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FERROHAGNETIC-ANTIFERROMAGNETIC PHASE TRANSITIONS
1 

by 

Thomas James Hendrickson and J. M. Keller 

ABSTRACT 

I 
The problem of ferromag~etic-antiferromagnetic phase transitions for a 

system in which· the angular momentum per atom has the magnitude J is studied 

in the molecular field approximation. Both ferromagnetic and antiferromagnetic 

in~eratomic interactions, which are slightly·temperature dependent, are assumed . 
to exist between certain·nearby neighbor atoms,· An anisotropy energy is 

introduced of ~he form which arises from the effect of crystal fields. The 
'· ·. . . 

structure is subdivided into sublattices, and the partition function Z is 

derived. From Z are obtained the free energy F and the equations which 

determine the average angular momentum per atom of each of the sublattices. 

Under.tbe assumption that only first, second, and th±rd nearest 

neighbor interactions are. significant, various ordered arrangements are 
.: 

found,.for the hexagonal close-packed structure, when it is subdivided into six 

and into eight hexagonal sublattices and the applied magnetic field ·is zero. 
·' . 

The. molecular field equations are solved for arbitrary magnitudes and. 

directions of the applied magnetic field and for arbitrary temperatures, under 

the assumption· that there are only two inequivalent angular momentum 

orientations in the crystal, so that the structure may be subdivided into 

just two sublattices. The relative stability of the various ordered states 

is investigated. 

This report is based on a Ph.D thesis by Thomas 
March, 1956 to Iowa ·state College, Ames, Iowa. 
contract with the.Atomic Energy vommission. 

James Hendrickson submitted 
This work was performed under 
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ABSTRACT (Cont.) 

Calculations are made for J=l5/2, which correspond to the case of dysprosium 

metal. The parameters giving the magnitude and temperature dependence of the 

molecular field coefficients are chosen so that the ferromagnetic-antiferro-

I magnetic transition temperature, the Neel temperature, and the paramagnetic 

Cur~~rremperature coincide with the values for dysprosium. The coefficient 

giving the magnitude of the anisotropy is selected so that the phenomenon 

of "spin flop" occurs for magnetic fields of the c;:orr.ect order of Il'!ag!li tudeo 

The theory predicts the following effects ~or single cryst~ls. ~or 

temperatures in.the antiferromagnetic range, a large anisotropy in the single 

cyrstal susceptibility is expected. The parallel susceptibility; for, weak 

fields parallel to the preferred axis of alignment of the angular momenta, 

behaves like that of a normal antiferromagnetic, decreasing steadily with 

decreasing temperature. The.perpendicular susceptibility, for weak fields 

perpendicular to the preferred axis, increases strongly and monotonically as 

the temperature decreases. For temperatures in the antiferromagnetic range 

and for magnetic fields making small angles with the preferre~ .axis, the 

phenomenon of "spin flcp" occurs. The angular momenta undergo a sudden change 

in their directions of alignment as the appl:!-ed magnetic field increases 

'~' through a critical value and the corresponding magnetization curves are 

discontinuous. The temperature of the ferromagnetic-antiferromagnetic 

transition in magnetic fields parallel to the .preferred axis is. a strong 

function of the applied field, increasing with increasing field. For magnetic 

fields wlrich exceed a certain critical value, the ferromagnetic-antiferro-

magnetic transtion does .not occur at all, and the system remains in the 

f0rromngnetic nrrangement for all temperatures. 

t·'· 
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ABSTRACT (Cont.)·-. .. r The following results are obtained for polycrystalline dysprosium. 

The experimentally measured susceptibility, which for.a polycrystalline 

samp~e.is a weighted average of the susceptibilities parallel and 

perPendicular to the preferred axis in a single crystal, goes through a 

minimum.at a temp~rature slightly below the N~el temperature, and then . . 

. : ) 
1ncre~ses to very large values as the temperature 4ecreases toward the 

temperature of the ferromagnetic-antiferromagnetic transition. The 

theoretical polycrystalline susceptibility shows qualitatively the sa.me 

behavior. The sharp peak in the heat capacity at the temperature of the 

ferromagne;tic-antiferromagnetic transition should become smeared out~in 

the pr~sence of lar~e external magnetic fields. This should happen because 

the transition temperat~re for a single crystal depends strongly upon the 

orientation of the magnetic field relative to the crystal. A similar 
. ., . 

effect should appe~r at the Neel temperature, except that there the effect 

is less pronounced. 
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I. INTRODUCTION 

Dysprosium metal, which is ferromagnetic below 85°K, ·.< 

has an anomalous peak in magnetic susceptibility near 177°K 

discovered by Trombe (1), which led him to conciude that.the 

metal is antiferromagnetic between 85 and 177~ •. Trombe (2) 

has summarized in a recent article the magnetic properties of 

metallic dysprosium •. He reports that bet~een 730 and 177~ 

the element is paramagnetic with a paramagnetic Curie tempera­

ture of 157°K and a magnetic moment per atom.of.approximately 

lo.64 Bohr magnetons. A very sharp peak in the curve of the 

susceptibility vs. temperature is observed near.l77~. The 

susceptibility decreases as the temper~ture decreases from 

177 to about 160~, where it passes through a minimum. Below 

160~, the susceptibility increases rapidly with decreasing 

.temperature, suggesting_ the approach to a ferromagnetic CUrie 

point. The temperature of the f.erromagnetic-antiferromagnetic 

transition depends strongly·on the magnitude of the applied 

magnetic field. 

Trombe's work was confirmed by Elliott, Legvo1d, and 

Spedding (3), who extended the measurements to lower tempera­

tures and higher magnetic fields. Their high field measure­

ments show saturation effects for temperatures between 85 

and 176°K and suggest that for strong fields dysprosium may 

never become anti~erromagnetic. The heat capacity of dyspro• 

sium, wh.ich was measured by Griffel, Skochdopole, and Spedding 
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C4), has sharp peaks at 174 and 83.5°K. It is apparent 
j 

that a magnetic ordering transition occurs at 1749K, since 

the heat capacity peak at this temperature is very high, 

mnch higher·than the peak at 83.59K, the temperature where 

the system be_comes ferronia~netic. For the complete tempera­

ture interval between 4o and 300~, dysprosium has the hex~ 

agonal close-packed structu-re (5), so tha-t tho specific heat 
' ' ',-,; 

peaks and magnetic anomalies are_not associated with ~hanges 

in crystal structure. The magnetic behavior and heat capacity -

of dysprosium indicate that\ the metal is successively ferro­

magnetic, antiferromagnetic, and paramagnetic as the tempera­

ture increases ~rom below 85o:K to above 176~ • 
. ' 

In our work~ which is motivated by the above results 

for the properties of dysprosium, we study in the molecular 

field approximat\ion the theory of ferromagnetic-antiferro- ./ 

magnetic transi1.-hons for the hexagonal close-packed structure. 

We assume·that there are both ferromagnetic and antiferro­

magnetic. interat01nic interactions in the system;_ as well as 

an anisotropy energy which determines the axis of alignment 

·of the system in zero applied magnetic field. We find, in· 

this approximation; that the system can order in ferromagnetic 

and in several kinds of anti~A~-rom~gnetic arrangement!. We 

also· find that, with certain restrictions, ferromagnetic­

antiferromagnetic transitions can occur only if the molecular 

field coefficients for the interactions between atoms vary 

with temperature. This result agrees with that of Smart (6), 
• 
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' .which was derived tor the special case where the spin per 

... ! 

... 

atom is !. 
We assume that the molecular field coefficients vary 

I . \ 
slightly with temperature and solve the molecular field 

equations for large appi:i.ed magnetic ffelds making an 

arbitrary angle with the preferred axis of alignment of 

the system. We compare the results of the cal-culations 
I . ' 

with experiment and predict some effects which can be looked' 

for experimentally in the magnetic behavior of single crystals 

and in the .heat capacity.of both single crystals and poly­

~rystalline samples in.the presence of a magnetic field • 

. .... ; 
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II. REVIEW OF THEORY AND LITERATURE SURVEY 

We describe briefly the present situation in the 

theories of ferromagnetism arid antiferromagnetism, before 

going on to develop from the standpoint of the molecular 

field theory the basic equations which we use in the dis­

cussion ~f ferromagnetic-antiferromagnetic transitions. 

In order to account for the appearance of spontaneous 

magnetization in ferromagnetics, P. Weiss (7) ~ssumed that 

the magnetic effects of the interactions between atoms 

could be represented by an effective molecular field pro­

portional to the ma~netization, of the form 

(2.1) 

where He is the effective field, Nw.is the Weiss molecular 

field coefficient, and m is the average magnetization per 

atom. According to the Weiss theory, the total field Ht 

experienced by a given atom can be written 

(2.2) 

where H is the external field. If the necessary modifications 

are made to the· Weiss molecular field treatment to include 

quantum mechanical effects, the magnetization m is given by ' 

( 2.3) 

where .l.l. 
/ 

= g~8J, gJ is. the Lande g-factor for angUlar momentum 

• 
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J, ~B is the Bohr magneton, and BJ is the Brillouin function 

for angular momentum J, defined by 

B (y) = ~ coth (2J+l)y 1 coth -X 
J c: u 2,J - 2J "2J • (2.4) 

A fundamental explanation of the origin of the Weiss 
. . 

molecular field was first given by Heisenberg (8) in i928 

in terms of exchange interactions, which are equivalent to 

an interatomic potential of the form 
\ 

= -

~ ~ 

(2.5) 

where St and Sj are the spin angular momentum vectors of 

atoms i and j measured in units of h/2n, h is Planck's 

5 

r constant, and Jij is the exchange integral for the inter­

.¥ 
action between atoms i and j. If the sign of Ji j is positive, 

the interaction between atoms i and j.is ferromagnetic in 

nature, since the energy of interaction is lowest when the 

spins are parallel• Conversely, if Jij is negative, the 

interaction is antiferromagnetic in character. 

The theory o.f coope:t·a.t;l ve phenomena, of which ferro-

magnetism and antiferromagnetism are typical examples, is 

one of the"most difficult fields of statistical mechanics. 

The study of magnetic ordering is greatly complicated because 

the spin vectors appearing in Eq. (2.5) are quantUm mechanical 

operators. Many approximations have been employed for the 

study of ferromagnetism and antiferromagnetism, some being 

valid for high temperatures, others for temperatures near the 

":, 
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absolute zero. One of the principal high temperature approxi­

mations is the· Bethe-Peierls approximation, which has been 

applied to the study of ferromagnetism by P. R. Weiss (9) 1 and 

to antiferromagnetism. by Li (10). These approximations are 

successful in predicting that one- and two-dime~sional 

lattices will not be ordered, and in obtaining reasonable 

values for the critical temperatures for the simple cubic 

and body-centered cubic structures. They also take into 

account successfully short range order effects. However, 

Anderson (11) has shown that, in the ferromagnetic case, the 

Bethe-Peierls~Welss method breaks down for temperatures of 

the order of half the critical temperature. Since there is 

d·oubt concerning the validity of the method for temperatures 

much below the critical temperature, and since it becomes 

exceedingly complicated to __ apply .in~· the case of interactions 

be·tween more than one kind of neighbor, we think it unwise 

to employ the Bethe-Peierls-Weiss approximation for our in­

vestigation of the theory of ferromagnetic-antiferromagnetic 

transitions. 

The theory of ferromagnetism at low temperatures has 

been treated successfully by the spin wave~theort 6riginated 
.;,', '• 

.'!:,·~",..'_ 

by Bloch (12), in which the deviations .of the spln~ from what 

would be ·expected in a state of perfect order are studied. 

The spin wave theory predicts the correct T3/2 behavior of 

the approach of the magnetization to saturation for low 

temperatures. The most recent discussion of the spin wave 

.. 

... 
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theory of ferromagnetism is by Marshall (13), who points out 

that it is a rigorous theory for ferromagnetism because the 

exact ground state for the system is known. and because it 

can be proved that the approximations employed have no im­

portant/ effects in the limit of very low temperatures. 

Marshall (13), also discusses the spin wave theory of 

antiferromagnetism and emphasizes that it is much less wel~ 

founded. He points out that it has been impossible to 

demonstrate conclusively that .the approximatie>ns used in 

the spin wave method do not affect the validity of the 

results •. In an earlier paper, Marshall (14) ~howed that, 

in contrast to the situation for ferromagnetics, the ground 

states for antiferromagnetics have never been derived rigor­

ously. The review article of Nagamiya, Yosida, ~nd ~ubo 

(15), provides an extensive discussion of the spin wave 

theory of antiferromagnetism as it has been developed by 

many workers. The spin wave theory, since it is appropriate 

only for very low temperatures, cannot be used in our dis­

cussion of the theory of ferromagnetic-antiferromagnetic 

transitions, which occ1,1r.at rather high.temperatures. 

The molecular field approximation, which we use to 

study ferromagnatlc-antiferromagnetic (F-A) transitions, has 

been applied widely to antiferromagnetism and provides a 

good semi-quantitative description of many phenomena. 
, 

Neel 

(16), in 1932, first adapted the concept of the Weiss molecu­

lar field to antiferromagnetism, and since then his original 

7 
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ideas have been extended and refined by many workers, in­

cluding Van Vleck (17), Anderson (18), Smart (19), and 

Nagamiya (20). Excellent reviews of the whole field of 

. ~ntiferromagnetism hav~ been published by Van vieck ( 21) I 

Lidiard ( 22), and Nagamiya,. Yosi.da, and Kubo (15) ~ 
\. 

The molecular field theory corresponds to the 1,3:ragg-

' I 
I 

.) Williams approximation in the theory of order-diRo.rder in 

alloys (23, p. 791)',. and to the firstHeisenberg approx- .. , 

imation in the theory of ferromagnetism (24, p. 329). Al-

though it represents the crudest approximation in·· the theory 

of cooperative phenomena, it has had remarkable success.in 

describing the properties of antiferromagnetics; and further­

more, it has the useful property of being applicable for all 

temperatures. A detailed :discussion of ·the molecular field 

approximation is. given in Chapter III, along with derivations 

of the molecular field equations and the free energy of the 

system. 

The problem of F~A transitions has been studied in the 

molecular field approximation by Smart (6) and by Elcock (25) 

for the special case of· spin i. They both arrived at the 

conclusion that F-A transitions can occur only if the molec-

ular coefficients for the interatomtc interaotions are 

slightly temperature dependent. Smart (6) derived the· free 

energy of the system by writing down for the entropy s, 

(2~6) 
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where W(M1 , ••• ,Mn) is t:h~ total numbe~ of ways of ort'entl,:ng 

the atomic spins on t~e lattice sites of the n s~blattic~~ 

into which the structur~ is s.ubdi vided consi~tent with th~ 
·, 

9 -··· 

equilibrium values of the magnetizations Mi of the sublat ... 

tices. The M1 are found from th~ standard equations of the 

molecular field ~pproxi:mation. Fo~ spi}1 l, W(Ml,, n. ,Mp) 1~ 

known in closed form apd ln W(M1 , ••• ,Mn) can be apprqxi~ated 

by using the, Stirling formula for the ractorials involv~d. 

