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ABSTRACT
This report investigates the particle motion in an accelerator having a
general magnetic field. For a wide class of machines, which includes the A.G.
synchrotron, FFAG machines, and the fixed frequency cyclotron, a relatively
simple solution of the equations of motion has been found. General expressions
for the equilibrium orbit, and for the linear motion and tune are obtained. It is
expected that the results should be good within an error of about 15% for pre-

sently considered machines.
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I. INTRODUCTION

In this report we will investigate the motion of a particle in an accelerator
having an arbitrary magnetic field. We will find expressions for the equilibrium
orbit, the linear tune and the linear motion. In a series of previous r'epor"cs1 we
carried through this investigation for the general spiral sector magnetic field
which is a scaling machine (the tune remains the same for all energies and orbit
radii of the particle). It was stated in these reports that the same methods could
be applied with little change to an arbitrary magnetic field. This report will apply
the methods of the previous reports to an arbitrary magnetic field.

The method we will use employs two approximations which considerably

simplify the equations. Machines presently being considered are such that the use

of these two approximations gives an accuracy of 10 to 20% in the results.

The first assumption we will make is that on the equilibrium orbit, \ = ¥V (8)
0
(L dY ) «< |
\r 46 / (1.1)

Equation (1.1) says that the slope of the equilibrium orbit is small, or that the
transverse component of the particle's velocity is small compared with the longi-
tudinal component of the velocity.

The second assumption we will make is that

A Ha

RIS O 4 A
y
H i (1.2)

where /\ Hi is the change in the magnetic field over the radial extent of the
equilibrium orbit, and H& is the maximum value of the magnetic field on the

equilibrium orbit.
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The percentage variation in H% over the radial extent of the equilibrium
orbit seems to be about 10% for presently considered machines. The error in
our calculations is usually of order (A H'e /H;e >l . Eq.(1.1) is best
fulfilled for machines with a large N, buf even for machines having N = 4, we
usually find that (1/ lr')l (d Y/de )2 is of the order of 10%.

The above two assumptions are the only restrictions we will put on the
magnetic field. We will assume that the magnetic field is given in the median
plane ( z = 0) and we will write it as

< S0
H?:"‘Z Gn(k>e

Ne -0 / (1.3)

wn

where W, = W N . It is clear that the form of Eq. (1.3) is entirely general.

The functions Gy, (v) will in general be complex. We can write

G, (r) = H,(rD C?“: Balh)

) (1.4)
where Hp () and Bn (v) arereal. [, (r) gives the spiralling of the

magnets.

II. SUMMARY OF RESULTS

In this section we will summarize the more important results obtained.

The magnetic field in the median plane is writien as

N, = — 2 G, i
2 n

) (2.1a)

where Q)h = N 'V and

(2. 1b)
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HV’ (¥) and Bn (F) being real.

The average radius, R, of the equilibrium orbit depends on the momentum

p of the particle. It is easier to find p as a function R and this relation is

p =2k [H(R)+/)Hw+ i< | 2. 20

PR ¥

L= oS T P RHRHGE + 7 b |
h2)

Equations(2. 2) give the relation between the average radius of the equilib-

(2. 2b)

rium orbit, R, and the particle momentum, p. The equilibrium orbit ¥ = Y; (9)

is given by

¢ W, &
%=k 5 L G (R)e

F:. vyl wh (2. 3a)

where ’Xs is defined by

YS(Q)‘-'-' K(‘+ 7C$>. (2. 3b)

The r-tune Vy will depend on the momentum, p, or it may be considered

as a function of R, the average radius of the equilibrium orbit. “)/,,( )QD is

given by

V2= R (RH. +2aH,) -

r pe -
vagef Z g [KAH -+ ROA

$IRHH, + € HA L

(2. 4)



MURA-397

H ! 7y
In Eq. (2.4), the Hn : h oy Hh are to be evaluated at r = R.
y
Note also that p depends on R according to Eq. (2. 2).
The # - tune Vi‘ is given by

Wr= 2 (Y T HD - er v M

nzj P

"X e Lo R e S AR
l""—> HZ_ZI W 6 i
SRR AR MR R

We may note that both the r-tune, V,, and the average radius of the
equilibrium orbit, R, do not depend on the EH (v) which give the spiralling of the
magnets.

