ofSTC(c‘%', ﬁ%)' (These give rise to opposite interference effects
in the elastic scattering.) For the Hulthen wave function, a
choice consistent with our model for R, (P) oC [(p2+r2) (P2+]32)]_1
and we have for g/p = 1.13 (E . =85 Mev), ReTlftqg’,q)/
pion v r0
Inudl'sq' , q) - 3.2.
-3 10
Since,
C)TE£(g,,q) = (3/8)a v g 2cos0'"" 2 , (aB-g,) (aB -g)T BT B (-1i+3.2)
rly ™M dxr DD I’ 'y D
(5.5)
and
<TR>T=0,T=0 - (-i+s-2) | Oa''roos8'' (21-S2)' £ t !
(5.6)
-2 , 1 1 , .
where eosO,t = Q cit—gl and = g " )> ~"e 1)absorptivefl

elastic scattered amplitude in the laboratory system is then,
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dT
Fa(9) " - ~ J o 4
v dEdfi
r
HOIT
where J*(Q) = —
do
From
A (daE/dS2) absorptive " 3 Tr (0) (pD/px) 1
(5.7)
we have,
A / do x = H(K) X' (J Re j C icosO'' £ 1],
\ do / | 9 L i
abs
+ + "33+ 11+7M713+7731" cosO!
3a
____5 _______________
4sin (0V2) . (v _+v 7
T p
sin0,sin0,t (27133+713-2"13i~"""" (5.8)
ith C = L —h i 3.2) O 0
wit c = - gw J q (-1 + .2) 8 aa cosO0,,.

It should be noted that the corrections discussed in
Sections III and IV, proceeding from an adiabatic approxi-
mation, are apart from that discussed here. The absorptive
scattering correction is sensitive to the choice of deuteron

wave function as well as to the method of subtraction of the
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low momentum contribution; in particular, the correction decreases
as decreases. As the major part of the p-wave absorption
has been fit to the entire absorption cross section, one expects
some exaggeration in the resulting angular dependence of this
effect. One sees that 1’absorptive’’ scattering depresses the
elastic scattering at small angles, and interferes constructively
with it in the backward hemisphere. Thus, the inclusion of the
effects of absorption even on the basis of the crude model
described above, may be expected to improve the fit to the elastic
differential cross section. We shall discuss the gquantitative
results briefly at the close of this section.

We consider now the modification in the FGW model entailed
by the assumption that absorption is the dominant process at

< i

short distances (r &~ R/ (Mg)2 c). This is simply to cut out of
the domain of the impulse approximation the region about the
origin (of %) of radius Ty = h/(ME)é C. A simple argument may
be given for this procedure, as follows: the inclusion of
absorption in a pure scattering model is equivalent to the
addition of an imaginary potential to the scattering interaction.
As the absorption is both strong and localized, this potential
will be strong and of short range. One would find the meson
wave function considerably attenuated inside the range of this
potential, 1.e. the contribution to the form factor furnished
by this region effectively wvanishes. The 1importance of this

region depends on two factors: (1) the behavior of the deuteron

wave function at short distances or its momentum dependence for
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high momenta; (2) the size of the momentum transfer. The
00 + iK- 1-r
form factor f f0 e ~ ~"oes over to

00 + ik-"r
f f %6 ' e ~ 7~ dy, with the reduction increasing with
r D Y,
o

angle (i.e. with momentum transfer). Thus we have,

iK-r

[1 + H (2K) | i [1 +HE@2K] -1 [f 0 °\Pa& ci16 ™dr],

and also,
1iK" r

|[H(K) 12 — [|H(K) I2 | 1 - v lADl do’ ] (5.9)

At 85 Mev, a reduction in the elastic cross section of 1 mb

is found resulting from absorptiveT scattering and the
"attenuation* effect. There 1s, thus, some indication that
at medium energies (70 - 120 Mev) these effects may with

multiple scattering depress the total ir-D cross section below
the total free particle cross section, a result for which

. . . 26 . .
there 1is experimental evidence. The combined corrections

Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 93,

1104 (1954) .

are plotted in Figure 7.

The author is indebted to Professor R. Berber who
suggested this problem to him and who gave constant guidance
and encouragement throughout the work. The author is also
indebted to Professor L. M. Lederman and Dr. K. C. Rogers

for helpful discussions.
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APPENDIX A

We present below the expression for the total cross section
(neglecting absorption) derived from the Brueckner model.
Scattering off the energy shell has been neglected; the adiabatic
approximation has been assumed; the ’’'small’' phase shifts

Tin, 713" 731 "~ave also been omitted.

