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Abstract

We analyze the emittance growth mechanisms for a continuous, intense electron
beam in a focusing transport channel, over distances short enough that the beam does not
reach equilibrium. The emittance grows from the effect of nonlinear forces arising from
(1) current density nonuniformities, (2) energy variations leading to nonlinearities in the
space-charge force even if the current density is uniform, (3) axial variations in the radial
vector potential, (4) an axial velocity shear along the beam, and (5) an energy
redistribution of the beam as the beam compresses or expands. The emittance growth is
studied analytically and numerically for the cases of balanced flow, tight focusing, and
slight beam scalloping, and is additionally studied numerically for an existing 6-MeV
induction linear accelerator. Rules for minimizing the emittance along a beamline are
established. Some emittance growth will always occur, both from current density

nonuniformities that arise along the transport and from beam radius changes along the

transport.




In this paper, we will analyze the emittance growth of a continuous, intense
electron beam in a transport channel made up of short discrete solenoids or quadrupoles.
We will assume that the transport channel is short with a few (up to maybe a dozen)
discrete focusing elements, the beamline optics are designed so that the electron beam is
focused to the smallest spot possible at the end of the channel, the focusing is not
periodic, and the electron beam does not reach an equilibrium periodic phase-space
distribution. In addition, we will assume that all elements are perfectly aligned and for
most cases that the focusing elements are perfect with no fringe fields, which eliminates
several very significant emittance growth mechanisms, such as the corkscrew mechanism
[1-3] and radial aberrations in the focusing. (There will be one practical example in
which the axial magnetic field will be expanded off axis, including the fringe fields).
However, quite a few emittance growth mechanisms still exist based on nonlinear forces
in both the space-charge force (even for a uniform density beam) and the externally
applied focusing force, which are poorly understood and are becoming important for the
new generation of high current, low emittance induction linear accelerators. We will
consider the emittance growth for three cases: (1) balanced focusing (which sets a lower
limit on the minimum possible emittance growth), (2) hard focusing, including the effects
both from the final focus magnet itself and those occurring in the drift to the target from
the magnet), and (3) gentle scalloping motion (which is the case for most of the transport
channel where the beam is focused in the discrete focusing magnets and expands between
them). The emittance will grow from nonlinear forces arising from (1) nonlinearities in
the space-charge force, (2) axial variations in the radial vector potential, (3) energy
fluctuations driven by the particles’ radial motion, and (4) radial variations in the axial
velocity. This is the first calculation of the effects from the axial variations in the radial
vector potential; this effect is typically small compared to the other effects for a
solenoidal focused transport, but it can become important for transport channels using
quadrupole focusing. The numerical examples presented here will assume more-or-less

nominal parameters for the Integrated Test Stand (ITS) [4], which is a 6-MeV, 4-kA,

solenoidal focused beamline. The nominal normalized, 90% emittance is about 1000 mm




mrad, and the beam is typically about 2 to 3 cm in radius. Note that this means that the
divergence of the beam is typically about 5 mrad, and that the effects from nonlinear
forces can stay correlated for several meters.

The approach taken here is to assume that the beam density is initially uniform
and to find nonlinearities in the beam divergence. This approach is fundamentally
different than assuming that the beam distribution is in equilibrium [5]. The
nonequilibrium assumption is justified because of the nonuniformity of the focusing of
the beam down the beamline and the short overall transport distance. Our goal is to
classify and quantify different emittance growth mechanisms. Analytic formulas will be
used to estimate the emittance growth from specific causes, which will then be compared
to direct numerical solutions. We will use these results to help interpret aspects of the
emittance growth in the ITS beamline.

We will start by reviewing the emittance formalism used here. Next, we will
construct the radial equation of motion including the effect of both the space-charge
forces and the focusing forces. Finally, we will examine the emittance growth for the
three cases outlined above, both analytically and numerically. We will find that the
largest emittance growth contribution is generated in the final focus solenoid and
following drift, which is because the beam size is large in the final focus magnet in order
to get the smallest possible spot size at the target and because the resulting beam
convergence angle is the largest. If the final focus magnet is a solenoid, the major
emittance growth mechanism results from the variation in axial velocity radially along the
beam, and can lead to a relatively large emittance growth. If the final focus magnet is a
quadrupole, the dominant emittance growth mechanism is from the potential depression
of the beam, which leads to a variation in the focal length of the quadrupole. However,
the effect from the potential depression is partially canceled by the axial variation of the
radial vector potential, and the resulting emittance growth is about a factor of three less,
for the example given. There is also an emittance growth in the drift between the
focusing element and the target from the change in the particles’ energies from the radial
convergence of the beam. In addition, very large emittance growths can result from

mismatches within solenoidal fields and from radial density variations.




I. Emittance Formalism

To be consistent with the experimental measurements, we will use the so-called

90% normalized emittance, which, for the radial coordinate, is given by

g=2}/\/<r2><r’2>—-<rr’>2 ) (1)

We are going to evaluate the emittance growth of an initially zero-emittance beam in the

following sections, for various focusing configurations. In the later analytic cases, we
will assume that the beam density profile is uniform (so the <r2> factor is trivial, and just

equal to 77 /2 where r, is the beam radius), and that the lowest order nonlinear force

present will cause a nonlinearity in the radial divergence (linearly proportional to the
length the beam is subjected to that force). Then, after some distance traversing the

beamline, the radial divergence will be expressed as r' = ar + f(r), where a is some
constant and f(r) is some (nonlinear) function.

