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FERROMAGNETIC~ANTIFERROMAGNETIC PHASE TRANSITIONS
by - =

Thomas James Hendrickson and J. M. Keller . A

ABSTRACT ,

The'problem of ferromagnetic-éntiferrdmagnetic phase transitions for a
system in which the angular momentum per atom has the magni£ude J is studiéd
in the molecular field approximation. Both ferromagnetic and antiferromagnetic
interatomic inferactions, which are slightly temperature dependent3 are assumed
to exist between certain nearby neighbor atoms.. An anisotropy energy'is _
introdgpgd of the form which arises from the effect of crystal fields. The
strﬁcturé is subdivided into sublattices, and the partition function Z ié
derived. Trom Z are obtained the free energy F and the equations whicg

..

deterﬁine the average angular momentum per atom of each of the sublattices. ’

Under . the aésumption that énly first, second, and third‘nearest_ | o N
neighbor interactions are significant, wvarious ordered arrangements arév
fbundﬁfor the hexagonal élose-pécked structure,lwhén it is subdivided into six
énd into eigh@jhexagonal sublattices and the applied magnetic fiéld’is“zero:

The molecular field equations are soived for arbitrary magnitudes_and;
diregtions Qf‘the applied magnetic field and for arbitrary temperatures, undér
the assumption- that there are only two inequivalent angular momentum
orientations in the crystal, so that the structure may be subdivided into
just two sublattices. The relative stability of the various ordered states

is investigated. ' ' ' (¢

This report is based on a Ph.D thesis by Thomas James Hendrickson submitted
March, 1956 to Iowa State College, Ames, Iowa. This work was performed under
contract with the Atomic Energy Commission. ' :
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ABSTRACT (Cont.)

Calculations are made for J&15/2, which correspond to the case of dysprosium

metal. The parameters giving the magnitude and4temperature dependence of the
molecular field coefficients ére choseﬁ so‘that the ferromagnetic-antiferro-
magnetic transition temperature, the Néel temperature, aﬁd the paramagnetic'
dur;g?pemperature coincide with.the vaiues for dysprosium. The coefficient
giving the magnitude ofvthe anisotropy is selected so that the phenomenon
Qf spin flop" occurs for magnetic fields of the correct order of maénitudeo
The_theory predicts the foilowing effects for single crystals. Tor
temperatures_iﬁ“the antiferromagnetic range, a large anisotropy in the single
cyrstal susceptibility is expected. The parallel susceptibility, for weak
fields parallel to tﬁe preferred'axis of alignment of the angular momenta,
behaves like that of a normal éntiferromagnetic, decreasing steadily with
decreasing temperature. The perpendicular susceﬁtibili£y, for weak‘fields
perpendicular to the preferred axis, incréases strongly and monotonically as
the temperature decreases. For temperatures in the antiferromagnetic range
and for magnetic fields making small angles with the preferred axis, the |
phenomenon pf Wspin flcp" occurs. The angulér momenta undergo a sudden change
in their directions of alignment as the applied magnetic field increases
through a critical value and the corresponding magnetization curves are
discontinuous. The temperature of the ferromagnetic-antiferromagneticl
trans}ﬁion in magnetic fields parallel to thé.preferred axis is a strong
function of the applied field, increasing with increasing field. For magnetic
fields which exceed a certain critical value, the ferromagnetic-antiferro—

magnetic transtion does not occur at all, and the system remains in the

ferromagnetic arrangement for all temperaturss.
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N ABSTRACT (Cont. ).,
.Thé\fbliowing results are obtained for polycrystélline dysprosium; -
The experimehtally measured susceptibility, which forf; polycrystailine .gh
saﬁple,is a wéighted average of the susceptibilities parallel and ' v
perpendicular to the preferred axis in a single crystal, goes through a
minimgm,ét a température siightly below the Néél temperature, and thén
) increases tovvery lérge values as £he tempefature decreasés toward the
temperétufe éf the fgrromagnetic-antiferromagnefic transition. The
theoretical'pqucrystalline susceptibility shows qualitatively the same
behavior.” The sharp peak in the heat capacity at tﬁe temperature of the
ferromagggtic-antiferromagnetic transition should become smeared out;in
theipygsence of large external magnetic fields. This should happen because
the transition temperature for a single crystal depends strongly upon the -f
orientation of the magnetic field relative to the érystal. A similar
- effect should appear at the Neel tempéraiure, éxcép£~£ﬁat there the effect

; is less pronounced.
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I, INTRODUCTION

Dysprosium metal, which 1s'ferromagnetic below 85°K,
has an anomalous peak 1in magnetic susceptibility near 177°K
discovered by Trombe (1), which led him to conclude that the
metal is antiferromagnetic bétween 85 and 177°K, Trombe (é)
has s;mmarized in a recent article the magneﬁic pfoperfiés‘of

metallic dysprosium, He reports that between 730 and 177°K

‘the element 1is paramaghetic With'a paramaénetic Curie'tempéran

ture of 157°K and a magnetic moment per atom‘of‘épproximately
10.6l; Bohr magnetons. A very sharp peak in the curve of the
susceptibility vs, temperature is observed near.177°K, The
susceptibiiity»decreases as the temperature decreasés from
177 to about 160°K, where it passes through a minimum, Below
160°K,lthe susceptibiiiﬁy increases rapidly with decreasiﬁg

.témﬁerature, suggesting the approach to a ferromagnetic Curie

point, The temperature of the ferromagnetic-antiferromagnetic
trans;tion depends strongly on the magnitude of the appliéd
magnétic field, )

Trombe's work was confirmed by Elliott, Legvold, and
Spedding (3), who extended the measurements to lower tempera-
tures and higher magnetic filelds, Their high field ﬁeasure-
ments show saturation effects for temperatures between 85
and 176°K and suggest that for strong fields dysprosium mayA
never become.dntiferromagnetic. The heat capacity of dyspro-

sium, which was measured by Griffel, Skochdopole, and Spedding
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(4), has sharp peaks at 17L and 83,5°%K, It is apparent
that a magnetié ordering transition occurs at 174 %, since
the heat capécity}peakbat this temperature is verj high,
“much higher than the péak at 83.5%, the température where
the system bacomes’ferromégnetic.‘ For the complete tempera-
.ture»interval'betwéen Lio ana 300°K, dysprQs1um hds %he hex-
agonal clbse-packed structure (5), éq that Fho specific heat
peaks and magnetic anomalies are not associated with Changeg
iin erystal structure, The magnetic behavior and heat>capacity-
‘of dysprosium indicate that the metal 1s successively ferro-
magnefic, antiferromagnetic, and paramagnetic as the temperﬁ-
ture increases from below 85°% to above 176°K,

In our work, which is motivated by the“above-results
for the properties of dysprosium, we study in the molecular‘
field approximaq1on the theory of ferromagnetic-antiferro- | ‘
mégnetic transieions for fhe hexagonal close-packed'struéture.
We assume:that fhere are both ferromagnetic and antiferro-
magneticﬁinteratOﬁic interactions in the system;_éé well.aé
an anisotfopy energy which determines the axis of alignment
‘of the system in zero applied magnetic.field. We find, in’
this approximation, that the system can ordervinvferromégnetic
and in several kinds of antiferromagnetic arrangements, We |
aiso'find that, with certain restrictions, ferromagnetic-
antiferromagnetic transitions can occur only if the molecﬁlaf
field coefficientg for the interactions between atoms vary

with temperature, This result agrees with that of Smart (6),
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_which was derived for the special case where the spin per

atom is %,

2

‘We assume that the molecular field coéfficients vary
' /

'slightly with temperature and solve thé molecular field

eduations for large applied magnetic figlds making an
arbitrafy angle with the preferred axis of alignment-of

the system, We compare the resuits of the calcu;ations

with experiment and predict some effects which can be lééked\
for experimentally in the magnetic behavior of:siﬁgle cryétals
and in the heat capacity:of both singie crystals and poly-

crystalline samples in the presence of a magnetic field,

\
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II, 'REVIEW OF THEORY AND LITERATURE SURVEY

We deécribe briefly the present gsituation in the
théories ofAferromagnetism and antiferromagnetiém, before
going on to develop from the standpoint of tﬁe molecul@f
field theory the basic equations which we use in the d1§-
cussion of ferromagnetic-antiferromagnetic transitiops.”

In order to account for the apbearance of spontanebus
magnetization in ferromagnetiés, P. Weiss‘(7) assumed that
the magnetic effects of the interactions between atoms
could be represented by an effective molecular field pro-

portional to the magnetiiation, of the form

Hy = Nym , . (2.1)

where Hy is the effective field, Nw,is the Welss molecular
field coefficient, and m is the average magnetization per
atom, According to the Welss theory, the total field Hy

experienced by a given atom can be written

H, = H + Ngm , (2.2)

where H 1s the external field, If the necessary modifications
are made to the Weiss molecular field treatment to include

quantum mechanical effects, the magnetization m is given by

m = p Br(uH /kT) , (2.3)

where p = gJuBJ, gy is the Landé'g-factor for angular momentum
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J, By is the Bohr magneton, and BJ is the Brillouin function

for angular momentum J, defined by

By(y) = 2141 coth 2503 - L ocoth oI . (2.1)

A fundamental explanation of the origin of the Welss
molecular fieid'was first given by Heisenberg (8) in 1928
in terms of exchange interactions, which are equivalent to

an interatomic potential of the form
' \

Viy = - ayaes S, (2.5)

where §} and E} aré the spin angular ﬁoﬁentum vectors of
atoms 1 and jJ measured in units of h/2w, h is Planck's
constgnt, and Jij 1s the exchange integral for the 1hter-'
action between atoms 1 end j, If the sign of Jyy is positive,
the interaction between atoms 1 and j. 1s ferromagnetic in
hature, since the energy of interaction is lowest when the
spins are parallel, Conversely, if Jij is neggtive, the
interaction is-antiferromagnetic in character,

The theory of coouperallve phenovmena, of which ferro-
magnetism and antiferromagnetism are typiéal examples, is
one of the'ﬁostldifficult fields of statistical mechanics,
The study of magnetic ordering is greatly complicated because
the spin vectors appearing in Eq, (2,5) are quahtum mechanical
operators, Many appfoximations have been employed for the
study of ferromagnetism and antiferromagnetism, some being

valid for high temperatures, others for temperatures near the
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absolute zero, One of the principal high température approxi-
mations 1s the Bethe-Pelerls approximation, which has been
applied to the study of ferromagnetism by P, R, Welss (9)’ and
to antiferromagnetism by Li (10). These approximations are
successful in predicting that one- and two-dimensional
lattices wlll not be ordered, and in obtainihg reasonable
values for the critical temperatures for the simple cubic
and body-centered cubic structures, They aléo take into
account successfully short range order effects, However,
Anderson (11) has shown that, in the ferromagnetic case, the
Bethe-Peierls-Weiss method breaks down for teﬁperatures of
the order of half the critical temperature, Since there is
dbubt concerning the vallidity of the method for temperatures
much below the critical temperature, and since it becomes
exceedingly complicated tovapply An: the case of interactions
between more than one kind of neighbor, we think it unwise |
to empioy the Bethe-Peieris-Weiss approximation for our in-
vestigation of the theory of ferromagnetic-;ntiferromagnefic
transitlons, :
The theory of ferromagnetism at low tembe?atq?es has
been treated successfully by the spin wayeffheory'griginated
by Bloch (12), in which the deviations ngthe 3piﬁs from what
would be expected in a state of perfect order are studied,
The spin wave theory predicts the correct T3/2 behavior of
the approach of the magnetizatlion to saturation for low

temperatures, The most recent discussion of the spin wave
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theory of rerromagnetiém is by Marsﬁall.(13),vwho points out
that 1t 1s a rigorous theory for ferromagnetiém becauée the

exact ground state for the system is known and because it

. can be‘proved that the approximationé employed have no im- -

portanﬁ?effécts in the limit of very 16w temperatures,

Mérshéll (13), also discusses the spin wave theory of
antiferromagnetisﬁ and emphasizes that it is much less well
founded, He points out that it has'been impossible to
demonsfrate-conclusively that the approximations used in
the spin wave method do not affect the validity of the
results,. In an earlier papér, Marshall (1l) showed that,
in contrast to the situation for ferromagnetics, the ground
states for antiferrohagnetics have never been derivéd rigor-
ously, The review article of Nagamiya, Yosida, and Kubo
(15), provides an extensive discusgsion of the spin wave
theory of antiferromagnetism as it has been developéd“by
many workers, The spln wave theory, since it is apprOpriaté
only for very low temperatures, cannot ﬁe used in our dis-
cussion of the thepry of ferromagnetic-antiferromagnétic"
transitions, which occur at rather high temperatures,

The molecular field approximation, which we use to |
study ferromagnetic-antiferromagnetic (F-A) transitions, has
been applied widely to antifefromagnetism and provides a
good semi-quantitative description of many phenomena, Néel
(16), in 1932, first adapted_the concept of the Welss molecu~

lar field to antiferromagnetism, and since then his original
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ideas hare been extended and refined by many workers, in-
cluding Van Vlieck (17), Anderson (18), Smart (19), and
Nagamiya (20). Excellent reviews of the whole field of
‘antiferromagnetism have been published by Van Vlieck (21),
Lidiard (22), and Nagamiya, Yoslda, and Kubo (15)..n‘