Smart determined th~ Gil;>bs fref3 ~nergy G fo:r zero ~I>J?li~q 

magnetic field. by inte~rating the. thermodynamic rell3-1;ign 

dG = - S dT '' ·.· , (2.7) 

where T ls the temperature and tne molecular field coefficients 

vary with T. Elcock (25) has criticized Smart's derivation 

and given one of his own whicP, starts fr<;>m the part:t.tiopt 

function z. Our derivation of .the molecular field equations 

starts from the partition function Z :t.n the sa~e manner· a~ 

Elcock, and differs only in detail because we are de~J.ing'wtth 

ions of arbitrary angular momentum J, rather than the c~se 

,_, J = } studied by Elcock. We believe that our method, Which 

is hased in part on the derl vat! on for arbi t:rary J of the. 

pai•tl ti.on func tl on for a ferromagnetic system desc~i beQ. py 

Van Vleck (24, p. 329), has the advantage of bringtng Q~t 

clearly the origin and signific~nce of the effective field 

felt by the atoms of each sublattice. 

Yaffet and Kittel (26), al~o using the molecular field 
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approximation, have studied the theory of.magnetic structure 
. . 

:transitions in ferrites, where transitions can occur eve.n 

when the.molecular field coefficients are independent of 

:temperature. The ·ferrites have the spinel structure, in which 

the magnetic ions are distributed among t~o inequivalent sites 

A and B. The magnetic ions can be of different kinds on the 

two sites"" Yaffet and Ki.ttel examined the free energy at . 

absolute zero and obtained the condition which determines ·the , .. 
stable configuration for different concentrations of magnetic 

ions and different magnitudes of the field coefficients. They 

also derived the condition which det.errn.ines the state which 

has the highest critical temperature and is.therefore stable 

at high temperatures. They showed there was no necessary 

relation between the two conditions ·and. that therefore the 

possibility existed that transitions between various ordered 

states could occur, even if the molecular field· coe1'1'ic:i.ents 

were independent of ·the temperature. 

Molecular field equations similar to ours have been 

studied, again for J = !, .. using. further approximations which 

are not appropriate for the range of temperatures and magnetic 

fields needed to describe the properties of. dysprosium. Gorter 

and Haantjes (27) have studied the molecular field equations 

for a system rather similar to ours, but they have' introduced 

anisotropy effects by assuming an anisotropic g-factor and 

anisotropic exchange interactions, instead of assuming as we 

have that· the anisotropy i~rises through crystal fields. 

'..: 
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Furthermore, their methods, al"though they are valid for all 

magnitudes of the applied magnetic field, work only fo~ the 

absolute zero of temperature. Yosida (28) and Poulis and 

Hardemann (29) have studied systems havlng the same .form of 

-anisotropy as we have assumed~ but their approximation~, 

while good for a wide. range of temperaturesi. ap~ear to b.e 

valid only for small·mag~ettc fields. Their model differ~ 

from ours in that they nave COI}siP.e~ed only antife~ro­

magnetic interatomic interactions~ wh~le we have ass~ed 

that ferromagnetic interactions are also present. The 

phenomenon of "spin flop" which appears in our model has 

been described in the review article·s of Nagamiya, Yosidlil~ 

and .Kubo Ci5) and of foulis and Gorter (30). 

;, 
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III. THE MOLECULAR FIELD APPROXIMATION 

\ 

1 

We use the following model to investigate the magnet~c -

properties of the rare earth metals. E.ach atom is considered 
l 

to exist in the metal as a tripositive ion in the same .spec-

troscopic level as' the free ion given by Hund's rule. We 
,. 

assume that the ith and jth atoms interact with an isotropic 

interaction, which can be written 

(3.1) 

I 
where gJ is the Lande g-factor for angular momentum J, ~B 

is the ·aohr magneton, Hij is the coefficient for the inter~-
__, 

action between the it~ and jth ~toms, and vector J1 represents 

the angula~ momentum of the ith atoni in units of h/2TT. The 
--'7 

magn.i tude of Ji is given by the quantum number J, so that 

J;_-2 = J( J+l). 

We assume that the anisotropy energy of the. ·i th atom ·due 

to crystal fields can be written in terms of Jiz• the z com­

ponent of the angular momentum Ji, as 

where K is a constant which has the dimensions of a ma~netic 

field and gives the magnitude of the anisotropy~ A discussion 

of the anisotropy energy is given in Appendix A.· The energy 

of the ith atom due to an applied magnetic field H is written 

in the customary form 

r 
I 

,. 

(J - ~ 
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(J.3) 

--, 
where H is the external field. 

We write for the ·tqtal, energy E of the system, there-

fore, \. 

E = - g.P-'B[.Znhj"Ji ·~ + H.L;J;. + :2"1 {K/~l Jiz ~ • () .4J 

In the molecular field method, the energy E. of. Eq. ( 3 .1+) ~s 

approximated in a manner which we now describe. Assume that 

the coefficients Hij are. zero for all pairs of atoms which 

are more distant from each other than rth nearest neighbors. 

Then .subdivide the structure into sublattices in such a 

manner that no sublattice contains atoms which are nearer to 

each other than (r+l)th nearest neighbors, and no sublattice 

contains more than one kind of neighbor of the atoms of'any 

other sublattice. In general there are many different ways 

of subdividing a structure', depending on its symmetry and 

the r'elati ve importance of the interactions between different 

kinds of neighbors. Let us assume that there are 2N atoms 

per sublattice and tha~ there are n sublattices. 

Now consider the energy of. interaction of an atom on 

the ith su.blattice with its neighbors on ~he Jth sublattice. 

This energy is 

(3.5) 

where the summation is over all the interacting neighb<;>rs of 

the a.tom on the i th S1 1 blattice which reside on the jth ·sub-
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lattice.· The coefficients Hik are the same for all inter­

acting pairs. In the molecular fteld approximation this 

energy is written in the form 
r' 

(3.6) 

~ . 
where· S j denotes the average angular momentum per atom of 

the jth sublattice, given by 

(3.7) 

The symbol zij gives the number of atoms on the jth sublattice· 

which interact with a giyen atom on the ith sublattice, and 

we have taken Yi·j=z:i.'jHlj• We now approximate Eq. (3.4) by 

E =- 2Ng.J11B~l'>jYijs;_•gj + 11.~181 +21 !K/2)SiZ~.(3.8) 
Here, in contrast to.Eq. (3.,4), the summations are over the 

several different sup~attices, so that i and j range from 1 
--, --, 

to n. The vectors Si and Sj represent the average angular 

momenta of the ith and jth sublattices,respectively. 

In the molecular field approximation, the lo.ng range· 

order of the system is taken into account by subdiViding the 

structure into sublattices. It is assumed in writing down 

F.q. (3.8) that the total energy E is a function only of the 

average angular momenta of the sublattices, and therefore of 

the long range order of the system. This is·a serious 

assumption and much more drastic than our e·arlier assumption 

that we need consider only interatomic interactions between 

I 

.• 

._., 



I 

ISC-729 

certain nearby neighbors. Specifically, ! t neglects shor~ / 

range order, It is ~pparent that with short range . .inter­

actions there exists for a given set of values for the 

average. angular momenta of the eublattices a wide range of 
. . 

energies for the system. This failure to take account 

properly of short. range e;ffects is mo~t; ~erious f~r tempera. ... 

tures ver_y near and slightly above a critical tempera~ure. 

For temperatures well pelow a critical ~emperature, tn~ 

system is str9ngly ordered, so tbat the assumption, t~at ~t 

1s the long range order which is important in d~termining 

the orientation of a given spin seems to be reasonable. At 

any rate, the already 'considerable success or the molecular 

field approximation in fnterpreting the experimental results 

for antit'erromagnetism ·recommends its continued use~- es.• 

pecially when the rather severe mathematic~! difficulties of 

the more exact theories are recalled •. • 

The partition function z fQr the system 1~ 

Z = 2 -.,rs . · ... s....., · exp ( -E./kT.) ~ 
1'···' ~ . 

15 

where the summati9ns are over all the magnitudes and.direc~ione 
. _, 

of the sublattice vectors Si. The summations in Eq •. (3 .9) 

can be performed approx~mately if we assume that the princip~l 
--"? 

contributions come from values of the st. near certain. mean 
-~ ~u • values Si~. The method for finding the Si~ is deso~ibed later. 

If the energy E of .Eq. (3.8) is eXpanded in a Tayloris ser:i.es 
. ~.... _,·~* 

about the mean values Si ""'.and only terms linear in· (Si-St ) 
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are retained, E takes the form I. 

(3 .10) 

·where 

(3 .11) 

and 
,. 

. . I 
--; ......, "'""" --r * . *"' Hi = H + L:jYtjSj + KSizz • (3.12) 

. I . . 
The symbol ~j means to sum over j leaving out the term i=j, 

"" and z is the unit vector parallel{ ·to the positive z axis.· 
--"7 

The field Hi is the effective field felt by the atoms of the 

ith sublattice. 

The partition function Z of Eq. (3.9) can .be written 

( . (3.13) 
. ! I 

where 

(3 .14) 

The sunnnation in Eq. (3.14) is over all magnitudes and 
--,. . 

directions of the Si' cor~esponding to all possible o·rien-

tations of the 2N ions that make up th~ ith subiattic~_. A 

convenient way to perform the sum for the ith. sublattice is 
- ---"7 

to choose the direction of the effective field Hi as the 

direction of quantization of the anglJ.lar momenta for the ith 
u 

sublattice and to classify the states of the subl.attice by . 

\ 

·-

,.., 



... : 

tsC-729 17 

the projections of their total angular momenta in the direction 

of Hi. To use this technique we transform Eq. (3.14) into 

(3.15) 

where.J-i·= gJfl.BJ, M1 is the projection of .the total angular. 
~ 

momentum of sublattice i al?ng .the field Hi, ~nd Hi is the 
-? 

magnitude of Hi. The factor w(M1 ) is the number of ways that 

2N ions each of angular momentum J can be arranged so that 

the·total component of the angular momentum along the direction 
~ 

of quantization is Mi. It dan be shown (24, p. 3.24) that 

w(Mi) is the coefficient or'xMi in the expansion of 

(xJ+xJ-l+ ••••• +x- 3 )2N. The result of the summation is·that 

zi ·= z:t (yi) = Ginh ( 2~+l:)y1 ~inh YiJ 2N , 
2J / ~ 2J 

(3,.16) 

where y'1 "" j-f Hi/kT. The free energy F is given by the usual 

relation 

F - ... kT lnZ, (3.17) 

which from Eq. (3.13) is 

( 3.18 )' 

. ,..-., * ---, 
We find si., the mean value of ~1 , from the relation 

,- ._, 
= z-1 .2_ ~8.. ..._,s si exp( -E/kT), 

l·, • • •, n . 
(3.19) 

in which the summations may be carried out with the same 

approximations used in calculating z. 
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Observe that the summat:J.on to be carried out in Eq. (3.15) 

is identical with the sununation which must be carried out in 

the derivation of the partition function for a dilute para-
/', f\ 

magnet:J.c system of ions· with permanent magnetic moments 11 in 

the presence of an ext~rn·al magnetic field, where now the 

effective field H1 .plays the .role of the external magnetic 

field• Therefore, the partition function Zi ls identical 
< 

wlth the partition function for a dilute paramagnetic system 

ln e.n external field Hi { 23, p. 468). This id·enti ty- comes 

about bece.use of the linearization epprox:tmat.ion used in 

obtaining the form {3.13) fqr ·the partition function Z, sine~ 

this approximation replaces the interaction between sublat;.. 

tices by an effective field. This type of approximatlon -

in one form or another - is at the heart of all molecular 

field treatments. By comparing Eqs. {3.14) anq {3.19), we 
---"? 

see that si~~, the magnitude of si*, can be obtained·formally 

from the relation 

where the Brillouin function BJ is_<given in Eq. (2.4). 

Keeping in mind our above remarks, we see the physical 

(3.20) 

___..,. ---? 

signif:J.cance of Si~~. It is a vec·tor ·parallel to H1 J who~e 

magnitude represents the average projection per atom of 

the angular momentum of the i th suble.ttice in the direction 
_..., 

of Hi• This result follows from Eq. (3.19), because all 

vectors .having the same· magnitude and making equal angles 
\ .r'i 
\ 
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~ 

with H1 have equal weights in the sum, so that the sum of 
"'"-? 

their components perpendicular to Hi is zero. 

The ordered states of the system are.found by solving 

Eqs. (3'.20), which are a set of transcendental equations; 
. . --"7 

the effective field Hi is given by Eq. (3.12). The free 

energy F of ~q. (3.18) reduces to the free energy derived 

by Smart (6) and Elcock ( 25) for the special case of J=! 
and zero external magnetic field, if the molecular field 

coefficients yij are independent of temperature. With th~ 
I 

help of Eqs. (3.11) and (3.12), we write Eq. (3.18) in the 

'useful form 

19 

, (3.21) 

where 
~ "'"-? 

F i = NgJ~iBSi .;~o .Hi - kT lnZi • (3.22) 

,-Since all our equations involve the mean values.s;*, it is 
I 

convenient to discard the asterisk in all subsequez:tt work, 
---'7 

with the.understanding that the symbol Si means the sta-
I 

tistical mechanical average angular momentum pe~ atom of 
} 

the i th su.blattice. 

•',< 
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IV. SOLUTIONS FOR ZERO EX'I'ERNAL MAGNETIC FIELD 

We have derived in Chapter III the basic equations of 

the molecul~r field approximation. The magnitude. of the 

angular momentum s 1 of atoms on sublattice i is obtained 

from the equation 

(3.20) 

---"7 

while the effective field H1 is given·by 

(3.12) 

Equations (3.20) and (3.12) compr:lse a set of simultaneous, 

transcendental equations which are subject to the condition 
. --, ~· 

that the Si be parallel to the effective field Hi• This 

condition, e.xpress.ed by the equation: 

arises in the molecular field approximation b~ca~se the sub-
~ 

lattice angular momentum Si is the, statistical· average of 

the projections of the angular momenta of the· individual 

·atoms of the ith sublattice in the direction of the effective 
......,. 

field Hi. 

