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5L. 
SOME THEORETICAL FACTORS IN THE 

ZONE MELTING PROCESS 

by 

Richard J. Dunworth 

INTRODUCTION 

Zone melt ing i s a p r o c e s s recent ly developed by Pfann^'*' for the 
purif icat ion of m e t a l s . The inethod removes solute elements to such a de ­
g ree that a meta l may be obtained of pur i ty higher than hi therto poss ib le . 
T race e lements may be concentrated to an amount sufficient for analytical 
detect ion. The p r o c e s s may also be used to homogenize al loys. Certain 
p h a s e - d i a g r a m information, such as eutectic composition and per i tec t ic 
format ion at low solute concentra t ions , can be de termined. Zone melting 
is an impor tant r e s e a r c h tool and, in the t r ans i s to r industry, of indispen­
sable commerc i a l value. 

Purif icat ion of an alloy by zone melting depends on the difference 
in solute concentrat ion between the liquid phase and the solid phase . A long 
rod of the alloy is laid horizontal ly in a boat. A small length of the rod is 
mel ted and this molten zone is made to move along the rod as shown in 
F ig , 1. If purif ication is des i red , the zone is moved repeatedly in the same 
direct ion; the g rea t e r the number of p a s s e s , the g rea te r the purification. 
Increased purif ication i s obtained as the rat io L / z i n c r e a s e s , where L is 
the length of the rod and z the length of the molten zone. Solutes that lower 
the melt ing point of the sys tem (k < l) concentrate in the last zone, while 
solutes that r a i s e the melt ing point (k > l) concentrate in the f i r s t zone. 
The dis tr ibut ion coefficient, k, shown in F igure 2, is defined by 

k=-§^ . (1) 
'^L 

where Cg is the solute concentrat ion in the solid and C L is the solute con­
centrat ion in the liquid. As k approaches 1, the purification obtained in a 
given sys t em beconaes l e s s . 

Other fac tors that influence the purification a r e : the diffusion ra tes 
of the solute in the solid and liquid phases ; the degree of the rmal or m a g ­
netic s t i r r ing in the liquid zone; the i r r egu la r i t y of the solidifying interface; 
a concentrat ion gradient in the liquid near the in ter face . These factors 
re la te to solidification phenomena and will be d iscussed in the second s e c ­
tion. The f i r s t section will t r ea t of the mechanics of the theoret ica l s e p a r a ­
tion obtained by varying k, L / z , and the number of p a s s e s . 
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SECTION I. THEORY OF ZONE MELTING 

The mathemat ica l t r ea tmen t of zone melting was f i rs t descr ibed by 
Pfann.v4) Subsequent p a p e r s by the s ame author ^̂ > " ' ' > °> °/ descr ibed ex­
per iments and addit ions to the theory for t r ans i s to r manufacture . Additional 
solutions of the zone nnelting equations a r e presen ted by Lord , ^^^' Reiss,^^ '' 
and B u r r i s . w U The la t ter paper p r e sen t s excellent graphs for a cer ta in 
number of pa s se s and re la t ively smal l L / Z r a t i o s , such as may be encountered 
in labora tory p rac t i ce . 

The type of segregat ion obtained by normal freezing has been d i s ­
cussed by Scheuer,^-^' Hayes and Chipman,(2) McFee ,w; and PfannA'i) This 
segregat ion is descr ibed by the equation [derived in the Appendix (page 29)]. 

C3 = k C o ( l - g ) ^ - l , (2) 

where CQ is the initial concentrat ion in the rod, g is the fraction solidified, 
and Cg and k have the same meaning as before. A schematic drawing of a 
me ta l rod solidifying by normal freezing is shown in F igure 3. Initially, 
the rod was mel ted completely and freezing has p r o g r e s s e d to a ce r ta in 
fraction, g, as shown in the drawing. The p rocess continues until all the 
me ta l has frozen p rogres s ive ly from the one end. Curves showing solute 
distr ibution as a r e su l t of n o r m a l freezing a r e shown in Fig. 4. Improved 
purification, as k becomes much g r e a t e r than 1 or much l e s s than 1, is 
quite evident. Equation 2 depends on the following assumpt ions : (l) Dif­
fusion in solid negl igible; (2) Diffusion in liquid complete ; (3) k is constant, 
i .e . , does not vary over the composit ion range of in te res t ; (4) Equil ibrium 
distr ibution of solute between the solid just freezing and the liquid is 
obtained. Purif icat ion by normal freezing can be accomplished by cropping 
20% or 30% of the solute r ich end and repeat ing the purification of the pure r 
end. This method is a batch operat ion and wasteful of the solvent me ta l . 
The g rea t advantage of zone melt ing is that it is continuous and conserves 
the maximum amount of the solvent me ta l . 

Zone Refining P r o c e s s 

The zone melt ing p r o c e s s differs from the normal freezing p rocess 
in that only a sma l l length or zone of the bar is molten at any one t ime . 
Grea t e r purification is obtained by no rma l freezing than by a single pass 
of the molten zone through a bar . This may be shown by comparing the 
curves in F ig . 4 for nornaal freezing with the curves in F ig . 5 for a single 
pa s s of the zone. The difference is due to the fact that the smal l zone 
becomes enr iched m o r e rapidly in solute than the longer molten bar . After 
five p a s s e s (Fig. 6), however, the zone melting p rocess has resu l ted in con­
s iderably m o r e purif ication than that obtained by one normal freezing cycle. 
After 10 p a s s e s , or at the u l t imate purification (Fig. 9), there is no longer 
any value in comparing the two p r o c e s s e s . It may be noted that the theore t ica l 
curves a r e a l l der ived on the bas i s of the assxinnptions l i s ted for Equation 2. 



In addition to these assumpt ions the following a r e also requ i red for zone 
mel t ing: (l) a constant zone length and (2) a constant c r o s s - s e c t i o n a l 
a r ea . 

An equation may be der ived for the f i r s t pass of a zone mel ted bar 
(Appendix, p . 3l) : 

Cs(l) = CO +7 e "^x (3) 

where a = k / z , 7 = D^JN a - C O> ^(\') = z Co. x = distance zone has t ravel led 
from the front of the rod, and the s u b s c r i p t ( l ) r e fe r s to the f i r s t p a s s . 
Equation 3 d e s c r i b e s the concentra t ion, Cg, at any point, x, in the frozen 
solid (shown in F ig . l ) . This equation r e p r e s e n t s an integration of the 
zone melt ing p r o c e s s up to the point, x. A smal l inc rement of solid charge , 
dz, of composit ion C is mel ted and added to the liquid zone, z, of uniform 
composit ion, Cj^. At the same t ime a smal l amount of solid, dx, of c o m ­
posit ion, kCj^, f r eezes and is added to the frozen solid. These solid i n c r e ­
ment s (dx) i nc rease in concentrat ion until the concentrat ion C-^ equals Co/k 
(k C L = Co). Then the concentra t ion frozen in dx equals the concentrat ion 
mel ted in dz and no further change in C ^ is obtained. A uniform concen t ra ­
tion is maintained along the rennainder of the bar until the las t zone is 
reached. This is i l lus t ra ted by the cu rves in F ig . 5 for k = 0.5, 0.6, 0.7 , 
and 0.8. In the l a s t zone al l the solid charge has been mel ted and the solute 
distr ibution is given by Equation 2 for no rma l freezing. 