The molecular field theory corresponds to the Bragg-
Williams approximatlon in the theory of order-disorder in
alloys (23, p. 791), and to the first Heisenberg approx-h ,
) imation in the theory of ferromagnetism (24, p. 329). Al-
though 1t represents the crudest approximation in‘ the theory
of cooperative phenomena, it has had remarkable success in
describing the properties of antiferromaghetics, and further-
more, 1t hes the useful property of being applicable for all
temperatures, A detailedfdisoussion of -the molecular field '
approximation is given in Chapter;III, alohg_with derivatioﬁs
of the molecular field equations and the free'energy'of,the
system, |

The problem of F-A transitions has been studied in the
molecular field approximation by Smart (6) and oj Fléock (25)
for the special case of spin 4., They both arrived at the J
conclusion that F-A transitions can oceur only if the molec-
ular coefficients for the interatomic interaoctions are
slightly temperature dependent, Smart (6) derived the free

energy of the system by writing down for the entropy S,

=k 1n W(Ml',...,Mn) , ‘ (2.6)
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where W(Ml,...,Mn) iscthc total nuﬁbcr of ways of orienting
the atomic spins on the lattice sites of the n sublattices
into which the structure 1s'sﬁpdivided consistent with the
equilibrium values of the mégnétizations My of the sublat-

tices, The M, are found from the standard equations of the

" molecular field approximation, For spin 1, W(Ml,,,.,Mn)'1$

known in closed form and 1ln W(Ml,..,,Mn) can be approximated
by using the:Stirling,formula for the factorials involved,
Smart determined fhc Gibbs free energy G for zero applied
magnetic field by intégrating the thermodynamic rélatiQn

aG = - s 4T , 2.7

where T 1s the temperature and the molecular field coefficients
vary with T, Elcock (25) has criticized Smart's derivation
and given one of his own Which starts from the partition:
function Z, Our derivétion of,tﬁe molccular field equations
starté from the partition fuﬁction Z in the same manner- as
Elcock, and differs only in detail because we are dealing;with
lons of arbltrary angular momentum J, rather than the case
J=12 studied.by Elcock., We believe that our method, which
is hased in part on the derivation for arbitrary J pf ﬁhq
partition function for a ferromagnetic system described by
Van Vleck (2l, p; 329), hes the advantage of bringlng out
clearly the origin and significance of the effective rield
felt by the atoms of each sublattice,

vaffet and Kittel (26), also using the molecular field
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approximatioh, have studied the theory df'mggnetic structure
transitions 1n'ferrites, where transitions can occur evgh
when thégmolécular_field coefficients are independent of .
temperature, The ferrites have the spinel structure; in which
the magnetic ions are distributed among two inequivalent sites
A'and B, The magnetic ions can be of differenf kinds on the
two sitGS, Yaffet and Kittel examined the free energy At 4
absolute zero and obtained the condition which determines ‘the _
stable configuration for different concentrations of magnetic |
ions and different magnitudes of the field coefficients, They
also derived the condition which détermines the state which‘
has the highest critical temperature and 1s. therefore stable
at high temperatureé. They showed there wés no necessary
felationAbétween the two conditions ‘and that therefore the
possibility existed thab transitions between various ordered
stétes could occur, even If the molecular field-coetticients
were independent of the temperature, |

Molecular field equations similar toloufs have been
studied, agailn for J = %,!using.further approximatiéns whicﬁ
are not appropriate for the rénge of temperatures and magnetic
fi1elds needed to describe the propertles 6£ dysprosium, Gorter
and Haant jes (27) have studied the molecular field equations‘
for a'system rather similar to ours, but they havé}introduced
anisotropy effects by assuming an anisotropic g-factor and
anisotropic exchange interactioﬁs, instead of assuming as we

have that- the anisotropy‘arises through crystal fields,
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" Furthermore, their methods, although they are valid for all

magnitudes. of the applied magnetic field, work only for the
absolute zero of temperature, Yosida (28) ghd Poulis and

Hardemann (29) have studied systems having the same form of

-ani sotropy as wé'have-assumedg'but their'approximationa,

while good_for a wide range of temperatures, appear to be
valid only for small magnetic flelds, Their model differs
from ours in that they have considered only antiferro-
magnetic interatomic interactions, while we have assumed
that ferromagnetic interactions are also present. The
phenomenon of "épin flop" which appearsﬁin our.model has

been described in the review articles of Nagamiya, Yosida,

and.Kubo“(IS) and of Poulis and Gorter (30).
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III, THE MOLECULAR FIELD APPROXIMATION

\
3

- We use the following model to investigate the magnetic .
properfies of the rare earth metals, Each atom'is considered ~ -

to exist 1n the metal as a tripositive ion 1n the same spec-

‘troscopic level as the free ion given by Hund's rule, We

assume that the ith and jth atoms interact with an isotrople

interaction, which can be written A ' { ' | -

where g5 is the Lande’g-factor for angular momentum J, By

is the 'Bohr magneton, HiJ 1 the coefficient for the inter-

]

action between the ith and Jth atcms, and vector 31 represents

the angular momentum of the ith atom in units of h/2w. The ‘-3

magni tude of Ji is given by the quantum number J, so that

12 =

Ji J(J+1).

We assume that the anlsotropy energj‘of the ith atom;due

to crystal‘fields can be written in terms of J;,, the z com-

ponent of the angular momentum J;, as B
- SJU»B(K/Z)JiZZ s o ' (3.2) - -

where K 1s a constant which has the dimensions of a magnetic
field and gives the magnitude of the anisotropy, A diécussibh =
of the énisotrOpy energy is given in Appendix A, The énergy

of the ith atom due to an applied magnetic field H is written

in the'customary form
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I | (3.3)
where-g'is the external fiéld.
We write for the;totgl energy E of the system, there-
fore, "

E = - gJ"'BEEi>jHiJ};‘3; +H.240) *21(1‘/3"’1'22] . (3.
In the molecular field method, the energj E of Eq._(3,h) is
approximated in & manner which we now describe. Assume that
the coeffic;ents Hij are. zero for all pairs of atoms which
are more distant from each other than rth nearest neighbors,
Then.subdivida the structure into sublattices in such a
manner that no sublattice contains atoms which are nearer to
each other than (r+l)th nearest neighbors, and no suﬁléttice
contains more than one kind of neighbor of the atohs of any
other sublattice. In general there are many diffefent ways
of subdividing a structure, depénding on its symmetry and
the félative importance of the lnteractions between different
kinds of neighbors, Let us assume that there are 2N atoms -
per sublattice and that there ére n sublattices,

Now consider the energy of interaction of an atom on
the ith sublattice with its neighbors on the Jth sublaﬁtice.

This energy 1s

€891+ 2 (k) 1k » | (3.5) |

where the summation is over all the interacting neighbors of

the atiom on the ith sublattice which reside on the jth sub-
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lattice., The coefficients Hy, are the same for all inter-
acting pairs, 1In the molecular field approximation this

energy is written in the form

gJuB?ijﬁij 31;53 = gJquij 3;353 s (3.6)

where'ga denotes the average angularfmomentum per atom of

the jth sublattice, given by
- E ) | ' .
2N SJ - }(k) Jk . . | ‘ ) (3.7)

The symbol Zy4 giveé the number of atoms on the jth sublattice
which interact with a glven atom on the ith sublattice, and

we have taken Yij=zfjHij° We now approximafe'Eq. (3.L4) by

Here, in contrast to Eq. (3.li), the sﬁmmations are over the
several different sublattices, so that 1 and J range from 1
to n, The vectors g; anq'§3 represent the average angular
momenta of the 1th and jth sublattices;respectiveiy.

~ In the molecular fieldAapproximation, the long range
order of the system is taken into account by subdividing the
structure into sublattices. It 1s assumed in writing down
Fq, (3.8) that the total energy E is a function only of the
average angular momenta of the sublattices, and-therefbre of
the long range order of the sysﬁem. This is - a serious
assumptioﬁ and much:more drastic than our earlier assumption

that we need consider only interatomic interactions between

{

N
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certain nearby neighbors; Speeifically,'it.neglects ehorty
range order, It is apparent that with short range inter-

actions there exists for a given set of values for the

average angular momenta of the sublattices a Wide range of

energles for the system, This failure to take account

15

properly of short range effects 1s most serious for tempera-

tures very near'and slightly above a eritical temperature,
For temperatures well be;ow a critieal temperature, the
system is strengly ordened,'eo tnat the assumption\thet'iﬁ
is the long range order wnich'ie important in deternining
the orientation of a given spin seens to be reéseneble; At
any rate, the already eonsiderable success of the molecular
field approximation in interpreting the experimental resﬁlta
for antiferromegnetism'reeemmends its eontinued use,. e8|
peclally when the rather severe mathematieal‘diffieultiee of
the more exact theories are recalled. . o

The partitlon function Z far the system 15

281,...,5’ exp(- S, (3.9)

where the summations are over all the magnitudes~and‘directione

of the sublattice vectors g;. The summations in Eq, (3.9) -

can be performed approximately if we assume that‘the'prineipgl

contributions come ffom valﬁes of the-gz near certain'mean

values'gl*. The method for finding the Si ‘is described later.

If the energy E of Eq, (3 8) 1is expanded in a Taylor'e series

about the mean values Si".end only terms,linear in (si-_s1 )
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are retained, E takes the form ‘ . R

where

~7

B* = - oNggup 24 (K/2)84%2 + 2 5 S0, (3.0)

and
o / — Y o~

Hy = H + :EjYijsj + Ksizz . : (3.12)
: —/ o '
The symbolAEZj means to sum over ] leaving out the term i=j,
and 7z 1s the unit vector parallel to the pbsigive'z axis;‘ |
The field-ﬁ; is the effective field felt by the atoms of the
ith sublattice, | |

The partition function Z of Eq, (3.9) can be written

where :

The summation in Eq, (3.1h)lis over all'magnitudes and
directions of the-gi, corresponding to éll possible orien-
tations of the 2N ions that make up the 1th sublafticg; A
convenient way to perform the sum for the ith sublattice 1is
to choose the direction of the effective fieid.ﬁz as the
direction of quantization of the angular momenﬁa for the ith
sublattice and to classify the states of the sublattice by .
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‘the projections of their total angular momenta in the direction

of Hy. To use this technique we transform Eq. (3.14) ‘into

:ZiW(Mi) exp [QMiHi)/(JkT)] , (3.15)

'where/q'e gJABJ, Mi is the projection of the total angular

momentum of sublattice 1 along the field Hi,_and Hi is the

magnitude of Hi’ The factor w(My) 1s the number of ways thdt

2N ions each of angular momentum J can'be arranged so that

the total component of the angular momentum along the direction
of quantization is Mig It can be shown (24, p. 324) that
w(M ) 1s the coefficient of "xM1 1n the expansion of

(XJ+XJ R, J)2N. The result of the summation is - that
Zy .= Zy(yy) = [sinh (2J+1f)3_’/jsiinh 'Yi_J 2N (3.16)
27 . ad |

where»yi = /4H1/kT. The free energy F is given by the usual

relation
F - o kT 1nZ, : (3.17)

whieh from Eq. (3.13) is -

F=-E -Kkr>, inz, . (3.18)
We - find Si , the mean value of_si, from the relation
q
.Sif = 2 1;2:—7 Si exp(- E/kT) (3.19)

Sl,.oops

in which the summations may be carried out with the same

approximations used in calculating Z.
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Observe that the summation to be carried out in Eq. (3.15)

1s 1dentical with the summation which must be carried out in

(\

the derivation of the partition function for a dilute para-

magnetic system of lons with permanent magnetic moments p in

the presence of an external magnetic field, where now the

effective field H; plays the role of the external magnetic
field, Therofore, the partition function Zi is 1dentic?1 7
with the partition function for a dilute paramagnetic system
in an external field H, (23, p. L68), This identityncomés
about becsuse of the lineapization approximation used in
obtaihing the form (3,13) for'the partition function Z, since
this approximation replaées the interactiqn between sublat-
tices by an effective field.‘ This type of approximation -

in one form or another - is at the heart of all molecular
field treatments, By comparing Eqs. (3,1L) and‘(3.19), ﬁe
see that Si%; the magnifude of-gz*, can be obtéined'formally‘

from the relation
S;% = (kT/2Ngsug) I InZ/JHy = J Bi(uH /kT) (3.20)

where the Brillouin function By 1s (given in Eq, (2.4).
Keeping in mind our above remarks, we see the physical
significance of_gg*. It 1s a vector parallel to—ﬁz, whosge
magnitude represents the éverage pro jection per atom of

the angular momentum of the 1th sublattice in the direction
of Hy., This result follows from Eq. (3.19), because all
vectorsihaving the éam?'magnitgde and making equal4angl§§

\

1
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with-ﬁ; have equal weights in the sﬁm, so- that the sum of
their components perpendicular to.ﬁl is zero,

The ordered states of the system are found by solving
Egqs, (3.20), which are a set of transcendental eduaﬁions;
the effective f1éld H; is given by Eq. (3.12). The free
energy F of Eq, (3.18) reduces to the free energy derived
by Smart (6) and Elcock (25) for the special case of J=}

and zero external magnetic field, if the molecular field

coefficients Yij are independent of temperature, With the

help of‘ﬁqs. (3.11) and (3.12), we write Eq. (3.18) in the

- 4
= 3
F = 21 Fy - Nggup H.Z_isi ’ (3.~21)
where
. .-—"(. by 4 ' )
‘,81ncedall our equations involve the mean valuesfgl*, it is

( - .
convenient to discard the asterisk in all subsequent work,

with the‘undefstanding'that the symb01'§; means the sta-

tistical mechanical average angulaf momentum per atom of

}
(N

the ith sublattice,



20

ISC-729
IV, SOLUTIONS FOR ZERO EXTERNAL MAGNETIC FIELD

We have derived in Chapter III the basic equations of
the molecular field approximation, The magnitude of the
angular momen»t;umvsi of atoms on sublattice 1 is obtained

from the equation

while the effective field Hy is given by ' !

