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ABSTRHRACT

DMM 13 a program wusing wultigroup diffusiorn theory to calculate
the reacbivity or critical condaticuns and flux distribution of a mulbi-
region reactor. Ag an essential part of this program are calculations
of perpendicular buckling, fission produced xenon, and time variabtion
due to production and deplevion of iscbopes. The adjoint fluxes may
also be compubed and the program includes the calculation of the nuclear
constants from fairly simple znpub combined wish a library of cross sec-
tions.

DMM iz presenslv being coded for the Datatron, the Remington Rand
11034, and the IBM Ok,
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rhroduetion

UMM de 8 propran whose primary purpose is the calculation of the
spabial andé energy distrinvtiop of the flux of newbtrons in 3 spherical,
cylindrical or slab reactor snd of the reschbivity of this system. As
auxiliary programs intimeiely associated with this, IMM includes

1) The caleulablon of multigroup cross sections wsing interpolased
estimates of the Tlux within an energy group to welght what is es-
sentially & polnt cross sechion table.

2) A burnout roubine using the fluxes calculated by the main pro-
gram bo compute the consumption and production of reactor maberials
in finite time steps. Afber calculating the amownt of an sbsorb-
ing material to add in order to maintain the multiplicstion at
unity, it compubes new group constants and returns to the mein pro=-
gram to compute new fluxes.

3} The calculation of the xenon distribution from the Tluxes, re-
computation of the grouvp consbants using this added material fol-
: lowed by return to the main program to calculate new fluxes and
multiplication with the new group constants. The xenon distribution
is computed for eguilibrium or for & given btime after shutdown.

Ly Calenlation of the adjoint fluxes; using the main £imx program
with altered nuvelear conshants.

- 5) Iteration on any one of several reactor parameters, such as,
concentration of one of the elements in one of the regions, thick-
nzss of one of the regions, or density of one of the materials,
This procedure obhaine the valwve of the chosen paramehter st which
the rescbivity ls egual o s given valae,

The Diffusion Equation

e prineiple ecalealation is the solution of a diffusion theory
approximation for the multiplication:
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In addition to the diffusion approximstion, several other assumptions
have been made in writing Equation (1).
The second term covering inelastic scattering implies that, )X (x,E),
the probability that a neubron absorbed at a higher energy E'! will be
emitted with an energy between E and E+dE (if an inelastic collision
takes p;gge,) is dependant on E! only in that it is zero for E >E!'. The
divisor X in (x,E ) is given by
E
X ip (0E')= Xin (x,E") aE" (2)

in
and igs included to normslise the trumcated X (x,E).

The third term covers elastic scattering and is exact except for the
assumption that scattering is isotropic in the cenber of mass system.
It is anticipated that in the rare cases where this is significant, non-
isotropic components can be included by replacing the scatterer by sev-
eral scabierers of different atomic weight.

The terms in Equation (1) that have not been described, may be de-
fined as follows:

% is the single spatial coordinate over which the integration
of Equation (1) is performed in detail. In the case of a
sphere, x is the distance from the center, in cylindrieal cal-
culations it is the perpendicular distance from the axis. ,
Finally, in the case of slab geometry it is the single Car-
teslan coordinate being investigated.




E is the energy of the neutrons
D{(x,EY is the veubron diffusion coefficient
#{¥,E) is the neutron flux

Eit(xgE} is the macroscoplc total cross section

Zin&
cross section. An inelasstic event is defined as a
collision of the types; {n:n!',), (n; 2n,), (n; 3n,) ete.

(X,E) is the macroscopic inelasghic scatbtering

§/jnA(x§E) is the number of neutrons emitted per in-
elastic collision with the AR isotope.

=<, is the maximum fractional energy loss for a neutron
colliding with the A®® isotope.

ZSA th
tion for the A" isotope.

is the mecroscoplc elastic secattering cross sec-

)(f(x,E) is the probability that a neutron emitted after
a fission has energy in the range E to E-}dE.

K is the multiplication.

QLf and,ygaare the macroscopic fission cross section

and the number of neutrons emitted per fission respec-
tively.