Equations have been developed for the 2nd, 3rd, and succeeding 
p a s s e s . The der ivat ion is s imi l a r to equation 3 and is given in the Appendix, 
pp. 31 , 32: 

Cs(2) = Co + ( a 7 x e - k + 6 ) e ' ^ ^ ^ (4) 

where 6 = D(2) oc - C Q . D ( 2 ) = ^ / ^ ^ s ( l ) ^ 

and Cg(3) = CO + ( a ^ e ' ^ k ^ ( Z L I ^ + a e'^^ 6 x + e ) e - a ^ (5) 

where £= 0^3) a - Co - "r-Te'^k^ i^^^j = 2; / Cs(2) ^• 

The equations for the succeeding p a s s e s become quite complicated and labo­
r ious to solve. Since the t e r m s 7 , ^ , £ , . - . a r e negat ive, the number of 
significant f igures r equ i r ed is quite l a rge for values of Cg below 10"^ 
These objections a l so apply to the equations developed by Lord.''^-^' 
F u r t h e r m o r e , nei ther set of equations is applicable in the las t zone and 
apply only to that sect ion of the bar not affected by the no rma l freezing 
in the las t zone. This sect ion, L ' , of the bar is given by the relat ion 

L ' = L - nz (6) 



sS 
5 

where n is the number of p a s s e s . After 10 p a s s e s , then, the las t 10 zones 
a r e not computed by the equat ions. A method of pass by pass computation 
may be used as a good approximation. The solute concentrat ion frozen out 
a t any point, x, is given by kC^,. In F igu re 1, dx and dz a r e usually chosen 
equal to one half the zone length or one zone length. The amount of solute 
added to the liquid zone by melt ing dz is found frona the Cg curve of the 
preceding p a s s . The amount of solute frozen out is es t imated and then 
checked by a m a t e r i a l balance at the point calculated. This raethod of 
calculat ion was used to obtain the data for F igures 6 and 8 which show the 
distr ibution after 5 p a s s e s for k < 1 and k > l , respect ively . In al l the graphs 
z was equal to 0,1 L, which was the value used in the exper imental runs . 

After a l a rge number of p a s s e s , a distribution is reached that a d ­
ditional p a s s e s will not change. This curve is called the ult imate d i s t r i ­
bution and, if k < 1, is given by the equation 

C„ = Ae •̂  where A = Co -^^ (T) 
e ^ ^ - 1 

Bz _ Bz e = ;̂— + 1 k 

If k > 1, the dis tr ibut ion is given by 

Cg = Ae-Bx where A = Co BL (s) 

Bz 
k = -

1-e-B^ 

Equations 7 and 8 a r e derived in the Appendix, p . 33. It may be noted that 
semi - logar i thmic plots of equations 7 and 8 resu l t in s t ra ight l ines . These 
equations a r e plotted in F i g s . 9 and 10 for var ious values of k. Although 
the l ines a r e plotted through the l a s t zone (from x = 9 to x = lO), the values 
a r e not accura te . More exact values for the las t zone may be obtained by 
using Equation 2 and calculating the dis tr ibut ion for normal freezing. The 
value of Co in Equation 2, used in this calculation, is the difference between 
the amount originally p resen t in bar (lO gm/cc) and the amount frozen out 
in the solid up to the point x = 9. This amount is given by an integration of 
Equation 7 from x = 0 to x = 9 or by noting that , at the point x = 9, the 
amount of solute in the zone m u s t equal Cs(3j - 9)/k. The difference is 
g r ea t e r between the values given by Equation 7 and Equation 2 as k a p ­
proaches ze ro or infinity. In F ig . 11 the values obtained from these 
equations a r e plotted for k = 0.5 and, in F ig . 12, for k = 0 .1 . The prac t ica l 
significance of the shape of the curve in the las t zone is slight, however, 
when it is cons idered that both cu rves r e p r e s e n t the same amount of solute 
and the las t zone undoubtedly will be d iscarded. 



i 
The m o r e r igorous solution to the zone melting equation descr ibed 

by Burris^-^^' takes the shape of the l a s t zone into account in calculating 
the ul t imate dis t r ibut ion curve . In Tables 1, 2, and 3, values l is ted by 
B u r r i s a r e compared with values obtained from the solution of Equations 7 
and 8. In Figs. 11 and 12 a compar i son is made between values obtained 
from Equation 2 and values from B u r r i s ' paper . The agreement in the 
values calculated by different methods is quite good, especial ly in a 
p rac t i ca l range of the dis tr ibut ion coefficient (5 > k > O.l). Again, when 
discussing solute concentra t ions , it s e e m s of little prac t ica l i ty to dispute 
about values (l isted in Table 3 for k = 10 and x = 9) differing by a factor 
of 10^ when the absolute value is 10"^ . It is an ext remely smal l amount 
of solute in e i ther c a s e . The factor of 2 difference (in Table 1 for k = 0.1 
and X = O) has as l i t t le significance. In Table 2, where the L / Z rat io is 
only 5, the effect of the las t zone is m o r e important and a g r ea t e r difference 
is shown in the values l is ted. In mos t exper imenta l or commerc i a l a p ­
plicat ions of zone mel t ing, in which the distribution coefficient, k, will lie 
between 0,1 and 5, and the L / z ra t io will be g rea t e r than 10, the rapid 
calculation by Equations 7 and 8 will m o r e than compensate for the slight 
inaccurac ies inherent in their use . 

The exis tence of an ul t imate distr ibution curve , f i r s t postulated by 
Pfann,^'*' and la ter shown by Burris^-^' ' , in pass by pass calculat ions, may 
be deduced with the aid of Fig. 13. In this d iagram, k = 0 .1 , L = 10, z = 1 
and Co = 1. At the point x = 1.8, we have a concentrat ion of solute in the 
solid of Cs(x) = 6.6 (lO~^^) and a liquid zone, z j , of solute concentrat ion 
C L ( X ) = 6.6 (lO~^0 a s , by definition, Cg = kCj_,. After the zone, Zj, has 
moved a shor t distance Ax we may enter the zone melting equation with 
values taken from the graph and solve for Cj^(2) • 

o r 

C L ( 2 ) = C L ( I ) + ^ 2 Cg(3) - Ax Cs(4) (9) 

C L ( 2 ) = C L ( I ) + Ax[Cs(3) " Cs(4)] 

a s Ax = Az 

This equation mere ly s t a tes that the amount of solute in the zone after 
solidifying a volume A x and melt ing a volume A z equals the amount 
initially p resen t plus the amount dissolved in A z minus the amount frozen 
in Ax. Solving Equation 9 we obtain Ci_,(2) = 9.6 (lO"^0 and consequently 
Cg(2) = 9.6 (lO-^^). This is the value of Cs(2) obtained from Equation 7. A 
s imi l a r calculat ion at any point on the curve will produce the same r e s u l t s . 
There i s , the re fo re , no change in the curve and the ul t imate distribution 
has been reached. As shown by Bur r is ,^^ ' ' ' the ea r l i e r p a s s e s follow the 
ul t imate dis t r ibut ion curve from the l a s t zone to the front as shown by the 
dashed curve in F ig . 13. A calculation on this curve for Cg(x) and C (2) 
r e su l t s in C'g(j) and C'g(2) °^ lower value showing that the ult imate 



7 

) 

distr ibut ion has not been reached . F u r t h e r pa s se s will bring the values 
of C'g(x) and C' (2) into agreennent with Cg(x) and Cg(2) of the ul t imate 
distr ibution curve . Only one se t of points will satisfy Equation 7, since 
it was der ived on this b a s i s . 

The number of p a s s e s to obtain the ul t imate distr ibution depends 
on the purif ication ra t io , L / Z , and the distr ibution coefficient. The nunnber 
of p a s s e s r equ i red i n c r e a s e s as the ra t io L / Z inc reases and a s k approaches 
1. By using the value of Cg a t x = 0 on the ultinnate purification curve , the 
n e c e s s a r y p a s s e s may be es t i raa ted. If, in each p a s s , each value of Cg 
(at X = 0) were equal to k Cg of the preceding p a s s , the total purification 
would be equal to k^ (where n is the number of p a s s e s ) . Because of the 
length of the zone, only a ce r t a in percen tage of this theore t ica l l imit is 
attained. In Table 4, pe rcen tages a r e l is ted for s eve ra l k ' s . It is evident 
that , as k approaches one, the efficiency drops off quite rapidly . For 
example , in F ig . 9, Cg is 10"*^ at x = 0 for the curve k = 0.1 If k^ = lO"*"*, 
fourteen p a s s e s would be requ i red . An efficiency factor of 75% (taken from 
Table 4) i nc r ea se s the number of p a s s e s r equ i r ed to 18.6 (= 14/0,75). 
Similar ly for k = 0.5, Cg is 10~^; k^ = 10*^; and n = 16.6; and cor rec t ing n 
for pe rcen t efficiency, we have 16.6/0.50 = 33.2 p a s s e s requ i red . As k 
approaches one, the ul t i tnate purif icat ion is l e ss for a g r e a t e r nvimber of 
p a s s e s . 