Note that
(r?) = @ (r* )+ 2a{rf (1) + {1 ()?) @
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and the emittance is
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Thus only the nonlinear part of the induced radial expansion contributes to the emittance
growth and we can ignore the linear part while calculating beam ensemble averages (this
will make our emittance growth calculations easier).

Also note that the 90% emittance using either the horizontal or vertical ensemble

averages is calculated slightly differently:

8=4y\/<x2><x’%>—(xx'>2 . %)

The extra factor of two arises because
(6)

for a cylindrically symmetric beam.

We will assume that any emittance growths we calculate in later sections add in
quadrature to the initial emittance growth - thus the emittance growth is not the difference
between the initial and final emittances. However, with this definition, the emittance
growth is independent of the initial emittance. In Section IV, we will numerically

consider correlations between different emittance growth mechanisms.

II.  Derivation of the Radial Equation of Motion, including Nonlinear

Focusing Forces

In this section, we wish to derive an expression for the radial equation of motion
that we can use to examine various emittance growth mechanisms. For simplicity, we
will only derive the radial equation of motion for a beam in a solenoid; after we derive it,

we will discuss the differences introduced if the focusing is from a quadrupole instead. In

particular, we wish to have an expression we can use to estimate the emittance growth




from both the space-charge and solenoidal fields, for the cases of (1) matched flow (no
net radial force nor radial motion), (2) strong focusing (where the solenoidal force is
much larger than the space-charge force - for example, this is the case for the final focus
solenoid which focuses the beam to a very small spot at the target), and (3) scalloped
flow, in which the electron beam is nearly matched, but is radially oscillating. Scalloped
flow will occur in any beamline where the focusing is provided by several small
solenoids, each separated by a relatively large distance.

The approach we will take will be to consider the radial equation of motion for a
particle, and to expand the force terms for a specific particle around the force seen by a
nominal particle at the beam’s center. We will then assume that each particle experiences
the same force over some axial distance / as they drift, and that the resulting rms spread in
the radial divergence will be given by / times the rms spread in the radial force. Once this
is done for the various cases described above, the emittance growth can be easily
evaluated by performing the ensemble averages in Eqn. (4). Since we are interesting in
the emittance growth from nonlinear components of the space-charge and focusing forces,

we will expand the radial equation of motion carefuily.
A. Radial Force Equation

The radial equation of motion for a particle within the beam within the central part

of a solenoid (where the applied magnetic field from the solenoid is purely axial) is given

by

)

dt = eE” +e(V9Bdia _sz6)+ev0Bext +}’”1V; 4 (7)

where ¥ is the relativistic mass factor, B, is the axial magnetic field from the solenoid
(including the diamagnetic effect from the image currents in the beampipe), B, is the

induced diamagnetic axial magnetic field from the beam current opposing the solenoidal

field, B, is the azimuthal magnetic field from the space charge, and E, is the radial




electric field from the space charge, all at the position of the particle, and e and m are the
electronic charge and mass, respectively. Most of these terms are mostly linear with

radius. For balanced flow (the beam edge is at a constant radius), the linear components
cancel. The v, B, term mostly cancels E, (to order 1/y?), but also includes a
centrifugal space-charge effect that we approximate later. For balanced flow, the
solenoid strength is adjusted such that the linear part of the combination of ev,B,, and

the centrifugal force will cancel the linear part of the resulting space-charge force. There

is also a potential depression within the beam (a variation of y that is a function of

radius). Our approach will be to expand the radial equation of motion in terms of the

variation of ¥ , to lowest order, which we will then use to estimate the emittance growth

for various cases.
The azimuthal velocity is found by application of Busch’s Theorem [6] (the

conservation of angular momentum):

e(Baxt + Bdia)
= F .

o ®

Ve

We will assume that any radial divergence of the beam is small, and use Gauss’ Law to

find the radial electric field,
E,(r)= I oY 4y ©)
., €7

where p is the charge density and v is a dummy variable for the radial integration. The

diamagnetic field is given by

dia —

B, = jwdv (10)

2ym




where B is the full axial magnetic field (applied plus diamagnetic) and where now 7, is

the radial edge of the beam. The relativistic mass factor is given by
' ek (v
O =7t 7 () =7+ I L an
0

where 7, is the mass factor along the axis (r=0). Let us assume that the space-charge
density is of the form p = p r". Explicit evaluation of the above integrals for this charge

density profile give

— po rn+1
T oe(n+2)
e 100 n+2 eEr rn+2
. 12
A R—— &(n+2)° ’ mc® n+2 (12)
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where we have now introduced y, as the difference in the relativistic mass factor
between the center and the radial edge of the beam, and substituted in y, for y in the
expression for the diamagnetic field (we will see that this is correct a little later). We
can manipulate the axial field components in order to find a more useful form. The total
magnetic field in terms of the diamagnetic component and the total externally applied
field B

is given by

ext

B=B —?B (13)

or, to lowest order,




B, Vo (m+2) y,(n+2 Y, (n+2
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where now the total axial magnetic field along the axis (#=0) is given by

-1
7, (n+2)]
B =B_(1+— .
a ext( +}/a 2 (15)

(16)

and y, depends quadratically on the beam radius, and is positive (see Eqn. (12)). Also, if

the charge density is uniform, Eqns. (16) are exact - this is easy to see by just substituting

-1
them into Eqn. (10), and using B, = B, (1 + 7—”} .