Substitute Eqs. <4.1) in Eqs. (3.12) to obtain the set 

of equations 

C4.2) 
I •,; 
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where the magnitude Si is now given by 

• <4.3) 

We seek .solutions of Eqs,.. (L1 .• 2) and (.4.3) with the lowest 
, 

free energy F of Eq. (3.21) for a given H and T. In Appendix 

Dare given graphs of BJ(x) plotted against)x and of (Si/J) 

plotted against (C'Ai/T), where C1=gpBJ(J+l)·/3k. 

We now investigate the nature of' the ordered states of 

the system in zero external mag~etic field. A class of 

solutions of Eqs. <4.2) with H=O can be found for which all 

the Ai.have the same value A. It is believed that this class 

of solutions contains in every case the solution of lowest 

free energy. But it is not evident how to prove this con­

tention without examining each possibility in turn. Appendix 

B contains a discussion of this question, in which_it is 

shDwn that under certain conditions the state with the lowest 

free energy is one for which all the Ai have the same value. 

But we have not exhausted all possibilities. 

If we set H=O in Eq. <4.2) an~ assume that At=A, for all 

i, Eqs e (~- .. 2) become: s.. set of homogeneous equations which 

have non-trivial solutions if eithe~ 

, <4.J..j.) 

01' 

I (A - K) oi j - Y 1 j / = o . , .(4.5) 

where oi.i is the Kronecker delta. Correspo:1ding to each A, 

' . I I 
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' 
r which is a. solution of Eq~ (4.4), ther'e exists one or more 

--'7 

ordered states f'or which the Si are aligned perpendicular 

to th~ z axis, while for each A f;lat:J,.sfylng Eq. <4.5) there 
--? 

exists one or more ordered states f'or which the Si are 

aligned a~ong the z axi~. 

From the A's wh,ich solye Eqs. (L~.4) and <4~5),. ~e can 

find the critical tennperatures fc;>r the var:J,.ous ordered 

states, where we define the critlcal te:nipera.t1.1re for an 

ordered state as the te~erature below which _the state be­

comes stable relative to a random arrange~ent. The critical 
' ' 

temperature Tc 1. the tempe:r:"ature below wQ.ich transcendent~! 

equation <4.3) has a splution other than the trivial solution 

Si=O, can be found by differentiating both sides of ~~. (4.3) 
with respect to Si and setting s1=o. By this procedure, 

which is· described further :ln. AppendixD 1 we find 

T = AC 1 
0 

where C 1 = g~BJ(J+l)/Jk. 

(4,6) 

We now speciali~e the discussion to the he~agonal close-
,I 

packed structure of dysprosi,.'l,lm. We divide the s'tructu:re into 

at least eight, sublattices, in order to take into aQcount 

interactions between first, second, and third nearest ·neigh­

bora. We assume that more distant neighbor interactions can 

be neglected. The (c/a) ratio for dy$prosium, wnich has been 

measured by Banister, Legvold, arid Spedding (5), ranges be­

tween 1.581 for 480f\. and 1.571 for 3020J\. The (c/a) ratio 

.-
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is 1.63 for the case of ideal ·close packing,. where the twelve 

nearest neighbors of a given atom are all at the same distance 

away. Therefore, the six nearest neighbors.of an atom in.a 

certain (001) plane lie in adjacent (001) planes, which also 

contain the six third nearest neighbors. The six second 

nearest neighbors lie in the same (001) plane as the atom in 

question. For thls present work, we subdivide the structure \ 

into eight hexagonal sublattices. A convenient method for 

enumerating the sublattices is des~ribed below. Sublattices 

1., 3, 5, and 7 are taken so .that they have atoms .in the same 

(001) planes. Now sublattice 2 is chosen to contain the 

.tllird nearest neighbor atoms for sublattice 1; 4 those for 

3J and ·so on. This enumeration is illustrated in Fig. 1. 

Let p/2 be the Weiss molecular field coefficient (the 

Hij) for the interaction between atoms which are second nearest 

neighbors, and q/2 that for nearest neighbors. Let r/6 be· 

the coefficient for third nearest neighbors. Thus if we con­

sider an atom on a certain sublattice, its six nearest neigh­

bors are arranged on three sublattices, each co~taining two 

nearest neighbors. For example, sublattice 4 contains two 

nearest neighbors of an atom on sublattice 1, so that the 

. coefficient Y1.4. is 2(q/2)=q;, where 'Y'lL is defined in Eq. (3.6). 
~ . . 

similarly, the coefficient yij has the value p for the inter-

action between sublattices which contain second nearest 

neighbors of each other. Since the six third nearest neigh-
~~ . 

bors of a. given atom alL lie on a single sublattice, r1 j has 

' · ...... ~ 
D ' 

•' 
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Fig. 1. Sublattice arrangement for the hexa~9na1 

close-packed structure when subdivided into . . ' 

eight hexagonal sublattices. The atoms 

desig~ated by() lie in the same (001) plan~, 
. ' 

while the atoms deslgnated by [] iie in ad-

jacent (00.~) planes which do not contain the 

Q atoms. 
,I 

l' 

•, 



ISC-729 25 

liD [§] ~ [§] [[] 
@ CD @ CD ® 

t·~. 

[[] [] •[[] [1] ·[[] 
(J) @ ; (j) @ ®' 

-[§] [ID [§] [§] [§] 

CD @ CD @ CD < ' . 

[1] [g) [1] [g) ~ .. 
' . 

:® (J) @ (i) ®· ,-. 

~ ~ --~- ~- ~ 

@ ill ® ® @. 



lSC-729 

the value r for the interaction between sublattices which 

contain atoms which are third nearest neighbors. 

The secular equation for the above arrangement of s~b­

lattices, as obtained from Eq. C4.4),is 

- ~ r. P 

r - ~ q 

p f:J .. A 

q 

p 

q 

p 

q 

p 

q 

p 

q 

p 

r 

p 

q 

p 

q 

q 

p 

r 

- ~ 

p 

q 

p 

q 

q 

p 

q 

p 

p 

q 

p 

q 

q 

p 

q 

p 

q - ·~ r P q 

P r ... ~ q ·p 

q. P q - ~ r 

p q p r 

::: o, <4. 7) 

where p, q, and r are described above. Equation C4.7) can 

be factored into 

~-3 (p+q)-r] c~-3 (p-q)+;] 

X ~+p+q-~3 c~+p-q+~3 = 0 • <4.8) 

The factors for Eq. (4.5) can be obtained from Eq •. C4.8) by 

replacing~ by (A-K). The various critical temperatures 

defined by Eq. C4.6) are given, in units of C'=g~RJ(J+~), 

in Table r, along with the types of order with which they · 

are associated. The symbols for the types of order have 

the following significance. The capital letter gives the 

type of order, while the subscript x means that the angular 

momenta are aligned perpendicular to the z axis, and the 

~. 
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subscript z means the angular mom~nta are aligned along the 

z axis. The types of order are determined by substltuting 
'' 

27 

the appropriate values ~or A .irito Eqs. <4.2) and then solving 

these equations for the relative values of the angular 

momentum components. 

Table I. Critical temperatures in units of C' for various 
I 

kinds of order in the hcp structure, when it is subdivided 
into eight hexagonal sublattices. 

Type of ·order .Tc/C' 

·p 
·x ,3 (p+q)+r 

F 3(p+q)+r+K .z 

Ax 3(p-q)-r 

Az 3(p-q)-r+K 

Bx -p-q+r 

Bz -p-q+r+K 

Cx -p+q-r 

Cz -p+q-r+K 

.. -- ···-·-·--

The ordered states listed above are shown in Fig. 2,. 

They can be described as ·follows. The ferromagnetic state 

F has the angular mome~ta of all sublattices ali~ned parallel 

to each other. Antiferromagnetic state A has the aneular 

momenta on alternate (001) plane£ aligned antiparallel to 

each other. Antiferromagnetic state B is an orde~ing in 

which each (001) plane contain~,equal numbers of angular 
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Fig. 2. Ordered states for the hcp structure sub­

divided into the eight sublattices ~hewn in 

Fig. 1. The symbols 0 and 0 ·denote angular 

momenta pointing parallel. to a given direction, 

8 and IIJ denote angular momenta pointing anti-

parallel to that direction. 
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momenta aligned parallel and anti-parallel to a given direc­

tion, arranged on a set of parallel lines occupied by angular 

momenta all of one orlentation. Neighboring planes are 

oriented so that third nearest neighbors· have p.arallel angular 

momenta. Antiferromagnetic state 0 has the same arrangement 

as B within any (001) .plane, but adjacent planes are oriented 

so that third nearest neighbors have antiparallel angular 

momentum orientations. ., 

In the work above, we have decomposed th~ hcp .structure 

into eight hexagonal sublattices. · This subdiv1sion is ap­

·proprlate when first, second, and third nearest neighbor 

interactions are taken into account~ If third nearest neigh- . 

bor interactions can be neglected, another possible subdivision 

is into six hexagonal sublattices. The atoms in each (001) 

plane are arranged on three interlocking hexagonal lattices, 

arid since atoms on adjacent planes cannot be on the same sub­

lattice, six sublattices are required. 

The formal details of the solution are identical ~th 

those for the case of eight sublattices. The secular 

determinant is 

- A d d q q q 

d - ]\. d q q q 

d d - A q q q 
= 0 ' <4.9> 

q q .Q - A. d d 

q q q d -· A d 

q q q d d - A 
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where d=3p/2, and p\and q have the same signii'icance as in 
' 
Eq. <4. 7). Equation <4.9) can be i'actored into 

(A+d)4(A-2d-3q) (A-2d+3q) = 0 • c4.lo> 

The va.rious critical temperatures are given in Table II • 

. , 

Table II. Critical temperatures in units oi' C1 i'or the 
hcp structure subdivided into six hexagonal sublattices. 

Type oi' Order Tc/C' 
,·, 

Fx 3(p+q) 

Fz 3(p+q)+K 

A x· 3(p-q) 

Az 3(p.;.q)+K 

Dx ~Jp/2 

States Fx, Fz, _Ax' and Az are the same states described be­

i'ore and iliustrated in· Fig. 2~!.. State Dx, however, is a 

31 

new state oi' some interest, which is obtained by substituting 

A=-d into Eqs. C4.2) and solving i'or the components oi' the 
-,. 

sublattice vectors Si• The arrangement ·of vectors i'or this 

case can be i'ound as i'ollows. Equations <4.2) can be written 

c4.11) 

with similar equations for the y components. Since in general 
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Fig. 3. Angular momentum arrangement for state 

Dx in a (001) plane of the hop structure, 

when it·is subdivided into six hexagonal 

oublattiee~. 
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(d2 - q2 f 0), we see that 

<4.12) 

For state Dx 1 .the z components of the angular momenta are 

all The 
~ 

given· zero. vectors Si all have the same magnitude 

by Eq •. <4.3). Therefore, it is clear that Eqs. <4.12) are 

satisfied if we place the·vectors in· each (001) plane so 

that they have directions 120° apart. This ar·rangement or 

angular mo:menta is shown in Fig. 3. The total angular 

momentum of each (001) plane is zero, so that there is no 

interaction between adjacent (001) planes and therefore no 

necessary correlation or the angular momentum arrangement 
I . 

between planes. Sinc·e !'or state Dx the third nearest neigh-. ~ 

bor interactions cancel out,. Dx is a possible arrangement 

even in the presence of strong third nearest·neighbor inter-

actions, although it probably wo.~ld not be the . arrangeit1ent 

of' lowest f'ree energy. 

We have examined above the possible ordered states 

f'or the hcp structure, when it is subdivided into six and 

into eight hexagonal sublattices. These subdivi·sions are 

·appropriate when interactions between atoms more distant 

than thir~ nearest neighbors can be neglected. If' longer­

ranged interactions have to be considered, the structure 

must be subdivided still f'urther. It does not seem worth-

while to examine more complex structures, unless neutron 
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diffrnctioh data show they are needed. 

We now investigate the relative stabilities of the 

, magnetic states listed in Tables I and II. For H=O, and 

all.'A's equal, the free energy of Eq. (3.2i.) can be wr:ttten 

in the form 
r 

I 
I 

35 

<4.13) 

where n -is the number of sublattices and z1 is the funct.ion 

Zi(Yi) defined by Eq. (3.16). Observe that F decreases 

monotonicaliy as A increases, so that the state with the 

largest A. is stable' at temperature T. Furthermore, if the 

A.'s are independent of temperature, the state-with the 

largest A., and consequently the largest critical· temperature, 

remains stable for all· temperatures below its critical 
.. 

temperature. Therefore, we conclude that a transition from 

one ordered state to another listed in Tables I and II can 

only occur, for the hcp structure in this approximation, 

when the·'A:.ts vary with temperature. This conclusion had 

been reached earlier by Smart (31) for cubic lattices with 

J:::li. 2• 

The solutions abovehave been obtained under the as­

sumption that all the A.i of Eqs. <4 .1) and (4.2) are equal 

when H=O. The problem of whether there are other consistent 

solutions for H=O when this assumption is abandoned is 

examined in Appendix B. It is shown there that if states 

A and F have positive critical temperatures., while the 
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critical temperatures for states B and C are negative, both 

states A and F are more stable at all temperatures ·than any 

other solutions of the equations. Therefore·, in this special 

case at least, a ferromagnetic-antiferromagnetic transition 

can only occur when the molecular field coefficients change 

with temperature. 