In Section V, the above equations are applied to the special case of FFAG
scaling machines. Separate reports are planned which will apply the above general

results to the A.G. synchrotron and to the constant frequency cyclotron,

III. THE EQUILIBRIUM ORBIT

The procedure we will follow in finding the equilibrium orbit for an accelerator
having an arbitrary magnetic field is very similar fto that used in the report MURA-
258, where the equilibruim orbit for the general spiral sector magnetic field was
found.

We will write the magnetic field in the median plane as

' c W,
H% e ; Gw (Y‘) = d (3.1)

)
where C\)n= n N
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To find the equilibrium orbit, we must solve the equation

ekl r
_d_.. 7,. ot - s & er ;
d9 L \/r3~+ Y—iL Vr‘&_‘_,rl'l— \Oc_

(3. 2)

Let us expand the motion about a circle of radius R, where R is chosen to
make the motion about this circle as small as possible. The method of choosing
R is given later on. It will turn out that R is essentially the average radius of
the equilibrium orbit.

Let us then write
i e [ ) PY R
¥ K Chane ) (3. 3)

Our two assumptions given by Eqgs. (1.1) and (1. 2) can then be written as

, 2
f‘)’> e / (3. 4a)

(On y << y (3. 4b)

G
where all quantities in Eqs. (3. 4) are to be evaluated on the equilibrium orbit.

Using Eqgs. (3.3) and (3.4a), we can rewrite Eq. (3.2) in terms of x as

/ &

x'—(t+x/‘=§__‘3__(;+?f> H (3. 5)
P <

To solve Eq. (3.5) for the equilibrium orbit, we make use of the assumption

that the magnetic field does not vary very much over the radial extent of the orbit.

We can then expand H} in powers of x and we will keep up to linear terms in x.

He (o) = Hy(R&) + Ha (k6D KX + .00, (3.6)

where H?‘ r means & H ?/:1 L
6
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Putting this expansion for HZ- back into Eq. (3.5) gives

'X'l~(,+x:)':: i@_ CI+X>L(H2 4 H?," Rx<+... )

Pc
=t {I.,L (RHap+ 2Ha )+ 75
P < ; 0 - r * g y
P o 2 PR W T
F (3.7)
- | + € R H-%- s ot
Pe
In Eq. (3.7), H?») H?JV 4 are to be evaluated at r = R.
Eq. (3.7) can also be written as
’X"*(Es'%(&>>: {(6)’ (3. 8a)
where
E, - 9(6)= = €& (g, + 2H ) =), S
(6) = - R
£ (9) | 2y Ha s (3. 8¢)
and the Fourier components of ””a [6) and +(®) are given by
(}h ool g_.g. ( R‘:hl -+ il@%) (3. 9a)
Fe ’
. , ~n~ 7 (3. 9b)
E, = + SR (RG + 26.) —1,
Pe
- e R g
-ﬁn - Ya‘- G.h ) (3.9(:)
= | +&f 4
Fo T (3. 9d)
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Note that the definition of ts is to make 30 = ¢ , and the gn and
. y; aiah i P . w
Fn are defined by 3(@)_.21 3»» €’)(/9g4 p.Q))
£, = 2 Fn emp (L Was).
L
Note also that the 6".,, in Egs. (3.9) are to be evaluated at r = R.
Now, following the procedure of MURA-258, we solve Eq. (3.8) by expanding

x in the Flocquet solutions, /(/(y {9) of the equation

" g
U" 4+ (E-93))U= o (3. 10)
which is just the left side of Eq. (3. 8 ), except that Es is replaced by £ , and
E may take on all values for which Eq. (3.10) has stable solutions.