The preceding t r e a t m e n t d e s c r i b e s the theory of zone melting using 
the optimum conditions obtainable. The many assumpt ions , on which the 
equations a r e based , a r e not ent i re ly justified. Negligible diffusion of 
solute in the solid s ta te and constant k a r e two assumpt ions that, in many 
c a s e s , a r e not going to be sou rces of g r e a t e r r o r . Considerable difficulty 
is encountered, however , in maintaining a constant zone length and equal 
c r o s s sect ional a r e a throughout the rod at leas t in l abora tory mel t ing. 
It may be expected that , in ce r t a in c o m m e r c i a l appl icat ions , these con­
ditions may be m e t and this source of e r r o r removed. The assumpt ions of 
complete diffusion in the liquid and equilibrixim dis t r ibut ion of solute between 
liquid and solid phases a r e of cons ide rab le theore t ica l i n t e re s t and will be 
d i scussed in next sect ion. 
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SECTION II. SOLIDIFICATION STRUCTURE OF METALS 

The s t ruc tu re of me ta l cast ings has been the subject of many inves t i ­
gat ions . The el imination of m a c r o defects such as shrinkage, pipe, porosi ty 
and segregat ion has been a p r i m a r y concern . The s ize , orientat ion and shape 
of the cas t grain s t ruc tu re a r e d i scussed in some p a p e r s . Recently, a t ten­
tion has been d i rec ted to developing theor ies of solidification by examining 
atomic movement at the l iquid-sol id in ter face . Zapfee^ ' postulates the 
p r e sence of mice l l e s or a tomic blocks in the liquid. As freezing p r o g r e s s e s , 
these mice l l e s a r e a t tached to the interface much in the same manner as 
br icks a r e laid to build a wall . The subcrysta l l ine imperfect ions or mosa ic s 
and the cleavage facets observed on f rac tured surfaces a r e the evidence on 
which Zapfee bases this theory . The s ize of the naicelles is of the o rder of 
10" cm, which would make cubes of 300 a toms to a s ide . The m o r e popular 
theory a s s u m e s that a continuous and rapid interchange of a toms takes place 
between the solid and liquid phases as descr ibed by TurnbulU^^) and 
C h a l m e r s . \^^> 29, 30) The la t t e r theory provides the bas i s for the following 
discuss ion. 

Rate of F reez ing 

F reez ing p r o g r e s s e s and the interface advances as heat i s removed 
through the solid m e t a l . The probabil i ty that an atom will become at tached 
to the in terface i s defined a s the accommodation coefficient by Cha lmers . ^^^' 
The body-centered cubic s t ruc tu re s have higher accommodation coefficients 
than the c lose-packed s t ruc tu r e s - face-cen te red cubic and hexagonal c lose -
packed. Where the type of c rys t a l bonding i s par t ia l ly covalent (e.g., si l icon 
and germanium) , the accommodat ion coefficient i s quite low. The calculated 
r a t e of advance of the in ter face , for a slight amount of supercooling, is very 
fast . Evidence for the rap id growth r a t e s may be deduced from Turnbull ' s 
work(42) on supercooled alloy d rop le t s . The smal l Cu-Ni drops were super­
cooled about 300° C before solidification s ta r ted . Dendrit ic growth was ob­
se rved near the surface of the smal l drops where freezing was mos t rapid . 
It i s difficult to conceive of dendri t ic formation at very rapid growth r a t e s 
without postulating a g rea t e r velocity to the atom that is solidifying than to 
the freezing in te r face . The r a t e of advance of the solidifying interface i s 
dependent m o r e on the r a t e of extract ion of the latent heat of fusion than on 
the t ime r equ i r ed for atom movement from the liquid phase to the solid phase . 

If a f ace -cen te red cubic c rys t a l i s considered, the accommodation 
coefficient of the (111), (100), and (110) planes would be in the ra t io 1:1. 5:2 
(Chalmers(25)) . Then the following re la t ions a r e postulated: 

^ F ( H I ) < ^ F (100) < ^ F (110) ^^°^ 

"^F (111) ^ "^F (100) ^ "^F (110) (11) 



where R p is the r a t e of f reezing, T p is the equil ibrium t empera tu re for 
freezing, and the subscr ip t r e f e r s to the plane on which the freezing p r o c ­
e s s is occu r r ing . Depending on the init ial orientat ion, e i ther a ( H I ) or a 
(100) plane will predominate in the interface at the expense of the fas ter 
growing planes which grow out of ex is tence . [See also Turnbull , (^l) 
Desch. \^°l] If the accommodat ion coefficient i s approximately equal to 
the a r ea in the plane not occupied by a toms , the values for face-centered 
cubic planes would be : (111) - 0. 093; (100) - 0. 215; (110) - 0 .44 . For 
the same body-centered cubic p lanes , the values a r e : ( H I ) - 0 .28; 
(100) - 0 . 4 1 ; (110) - 0. 17. It would be expected that the axis of the colum­
nar gra ins found in cas t me ta l s would be in the [ i l l ] direct ion for face-
centered me ta l s or in the [HO] di rec t ion for body-centered m e t a l s . Ac ­
cording to B a r r e t t , (39) however , the columnar axis for both cubic sys tems 
i s in the [lOO] d i rec t ion . The same orientat ion is found in dendri t ic growth 
and a mechan i sm, s imi la r to that desc r ibed in the section on dendr i tes , 
may be postula ted. F o r the r a t e of f reezing, R p , and the ra te of mel t ing, 
Rjy ,̂ Chalmers(25) has developed the following equations: 

R j , = A j . G p V e " ° F / R T (j^^ 

where A is the accommodat ion coefficient, G is the probabil i ty of a tom 
vibrat ion being in the r ight d i rec t ion, v is the vibrat ion, Q is the activation 
energy, R i s the gas constant and T is the absolute t e m p e r a t u r e . Using 
these equations C h a l m e r s e s t ima te s that the R p and Rj^ for copper at the 
mel t ing point a r e about 3000 c m / s e c ; that i s to say, the a toms leave or 
become attached to the solid at this speed. Of course , at the melt ing point 
R p is equal to Rĵ /i- F o r one degree of supercooling, R p is g rea te r than 
R M I and R p - R j^ = 2 c m / s e c . By using other equations presen ted by 
Chalmers(25) it i s possible to show that the following re la t ion is approxi ­
mate ly valid: 

(Te - T ) L / R T T e 
| ^ = e . (14) 
^ M 

where Tg is the eqtdl ibr ium t e m p e r a t u r e for the melt ing and freezing p r o c ­
e s s and L is the latent heat of fusion. Equation 14 is derived in the Appen­
dix, p . 34, Turnbull(21) der ived an equation for the r a t e growth, G, of the 
solidifying interface and obtained the following equation: 

G ^ i L h l f i . e - ^ F / R T N , ^ 5 , 
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where X i s the in te ra tomic spacing, k i s the Bol tzman' s constant, h is 
P lanck ' s constant , and A F is the difference in free energy between a toms 
in the liquid and solid p h a s e s . The calculation of G for one degree of 
supercooling by Eq . 15 r e s u l t s in a value of 720 c m / s e c (Appendix, p . 34) . 
This r a t e differs by a factor of 360 from the value of 2 c m / s e c but the 
rapidi ty of growth for one degree of supercooling is evident. 