Note that the azimuthal velocity in terms of the magnetic field on axis and the

relativistic mass factor on axis is given by

Vi n+2
+
eB,r Ve 2 an
Vg = .
T m| LN
Va

If the space-charge density is uniform (#=0), the term in the parenthesis is unity, and the

azimuthal velocity is radially linear.




The beam-induced azimuthal magnetic field in Eqn. (7) is given in terms of the

vector potential by

V74 17
B, =—A4 +——rd . 18
a & r I"d" z ( )

Note that

¢= J.4perdf

il (19)
- J
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where ¢ is the scalar potential, j is the current density, and the integrals are over all

space. The current density is

J = pPc(Zcos¥ +Fsin'P) (20)
where the angle W is given by
gl Q1)
r, dz

Note that the difference between the azimuthal vector potential and (£/c)¢ is on the
order of ¥?, but the radial vector potential scales as (3/c)¢ times ¥. Because ¥’ is
much smaller than 1/%?, this means that the space-charge electric field and the space-

charge magnetic field from the axial vector potential still cancel to order 1/y”to first

order in W, and the additional space-charge force introduced by the radial vector

potential adds in a force of order ¥ that is not canceled by other fields.




The vector potential for a uniform density beam at a location y along the vertical

axis is given by

z 2z 3 . )
= arcay I(sin@sin'¥,0,cos'¥) o (22)
. o J, 4r’r} Jf +r% +y* —2rysin

where additionally the beam radius is given as a function of axial position from the

observer location ¢ by
r,=r,+{tan¥ , (23)

and where 7, is the beam radius at the axial position of the observer location.

As is well known [7], the integral for the axial vector potential diverges as the
limit of integration z approaches infinity - this, however, is not the case for the radial
vector potential, which quickly reaches a maximum. This is easily understood by
observing that for large axial displacements, the radical part of the denominator in Eqn.

(22) becomes 1/;’ * and the siné term in the numerator then integrates to zero (far from

the observer location, the different radial velocities of the beam current density average to

Zero).

We can normalize the radial vector potential to the scalar potential at the beam

radius ¢, = y,mc’ /e,

ar p ar 1
A =— 354 =— yu—0 24
, dzzC% ey (24)

where now y is a parameter between zero and unity, depending on the beam geometry

and divergence.

In Fig. 1 we plot y(dr/dz) at the beam radius versus the axial limit of

integration, normalized to the beam radius, for a divergence of 10 mrad. We see that the

11




radial vector potential does indeed quickly reach its asymptotic value (for an axial limit of

integration of about 10 beam radii), and that y =~ 05. In Fig. 2, we plot the asymptotic
value of y(dr /dz) as a function of radial position within the beam. The dependence of
radial position is less than linear, but we will assume a linear dependence for emittance
calculations later. In Fig. 3, we plot the asymptotic value of y(dr/dz) as a function of
beam edge divergence, and see that y = 0.5 for a wide range of beam edge divergences.

For small rates of change of the beam edge divergence, we find

g1 pr d*r

By=——=——(@¢§)————=
¢ cra’i*(r¢) cr, d

by - (25)

At this point, we have written out all the terms on the right-hand-side of the radial
equation of motion, and we can evaluate the nonlinear terms. For emittance analysis, we
want the radial divergence instead of the radial velocity, so we still need to change the
variable of differentiation on the left-hand-side of the radial equation of motion. Using

dots to refer to time derivatives and primes to refer to axial derivatives, we have
ek .
— =Pt = —F (26)
m

and

F= r’vo(1+z(-Q)

v

a

s 2 2 L(;)
7= I”"VZ (l") = r"va (1 2_]

a
where we are defining an average axial velocity v, and a relative axial velocity v to be

v,(r)=v, +v(r) . (28)
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In a later section, we will show that for uniform focused flow, v actually vanishes (as in
the case for Brillouin flow for tenuous electron beams). After combining the focusing
term and the centrifugal acceleration term, and combining the r” terms and dividing

through by a factor of ¥ , Eqn. (7) becomes

. CVEr? . (29)

7 r]_ eE e’B*r
@) 4'm Cy

To lowest order in the small quantities, the radial force equation becomes in terms of the

parameters evaluated on axis

3 ek, 2 e’ B’r v, (n+2 e 2
rre| | 1= - 1422 T |-
my, ¥y *(r) Yol AYamV, Va Yame

A4 Vs r
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X( va+7alrb]

(30)

After a drift of length /, we find that the radial divergence is given by

E ’B; +2
r'=1 —fer—'z‘(l—ﬁ‘) "iz"é%(l”ﬁ(n - D - T Er’
mv,y,.y *(r) Vo) Ay.mv, Yal 2 ¥ mc an
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where r/ is the initial radial divergence, which we will assume to be radially linear, and
is therefore uninteresting and we will not carry this term further. We also have to be
careful with our interpretation of »’ in this equation - the 7, that is on the right-hand-side
of the equation is the average rate of divergence (or convergence) of the beam (which we

will assume to be linear to first order). The r' on the left-hand-side of the equation is the

change of the divergence.