Thus, as in MURA-258, we find the solution
/ X ) '
X = 2O Uy fda My (8 7C/5),
n

where /u,, (B) is the solution of Eq.(3.10) corresponding to the F -value Fn

E -E, (3.11)
and having the tune )/hr hN)hro/'il)i";lu-

We now choose R so that the term in the expansion Eq. (3.11) which
corresponds to Vn = 0 vanishes. This means that R is determined by the

condition

fds My te) £(s) = o,

(3.12)

where Mo (®)  is the Flocquet solution of Eq. (3.10) having the tune ¥ = 0.

The Flocquet solution Mo (8) is given ‘byz

3*) ¢ , B
O |- 2
Mo (8 | b, 2 c ) (3.13)
h Fo
where /0) — 2 A (t. W @ \
j h¥o gh 0410 il !
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and the 3“ are given by Eq. (3.9) as

Q e 7 i - G '
il Pe (RE +36n) . (3. 14)
Using this expression for A, /¢) and Egs. (3.9) for £ (8) , Eq. (3.12)

becomes

— ) £ w*
e/ WFo

I~ €L G, - (R T & CuiRG +2G, 1= o
P <

(3.15)
Eq. (3.15) determines R, which will turn out to be the average orbit radius. We
can also write this equation in terms of H"; /gh where GH = Hp) % (=t 3‘.,}
¥ T - ,? i : [
G’n-e h{Hy,‘lHHEhg,
(3.16)
and ’ . 2 o ¢
G-h éy; - HV) ”” e Hn “h
since H’h = Hy) and ,5/.. n— = /gn .

Thus the equation for R becomes

’ R | Q
- @ - e / —
|- &L Ho - 28R T e LR Hy' Hy +2Hn §=0 10
re e h2)
It may be noted that /gh ( k) ~ , which gives the spiralling of the magnets,

does not enter into the equation for the average orbit radius, R.
Equation (3.17) can be regarded as an equation which determines the average
orbit radius R as a function of the particle momentum, p. The equation, however,

can be solved more easily for p as a function of R, and we find that

P:%_E_ Ho“*'\)—H_();_}-L}o(j
9

/ (3.18a)
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where

ok 2 o 2 ‘L%}EIRH; Hn it QHHQ]

o) (3.18b)

The equilibrium orbit is now found from Eq. (3.11), following MURA~-258,

kx o ¢ wh@
, U)" / (3.19a)
F< n#o
where
i e AT o B
5 e (R (3.19b)

L
One can usually neglect Ej compared with W,, , if yY << WY s VY
being the linear r-tune.
The circumference factor C is given by the maximum value of the function

C{Q) (see MURA-258), where

P < /
, LW, 6 (3. 20)
Gy = E,;E“ G L )aE =
Co == /
Vi

where in Eq. (3. 20)/ r is evaluated on the equilibrium orbit.

We can then write for the ;i;n (v ) in Eq. (3. 20)

Cnlr) = Gn(R) + G, (K) Rt 4001, (3. 21)

and

= eR \ ~ /o A5

(3. 21b)

10
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The function C (®) given by Eq. (3.21b) must be maximized to find the
circumference factor C. This is difficult to do for a general magnetic field;
however, we can get a good estimate of C by assuming that the zeroth and first
harmonics dominate in H{- and neglecting the second term in Eq. (3.21b). We

find then that

S CocaaRie ke 0 Gl @22

IV. THE LINEAR TUNE AND THE LINEAR MOTION

To treat the linear motion, we will use essentially the same procedure as
in MURA-273 where the linear motion was investigated for the general spiral sector
magnetic field.

First let us consider the radial oscillation. The equation of motion in the

radial direction is given by

VP g vrit+2'] ? (4. 1a)

where

We wish to expand this equation about the equilibrium orbit, Let | = (87
represent the equilibrium orbit, Yé /\@) has been found in Section III. Let

Yy = RO+ ) , then Xg is given by Eq. (3.19) as
< s

E.J k . , ‘ ~ . ) [ / ’i‘; e,

e —— ) e (s (K ) g
s oe <= wi Ynil/ ‘ (4. 2)
i h Fo ’

