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Coupling of Betatron and Phase Osecillations in a Symehrotron
E. A, Crosbie and M, Hamermesh 3
r y Argomne Natiomal laboratory '

ABSTRACT

The eoupled equations for radial position, momentum, and
phase oscillations in a synchrotron are treated by use of difference
oquations. The effect of a radial wariation in the aceelerating radio-
frequenny voltage is included in the treatment; any resultant cdamping
of one type of oscillation is shown nesessarily to be accompanied by
equal anti-damping of oscillations of the other type., A simple treat.-
ment of the adiabatie variation of parsmeters for systems of linear

differential or difference equations is given,
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Coupling of Betstrom end FPhase Oseillations in a Synchrotron

The equations of motion in a synchrotron have been treated
by many authors. @ The accelerating radiofrequency voltage, whieh
is applied across ome or more narrow gaps, is Fourier-amlyzed and ‘
only the synchronous component considered, In addition, the separation
of the motion into betatron and synchrotron oseillations appearsrather
arbitrary. We felt it worthwhile to treat the problem in a more direat
fashion., We consider, for simplicity, & machine in which the accelerat-
ing rf wvoltage js applied across a narrow gap at some azimuth, say ©= O,
The applied voltage varies sinusoidally in time, but can also vary radi-
ally. The wagnetic field B, at the fixed "equilibrium" radius R ?and the
radiofrequency UJg _will be tracked to fit an ideal partiele whioh 1s
continuously accelerated so that its mementum P, (speed vg and total
energy Es) Just match to give a eircular orbit of radivs R, at all
times, Sinne the particles in the aectual machine are given impulses
at © = 0, none of the sctual partiecles will follow the ideal cireular
orbit,

Exeept at © = 0, the equations 61‘ motion are just those of

Pree oscillation:
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R, Q. Twiss and N, H, Framk, RST 20, 1 {1949).
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where x is the ratio of the radia} displacement from the squilibrium
orbtit to Rye n is the field index, and p is the momentum of the particle,
We have 1limited ourselves to the linear approximation, We also have for

the speed:

The radiofrsquency will be tracked to equala) _?.. so that the ideal

e

particle always reaches the gap at the same phase ? » From 2a:

w, At = &9()- +x) JG( 6; +x.>
where f)o is the rest energy. Integrating Equatio; 3 over & from O teo

270, the left side gives J'so s the inrrease in phase 30 for one turn:

Jgpumfw (x- & 4&)
We dencte x and x' = ——-;]ust after passing the gap on the VY'th turn by
) x.;yo By integrating Equation 1? we find their values after one
turn around the machine, Xyre1? x'.);‘..l, which are linear funetions of
A

Xyys xgj » and (*",9», . f‘f ) 50#/ - % is givern by Equation
4. Using for x the solution of Equation 1 for the W 'th turn, Cf,.,

is expressible linsarly in terms of Xy x’v ,(%—)9 4 50 ., e Fimally,
ve must obtein an equation for the momentum, The particle will reseive an

increment of energy after it has completed the)/tth turn, The amount it

. o

(2)

(22)
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then receives will depend on the radius x g i at which it erosses

the gap, and the phaae?pyﬂ., Up to linear terms in the displacement,
this energy increment is @ (\/o-i-Vo’gnsin lf,ﬁ where V, and Vo' are
the voltage and voltage gradient at Ry, Meanwhile, the ideal particle
reseives the energy inecrement € \/o . aincps o Thus the change

in the energy error AL = £~ Cs 1s:
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@-E),ﬂ -(AE‘); < (\/f"vtw xv*/)s“‘“?ﬂl - eVisin % (5)
Expanding the sin funetion (we assume small oscillations, gv'?s«l)

and dropping vroducts of small quantities; we have:

B, BE), = Ve croep) (o= 0) + (Vs DKo

Measuring Lf from (’0 , and using AE = C._f_ A_&_ ™ we can write:

<Q‘—6E~A )9ra <C—E_ 4?) (e wﬂ)ﬁafﬂ T(c k %%)xy“

Our discussion shows that we obtain four coupled’'linear differ-
ence equations for the four quantities x,,, x', j» 30 ), and
* ( ) (7)
We now do the detailed problem for the ordinary symshrotron, where n is
irdependent of azimuth, The aglutions of Equation 1
i"fg—; $+0-vIx = 8Pp=F (8)
have the betvatron frequency V1 -M, . The general solution of
Equation 8 for initial conditioms x y® x>] is

B+ Bl O +X0_gi (RO O
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Setting § =27, Y/ = 2| 1~ we have
/= Ceo M “
x,,’,, 3= -T:-_)%dﬂ‘, e P X, T _m___f x,

(10)
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X,,., e ‘e d’V Ji-n pitp X, + &5 i (11)