Supercooling 

Supercooling in the liquid may be of two forms - t he rma l super ­
cooling in which the t e m p e r a t u r e of the liquid is actually lower than the 
t e m p e r a t u r e at the in ter face ; and consti tut ional supercooling resul t ing 
f rom a high concentra t ion of solute at the in ter face . Constitutional super ­
cooling was mentioned by Chipman(2) and la te r developed mathemat ica l ly 
by Chalmers(l-^) and Wagner . (24) xhe effects of constitutional supercooling 
a r e cons idered by C h a l m e r s in many p a p e r s . (14. 15, 17, 28, 31) 

F igu re 14 shows schemat ica l ly Jfreezing conditions in which no 
supercooling e x i s t s . The t h e r m a l gradient near the interface is re la t ively 
flat according to C h a l m e r s , (25) who m e a s u r e d the gradient with a t h e r m o ­
couple in the b a r . The t e m p e r a t u r e of the liquid does r i s e , however, and 
is higher than the interface t e m p e r a t u r e at al l poin ts . It may be assumed 
that mos t of the superheat in the liquid and the latent heat of fusion a r e ex­
t r a c t e d through the solidified me ta l in a d i rec t ion to the left (in F i g . 14). 
The conditions for t h e r m a l supercooling a r e shown in F ig . 15. The d i r e c ­
tion of freezing is the same a s in F i g . 14. The t empera tu re in the liquid 
is lower than the interface t e m p e r a t u r e (Tj) at every point. In o rde r to 
accompl ish this type of supercooling an appreciable amount of heat must 
be ex t rac ted from the liquid by radia t ion or conduction. It is probable that 
a l a rge amount of the heat will continue to be removed through the solidified 
m e t a l . It i s not l ikely, in the zone melt ing p r o c e s s , that any t he rma l super ­
cooling can occur . Since the heat i s genera ted in the molten zone, it i s fair ly 
ce r t a in that the t e m p e r a t u r e of the liquid will be g rea t e r than the interface 
t e m p e r a t u r e . If the inolten zone becomes very large in compar ison to the . 
length affected by the hea t e r , and if the r a t e of solidification becomes very 
rapid , some t h e r m a l supercooling might occur in the liquid near the in t e r ­
face . The zone length should be the same length or smal le r than the hea te r 
length to e l iminate any possibi l i ty of t h e r m a l supercool ing. 

Consti tut ional supercooling is a re la t ive ly new concept in solidifica­
tion of alloy s y s t e m s . Although postulated some t ime ago by Chipman(2) it 
was not until r ecen t ly that much exper imenta l data was offered to support the 
theory . Consti tut ional supercooling is used to explain much of the phenomena 
observed in alloy solidification by ChaImer'S,(13. 14, 15, 16, 17, 25, 28, 29, 
30, 31) Hall , (40/ Burton, (41) and Ruddle. (43) Constitutional supercooling is 
caused by an i nc reased concentra t ion of solute a toms at the interface due to 
non-equi l ibr ium freezing condi t ions. This inc rease r e su l t s from the fact that 
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the diffusion r a t e of the solute a toms into the liquid zone is l e s s than the 
r a t e of freezing. Calculat ions by Chalmers^ l •̂ '' showed that as l i t t le as 
0.01% of solute is sufficient to cause a slight amount of consti tutional 
supercooling but that a slow freezing r a t e or a s teep t empera tu re gradient 
will e l iminate a smal l alloy effect. The presence of hexagonal project ions 
on the sol id-l iquid in te r face , observed by Pond and Kess le r ,v l ° / 
Chalmers \14i 15) and Prince,(35) lends support to the possibi l i ty of s u p e r ­
cooling at ve ry low alloy concent ra t ions . In alloys of apprec iable solute 
concentra t ion the p r e s e n c e of dendr i tes in the cas t s t ruc tu re can be ex ­
plained by a solute concentra t ion grad ien t at the interface. 

According to Jost,(23) diffusion coefficients in the liquid s ta te a r e 
10"^ c m V s e c within a factor of 10. The following sys t ems a r e l is ted: Mg 
in Al at 700°C; Au in Bi at 500°C; Au, Rh, and P t in Pb at 500°C; Ag, Au 
and Pb in Sn a t 500°C. The diffusion coefficient of Si in F e , however, is 
2.4 (10"5) c m V s e c at 1480°C and 10.8 (lO"^) c m V s e c at 1560°C. While not 
ve ry many s y s t e m s have been studied, the consistency is good if compared 
with the diffusion coefficients in the solid s ta te . Substitutional diffusion c o ­
efficients vary from 10~® to 10"*^ c m ^ s e c and in ters t i t ia l diffusion c o ­
efficients vary from 10"^ to 10~® c m V s e c . A freezing r a t e of 0.04 c m / h r 
( l / 6 4 " / h r ) would balance a diffusion r a t e of 10"^ c m / s e c . Most of the work 
descr ibed by C h a l m e r s has been done at freezing r a t e s of 6 c m / h r to 60 c m / 
h r , or about 100 to 1000 t imes the average diffusion r a t e . 

To obtain const i tut ional supercool ing, the concentrat ion gradient of 
solute , in the vicinity of the in ter face , will be as shown in F ig . 16. A molten 
zone is p ic tured with the different solute concentrat ions designated by C. 
At the left of the f igure, the concentra t ion curve of the solute in the solid, 
frozen after the pas sage of the mol ten zone through dis tance , x, is given by 
Cg. At the in terface between liquid and solid just f reezing, the concentrat ion 
of solute in the solid is Cg(j) = k C L ( T \ . CT ' is the concentrat ion in the liquid 
at any dis tance x ' f rom the in ter face . C L is the concentrat ion in the bulk of 
the liquid and CQ is the concentra t ion of the feed rod at the r ight in F ig . 16. 
The point Cg(i) is ve ry near ly equal to CQ . In a shor t d i s tance , Cg(i) will 
equal CQ, equi l ibr ium will be obtained between the freezing solid and the 
melt ing solid, and Cg(x) will be a constant value as in zone melting theory. 
The difference i s , of c o u r s e , that C ^ is much l e s s than Co/k and the total 
purification is l e s s . The effect is to make the exper imenta l distr ibution 
coefficient, k^ , c l o se r to one. The dashed l ine, a t the left is the curve 
which would be followed by the solute distr ibution in the solid if the t heo ­
re t i ca l dis tr ibut ion coefficient were followed. 

Equations have been developed by Chalnaersd 3/ and Wagner(24} to 
desc r ibe the concentra t ion grad ien t shown in F ig . 16. According to 
C h a l m e r s , 

cL = C L ( I ) e-Rx./D .̂ C L , (l6) 
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where R is the rate of freezing and D is the diffusion coefficient. In Fig. 16, 
the characteristic distance, L Q , is defined as the distance, x ' , at which 

C L ' = 7 C L ( I ) + C L (17) 

so that 

L c = D / R , (18) 

If D is approximately 10"*̂  cmy sec, then L^ varies from 0.0003 " 
to 0.003" as R varies from 10"/hr to l " / h r . The distance over which this 
concentration gradient operates is probably of the order of fluid film thick­
nesses . If this is the case, an increase in agitation would have little effect 
on the concentration peak. The experiments of Burton, ('^l) however, show 
that agitation results in an improvement in purification, presumably by 
lowering the solute concentration at the interface. The maximum value of 
the solute concentration at the interface is obtained when equilibrium has 
been established between the concentration of the solidifying metal and the 
concentration of the melting metal , i . e . , ^ail) equals Cg. This value of the 
interface concentration is given by the equation 

CL(I) + C L = Ca/k . (19) 

A greater amount of solute will thus result in more supercooling. As an 
example, choose k = 0. 1; if C© = 0.1% then C L ( I ) + C L = 1%J if C^ = 1% , 
C L ( I ) + C L = 10%. There is , however, little change in L Q with increased 
solute and the shape of the exponential curve is essentially the same in 
both cases . 