Expanding about the equilibrium orbit will be simpler if we first make use of

’ 1 -2
our assumption that (‘ r/dae) /Y << | to simplify Eq. (4. 1a).
11
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Eq. (4.1a) can then be written as
s i P s (4. 3)
Now let us introduce the variable (O which will give the radial displace=-
ment relative to the equilibrium orbit. rO is defined by
¥ = V;{@‘).,L/ol (4.4)
We now expand Eq. (4. 3) in powers of ,9 keeping only up to terms which

are linear in {0
)

s
=4S fr g ) \/H% + Hep Ptored

P ; (4. 5)

or

P  + P L= 22 (5 Her +2 He) =11 =©

In Eq. (4.5), Hf and }'};2, v are to be evaluated at = rg /9) 5. 10,

obtaining Eq. (4.5) we used the result that . /= ) satisfies the equation

// &> | ,‘l
\/> - Y; i, }: /‘/ 2 ;
[ ’ (4. 6)
We introduce the dimensionless variable A/ ,
= ik . [
M = 2 I~ (4. 17)

where R is the average radius of the equilibrium orbit, and write Eq. (4.5) as

J A J] =
M =+ Ny (oo = o, (4. 8a)

where

6 e < YS {/"f ;}7[ > +. ;‘l }/g ,\:-‘ )
N, /6) N e o (4. 8b)
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In the expression for nx %) i, ﬁ‘? and /Lé ,are to be evaluated at
Y = Y./9. To do this we write V's = RGI+% ) and then expand /{2 and

H about r = R. Thus
2y

i

Help ea = ‘Hak el « Hy (K ed Rapast ol

H%)r (rs'é) - H?/V (KAQ) =t H?,VV (K:Q) K (3, +/"/

{4. 9b)
and we can write [1x(9) as
n,ie) = - €K (|+X57fR()+XS> (Ha o + Ha, e RZ#0 )
Peé
T Halies TN
) (4.102)

M) = ] R +2He

Pe

+% L R" H;jw +LIKH2/V +2H?1% - I/

(4.10b)
where in Eq. (4.10b), HQ and H.gl v are now to be evaluated at r = R.
For finding the tune, it is more convenient to write Eq. (4.8) as
" (Fs —410) M=o
M -+ o ) J (4.11a)

where

E. = ‘Q'FE (RGE +26)

) Y G- % £ P
1GVZ, T (Ko T eeaay -

(4.11b)

13
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or

Eeo

|

F’C H¢+QIL0)'—,

AR S 2 Kb = R

m2)
=+ 4R HmHhi +2HV3E
/
o lau J@ 00 e B
g” (?)(KGH +2{M>
5 s 2 ' o il
S s 5 e aoh Y ow THRGH + 26,
75”) i /Ain-,h(R » bl (4.11c)

mh
The ° are the coefficients in the expansion (6) = (U
Yn P p Z Jnew b6

and Eo is so defined that ‘f)o =0 . In Eqgs. (4.11), the G;H are to be
evaluated at r = R.
Eqgs. (4.11) are the equations giving the linear radial motion. They can be
solved to give the r-motion and the r-tune. The second term in Eq. (4.11c) for
Cc’)v) can usually be neglected.

Let us find the tune of the radial motion, )/)” . The r-tune VV depends

P

on [ s and %y\ according to the relation

7!
Vs h¥o w, ! (4.12)

. » " 2
it 9, /N <<]  and (V) <</,
If we substitute for £, and g‘*‘ the expressions given in Eqs. (4.11),

we find for the r-tune
Y)> = e R = N

+(eR\ S »@ﬂaié m | R*Gw +HR G + 26 )
m

| R G + 26, )2 _% (4.13)
14 ‘
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We can write Eq. (4.13) in terms of 7/-/,,, and )?,, , by using

é, 7 6-('155-»1 (Mh/— ; H /Qh,>/

Gn// = € % I@H(Hn“ - 2/7/»4'/?»;/‘ 2ty By = Ho £n >/ .14
and H,,: Hﬂo) /gh:‘ _5-W

We find that

< :
Vo T ek (R )

+1(er< 5 wlik‘"HW, mi-/?l%/,,,zﬁ?m'l
M2 : e
+ 4 R HmHm 2 H

* (Rhis 2t + KB 2 § ,

(4.15)
VrQ: eR (RHo'}'QH )_)
A L 2 ¢ < '2
+2(k) ;_[ wy&{R o B + R
+ 3R Hm Hil + b Hig }
(4.16)

It may be noticed that the magnet spiralling which is given by [Qy, (r )
does not contribute to the r-tune.