Substituting Equation 9 in Equation 4 and integrating

o<t ) 28]y romtn s

Equations 6, 10, 11, 12 are the coupled differenoe equations describing

the system, They can be simplified by the following scale changes. Re-
place

Jiomn %X, 72X
{iﬁ':: <\
ﬁpy("*)’%%'

Ouwr set of equations becomes
Xpri = C“""?“ Xy "f'g""“fu xw + (- ws‘)f/

(13)

Xpp) ==sinp Xyt Cop Xy + S B (14)
(%ﬁ’ﬂ_(c%&,= QM‘ Aoyl T .__._-)—;?? ?Vf‘/ (15)
a-rJ* (16)

Prri=F = pentt 20 $l-cmip)xs 4 C ¢

y-..z’f'X(ln)‘ - 2l e

X, = [‘ - & | ;
i =~ ESL o (172)
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PFirst we negleat the slow wariation of the coefficients

in Eqations 15-17, drop the subseript om G, and replace 15 by

é?n. =AX,,, -+ af’,» + 8‘;’94-3_ (15a)
whsre :
A""’ el s & B e Viewop & e
,-.2. a.( ‘7{) P o™ r‘ "W)SA_

Both A and B are of order energy gain per turn/total eénergy << 1, Ve
find the eigenfrequencies and sigenvectors of the system 13, 14, 15a, 16,
Let

xi= é‘ i o o , = )C/\ st
whera e' ?l. TC' ﬁ, are the components of the eigemveetor belonging

to the eigemlua)\ s> and substitute in the equations, The secular metyrix

is

cosly -\ 8in Lr 1wcos L 0

- sin{p/ cosly -“A sinz.)u )

A 0 s . 3 BA

sin Y 1-aos tf» C | 1e A (20)
Since A and B are small, we can find the roots of the seeular eqmtioz& by
surcessive approximation, If we set A= B = 0, we find A =], 1, fi’.tA L .

For the roots in the neighborhood of the double root 1, we set A=l +€
in the secular equation, Keeping only the lowest power of € s 4, B. we
find
€+ € é'/\A+23Cl) FBC =0 (21)

whers

¢ = (s ‘1" = 27 XQ-W‘% (22)




The lowest order equation would be
L / s
ESBC €=ty BC . (23)
Thus the oseillations will be stable if BC'«Z 0, i.e.» Xcos ?g <. 0,
Substituting 23 back into 21, we find the next approximation:

¢ 6(A+BC) BC'=0o

= A ‘
€ *‘fc-a- (AfBC).,.gc =+ |gc/ .,.é:;éS_' . {24)
2
or
2 i \]BC" g__c.:., A o \‘j < ed.
A g -—eﬂd’ri BC 7‘—11 (25)
From 18 and 22,
)= | eetm & opf- ) @6)

ch

whore L1.. is the symehrotronm frequency, Thus the eigenmsclutions near

A= 1 corresvond to synshrotron oseillations in the 1imit of zere roupling,
Fram 25 it would appear that by choosing A < 0, these osecillations could be
demped exponentially, However, we shall now show that the osrillations

for the other pair of eigenfrequencies wil.l be antidamped by the same factor,
For the roots near&t 'V e 16t )\ C-Lb (1 +€), Agrin expanding

the sesular equation to lowest terms, we find & = - A2 + 4B/2 so that

tha roots are

& @)409 [‘t 4 (L;b *%‘) i Afl (27)

FPram Equations 25 and 27 we conclude that a radial wvariation of the ae-

celerating voltage (vhich leads to the term + A/2) will eause damping of

one pair of oscillations and an equal antijemping of the other pair, This
-6 \



effeat was first discussed by Carrem, et tal.2 From 27 we see that the
sesond pair of roots correspond in the limit of zero ~oupling to the

betatron oscillations,
The mompomsnts of the eigemwveetors are easily found from Fquation

20: A

siny l-cosy O ooe*-)\ lwcosy’ ©
é . | cosg) siny 0 |= g - ~sintp a.’mlP 0

1-cosy o 1-\ sin Y’ i
cosy-) sinlp 0 cosyp-)  siny  l-cosy)

=00 ¢ —sinlf eoslla-/\ 0 ® 3 - -sinl# cosip -)\ Bin'f/

(28)

sinl‘; l-cosl 1 ) ein (70 l-cos I7P C

Evaluating the determinants:
s _ ¥ 7= -
(reap)l-3) o ©V QA)G\-ZAwW) [T ey v )1 -

+2Aso e (- WY*

For the roots near wnity we set A= 1 + & Keeping only the leading terms,
wo find
’ - .
%=é§.§'= €$""""’I/_._ f'r(-.—.'_e_. (
- 2 ’/ ) N i 30)
c 2z C (‘ ~C V/ C
For € << 1, ve see that only the phase has a sizable oscillation ampli-

tude; i.e.» we have a synchrotron oscillation, Similarly for
AN*E ‘““P(H-e we find: (31)

S<tip ¥e-f ; w=(F4- T L) f

.
(2) |
A = A e Gamno et al 5 UGRL—547’ Dec a9 1949 ~




8o that the betatron oﬁcillatioﬁs are recessarily accommnied by comparable
changes in .