Hy = H +-§£J Y145y + K 8y, 7 . (3.12)

Equations (3.20) and (3,12) comprise a set of simultaneous,
transcendental equatibns which are subject to the condition
that the S, be parallel to the effective field H;, This

condition, expressed by the equation: .
— — o

arises in the moleculer fieéld approximation because the sub-

lattice angular momentum-gz is the,statisticai'average of

the projections of the angular momenta of the individual

‘atoms of the ith sublattice In the direction of the effective

-
field Hy,
Substitute Egqs. (L4.1) in Egs. (3.12) to obtain the set

of equations

/\—7
=H

- </ = o

V
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where the magni tude Sy 1s now given by

S8y =4 BJ(uxisi/kT) . (L.3)

We seek .solutions of Egs. (4.2) and (11.3) with the lowest
free energy F of Eq, (3;51{ for a given H and T, ‘In Appendix
D ar§ given graphs of Bj;(x) plotted against x and of (Si/J)
plotted against (C'Ay/T), where c'=ngBJ(J+1)4/3k.-

We now investigate the nature of the ordered states of
the system in zero external magnetic field. A class of
solutions of Egs. (4.2) with H=0 can be fOund'for which all
the Ay have the same value A, It is believed that this class
of solutions contains 1n every case the solution of lowest |
ffee energy, But it is not evident how to prove this con-
tention without examiﬁing each possibility in turn, Appendix
B contains a discussion of this question, in which it is
shown that under certain conditions the state with the lowest
free energy is one for which all the Ay have the séme value,
Put we have not exhausted all possibilities,

If we set H=0 in_Eq. (},2) and assume that Aq=A, for all
i, REgs, (h.2) become: & set of homogeneous equations which

have non-trivial solutions if either

=0 , - (L)

l*ﬁij - Yyj
o1

‘(x - K) 84 - Yij, =0 , ‘<(h.5)

where 611 1s the Kronecker delta, ‘Corresponding to each A,



22

ISC-729 s

which is & solution of Ea; (L. Lt), there exists one or ﬁére
ordered states for which.ﬁhe-§1 are aligned perpendicular
to the z axis, while for each A satisfying Eq. (4.5) theré
exists 6ne or more orderéd states for which the-gz ére '
aligned along the z axis, | _

From the A's which sélvé Eqs, (L,L) and (h,S),;wé can

find the critical temperatures for the various ordered -

- states, where we define the critical femperature for an .

ordered state as the temperature below which the state be«

comes stable relative to a random arrangement. The cfitical

1

temperature Tc, the temperature below which tranécendental

squation (h.3) has a solution other than the trivial solution

S;=0, can be found by differentiating both sides of Bq. (L.3)
with respect to S; and setting S4=0. »Ey thishﬁfocéduré,

which is'describedAfurther in Appendix D, we find
T, = ACY S (4.6)

where C! = gJuBJ(J+1)/3k.
We now speclalize the discussion to the hexagonal close-

packed structure of dysprosium. We divide the structure infot

at least eight sublattices, in order to take into account

" interactions between first, second, and third nearest neigh-

vors, We assume that more distant neighbor 1nteract?ons can
be neglected. The (c/a) ratio for dysprosium, whichlhas been
measured by Banister, Legvold, and Spedding (5), ranges be-
tween 1,581 for L48° and 1,571 for 302°%K. The (c/a) ratio
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s 1.63 for the case of ideal close packing, where the twelve
_nearest neighboré of a given atom are all at the same distance
away.} Therefore; the six negrest-neighbors_of an atombin,a
cértaih (001) plane 1lie in adjacenﬁ (o01) planés, which also
contain the six third nearest neighbors. The six second
nearestvneighbors lie in the same (001) plane as the atom in
question, For this présent work, we subdivide the structure i
into eight hexagonal sublattices, A convenient method for
enumerating the sublattices 1s'desqribed below, Sublattices
l, 3, 5, and 7 aré taken so that thqj have atoms in the same
(00l1) planes, Now sublattioe 2 1s.cﬁosen to contain the i
third nearest néighbor atoms for sublattice lgrh those for
33 and so on, This éhumeration is>111ustrated in Fig, 1,
Let.p/z be the Weliss molecular field coefficieﬁt (the
Hij) for the 1ntéraction between atoms which are secoﬁd nearest
neighbors, and /2 that for nearest neighbors., Let r/6 be
the coefficient for third nearest neighbors, Thus if we con-
sider an atom on a certaln sublattice, 1ts six nearest neigh-
bors are arranged on three sublattices, each containing two
nearest neigﬁbors. For example, sublaﬁtice h contains’tWo"
nearest neighbors of an atom on sublattic; 1, so that the
‘coefficlent Yy 1s 2(q/2)=q, where Yy, s defined in Eq. (3.6),
Similarly, the coefficlent Yij has the value p for the inter-
action between sublattices which contaln second nearest

neighbofs of each other, Since the six tﬁird nearest neigh-
bors of a given atom all lie on a single sublattice, Yij has
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Fig.‘ 1. Sublattice arrangement for the hexagpnal |
close-'packed structure when subdivided into
eight hexagonal sublattices, The atoms
desigﬁated by O 11e in the same (001) plane;,

.while ﬁhe atoms de‘signated by [:I lie in ad-
jacent (001) planes which do not contain fhe.

O atoms,

!
)
'
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the value r for the interaction betwesen sublattices which
contain atoms which are third nearést neighbors,
The secular equation for the above arrangemeﬁt of sub-

' lattices, as obtained from Eq, (4.4),1s

- A r. p q P q P q
r -» q Pp g p a P
p a9 =X r P Q@ p q
a p_ T -2 ? P qQ p -0, (h.7)v
P q p qQ ~-A r p q ' .
q P q p r =X q P
P 9 » 4 p g =A T
¢ »P 494 p a9 p T =27

where p, q, and r are described abové.' Equation (h.?) can

be factored into
E\-B(p+q‘)-rj D-B(p—q)-’-a
x Gopra-s]? [op-asi]? =0 L - (L.8)

The facfors for Eq., (L4.5) can be obtained from Eq,. (4.8) by
replacing A by (A-K)., The various critical temperatures
defined by Eq.l(h.é) are g;ven, in units of C'=gJuBJ(J+1),
in Table I, along with the types of order with which they
are associated., The symbols for thé types of order have

the following significance, The capital letter gives the
type of order, whille the~subscript x means that the angular

momenta are aligned perpendicular to the z axis, and the
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éubscript z means the angular momenta are aligned along the
z axis. The types of order are determined by substituting
the appropriate values ﬁbr x'iﬁtb'Eéé. (44L.2) and then solving
these equations for the relative values of the angular -
momentum compoﬁents.

Table I, Critical temperatures inAunits of C' for various

kinds of order in the hcp structure, when 1t 1s subdivided:
into eight hexagonal sublattices,

Type of Order . 'TC/Cf
F, 3(p+q)+r+K
Ay 3(p-q)-r
Az 3(P'Q)‘r+K
By -p-q+r
B, \ -p=q+r+K -
Cx -p+q;r
C, -p+q-r+K

The ordered states listed above are shown in Fig, 2,
They can be described as follows, The ferromagnetic state
F has the angular momenta of all sublattices aligned parallel
to eéch‘Bther‘ Antiferromagnetic state A has the angular
" momenta on alternate (001) planes aligned ahtiparallél to

each other, Antiferromagnetic state B is an ordering in

which each (001) plane containgrequal numbers of angular

~
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Fig, 2. Ordered states for the hcp gtructﬁre éub—b
divided into the elght sublattices shown in
Fig. 1; The symbols C) and [:]denOte angular
momenta pointing parallel to a given direction,

@ and

parallel to that directlon,

Py

[ denote angular momenta pointing anti-
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- .

‘momenta aligned parallel and anti-parallel to a given direc-
tion, arranged on a set of parallel linesAocoupied by angulér
momentaAall of one orientation, Nelighboring planes aro
oriented so'that third nearest neighbors have parallel angular
momenta, Antiferromagnetic state O has the sane arraﬁgement
as B within any (001) plane, bup ad jacent planes are oriented
so that third nearest neighbors have antiparallel angular
momentum orientations, R |

In the work above, ne have decomposéd the hep struotufe

into eight hexagonal sublattices, ' This subdivision is ap- -

A:propriate when first, second, and third nearest neighbor
interactions are taken into account If third nearest neigh-A
bor interactions can be neglected, another possible subdivision
1s into six hexagonal sublattices, The atoms in each (001)
plane are arranged on three interlocking hexagonal lattices,

" and since atoms on adjacent planes cannot be on the.same‘sub-
1attico, six sublattices are required,

The formal details of the solutlon are 1denfical with

those for the case of oight sublatticeé. The secular

determinant 1is

o))
]
>
e}
2 O Q9 W0
1)
™

(4.9)

BN~ SRR« TR SR o R o
W
0
t
>
o o 0 -da a
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where d=3p/2, and p\and q have the same significance as in
Eq. (4.7). Equation (4.9) can be factored into

The various critical temperatures are giveﬁ'in Table II,

Table II. Critical temperatures in units of C' for the
hep structure subdivided into six hexagonal sublattices,

Type of Order ' TC/C'
Fx , 3(p+q)
Fz | 3(p+q)+K
Ay o 3(pma)
A, ' 3(p-q)+K
Dy | 93P/2

States F,, F,, A, and A_ are the same states described be-
fore and illustrated in Fig, 2. State D,, however, 1s a
new state of some interest, which is obtained by subsfiﬁuting
| A=-d into Egs, (h.2) aﬁd solving for the components of the
sublattice vectors E;. The arrangement of vectors for this

case can be found as follows, Equations (h.2) can be written
AS1x+ Soxt S3x) * Syt Sgut Sg ) =0,

0, (4,11)

q(8y .+ ng+ 33#) + d(shx+ SSk+ Séx)

. with similar equafions for the y components, Since in general
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Fig, 3. Angular momentum arrangement for state
Dx in a (001) plane of the hecp structure,
when it -is subdivided into six hexagonal

oublattices,
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(d2 - q2 #.0), we see that

i
o

’

-

(S1xt Sagt S33) = (S0 857 5¢,)

(S1y*+ Sop* S3q) = (8) o+ Sgo+ Séy’ 0. (h.22)

For state Dx,.the z components of the angular momenta are
all zero, The vectors 51 all have the same magnitude given
by Eq. (4.3)., Therefore, it is clear that qu; (4,12) are
satisfied 1f we place the vectors in each (00l) plane so
that they have directionsvl205'apart. This arrangement of
angular momenta is shown in Fig._j, The total gngnlar'
momentum of each (001) plane is zero, so that there is no
interaction between ad jacent (001l) planes and therefore no

necessary correlation of the angular momentum arrangement

between planes, $Since for state D, the third nearest neighp.