Now note that the focal length of a solenoid for the beam near the axis is defined

by
47/2m2v2

_ a a 32
/ le’ B’ (32)

and so the radial divergence after a length / becomes

leE 2 l
S ) ]
my r me

a}/a}/ 7{1 }/a 7a (33)
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va }/a rb

B. Special Case of Uniform Charge Density

If the charge density is uniform, the radial divergence becomes

leE {
. __Z__e_r_z(l_ﬁJ_L_ e g (1_2L+Z/LZL] . G4
mvaya}/*(r) }/a f yamc Va }/" rb

Note that the effect of the potential depression of the beam exactly cancels the effect of
the diamagnetic effect, leading to a purely linear focusing force. In the following
sections, we will mostly assume that the charge density is uniform. For a quadrupole, this

equation is changed simply by substituting (v / fY(1-y,/y,) for ¥/ f .

III. Emittance Growth Estimates

In this section, we will consider the emittance growths for the balanced flow case,

the hard focusing case (from the final focus magnet to the target spot size), and the gentle




scalloping case. For all these cases, we will consider a uniform density electron beam -
the emittance growth from density nonlinearities will be discussed in the balanced
uniform flow case, and is in general less interesting. These emittance growths arise from
nonlinearities in the introduced radial divergence (Eqn. (34)) - in particular, from (1) the
7, ! 7, term multiplying the space-charge force, (2) the r/* term, (3) the v/v, term, and
(4) the yy,/y, term (for quadrupole focusing this term becomes to lowest order
vi!'¥v.—xrs/v.) The emittance growth from (1) is physically due to a nonlinearity in
the radial space charge force. The emittance growth from (2) arises from the fact that
even if the radial momentum change is linear, if particles at different radii gain or lose
energy at different rates, this will lead to a nonlinearity in the radial equation of motion.
Issue (3) leads to a different amount of time particles at different radii spend inside the
solenoid. The physical explanation for (4) is more complicated and has to do with the
fact that the energy in the Coulomb fields associéted with the particles has inertia.

We will assume that the focusing elements are very thin for simplicity. In the
emittance growth formulas that we derive later, the focusing element length is important
only for the case of the variation of axial velocities in a solenoid. As a result, we will
implicitly assume that the quadrupoles are very thin and that quadrupole doublets are
used for two-plane focusing. In this case, the correct emittance growths are found by
using the net beam convergence and focusing focal length in the following formulas. The
only errors that arise are (1) from the neglect of potentially large beam divergences
between the quadrupoles in the doublet and (2) from the neglect of fringe field
aberrations in the quadrupoles’ focusing fields.

These emittance growth estimates are unable to address the issue of correlations
between different mechanism, which will be examined in the following section. If the
effects are completely uncorrelated, we expect that the emittance growths add in
quadrature. If the effects are correlated, the emittance growths can either add or subtract,

depending on the nature of the correlation.

A. Balanced Uniform Flow (Uniform Charge Density)

15




In this section, we will assume that the focusing just balances the radial space
charge force (for simplicity we will assume near the axis of the beam), and that »/ = 0.

In this case, the third term within the first parenthesis vanishes, and any
nonlinearity introduced in the radial divergence comes from the nonlinearity in the first
term within the first parenthesis (all nonlinear effects from terms within the second
parenthesis are second order).

Balanced flow means that

2 p2
lE 1 _leBir (35)
va}/a f 4}/amva
There is clearly a nonlinearity in the space-charge force associated with the beam’s

potential depression, but it is instructive to also investigate the linearity of the y * factor

in the space-charge term.

The space-charge radial electric field at a radial position » from a ring at radius v

is given by

BV
dE, = dv . (36)
a
The radial force is at r is then given by
rep, v
Eo= [ 0= ooy ar G7)

which is easily evaluated as soon as we have an expression for the radial velocity as a
function of radial position.

The axial velocity is found from the conservation of energy:

16
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where, as before, y, is the normalized beam energy along the axis and y,() is the beam
energy change from the axis, and we have kept this equation to second order in y,/y,.

From before, we know that the azimuthal velocity is given by

2 2
ﬂ:=(e—f@’3) =(eB—’) =27 (39)
yme

using the condition of balanced flow (Eqn. (35)) and the relation between the radial
electric field and the potential depression for a uniform beam. Using this expression in

Eqn. (38), we find

1 3y
hﬁzFbv%), (40)

and any variation in the axial beam velocity is second order in the small quantities. Thus

the entire beam essentially has the same axial velocity, and indeed y* =y, to first order
in y, /y,. This is a more general case of the same well-known effect for Brillouin flow
for tenuous electron beams [6].