Ve muat now take account of the slow variation of the rocaffi-
niepts in cur ecoupled equations, The WKB method can be extended easily
to ayetemé of 1inear diffarential or difference equations, The derivations
are given in the fppendix, Applying this tacshnique, we find

(a) for the roots near unity

%= £ xf = sl B :
~e > 1y " B M f" - A (32)
L) e ¥ ‘\‘ = Ry "' & j »m ot
o ’ F ' g f SR o 4 P § . | §
b (e \r ¢, U]l rald; + ...,;“..,::;i;'.,«/}
g N J 2 ' (33)
oo
. L /1~ L4
with f») 1 ,.t AL ln '* ,m.“,:;.«:::,

T ««,Mi j(:' (34)

~(b) for the roots near of ‘¥

x,-:i:ckp,, = '-99, . ayy ‘:!\':":;::,( - “‘“"" )Gj% (35)

= i=Camyp
= pkVP g7
BT (-l o B ”
e z = |
with ;
@_-.:-44;?-_:-:5(‘- : (37)



Appendix

WKB Method for ayatems of linear differential or differense equations,

A Differential “quationms.

Consider the syastem

M = Z: “Z}e‘.ﬁ {j}@

b

whers the ccefficients a:H are »a’! owly varying functions «f t. let

A YA
P‘i; = KA’& FT J

whers x4 and ¥ are slowly varying, Differentiating,

) Lie « N \ ’:{:t?f d t
Y. = (X +24 7/1,&1;«3 ‘
5 o 4

Yo

Substituting in 4,1:

"'

Bl e ?//C (A, - ; )
XA"‘ Z *"ﬂ )(3 A 1 [‘J /YGJ on
First we negleat the time derivatives xq:

Z (a,j : Y{ )X =0

The Y and x4 datermimd from this first aoproximation will be denoted by

Y’ xip i.e.5

(4’ -—4}/&1)1

Thus Y is a root of t.he equation

|6~ = |A-TI=D(F) =2

where A = (a ), I is the unit matrix and I ' means determinant = D, The

| xi are nroportioml to the eofactors of any rowy, say the k'th:
= £
Tk

8

(A1)

(4.2)
(2.2a)
(A.3)

(4.4)

(A.5)

(a.6)



where Mk ia the aofactor of the kj element in D(Y). Differentiating A.6,

’/;c f/i +M’°’/Mk

Now we uae this first approximation far the X, Xy in A.3 and £4ind

.jZ(a‘j‘“‘y‘ﬂj“ﬁ:EJ“Mkf/ ) Xy R

Yot Y= ¥ ¢+ £ | e
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The first term is zero according to “metion A5  Solving forg :

éif.M.z..g“n

é= | ¥ + TRy ]
1 / My,

Ye¥ +& ., Substituting 11, ard 6 in Squation AZ:

¢
» % avd Mﬁ, k§ &re amll guantitisss eaxoandine to lowsst ondas
£

(4.7)

{A.8)

{n.,30)

(A.11)

fi = § Moo oo 2 [J0 (s (g o 28 M, )]
S E%pif?o(ti( @T-So{é{iz %ﬁ”“/JéM“} o

Note that the factor f drops out. The result is independent of the index

ks sizine a change of k is equivalent to maltiplying by a ccomon factor £,

o O



As examples, we treat some simple cagses, (We amit comments

but label equations with their mumbers in the general deriwation).

i S S T A
X, ==~z Yx RN
)2& LN S - (3)
4 """"'\J = SR AT !
(7/=d4_a, e e

Using the minors .f thae Pirst rov iv 3

o= oo, X o2 -ad = wu [T727
WX 1 v yo 3 {(6)
K”/ﬂ . - ;j‘ ° ! “/’:“\T; E fl {\ g t 4, + L i;@{ (7)
!
- ("Jé?,“"& i 7:}2(! R~ TENP P 'e (e)
| N 242 S “9’:%5,,, t g s
J’{-‘! ;7/# ¢, - C(ilrx./f . P +“//14 4K, =0 (8a),

y 2
Fxpanding the determimant, 4. X -(4,)’-,»;.6 ¥ {4,,. G, )X{"o

,le(2.4-7)‘1%)/</ 7R .u/Q )-—,—0(10)
€= "‘[ "' "“"'dw/a _1 (11)
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Another exsmple
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Substitute for Y fran 5:
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>
ir Ci '”;5,: ::,’:3 0, the axfra term in the expoment contributes only a phase
change ., If‘é” = az.z » the extra term drops out,
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Call the root-fy and the minors M z,kj s

A<V, :r_:\=° | s
7(-1 M : (A61)
2 |
;f-l -)C MV-IN M__
L s
Substitute Y and A7 on the 1ot of A%'s &
- X 44 k
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