8irXx2 Im / 4k »
tot \l-5a2zxr

11 23 (1) . / . :
+ -9 aZzik® j12vX> (x)j2(X) + a2ik3 hO (1) (X) jO (x>

+ A 1] (2B+xr)+(2B2+4Br+r2)ik V)0 (1) (X)JO (X)

- 4ik3(B+")a bl(l) (X)JiCx) (A.1)
k = pion momentum in pion-nucleon barycentric system
Y - m33/3k3 G - ik hOa, (x)
B = (TI3 - 111)/3k I - <-ik3/3)[ 1l10<1) (x) + hZa>(x)]
r = ~Uk i - -ik2 bl (1) (x)
X = kr <A >-/ [~(x)]2 A dr
A =1 - (2r2+B2+6xrB) G2 + 2p2a(B+3j0
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The elastic differential cross section derived from

the Brueckner model 1is given by (_,}m’\ momentum of incident

pion, k = momentum of scattered pion)
(doE/dft J - 4lal”™ + (8/3) Ib|l® + 8lm[ac
cm adiabatic
approx.
+ (2/3)k-kn ae* + (2/3)b**d] (A.2)
1\ rv
a = < jo(z) [[1 - 5a2cCc2]-1 4ak-k0 + A 1(26 + r> | >

b =< [1 - Sa2”]1"1l 2ak0 x k j()(2)>

c = < [1 - 5a272]-1 (8/3)k-k0a2k3 [2 b2"1"(x)j2"y’

+ hO(l)(X)jol(y)] > - < [l - 5a2|2]"14(B + r)

ak-1(1/1)k2 »1(1) (X) Jicy) > + < A-1 [(2B2 + r2 + 4Br)

~0(1) (x) JO(y) - k2(B + ~1(1) (x)31(y)] >
d= < - 11 - 5aXx"x=1 | (4/3)k0 x ka2k3] h2 (1} (x>7j2 (y)

+ 2 1i0(1) (x)J0(y)] + 2( + r)ak x /(i/i)k2 bl (1l) (x)31(y))

+ A-1 2 (B + r)ak0 x £(1//)k2 /1)) " (y) >
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e = < [1 - 5a2"2] 1 (2/3)a2k | (1} (X>J0Cy> ~ (1} (x)j2(y}1>

2= itk + k|

t\j rvu

Note that (daE/dni , ) = (daE/dn ) * 3(0, ,) , where
lab cm v lab !
J(0lab) = d'"cm/cl™\al) and may be found in Section II.
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APPENDIX B

The extension of Brueckner's formalism to a three phase

shift, spin-dependent amplitude is indicated below. Following

Brueckner, we write the solution to the wave equation outside

the range of the scatterers,

Tp(v) “n(r) + (&- 1A-V )
& o
lkﬁﬁ_%D
+ (& - 1B-V ) (B.1)
B
The amplitudes A,Ct are related to the incoming wave
‘ ikO*r
mO e tO by
~ 2V + iaA xVV
A 33TA co ro
(B. 2)
* ~3 ~i) TA
3k J
r
with Ta = 2 - V2 s = 2 3T,
- V2 .
V2 1 P iy
TATRTa = T the rows and columns being labelled according
r
to Brueckner. %/ %,(k) & are given by the coupled equations
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ik, x-r
A= - Tloo Ta (2V + i°A xV ) o0 + ( ft) iB-V | '
no sl nj
17-"B
)?ZIEJA
ik r—r,
. ", OJA
a-= i- 01 -1 ) T + =71, + (<M - iIB'V)
3k J 1 A k r-r_
r=r
. Tk T i
? - —Ir T]‘3§ TB 2V + iaB x Vv ) . + (CL - j_‘ﬁ‘v )
! 3k o_rh
0 OB
ik \r—rA
i : - -VA -
— o0io - n,) TR + 1 1§ Yno+ (CL - iIA-V)
3k 3 1 B k 1 _
160 da
0O OB

To first order in the propagator in the numerator and to second

order in the denominator for 24, CL , there results,
- A\Y : . . P f) ") \J .
£ £A aTaA (2 + 10 x) (i0]igB + ‘rv% + g ° Cgéq)
+ a2T T [4A - aA x (aB x A) (B. 1)
ix LJ rlj \» ~ '
Ct = gA + (BTa + r) (GgB - in-gSg) + (BTA + x) [(BT_B + r)G2
JaTB" "z ] a (B. 5
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Sa * aN2f£0 + 12A x So' *0 —

gA - (STA + r) t0 (rA)