In order to estimate the emittance growth from the nonlinear contribution from the

radial space-charge force, we start with the nonlinear part of Eqn. (34),

14

2 4
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In terms of the beam current, the radial electric field is given by

E=—1 (42)

r 2
2ner, v,

Using the definition of the Alfven current (I, = 4zemc’ / e), we can rewrite the beam

divergence as

Ve n I 1 (@3)
r'=2-—=—F7
1 31 ﬁ47 : Y b4
Note that the second moments of a divergence of the form r’ = x° are:
2
2\ _T
<l" > - 2
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(r*)=x (44)
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and the normalized, 90% emittance is
2y B4
£=—"==xr¥, . (45)
NE7
For this case, then,
2 L1 T (46)
K=2—FT—FF—
rb4 ﬂ47’: Ii

and the emittance induced from the space-charge force nonlinearities is
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For a 4-kA beam at 6 MeV, the emittance growth is about / x 20 mm mrad .
Note that for a quadrupole, there are two differences - first, both the space-charge

force and the focusing force have a 1-y, /¥, dependency, and thus they cancel exactly

to lowest order, and second, the axial velocity is now not uniform. However, the

emittance growth from the variation in the axial velocity is higher order (the maximum
variation in the axial velocity from the potential depression is cy,/fBy>), and the

resulting emittance growth is lower than that for solenoidal focusing, Eqn. (47).
The emittance growth from a nonuniformity in the space-charge density of the

order of y, / y, will be of a similar size as that shown in Eqn. (47). Equation (47) can be

scaled to estimate the emittance growth from either a larger or smaller density variation.
B. Hard Focusing Case (Uniform Charge Density)

Next, let us consider the case where the beam is focused very strongly by a
magnet, such as in the case of the final focus. There are two regimes in this case - first,

inside the magnet itself, and second in the drift after the magnet.

The minimum rms spot size a distance L after a lens is given by

Ay
rmin = 2Lgo,un 7 (48)

is the unnormalized emittance at the target and (Ay /) _ is the rms energy

where ¢, ,

n

spread at the lens [8]. The minimum spot size arises when the initial rms spot size at the

lens is given by




(49)

which is in general fairly large, leading to relatively large emittance growths. Note that
the emittance at the lens &, has to include both the emittance before the lens, the
emittance growth in the lens, and the emittance growth in the drift between the lens and

the target.

Effects inside the solenoid

As before, we will first evaluate the emittance growth for a solenoid, and then
discuss the differences for a quadrupole. There are two effects worth considering inside
the solenoid. First, it is instructive to estimate the emittance growth from the axial
change in the radial vector potential within the final focus solenoid itself. Second, we
need to look at the effect of the spread of the axial velocity, which occurs if the final
focus magnet is a solenoid. The nonlinear radial divergence induced in the solenoid from

the axial change of the radial vector potential is of the form

r=art (50)

where now A = yy, / fr,y,. Note that

2
)2
4
()= (51)
3
(rr') =~2—?*/1

and the normalized emittance is

20
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where we have used y, =1/pl,. For the case of the ITS final focus solenoid,
v,=1274, [=0lm, f=06m, r, =003 m, and the emittance growth is about
30 mm mrad (using y =~ 0.5).

Now let us consider the effect from the spread in the axial velocity of the beam

within the solenoid. The variation in the axial velocity (v, =v, + V) is given by
y, ¢t ¢
R R ) R (53)

where v, is the axial velocity at the center of the beam. Inside the solenoid, the

azimuthal velocity term dominates, and we find

e2B2r2

——— 54
472m2va (54

2
c 2
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This leads to the divergence in the beam introduced by the solenoid (ignoring all terms

except for the terms depending on the solenoid’s focal length) as

ﬂz_L(_zzgz_L@fzfg (55)
S f v, f I .

The normalized, 90% emittance growth from the nonlinear part of this divergence is now

given by Eqn. (45) (x =2/1f?),




For the case of the ITS final focus solenoid, the emittance growth is about 135 mm mrad.
For a quadrupole, the emittance growth from the variation in the axial velocity is
negligible as long as the quadrupole is short compared to the drift afterwards (it is the
same as will be found in the next section for the drift after the solenoid). However, the
nonlinearity in the divergence is now given by r/ f (1 -y y. vl }/b). Note that
the effect of the axial variation of the radial vector potential tends to partially cancel the
nonlinearity from the effect of the beam’s potential depression on the focusing.
Physically, this is similar to the net cancellation of the centrifugal space-charge force and
the potential depression in a dipole field [9,10,11]. The emittance growth contribution
from the vector potential is the same as was shown in Eqn. (52). The emittance growth
from the potential depression itself can be easily evaluated using Eqn. (45) and

x=1/py,1,fr;}, which leads to a normalized, 90% emittance growth of

2
2 1R -

&€ = s
quad J7_2 ]A f

or about 857 mm mrad for the parameters we are considering. However, due to the
opposition of these forces, this emittance growth and that from the radial vector potential
(Eqn. (52)) do not add in quadrature, and there is in fact a fair amount of cancellation, so
the overall emittance growth is about 1/3-1/2 of that predicted by Eqn. (57) itself, or

about 30-50 mm mrad (about 1/3 that from using a solenoid). This is easy to show by
directly comparing the emittance growth for a nonlinear divergence of »' =r> —r’r, /2
to that for a nonlinear divergence of r' =r>. However, also note that the emittance
growth from the variation in axial velocities within the solenoid scale as the beam radius
to the fourth power, and it can be made smaller than the emittance growth in a quadrupole

by decreasing the beam size in the solenoid sufficiently.