Wi th.out neutron diffrac·tion data or data from magnetic 

measurements on single crystals, it is virtually impossible 

to decide which ordered state of Tables I and II represents 

best the stable configuration for dysprosium in zero external 

field. The only relevant data are those of Banister, Legvold, 

and Spedding (5), which give the lattice parameters a and c 

as functions of temperature. The parameter a decreases 

monotonically as the temperature decreases through the range 

in which dysprosium is antiferromagnetic, while the para-

meter c undergoes an anomalous expansion. · Greenwald and 

Smart (32) have argued that it is reasonable to expect ari 

anomalous expansion or contraction to occur in a direction 

which changes the distance between a certain set of parallel 

planes which. have the property that all the angular_momentum 

vectors on a given plane are aligned parallel to each other, 

wrdle the angular momenta on adjacent planes are aligned 

antiparallel to each other. If we accept their arguments, 

we would predict that the antiferromagnetic structure of 

dysprosium is either Ax or Az• 
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V. SOLUTIONS IN 'l'HE PRESENCE OF AN EXTEHNAL MAGNETIC FillLD 

A. -Fundamental Equations for Two Sublattices 

We discussed in Chapter•Iv the solutions of the molec­

ular field equations (4.2) and C4.3) for th.e·ca.se of zero 

external field. One solution_was ferromagnetic, with the 

angular momenta of all the suqlattices parallel and of equal 

magnitude. The other solutions were antiferromagnetic. If 

we restrict ourselves to '.the case of eight sublattices, we 

.find that for each of the antiferromagnetic solutions there 

are only two inequivalent angular momenta. These angular · 

momenta can be placed, then, on two sublattices, instead of 

the or:tginal eight. We assume that in the presence or·a 

magnetic field there still will be only two inequivalent 

angular momenta, and write Eqs. <4.2) in the form 

~ ~ A --"7 

-psl + (A~ - a) s~ - K s~~ z = H I 
'- '- '-~" 

( 5.1) 

where a and p are linear combinations of the coefficients 

· p, q, and r. The atoms on the_ same sublattice ~ow interact 

with a Weiss molecular field co.efficient a, even though the 

original sublattices were chosen so that there was no self­

interaction. This comes about because of the way we have 

combined several of the orlginal sublattices to form the 

new sublattices. 
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For definiteness we take K)O, so that the ste.tes· stable 

in z:ero field have their angular momenta aligned along the 

z axis. Furthermore, if states Fz and Az _are assumed to be 

the competine; states in the ferromagnetlc-antiferromagnetic 

transition, the field coefficients a and ~ are given by the 

relations 

o: = (TF'z + TAz - 2C 'K)/2C' = 3p/C' 

{3 = (Tpz- TAz)/2C' = (3g+r)/C' . , ( 5.2) 

·V'fhere Tpz and TAz are the critical tempsratures given in 

Table I in terms of the field coefficients p, q, and r. The 

coefficient a. is a ferromagnetic coupling, and the stable 

state w~th H=O is Fz or Az according as ~>O or ~<O. 

For conven:tence, take the field H always in the x-z 

plane, and with its x and z components greater than or equal 

to zero. Equations ( 5.1), written out in component form, are 

(A.l - a) 8lx - ~ 3 2x = Hx ' ( 5.3a) 

-(3 81x + (")..2 - a.) 5 2x = H ' ( $.3b) 
X 

{A.l - a.) sly - ~ s 2y = 0 ' { 5.3c) 

~~ sly + (X2 - a.) c• = 0 (5.3d) 02y ' 

(A.l - a. - K) 8lz - ~ 82z = H ' { 5.3e) z 

~~ Slz + (A.2 ~ a K) s2z = Hz ' ( 5o3f) 
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where the magnitudes Si are given by 

. --39--. ---.... 

(5.4.) 

We first of all seek consistent solutions of Eqs. (5.3) and 

(5.1.).), and investigate later the question of the relative 
' 

stability of the various solutions for given values of H 

and T. 

Observe that Eqs. (5.3) and (5.4) comprise a set of. 

simultaneous, transcendental equations• Instead of solving 

directly for s1 and s2 as func~~ons of H and T, the following 

technique is effective. Assume values for A.1 and A. 2 , and 

then determine Hx and Hz so that .the molecular field e,quations 

are satisfied. To proceed in this manner, we solve Eqs. 

(5.3a) and (5.3b) for Six and Eqs. (5.3e) and (5.3f) for Slz' 

obtaining 

Slx = [Hx(A.2- ct + rJl]fl\x' (5.5) 

81z = [Hz (A.2 - ct + (3 - K 0 / 6z ' ( 5.6) 

where 

, (5. 7) 

( 5.8) 

We see from Eqs. (5.3c) and (5.3d) that unless l!.x vanishes, 

the components s1Y and s2y are zero. The special case when 

Ax = 0 will be considered later. As long ~s Sly and s21 
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vanish, Hx and Hz must satisfy the equation 

S 2 + s 2 = s 2 
lx· lz 1 ' 

or 

UA2-a.+~)/6J2nx 2 

+ QA2-a.+~-K)/6z] 2Hz2 = sl2 .. (5.10) 

We derive in similar fashion relations involving s2 , which 

are 

S2x = (!Ix(Al- a+ ~)]/6x' 

S2z = ~z(Al - a + ~ - K}] /6z ' 

~Al-a.+~)/6x] 2Hx2 

+ {]Al-a+~-K)/6z] 2JIZ2 = s22 • 

(5.11). 

( 5.12) 

( 5.13) 

Equations ( 5.10) and ( 5.13) are ellip.ses in the Hx-Hz plane. 

These ellips.es are identical if Al and A2 are equal. Other­

wise they have a common solution or tnteraection if the 

ellipse with the larger Hx axis has the smaller Hz axis~ 

. The condition for this is that 

<IA1-a+~ls1-IA2-a.+~ls2> (5.14) 

x cj A1-a.+f3-Kj s1-IA2-a+~-KI s2 )~0 • 

l 

Condition (5.14) determines a region in A1-A2 spac~ for which 

consistent solutions to Eqs. (5.3) and (5.~-) exist. If we 

• 
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solve Eqs. (5.10) and (5.13) for Hx2 and Hz2' we obtain. 

2 - b.x 2 \(A.l-a+[3-K) 2sl2 - (A.2-a+(3-K) 2s22J 
H - -~ . -- ' (5.15) 

X . D . 

H 2 = 6/ E•;>-a+~)2s;2 -. ("1.1-a+B)2sl2] ' (5.16) 
z D 

where 

D = 2K(A.1-A.2 ) QA.1-a+[3-K/2)(A.2-_a+[3-K/2) 

·'·- K2/!Q • 

Dividing Eq. (5.15)· by Eq. (5.16), we find that 

6x2 U"-i -a.+f3-K) 2sl 2 ~ (A.2-a+[3-K) 2s22] . 
tan2% = , 

b.z2 0"-2-a.+[3)2s22 -; (A.l-a+[3)2sl?J 
(5.18) 

~ 

where ¢ is th~ angle between H and the z axis. The ratio 

of s1x ~d s1z is obtained from Eqs. (5.5) and (5.6) as 

Slx = b.z(A.2-a.+[3) tan¢ 
• 

81z b.x(A.2-a.+[3-K) 

Similarly, from Eqs. (5.11) and (5.12) we find that· 

b.z(A.1-a.+[3) tan ¢. 
b.x("-1-a.+[3-K f-- • 

( 5.19) 

(5.20) 

We now have the necessary formulas for studying the 

nature of the solutionf:.· of the molecular field equations 

(5.3) and (5.1-t) for all directions and magnitudes of the 
__..., 

external field H and for all ranges of temperature from 

' 
\ 
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0~{ to temperatures greater than.tbe highest critical tempera-

ture. 

B. Discussion of the Existence of Solutions 

1. Compatibility conditions 

Consistent solutions of the molecular field equations 

exist for values of "A1 and "A2 which satisfy condition. (,5.14) r' 

For examination of condition (5.14), it is useful to consider 

the. curves in the "A1-"A 2 plane determined by the equations 

j"Al-a+~lsl = I'A2-a+~ls2 

\"A1-a+~-Kis1 = f"A2-a+~-Kis2 
' 

• 

( 5.21) 

(5.22) 

For the general case, the region.in which the allowed values 

of "A1 and "A 2 lie is bounded by curves (5.21) and (5.22). 

The nature of these curves changes with temperature and 

therefore the properties of' the solutions of the molecular 

field equations are different in the different temperature 

ranges. 

Let us consider as a function of "A1 the expression 

( 5.23) 

where Si is given as a function of temperature by Eq. (5.4) 

and Ai and Si are both.greater than or equal to zero. If 

the temperature T is such that 

' .(5.24) 
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then Gi is a monotonic function of Ai' of the form shown 

in curve A of Fig. 4. The equation 

has therefore only one solution, which is X1='A2 • However, 

if 

43 

( 5.26) 

we observe that G1 is now a non-monotonic function of Ai 

which has the value zero for the two.roots 

The behavior of Gi for this case is shown by curve B of 

Fig. ~-· Equation· (5.25) now has, in addition to the ~sual 

solution 'A 1 = 1-.. 2 , another solution for which 'A1 F "A2• These 

values of 'A1 and 1-.. 2 lie on a closed curve in the 'A1-'A2 

plane, an example of which is shown in Fig. 5. 

We now proceed to discuss the behavior of the solutions 

of the molecular field equations for the various significant 

temperature ranges. 

2. Solutions for T)C'(a-@+K) 

For temperatures such that T)C'(a-~+K), observe that 

Eqs. (5.21) and (5.22) have but one solution, 'A1='A2 , because 

ths functions (Ai-a+~)Si and ('Ai-a+~-K)Si are both monotonic· 

functions of 'A1 • For this range of temperature, the solution 
~ ~ 

of Eqs. (5.3) has the property that s1 = s2 • 
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Fig. 4. ~alitative behavior for different tempera-

tures of G1 as a function of 'A1 , where the 

function Gi is defined in Eq. ( 5.23). The 
-

dashed straight line is the asymptote approached "' 

by F1 for large 'A1 • 
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Fig. 5. The "'--diagram for T<C 'P • The closed 

curve ·is obtained from Eq. (5.25}. The 

region inside the closed curve contains 

"'-'s for which consistent solutions of the 

molecular field equations exist, when 

(' = a - f3 + K and T)C ' (a - f3) • 
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This solution applies f'or th.et range of' tem:Perature.s 

.~.which .tl+e SJ:Stem.is pa.r.amag:petic, that is, w:Q.en T. is 

greater than .the highest ~ritieal tem.Perature~ T:Q.e zer9 

field sus,ceptibi.lity :f"or th:l,s case' can be derived most 

easil.Y from consideration of Eqs, •. (3.,20) and (5.,3). For 

sufficiep.tly high tem:pera,tures, ·Eq •. (J •. ~O) .ca.n.be written 

1n tb.e approximate for.m 

(5.28) 

so t:Qat f'rom . Eq. ( 4 .l) 

A i = T/G 9 
•. (5.29) 

Frc;>m Eqs. (5.3~), (5.3b), (5 .• 3~), and (5.3+) we .obtain 

(5.30) . 

S - S ~ ~· H /(T''l' ) · 1 - 2z - "' · · · · z . · - Fz ' z . --
(5.31) 

and 0! and {J are given in Eqa C5.2)a If for pw.•poses of 

comparison with .experiwent .we take the component of' the 

.~etization in the direction of the field, we find 

M.= G 

\ 
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where ~ is the angle between H and the z axis, and C is the 

Curie constant given by C = 2nN(gJ~B)2J(J+l)/3k. For a 
. ' 

polycrystalline sample in which all the crystallites are 

randomly oriented, the susceptibility')( is given by 

which is obtaine·d by averaging ··M in Eq. 

values of ¢ and dividing by. H. 

3. Solutions for C' ( a-(3) < T< C '( a-S+K) 

, 

(5.34) 

( 5 .35) 

over all 

The situation for this temperature range is as follows. · 

Equation (5.21) still has only one solution, A1=A2 , since 

the functioniAi-a+~lsi is still monotonic. However, since 

\Ai-a+~-Kisi is now non-monotonic, Eq. (5.22) has two kinds 

of solutions. We find as usual that A1=A2 is a solution, 

but now a second solution is possible for which Al~A2 • The 

curve defined by Eq. ( 5.22) is shown - for a typical case 

for this temperature range - in Fig. 5. Examination of 

Eqs. (5.10) and' (5.13) reveals that the allowed region in 
·, 

A-space is the region inside the closed curve defined by · 

·:Eq. (5.22). The llne (A1=A2) also contains A1 S :for which 

the equations are consis·tent. It follov,:s from Eq. ( 5.18) 
--"7 

that H is directed along the z axis (¢=0) for A1 S on the 

boundary line of the allowed region. 
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~-· Solutions for T<C' (a-@) 

In this final temperature range to be considered, the 

functions \ ~:J.-a.+B\ Si. and· \ ~i-a+{3-K\ s:J .. are both non-~onotonic 
functions. of ~:J.' so that in addition to the usual solution 

C~ 1=A. 2 ), both Eqs. (5.21) and (5.22) have solutions for which 

A.i/-A.2• Inspection of Eqs. (5.10) and (5.13) reveals that for 
( 

this case· the allowed region is bounded by the curves ( 5.21) 

and ( 5. 22)' and again values of the A.'s on the line (A.l =A.2). 

are allowed. The "A.- di ag~am" for thts case will be discu.ased 

in detail later in this chapter, since this case is of con-

siderable physical interest. 

c. The State F 

For the case A.1=A.2 , Eqs. (5.3) and (5.4) show that 
~ --"7 s1=s 2 • The t~o ellipses, Eqs. <5.io) and (5.13), both reduce 

to the single relation 

• . (5.36) 

_Equations (5.4) and (5.36) express A. as a transcendental 

runction of Hx, Hz, and T. Since we have from Eq~. {5.5), 

(_~. 6 ) , (.~ .11 ) , and ( 5.12 ) that 

= 6i(A.-a+~) tan -
6x ( A.-a.+{3-K) . ' (.~.37) 

Eqs. ( 5.4), ( 5.36) and ( 5.37) determine completely this 

state. 

~-

·:. .. 
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Because the sublattice magnetizations are equal and parallel 

for th~s ordered arrangement, we refer to it as ferromagnetic 

state F, even though it may be the stable state only in the 

presence of large applied magnetic fields for temperatures 

above the F-A transition. Gorter and Haantjes (27) use the 

term: paramagnetic saturation to refer to the stat·e which we 

call F, when for large fields .it is stable relative to the 

antiferromagnetic state. 

D. The State Ax 

There exists a type of solution of the molecular field 
_ _.., --, 

equations for which. s1 and s2 lie outside the x-z plane. 

For this solution to exist, the determinant 6x must vanish, 

so that 

• ( 5.38} 

When HxrO, it follows from Eqs. (5.3a) and (5.3b) for the X 

components tha"t 

( 5.39) 

For this value of "A1 and 'A2, the solution of Eqs. ( 5.3) is 

81x = 8 2x = H /(-2~) I X 

Siy = - S2y ' 

81z = s = H /(-2~-K), (5.4o> ?7. z 

51 



.52 ISC-729 

Fig. 6~ Schematic representation of the angu~ar 

momenta for state Ax, when K>O· and the 

magnetic field·H is less than the critical 

value given by Eq. (5.42). 
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and s1 and s2 are known ~s functions ofT from Eq. (5.4). 
-"7 __., 

If' we set s1=s2=s, the y components of s1 and s2 are given 

by the relation 

s1 = - s2 = fS2_ (H /2!3) 2-H 2j ( 2!3+K) 21} . Y . Y ~ X Z :J • ( 5.41) 

It i.s apparent from Eq. (5.41) that if the magnetic field 
--'7 

exceeds a certain critical value H0 , which depends upon the 

angle ¢, this antiferromagnetic state cannot exist. The 

critical'field curve, obtained from·Eq. (5.41) by setting 

Sly = s2y = 0, is 
; 
·- ..... 