_ bor interactions cancel out, D, is a possible arrangement

even in the presence of strong third nearest neighbor 1nter-

actions, although it probably wopld not be the'arrangement

of lowest free energy,

We have examined above the possible ordered stetes

for the hcp structure, when 1t is subdivided into six and

'into elght hexagonal sublattices, These subdivisions are

{,

‘appropriate when interactions between atoms more distant

than third nearest neighbors can be neglected. If longer-

ranged interactions have to be considered, the structure .

must be subdivided still further, It does not seem worth-

while to examine more complex structures, unless neutron

-
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diffractionh data show they are needed.
We now investigate the relative stabllities of the

',magnetic states listed 1n Tables I and II.' For H=0, and

all A's equal, the~freerenergy of Eq. (3,2f) can be written

-
)

in the form o A i o
F'= nNgupAS2 - nkT 1n Z, (WAS/kT) , (4,13)

where n is the number of subléttices and Zi is the(function
Zi(yi) defined by Eq. (3.16). Observe that F decreases
monotonically as A increases, so that the stéfe with the
largestvx 1s stable at temperature T. Furthefmore, if the
A's are 1ndependenﬁ of temperatﬁre, the state -with the .
largest x; and consequently the 1argest critical- temperature,
remains stable for all temperatures below its critical '
temperature, Therefore, we conclude that a transition frém
. one ordered state to another listed in Tables I and II can
only occur, for the hep sfructure in this approximation, |
when the A's vary with temperature, This conclusion had
been reached earlier by .Smart (31) for cubic lattices with
J=%. |

' The solutions above have been obtained under the as-
sumption that all the hi of Egs. (h.l) and (L4.2) are equal
when H=0, The problem of'whether there are other consistent.
_solutions for H=0 when this assumption is abandoned is
examined in Appendix B, It is shown there that if states

A and F have positive critical temperatures, while the
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critical ﬁempératures for states B and C are negative, both
states A and F are more stable at all temperatures than ahy
othef solutions of the equations, Therefore;'in this special"
case at least, a ferromagnetic-antiferromagnetib transitioﬁ
can only occur when the molecular field coefficients Qhange
with temperature; |
Without neutron diffraction data or data from magnetic
measurements on single crystals, it is virtually impossible
to decide which ordered sfate‘of Tables I and II repreéents
best the stable configuration for dysprosium in zero external
field, " The only relevant'data are those of Banister, Legvold,
and Spedding (5), which glve the lattice paremeters a and ¢ |
as functions of temperature, The parameter a decreaSés
monotonically as the temperature decreases through the range
in which dysprosium is antiferromagnetic, while’the para-.
meter ¢ undergoes an anomalous expansion.~‘Gpeenwald and
Smart (32) have argued that it is reasonable'to expect an
anomalous expansion or contraction to occur in a direction
which changes the distance between a certaln set of parallel
planes which have the property that all the angulag’momentum
vectors on a given plane are aligned parallel to ééch other,
while the angular momenta on adjacent planes aré aligned
antiparallel to each other, If we accept their arguments;
we would predict that the antiferromagnétic structure of

dysprosium is either Ax or Az‘



FSC-729 o 2

V, SOLUTIONS IN THE PRESENCE OF AN EXTERNAL MAGNETIC FIELD ‘

A, - Fundamental Equations for Two Sublattices’

Vie discuséed in Chapter IV thé solutions of the molec-
ular fieldIGQuations (lL.2) and (4.3) for fhe'case of zero
external field, One solution was ferromagnetic, with the
angular momenta of all the suﬁlattices parallel and of equal
magnitude, The other solﬁtions were antiferromagnetic, If
we restrict oursglves to‘thé case of'eight sublattices,‘we
find that for each of the ahtiférromagnetic solutions there
~are only two 1néquivalent anguiar momenta, These angular -
momenta can be placéd, then, on two sublatﬁices, instead of
the origihal eight, We assumé that in the presence of a
magnetic fleld there still will be only two inequivalent

_angular momenta, and write Egs, (4.2) in the .form

— —7 AN
(Xl - a) Sl - BS2 - K Slz z =H ,
-— ' /N -7 :
-BS; + (A, - a) S, -K S, z=H, (5.1)

where a and B are linear‘combinétiqns of the coefficients
"p, q, and r, The atoms on the same sublattice now interact
with a Welss molecular field coefficient a, even though the
original Sublaftices were chosen so that there was no self-
interaction, This éomes about because of the way we have
combined several of the original sublattices to form the

new sublattices,
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\ For definiteness we tgke K>0, éoAthat the stetes stable
in zero field have their angular momenta aligned along the
z axis, Furfhermore,-if sfates F, and Az are aésumed to be
the,competing states in the férromagnetic-antiférromagnetic
treansition, the field ccefficients o and B are given by the

relaﬁions
a = (Tp, + Ty, - 2C'K)/2C* = 3p/C!

B = (Tpy = Ty,)/2¢" = (3g+r)/Ccr -, o (5.2)

‘where Ty, and T,, are the critical tempsratures given in .

Table I in terms of the field coefficients ps 49, and r, The

coefficient a is a ferromagnetic coupling, and the stable

state with H=0 1s Fz or AZ according as B>0 or (<0,
For convenilence, take the field H always in the x-z
plane, aﬁd with 1ts x and z components greater than or equal

to zero, Equations (5,1), written out in component form, are

(M = @) Sy = B Sy =He 5 (5.38)

-8 Sq4 * Ay~ a) 5, = H_ ',' - (S:Bb)
(g - @) Sy - B S, =0 (5.3¢)

=B Sy * (Ay = @) Soy =0 s “ (5.34)
(A = a-K) 8, -pS,, = ﬁ;', . (5.3e)
-B Slz + (Ap - a=-K)S,, =H, , (5.3f)
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where the magnitudes 8, are given by ’
Sy = 7 BylunSy/kT) o | (5.L)

3

We first of all seek consistent solutions of Egs, (5.3) and
‘(S.M), and investigate later the question of the relative
stabiiity of the various solutibns for given valuesAof H |
and T, .

Obsefve/that Egs. (5.3) ahd (S.M)'pomprise a set of
simultaneous, transcendental eguations; Instead of solving ,
directly for.Sl and S, as-fﬁncp}ons of H énd T, the following
technique 1is effective, Assume values forvxl and Ao, and
then'determine Hy and H, so that .the moleéular field equations
are satisfied. To proceed in this manner, we solve Egs,
(5.3a) and (5.3b) for 5;, and Eqs. (5.3¢) and (5.3f) for S;,,
obtaining

S1x = t[nx(x,z - e+ p)/8 TR
slz‘= [B,(0, - a + B - K) ) /b, » (5.6)
. where o " | |
bg = (A = a)(Ay - @) - B2 , - (5 .7)
by = (Ay = o - K)Y(A, - o - K) - 2, 58

We see from Egs, (5.30) and (5,3d) that unless Ay vanishes,
the components Sly and S2y are zero, The Speciél case when

by = 0 will be considered later, As long as S;, and Soy
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vanish, H, and HZ must satisfy the equatioﬁ

| S1x° * Slz'a =8,2 , (5.9)
or |
[(7\ o-a+B) /A;c] 2, 2
; + [(xg-aw-x)/Az:] 1,2 = 5,2 o (5.105

- We derive in similar fashion relations involving Sps which

are

3

gx=Egnl-a{sﬂ/%. C (5.01)
Sop = [EgOq - a+p-x)] /8, , (5.12)

E(xl-am )/ bx ] PHy? |
- + [(ag-a+p-K)/8, | 20,2 = 5,2 . " o (5.13)

Equations (5.,10) and (5,13) are ellipses in the H,-H, plane,
These ellipses are identical 1if A, and A, are equal, Other-
wise they have a common solution or intersection if the
ellipse with the larger H, axis has the smaller Hz,gxis;
. The condition for this 1s that

(|ry-a+ps1-[r5-a+p]s)) (5.14)

x (|a;-a+B-K|S;-|A-a+p-K|s,)<0 |

» ¢
Condition (S.IM) determines a region in Al-ka space for which

consistent solutions to Egs, (5.3) and (5.l) exist, If we
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solve Egs. (5,10) and (5.13) for H, 2 and H%Z, we obtain

_ b2 Exl-a+s-z<)2sl2 - (a -a+6—n)? ]

% = (5.15)
] D .
g 2 = E"E‘“’”B)Zszz "“\1“1*(3)2312] , (5.16)
'Z - . D . . ' .
whereb-
D = 2K(xl-12)]}Al-a+Q-K/2)(x25a+B-K/2) ) .
.. 1(2/1;.] . (5.17)
‘Dividing Eq. (5.15) by Eq. (5.16), we find that
1~0+B-K)28, 2 - - x)2
.tanzﬁ _ [(?\l a+B3 <) ql (7\2 a+pB-~ ~X) gz:] (5,18)

AZ2A[(7\2—a+a)2s'22 (A -a+s)2s1?__l

. —
where @ 1s the angle between H and the z axis, The ratio

!

- of Sp, to S1z is obtained from Eés. (5.5) and (5.6) as

Six _ bz(Ap-a+B) tan g
S1g by (Ap-a+B-K)

. . (5.19)

Similarly, from Eqs. (5.11) and (5.12) we find that -

Spx = Bz(Ay~a+B) tan g
S2z by (Ap-a+B-X)

(5.20)

We now have the necessary formulas for studying the
nature of the solutions of the molecular field equations
(5.3) and (5.)4) for all directions and magnitudes of the

. a4 .
external field H and for all ranges of temperature from
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0% to temperatures greater than the highest critical tempera-

ture,

B, Discussion of the Existence of Solutions

1. Compatibility conditions

Consistent solutions of the molecular field equétions

exist for values of A; and A, which satisfy condition‘(S.lh);/ |

For examination of condition (5.1l4), 1t is useful to consider

the curves in the A;-A, plane determined by the equations

|"1‘“*B|Sl“ |Aatels, » (s

\xl-aﬂa-K‘sl ,le-a’rﬁ-KlSZ . | (5.'22)‘

For the general case, the region in whiéh the allowed values
of A; and A, lie is bounded by curves (5.21) and (5.,22). o
The nature of these curves changes with temperature and
therefore the properties of the solutions of the molecular
field equations are different in the differenf temperaturé
ranges, |

Let us consider as a function of xl'the expression
Gy = (Ag-P)sy » (5.23)

where Sy is gi#en<as a function of temperature by Eq. (5.4)

and A3 and S; are both greater than or equal to zero, If

thé temperature T is such that

T ch'p , (5.2h)

-
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then G4 is a monotonic function of Ajs of the form shown

in curve A of Fig., i, The equation

Ir-elsy = fagzpfs, . (5.25)
has therefore only one solution, which is A =Ag. However;

S if
r<cp (5.26)

we observe that Gy i1s now a non-monotonic funetion of Ay

which has the value zero for the two roots
A =T/C0 (5.27)

The behavior of‘Gi for this case is shown by curve B of

Fig. L. ~Equation (5,25) now has, in addition to the usual
solution Ay = A,, another solution for which A; # As. Thése
values of Ay and A, lie on a closed curve in the.ll-lz
plene, an example of which is shown in Fig, 5, ‘

| We now proceed to discuss the behavior of the solutions
of the molecular field equations for(the various significant

temperature ranges,

"2, Solutions for T>C'(a-B+K)

For temperatures such that T>C! (a-p+K), observe. that
Egqs. (5.21) and (5,22) have but one solutiqn, A=ho, becausé
the functions ()i-a+5)si and (Ki-a+B-K)Si are both monotonic
functions of A;., For this range of temperature, the solution

-_—r T
of Eqs, (5,3) has the property that 5, = S,,
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Fig. L, Qualitative behavior for différent tempera-
tures of G; as a function of 7\1,: where the
functlon Gy is defined in Eq, (5.23). The,
dasbed stralght line is the asymptote approached
by ¥y for iar‘ge LY |
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Fig., 5. The A-diagram for T<C'p . The closed
curve 1s obtained from Eq., (5.25). The
region inside the closed curve contains.
A's for which consistent solutions of the
molecular field equations éxist, when

" P=a - e'+ K and T>C!' (a - B).
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This solution applies for the range of temperatures
in which the system.is paramagnetic, that is, when T. is
greater than the highest critical temperature. The zero
. fleld Asus(cepwihibility for this case can be derived most
eagily from consideration of Eq8, (3.20) and (5.3). For
sufficiently high tempe_xfa.tures/ » Eq. (3.20) can .be written

in the approximate form
8y = cCrH /T, - (5.28)
go that from.Eq. (4.1)

XAy =1T/Ct .. (5.29)

From Egs. (5.3a), (5.30), '(‘5.-3'.3), and (5.3f) we obtain

Syx =Spx = C' Ex/(T+Tpy) 4(5.36) .
81, = Spp = C' Bp/(T+Tgy) 5 (5.31)
where |
Tyy = C% (@+8+EK) , (5.32)
Tpe = C* (a+B) , (5.33)

and @ and 8 sre given in Egs (5.2)s If for purposes of
g comparison with experiment we take the component of the

.magnetization in the direction of the field, we find

M=C [(sin)/(TTpy) * (cos%h)/(T-Tpy)] E ,(5.34)
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where # i1s the angle between H and the z axis, and C is the
Curie constant given by C = 2nN(gJuB)2J(J+1)/3k For a
polycrystalline sample in which all the crystallites are
randomly oriented, the susceptibi]ityﬁ><is given by

= 03T -"‘PF&Z‘- ZTFX) ’ k (5.35)

which is obtained by aversging”M in Eq, (5.3&) over all
values of @ and dividing by.H. |

3, Solutions for C'(a-B_) <T<C'(a-B+K)

The situation for this temperature range 1s as follows.'
Equation (5.,21) still has only one solution, A1=Aos since
the functionlli-a+B|Si is still monotonic, However,‘since
.li-a+B-KlSi is now non-monotonic, Eq, (5.,22) has two kinds
of solutions, We find as usual that ll=lé'is'a solution,
bﬁt now a second solution 1is possible for which 11#12. The
curve defined by Eq, (5.22) is shown - for a typical case |
for this temperature range ~ in Fig, 5, Examination of
Eqs. (5.10) and (5.13) reveals that the allowed reglon in
l-spaee is the region inside the closed curve defined by

'Eq. (5.22), The line (A;=A,) also contains A's for which
the equations are consistent, It follows from Eq, (5,18)
that H is directed along the z axis (§=0) for A's on the

boundary line of the allowed region,
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L. ‘Solutions for T<C ' (a-83)