The Multigroup Method

If we define energy ranges El to El+'and integr ate Equation (1) over

these ranges we obtain a set of equabtions, one iur each energy group.

where
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The nuclear constanss DT , M, mid, A , F1, and the flux @ are re-
lated to the functions w1n Equasion (1) by inbtegration formulss as de-
geribed in the sechion of this repor. on crossg gections.

The Spatial Tovegration

We further define Ntl mesh poin%s, 0, X,, %o ccoxy ab which ths
functions of Equations (3), (&), and (5, are defined. Sething@=0
1 or 2 for planar, cylindrical apd spherical geometries respectively.
we obbain:

el gt i gl . 1 o gd D ses
an¢nﬂ+bn¢n Cn¢nwﬁdn (o 0,1, 2 M) (6)
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a*, = Q_’ana%g oy
where
Ax,n == %ﬂ%—l - %X,
8)
Ay
Axnw}& =1/2 <x,n_,_| “Fna,
Boundary Copditions
A% the boundaries of the mesh, %,=0 and xy, the equations for air,,
blm clu, and dln are modified t~ agree with the boundary conditions.
L




{a e i "o g1
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which correspond to the physical boundary conditions

- [1B,(8)] D(0,E) B0.E) +Bo(E) #(0,E)=0 o)
J

[L-By(E)] D(X,E) 7BIX,E) +By(E) #(x,E)=0

These equations permit solutions corresponding to flux zero at an
extrapolated end point, symmetrical or non-symmetrical slabs, a conbrol
rod using the boundary conditions developed by Kushneriuk, or to an in-
finite, non-moderating reflector.

Equations (9) lead to the following equations for n=0 and N.

Y
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Numerical Procedure

Since the boundary conditions, Equations (11) and (12), aprly at
opposite ends of the mesh, the sclution of Equaticns (6) and (7) subject
to them requires some special device. We define Py and q;n b

o

3o
LAY

S

i a1 i 1
¢ n—«p n (5 n+:+q n

Substituting Equation (13) into Equation (6), gives as a solution

i
i_2%n
Pn™
i .1 i
b n=CTn Prpo
g _ $wvely L
L : X
B bl ‘“Gl pl
n=Cn Py

If the source ﬁln is known, it is possible to calculate the pi and qin
begioning with n=0. Substituting these values in Equation (13? the

¢i, may then be evaluated.

on




Since

ij:—.: 3 &
T, 0 i<<j

. can be calculated from P, without any knowledge of the ¢1 Thus,
if the P, are known, the ¢ln can be calculated, beginning with i=1 and

proceedlng, one group at a time, to i=1I.

Having computed the gt

the P, are computed by an equation similar
to Equation (5).

n’

J=l
these are normalized by
1 ]
Pﬁ___ P,
k
1 -1 A
e P V =1
v >
ey
where
AV@%@AX
ul
V= S ZBVh
n—|

The K of Equation (17) is the reactivity computed for this iteration.
Using the values of Pp computed in this way, it is possible to recalcu-

late the ¢ln and continue in this iterative fashion until the results
show satisfachbory convergence.

(17)

(18}



. In order to accelerate the rate of convergence, one uses P instead
« of P, in Equation (k).

tFn=0 |tFgt O ¥y - %tw')Pn]

E-‘n_l.anw (t-l)P\\ Av’
n-—l

The gpresubscript, t, is the iteration number

(19)

The Nuclear Constants

w The integration of Equation (1) leads to the following definitions
- for the functions appearing in Equations (3), (4), and (5).

. pi= D(E) ¢ (E) daE L:f{/z (E) dEiJ
| (20)
h {Zt (£) ¢ (=) - 2-1 Xin, (B) />3 (E Wi, (ENB(E) 45
XlﬂA

R in&%A,Ei)
.- z ZSA (E') ; (E.)dEj N B (21)
’ 8/ (1) g(E) aE |
) E
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i L E%: “Eiféﬁﬁli g(z') ag 5~ J+’
1 . E ('w A}El [ - El*f") ¢(E) 4R
} Esp
i
1 i= (E) aE [ﬁ - Byg j}
— r— 3, —
= [_ / g;f (B)Y:A(E) a& (E;- EJH) ;¢ (E) aE
. ¢1__—= /(E) d—E]/[ - El+‘§

B* is the perpendicular buckling, an
input congbant.