The method by which the concentration gradient produces super­
cooling may be seen in Fig. 17, In the top half of the diagram, the concen­
tration gradient in a liquid zone is shown as well as the gradient in part of 
the freezing solid on the left and the melting solid on the right. The bottom 
half of the diagram is a plot of the temperature gradient in the rod (heavy 
line) superimposed on the solidus and liquidus temperatures (dashed line). 
The amount of supercooling is represented by the cross-hatched area . It 
must be remembered that the diagram is out of proportion and that L^ is 
about 10*^ or 10"^ of the zone length, z. The effect of constitutional super­
cooling on the shape of interface and the segregation of solute depends on 
the depression of the temperature at the interface, AT, coupled with the 
fact of slight temperature gradient in the liquid. The difficulty in the equa­
tion is that the freezing rate produces a greater effect than predicted by the 
equation. The term, R, in the equation should probably be squared. 
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Hexagonal Cel lu lar S t ruc tu res 

The formation of project ions on the freezing interface has been ob­
served by Chalmers( l '*) and Pond( l° ) in cast ings solidified slowly from one 
end. The longitudinal s t r i a e or corrugat ions on the surface of the casting 
a r e other sect ions of the same s t r u c t u r e . It i s believed that constitutional 
supercooling causes these pro jec t ions . This s t ruc ture is formed in a c e r ­
tain range of freezing r a t e s , slight t he rma l gradient and a sufficient amount 
of solute impur i ty . 

The project ions extend 1 m m into the liquid when a tin alloy of ei ther 
0. 1% P b or 0. 1% Sb i s frozen at a r a t e of 0.7 c m / m i n [Chalmers^l^)] . The 
project ion is then 100 t i m e s the d is tance , L^;, descr ibed by Equation (18). 

The amount of solute p re sen t has a definite effect on the spacing of 
the surface s t r ia t ions and thus on the d iameter of the project ion. Goss(^"/ 
found that in Sn of 99. 997% pur i ty the spacing was about 0. 004 " at a r a t e of 
growth of 1. 2 " / h r . If 0.01% to 0 .1% of Ag, Cd, Zn, or Pb were added to 
the liquid tin, the spacing was much b roade r . An addition of 1% Sb or In, 
which a r e m o r e soluble in tin than these m e t a l s , produced very broad l ines . 

The size of the project ion is a lso affected by the r a t e of growth of 
the in te r face . Growth r a t e s in the range of 1 / h r to 30" /h r produced these 
hexagonal project ions with about 0. 1% solute impuri ty [Chalmers , (14) 
Pond, (1°) and G o s s ' ^ " ' ] . The m o r e rapid growth produced smal le r p ro jec ­
t ions . If slower speeds than 1 " / h r or fas ter speeds than 30" /h r were used, 
the project ions d i sappeared . P r i n c e , (35) however, observed s imi la r p r o ­
ject ions in weld deposi ts of 18-10 C r - N i s tee l . At an es t imated solidifi­
cation r a t e of 200" /h r , the alloy content was sufficient so that the project ions 
formed. These hexagonal project ions can be explained sat isfactor i ly by 
means of consti tutional supercooling since the formation of the projection 
depends, to a marked deg ree , on the amount of soJute p re sen t . 

Dendri tes 

When a l a rge amount of t h e r m a l or constitutional supercooling is 
p resen t in the liquid, dendr i tes will grow into the liquid. Most alloy cas t ­
ings exhibit dendri te formation, as shown by Rhines, (19) Bever , (26) and 
Turnbul l . (̂ 2̂) in ce r t a in al loys the p r i m a r y dendri te phase will be broken 
up by subsequent phase changes . Dendri tes a r e not found ordinar i ly in cast 
bi l lets of pure naetals but, under special conditions, Chalmers( lD) was able 
to obtain dendr i tes in high puri ty lead cas t ings . 

The influence of var ious solidification fac tors on dendrite spacing 
was invest igated by Rhines . (1°) About 100 al loys of A l , Cu, Mg, and Sb in 
a composit ion range of 1% to 90% were examined for dendri t ic formation. 
The al loys were chill cast into cas t i ron molds and al l the bi l lets contained 
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ce r t a in dendri t ic t ypes . The dendri t ic spacing inc reased with l a r g e r solute 
concentra t ions and slower growth r a t e s . The re was some tendency for the 
spacing to i n c r e a s e when the c rys t a l s t ruc tu re of the solvent me ta l was 
m o r e complex ( less densely packed) . The re was no re la t ion between den­
dr i t ic spacing and grain size or freezing r ange . Rhines explains the fo rma­
tion of dendr i tes a s growing from a single idiomorph at fast r a t e s of growth. 
A corner of the idiomorph grows preferent ia l ly and develops into another 
c ry s t a l of the same size and shape a s the or iginal c r y s t a l . The growth 
continues in the d i rec t ion of supercooling until a dendri te is formed. At 
slow r a t e s of growth, the idiomorph i n c r e a s e s in s ize uniformly with no 
pre fe ren t ia l growth at the c o r n e r . 

C h a l m e r s ( l ° ) produced a dendri t ic s t ruc tu re in high puri ty lead by 
melt ing the lead in a hor izonta l boat and rapidly withdrawing the boat f rom 
the furnace . Apparent ly the liquid was supercooled sufficiently by r a d i a ­
tion for the format ion of dend r i t e s . The model of dendri t ic growth proposed 
by C h a l m e r s i s a pyramiid which is constructed of faces of closely packed 
p lanes . The pyramid extends rapidly into the liquid and the a r ea of the base 
grows much m o r e slowly. A bar i s formed by this mechan i sm of square 
c r o s s section and a pyi 'amidal t i p . The 111 planes that form the faces of the 
pyramid a r e the only ones that survive in the ini t ia l rapid growth. Loosely 
packed p lanes , that grow rapidly, grow out of ex is tence . When the bar has 
grown to sufficient length, the format ion of secondary and t e r t i a r y branches 
will depend on suitable conditions of supercooling being p resen t in the vicin­
ity of growth. Depending on the c ry s t a l s t ruc tu re the re i s a ce r ta in d i r e c ­
tion of dendri t ic growth. As l i s ted by C h a l m e r s , (1°) for face-cen te red 
cubic and body-centered cubic l a t t i c e s , dendr i tes grow in the [lOO] direct ion; 
hexagonal c lose-packed dendr i tes grow in the [lOlO] direct ion; body-centered 
te t ragonal (tin) in the [HO] d i rec t ion . Each di rect ion forms the axis of a 
pyramid of c losely packed p lanes . 

The effect of dendri t ic growth on the purification obtained from zone 
melt ing could be quite s e r i o u s . A considerable amount of liquid of high 
solute concentrat ion might be entrapped between the dendr i t es . If short 
zone lengths a r e used, however , the amount of t h e r m a l supercooling, that 
will be produced, i s negl igible . According to C h a l m e r s , (16) even ve ry 
rap id , uniform r a t e s of moving the boat did not produce dendr i tes , and it 
was n e c e s s a r y to r emove the furnace completely before the s t ruc tu re was 
obtained. ' In induction heat ing, the max imum concentrat ion of flux (and 
consequently t empe ra tu r e ) i s obtained at the center of the coil, and the 
t e m p e r a t u r e gradient in the liquid will n e c e s s a r i l y be unfavorable to den­
dr i t ic growth. If long zones (grea te r than 1") a r e considered des i r ab le , 
a coil length should be chosen nea r ly equal to the length of the zone. Then 
the flux will be dis t r ibuted over the zone length and a t h e r m a l gradient will 
be obtained that i n c r e a s e s to the center of th@ zone. 
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It i s m o r e difficult, however , to reduce a high concentration of 
solute at the interface in o rde r to e l iminate consti tutional supercooling. 
H e r e , again, the use of a coil equal in length to the zone length will tend 
to i nc r ea se the s t i r r ing action at the freezing in ter face . The use of lower 
frequency induction equipment would a l so inc rease the mixing of solute . 
Mechanical or supersonic s t i r r i ng might be beneficial . If the amount of 
solute i s l e s s than 0 . 1 % , the consti tutional supercooling will not be suf­
ficient to form dendr i tes , but the hexagonal project ions will be produced 
ins tead . These projec t ions will tend to inc rease the a r ea of the solidi­
fying interface but not to e n t r a p any liquid. It may be suspected that, in 
the zone melt ing p r o c e s s , a high concentrat ion of solute at the freezing 
interface will reduce purif icat ion per se r a the r than through effects such as 
dendr i tes and hexagonal project ions on the freezing in ter face . 