To complete the treatment of the linear r-motion, we should find the
Flocquet solutions of Eq. (4.11). The r-motion is given by a linear combination

.)(
of ,'Up and /u)/ , and /Uy is given by (see MURA-273)
18
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< -
b /
(4. 16a)
where the %h are given by Eq. (4.11c).
The linear Z -motion can be treated in the same way. The equation of
motion in the 2 -direction is
J
d% Uyry }r‘“,},z"‘ ) (4.17a)
where
Fo= = (He o VH"B'
2 r"}c
(4.17b)

Before expanding Eq. (4.17) in powers of Z , we use our assumption, that

S U \ & / - ;
1": d2 /4 E%) /YT << / , to simplify the equation, and we get

2" - v FE (4,18)

The expansion for F-i up to linear terms is (see MURA-273)

= r
R (fho-th)2n.

(4.19)
where H;} ¢ and H;_/ v are to be evaluated on the equilibrium orbit where
Y= Ys‘ &) 7= 06,
J
The expansion for Y F; is then
rte = (g+p) KR,
= v, e i > Z +, .
YR= 2% (¢ H —F Hz,r s A
¢ \ ¥~ :
¢ s (4. 20)
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Eq. (4.18) expanded up to linear terms in 2 is then given by

% (4. 21)
We introduce the variable 43, 2
S o
/‘} - R z (4.22)
and write Eq. (4.21) as
Né K /Va (4. 23a)
el (L L)

g “":{:”“ r z,6 (4. 23b)

In the expression for n~> () » H%, & and H #, v are to be evaluated at
e Y; /S}) .  To do this, we write ‘(; = R ( |+ "X’_j ) and then expand

H% »and 2 & about r = R. Thus

H%,Q: H‘t‘ﬁ H( 6) + Hajp\,(r\},m R%: s ‘/ (4. 24a)

Hy v = Hap (R 0D+ Havin (%8 K%+,
' d (4. 24b)
and we can write h'a,(@’) as
he (8) = - e <(|+fx,)
7 “T '*‘“‘“‘[;X.S H?&
_R ('""Y,So) (H‘E/Y' + HQIY\V‘ R):‘.") 4.253)

Nal9) = - ,
e %{«, e st ot

- %, )_ o H.g.;‘ rie + 2K Hy B E , (4. 25b)

where in Eq. (4. 25b), HQ’ ® Hi. v~ and H%‘e, v¥r are now to be evaluated at r = R.
17
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It is more convenient to write Eq. (4.23) as

Nb” i CEo' "“{[933 o % 2y (4. 26a)

where
- eK‘jZ)gm} )Rc-o
Pe m¥o
- ! 5. l'
- EB..& Y -6———:1"" Rzé:ml"f':/?(rmx
e o )
P Vn*a 1 /
(4. 26b)
or
i f
E; = a(8aAY 5 [Hal —(EX) RP
Pe VhZ;
V.
) Ho' =R HE o +1RH,,.H}
Yh’ |
%,.\ = ~ef Rre¢, (4. 26¢)
Pe ~ _
The ‘FW. are the coefficients in the expansion ‘F/@) = :f‘:. T vﬁa (e wy,,@)/
and Eo’ is so defined that To ¢ . In Eqs. (4.26), the 6,, are evaluated at

r = R, and in finding the ‘Fm we have dropped the terms which are linear in %
in Eq. [4.25b).

Eqgs. (4. 26) are the equations giving the linear 2 =-motion. They can be
solved to give the 7 -motion and the % -tune.

- 1
The # -tune depends on [, and ‘Pw, according to the relation

. A
Vs B, + 2 o Il
ho g (4. 27)
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it o /N*4<]  and (Vi /A/>i4‘/.