Effects in the drift after the solenoid
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For this case, the divergence term in Eqn. (34) dominates, but we need to be a
little careful because the beam radius is changing over the axial range we are interested

in. The growth of the radial divergence is given by

2
t I (58)

ar' =
y mc’ I

where L is the distance from the solenoid to the final focus. We can rewrite the

divergence in terms of simpler parameters as

7 P

dr' =2 )
YaPly 1y L

d (59)

and the emittance is given by Eqn. (45) (x = 21/ y fl v} I*)dl),

4 rr I
de=dl— -2 — . (60)
72 I,

This expression is easy to integrate, using r, =/, / L, using 7, as the beam radius at

the solenoid, and we find the emittance at the final focus to be

4 2, I
£=—== " — 61
W72 L I, (h _
For the previous parameters and with an initial beam radius 7,,, of 3 cm and a final focus
length L of 60 cm, the emittance growth is about 60 mm mrad.
It is easy to show that the effect from the spread in the axial velocities is

unimportant in the drift. For the hard focusing case, the middle term on the right-hand-

side dominates in Eqn. (53), and
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v=—i(di)2f; . (62)

dz/) r

As the beam drifts to the focus after the lens, the radial divergence is given by

leE I}
r'=[—7%-—7(1—ﬁ) - B [1—21+y—”zi) , 63)
mvaya}/ (l") ya yamc va }’a rb

which is after keeping terms to lowest order

leE ( ¥, ¢ rr oy, r} le
e A A L M B Er?* . (64)
mv:}/a}/ * (r)z ya vaﬂ rbz ya rb yamcz

We see that the nonlinear effect from the spread in axial velocities (the third term in the
parenthesis) is on the order of 1/y ** smaller than the effect from the change in the
relativistic mass factor (the last term), and thus can always be ignored. Also note that
there is partial cancellation between the nonlinear radial dependence on y of the space-
charge term and the term arising from the change in the radial component of the vector

potential (the second and fourth terms in the parenthesis).
C. Gentle Scalloping Case (Uniform Charge Density)

In general, the beam is not in completely balanced, uniform flow. The solenoids
are discrete, and the beam gently undulates down the beamline. We can estimate the
emittance growth for a length / of scalloping motion, by using the divergence term in
Eqn. (34) while assuming that the beam radius is a constant.

In this case, the accumulated nonlinear divergence after a length / is given by
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eE, r*_, I Ir_,
T 30 =2 a
Yame” 1, YaPly 1y

r=1 (65)

where now & is the rms divergence of the scalloping of the radial beam edge (on the
order of 10 mrad). For this case, x =20a’/y fI,r', and the normalized, 90%

emittance growth is given by Eqn. (45),

e=—1—a* . (66)

Note that the beam radius does not enter this equation. For the numbers used in the
previous examples, the normalized, 90% emittance growth is about /x 15 mm mrad,
which is comparable to the emittance growth from the nonlinear component of the space-

charge force at 6 MeV.

IV. Numerical Calculations of the Emittance Growth in a Channel with

Solenoids

In this section, we use the simulation code SLICE to estimate the emittance
growth for various focusing configurations, for comparison to the results found in the
previous section and to determine the correlated effects between the various emittance
growth mechanisms. We will also use this numerical tool to examine the emittance
growth in the 6-MeV ITS machine. SLICE numerically integrates Eqn. (29) to evaluate
the radial motion of a collection of particles; the space-charge field and the diamagnetic
field is calculated at each axial step using the actual particle distribution. The logic in
SLICE is arranged such that the contributions from the variation in axial velocities, from

the radial divergence of the beam, and the axial divergence of the radial vector potential

can all be calculated independently.




A. Balanced Uniform Flow (Uniform Charge Density)

In Fig. 4a, we show the radial profile of the beam in a balanced flow configuration
(the beam edge is defined in this and the following numerical plots as twice the rms beam
size), for a 3-cm radius, 6-MeV, 4-kA beam, with initially very low emiftance. The
applied external magnetic field for this case is 217 Gauss. In Fig. 4b, the emittance
evolution as a function of axial location is shown. The emittance grows about 18 mm
mrad per meter of drift, in excellent agreement with that predicted in the previous section,
Section IIILA. The emittance oscillates with a period of about 4.3 m, showing that the
correlation length is on the order of 2 m, and that thermalization of the beam’s transverse
phase space takes significantly more than 8§ m for these beam conditions. The oscillations
in the emittance occur because the emittance growth is dominated by modifications in the
radial particle distribution as the beam drifts, which are correlated with the individual
particles’ radial divergence, and are recoverable. This effect is essentially identical to

emittance compensation schemes in rf photoinjectors [11].
B. Hard Focusing Case (Uniform Charge Density)

In this section, we examine the numerically calculated emittance growth for a
beam focused to a very small focus, using the parameters discussed in Section III.B (6-
MeV, 4-kA, 3-mm radius electron beam in a 10-cm long magnet with a focal length of 60
cm).

For this case, we predicted an emittance growth of about 30 mm mrad from the
axial variation of the radial vector potential in the solenoid, of about 135 mm mrad from
the variation in axial velocities in the solenoid, and of about 60 mm mrad from the radial
convergence of the beam in the drift between the solenoid and the focus. ’

Various SLICE outputs are shown for this case in Fig. 5. The beam radius is
plotted in Fig. 5a. In this simulation, a solenoid with an axial field of 1.9 kG, and

extending from the origin to z = 10 cm, is used to focus the beam to a waist at about an

axial position of 65 cm. The magnetic field profile used (at the center of the beam) is




shown in Fig. 5b. The average beam kinetic energy is shown in Fig. 5c, showing a slight
energy depression as the beam is pinched. In Fig. 5d, we see the emittance evolution
along the beam line (the initial emittance was 1 mm mrad), and in Fig. Se we see the final
(at an axial position of 1 m) beam transverse configuration and phase space distribution.
A curvature (and splitting) of the transverse phase space is seen.