The calculation of these quantities must use different equations
since@(E) is not known, though ¢i is, and since these equations imply
g compubation at each mesh point--an excessive amount of work. As a
; compromise, we vse the function KEW(E) in p.ace of @ (E) in Equatlons
(20) through (2k). Equation (25) need not be performed at all. qJ(E)
. is obtained frow a set of ¢1 by integrating the ¢ln over regiong of
uniform composition and interpolating. Thus, if

o

e
Y
o

(23)

(2k)

(25)

(26)
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where k indizates ~be K™ reginm,

/ ;
ki) =St ol B + %0 g E;, = E<E; 127)
The coefficients are defrzred by
k-1
i"‘ A k :i e g hry)
kgt oy t +1€C% =t
B
k:;l
gt — kol —= 1%l myy
Ey.y (28)
k¢iﬂ w:_1(§C:nf7,+_ kG%gi_kCi B
! 3 i3
By, -
) Eigy =Zin B
2

The cross gections used in the auxiliary averaging program are to be
found in a library of cross secbiovs on magnetic tape. In this library
the values of the cross sectlors of each isotope are given at a relatively
large number of energles, Ef,. The th in general are different for each
raohope, being chosen as the most convenient ones to represent the be-
havior of that isotope's cross sections. The assumption involved is that
the crose sechtions can be approximasved by step-funetions as shown in
Figure 1, Page 11, if a sufficient number of points are used.

10
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Figure 1. “rozs Sechion: approximsted by
sher-furcbions.

The informahrion shored ir the librery for easch isotope 13 the iso-
tope 1dennification, A, ivs avomic weight dg, andet,. For each energy
o s 2
value for each i-otope theve 1z also 0y, Oy, Ty ¥ 5 0 yf,jﬁino At an
inrermediates stage 1 the cros: gection averaging program, before con-
verning microscoplt to macrosropic guantibies., and before sveraging over

enecrgy, where 12 an optiop of adding the combinstion of isotopes to the
libvasr 27 a pew 180%0pe,

Th= input o the cross section averaging program i, in addition o
the Libvary, the following Jats:

M Tre mzp>riss. rientiication.
Set of A and Ny The sentopes arl relative nunker of

. anoms of each rresent in the mixbure.
g Tha J23313v 0F She minbure.

Car oz E, Thas .pper znergv limibs of the groups
5o be used .p the main cole.

Figure 2, Fage

.2, *ipLaline the mabuol of combining the crose ses
*.0rs of the 1 ohrpes

+
preFent.  Here we I=fine Of, as the crose section

&4




for the A% 1s0hope et thes a =nergy value Byp &bt which cross sections
for +hat 1sonore are specified.

Ey—— Bp—————Ey~~ =~ N G + N, 0, +F: T
e e e = e e ) O+ N Oha - N O
By ~-mm e s e e N Oy N 0%, N O
m - e —— - - - —— - - By G4 N0 + W50l
e Ey; -~ —-N G+ Ny 0 + Ny Os
e e = e = = — = N, Oy N 05, 4+ N
Ey— = = = = =~ — = —— — — ~ =N, O3+ N, 0, +N; 07,
E == Foom = == = = = =N G+ N O 4 N3 O
By — — — — e e N, O, + N2 O -+ Ny 2z
fy— - - — = = = - - = = N, O+ NG5, + Ny O
s m By — - - —N, 0;;'3” NG, N3 Oz,
———— = — = Ty~ — N, O N, 0L+ Ny O
B — ~ By — By~ — —N, G+ N, 0, + N 0%
levels Levels Levels
for for for Combined crogs sections
Isotope Isotope  Tsotops
1 2 3

Figure 2. Mathod of combining the cross sections of the
isotopes present.