• (5.42> > 

This curve is an ellipse in the .Hx ... Hz plane ... For values 
.. 

· of the magnetic field which lie on the ellipse, the an.ti-

ferromagnetic .state described here and the state F discussed 

above are identical. For H=O, this antiferromagnetic state 

is identical with state Ax described in Chapter IV. The~e­
t ··: 

fore~ we also designate this state by the symbol'.Ax when! a 

magnetic field is present. The arrangement of angular 

momenta for state Ax i·s shown in Fig. 6, for a case where H 

.·is less than the critical field and K>o. 
~ -, 

As H inc:r;-eases, S1 and s2 become more nearly parallel 
\ 

to each other, until they become parallel at the critical;· 

field ·He given in Eq. ( 5.42). The total magnetization MAx. 

of a single crystal in state Ax is 
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(5.43) 

Because of the ani sot1•opy, the total magnetization vee tor 
-, 

is not quite parallel to the applied field H. For a given 
~ 

direction of H however, MAx is a linear function of' H and 

the susceptibility is constant., 

E. The State Az 

There still remains one type of solution of the molecular 

field equatlons which as yet we have not discussed.. This is 
'· 

the solution which, in the llmlt as H approaches zero, be­

comes identical with the state Az described in Chapter IV., 

We call this. solution state Az for all magnitudes and di-

rectlons of the applied magnetic field for which it exists. 

In order to investigate the properties of state Az and at 

the same time anticipate some of the results needed later for 

the discussion of the prop~rtles of dysprosium, we consider 

the following caseo We assume that K>O and that (3<0, so that 

state Az is the stable state for H=O and the preferred axis 

· is the z axt s., We take 'I'<C' ( a+[3+K), so tha. t state Az and F z 

a~e both stable ~elative to the disordered state, and for 

this temperature range explore in detail the significance of 

the vad.ous possible (compatible) values of A.1 and A. 2 and 

the corresponding sublattlce angular momenta. 

F'lg1.1I'e 7 shows a typical "A.-d:i.agram" or plot of the 
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'· 

I 

Fig. 7. Typical 'A-dlagram showing values of 

'A1 and 'A2 for which consistent.solutions 

of th~ molecular field equations exist 

when T<C'(a+~+K), so that states A.and F 

are both stable relative ·to the disordered 

state. Th~ region of allowed 'A's is· 

bounded by the two c;tosed curves. The 

line ('A1='A2 ) also contains allowed values 

of the 'A's. This diagram and Figs. 8 

through 11 were calculated for J=l5/2 and 

for a temperature of. 143.6~, using the 

values of the parameters. given in Table IV. 

.. 
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important· regions in the space of A.1 and A. 2 for this temp-era­

ture ~ange. The region of allowed 'A's lies between the two 

closed curves or along the line {'Ai='A2 ). The point A repre­

sents state -Az, point F represents ~tate F, and point C 

represents state Ax for H = o. The curve connecting points 

A, :s, and G i·s obtained from Eq. (5.22) and contain 'A's for 

which ¢=0. The curve connect:Lng points B and C is the curve 

Ax=O, which from Eq. (5.18) also contains sta~es_ for which 

¢=0. The curve connecting points C and L comes from Eq. {5.21) 

and· contains A.'s for which ¢=90°. 

An exploration of the A.-diagram for particular cases has 
-"7 

revealed· that for a given H and T there can be more than one 

state for which molecular field equations {5.3) and {5.4) 

are satisfied. However, in all cases, the state having the 

lowest free energy lies in the area bounded by the curves 

c6nnecting the points A, B, and c. This area is the area 

of physical interest, and we will ~oncentrate our attention 

on it. fllhe area AEC is shown in more detail in Fig. 8·~ 

Fo:r H:;:O, state Az is the stable state and it is located 

at point A {where A.1=A. 2=a-~+K} in Fig. 8. The behavior of 

~tate Az as the magnetic field increases in magnitude depends 

'?-POD the .direct.ion of the field relative to the :preferred 

axis. A discussion of the behavior of state Az for small 

magnetic fields - for 'A's in the immediate neighborhood of 

point A, which is a rather singular point - is given in 

Appendix c. The behavior for large magnetic fields is 

,;• 
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discussed below for the two spect~l cas~~ of 91=9 and ¢.=90 ° 
before investigating the general case • 

F, External Magnetic F'ield Parallel to the ~ Axis 

61 

We now disQuss ~he interesting case qf H9.1r~qtt)Q. ~long 

the z ax:ts, so tha.t ¢=0, ·We will sho·w tha.t as th~ m~gP+ t\l,de 

of the field increases for the· rang~ of terope~at~r~ tp wbich. 
' . . .. . 

state Az is stable for ze~6 field, tbe:system rem11n~ in 

state Az until the threshold field for 11 spin flop" ts ;r~ached, 

At this value of the field, the system ~ban~~s.41~QQ:Ot"-nqo\la ... 

ly from state Az to Ax• As the field increases still fu~tber, 

state Ax is deformed continuously into state F, 

In Fig. 8, the curves AEB and BC_contain all points for 

which ¢=0. As state .Az moves down the curve AE.S towarq p9!nt. 
. . . 

B, the magnitu~e of H, givep by iq, (5,1~) increa~~s. A~-

state Az moves along the curve ~ from B tQ C, H decrease~. 

For a certain range of values of H then, there are ~wo dif~ 

ferent solutions of the equations, We have. .to appeal to 

free energy (3 •. 21) to decide which is stable, li'or the .present 

case where.the structure is subdivided into t)'lo a\.lbf_att1Qes~ 

the free energy (3.21) can be written 

( 5.44> 

with 

•• • ./<...') 



Fig. 9. The free energies of states Ax and Az as functions· of H, the 

magnitude of the applied'magnetic field, for H directed along_ 

the z axis.· 
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• ( 5.46) 

Here the magnitudes s1 and s2 are obtained from Eq. (5~4) 

with Ai equal to Al and A2 , respectively. The function 

Z(J.LAiSi/kT) is g:J.ven b~ Eq. (3.16) with yi=~t.AiSi/kT. 

In Fig. 9 are shown free energies calculated from Eq. 

( .5.44) for magnetic fi·elds given by points on the lines AEB 

and BC, respectively. The points A; B, c, and E correspond 
, I 

to the same states as in Fig. 8. We see in Fig. 9 that states 

on the curve BC are unstable relative to those on AEB for the 

same values of H. 

We have already shown that for magnitudes of H less than 

a critical value obtained from Eq. (5.42) for Hx=O, state Ax 

(corresponding to point c of Fig. 8) is also a solution of 
\ 

the molecu~ar field equations. For state Ax, we have 

~1=A2=a-(3, so that the free energy FAx for Hx=O is 

(5.47) 

where FAxo is the function F1 of Eq. (5.45) with. A1=a-(3, 

SAx is the solution of Eq. (5.4) with Ai=a-(3, and 

XAx = - 2nNgJ11.s/ ( 2(3+K) • ( 5.48) 

The susceptibilityXAx is obtained from Eq. (5.43) with 

Hx=O from the definition 

( 5.49 

Since FA~o is independent of H, free energy FAx is a 

\ .. 
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quadratic function of Hz for ¢=0. The free energy FAx is 

given as a fun6tion of H by curve CE in Fig. 9. 

For H=O, state Az is stable and located at point A in 

Fig. 9. As the applied field increases, the free energy of 

state Az drops slowly because the susceptibility of state 

Az for ¢=0 is relatively low~ State Ax has a much higher 

free energy at low fields, which drops very rapidly as the 

external f:l.eld increases because state Ax has a relatively_ 

large susceptibil~ty. As shown in Fig. 9, the free energies 

for states Ax and Az cross when the m~gnetic field reaches 

the value at point E and the phenomenon of "spin flop" 

occurs. In "spin flop", the stable state· changes from 
. . -., 

state Az to Ax and the direction of alignment of the si 

switches suddenly from parallel to the z axis into a direction 

with a component perpendicul.ar to the z axis. The phenome­

non of "spin flop" has been observed experimentally in 

cuc1 2 .2H20 by means of proton resonance. An extensive re­

view of the subject is given by Nagamiya, Yosida, and Kubo 

(15). 

In order to continue the discussion of the behavior of 

our model, and in particular, to develop an approximate 

formula for the temperature variation .of the threshold field 

for spin flop, we need to have an expression for )( 11 , the 

susceptibility in the limit of small fields dir~cted along 

the preferred z axis of the· system. For H directed along 

·the z axis with a magnitude small enough so that the system 
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remnins in state Az, the susceptibility can be calculated 

by a method similar to that used by Van Vleck .(17) and many 
~ __,. --"7 

others. Vectors s1 , s2 , and H have only z components, and 

the molecular field equations can be written 

3 lz = J B J( iLH 1/t{T ) ' (5.50) 

8 2z = J B J( iLH2/kT) ' (5.51) 

with the effective 'fields H1 and H2 given by 

Hl = H z + a 8 lz + ~ 32z , (5.52) 

H2 = H z + (3 31z + a 82z • ( 5. 53) 

Since the system is in state Az for applied fields small 
___,. --? 

compared to the exchange interactions, vectors s1 and s2 

are antiparallel to each other. Therefore, we have 

(5.54) 

(5.55) 

To compute XU , the suscepti'bili ty parallel to the 

z axis, which is defined by the equation 

' (5.56) 

take the derivatives of Eqs. (5.50) and (5.51) with respect 

to H and use Eqs. (5.54) and (5.55) for the effective fields. 

After solving the resulting two simultaneous equations for 

>. 
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· dS1/dH and dS.2/dH, taking tb.eir s1)m, and setting H=O, we 

obtain 

2nN.( ~t2/k) B J' ( ~0/k'l') ----,.-....,.._. ' 

with ~ = g~8S; B3 • signifies .the derivative of BJ with respect 

to its argument o The temperature Tpz 5.s the cr:i. tical tempera­

ture for state Fz, defined by 

and H0 is the value of H1 or H
2 

when the applied field H is 

zero. This is the familiar formula for Y- 11 given by Van 

Vleck (17), Anderson (18); ·and many others. 

For the free energy of state Az, a good approximation 

can be obtained.as follows. From statistical mechanics, we 

have that 

M = - (JF'/dH) 'l' ' ( 5.59) 

where :5' :ts the free energy and M is the magnetization. We 

also have 

, 2 1 ,. 2 lim o F o F. 
H---70 

• ( 5.6o) 

The expansion of the free energy for state Az in the presence 

.c> f' 1 d ' th f t 1 u2 OL a ·1e .• _ 1.s erA o-rA,. .n nrcer r1 , 

-::<' 'V F 0 - .ly_ T-12 . 
. - Az - Az ~ 11·· ' 
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where FAz 0 is the free energy for state Az in zero field.. 

The ltnear.term in the expansion is missing because the 

magnetization is zero for antiferromagnetic state Az when 

H=O. Approximation {5.61) is q~ite good when H is small 

compared to the niolecular fields arising from the exchange 

interactions.· 

A useful approximation for the temperature variation 

of the threshold field for spin .flop can be obtained in a 

s:i.milar way. This approximation is valid when the anisotropy 

energy is small enough so that:spin flop occurs at a field 

which is small compared to the ~exchange interactions. The 
i 

spin flop occurs at the magneti,c field strength Hf for which 

the free energies FAx and FAz ~ecome equal. Using Eqs. {5.61) 
; 

and ( 5.L.7) for the two free energles 1 we determine. Hf from 

the equation 

IF 0 · Az {];>X H 2 = F 0 2: II f .. Ax I {5.62) 

where Y- Ax is given by Eq •. {5.~.8). It follows from Eq. {5.62) 

that 

• {5.63) . 

VJhen the an:i.sotropy coefficient K is small, the difference 

{FAxo- FAz 0
) can be .expanded in a power series inK in the 

following manner. The free energy F for H=O can be written 

as a function of A in the form 

{ 5.64) 

• 
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which ,is obtained by setting H=O and A.1=A. 2=A. in Eq. (5.L!-4), 

Z is given by Eq~ (3.16), and S is obtained f~om Eq. (5.4) 

when Ai is taken equal to A.. 

From Eq. ( 5.6~_), we find 

69 

d F(A.)/dA. = ~ nNg~g32 • (5.65} 

The expansion of F(A.) about the point A.=A.Az' to the first 

order ir1 (71.-A.Az), is 

, 

( 5.67) 

and 

' F 0 
- F 0 ,.:., nNg J.L KS2 

· Ax Az J. B · • ( 5.68) 

Equation (5.63) therefore can be further approximated by 

• ( 5.69) 

Approximation (5.69) for the threshold field Hf is identical 

with the expression obtained ~~rlier by Poulis and Hardemann 

(?9), who as~ume, to first approximation, th~t the effect of 

the anisotropy on the exchange·energy can be neglected. 