Lineage s t ruc tu r e s or m o s a i c s a r e defects found in single c rys ta l s 
grown from the m e l t . These mark ings a r e formed by a r r a y s of dis loca­
tions in a direct ion pa ra l l e l to the d i rec t ion of heat flow. At higher r a t e s 
of solidification the l ineage boxindaries tend toward the cha rac t e r i s t i c 
d i rect ion of dendri t ic growth. According to Chalm.ers, (15) the lineage 
boundary'in t in tended to grow in the [ l lO] d i rec t ion. The actual direct ion 
of growth is a compromise between the direct ion of dendri te growth and 
the d i rec t ion of heat flow. .The effect of t h e l i n e a g e boundaries appear as 
s t r ia t ions on the surface and disappear at rapid growth speeds . The or ien­
tation may vary f rom 5 min to 2° between mosa ic b locks . A mechan ism 
for the format ion of m o s a i c s i s shown in F ig . 18 [due to Cha lmers (1^/] . 
The di rec t ion of growth of two c rys t a l faces i s shown by the a r r o w . This 
direct ion is de te rmined by the r a t e at which the planes AB and BC advance. 
In F ig . 18 (a), equal r a t e s a r e postulated for both faces . The dashed l ines 
indicate the posi t ion after a ce r t a in growth, g. Since the r a t e of heat t r a n s ­
fer through the face BC i s l e s s than that through the face AB (as measu red 
by the ra t io of the project ions of the faces , C D / A D ) , the position shown in 
F ig . 18 (b) i s m o r e l ikely. In this d i ag ram the face BC has grown one half 
the amount of the face A B . If t he re were a g rea t difference in accommoda­
tion coefficients between the two planes AB and BC, the resul tan t growth 
might be as shown in F i g s . 18 (c) or 18 (d). In a considerat ion of mosaic 
s t r u c t u r e s where the or ientat ion difference is slight, such a difference in 
the accommodat ion coefficients i s ha rd ly poss ib le . If the two faces were of 
different c r y s t a l s (as in polycrysta l l ine ma te r i a l ) , however, the direct ion 
may be as descr ibed in F i g s . 18 (c) or 18 (d). The line B B ' would now be a 
gra in boundary separat ing the c r y s t a l s . The format ion of columnar growth 
in cast ings p roceeds by this method. This type of defect does not have any 
apparent effect on the purification obtained by zone mel t ing . 
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Effective Distr ibut ion Coefficient 

The effect of var ious solidification factors on the distr ibution co­
efficient has been invest igated by Hall , (40) Burton(41) and McFee . w) If 
k i s l e s s than one, the dis t r ibut ion coefficient approaches 1 as the r a t e of 
freezing i n c r e a s e s and the purification obtained is l e s s than that theore t i ­
cally poss ib le . The effective dis tr ibut ion coefficient may be plotted v e r ­
sus the r a t e of freezing and a curve will be obtained s imi la r to that shown 
in F ig . 19. Two m e c h a n i s m s may be proposed to explain this d e c r e a s e . 
A concentrat ion gradient of solute may exist in the liquid with the highest 
concentrat ion at the in te r face . Solidification p roceeds with k equal to the 
theore t ica l d is t r ibut ion coefficient, but the solid f reezes from a liquid of 
high solute concentra t ion . The effective k becomes g rea t e r than the theo­
re t i ca l k, and the purification i s correspondingly lower . According to 
the other theory, solute a t o m s , in exces s of the theore t ica l amount, be ­
come adsorbed or t rapped on the in te r face . The interface is being bom­
barded by so many solvent a toms in the p r o c e s s of solidifying, that the re 
i s no opportunity for excess solute a toms to be r e l eased from the in ter face . 
It is probable that both m e c h a n i s m s occur ; the fo rmer p r o c e s s i s domi­
nant at slow speeds and the la t te r p r o c e s s i s dominant at fast speeds . 

The effective dis t r ibut ion coefficients of group III and group V e l e ­
ments in Ge and Si were m e a s u r e d by Hal l . (40) In Ge the values were : 
B - 10; A l , P , Ga, As - 0 . 1 ; In, Sb - 0 .002 . In Si the values were : 
B - 0 .9 ; Ga, As - 0 .08; P - 0 .05; Sb - 0 . 0 1 ; Al - 0 .002; In - 0 .0007. 
The coefficients of the group V e lements (P, As , Sb) had more dependence 
on the speed of solidification than the group III e l emen t s . Hall also found 
a var ia t ion in k with the plane of growth, i . e . , for the 111 plane, k = 0.010; 
for the 100 plane, k = 0 .009; for the 110 plane, k = 0 .008 . The p lanes , 
111:100:110, a r e in the same order a s in Equation 10, where the 110 plane 
had the mos t rap id freezing r a t e , the highest equi l ibr ium t empera tu re for 
freezing and the highest accommodat ion coefficient. The f i rs t two fac tors 
contribute l i t t le to the dis t r ibut ion coefficient obtained, since the freezing 
r a t e was held constant and the diffusion ra te probably was unchanged by 
the slight i n c r e a s e in freezing t e m p e r a t u r e . It i s more likely that the d i s ­
t r ibut ion coefficients of the l e s s densely packed p lanes , by vir tue of higher 
accommodat ion coefficients, approach the equi l ibr ium distr ibution coeffi­
cient m o r e c losely than the densely packed p lanes . Alternat ively, it may 
be s u r m i s e d that the different p lanes have different coefficients. Whichever 
supposition i s c o r r e c t , i t has been demons t ra ted that the re i s a var ia t ion 
of dis t r ibut ion coefficient with the accomnciodation coefficient. In the zone 
melt ing of polygrain m a t e r i a l , it may be expected that the dis tr ibut ion co ­
efficient c loses t to one will be obtained a s the 111 plane i s p resumed to be 
mos t numerous in the g ra ins of the in te r face . 

McFee(^/ m e a s u r e d the re jec t ion of K ion by growing c rys t a l s of 
NaCl at var ious freezing r a t e s . The data a r e plotted in F ig . 19 as an ex­
ample of dis tr ibut ion coefficient v e r s u s freezing r a t e expe r imen t s . It may 
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be expected that the freezing r a t e will be fas ter than shown in F i g . 19 when 
zone melt ing meta l l ic a l loys . The halogen compounds have very low acconn-
modation coefficients due to the s t rong ionic bond in the c r y s t a l . 

The exper imen t s of Burton('*l) on Sb in Ge provide evidence for the 
exis tence of a high concentra t ion of solute near the in ter face . Burton was 
able to produce s t i r r ing at the interface by rotat ing the c rys ta l as it was 
withdrawn from the m e l t . In th is method of c rys t a l growth, a ce r ta in 
amount of ro ta t ion is des i rab le so that a uniform c r o s s section may be ob­
tained. At a ro ta t ion of 57 RPM, the dis tr ibut ion coefficient changed from 
3.5 (10"^) to 8.6 (10**) as the freezing ra t e i nc reased from, l - l / 2 ' y ' h r to 
1 0 - l / 2 " / h r , At a rota t ion of 1440 RPM, however, the coefficient inc reased 
only slightly - f rom 3.1 (10*^) to 3, 8 (10~^) with the same change in growth 
r a t e . It i s in te res t ing to note that even at a slow speed of l - l / 2 " / h r some 
concentrat ion gradient ex i s t s , a s evidenced by the improved coefficient at 
1440 RPM. These expe r imen t s and the format ion of dendr i tes in cast alloy 
bi l le ts coupled with the absence of dendr i tes in cast pure meta l b i l l e t s , 
consti tute the mos t impor tant proofs for the exis tence of a concentrat ion 
gradient at the solidifying in te r face . 

Summary 

In the f i r s t sect ion, equations a r e presen ted for calculating solute 
dis t r ibut ion after zone mel t ing . These equations a r e based on cer ta in a s ­
sumptions that may not be fully r ea l i zed in p r a c t i c e . The difficulties in 
p a s s - b y - p a s s calculat ion a r e given but the ul t imate dis tr ibut ion may be 
obtained r a t h e r eas i ly . A method is given for es t imat ing the number of 
p a s s e s r equ i r ed to obtain the ul t imate dis t r ibut ion. 