In this way the cross section= are combined to get a set for a new
"isobope” of aktomic weight N, A, +Nafa °°°. At this point, the new iso-
top with name equal %o M can be added vo the library. The cross sec-
tione are then averaged over enevrgy aceordmg .0 the Equations (20)
through {Z&). In these equations DI(E)= 35y ?z‘i

P
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2
| To convert the resulve to macroscopic cross sections D is divided by
Cy, and T+, T+J, api P« are multiplied by Cy where

0.6023 @

E;ACQA Ny

QN =

* The ¢1n used in the ouclear constant evaluation may be input to a
problem or may be the result of a previous iteration or stage of the
calculation. This cross section sveraging routine may be transferred
te at some stage of the caleulation when some of the auxiliary programs
have caused a change in concentration of some components. It is also
pogsible to transfer control to this part of the program after a number
of iterations when the computer feels that the flux weighting is suf-
ficiently importent and the spectrum of neutrons has changed appreciable
from the initial guess.

If & problem is begun without a set of ¢in to use for flux weighting
i the cross sections, the program automaticelly replaces the kV/(E) by

| 1
- Ei-Biny

| - Self Shielding

Usually this calculation will be used on a homogenized spproximation
to the actual reactor. For this reason, it is incorrect to mix the iso-
| i topes in a mixbure according to thelr relative concentrations as deseribed
in the Nuclear Constants Section of this report. This difficulbty can be
solved by multiplying the concentrations by self-shielding factors which
should be functions of energy and are the ratios of the flux densities in
the regions of a lattice cell. Therefore, provision is made in the aux-
iliary cross section averaging program for use of these self-shielding
factors. This is done by distinguishing, in the list of isotopes present
in a mixture, bevween isovopes associated with each of three submixtures.
For esch of these submixtures a self-shielding factor is given for each
| - energy range in the main program so that the input includes a set of fy,,

fy,, and fise The Nj in Figure 2, Page 12, are then miltiplied by the

» appropriate fi,, f3,, or fj.in adding-up cross sectionz for a mixbure.

| In order to minimize the work involved in input preparation, the pro-
) gram substitutes a value of unity for any self-shielding factor that has
not been specified.

{
13




Zepor pddition

MM cortains an suxilizry program which can add xzenon to the mixturs
ipatialiy presept in a region cortaining fissionable material. This can
only b2 done at a sbage in the calculation when the P, are available and
the amount adled 1s that corresponding to equilibrium or to a given time
afther compliete ghuhdown,

Thz 1rpus required ig

AN - - whe time sipnce sbutdowm in hours
‘D=0 gaves equilibrium xenon concentration)

L - the power deusiny »f the reactor in kw/cce

The caloulavicn makes use of the following constants

6@ - fissiors per kw sec

xe - xenon atoms proluced per fission

Y7 -  iodine shoms produced per fission

AXe - probability per hour of decay of a xenon atom
AT - probability per hour of decay of an iodine atom

Ky, (o)=KN0pa B0 g0y (TNt Le e O
“2"’/’5(@

VS

(30}

1l
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. . "k
KP = 1/2.5 T P AV,
n=W,_,
Bmax

Ihe 1y, obtained from Eguavion (30) 1s treated in exsctly the same
marner a. the other Ny in the cross section averaging roucine.* The

uge of CQXQ in Bquation (31) implies that the cross section library con-
vains ar extra file for xenon.

Purnup

DMM contains an option to permit the calculation of the behavior of
a reachtor as a function of time as reactor materials are depleted and
rroduced due to nzubron absorption.

The inpubt required is

Vj? = the pumber of iterations to be done behween esach
tine step

—
L}@gu] - the adldress of the concentratiop which is vo be
] varied to keep ' equal tc K

Ku =  the value of the reachtivity which iz to be main-

tained

c{ - & guess a8 to the change in NA necessary in esach
time step

~

< = the tolerance for the 4 viation of K from X,

T =  she length of the time step to be used

L - the power lev | defined in the previous sechbion

Nove: #If O%=0, kNX@m“kng » the equilibrium xenon concentration. Also
Ky xe=0 if BP=0 s0 gha% .uis peed be computed only for fissioning regions.

s
A




The calculation i3 based on the approximation that the neutrom flux
and the concenmtrations remain constant during each time step.