From Fig. 5d we see that the emittance growth within the solenoid is about 70 mm
mrad, about half of that predicted by the analytic expressions. This happens because the
effect from the axial variation in the radial vector potential counters the effect from the
variation in the axial velocities, and because the emittance growth from the axial velocity

variation is reduced as the beam becomes smaller within the solenoid itself. As the beam
is focused to the waist, the nonlinear forces from the radial velocity (the ev2E,r'* / ¢’y

term in Eqn. (29) increase the emittance to about 120 mm mrad. The sharp dip right at
the focus is from the compensation of the correlated radial velocity with radial position,
as seen in the previous section. We can confirm that the radial velocity accounts for the
subsequent emittance growth by modifying SLICE so that the radial velocity term is
ignored in the evolution of the radial profile. The emittance growth for this case is shown
in Fig. 5f, and indeed, there only a gradual emittance decrease through the focus until the
location of the waist. The rapid increase in the emittance profiles in both Figs. 5d and 5f
is mostly due to the combination of the unwinding of the correlation that led to the
decrease in the emittance at the waist and the redistribution of the particles’ energies from
the radial divergence, and only slightly on the bifurcation in the transverse shown in Fig.

Se.

C. Gentle Scalloping Case (Uniform Charge Density)

For this behavior, we will look at two cases - one where the scalloping is between
a periodic array of thin solenoids, and one where the scalloping is due to a mismatch in an
infinitely long solenoid.

In Fig. 6, we show the SLICE outputs for the periodic focusing case. In Fig. 6a,

we see the radial profile, in Fig. 6b we see the externally applied axial magnetic field, and




in Fig. 6¢c we see the emittance evolution. In the last section, we predicted that the
dominant emittance growth mechanism for this situation would be the effect of from
radial velocities in the beam leading to a change in the particles’ energies. The rms
divergence is about 10 mrad for this case, and the emittance growth is about 20 mm mrad
per meter of the focusing channel (after we remove the 20 mm mrad per meter emittance
growth from the space-charge force), in agreement with the estimate in Section II.C,
based on the divergence term in Eqn. (29).

In Fig. 7, we examine the case the scalloping is due to a mismatch in a uniform
focusing channel. The radial profile is plotted in Fig. 7a, and the emittance evolution is
shown in Fig. 7b. Using Eqn. (66), we would suspect that the emittance growth for this
beam profile (an rms divergence of about 10 mrad) would be about 15 mm mrad per
meter of oscillation, less than half of that actually seen in Fig. 7b. The majority of the
emittance growth in this case is actually due to the variation in the radial space-charge
force and diamagnetic field from density nonuniformities as the beam is propagated. By
modifying SLICE so that the radial velocity term is ignored, the emittance growth from
the space-charge and diamagnetic effects is about 30 mm mrad per meter of drift (see Fig.
7c). The effect of the beam’s radial divergence is then about 20 mm mrad per meter of

transport (assuming that the effects are uncorrelated) which is close to that predicted.

D. Integrated Test Stand Example

In this section we consider the emittance growth in an actual beamline with
solenoid focusing. The Integrated Test Stand (ITS) is a 6-MeV induction linear-
accelerator with a 3.75-MeV injector. In Fig. 8a we show the beam radius profile for the
nominal machine tune, with a final focus at about 9.5 m. The simulation starts at an axial
position of 18.1 cm, at the location of the injector anode. In Fig. 8b the average energy is
plotted as a function of axial position. The 200-keV induction accelerating cell locations
are clear from this plot. The slight decreases in the average energy is due to the
conversion of beam kinetic to potential energy as the beam is radially compressed. In

Fig. 8c the profile of the axial magnetic field is plotted, showing the locations and
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strengths of the various solenoids. The emittance evolution is shown in Fig. 8d (for an
initially low emittance beam), and the final transverse configuration and phase space
distributions are shown in Fig. 8e. Using the earlier examples, we can identify the main
emittance growth mechanisms along the beamline: (1) After the anode magnet, there is a
substantial emittance growth due to the strong convergence of the beam. (2) The
emittance decreases as the beam is focused at the start of the transport channel. (3) The
emittance oscillates and grows slightly in the transport channel due to oscillations in the
beam size (the emittance growth is from the radial divergence of the beam). (4) A very
large emittance growth occurs in the region between the third and second to last
solenoids, where the radial divergence is the largest. (5) Some additional emittance
growth occurs in the second-to-last solenoid from the variation in axial velocities. (6) In
the drift to the final focus, the emittance growth from the beam convergence is countered
by the tendency of the beam’s correlations to be compensated in the focus; there is a
sudden drop in the emittance at the location of the final focus.