For applied fields greater than Hf' the threshold field 

for spin flop, the system is in state Ax and exhibits the 

rather large constant susce,pti bili ty of Eq. ( 5.48). As the 



.: 

7o - . "· / 

Fig. 10. The magr~etization as a fun~_tion of H_..for.-¢ =·0; Jo;·· and 90° 

and T = 143.6 Of{. 
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__, ---'7 

field H increases, angular momenta 31 and 32 become more 

and more nearly parallel, and finally at the critical 

field. H
0 

given by setting Hx=O in Eq. ( 5.4.2), state Ax be­

comes identical with state F. Henceforward, we shall use: 

the symbol H
0 

to refer to that value of the field strength· 

for which an antiferromagnetic arrangement and state F have 

the same free energies. For field strengths higher than 

the value H0 , the system remains in state·F. The typical, 

behavior of the magnetization of the system for ¢=0 is 

given by the dashed curve in Fig. 10. There are three dif­

ferent susceptibilities for the system, when it is succes­

sively ~n states Az' Ax, and F. The measurement of the 

susceptibility of a sin~le crystal, therefore, should yield 
' 

interesting information concerning the anisotropy energy of' 

the crystal, as well as determining conclusively the axis 

of alignment of the angular momenta in zero field • 

. . 
G. External Magnetic Field Perpendicular to the Z Axis 

~ 

The behavior of our model for H O.irected perpendicular 

to the z axis, ¢=90°, is rather unspectac,ular. The system. 

stays in state Az up to the critical field H
0

, where it be­

comes identical with state F. The representative point in 

the A-diagram of Fig. 8 remains at point A for fields less 

than H0 • 
--, '""'""? ' The momenta s1 and 32 remain constant in magnitude, 

hut continuously change-directions from_their original 

orientation in which they were anti~arallel to each other 

/ 
/ 
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and· aligned along the z ·axis to their new arrangement in 
. 

which they are parallel to each other and pointing alo?-g· 

the x axis, parallel to the applied field. The represent­

ative point for state F moves up the line (A1=A 2 ), as the 

external field increases, reaching point A when the field 
) . 

becomes equal to the value He• 

73 

To demonstrat~ these properties, we return to Eqs. (5e3) 

and (5.4). For ¢=90°, Eqs. ·c5.3e) and (5.3f) for the z com-

ponents are homoge:ooous and have a non-trivial solution only 

if ~z=o, where ~z is defined in Eq. ·<5.8),. But the only 

point on the curve (~z=O) whlch lies in the allowed region 

of the A-diagram of Fig. 8 is the point A, for which 

Al=A2=a-~+K. Therefore, the A's have the fixed value (d-~+K) 

and from the z equations (5.3e) and (5.3f) we have 

s1 = - · s . . . z 2z (5.70) 

Solving the x equatio'ns (5.3a) and (5.3.b), we obtain 

• ( 5 .. 71) 

Since the magnitudes s1 and s2 are given by Eq. (5.4), we 
have 

From Eqo C5o72), we see that the critical field He for this 

state is given by 

( 5., 73) 
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which is obtained by settin~ s1z=s2z in Eq. (5.72). From 

Eq. (5.71), the susceptibility'X, defined as the suscep-
- :.i. 

tibillty for the magnetic field oriented perpendicular to 

the preferred z axis, is given by 

• ( 5. 74) 
.•,· 

Using the definitions of the critical temperatures TAz and 

TFz given by relations (5.2), we write Eq. (5.74) in the 

useful form 

, ( 5. 7 5) 

where TK, given by 

TK = c I K , ( 5. 76) 

is the anisotropy coefficient K expressed in units of the 

temperature. The suscep~i bill ty xj_ plays· an important role 

in the interpretation of the experlmental data for dysprosium, 

as ~ill be described later. 

The critical field He, given by Eq- (5.73), is the field· 

at which states Az and F. become identical. Above He, the 

system remains in state F. The magnetization for ¢=90° is 

given by the dot-dash curve of Fig. 10, wliere below the 

critical field H
0 

the suscepti hili ty i's ·cons.tant ,·_ i t,s . value 

being g~ven by Eq. (5.75). 

•,. 
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H. Exte~n~l Magnetic Field in a General Direction 

"-7' 

Finally, we describe the behavior of our model when H 

is neither parallel nor perpendicular to the z axis. The 

curve connectingpoints A and Din Fig. 8, while drawn for 

the case of ¢=30°, is typical of the curves for all ¢'s 

except those very near zero •. As before, the stable state 

75. 

Az starts out for zero field at point A and as the magni~ude 

of the applied field increases the state proceeds toward D 

along the curve connecting points A and b. The magnetic 

field continues to increase all the way to point D. The 
--"7 

magnltudes of sl 

become parallel. 

• I 

---? . 

and s2· change~ and their directions gradually 
;·-.... 

The critical·field H is reached when state . c 
i . 

Az reaches point D, ·which lies:: on the line (A.1 ~A.2 ). State 

F, in the meanwhile, has been moving up the line (A.1=A.z) ·as 

the magni t·ude of the field increases and arrives at D when 

H = H
0

• As before,· 'the critic·al· field H
0 

·is .. the field for , 

·.which antiferromagnetic state Az and state F become identical. 

State Az is deformed continuously into state F as H increases • 

. We show in Fig •. 11 a schematfc representation of the behavior 

of the S1 as H increases. Behavior similar to that shown inf 
. ~ 

Fig. 11 has been d&scri~ed by Gorte~ and Haantjes (27) for 

a system at absolute zero. In Fig. lO,the magnetization for 

~=30° is shown as a function of H by the solid curve. 

Above H
0

1 only state F can exist. An expres·sion for 

the critical field He as a function of ¢ can be derived by 

ta~ing the limits of Eqs, (5,15), (5.~6), and (5.18) .as A.1 \ 
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Fig. 11. Schematic representation of the behavior 
'-7 "--?. 

of angular momen~a s1 and s2 as the applied 

magnetic. field, which makes an angle of 30° 

with the z .axis, increases from zero to very 

1are;e values. 
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and 1..2 , initially unequal, both approach A.; where 

• ( 5. 77-) 

The limits ar·e independent of the path of approach to the 

point A.1=A.2='A. The result:tng expressions are 

tan2~ 
(A.- a.+(3) (A.- a- f3) 2 [s+ (A.- a.+(3-K) s ";_] 

= (a-f3+K-A.)(A.-a-K)2(s+(A.-a+(3)S•] 
( 5. 78) 

and 

= (1/K) {CA.-a.+f3)(A.-a-(:q 2 [s2+(A.-a+f3-K)ssQ 

+ (a-f3+K-A.)(A...;a-f3-K)2[s2+(A.-a+(3)ssQ} , (5.79) 

where S is the function of A. given hy Eq .. (5.4) and S' means 
.• 

the derivative of S with respect· to A.. Unf~rtunately, H0 

and tan ¢ are expressed as functions of the parameter )., 1 so 

that a little labor is required to get H as a furictlon of ¢. c 

Conslderatl?n of the A.-diagram of Fig. 8, and in par-

ticular the free energy ~· external field curves of Fig. 9 

for ¢=0, makeslt seem highly probable that a curve connecting 

points E end C separates the region AEBCD into a stable 

region AF.;CD an~ an unstable region EBC. The contours of con­

stant ¢ for small enough ¢•s, then, would cross into the un-

. stable region and the angular momenta would flop just as they 

do for ¢=0. As ¢ increases away from zero, the loop BCE of 

Fig. 9 must become rounded and smaller, vanishing for· s·ome 

finite value of ¢. The computation involved in investigating 
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the solutions of the equations for small angles is.very 

heavy, and we have not carried through.the analysis • 

. i 
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VI. FEHHOMAGW~TIC - ANTIF'ER.ROIWA(JNETIC TRANSITIONS 

We examine in this chapter the conditions necessary in 

tho molecular field approximation for magnetic ~tructure 

transitions to occur in the hexagonal close-packed structure. 

Let us first ·consider the conditions which determine the 

stable state at T=O, when H=O. From Eq. (4.3), a.ll the Si 

have the same magnitude 

(6.1) 

The equilibrium configuration is that for which the energy 

E is a minimum, where 

(3.8) 

. When we minimize E subject to conditions (6.1), we find that 

the stable arrangement is given by Eqs. <4.2) with H=O. The 

states listed in Tables I and II are solutions of Eqs. <4.2), 
and furthermore, satisfy conditions (6.1) •. Therefore, one of 

these states is the stable configuration for T=O. By com­

bining Eqs. (3.8), (3.12), and <4.1), we write energy E in 

.the form 

• . (6.2) 

Since all the At are equal and s1=J, it follows that 

, (6 .3) 
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where the values ·of Tc/C' for the various states are gl ven 

in Tables I and II. Therefore the ~tate with highest 

critical temperature is the state stable at T=O, if the 

molecular field coefficients do not change with temperature. 

Furthermore, it is easy to show that this same state 

is stable at high temperatures, if again the molecular field 
\ 

coefficients are constant. To see this, we examine for high 

temperatures the molecular field equations (3.20) and <4.2) 

with H=O. The argument of BJ is small for temperatures near 

the critical temperature, so that we approximate Eq. (3.20) 

by 

Si = C 1 H1/T • 

Comparing Eqs. <4.1) and (6 .4), we see that for high. tempera­

tures 

(6 .5) 

and thus, all the 'A's are equal. The solutions of the 

molecular field equations under the assumption that all the 

'A1 are equal have already been discussed, and the critical 

temperatures for the various ordered states are listed in 

Tables I and II. We see, therefore, .that the state associ-

ated with the largest 'A is the stable state for higher 

temperatures than any other ordered arrangement. 

Since, for molecular field coefficients independent of 

temperatur'e, the state with the highest critical. temperature 
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:ts stable both at the absolute zero of ~emperature and at. 

higher temperatures than any oth.er ordered state, it is 

·reasonable t·o assume that it is stable throughout the entire 

temperature range. Therefore, to have magnetic structure 

transltions in the hcp struc.ture, it appears that the Weiss 

molecular field coefficients mu:st change with temperature. 

This conclusion was reached earlier by Smart (6) for the 

case of cubic structures with J=·tto. The question of tran-

sitions between different ordePed states is discussed also 

in Appendix B. 

The thermal expansion of·~he structure provides· a 

mechanism for the temperature variation of the molecular 

field coefficients, which are ~ssumed to depend strongly 

on the distance between interacting atoms. Following·Smart 

(6), we now assume that the molecular field coefficients 

are linear functi.ons of temperature, so that A Is for the 

various ordered states can be v~itten 

A = A 0 (1 +E. T) m m . m , 

where A.m 0 and Em are different for each ordered state, be­

cause each Am is a different linear combination of the field 

.coefficients p, q, and r and the anisotropy parameter K11 

The free energy of Eqo (3.18), for the mth ordered state in 

zero field, takes the form 

(6.7) 
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where 

and 'Am is the function ofT given by Eqo (6.,6) .. We define 

a temperature TT as the temperature at which the transition 

from one ordered state to another occurs in zero magnetic 

field. 

By exan1ining Eq. (6.7), we can find the conditions which· 
I 

allow a transition between the mth and nth ordered s.tates. 

If state m is stable above TT, and state n stable below, then 

., 

We are in·t;erested .particularly in examining the conditions· 

under which a transition can occur betweeri ferromagnetic 

state F and one of the antiferromagnetic states., The 

anisotropy coefficient K may also vary with temperature, but 

for lack of information, we choose to neglect this variation, 

so that the coefficient K plays no role in the transition~ 

We look for conditions on p, q, and r which allow transltions 

between F and one of the antif'erromagnetic states Ai to occur. 

The criteria for a transition between states F and A1 is that 

they both be stable relative to the disordered stat& 

('AF)O, 'AAi)O), that 'AF and 'AAi be greater than 'A's for the 
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other ordei•ed states, and finally that A.p and A.Ai are nea-rly 

equal. \~'hen these cri terla are applied to the states in 

Table I, it is found that F:'-Ai transitions could occur under 

the conditions given in Table III. 

Table IIIo . Possible F-A· transitions in the hcp structure, 
and the cond:t..tions under wfiich they could occur iS) (It is~ 
assumed that the anisotropy coefficient K does not change 
sign.) 

Transition 

F-A 

F-B 

F-C 

Conditions for Occurrence 

P>lql; Jq+r:::: 0 

r>O; -2r<(p-q)<2r/3; p+q ~ 0 

q)IP I; - Jq<r<qg 2p+q+r ~ · 0 

v.:e now assume ·for definiteness that the ferromagnetic-

antiferromagnetic transition occurs between states Fz and 

Az, as discussed in Appendix B, and that the structure is 

subdivided into two sublattices& There are four constants 

AAz 0
, A.Fz 0

, E.Az' and€Fz to determineo If we assume that 

state Az is stable above the transitlon temperature TT, then 
I its critical temperature is the Neel point which is observed 

experimentallyo The critical temperature TAz of state Az is 

·the highest temperature for which a non-zero solution of 

Eq. (6 0 8) can be found, with A.i=A.Az~ By taking the derivative 

of both sides of Eq. (6o8) with respect to Sm, setting Sm=O, 

and taking A.Az as a linear function of temperature of the 

,-
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form (6.6),". we find that TAz is given by 

T C f"\ o(l _ C'"' · oE. )-1 
·A~= ~Az ~Az Az Q 

(6.,10) 

We have given in Eqo (5o35) the formula for the paramagnetic 

susceptibility of the system, wbich ca.n be vJri tten wi tb the 

aid of the relation (Tpz - TFx = ~K} 

X= C 3 (T-Tpz:..?..=!TK __ _ : .· . 
(6.11) 

J(T-TFz)(T~TFz-TK) 

Therefore, TFz can be obtained f~om the experimental data, 

and we have in analogy with Eq. (6 0 10) the relation 

T :;: C1 A 0 (1- C'A 0 E: )-1 
Fz Fz Fz r,z ,. 0 

. (6,.12) 

Since at temperature TT 

,.. 
this provides a third relation between the constants: 

.. (6 .. 14.) 

There is, therefore, one molecular field parameter to adjust, 

wbicb can be cho~~n so· that the .temperature coefficients 

E: Az and fpz are of reasonable· ~agnitudeo N/e1 (33) has 

discussed the expected order of magnitude for· the :temperature 

coefficlents of the molecular field parameters and has· esti­

mated a va.lue of lo-l+;oK for the order of magnitude .. 

If we· choose fol" our arbi trar·y constant the value of 
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AF•z('l'T) and 'AAz(TT)' we can express all the parameters as 

functions of 'A!t,z (TT), or equivalently, of the function 

, (6 .15) 

where 

X = IJ.AF'z (TT )'SFz/kT • (6 .16) 

We find that 

€Az = (GV'TT - 1/TAz) ' (6.17) 

E = ( Q/TT - ·1/TFz) Fz • (6 .iB) 

When E Az and EFz are known, 'X 0 and 'A 0 can be obtained :Az Fz 
from Eqs. (6.10) and (6.12). Fortunately, when we calculate 

I • 

E Az and EFz ~a functions of ~~ we f:J.nd that they are of 

the order of magnitude of lo-4;~ for only a relatively 

small range·of values of Q. 

The data (2, 3) show that for dysprosium 

TFz = 157~ ' 

TAz = 176 o.K ' 

TT = 8_5°K • 

The values of the parameters we have chosen for the sub-

sequent exploratory calculations are given in Table IV, 

where we have included a value for the parameter K whic.h 

-· 

• 
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Table ·rv. Values of the. parameters used in the investi­
gation of ferromagnetic-antiferro~agnetic transitions in 
the molecular,field approximation. 

Parameter 

K 

E 
Az 

G- Fz ·· 

Value 

8.744xlo4 oersteds 

9.858xlo4 oersteds 

lo576xl03 oersteds 

7 .l~97xlo-4; Of( 

-6 .649xlo-4j°K 

allo\~s spin flop to occur far o:ro.em: of magnitude of the 

external magnetic field which agree with the experimental 

re~ults for dyspros~um. These are also the coefficients 

used in all the quantitatlve calculations of Chapter V 

and represented in Figs. 7 through 11. 