In this final temperature range to be considered, the
functions \Ri-a+ﬁ‘si‘and~\xi—a+B-K\Si.are‘both non—ﬁonotpnic
functions. of Ay, so that in addition to the usual solution
(x1=xé), both Eqs, (5.21) and (5,22) have solutions for which
Klfkgﬂ Inspection of Egs. (5.10) and (5.13) reveals that for
this case the allowed region is boﬁnded‘by the curves (5;21)4
and.(5.22), and again values ofbthe A's on the 1line (Ay=25)"
are allowed. The "l-diagfam"_for this case will be discussed
in detail later in this chapter, éihgé this case is of con-

‘siderable physical interest.,

C. The State F

For the case A;=A,, Eas, (5.3) and (5,4) show that
S1=S,. The two ellipses, Egs. (5,10) and (5.13), both reduce

to the single.relation A
(A ~a-p)"%H,2 + (A -a-p-K)~%H,2 = 82 (5.36)

_Equations (5.4) and (5.36) express A as a transcendental ¢
function of Hy, H,, and T, Since we have from Egs. (5.5),
(5.6), (5.11), and (5.12) that '

51z S2p by (A-a+p-K)

Six _ Spx _ b7(r-0+8) tan g (5.37)

Egs. (5.4), (5.36) and (5.37) determine completely this

atate,
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Recause the sublattice magnetizations are equal and parallel
for this ordered arrangement, we refer to it as ferromagnetic
state F, even though it may be the stable state only in the

"~ presence of large applied magnetic fields for temperatures
above éhe F-A transition, Gorter and Haant jes (27) use the
term paramagnetic saturation to refer to the state whiqh we
call ¥, when for large fields it is stable relative to the

antiferromagnetic state,

D, The State Ax

There exists a type of solution of the molecular field
equations for whichfga andlgz lie outside the x-z plane,
For this solution to exist, the determinant Ax mast vanish,

so that
by = (A1-a)(Apa) - g8 =0 . (5.38)

When H,#0, it follows from Egs, (5.,3a) and (5,3b) for the x

components that
Ap TAp=a-B . (5.39)
_For this value of Ay and A,, the solution of Egs, (5.,3) is

S1x = Spx = H/(-28) ’

i1

815 = 8p, = H /(-28-K), (5.40)
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Fig. 6. Schematic representation of the angular
momenta for state Ax', when K>0 and the

magnetic field H is less than the critical .

value given by Eq. (5.42).
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and Sy and S, are known as funb%ions of T from Eq, (5.4).
: - b 4
If we set S5;=5,=5, the y components of g& and S, are given

by the relation
sly'= - 5,y = [52- (1 /2p)2- 2/(2p+x)§]%". : (5.41)

It is apparent from Eq, (5 ul) that if the magnetic field

- exceeds & certain critical value Hc, which depends upon the

angle g, this antiferromagnetic state cannot exist. The

critical field curve, obtained from Eq. (5.41) by setting

Sly = SZY 0, is

(ch/éc)Z + Ho,2/(2p4K)2 = 52 (3.442)

This curve is an ellipse in the Hy - H, plane, ‘For values

" of the magnetic field which lie on the ellipse, the anti-

ferromagnetic state described here and the state F discus#ed’
above are identical, For ﬁ=0, this ahtiféfromagnéfic state
is identical with state A, described in éhapter IV, There-
fofe,we also désignate this state by'the symbol‘.Ax when§§
magnetlc field is present, The arrangement of angular

momenta for state A, is shown in Fig, 6, for a case where H

is less than the critical field and K>0.

As H increases,-gz and_g; become more neariy pargllel
to each othef, until they become\parallel at the critical:
field Hy given in Eq. (5.42). The total megnetization M,
of a single crystal in state Ay is |
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X
2

=
i

- v 2 2\
x = 2nNggphp(Sy & + 512 )

1

- 2nNg juup EHX/ZB)E - Hza/(yzaﬂc)?]z- . (5.43)

1l

Because of the anisotropy, the total magnetization vector
=7
1s not quite parallel to the applied field H, For a given
——7 ; . . .
direction of H however, M. is a linear function of H and

the susceptibility ié constant,

E, ‘The State A

There still remains one type of solution of the molecular
field equations which as yet we have not discussed, This i§
the solution vhich, in the 1imit as H approacﬁés zero, be-
comes identical with fhe state A, described in Chapter IV,

- We call this. solution state A, for all magnitudes and di=-
rections'of the applied‘magnetic fleld for which it'éQists.
Tn order to investigate the propertles of stéte Aé and at
the same time anticipate some of the results needed later for
the discussion of the propgrties of dysprosium, we consider
the following case, We assume that K>C and that <0, so that
sfate A, 1s the stable state for H=0 and the preferred axis
‘1s the z axis, We take T<C'(a+B+K), so that state A, and F,
are both stable relative to the disordered state, and for
this temperature range explore in detail the signiricance of
the various possible (compatible) velues of A and A, and

the corresponding sublattice angular momenta, |

Figure 7 shows a typical "A-diagram" or plot of the
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Fig, 7. Typical‘l-diagram showing values of

Ay and A, for Which.consiSfent‘solutions
of the molecular field equations‘eﬁist
whén T<C!' (a+B+K), so that stapes A~aﬁd P
are both stable relative to the disordered
state, The reglion of allowed A's 1is. |
bounded by the two closed curveé. The

. line (A =7,) also conﬁa;ns allowed values

' of the A's. This diagram and Figs. 8
through 11 were calculated for J=15/2 and
for a temperature of. 143.6%, using the

values of the parameters glven in Table IV,
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importantEregions in the space of Ay and A, for this tempera-
ture range, The region of‘allgwed A's lies between the two
closed curves or along the line~(hl=X2).ﬁ'The point A repre-
'sents sfate-Az, point P represents state ¥, and point c
represents state A, for H = 0, The curve cbnnecting points
- A, B, and ¢ is obtained from Eq, (5;22) and contain Al's for
which #=0, The curve connecting points B and C is the curve
Ax=0, which from Eé. (5.18) also contains states for which ‘
g=0, The curve connectling points C and L comes from Eq, (5.21)
and contains At's for which @=90°, °
An exploration of the w-diégram for particular cases has
révealed'that fof a given-grand T there can be more than one
state for which molecular field equations'(5.3) and (5.l)
are satisfied, However, in all cases, the state haviﬁg the
lowest free energy liles in the area b§unded by the curves
connecting the ﬁoints,A, B, and C, This area is the area
of physical interest; and we ﬁill concentrate our attentlon
on 1it, The'area ABC 1is shown in more detail in Fig, 8, | 4
For H=O0, staﬁe A, is the stable state and 1t 1s-iocated
at point A (where Aj=A,=a-B+K) in Fig, 8, The behavior of
- state A, as the maghetic field increases in magnitude depends
ypon the direction of the fleld relative to the'preferred'
axls, A discussion of the behavior of state A, for small
magnetic fields - for A's in the immedlate neighborhood of

point A, which is a ratherAsingular point - is given in

Appendix C. The behavior for iarge magnetic fields 1is
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discussed below for the two speclal cases of ¢—O and #=90°

before 1nvest1gating the general case,

FF. External Magnetic Field Parallel to the Z Axis_'

We now discuss the interesting case of H directed along
the z axls, so that @=0, We will show thatlas the magn} tude
of the field increases fbr thé‘range of temperature in which
state A, 1s stable for zero field, thefsystem re@aing.in‘
state A, until the threshold field for "spin flop" is reached,
At this value of the rield; the sysﬁem Qhans?é,dﬂﬁthtihuoués
1y from staté AZ to Ay, As ﬁhe field increases still further,
state Ay is deformed continuously 1ntolstate F.

In Fig. 8, the curves AEB and BC contain all points for
which g=0, As state A, moves down the curve AER toward innt
B, the magnitude of H, given by Eq. (5,]6) increages, As.
state A, moves along the curve BC from B to C, H decreaseés,
For a certain range of valﬁes'of H then, there are:two difa
ferent sblutions of the eéuations. We have,po appeal to
free energy (3,21) to deéide which is stable, _Fér the present -
case where the structurefis subdivided into'tﬁd sublattices,

the free energy (3.21) can be written
= (0/2)[(F + Pp) - Mg pp H (S + $3)] 4 (5.4
with

Fy = Ngsughy 512 - KT 1nz (uAySy/kT) 5 (5.045)



.. Flg., 9., The free energiles of states Ay and A, ds functions of H, the
magnitude of the applied magnetic fiéld, for H directed albng

the z axis,
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F, = Nng.szsz2 - KT 1nZ (WAS,/kT) o (5.146)

Here the ﬁagnitudes Sy and 82 are obtained from Eq. (5.l)
with Ay equal to A; and 12, respectively.' The function
Z(uA;S1/KT) is given by Eq. (3.16) with yy=pr;S,/kT.

In Fig. 9 are shown free energies calculated from Eq.
(5.414) for magnetic fields giﬁen by points on the lines AEB
and BC, respectiyely, The points A; B, C, and E correspond
to the same states as in ?ig. 8., We see in Fig, 9 that states
on’thétcurve BC are unstable relative to thosé on AEB for the
same values of H, |

We have alreadyjshown that for magnitudes of H less than
a critical value obtained from Eq. (5.&2) for H,=0, state A,
(correspohding to point C of Fig, 8) 1is also a solut%oh of
the molecular field equations, For state A,, we have

il=12=a-ﬁ, so that the free energy FAx for szo is

Fax = Fax - H X152 (5.47)

Ax"z

where Fp,° is the function F, of Eq. (5.45) with A,=a-8,
Sax is thé solution of Eq. (5.4) with xi=d-g, and

Kix = - 2aMegup/(2045) . (5.48)

The éusceptibility}(%x is obtained from Eq., (5.h3) with
Hy=0 from the definition

Xag = May/H, = - 2nNggup/(26+K), (5.9

Since FAxo is independent of H, free energy'FAx is a
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quadratic function of H, for #=0. The free energy Fpu 1s
glven as a function of H bj curve CE in PFig, 9,

For H=0, state A, is stable and located at point A in
Fig, 9,' As the applied field increases, the free energy of
state A, drops slowly because the susceptibility of state
A, for =0 is relatively low, State A, has a much higher
free energy at low fields, which drops very rapidly as the
external fleld increases because state A, has a relatively;
large suéceptibility. As shown in Fig, 9, the free energles
for states Ay and A, cross when the magnetic field reaches
the value at point E and the phenomenon'of "spin flop"
occurs, In "spin flop", the stablé state changes from
state A, to A, and the direction of alignment of‘the-gz
switches suddenly from parallel to the z axis iInto é direction
with aAcomponent‘perpendicuLar~to the z exis, The phenomé-
non of "spin flop" has been observed experimentally in
CuCl,,2H,0 by means of proton resonance, An extensive re-
view of the-subject is given by Nagamiya, Yosida, and Kubo
(15). o

In order to continue the discussion of the behavior of
our model, and in particular, to develop an approximate
formula for the temperature variation of the threshold field
for spin flop, we need to have an expression for:><“, the
susceptibility in the limit of small fields directed aiong
the preferred z axis of the system, For H directed along

‘the z axis with a magnitude small enough so that the system
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remains in state AZ, the susceptibility can be calculated

by a method similar to that used by Van Vleck (17) and many
- g

others, Vectors Sl, 82, and H have only 2z components, and

the molecular field equations can be written
81, = 7 By(uH/kT) , (5.50)
Sy = 7 Bylum/kT) , | (5.51)

with the effective fields Hy and H, given by
Hy = HZ + a‘Slz +.B Saz R . K (5.52)
Hy =H, +88;, +as

0y - o (5.5)

Since the system is in state A, for applied fields small
. ) “ —
compared to the exchange interactions, vectors—gz and S,

are antiparallel to each other, Therefore, we have

Hy = 8, + afsy,] - 8ls,,| (5.54)

N

N

o5l - alsg - (5.55)

To compute ><“, the susceptibility parallel to the
z axis, which 1s defined by the equation A

= 1im nN (ds,/dH + ds,./dH) , .56
>(|| nyg 8548 l/ 2/ (5.50)

take the derivatives of Egs, (5.50) and (5.51) with respect
to H and use Egs., (5.51) and (5.55) for the effective filelds,

After solving the resulting two simultaneous equations for
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'dS1/dH and dS,/dH, taking their sum, and setting H=0, we

obtain

_ 2nN(pl/k) B_'(@H /kT)‘ .
7K'r J 70 s (5.57)

T - 3J(3+1)" 1, Bov(uH /KT)

with p = gugd; By! signifies the derivative of By with respect
to its argument, The temperature Tﬁz is the critical tempera-

ture for state F defined by

z

Tpy/= G (484€) , = (5.58)

and H, is the value of Hy or H, when the applied field H is
zero, This is the familiar formule for}¢|lgiven by Van
Vieck (17), Anderson-(lB);iﬁnd many others,

For the free energy of stéfe Ay, a éood approximation
éan be obtained as follows., From statisticel mechanics, we .

have.that
M=- (JF/JH)y ] (5.59)

where ™ 1s the free energy and M is the mégnetization. We

also have

¥n = - lim J2F/JH2 . : (5.60)
H—0

The expansion of the free energy for state A, in the presence

of a field is therafore, to order HZ,

VAR EE D (5.61)
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4

where F, ° is the free energy for'étate Az in zer§ field,
The linear term in the expanéion is missing because the
magretization is zero for antifefromaghetié state A, when
H=0, Approximation (5,61) is quite good when H is small
compared to the molecular fields arlsing from the exchange
interactions, |

A useful approximation for the femperature variation
of the threshold field for spin flop can be obtained in a
similar way, ‘This approximation is vaiid when the anisotropy}
energy 1s small enough so thatﬂspin flop occurs at a field
which 1s small compared to thefexchange interactions, The

spin flop occurs at the magnetic field strength He for which

"the free energies Fy, and F,, ﬁecome equal, Using Eqs, (5,61)

and (5.L7) for the two free enérgies,:we determine . He from

the equation .