-1
=5 &
G = ik hO (1) (x)
M= (~1k3/3) | 1oo(l) (x) + h2((1l) (X)]

C = ix3 li2(1)(x)

n = - ik2 h1(1)(x)

Under the indicated approximation,

(X - [1 - (BTa + r) (BTB + y)G2 + (BTa + r> TB2ap2] 1

lgA + (BTa + r) (GgB - 1in'pSg) | (B. o)

The denominator in (B.6) is approximately rationalized after
expansion of T§4 B TASTB in terms of the basis system of

four hypercomplex numbers, o 1.

Noting that

T2l L - TaTg
+
X + TATBy X +y X
with = TATB ' as we’1l as!
Al | Al
X + Ay X+y X
with (Al) = A1, one easily solves (B.4) for A. Further,
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from the following relations, where f denotes the scattered

amplitude,
—ik'r
£ (k < (CL + a-x) e + A1B >, (BT
°tot m 4I,x Im I sp [£(!'So ™ So’'m all 1 (B8,
and
(daE/dn) = " Sp ALlf(k k0)+11 ALl (k ~ kO)i;L , (B. 9)

it is a straightforward, though tedious, calculation to arrive

at the expressions presented in Appendix A.
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TABLE CAPTIONS

Total cross sections on the Brueckner model at 85 and

190 Mev in the laboratory. At 85 Mev the phase shifts

have been taken as 33 = .27, 6" = -.12, 6 = .l6.
At 190 Mev we have taken = 1ir/2, 6~ = -.183,
6" = .266. tr = sum of the free particle cross
free
sections;, o , = the result of the exact treatment of
exact

the multiple scattering.

The elastic ir-D differential cross section calculated on

the Brueckner model at 85 and 190 Mev in the laboratory.

At 85 Mev the phase shifts have been taken as 6~ = .27,
6~ = .lo, 6-"2 = = 6.~ = 0. At 190 Mev the phase
shifts used are 33 = ir/2, 6 = -.183, 6, = .266,

6”2 - = "1 = ~ie differential cross sections

are given in the laboratory system.
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k/pi

1.03a

1.03b

1.66a

13

613

A
=
TABLE I
T
Elab Cfree
Mev mb
85 54
85 55.3
190 250

631 - 61 - 0

631 * -.044, 611

(Tdouble ‘exact
scattering mb
mb
61.5 33.3
58
210
0



k/p

These

a” (0) . , ak (0)
v impulse
approx.

14.1 mb/sterad 13.1

99.5 mb/sterad 69.5

values were computed in

It

TABLE II
B ak (ir). , o™ (v) B
corrected impulse corrected
APProx.
mb/sterada 1.63 mb/sterada 1.67 mb/sterad
mb/sterad 2.0 mb/sterad .33 mb/sterad

the double scattering approximation.
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FIGURE CAPTIONS

The effect of the Coulomb interaction on elastic ir -D

scattering at 85 Mev (k'/g = 1.03). Curve A: (da kﬁl)NUCLEAR
E .

vs. laboratory angle 9. Curve B: (da kﬁl)NUCLEAR+COULOMB

vSs. 9. The phase shifts used are 633 = .27, 631 818 5

-.044, 61 =0, = and 6% = -.12

The effect of the Coulomb interaction on the (elastic +

inelastic) differential cross section at 85 Mev (k'/g = 1.03).
Curve A: (dan”/dfi) vs. laboratory angle 9.

NUCLEAR
Curve B: (daE+1I/dfi)

NUCLEAR+COULOMB ' °° 9. The phase

shifts used are enumerated in the caption for Figure 1.

3. Pp/Pp vs' laboratory angle 9 (k'/g = 1.03).

4. H(2K) vs. laboratory angle 9 (k'/g = 1.03).

5. Feynman diagram for double scattering. The two particle
transition operators, tn are represented by circles,

the nucleons by heavy lines, the mesons by dashed 1lines.

0. (a) and (b) are the f -potential corrections to single
scattering. (c) 1s an example of a ladder correction to
single scattering. (d) and (e) are three-meson potential

corrections to single scattering.



FIGURE CAPTIONS - continued

E
The absorption correction to da /df2 at 85 Mev
y . E 1\
(k'/lIji = 1.03). Curve A 1is da /doc uncorrected for
E
absorptive scattering; curve B is da /df2 corrected

for absorptive scattering, with = 8 mb.
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