In all.the calculations of Chapters V and VII, we have 

taken J=l5/2 ·and gl.S/2=4/3. Th.A~e values, which are ap­

propriate for the ~.f "shell or dysprosium ( 23' p •. 243), lead 

to an eff'ective magnetic moment per atom of l0.65t-tB' for 

87 

/ 
temperatures above the Neel te~erature. The experimentally 

measured effective magnetic moment per atom is 10 .6~-t-LB' for 

temperatures from 177 to 730°K(l). 

\ 
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V;EI. GOMPARISON OF TRlf,ORY' A.'IID. EX.PEIUMENT 

A. The Susceptibility for Weak Applied Fields 

In. the previous chapters, we ha-ve de:d.ved the solutions 

of the molecular field equations for arbitra17 magnitudes 

and directions C?f the appli:ed magnetic field.. W~ consider 

in .. this chapter the pred.i.ctions of oux mod.el concerning the 

magt~.etio properties if dysprosium metai. For all calculations, 

the val~es lJ.Bed for t~·molecul.ar field coefficients and the 

a.nisot~0)PY. parameter K are given in Table iVo 

In .order to have a change between ordered phases, it is 

nec~ssary to assume t:P...at A. Az and A };'z vary with temperature. 

The calculations of this section are carriec. ou.t under the 

assumption that A Az and .AFz are linear functions of tempera­

ture of form (6 .6). At the temperatur~ TT of the P-A. tra.n.­

sition, we recell.f'rom Eq.. (6.9) t~t AAz (TT) = AFz(TT), 

·which impltes that TAz(TT) = TFz(TT). The theoretical. sus­

ceptibility X 11, for ftelds PS:r"&l-lel. to the preferred axis, 

·is g:l,.ven. by Eq. (5.57), ancl beb.aYes li~e that of a.' normal 

- a.nti~erroJ!!El.gnetic, since it decreases mD!l.Otonieal.l.y with 

decreasing temperature o Hovreve!", 'XJ., the susce:ptibilt ty 

for fieldo p0rpcnd:i.cu.lo.r to tho prof'orrod axis, is given by 

Eqo (5.,75)o It steadily incz·eases to a very large ;v-alue as 

the temperature decreases f':r'Om. l76°K, the Niel temperature 

for t~ ant.if'erromagnetic state,. to 85°K, the transition 

temperature TTo This behavior is to be contrasted.with 

.. 
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that of a normal antiferromae:netic, where X .L stays nearly 

constant. The susceptibilities X. 11 .and X l. a:re show~ as 

functions of tempers.ture in Fig. 12. The exper:tmental 

susceptibility obtained from the data of Elliott, Legvold 

and Spedding (3) is shown in Figo 13. When K>O, so that 

the axis of alignment of the ~ngular momenta is the z axis, 

it follows that 

, (7.1) 

where X av ts the theoretical su_scepti bili ty for a poly­

crystalline sample with crystallites randomly oriented and 

is plotted in Figa 12 as.a functiori.of T~ The suscepti­

bility X av drops a.IJd. then rises as the temperature decreases 
I from, the Neel temperature, thus accounting qualitatively for 

similar behavior in the experimental suscepti htli ty of Fig. 13. 

If this explanation is correct, the susceptibility for a 

single crystal in any one direction would not show this be­

havior. On the other hand, the single crystal susceptibility 

should be strongly anisotropic at temperatures well below the 

I Neel point, an efi'ect which '11[0uld provide an interesting test 

of the predictions of our calculations. 

If we take K<O, the direction of alignment of the 

angular momenta in ze~o field is perpendicular to the z axis. 

Wlth the simple f'orrn we have assumed 1'o~ the anisotropy, 

there is then no preferred direction tn the 4.-Y plane and 

the aneular_momenta would align perpendicular to the applied 

field for fields along the x and y, as well as the z axes. 



.) 

9D -----
Fig. 12. The theoretical susceptibiiities XII' X:L, and xav as 

functions of temperature, when the molecular field co-efficients 

are taken as linear functions of the temperature of. forJ:Il (6 .6) •. 

Susceptibility/( 11 is giv·en by ·Eq; ·(·5;.57-)-, x·.L b~ ~q~ (5. 74), and 

Aav by Eq. (7.1)~ 
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Fig. 13. The initial susceptibility of 

dysprosium, from the data of Elliott, 

Legvold~ and Sp~dd~ng (3). 
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Fig~ 1L~. The heat capac! ty of dysprosium, 

. from the data of Griffel, Skochdopole, 

'and Spedding (4). 
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The susceptibilities along all three axes would then increase 
,-~·. 

steadily as the tempera.ture decreases. The polycrystalline 

susceptibility )(would have no minimnm in this case. If how.:.. 

ever, some form of anisotropy were present, caused h·y strains 

in the crystallites or by small anisotropic interatomic 

interactions which we have neglected, the experimental"'/-

would again be given by Eq. (7.1). 

The long range of' tempel'a.ture over wb.icb the experlrnerrtal 
I 

susceptibility rises is accounted for· in our model by the 

behavior of the suscepti bill ty )( j_, which starts to. rise at 

the Ne'el temperature and increases to a very large value at 

the "f?ransition temperature TT• At first it.was thought that 

the rise in susceptibility could be explai~ed by thB presence 

of short range ferromagnetic order in the antiferromagnetic 

sta.te. This explanation seems u.nlikel~r however, since the 

peak in the heat capa.ci ty· a.t 8~°K, shown in Fig. 1!~, ts very 

sharp and does not seem to have the large tail character­

istic of the presence of short range order. 

Bo The Behavior of the System in Strong Magnetic Fields 

In our model, the molecular. field coefficients hav·e 

been chosen so that state Az is stable for zero field and 

tei("Aperatures between 85 and 176"K. State Ax is unstable 

relative to Az be0ause its angular momenta are aligned per­

pendicular to the preferred axiso Ferromagnetic state F is 

unstable above 8 50[\ because, wl th its angular momentum 
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arrangement, the free energy of exchange is higher than for 

state Az. With molecular field coefficients that vary with 

temperature, the relative importance of the exchange and 

· . anisotropy energies changes. This effect shows up clearly 

if we examine the behavior of the system as a function of 

F for fields directed along the z axis. We have already 

described the phenomenon of spin flop in Chapter v. Equation 

(5.69) gives approximately Hf' the threshold field at which 

spin flop occurs, as a function of temperature •. Figure 15 

shows Hr as a function of T (the curve designated by the 

symbol X), as calculated using approximation (5.69) for the 

whole temperature range in question. 

We wish also to analyze as a function of temperature 

the magnetic field strengths for which states Ax and F be­

come identical. The properties of Ax are described in 

Chapter V, where it is shown that Ax can exist only for 

fields less than a critical ~ield He given by 

(7.2) 

which i·s obtained by setting Hcf~: = 0 in Eq·. ( 5.42), and 

where SAx is obtained fr~m Eq. (5.4) with Ai = a-~. For 

fields above He, only state F can exist. The field He as. 

a function of T is shown in Fig. 15 by the curve marked 

wll;h lihe symbol.!::::.. 

The relative stability of states Az and F can be 

ex~mined for¢= 0 by us:lng approximation (5.61) for the 
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Fig. 1$. The H-T; diagram showing the stable state at temperature T and 

its dependence upon the magnitude of the applied field H, when H ls 

directed' along the z axis. The letters F, A~J and Az .giv~ the type 

of order which is sta.ble in each of the regions bounded by the 

solid curves •. The solid curves represent values of H and.T for 

'Nhich trans]. tions occur between or>dered sta tea o 
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free energy of Az and celcula.tlng the free energy of .}~ 
~ 
' 

e.xac tly fr.om Eq. ( ") 21 ) with 'A1 ="A.2='A .. 'rhe resu1 t of this ' 
,..) . . . 

ca.lculat:lon is given in F':tg. 15, where the curve marked by 

the symbol 0 represents the critlcal values of the field . 

,for which tho free energles ·of states Az and F are equal. 

For te:mperatures close to· 85o.K an~ 176 <>.I(, the field 

reaches the value H0 before state Ax becomes more stable 

than Az• Therefore, for these ranges of temperature, the 

competition is between state,s Arz. and F. The ranges of 

temperature in q~estion are from 8 5 to 112 o.K a.nd from 171 

to 176 <>.K, approximately, as ind.ice.ted in Fig. 15. The solld 

portions of the curve marked with the symbol 0 1represent the 

boundary between states Az and,F in the H-T plane, for ¢=0. 
A disc6ntinulty in magnetization occurs when the field 

exceeds the value on this curve for temperatures between 85 

and ll2°K 1 but not for the range from 171 to 176<>.K. Although 

the term spin flop is generally used to the discontinuous 

change of spin direction which occurs when the system changes 

from state Az to Ax' wo exte.nd its meaning to include also 
. . 

the discontlnuous change associated with the switch from 

sto.te Az to F. 

In Fig. 15, the curves dro.wn with solid line~ represent 

as funct:t.ons of temperature the fields for which changes in 

ordering occur•. VVe notice that in the intermediate tempera­

ture range two changes occur, the change ·Az to Ax followed 

by A to B'. Th0 former change is accompanied by the 
.X 
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dt scontinui ty in magnetization shown in Fig. -10, which gives 

magnetization curves for T=l~J.6°K. 1 
The magnetization is 

continuous for the latter change, but the susceptibiltty is 

discontinuous. 

The discussion of this section (and Fig. 15) has all 

been for the external magnetic fields along the z axis 

(¢=0). We cail attention also to the magnetization curves 

for ¢=30° and ¢=90° in Fig. 10. Measurement of the magnet~ 

lzation as a function of the magnitude and direction of the 

applied magnetic field and as a function of temperature for 

a single crystal of dysprosium would provide an interesting 

test of the predictions of our theory. The magnetization 

curves for different temperatures in the rane;e for which 

spin flop is predicted would all look qualitatively similar 

to the curves in Fig. 10. 

So;ne interesting predictions can be made from the H-T 
-? 

diagram of Fig. 15 for H directed along the z axis. For 

example, it is apparent that the temperature-at which the 

F-A transition occurs is a strong function of the magnitude 

of the applied field, an effect which could be looked for 

in speclfic heat measurements. The field varlation of the 
\. 

temperature TT of the ~A transltlon would yield data which 

~Rather high precision was required in carrying out 
the-numerical calculat:i,ons. The particular temperature 
llJ-3 .6 "J:( is not significant. It. lie::; in the middle of the 
range of temperature for wbich spin flop occurs, and it 

·happens to make the solution of certain transcendental 
equations easier. 
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Fig. 16. Representative magri3tization curves for dysprosium, from 

the data of Elliott, Leg·vold, and Spedding (3) .. 
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would help determine compJ etely the four p·arameters we 

have introduced for thB temperature variation of the 

molecular field coeffic:i..ents. Another effect shown in 

Fig. 15 is that for small magnetic fields the transition 

ls from F to Az, while for large fj_elds it is }' to Ax• 

Neutron diffraction measurements could detect this effect, 

since they would enable the direction of alignment of the 

spins to be determlned as well as the presence of super-

lattice lines for the state Axo It is alRo apparent .that 

for large fields the F-A transition does not occur at allo 

VVe now compare the predictions of our model on magnet­

ization curves with the experimental data for polycrystalline 

dysprosium. To make a quantitative prediction, we would 

need to know the magnetization for a single crystal as a 

function of the magnitude and direction of the applied field, 

so that we could calculate the magnetization for a sample 

in which the crystall l tes ar.e randomly ori8nted·. We can see 

at least qualitatively, however, what the .answer will be by 

examining the theoretical magnettzation curves of Fig. 10 

for ¢=0, 30, and 90 ° and T=J.)-IJ .6 °K. A properly weighted 

average of the three curves would look rather sim:Llar to the 

• T:i'{ ·- •' . magnetization curves ln ... __ go lb·, which are taken from the 

data of Elliott, Legvold, and Spending (3)a 

From the standpoint of our model, we interpret the ex-

perimental curves of Fie;o 16 as follows. For the low field 

portions of the curves, the effect of the magnetic field is 

•' 

• 
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small compared to the anlsotropy, so that the anc;ular 

momenta remain more or lass aligned along the z axis, and 

·the net magnetization of the sample is. small., 'l'he magnet­

ization curves rise rapidly when the magnetic field over-

comes the anisotropy, corresponding to ths large suscepti-

105 

bility perpendicular to the direction of preferred align­

ment. The magnetization curves level off for large fields, 

when the antiferromagnetlc state has become identical with 

. state. F (paramagnetic saturation). A weighted average_ of' 

the magnetization curves of Fig. 10 would seem to give a 

predicted magnetization for. a polycrystalline sample which 

does not rise as steeply as the experimental magnetization. 

This comes about because the 90° curve is·weighted more 

heavily than the 0° curve in taking the average. 

:we also see now the essential role that the anisotropy 

plays, since if it.were absent, the polycrystalline magnet­

ization curves would look like the curve for ¢=90° in Fig • 
. , 

10. The field Hf for Which spin flop occurs· is determined 

·-by the magnitude of the anisotropy, as follows from Eqo 

( 5.69). We can deduce the size of . the anisotropy from the 

experimental data if we make the reasonable assumption that 

Hr is the field for which the experimental magnetization 

curves begin to depart rapidly from their low field linearity. 

W~ compare in Fig. 17 the experimental Hf determined this 

·way and the theoretical Hf calculated from Eq. (5.69). The 

curves do not agree quantitatively, which is not surprising 
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Fig a 17. ·Field Hf as a function of T from theory and ex:;:>eriment o 
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since the value of K used was merely a careful guess. How-

ever, on the basis of this comparison we could improve the 

value of I\ for future calculations b~r taking a lower value. 

The theoretical and experimental curves for Hr a~ree 
qualitatively in shape at least, ·since they both flatten 

out for higher temperatures. 

The fieid H0 , which represents the crit~6al, field at 

which the fer~omagnetic and anti~erromagnetic states hav~ 

the same free energy for ¢ not too close to zero, is given 

by Eqs. (5.78) and (5.79). It appears that H0 is a rather 

complicated function of ¢ and T.. Although we have not 

carried out the analysis, we expect that for a polycrys~al­

line sample in a magnetic field the heat capacity ano:nia~y 
··.· 

associated with the F-A transition will become smeared out, 

because the transi tlon te::11.pera.ture of each crystalll te will 

depend upon its orientation relative to the field. For 

magnetic fields parallel to the z axis, the displacement of 

transition temperature TT of the F'-A transition is shown in 

Fig. 15 by the lower branch of tbB solid curve marked by 

the symbol o, which starts at the point T=85~, H=O. For 

fields perpendicular to the z· axis (A.=a.-(3+K), the values of 

H and T for which the F-A transition occurs are obtained 

from Eqs. (5.78) and (5Q79) and lie on the curve 

H
0 

= (-2{3+rns , (7.3) 

with. 