In the second sect ion, the influence of var ious solidification factors 
on the purif icat ion resu l t ing f rom zone inelting i s desc r ibed . The effect of 
hexagonal pro jec t ions , if p resen t , i s cons idered to be slight and dendr i tes 
a r e p r e sumed to be absent . The exis tence of a high solute concentrat ion at 
the solidifying interface is demons t ra t ed . The importance of this solute 
gradient on the purif icat ion is emphas ized . The necess i ty of usihg slow 
r a t e s of solidification or agi tat ion to reduce the effectiveness of this g r a - ' 
dient i s shown. 
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COMPARISON OF VALUES FROM BURRIS' REPORT 

WITH VALUES CALCULATED BY EQUATION 7 

Table 1 

L = 10, z = 1, k < 1 

k 

0.01 

0.1 

0.2 

0.5 

X = 0 

B u r r i s 

2 .02(10"") 

4.25(10-15) 

5.30(10"") 

4.43(10-5) 

Equation 7 

4 .66(10"") 

6.9 (10-15) 

7.45(10"") 

4.65(10-5) 

X = 2 

B u r r i s 

8 .03(10"") 

5.71(10"'^) 

1.07(10"^) 

5.35(10"*) 

Equation 7 

19.8 (10"" ) 

9.6 (I0"i^) 

1.52(10"«) 

5.66(10"*) 

X = 5 

B u r r i s 

1.55(l0"i3) 

2.80(10"' ') 

3.04(10"5) 

2.19(10"^) 

Equation 7 

5.5 (10"" ) 

4.99(10"' ') 

4.46(10"5) 

2.4 (10"2) 

X = 9 

B u r r i s 

0.10 

0.99 

1.93 

3.77 

Equation 7 

0.07 

0.97 

1,86 

3.58 

Table 2 

L = 10, z = 2, k < 1 

k 

0.01 

0.1 

0.2 

0.5 

X 3: 0 

B u r r i s 

6.77(10"!*) 

1.28(10"'') 

1.43(10"5) 

1.05(10"^) 

Equation 7 

29.5 (10-1*) 

2.5 (10"7) 

2.22(10"5) 

1.16(10"^) 

X = 2 

B u r r i s 

3.37(10-11) 

4.59(10"*) 

2.03(10"*) 

3.67(10"^) 

Equation 7 

17.9 (10-11) 

9.33(10-*) 

3.17(10-*) 

4.1 (10-^) 

X = 5 

B u r r i s 

9.14(10-^) 

1.14(10-^) 

1.14(10"^) 

2.43(10-1) 

Equation 7 

29.8 (10-^) 

2.13(10"^) 

1.71(10-2) 

2.71(10-1) 

X = 9 

B u r r i s 

0.10 

0.92 

1.67 

2.65 

Equation 7 

1.27 

2.96 

3.44 

3.36 



II 

COMPARISON OF VALUES FROM BURRIS' REPORT WITH VALUES CALCULATED BY EQUATION 8 

Table 3 

L = 10, z = 1, k > 1 

k 

2 

5 

10 

X = 0 

Burr is 

15.96 

49.7 

100 

Equation 8 

15.9 

49.65 

100 

X = 0.2 

Burris 

11.6 

18.0 

13.0 

Equation 8 

11.54 

18.4 

13.5 

X - 0.5 

Burris 

7.17 

3.93 

7.78 

Equation S 

7.16 

4.15 

0.674 

X = 1 

Burris 

3.22 

0.311 

3.66(10'^) 

Equation 8 

3.24 

0.346 

4.5(10"^) 

X = 5 

Burris 

5 . 3 7 ( W ^ ) 

4.74(10'1' ') 

3 .96 (10"" ) 

Equation 8 

5.5(10"^) 

8.4(10"!°) 

1.9(10"^") 

X = 9 

Burr is 

8 .47(10"S 

1.13(10"^!) 

1. 15(10"^^) 

Equation 8 

9.7(10"*) 

1.92(10'1^) 

8.2(10"*°) 

Table 4 

% Efficiency of Multiple Passes 

k 

% 

0.01 

90 

0.05 

83 

0 . 1 

75 

0 . 2 

65 

0 . 3 

58 

0 . 4 

53 

0 . 5 

50 

0 .6 

48 

0 .7 

47 

0 . 8 

44 

0 .9 

35 
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Figure 4 

Concentrat ion After Normal F reez ing 

L = 10, Co = 1 

F igu re 5 

Concentrat ion After 1 P a s s of Zone Through the Rod 

L = 10, Co = 1, z = 1, k = . 1 , .2 , . 3 , .4, . 5 , ,6 , .7, .8 
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Figure 6 

Concentrat ion After 5 P a s s e s of Zone Through the Rod 

L = 10, Co = 1, z = 1, 

k = 0 . 1 , 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8 

0 .2 .4 .6 .8 1.0 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3.0 

F igu re 7 

Concentrat ion in F i r s t Th ree Zones After 1 P a s s 
of the Zone Through the Rod 

L = 10, Co = 1, z = 1, k = 2, 3 , 4, 5 tSJ 
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Figure 8 

Concentrat ion in F i r s t Three Zones After 5 P a s s e s 
of the Zone Through the Rod 

L = 10, Co = 1, z = 1, k = 2, 3 , 4, 5 

F igure 9 

Ult imate Concentration Curves for Values of k 
Between 0.08 and 0,95 

L = 10, Co = 1, z = 1 
rsj 
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Figure 10 

Ultimate Concentration Curves in the 
F i r s t Three Zones 

k = 2, 5, 10 

L = 10, z = 1, Co = 1 

Figure 11 
k = 0.5 

F igure 12 
k = 0.1 

The Ultimate Concentration Curve in the Las t Zone 
as Calculated by Equations 2 , 7 , and B u r r i s 

L = 10, Co = 1. z = 1 
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Figure 18 

Direct ion of Crys ta l Growth 

0.5 1.0 1.5 

FREEZING RATE, INCHES/HOUR 

F i g u r e 19 

Effective Distr ibut ion Coefficient vs Rate of Solidification 
for K+ in NaCl Solvent (After McFee , 3) 



a? 28 

APPENDIX 

Derivation of Equation 2 

Let k = C g / C ^ ; 
g = fraction of tota l volume solidified (Fig. 3); 

Cg = g m / c c solute in solid at the l iquid-sol id interface; 
CL, = g m / c c solute in the liquid after solidification has begxin; 

(assumed uniformly dis tr ibuted); 
CQ = g m / c c solute ini t ial ly in the bar ; 
V|. = total volume of rod; 

s = gm solute remain ing in the liquid. 

Assume (1) diffusion in the solid i s negligible; 
(2) complete mixing in the liquid; 
(3) k is constant . 

Then Cg = k C^; 

s 

ĉ  = 

L " ( i - g ) V t ' 

ks 
( i - g ) V t • 

Le t V^ = 1 cc , After a fraction, g, has frozen, f reeze an additional 
amount, dg. Cg in dg is 

C - - ^ ^ s - dg • 

Now ds = s- , - S/ , \ , 
(g) ( g + d g ) ' 

where s , , > > S/ v 
(g+dg) (g) 

The re fo re , 

k s 

1 - g 

a n d 

J So 

ds 
dg 

/ • 
/ 0 

- k d g 
( 1 - g ) 

Then In — = In (1 - g)^ 
So 

or s = So (1 - g) 
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33. 
Substitution then gives 

C g = k s o ( 1 - g ) ^ " ^ . 

Since CQ = .^ 
So 

t 

and V^ = 1 cc _, 

C„ = k Co (1 - g)^ ' •̂  . (Equation 2) 

Derivation of Equation 3, f i r s t pass 

Let X = length solidified (Fig. l ) ; 
z = length of molten zone; 
L = total length of rod; 
s = gm solute in zone, z, at any x ; 

So = gm solute in zone, z, at x = 0 ; 
Cg = gm/'cc solute in dx ; 

C L = g m / c c solute in zone z (assume uniform) ; 
Co = g m / c c solute ini t ial ly in rod ; 
G = c r o s s sect ional a r e a = 1 cm . 