I Fp,° - (%)XanZ = FAxﬁ - (%)XAJ{HI‘Z ’ (5.62)

whosare)(Ax is given by Eq, (5.48)., It follows from Eq. (5.62)

that

By = [2(Fy,° - Faz Y/ O, ‘-X"a% . (5.63).

When the anisotropy coefficlent K is small, the difference
(FAX° - FAZ°) can be,expanded in a power series in K in the
following manner, The free energy F for H=0 can be written

as a function of A in the form

F(A) = nNgzupAsZ - nkT 1nZ [g Jqus/kT] , (5.64)



ISC-729 . 69

camen—

which 1s obtained by setting H=0 and A;=A,=A in Eq. (5.Lk),
Z is given by Eq., (3.16), and S is obtained from Eq. (5.4)
when Aj is'taken equal to A,

From Eq. (5.6l), we fina

d’F(x)/dh = - nNgJuBSZ' . (5.65)

The expansion of F(A) about the poinﬁ 1=xAZ, to the first

order in (R-XAZ), is
F(A) % F,,° - niggug(n - A, ) [500, )]2 (5.66)

where. F(Ay,)=Fy °. Since Ay, -i,, =K, we have

Fax®2 Fpg° * nNg ju Ks2 | (5.67)

and

N o _ oi 2 . .
,FAX‘ FAZ. nNg u K . (5.68)

Equation (5,63) therefore can be further approximated by
iy = [onie s/ (X - X U3 (5.69)

Approximation (5.69) for the threshold field'Hf is iQentical
with the expression obtainédue?rlier by Poulis and Hardemann
(29), who as§ume, to first‘approximation, that the effect of
the anisotropy on the exchange:energy can be neglected,

For applied fields greater than H,, the threshold field
~ for spin flop, the system is in state A, and exhibits the

"ratheér large constant susceptibility of Eq, (5.48)., As the



Fig, 10, The magretization as a function of H_,_for-ﬂ =-0; 30, and 90°
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field H increases, angular mnmenta-gz and.gé become more
and more nearly parallel, and finally at the critical
field H, given by setting H =0 in Eq. (5.L2), state A, be-

‘comes identical With state F, Henceforward, we shall use:
~the symbol H, to refer to that value of the fileld strength:

for which an antiferromagnetic arrangement and state F have

the same free energies, For fleld strengths higher than

~the value H,, the system nemains in state P, The typical

behavior of the magnetization of the system for #=0 is
given by the dashed curve in Fig, 10, There are three Qif-

‘ferent susdeptibilities for the system, when 1t is succes-

sively in states 4, Ax’ and F, The measurement of the

susceptibility of a single crystal, therefore, should yield

interesting 1nformation concerning the anisotropy energy of"
the crystal, as well as determining conclusively the axis
of alignment of the angular momenta in zero field,

® .

G, External Magnetic Field Perpendicular to the Z Axis

. -
The behavior of our model for H directed perpendicular

to the z axis, #=90°, 1is rather unspectacular, The system .

stays in state A up to the critical field Hc’ where it be-

comes 1dentical with.state F., The representative point in
the A-diagram of Fig, 8 remains at point A for fields less
g 7

than H,., The momenta S1 and S
. 2

but continuously change directions from their original

remain constant'in magnitude,

orientation in which they were antiparallel to each other
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and aligned along the z 'axis to their new grrangément ih
which they are parallel to each other and pointingréiopg'
the x axis, porallel to the applied-field, The fepresént—
ative point for state F moves ﬁpithe line (Ay3=A1), as the
external field increases, reaching point A when the field
becomes equal to the value Hc.

To demonstrate these prOperties; we return'to Egs,., (5.3)
and.(5,h). For §#=90°, Egs., (5.3e) and (5.3f) for the z com-
ponents are homogeneous ahd have a non-trivial solﬁtion only
if A,=0, where A, is defined in Eq. -(5.8), But the only
point on the curve (AZ=O) which 1lies 1ﬁ the allowed region
of the A-diagram of Fig, 8 is the point A, for which
‘ R1=x2=a—B+K, Therefore, the Ats have the fixed value (d-B+K)

and from the z equations (5,3e) and (5,3f) we have

S.lZ = -‘Sez‘ . : (5070)
Solving the x equations (5.3&) and (5,3b), we obtain
Slx = S2x = Hx/(-26+K) . (5971) -

Since the magnitudes Sy and S2 are given by Eq. (5.Lh), we

have

&

From Eq, (5,72), we see that the critical field H, for this

state is given by

Hy = (-26+K) 8y , = (5.73)
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which is obtained by setting 81,755, in Eé (5.72). From
Eq, (5.71), the suscept1bility)< » defined as the suscep-
tibility for the magnetic field oriented perpendicular to

the preferred z axis, 1s glven by

K e/ -2 A

Using the definltions of the critical temperatures T,, and
Tp, &lven by relations (5.2), we write Eq, (5,7&) in the

- useful form

Ko/, - m v (5.75)
where Tk, given by

Tg=C K o, - (5.76)

1s the anisotropy coefficient K expressed in units of the
temperature, The susceptibility JhplayS‘an important role
in the interpretation of the experimentai data for dysprosium,
as will be described later, '5

The critical field H,, given by Eq. (5.73), is the field
at which states A, and F become identical, Above H,, the
system remains 1in state'F. The magnetization for #=90° is
given by the dot-dash curve of Fig, 10, where below the
critical field H, the sugceptibility fs-constént;fiﬁs.value

being given by Eq. (5.75).
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H, External Magnetic Fleld in a General Direction

_—

Finaily, we describe'the behavior of oﬁr model when H
is neither parallel nor perpendicular to theAz axis, The
curve connecting points A and D in Fig. 8, while drawn for
the case of ¢=30°; is typicai of thé curves for ali grs
except those very near zero.i As before, the stable state
A, starts out for zero field‘at point A énd as the magnitude
- of the applied field increaseé fhe state ﬁroceeds toward D
along fhe curve connécting boihts A and D, The magnetic
field continues to increase ail the way to point D, The
mégnitudes of Sl and 82 change, and their directions gradually
become parallel, The critical: field H, 15 reached when state
A; reaches point D, which 1ies on the line (A;=A,). State
F, in the meanwhile, has been moving up the line (A1=25) as

the magnitude of the field 1ncreases and ‘arrives at D when

H = He.

‘which antiferromagnetic state A, and state F become identical,

As before, the critical -field H, is the field for .

State A, is deformed continuously into state F as H increases,
‘We show in Fig, 11 a schematié‘representatibn of the behavior
of the Si as H increases, Behavior similar to that shown inr
'Fig. 11 has been described by Gorter and HaantJes (27) for
a system at absolute zero. In Fig, 10, the magnetization for
- f=30° is shown as a functiop of H by the solid éurve.

Above Hc; only state F can exist, An expression for
the critical field H, as a function of @ can be derived by
taking the limits of Egs, (5,15), (5, 16), and (5,18) as xl
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Fig. 11, Schematicl fepresentat'lon o' the behavior
| of angular momenta E; and.gz'as the applied
magnetic fleld, which makes an angle of 30°
with the z axis, increases from zero to ver.y

large values,
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and- Ao, initially unequal, both approach A, where

(a-8) £ A £ (a-p+K) . (5.77)

The 1limits are independent of the path of apprdach to the

point A3=Ao=A, The resultlng expressions are

- —a-B)2 |8+ (A-a+p-K)S?
tan?g (A~a+B) (A=a-B)~ S+ (A~a+p )S] see. . (5.78)

= (a-p+K-7\)(7\-a-K)2[s+(7\-a+g)s'J o
and
He? = (1/K) {(x-aw)(x-a-ﬂ)2[32+(x-a+(3-K)SS'] |
+ (a-(3+K-'A)(7\-?a~{3—1{)2[824-'(7\-a+[3)SS']} ’ (.5.79)

wherg_s is the fuhction of A given by Eq, (S.A)Vand~S' means
the derlvative of S with respect to A. Unfortunately, H,
and tan @ are expressed as functions of the parameter A, so
that a 1ittle labor is required to get H, as a function of ¢,
Conslderation of the A-dlagram of Fig, 8, and in par-
tlcular the free energy vs., external field curves of Fig, 9
for @#=0, makes'it seem highly probable that a curve connecting
?oints E end C separates the reglon AEBCD into a stable
region AECD ahd an unstable region EBC, The contours of con-

stant g for small enough @'s, then, would cross into the un-

1

"stable region and the angular momenta would flép just as they

“do for ¢=O. As ¢ increases away from zero, the loop ECE of

Fig. 9 must become rounded and smaller, vanishing for some

finite value of @, The computation involved in investigating
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the solutlons of the equations for small angles is.very

heavy, and we have not carried through‘the analysis,
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VI, FERROMAGNETIC - ANTIFERROMAGNETIC TRANSITIONS

We examine in this chépter the conditions necessary in

the molecular field approximation for magnetlc structure

‘transitions to occur in the hexagonal closé-packed structure,

Let us first consider the conditions which determine the
stable state at T=0, when H=0, From Eq, (L,3), all the 84

have the same magnitude

The equilibrium configuration is that for which the energy

E is a minimum, where

E=- éN%JpB.ZEi>j Yiig;:g} 2y (/20,2 (3.8)

thén we minimize E subject to conditions (6.1), we find that

the stable arrangement is given by Egs, (L.2) with B=0, The
states listed in Tables I end II are solutions of Eqs. (4.2),
and furthermdre, satisfy conditions (6.,1). Thefefore, one of
these states is the stable configuration for T=0, By com=
bining Egqs, (3.8), (3.12), and (L,1), we write energy E in

.the form

E=- Negpp SiuHy = - Negp2inis® . (6.2)
Since all the A; are equal and S;=J, it follows that

E = - nNgjuglo\ = - nNg juwpd2T /C! - (6.3)
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where the values of TC/C' for the various states are glven
in Tables I and IT., Therefore thé-state with highest
critlcal temperature is the state stable at T=0, 1f the
molecular field coefficients do not change with temperatﬁre.
Furthermore; it 1s easy to show that this same state
1s stable gt'high temperatures, 1f again the molecular field
coefficients are constant, To see this, we examihe for high
temperatures the molecular field equations (3,20) and (h,Z)
with H=0, The argument of BJ 1s small for temperatures near

the critical temperature, so that we approximate Eq, (3,20)

by
Comparing Eqs, (L.1) and (6.4), we see that for high tempera-

tures
A =T./CY , (6.5)

and thus, all the A's are equal, The golutlons of the
moleéular field equatlons under the assumption that all the
Ai are equal have already been discussed, and the critical
temperatures for the various ordered states are listed in
Tables I and II, We see, therefore, that the state associ-
ated with the largest A is the stable state for higher
temperatures than any other ordered arrangement,

Since, for molecular field coefficients independent of

temperature, the state with the highest critical. temperature
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1s stable both at the absolute zero of temperatufe and at.

higher temperatures than any other ordered state, it is

‘reasonable to assume that it is stable throughout the entire

temperature range, Therefore, to have magnetic structure

transitions in the hcp structufe, it appears that the Weiss
molecular field coefficients must change with temperature,
This conclusion was reached earlier by Smaft (6) for the
case of cubic structures with J=%.,. The question of tran-
sitions between different ordered states is discussed also
in Appendix B,

The thermal expansion of‘#he structure provides a
mechanism for the temperature éariation of the molecular
field coefficients,'which are éssumed to depend strongly
on the distance between interaéting atoms, Following- Smart
(6), we now assume that the molecular field coefficients
are linear functions of temperature, so that A's for the

various ordered states can be written
A = A0 v €T, (6.6)

where Ap° andEEm are different for each ordered state,.be-

cause each Ap is a different linear combination of the field

coefficients p, q, and r and the anisotropy parameter X,

The free energy of Eq, (3.18), for the mth ordered state in

zero field, takes the form

F, = nNgJuBKmSm2 - nkT 1InZ(pA,Sy,/kT) “ (6.7)
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where
Sm = 7 By(uhgSp/kT) , | (6.8)

and Ay is the function of T given by Eq. (6.,6)., We define
a temperature Tp as the temperature at which the transition
from one ordered state to another occurs in zero magnetic

field,

By examinihg Eq; (6.7), we can find the conditions which

allow a transition between the mth and nth ordered states,

If state m is stable aboﬁe TT, and.state n stable'belqw, then
An(T) Y A (T) for THTq
A(T) =7\r'l(i’) for T=Ti. o
Km(‘T)‘< An(T) for TLTp & (6.,95