The cross sectlon library contains with each isobtope, a set of three
or fewer isotope transformation cross sections, OAﬁAle

“hese are microscopic cross sections for the transformstion of isotope
A into isotope A'.

R . i
Macroscopic transformation cross sections, kz;ArﬁA" are calculated
from the microscopic cross sections by the equation

m "Ei '_

[ /"Ei —

K _d ky Kk Ky, i 4 |
:A—,\A?: Ny Oy Tyt ¥ (E) aE g/k‘i’ (E) aE (32)

i P

i+

The changes in the Ny are cbtained by adding theé Ny to the old Ny

L | k_i "\ kgl
>__| 2—4 LY - 1 g
o i:a ! A A A—A

-,

Having compubed the new compositions of the regions, it is necessary
to adjust the concentration of isotope A in order to keep K equal %o K.
4 15 added to b@g_and the program transfers to the crossg section avero r-
ing roubine to compute new nuclear constants and thence to the main nve -
gram. After /| iterations the new value of K is compared with K.. If
K=Kg» 0.1§ is added to KNp. If K=Ky, 0.1 1is subtracted from k@gé in
either case, the pr@ceduregﬁeginnlmg with the transfer to the cross ~ec-
tion program is repested. If we define Ki and Kj., as the reactivities
obtained in two successive trials.

K, - K
Ny _ N +<1\r - ¥ \>_.-..___._.. ,
‘Eiﬂ 5 L%} El@L Ki - K, {3}

where Ny, 18 the value of N, used in the LWB £rial. The procedure is
r@peatedlusing Equation (3%4) to find the amount of control material until

16




Ko - Kifé'g_e At this point all the Ny are printed out and the program
e transfers to the calculation: of Equation (33) for the next time step.

The Adjoirt Equation

At the compuber's opbion, DMM may be used to calculate the adjoint
fluxes. The equation adjoint to Equation (1) is

TD (x, E) V@* (x, E) - >, (x E) g% (x, E)

E
+z z_inﬁ 2,E) 7&1% (x,E'Y g% (x,B') ag'
A Xiny ()
Bpvin
if’AE
> g,(E)
+ E A g* (x,E') aE!
A (1-)E
; ox{ By )
l ~Epax
1
-5 2 (WE) Y, (xsmi‘//?(f (x,B') g* (x,E') aB'
|
“ Eyin
|
! The correspmnd@ng multigroup equations are almost ldentical in form
. to BEquahions (3), (%), apd (5)
o - Opxb (x) Vgl ()4 7¥ xy gFL (x) = ¥ (x) i=1,2,3°°I
" I -
B B ()= S T () #M ) R P ()
‘ J=i+i

|
|

(35)

(36!

i7




I
3 7 _ 1 *j *J »
PY {x)= = Z‘; FJdogd (x) (368)

The only difference between these equations and Eguations (3), (L),
and (5) is that the sum in Equation ( .7) is over j»i vhile in Equation
(L) it is over jei. The definitions of the nuclear constants s however,
are quite differeprt. The adjoint equations amalogous to Equations (20)
through (25) are

T ' ~Ey ~E4
pi= o(E) ¢* (E) aE g* (E) aE (39)
— By Ein
_ =
T = {Z (E) ¢ (8) - 2 % «:m)f’}““ . (BN (8') a&'
+ in linA( ) XlnA
_—

. i (ko)
,%%é% //sﬁ (') ar' - az g (&) a2

¥ox(E,,  ~E) Bty

e )
o / {Zf:‘ Elﬁ)@:;%m a8 87 (51 o8 )

LBy Byp
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9

— '—- . K‘Ej
*‘ }é(;/ e i o o
x(E L. 1751 H *J

JH’F\‘E) J'+,
- s
N*¥= e (®) Ve (B) aE [%i - Eié]
Eiv —1
-
i J { Ej
F= X ¢(E) #%(E) aE @3 - By g (E) aE
Bid —’ Byn
i -
gri = g* (E) aE LEi . E1+]
Ei+| -

The lntegratlons in Equations (39) to (%3) are carrled out using the
functions XY *(E) defined in a menner identical to the XY (E) of Equations
(26), (27), and (28) except that adjoint fluxes are substituted for the

Plpn.