Assume k < l ; k, Co, z, and G constant . 
Diffusion in solid negligible and complete mixing in the liquid zone. 
The las t zone will be neglected in this der ivat ion. 

In F ig . 1 after an amount, x, has frozen, advance the zone a distance dx. 
An amount , dx, will f reeze and an equal volume, dz (= dx), will mielt. 
The amount of solute frozen (s^jx) is 

Sdx = k C L dx 

where CT = — 
i j z 

The amount of solute mel ted (s^z) at x + z i s 

S j ^ = Co dz = Co dx, 

s ince dz = dx. 

The net change (ds) in s i s 

ds = (Co ) dx , 
z 
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f r o m wh ich 

ds ^ k _ 
T ~ + — s = Co dx z 

o r 

ds 
dx 

+ P ( x ) s = Q(x) 

L e t s = uv . 

rj,, d s dv du 
T h e n -r—= u-r— + v—— 

dx dx dx 

Subs t i t u t ion g i v e s 

du dv ^ _ 
V - r - + u -=— + P u v = Q dx dx 

o r 

- S M S ^ H - « 

C h o o s e V = e 
- / P dx 

SO t h a t 

dv 
dx 

+ P v = 0 

P dx 

T h e n 

dv r 
V J 

du = — dx 
V 

a n d u = / — dx + D 
J V 

A c c o r d i n g l y , 

JQe s = e - / P dx / P d x 
dx + D 

r X r -i 
-Jo Pdx ^ -Jo _ ^0 P d x ^ s = De -̂  + e P d x 

Q e Jo P d x 
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Since for the f i r s t p a s s , P = — = a, a n d Q = Co ; 

- a x , ^ 1 - a x . 
^ ( 1 ) " ° ( 1 ) ^ ^ ^ 0 ^ ( 1 - e ) 

w h e r e t h e s u b s c r i p t (1) r e f e r s to the f i r s t p a s s . 

^ s ( l ) = ""^(1)= ^°"^ D ^ ^ > a - Co • a x 

C ^ ( ^ ^ = C o + 7 e • a x (Equa t ion 3) 

w h e r e 

7 = I^^jj a - Co 

x=z 

°(l) = ^o <=s(0) "^^ 

D e r i v a t i o n of E q u a t i o n 4 , s e c o n d p a s s . 

T h e e q u a t i o n for s , , m a y be d e v e l o p e d a s b e f o r e a n d 

f^Pdx r '̂Pdx 
"(2) = ° ( 2 ) ^ 

w h e r e n o w 

+ e / Qe' dx 

P = — = a ; Q = C / - x a t x + z 
z s ( l ) 

T h u s 

^ - a x - a x 
"(2) = ° ( 2 ) ^ +^ 

' X 

Co + 7 e 
•a (x+ z) a x , 

e dx 

o r 

w h e r e 

a n d 

1 ^ 1 / - k 5. , - a x 

6 = 

°(3)= ^ . 

D , , , a - Co 
(2) 

x=z 
C /, X dx 

s ( l ) 

^ s ( 2 ) = ^ " ( 2 ) 
- k - a x 

C , V = Co + (a7 X e + 6 ) e (Equa t ion 4) 
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Derivat ion of Equation 5, th i rd p a s s . 

Now 

H e r e P = — = a ; Q = C , _ x a t x + z . z s(2} 

- a x - a x ^ ax 
S/_» = D- . e + e / C , V e dx 

(3) (3) Jo s(2) 

whei^e 

_ - a x - a x 
^ 3 ) = ° ( 3 ) ^ ^^ 

Co + a 7 ( x + z ) e +6 
-a(x+z)l a 

J 
e" dx 

1 r̂  X 1 
^ ( 3 ) = " ^ ^ ' ' ' ^ ^ 

2 -2k (x+z)^ , -k ^ , 
a^ e 7 - ^ — ^ + a e o x + e 

ax 

„ ^ -2k k^ 
e = D,^. ot, - Co - e ~2 "̂  

r x=z 

°(3)=^7o 
C /_, dx s(2) 

a s (3 
^ ^ ( z -2k (x+z)^ - k . ^\ -ox ,^ ^. _. 

= C , , = Co + I a^ e 7 ^ ^ + a e 5 x + e j e (Equation 5) 

Derivat ion of Equation 7, u l t imate d is t r ibut ion. 

The u l t imate dis tr ibut ion after a ce r ta in min imum nunaber of p a s s e s 
i s defined a s . 

C = F(x) . 

F o r a mol ten zone (of length z) to pa s s through this bar with no further 
change in concentrat ion, the concentra t ion of melt ing and freezing inc remen t s 
m u s t be given by the equation above for ul t imate dis t r ibut ion. The concen­
t ra t ion in the liquid, C L . i s 

r x+z r x+z 

v^X ^ 0 

F(x) dx . 

Since C = k C, by definition, we have 
s JL 

x+z 
Cs = F ( x ) = ^ F(x) dx 

X 
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a soluti 

where 

a n d 

If k > l . 

where 

on of which is 

Co = A e ^ ^ 

A - C ^ ^ A - Co ^^ 
e -1 

1' - ^ ^ 
-̂ Bz , 

e -1 

k < 1. 

then 

Cs = A e - B ^ 

\-c ^^ 
^ - ^" . B L 

1 - e 

. . . Bz ^ , 

- Co BL 

1-e -Bz 
Bz 

(Equation 7) 

(Equation 8) 

Derivation of Equation 14, ra t io of freezing r a t e to melt ing r a t e . 

The equations p re sen ted in the text for the freezing r a t e and melt­
ing r a t e a r e 

(Equation 12) 

(Equation 13) 

R j , = A p G p 

^ M = ^ M G M ^ e 

- Q F / R T 

- Q M / R T 

Using Qp .~ Q for diffusion in the liquid, and Q|^ - Qp = L (latent heat of 
fusion), Cha lmers (25 ; }ia.s calculated that 

R F = R-M = 3000 c m / s e c 

for copper at the mel t ing point. 

The accommodat ion coefficients a r e r e l a t ed as follows: 

^M 
A T = e 

L / R T , 

where T^ is the eqml ibr ium t e m p e r a t u r e of mel t ing and f reezing. 
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3f 
Then 

R F _ A F e " ^ ^ / ^ " ^ ( G F ^ ) 
R M ^ A j ^ e - Q M / R T ( C j ^ ^ j 

= J Q M - Q F A T ) - L / R T 

- Q p / R T + Q M / R T 

If Qj^ - Q F = L 

^F . _ r L a ._L\1-. e^^^e - T)/R TT^ (̂ ^̂ ^̂ .̂ ^ ^ 
= exp R M - " - I R \ T Te 

4) 

If Tg > T, then R p > Rj^^ and freezing will r e su l t . 

If Tg = 1406°K, T = 1405°K, L = 2. 7 k c a l / m o l , R = 2 c a l / d e g / m o l , 

R F _ ^(1)(2700)/2(1405)(1406) _ ^0.000683 ^ ^ ^^^^ 
R M 

Thus R F = 1 .0007 R j ^ for 1° of supercool ing. 

If R j^ = 3000 c m / s e c , then 

R F = 3002. 1 c m / s e c 

and G = R p - Rj^ = 3002.1 - 3000 

= 2 .1 c m / s e c . 

Calculation of G by Turnbul l ' s Equation 

G = ^ f l - e - ^ ^ A ^ ) (Equation 15) 

^ = 3.48A , k = 1.39 (10'^^) e rg /deg 

h = 6.6 (10 - " ) e rg s ec . T = 1406°K 

R = 2 c a l / d e g / m o l , AHf = 2 . 7 k c a l / m o l 
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AF ry/ 
^Hf A T 2700(1) 

1406 

G = 
3.48 (10-*) 1.39 (10-^) 1406 

2700(1) 
1 - e I 1406 • 2(1406) 

6.6 (10 -" ) 

= 1.03 (10*) ll - ^ O O Q J = 1-03 (10*) (0.0007) 

= 721 c m / s e c . 
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