We are interested particularly in examining the conditions-
under which a transition can occur between ferromagnetic
state F and one of the antiferromagnetic states, The |
anisotropy coefficient XK may also &ary with temperature, but
for lack of information, we choose to neglect this variation,
so that the coefficient K plays no role in the transition,

We look for conditions on p, g, and r which allow transitions
between F and one df the antiferromagneéic states A; to occur,
The criteria fér a transition between states F and Aj; is that
they both be stable relative to the disordered state

(kF>O, hAi>O), that Ap and XAi be greater than A's for the

~
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other ordered states, and finally that Ap and Ap; are nearly
equal, VWhen these criteria are applied to the states in
Table I, it is found that F-Aj transitions could occur under
the conditions given in Table IIT,

Table III,  Possible F~A; transitions in the hep stfucture,
and the conditions under wﬁich they could occur, (It is~

assumed that the anisotropy coefficient K does not change }
sign,) '

Transition Conditions for Qccurrence
P-4 p>lals 3g+r X0
F-B r>03 -2r<(p-q)<2r/3; p+q = 0
F=C -~ adlp)s =3a<r<g; 2p+g+r =0

Yie now assume for definiteness that the ferromagnetié-
ahtiferromagnetic transition occurs between states F, and
A,, as discussed in Appendix B, and that the structure is
subdivided into two sublattices, There are four consﬁants
A% Apg°s €pps 8nd €, to determine, If we assume that
state A, is stable above theltransition temperature Ty, then
its critiéal temperature 1s the Ndel point which is observed

experimentally, The critical temperature TAz of state AZ is

-the highest temperature for which a non-zero solution of

Eq., (6.8) can be found, with A;=Ap,s By taking the derivative
of both sides of Egq. (6.8) with respect to S, setting S,=0,

and taking'KAz as a linear function of temperature of the
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form (6.6), we find thét"TAy is giﬁen Sy
TAz = 0y, (1 - c'xAz<’€AZ)”l> o (6,10)

‘We have given in Eg, (5.35) the formwla for the'paramagnetic
susceptibility of the system, which can be written with the

aid of the relation (Tp, - Tp, = Ti)

_c 3(T—TFZ)+2TK

= ° ' ) (6,11)
3 (T‘TFZ ) (T"’TFZ"TK) '

Therefore, Tp, can be obtained from the experimental data,

and we have in anaiogy with Eq, (60103 the relation

t

- o __' o | -1 L =
Tpy = C'Ap, (1 C'Ag, 'er) S (6°1g)

Since at temperature Tg
KFZ(TT) = AAZ(TT) 9 ) (6013) ‘
this provides a third relation between the constants:
o] -
Apg ‘l+'e?zTT) - xAzo(l+ éizTT) ° - (6.14)

There is, therefore,.one molécular field'parameter to adjust,
which can be chosen so that thé-ﬁemperature coefficients

E:Az and e%z are of reasonable 'L:‘agnitudeo Né;l (33) has
discussed the exPected.order.of magnitude for‘theftemperaturé
coefficients of the molecular field parameters andéd has esti-
mated a value of lO'u/°K for the order of magnitude,

If we choose for our arbitrary constant the value of
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)\F,Z(TT) and xAz(’_PT)’ we can express all the parémet;ers as

functions of KFZ(TT), or equivalently, of the function

@ =3 B (6.15)
where | | o | | |
x = 'JAFZ(TT){SFZ/I{T . | " (6.16)
We find that | |
€pp = (WIp - 1) . (6.17)
Cpy = (Vg = 1/Tg,) . ',  (6.18)

When eAz and er are known, xﬁAz

from Eqs. (6.10) and (6.12). Fortunately, when we calculate

° and A ° can be obtained

eAz and er‘ as functions of Q, we find that they are of
the order of magnitude of 10"4-/°K for only a relatively.
sfnall rang;e'of values of Q,

The data (2, 3) show that for dysprosium’

Tpg, = 157K
Ty, = 176K |,
Tp = 85§K . | (6,19) -

The values of the parameters we have chosen for the sub-
sequent exploratory calculations are given in Table IV,

where we have included a value for the parameter K which
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Table IV, Values of the parameters used in the investl-
gatlon of ferromagnetxc antiferromagnetic transitions in
the molecular field approximation, -

Parameter . | Value
'KAZA ' 8;7hhx10u oersteds
Apy ° 9.858x10u oersteds
K o 1,576x103 ocersteds
€az B 7.1497x10-1t/ % |
€y . -6.6L9x10"1/

allows spin flop to occurfﬁmtxdaﬁdof magnitude of the
external magnetic field which agree with the experimental
results for dysprosium, These are'alsb the coefficients
used in all the quantitative calculations of Chapter V
and represented in Figs, 7 through 11, .

In all the calculations of Chapters V and VII, we have
taken J=15/2 and 8155 =Li/3. These values, which are ap- '
propriate for the Lf 'shell of dysprosium (23, D, 2h3), lead
to an effective magnetic moment per atom of lO.6SuB, for
temperatures abové the Né%l temperature, The experimentally

meagured effective magnetic moment per atom is lO.6huB, for

temperatures from 177 to 730°K(l),.



88 | ISC~T29
VIT. COMPARISON OF THEORY AND.EXPERIMENT

i ‘ - b B .
A. The Susceptibility for Weak Applied Fields

In the previous _chapters, we have derived the solutions
of_ the‘ molecular field equations for arbitrary magnitudés
aﬁd 'direcfions of thé arplied maénetic i’ie‘ld. We considér
in. this chapter the predictions of our model concerning the
magnetic properties e’? dysprosium metal. For all calculations,
the values used for the moleculer field coefficients and the
anisotropy parameter K are given in Table Iv,

In order to have & change between ordered phases, it 1s
necessary to assume that A Az and A F% va,r& with.temper&tureo.
The.calculgtions of this .sectionva.»re carried out under the
assumption that A ,, and )l‘Fz are linear functions of tempera-
_ture of form (6.6). At the temperature Ty of the P-A traa-
sition, we reca;LJ._frcmEq.,' (6.9) that hAz,(Ti) = Arz(Tp) s

-which implies that Tp,(Tp) = Ty (Tp). The theoretical.sus-

-ceptibili.ty X11, for fields parallel to the preferred axis,
-is given by Eq. (5.57), and behaves like that of a normal
-antiferromagnetic, since 1t decreases monotonically with
de‘c:eas’in,g temperature., However, ), , the susceptibility
for fieldo perpcndicuvlor to tho proforrod axis, 18 given by
Eq. (5.,75),,_ It steadily increasges to a very large ‘value as
the temperature decreases from 176°K, the N‘éel temperature
for.th;e antiferromagnetic state,.to 859K, the transition

temperature Tp. This 'be_havior is to be contrasted with
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that of a normal antiferromagnetic, where-XELstays nearly
constant, The susceptibilities >(“and ><Lare shown as
functions of tempersture in Fig, 12, The experimental

susceptibility obtained from the desta of Elliott, Legvold

and Spedding (3) 1s shown in Fig, 13, When K>0, so that

the axis of alignment of the gngulaf momenta is the z axis,

it follows that _ .
Kay = (@2X + X, V3 5 S (7))

where ><av 1s the theoretical susceptibility for a poly-
crystalline Sampie with crystallites randomly oriented and

is plotted in Fig, 12 as.a function of T. The suscepti-
bility )(av_drops and then rises as the temperature decreases
from the Neel temperature, thus accounting qualitatively for
similar behavior in the experimeﬁtal susceptibility of Fig;l3.
If this explanation is correct, the susceptibility for é
single crystal in any one direction would not show this be-
havior, On the other hand, the single crystal susceptibility
should be strongly anisotropic at temperatures well below the
Néel poiﬁt, an effect which would provide an interesting test
of the predictions of our calculations,

If we take K<L0, the direétion of elignment of the
angular momenta in zero field is perﬁendiculaf to the z axis,
With the simple f'orm we have assumed for the anisotropy,
there is then no preferred direction in the x-y plane and
the angular_momenta'would align perpendicular to the applied

field for fields along the x and y, as well as the z axes,
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ig., 12, The theoretical susceptibiiities 7(”, )(l, and ><av as

functions of temperature; when the molecular field cdefficiehts
are taken as linear functions of the temperature of_form_(6,6),
Susceptibilitijqlis given by-Eq;-(5;57y;><J;bj Eé:'(5.7uj, and
7<av by Eq, (7.1l), )
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Fig. 13.
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The initial susceptlibility of
dysprosium, from the data of Elliott,
Legvold, and Spedding (3).
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Fig. 1. The heat capaclty of dysprosium,
. from the data of Griffel, Skochdopole,
. "and Spedding (l).
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The susceptibillties along all ﬁhree axes would then increase
steadily as the temperature decreases, 'The polycrystalline
susceptibilityi)iwould have no minimue in this case, If how-
evér, some form of anisotropy were present, caused by strains
in the crystallites!or by small anisotropic interatémic
interactions which we have neglected, the experimental-><
would again be given by Egq, (7.1). |

The long rénge of teémperaturs over which the experlmental
susceptibility rises is accounted for in our model by thé
behavior of the susceptibility:)<l) which starts to rise at
the Né%l temperature and.increases to a very large valuve at '
the transition temperature Tp, At first it was thought that
the rise in susceptiblility could be explained by the presénce
of short rangé ferromagnetic order in the antiferromagnetic
étate. This explanation seems unlikely however,‘since the
peek in the heat capécity at 85°%, shown in Fig, 1ly, 1s very
sharp and does not seem to have the large tail character-

istic of the presence of short range order,

B, The Behavior of the System in Strong Magnetic Fields

In our model, the molecular field coefficients have
been chosen so that state A, 1s stable for zero field and
tewperatures between 85 and 176°K, State Ay is unstable
relative to A, because its angular momenta are aligned per-
pendicular to the preferred axis.- Ferromagnetic state F 1is

unstable above 85% because, with its angular momentum
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arrangement,'the frée energy of exchange is higher than for
state A,, With molecular field coefficlents that vary with
temperature, the relative importanée'of the exchange and

' anisotropy energies changes, This effect shows up clearly
if we examine the behavior of the system as a function of

F for flelds directed along the z axis, We have already
described the phenomenon of spin flop in Chapter V. Equation
(5.69) gives approximately Hp, the threshold field at which
spin flop occurs, as a function of‘temperature. ‘Filgure 15
showé Hf as a function of T (the curve designated by the
symbol X), as calculated using approximgtibn (5.69) for the
~ whole temperature range in question, ‘

] We Wish also tovanalyze as a function of temperature

' the'magneﬁic field strengths. for which states A, and F be-
come 1denﬁical; fhe prOperties of A¥ are described in .
Chaﬁter V, where it is ghown that A, can exlst only for
fields less than a critical field H, given by |

H, = - (28+K)S, | o (7.2)

which i's obtained by setting Hc§~=‘o in Eq. (5.42), and
where S,  1s obtained from Eg, }5;&) with Ay = a=B, For
fields above H,, only state F can exist.. Tﬁe field Hé as.
a function of T is shown in Fig, 15 by the cung marked
wlth the symbol A .

The relative stabllity of states Az and F can be

_examined for § = O by using approximation (5.61)‘for the
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g; iS. The H-T‘diagram showing the stable state at temperature T and
its dependence upon the magnitude of the applied field H, when H is
dirscted alcng the z axls. The letters F, AL, '

' 6f order which s stable in each of the regions bounded by the

solic curves, The solid curves represent values of H and T for

which transitions occur between ordered states,

and A, give the type
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—
free energy of A, and calculeting the free energy of .H
exactly Tfrom Eq, (3.21) with Ay=Ap=h, The result of éhis'
calculatidn is given in Flg., 15, where the curve markéd by
the symbol O represents the critical values of the field .
for which the free energles-of states A, and F are equal,
For temperatures close to 85% and 1769K;.tho field
reaches the value H, before state Ax becomes more stable‘
than A,, Therefore, for these.ranges of temperature, the -
competition is between states A, and F. The ranges of
temperature in question are from 85 to 112% and from 171
to 176 %K, approximately, as 1ndicated in Fig. 15, The solid
portions of the curve marked with the symbol O ,represent the

boundary between states A, and F in the H-T plane, for @=0, .

z
A discontinuity in magnetizatién occurs when the field
excéeds the value on this curvé for temperatures between 85
and 112°%, but not for the range from 171 to 176°%K, Although
the term spin flop 1s generally used to the discohtinuous
change of spln direction which occurs when the system changes
from state AZ to Ax’ we extend its meaning to include also
the discontinuous change associated with the switch from
state Az-to ¥,

In Fig, 15, the curves drawn with solid lines represent
as functlons of temperature the flelds for which changes 1in
orderling occur, We notice that in the intermediate tempera-
r~

ture range two changes occur, the change A, to A, followed

by Ay to I', The former chenge is accompanied by the
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discontinuity in magnetization shown in Fig, 10, which gives
magnetization curves for T=ll+3.6°K.l The magnetization is
continuous for the latter change, but the susceptibility is
discontinuous.