If we substitute for F, and 'Fh the expressions given in Eqgs. (4.26),

we find for the # -tune

W= (eRV S 6, - ek ge

Pe m¥o g

HEAY S & j Reml”

P(' vz*'o i S - X ]
R T T
(4, 28)
We can write Eq. (4.28) in terms of Hn and EH as
Pra ek \* * 2 /
(i e H, —-/ek\g
(\"L) %) e ) h HA
. - )
TR (RY 5 | kTR R AL
< 4%
w7 ‘ )
—(R’“H’m Hm/"’@' Hml/@nz
+ 2R Hm Hm ) } (4. 29)
/ \
or
N ek a R /
%> ’l(.?__. — [eRN RH
L A Pe ) m2) H“‘ ( YQL) )
3 (EEN S TRET R A
F < n ' 7
m2 | + RlHkLl - RLHMHW
I
2R Hon H 73 ' (4.30)

The Flocquet solutions of Eqs. (4.26) may be found from Eq. (4.16a) by

simply replacing the g », Dy the ‘Fy\ given in Eq. (4. 26c]).
19
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V. APPLICATION TO FFAG MACHINES

In this section we will illustrate the general results derived in SectionIIl
and IV by applying them to a particular machine. We will apply them to the
scaling FFAG machine. The results for the scaling FFAG machine have been
extensively checked by numerical calculations and have been found to be good
within an error of about 15%.

Scaling FFAG Machine

For this machine, the magnetic field in the median plane is given by
Lhs. B /L N\ K O (',. L‘Jy; 90
/L /2 - H (v /\ 2 /)h Ao

' h ) (5. 1a)

where

@ = 6 - /@w L
A/u'/v :

(5. 1b)

Thus for this field the &, (r ) are

_c._ﬁ__ /r‘/r/ A
(‘ (V) = "y ) >J< L o Qn L )
-y 'n

—

) (5. 2a)
and
b = = HE) | h
/ (5. 2b)
(r - N r 4
)?h ) o T % ) (5. 2c)
where
¢ A
L\V) — ] %}’) j 6> ) ’
(5. 2d)

20
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We will now find the tune Vr and Vz for the machine using Eqs. (4.16)
and (4.30). The first step is to find /F(R) , the connection between the momentum

p and the average radius of the equilibrium orbit, R. This is given by Eq. (3.18),

"O'QR | He+ JHr + ax ]}

(5. 3a)
A = 23 upn [ Ry #erath il
nzi (5. 3b)
Thus we find
2 o oy e R U (k+2)
ol (_R_ TR
i Y,> hz) “ / (5. 4a)
and
/}0-:: QHR (__,.> [L’ +ﬂ +?Z7 Lo> I\n’ (K'\-i)]
- (5. 4b)
The tune Vr is given by
v,}___- TQRHQ +2Ha.) - |
+a<eR>ZJ— Rt + R* "
nzi
+BR H’V;Hw +éHh 3
‘ (5. 5)
We note that
RH, = K Hh/
(5. 6a)
R’J.Hh" = f‘<(}<‘)> Hh
(5. 6b)

21
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e

where

h+ﬁ+?z

We find then for ),

Yo = bk, (’¢<+a’)—\

o U
V5= bho(K+2) -1
+ 2k 2 o=
hz)

MURA-397

0

The tune VE is given by

VY, =

z

2/ R\2

)

A

S

hz,

=

Nz

lh,,\1 Clx+2)

ho ™ [ ak*+7k+6]

— e R RHD/

Fc

;i WL{QK H, &

+ RS~ R A S

22

~2RHUU

(5. 7a)

(5. Tb)

(5. 8a)

(5. 8b)

(5.9}
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Thus

2
e S T | e
2
% o ),,h) ig_’_'f_ - 2K
ki %‘l R S (z<~\>g
B ) —+ K R )
(5.10a)
- AR | 2 2 Pl .
o= Tl %:_ bl {"*M—,_:'/—Va w:.%—la%,,K
Nz
(5.10b)

The above results are essentially the same results found in reports

MURA-258 and MURA-273 for the scaling FFAG machine.

23
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