The actual ITS injector has an initial emittance of about 1000 mm mrad. Using
the initial transverse configuration and phase space distributions shown in Fig. 8f, we can
simulate the emittance evolution in the ITS injector starting with this initial emittance.
The emittance evolution for this case is shown in Fig. 8g, and the emittance growth is

hidden by the initial emittance.
E. Nonuniform Beam Density

Using SLICE, we can evaluate the emittance growth for a beam with an initially
nonuniform transverse density, with uniform balanced flow. The initial transverse
distribution for a quadratic distribution is shown in Fig. 9a. The radial beam profile is
plotted in Fig. 9b and the emittance growth is plotted in Fig. 9c. As we have seen several
times before, the emittance oscillates as radial correlations are éreated and eliminated;

however, the emittance growth is about 20 times larger than before, at about 500 mm

mrad per meter.




V. Discussion

In the previous sections, we have considered quite a few different emittance
growth mechanisms for various focusing scenarios, using either solenoids or quadrupoles.
In this section, we will summarize the major emittance growth mechanisms, which ones
accumulate along the beamline, and make other observations in order to lead to some
useful insights about the problem. First, in the table below, we summarize the earlier

results for the ITS parameters:

Solenoid Quadrupole Emittance growth
focusing focusing mechanisms
20 7 mm mrad/m - nonlinearity in space-
Uniform balanced charge force
flow <1 = mm mrad/m | - variation of axial

velocities in the space-
charge force

100 © mm mrad - variation of axial
velocities and radial
vector potential

Final focus 50 © mm mrad - cancellation of radial
vector potential with
potential depression

- divergence term 7,*

Scalloped flow 15 n mm mrad/m | 15 x mm mrad/m | - divergence term 7,

Note that the emittance growth from the space-charge force scales as 1/y and
will vanish for sufficiently high beam energies. The emittance growths from the radial
vector potential, the potential depression (for the emittance growth in a quadrupole
focusing field), and the divergence term all are independent of y. However, the
emittance growth from the variation of the axial velocity in a solenoidal field scales
linearly with y (this is because we are assuming the focal length is kept constant); this is
a rather unfortunate scaling, but both the minimum spot size and even emittance growth
in the solenoid will still decrease with increasing energy because of the scaling of the

beam size in the solenoid (Eqn. (49)). The unnormalized emittance decreases as 1/y and
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as a result the beam size in the solenoid will decrease, and there will be consequently less
emittance growth.

The emittance growth from the space-charge force nonlinearity (for the solenoid
case) is independent of beam radius, as is the emittance growth from the divergence of a
scalloping beam. The emittance growth from the radial vector potential scales as the
square of the beam radius, as does the emittance growth from the potential depression in
the quadrupole focusing field and the emittance growth from the beam divergence in the
final focus. ‘

The emittance growth from the vector potential term is not cumulative along the
beamline - the only thing that matters is the final convergence angle of the beam. It is
easy to see from Eqn. (34) that the contributions from inward radial acceleration (from
the focusing element) will cancel the contributions from outward radial acceleration
(from the space-charge force). However, the contributions from the divergence terms will
add cumulatively throughout the beamline over a correlation length. Likewise for
solenoidal focusing, the contributions from the variation in the axial velocity will only
occur when the beam is focused in a solenoid, and these contributions will also add
cumulatively. This is also true for the emittance growth from any nonlinearities in the
space-charge force.

The three most important emittance growth mechanisms are (1) current density
nonuniformities, (2) beam scalloping in a mismatched magnetic field, and (3) beam
divergence/convergence effects. These effects will dominate the emittance growth; the
first two effects can be minimized by proper design and operation of the machine.
However, some beam current density nonuniformity always occurs (see for example Fig.
8e), and this effect, along with unavoidable beam radius fluctuations (including

convergence to a final target), will lead to a minimum possible emittance growth.
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Figures

1. Radial vector potential at the beam edge (normalized to the beam potential energy

depression) versus axial length of integration, for an edge divergence of 0.01 radians.

2. Radial vector potential (normalized to the beam potential energy depression) versus

radial position within the beam, for an edge divergence of 0.01 radians.

3. Radial vector potential at the beam edge (normalized to the beam potential energy

depression) versus edge divergence.

4. Numerical results for the balanced flow case. (a) Radial beam profile. (b) Emittance

profile.

5. Numerical results for the hard focusing case. (a) Radial beam profile. (b) Applied
axial field profile (not including beam diamagnetic effects). (c) Average beam energy
profile. (d) Emittance profile. (¢) Final beam transverse phase space and configuration
space. (f) Emittance profile in the absence of the emittance growth from the beam radial

divergence.

6. Numerical results for the beam scalloping with periodic focusing case. (a) Radial
beam profile. (b) Applied axial field profile (not including beam diamagnetic effects).
(¢) Emittance profile.

7. Numerical results for the beam scalloping in a constant axial magnetic field case. (a)
Radial beam profile. (b) Emittance profile. (¢) Emittance profile in the absence of the

emittance growth from the beam radial divergence.
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8. Integrated Test Stand case. (a) Radial beam profile. (b) Average beam enefgy
profile. (c) Applied axial field profile at the center of the beam (not including beam
diamagnetic effects). (d) Emittance profile starting with a very low initial emittance. (e)
Initial beam transverse phase space and configuration space for an initial emittance of

1000 mm mrad. (f) Emittance profile starting with an emittance of 1000 mm mrad.

9. Nonuniform beam density case. (a) Initial radial current-density profile. (b) Radial

beam profile. (¢) Emittance profile.
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