The discussion of this section (and Fig, 15) hés all
been for the éxternal magnetic fields albng the z axis

(#=0), We call attention also to the magnetization curves

« for #=30° and @=90° in Fig, 10, Measurement of the magnet-

1zation as a function of the magnitude énd direction of the
applied magnetic field and as a function of temperature for
a single crystal of dysprosium would provide an interesting
fest of the predictions of our theory, The magnetization
curves for different temperatures in the range for Which
spin flop is predicted would all look qualitatively similar
to the curves in Fig, 10,

Some Interesting predictions can be made from the H-T
dlagram of Filg, 15 for-ﬁ’directed along the z axis, For
example,.it is apparent that the temperature -at which the
F-A transition occurs is a strong function of the magnitude
of the applied fleld, an effect which could be looked for
in specific heat measurements, The field variation of the

temperature Tqp of the\FfA transition would yield data which

1Rather high precision was required in carrying out
the numerical calculations, The particular temperature
1h3.6°K is not significant, It lies in the middle of the
range of tempersature for which spin flop occurs, and it

"happens to make the solution of certain transcendental

equations easier,
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Fig, 16, Representative magnstization curves for dysprosium, from

the data of Elliott, Legwold, and Spedding (3).
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would.help determine completely the four parameters we
héve introduced for the temperature vériation of the
molecular'field éoefficients. Another effect shown in
Fig. 15 is that for small magnetic fields the transition
is from F to AZ, while for large fields it 1s ¥ tb Ax'
Neutron diffraction measurements could detect this effect;
since they Would.enable the direcvion of alignment of the
spins to be determined as well as the presence of super-
lattice lines for the state A, ., It is also apparent that
for 1argelfields the F-A transiﬁion does not occuf at all,
We now compare the predictions of our model on magnet-
ization curves with the experimentai data for polycrystalline
dysprosium, To make a quantitative prediction, we would
need to know the magnetization for a single crystal as =2
function of the magnitude and direction of the applled fileld,
so that we could calculate the magnetization for a sample
in which the crystallites are randomly oriented; We can see
at leasﬁ qualitatively, however, what the .answer will be by
examining the theoretical magnetization éurves of Fig, 10
for @#=0, 30, and 90° and T=143.,6% ., A properly weighted
average of the three curves would look rather similar to the
magnetization curves in Fiéo 16, which are taken from the
data of Elliott, Legvold, and Spedding (3).
From the standpoint of our model, we interpret the ex-
' perimental curves of Fig, 16 as follows, For the low field

portions of the curves, the effect of the magnetic field is
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small compared to the anlsotropy, so that the angular

momenta remain more or less aligned along the 2z axis, and

"the net magnetization of the sample is. small, The magnet-

ization curves rise rapidly when the magnetic field over-
comes the anisotropy, corresponding to the large suscepti-
bility perpendicular to the direction of preferred align-
ment, The magnetization curves level off for large fields,

when the antiferromagnetic state has become identical with

.state F (paramagnetic saturation), A weighted average.of“

the magnetization curves of'Fig. 10 would seem to give a
predicted magnetization for. a polycrystalline sample which
does not rise as steeply as the experimental magnetization,
This.comes'about because the 90° curve is weighted more
heavily than the 0° curve in taking the average,

‘We also see now the essential role that the anisotropy
plays, since if it_wereAabsent, the polycrystalline magnet-

ization curves would look like the curve for ¢=90° in Fig,

10, The field He for which spin flop occurs 1s determined
~ by the magnltude of the anisotropy, as follows from Eq,
(5.69), We can deduce the size of the anisotropy from the

experimental data 1if we make the reasonable assumption that

He 1s the field for which the experimehtal magnetization
curves begin to depart rapidly from their low field linearity,
We compare in Fig, 17 the experimental Hy determined this

~way and the theoretical H, calculated from Eq. (5.69). The

‘curves-db not agree quantitatively, which is not surprising
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Fig, 17. Field H; as a function of T from theory and experiment,
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since the value of K used was'mérely a careful guess, How-
ever, on the basis of this comparison we could improve the
valuewof K for future caléulations'by‘fékihg”é léﬁér‘vélue.
The theoretical and experimental curves for He apgree
gualitatively 1n shape at'least,~since they both flatten
out for higher temperatures;

The field H,, which represents the critical field at
which the ferromagnetic and ahtiferromagnetic states have
the same free ensrgy for @ not too qlosc to zero, ié given
by Egs, (5.,78) and (5,79), It appears that H, is a rather
complicated function of ¢ and T, Although we have not
carried out the analysis, we expect that for a polycrystal-
line sample in a magnetlc field the heat capacity anomidly
agsoclated wifh the F-A transitidn‘will beCOme smeared‘out,
because the transition temperature of each crystallite will
depend uﬁon its orientation relative to the field. For
magnetic flelds parallel to the z axis, the displacemeﬁt of
transitibn temperature Tq of the F-A transition is shown in
Fig. 15 by the lower branch of the solid curve marked by
the symbol 0, which starts at the point T=85°%, H=0, For
fields perpendicular to the z axis (A=a-B+K), the valﬁeS‘of
H and T for which the F-A transition occurs are obtained

from Eqs, (5.78) and (£,79) and 1lie on the curﬁe
H, = (-2p+K)s (7.3)

with
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— sy,

s =4 BJEL(a.-ﬁ-s~1{)s/ij ) o (7.01)

It is a consequence of Eq. (7.3) that the'displacementvof
Ty 1s less for H perpendicular to the z axis than for H
parallel, The field required to suppress fhe F~A transition
altogether In a polycrystalline sample is'giveh by the

. ’ 7/
maximum value of H, as a function of temperature, The Neel

-temperature 1s also changed by the presence of a magnétic

field, although less strongly than Tpe This’éffect'is‘shown
in Fig., 15 by the upper branch of the solid curve marked by

the'symbol 0, which passes through the poinf T=176°K, H=0,
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. ¢, Thermodynamic Nature of the Magnefic Transitions

The high temperature antiferromagnetic to paramagnetilc
transition is an ordinary second order transition, If we
take seriously the expression for the free energy given by
Eq, (3.21), then we predict that the F-A trsnsition is of -
first order, This result agrees with that of Smart (6) for
the special case J=%, However, it must he euwphasized that
the témperature dependence'of the molecular fleld coef-.
ficients - an essential feature of the molecular field theory
of the F-A transition - was not introduced in a consistent -
way, but was thrown in after the free energy expression was
derived, A proper derivation would have to proceed by con-
sidering the molecular field coefficlents as explicit
functions of the 1aftice parameters, and then calculatihg
the Gibbs function for a given applied pressure, rather
than working from the Helmholtz free energy at constant
volume - as has been done in our work,

The expected change in entropy aﬁ‘the F-A transition
and'the associated latent heat of transformation will now
Be computed from our model, The entrop& S is obtained from

the free energy F by the relation
S=-dF/Jd T . (7.5)

For the ith ordered state in zero field, F can be written

according to (3,21) and (3.22) as
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F; = nkT Einéi/J) - 1n zl__] ;o '%(7}0.6)
with |
X5 = ph;S;/kT ', o (7,7)
S; = 7T Bylxy) | (7.8)
Apo= Ag (1 €i=‘1‘): s | | | | _(7_—,9)

2J+l)x 2N
/i = Sth.-é sinh._, (7.10)

From Egqs, (7.7) and (7.9), we have
T = H?\i °S.j_/(kxi - p,)\i °€lSi) o (7,,1])

A convenient ﬁechnique for carrying out the derivatlive with
respect to T of Eq., (7.6) is to consider Py and T as

functions of the parameter x;, so that
S = - (dF/dx;)AdT/dx;) (7.12)

Without miving the details, we assert that the entropy for

the 1ith state, denoted by the symbol S(i), is given by
S(i) = nk [}n Zi ~_(2inSi/J)

Ay €s /| . T (1.3
The change in entropy AS assoclated with the F~A transition

is
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AS = I’]N{_’,‘J‘J,B(KAoeA - AFOGF) Sg(TT) !.,'-»' . " (7.1&*)

which for the constants we have chosen for our exploratory

calculation has the value per gram atomic weight of
AS = 0,21 R, " (7.15)

This is a rather large fraction of the total magnétic
entropy, and would lead to a measurable latent heat at the
F-A fransition. The data of Griffel, ‘Skochdopole, and
Spedding (L) do not establish conclusively.whether the F-A
transition is of first order with a small latent heat, or
of second order, The entropy S(i) of Eq, (7.13) has a
constant value of R 1n 16 or 5,506 cal deg~l (g atonq)"l
for temperatures greater than the Neel temperature, The
experimental value for thé magnetic contribution to the

entropy of dysprosium at 300°% has been determined by

Griffel, Skochdopole, and Spédding () to be 5,616 cal deg"l

-

(g atom)™t,
We'shbuld emphasize, however, that AS calculated-above
depends solely upon the parameters we have intréduced
arbitfarily for the temperature varlation of the molecular
field coefficients, and not upon any fundaﬁental property

of the system, Therefore, we do not believe that our calcu-

lation makes & valid prediction either for the order of the

F-A transition or for the magnitude of the latent heat,
The same crliticism applies to the derivation of Smart (6)

for the order of the F-A transition and the change of

&
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I IR

: ThefheatAcapécity‘C(i)'for the ith ordered state in. zero aﬁblﬁed'magnetic

field.can.be calculated from.Eq. (7,13) by'appiyingtthe“felatipn"*
.C(1) =T as(i)/ar, 4 (7.16)
which yields

C(1) = (2nNk/7), x1284S1 '(s - x387") 7t (7.17)

‘There is the usual discontinuity in C(i) at the<Néel.temperature, which is given

. by

ac(s) = Bouma2(r.+ 1)2[ (21 + )% - 1|1 (7.18)

.For dysprosium; where J_?~15/2,:Eq, (7.18) gives for AC(i) a value of 2.48.R

or. 4.90 cal deg'l(g,atqm)‘l. This value is to.be gompared.to a.value of about
8.00 cal deg~ l(g atom)Tl which can.be estimated.from the heat capacity curve
given .in:Fig. 14. The two values agree in order of magnitude, which is the
agreement expected .in the molecuiar,fieldAaPProximatidn,;because‘Qf its‘failure
to take into account properiy theushoft,rapge order effects which predominate
at the NéélAtemperature.

The heat,cép&cjty of dysprosium.ShOWn~innFig, lh~hés a.very large peak.at
a.temperature of IT4CK, which lends strong. support to the interpretation.that

an important magnetic ordering tekes place near this temperature. Since
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the metal does not have a permanent magnetization for
temperatures above 85%, this has been the principal basis
for concluding that dysprosium is antiferromégnetic between

85°% and the Neel temwperature of 17l K,
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VITT ° SUMMARY

The molecuvlar field approximation has been applied to
the study of ferromagnetic-antilerromagnetic phase tran-
eitions in dysprosium metal, Both ferromagnetic and anti-
ferromagnetic interatomic interactions are assumed to exist

in the strﬁoture, and they are taken to vary slightly wlth

‘tenperature, In addition, an anisotropy energy has been

introduced which arises from the effect of crystal fields,
Thq molecular field equations for zero applied magnetic
field have been investigated and several ordered arrange-
ments for the structure héve been derived, Solutlons of
the equations have been found for arbitrary magnitud@'and
direction of thelapplied magnetic field°
From our model, we make the following predictions
concerning the magnetic behavior of single crystals of
dysprosium,
1. For-temperatures in the antiferromagnetic range, we
predict a large anisotropy 1n the single crystal sus-
.ceptibility, The susceptibility‘><“, for weak fields
parallel to the preferred axis, behaves like that of a
normal antiferromagnetic, decreasing steadily with
.decreasing.femperature, The susceptibilitij<\, for
weak fields perpendicular to the preferred axis,
increases strongly and monotonically as the tempera-

ture decrsases,
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For-temperatures in the antiferrémagnetic range and for
fields making small angles with the preferred axls of
alignmeht of the anguler momenta, the phenomenon of spin
flop occurs, The angular momenta undergo a sudden change
in their directions‘of alignment, and the correspbnding
magnetigatioh curves are dlscontinuous, |

The transition temperature Tp of the F-A transition for.
magnetic fieldg parallel to the preferred axis iﬁ'a
strong function of the applied field, increasinng1th
increasing field, For small :constant magnetic fields,
the transition is betwesen state F and Az. For 1argerw
fields it is F - Ax.‘ Finally,‘ﬁhen the magnetic field
exceeds a certain critical value, the F-A transition :

does not occur at all and the system remains in state F,

The following results are obtained for polycrystalline

dysprosium,

1.

The behavior of the experimentally measured suscepti-
bility, which increases rapidly over a wide range of
temperatures in the antiferromagnetic range as the
temperature decreases, 1is accouﬁted for by’thq rapid
rise in the susceptibility ><J:

The sharp pseak in the heat capacity at the femperature

of the F-A transition should'become smeared out in the

presence of large magnetic fielda., This should happen
because the transition tenperature for a single crystal

depends upon the orientation of the magnetic field
relative to the crystal,
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