Determination of Critical Conditions

By a procedure very similar to that described in the section of this
report on burnout, DMM may be made to determine the conditions under which
a reactor is critical. As impub, we specify the address of single number,
#, which is to be varied, the number of iterations, 7 , between varia-
tions, a first guess, J, for the amount by which it is to be varied, Kos
the reactivity desired, and ¢, the tolerance for the deviation of the
fipal reactivity from Ko. The number to be varied might be, for example,
the mesh spacing in apy region, the concenbtration ¢f one component in any
region, the density of any region, the power level (since this effects

(k1)

(k2)

(43)

(k)
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the eguilibriam x=non concentration), or any other continuous variable
of which the reactivity 13 & fSunction. The equation governing the trial
changes 1n £ iz the same as Bquation (3

e Y
- (= Ko - Ky :
Loy gt Rty = (45)
SRS Rl S

Trials are made iteratively unbil gkg - kil<< Eo

Neutron Balance

DMM computes the various components of neutron transfer from and to
each group and region and can, at the computer's option, print these out.
These componentz are

1) The degradation from each group, i, in region k:

ki ok I, il gl A (16)
of 2%“4 P n vy, 6

g
WE
L

[

H

}..l

I

2) The degradation into each group, i, in region k:

. N 1- .
kgl sy thf kpij g O, (&7)

3) The production due to fission in each group, i, in

region ks
. N .
i.sh b oy (1)
=N




L) The loss due to neutron capture from each group, i, in

- region k:
‘ Ny
fol = Z Spb gl A, - WD - KL (49)
- HTNKM'

5) The lose due to leakage from each group, i, at the inner
boundary of region k:

ki _ kpi P e+ " oy
L= ” (50)
p.4
6) The loss due to leakage from each group, i, at the outer
boundary of region k:
i _ 4l
- kPl kpi P P :
s . (51)
X
|
‘ 7) The loss due to perpendicular buckling from each group,
i, in region k:
|
| Nk
i 2 P’ o .
. D S 2 A (52)
‘s P n—ﬂNkm,
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8) The flux in each group in region k:

Bgte ST gt ov) (53)

The program alsc sums these functions over 1 to glve the total transfer
in each region.

Various obvious equalities apply to these functions and sums, provid-
ing a check on the operation of the code.

Iteration on the Perpendicular Buckling

In finding the reactivity of a cylindrical or slab reactor by means
of a one-space dimensional program, one is faced with the problem of
accounting for leskage in the direction perpendicular to that being
studied. This is usually done by specifying & perpendicular buckling,
B2, and adding B?D to the total cross section. If the reactor is unre-
flected in the perpendicular direction the evaluation of B* is simple;
otherwise it is necessary to determine a value of the reflector savings.
If the leakage from the core in the perpendicular direction?fcp is known,
the perpendicular buckling is

B~ ﬁp

Dy

The method by which this can be accomplished in IMM is as follows:
The input for two reciprocal versions of the reactor (normally a cylin-
drical and a slab version) are read in at one time, an initial guess
being given for the perpendicular buckling in one of these. A calcula-
tion is then performed on the first version and the keee, Ef%, and %fi
are recorded. If the regions from kg to kg, have been specified as the
core region, the program determines ¢©pi? from the equation

Koty Bl MKl (54)

Keay x4 kDi

> . f

k.’“k@ y
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Qzﬂ? is assumed to be zero and the boundary conditions require that(%fﬁ
be zerc (when the reactor is symetric) so that if, as is normal, the core
includes the central region, these two terms will not effect Equation
(54). The values of ©Bl obtained in this manner are then used in the
reciprocal problem as the perpendicular buckling.

After performing the reciprocal calculation a set of ¢Bl are com-
puted from its results in the same manner and used in the initial prob-
lem. This process is continued iteratively with 7Qflgx iterations per-
formed on each problem between calculations of the ¢B*. When the two
reactivities agree within a tolerance, §, the process is terminated.

Note: This program uses a different value of the perpendicular buckling
in each energy group and accomodations must be made for this in the cal-
culation of the T,
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