.., 
I 

.. 
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S = J B 3 fj (a.- f3·l-K) S/k'l] • 

It ic a consequencl'3 of Eg. (7.3) that the displa.cerr.eilt of 

TT is less ~o~ H perpendicular to the ~ axis than for H 

parallel. The field regulred to suppress the ·F-A transition 

altogether in a polycrystalline san~le is given by the 

maximum value of He as a funetion of temperD.ture. 
/ 

The Neel 

·temperature is also changed by th.e pl"esence of a magnetic 

field, although 188~ strongly than TT• This-effect is.sh.own 

in Ftg. 15 b;)-.,. the upper branch of the solid ·curve n1arked by 

the symbol 0, whlch pass.es through the point T=l76 °K, H=O. 
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·c.. Thermodynamic Nature of the Magnetic Transitions 

The high temperature antiferromagnetic to paramagnetic 

transition is an ordinary second order transition. If we 

take seriously the expression for the free energy given by 

Eq. (3.21), then we predict that the F-A transition is of· 

first order. This result agrees with that of Smart (6) for 

the special case J=~ o However, it mn!'d-; hA emph8.sized th&t 

the tempers.ture dependence. of the molecular field coef-) 

ficients - an essential feature of the molecular field tbBory 

of the F-A transition - was not introduced in a consistent· 

way, but was t~rown in e.fter the free energy expression was 

derived. A proper derivation would have to proceed by con­

sidering the molecular field coefficients as explicit 

functions of the lattice paramete·rs, and then calculating 

t.he Gibbs functlon for a given· applied pressure, rather 

than working from the Hel~1oltz free energy at constant 

volume -· a~ has been done in our 'work. 

The e~pected change in entropy at the F-A transition 

and the associated latent heat of transformation will now 

be computed from our model. The entropy S is obtained from 

the free energy F by the relation 

s -= d F/ d T (7.5) 

For the ith ordered state in zero field, F can be written 

according to (~.21) and (3.22) as 
... 

' 
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wl·th 

~ (2J+l)x_./ xg2N 
Z i = :t nh------· _l sinh _.:.~ 

· 2,I · ' '2J 

From Eqse (7o7) and (7.9), we have 

0 

• 

' 111 

(7o9} 

( 7 .,11) 

A convenient technique for carry~ng ~ut the d~rivatlve with 

res~ect to T of Eqo {7~6) is to consider F 1 and T as 

functions of the parameter xi, so that 

0 - (7 .. 12) 

Without siving the details, we assert that the entropy for 

the ith state, denoted by the symbol S(i), is given by 

S(i) = nk [in zi- .U~):-Jxis 1/J) 

+ < Np,A.i o t=i si 2 I .nd] ( 7 .,13) 

Tho change in entropy bS associated viTi tb. tb.e F-A tx•ansi tion 

is 
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which for the constants we have chosen for our exploratory 

calculation has the vs.lue per gram atomic weight of 

6S = 0.21 H • ( 7 .15) 

This is a rather large fraction of the total magnetic 

entropy, and would lead to a measurable latent heat at the 

F-A transition. The data of Griffel, ·Skochdopole, and 

Spedding <4> do not establish conclusively -whether the F-A 

transition is of first order with a small latent heat, or 

of second order. The entropy S ( i) of Eq. ( 7·.13) has a 

constant value of R ln 16 or .5.506 cal deg-1 (g aton~J-1 
/ 

for temperatures greater than the Neel temperature. The 

experimental value for the magnetic contribution to the 

entropy of dysprosium at 300 0rn:: has been determlned by 

Griffel, Skochdopole, and Spedding (4) to be 5o616 cal deg-1 

{g atom)-1 • 

We should emphasize, however, that 6S calculated above 

depends solely upon the parameters we have introduced 

ar.bi trar5.ly for the temperature variation of the molecular 

field coefficients, and not upon any fundamental property 

of the system. Therefore, we do not believe that our calcu-

·1ation ::nakes a valid prediction either for the order of the 

F-A tranRition or for the magnitude of the latent heat. 

The same·crlticism appltes to ·the derivation of Smart (6) 

for the order of the F-A tranA1t5.on and the change of 
•. 

.-

... 

.. 

L 
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.entropy ~ssp~iated.with it~. 

The l:Leat cap~city. C(i). for t'J;1e ith.ordered .state in.zero applied magnetic 

field .. can. be calculated frQm-'Eq~ ('j .13) .by' applying ~the' relation . · .. . .. . . . . . . . . 

:.C(i) = T dS(i)/dT·, .(7ol6) 

~hich yields 

There :l,s t:Q.e usual discontinuity in C(i) at the.N~el. temperature, which is given 

,by 

(7ol8) 

. For dysprosium, where J' = ·15/2, Eq~ (7 ol8) gives for AC (i) a val1+e of 2 .48.·R 

or. 4. 90 cal deg-l(g .atom) -1. ~hts Va.l~e :i,.s to.:be pompared .to a. value .of about 

8_~00 cal d~g:-l(g atom);lwhich.can.be estimated.from.the heat.capacity curve 

given in:.Fig. ;t.4. The two val~es agree in order of magnitude, which is the 

agreement expected in tl:Le molecular field approximation,,peca~se of its-failure 

to take into ~c~ount properly tlle.short .rap.ge order effects wh:i,.ch.predominate 

at the Neel.temperature. 

The !;Leat capf.l.c.:it.y of dysprosiUI!l. shm."P- _in ·Fig~ 14 h~s a. very lar~e peak at 

a. temperature of I74.0Jr, 1(h1ch lends strong. s~pport to the interpretation that 

an important -magnet:i,.c ordering. takes place near tllis temperature o Since 

·.' 

. ...-.-·· "I 
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the metal does not have a permanent maeneti?.a.tlon for 

temperatures above 859:<.:, this has been the princlpal basis 

.. L 

for concludlng that dysprosium is antiferromagnetlc between 

85"K and the N/el temperature of 174 °K. 

• 

• 

,• 
'· 

,.. 

·' 
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VITI.. SUMMARY 

Tbe molecular field appl~oxtm.ation has )Jeen applied to 

the study of ferromagnetic-antifArromagnetic phase tran-

sitions in dysprosium metal. Both ferromagnetic ~nd anti-

f~rromagnetic interatomic interactions are assumed to exist 

in the structure, and they are taken to vary slic;btly with 

·temperature. In addition, an anisotropy energy has been 

introduced which arises from the effect of crystal fields,. 

ThA molecular field equations. for zero applied rp.agnetic 

field have been investigated and several ordered arr~nee-

ments for the structure have been derived. Solutions of 

the equations have been found for arbitrary magnitud~ and 

direction of the applied magnetic field$ 

From our model, we make the followj_ne predictions 

concerning the m~gnetic behavior of single crystals of 

dysprosium. 

lo For temperatures in the antiferromagnetic range, we 

predict a lar~e anisotropy in tbB single crystal sus-

. cepti bili tyo 'I'he suscepti l:l7.li ty )(II' for weak fields 

parallel to the preferred axis, behaves like that of a 

normal antiferromagnetic, decreasing steadily with 

decreasinr-: temperature o The susceptibility X\ , for 

weak fields perpendicular to the prefer~ed axis• 

increases stronr.;ly a.nd monotonically as the tempera-

ture decreaseso 
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2. For~':temperatures in the antiferromagnetic range and for 

fields making small angles with the preferred axis of 

altgnment of the angular•·mornenta, the phenomenon of spin 

flop occurs. The angular momenta undergo a sudden change 

in their directions of alignment, and the corresponding 

magneti~ation curves are discontinuous. 

3. The transition temperature TT of the 1"-A transition for. 

magnetic fields parallel to the preferred axis i.s a 
f \ 

strong function of the applied field, increasint ~ith 

increas_ing field. For sm·all ·.constant magnetic fields, 

the transition is between state F and Az• For larger . ~ 

fields it is F - Ax• Finally, when the magnetic field 

exceeds a certain critical value,· the F-A transition 

does not occur at all and·the system remains in state F. 

The following results are obtained for polycrystalline 

dyspros iurn. 

1. The behavior of the experimentally measured suscepti­

bility, which increases rapidly over a wide range of 

temperatures in the antiferromagnetlc range·as the 

temperature decreases, is accounted for 

rise in the susceptibility X J.: 

by the rapid 
I 

2. The sho.rp peak .tn the heat cape.city .fit. the t.Ampt'IT'at.ure 

of the F-A transition should become smeared out in the 

presence of large magnetic fields. This should happen 

because the transition temperature for. a single crystal 

depends upon the orientation of the magnetic field 

relative to the crystal. 

I 

. ·.1 
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• 
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~ .. 

,..., 



' I 
1 •.• 

• 

" 
.. . 

-

. , 

ISC-729 117 

IX., LITERATUHE CITED 

1. ·Trombe, F., Ferromagne'tisme et paramagne"tisme du 
dysprosium m~callique. Compt., rend. 221, 19 (1945) .. 

3. 

Trombe, F., Le dysprosium me"tallique et ses propri:te~ 
magne"tiques •. J .. recherches centre natl. recherche 
sci., Lab. Bellevue (Paris), no., 23 (1953). · 

Elliott, J~ F.,, Legvold, s., and Spedding, F. H. Some 
·magnetic properties of Dy metal.- Phys. Rev., 2~, 
llL~3 ( 19 SL~). 

4.. Griffel, M.,, Skochdopole, R. E.,, and Spedding, F. H. 
The heat capacity of dysprosium from 15 to 300~A. 
J., Chern. Phys .. (in press)~ 

.. 

· 5. Banister, J. R.,, Legvold, s., and Spedding, F., H. 
Structure of Gd, Er, and Dy at low temperatures. 
Phys. Rev. _2b~, 1140 (195L~). 

6. Smart, J., s.. Magnetic Structure Transitions. Phys. Rev. 

7 .. 

8 .. 

9. 

10 .. 

:t_Q, 55 (1953). 
I' I' I I Weiss, P.. L'hypothese du champ molecular et la propriete 

ferromagne'tique., J., de Physique 6, 661 (1907). 

Heisenberg, Y,.r.. Zur Theo1•ie des Ferromagnetismus. 
Physik~~ 619 (~928). · 

z. 

Weiss, P .. R" The appllca.tion of the Bethe-Peierls method 
- to ferromagnetism. Phys. Rev. B±, 1L1.93 ( 1948). 

Li, Y ... Y., Application 6f the Bethe-Weiss method to anti-
1'erromagnetism .. J:'hys. Hev • .§1±, 721 (1951). 

. . 

11. Anderson, P. ~.. Two con~ents on the limits of validity 
of the P. R .. Weiss theory of ferromagnetism. Phys. 
Rev. 80, 922 (l950). 

12 .. 

13. 

1~-o 

Bloch1 F., Zur Theorie des Ferromagnetismus.. z. Physik 
£!_, 206 (1930) • 

Marshall, 'W. The spin wave theory of antlferromagnetism., 
Proc. Roy. Soc .. (London) A2)~, 69 (1955) .. 

·, 

• Antiferromagnetism., Pr6o .. Roy. Soc. (London) 
A2J~, 48 _{1955). 



118 

15. 
• 

16. 

17. 

18 •. 

19. 

20. 

21. 

22. 

23. 

25. 

26. 

27. 

28. 

ISC-729 

Nagamiya, T., Yoslda, K o, anq Kubo, R·. Antiferromagnetism. 
Advances in Phys. ~~ 1 (1955) • 

I II I I 1 . 
Neel, L. Proprietes magnetique de 1 1 etat metall.ique et 

energie d'interaction entre atomes magnetiques. Ann. 
phys. ~~ 233 {1936). . · 

Van Vleck, J. H. On the theory of antiferromagnetism. 
J. Chern. Phys. 52., 85 {1941). . 

Anderson, P. w. Generalization of the Weiss molecular 
field theory of antiferromagnetism. Phys, Rev. ]2, 
705 (1950). 

Smart, J. s. Molecular field treatment of ferromagnetism 
and antif'erromagnetism. Phys. Rev. 86, 968 (1952). 

Nagamiya, '1~. 'l'heory of· anti ferromagnetism and antiferro­
magnetic resonance absorption. Progr. Theoret. 
Phys. 6, 342 (1951). · 

. 
Van Vleck, J. H. Recent developments in the theory of 

antiferromagnetism. J. phys. et radium 12, 262 (195.1). 

Lidiard, A. B. Antifer.romagnetism. Repts. Progr. in 
Phys. 17, 201 (1954>. 

Fowler, R. H. ·Statistical Mechanics ·(The Macmillan Compa-
ny, New York:~935~second ed1tion. . 

Van Vleck, J. H. Electric and Magnetic Susceptibilities 
(Oxford University Press, London, 1932-). 

Elcock, E. w. Molecular field treatment of magnetic 
ordering transitions o · Phys. Re.v • .2!±, 1070 (1954). 

Yaffet, Y.· and Kittel, c. Antiferromagnetic arrangements 
in ferrites. Phys. Rev. 87, 290 (1952). 

Gorter, c. J. and Haantjes, J. Antif'erromagnetism at the 
absolute zero of temperature in the case of rhombic 
symmetry. Phys1ca.1_~, 28 5 (19 5?.). . 

Yosida, K. On the antiferrornagnetism of single crystals. 
· Progr. Theoret. Phys. 6, 691 ( 19 51). . . 

p ouli s , N. J. and Hardemann, G. E. G • The threshold ·. 
field phenomenon in an antiferromagnetic single 
crystal. Physica 20, 7 (1954). · 

and Gorter, c. J. Antiferrom·agnetic crystals. 
Progr. Low Temp. Phys. 1, 245 (1955). . 

.. 

-

.. 
.. 



.. 

ISC-729 
:: 

31. Smart, J~ s. Molecular field treatment of antiferro­
magnetism. Revs. Modern Phys. 25, 327 (1953) • 

119 
r-

32o Greenwald, S. and Smart, J. s. Crystal structure 
transitions in antiferromagnetic compounds at·the 

•· Curie temperature. Phys. Rev. 82,· 113 .(1951). 

-

I( 

33. Neel, L. Etudes s~ .le moment et le champ mol{culaire 
des ferromagnetiques. Ann. phys. 8, 237 (1937). 

X APPENDICES 

Appendices A, B, C and D are included in the Pn. D. thesis by 
Thomas James Hendrickson, which may be obtained from the Iowa State 
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