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Investigation of the Effect of Position of Straight Sections
with Application to the Mark V Spirally Ridged Accelerator
by
T.B, Elfe and D, W. Kerst
University of Illinois and MURA*

The purpose of this paper is to estimate the effect
of straight sections on 0"r and CF; in a spirally ridged
accelerator, For orbits of differing radii, the straight sece
tions occur at different positions relative to the positive
and negative gradient regions along the path of the partiele,
The problem is treated by testing the effect of the straight
section position in a magnet obeying a Hill's equation with the
same O_} and Cr; of the spirally ridged accélerator°

For Hill's equation, we consider the following caseso,

Case I: No straight section, Denote the transforma-

tion matrix in the focussing sector by

a b a cos 9Z
c d b= L sin HK

c -~(§5ﬁ; sin Vq
d = cos Hg
and the transformation matrix in the defocussing sector by
e 1 4 e & cosh Se
g h f=ksinhky_
g = (Tosinh YL

h = cosh 9@
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We see that the transformation matrix across a complete

sector is M, = (? g) (Z g) and Tr (IG) is

ae + bg +cf +dh, .

Case IIt Straight section between a foeussing and a
defocussing sector, One straight section per complete seetor,
The transformation matrix for the straight seetion 1s ( f) ;6 ),
where @ 1is the angle in radians subtended by the straight sec-
tion, Let M; be the matrix of the transformation in the case
where the straight section follows the defocussing seetor and
M, be the matrix for the transformation in the ease where the

2
straight section follows the focussing seetor,

M e (1 o e f a b)
0 1 g h c d

M2 - (1 e a b e £

0 c 4/ \& hy

Tr(M;) = Tr M, ¢ O (ga+hce)

Tr(M,) = Tr M_ + @(ce +dg)
So Tr(M,) = Tr(M;), since a ® d and e & h,

Case III: Straight section in a defocussing sector,
M3 & (1 9)( e, T a b <92 £,
0 1 gy h ¢ 4 g5 h2

where e f €5 f2 el fl
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aglegrbglg2+ ChleZ ¥ dhlg2 glaf2 + bgihy +chyf, +dhihy
N, 8§
3
0 0

es fy\[a b}/ e, T e; fi\[a Db\ [fex fp
|7 3 2 2] = ppug * ;

Tr(My) =& (agrey + bg g, + chyjep+dhygy) + Tr(M) = O Tr(AMN,)

<+ Tr (Mo)

Case IV: Straight section in the center of a focussing
. 1 8)/a; bj\/e £\ [a, b,
4 O 1/{cy; dj/\g h Ch d2
a b a b a b
where ( - ( 2 2) ( - l)
c d 02 d2 Cl dl

_ 9(e°1a2 + fclc2 +gd1a2+ hdqe, eclb2 + feqds + gdlb2+ hdldz)
L

sector,

0 0

™ pi\fe f)[ay B2\ _ o a; b;L) e f (a2 b2>
cq d;/\g h co dp ¢y d g hj\cy, dp

TrMy, = @ (ecya,+ feje, + gdy an+ hdjep) + Tr(My) =8Tr(A M) +
Tr(M,)

At this point, we might note that M3 and M,+ are suffi-
ciently general that Ml and M2 could be derived from either M3
or Mh_., For example in M)y 1if we let the .str:ighglsec:ionb
move toward the end of the focussing sector, Y

<°1 d1> (c d



- T MURA=TBE/DWK-1

a, b2 30 l 8\/a b\/e f
and = Thus, M becomes o
— y
ol 5 i 4 0 c d/\g h

2 2
This is merely M. However, the simple nature of Ml or M,

makes it somewhat impractical to ignore Ml and deal with the
more complex M3 or Mh°

We shall now investigate the effect of adding more
straight sections, In Case V, we shall consider the case where
there are two straight sections per complete sector. One will
be encountered when a particle passes from a focussing to a
defocussing sector, and the othere will be encountered when a
particle passes from a defocussing sector to a focussing sector,

If we had started at a different point to writelﬂlg
we would have

= (S0 o)-emee(C 25 )

Since Tr(Mp) = Tr(iy), Tr(AM{)s Tr(AM,)

[t e\, 1 g 0
i l)(Ml): g Mepls i T

2
which 6 o
M' + M
=<o 49) ar i,
1r 62 %o,
~ |1 :
M5-90 A Mo+ M,

So Tr() & Tr( A M) + Tr(My)

= g(rr (AM;)) 4 Tr (M)
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Case VIt Straight seections in focussing and defocussing

sectors, Similarly to the developmernt in case V, assume that
we had started at a different point to write M3,
L8 (al bl)(62 f2) (1 9) (el fl)(az b2>
3
¢y d;/\ 85 h2 | L | gl hl 02 d2
b b 4 b
e oau' 4 [ 2 1\(9 )(‘2 2)
3 % dl £ A o, d2

Again, since Tr(MB) a Tr(M_%), Tr(AM3) & Tr( AM§)

1 6
M6 8(0 1) (M§)

66
‘(09>A o R e

Again making the approximetion that 6? & 0y we
have

Tr(u)F Tr( 6 AMY) + Tr(OAW,) + Tr(M )
S Tr(64 1) + Tr(64N,) + Tr(i )
3 " o

For Mark V we have Laslett®s linearized equationss

a® v 2 £ £2
4 92 ¢ (k ¢ l;‘x'z';]'é ’ K cos(N& ) *2—FI\?§-COS(2NG) YW 0

a2z £° £ £2

5 ¢ (=k +2—ﬁ2— "X cos(N@) -W cos{2N@))Z 2 0

d &
where the V motion is radial and the Z motion is ver-

tical, So for these parameters:
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k = 150
2.s 12,3
s 6o2

N& 37
fh = 504

fa 25

a°v
) +‘{57 * 50"‘“ COSNQ ¢ 9300521\]’@ } V 8 0
é

a2 2z
a B°

t {»57 - 504%cosN& =93 cos2N9} Z a0

We want to substitute Hill's equations for these equa=-

tions with about the same Q-—r

results on straight sections can be applied to these imitation

and g— so that the previous

Mark V equations, We ignore the second harmonic because the

2
- 0o A
smooth approximation says £ ¢ 2 232 is the force constant,
z12J<N

This means that the contributioﬁ’ of the second harmonic is less
than 1%, This would give us approximately

a2 v {)ﬂé}
— $4-300 ( V=0
da &

i z 416
Z =0
2 02 Y4300 °

Using the Wayne Tables, we see from this that we should

change to the following parameters so that 0-r~ 2'7"/3 and

— ~ 3

a2 v + 386

3 Ve 0O
a © " ) 300



a° 2 »386 ok
a 82t )4 300

This gives
Y, =308, =300 __% = B4,2°
m .
(’Vz’ﬁﬁ-%538‘ —3':7' '9507‘
g = 19°
0 = 56.6°

Using these values, with one straight section pew
scmplete sector
7 & A M) = - G (48,34)
If the straight section is 20 cm, long, and the machine radius
1s 10* em., then & = 20 x 107%,
0, =22.2°

yl' 2 12,59

Tr({ & A u3) 2 - O(250)

0, 3 120,65°

Z)r 2 12,40
(O AN =-6(3.5

O_;} & 1190230

2/, % 12,28



For Z oseillations,
™4 "1)

T
2),5 8 6,16

bk 6 (k‘aoS)
59.95°

Tr(6 4 33) B = 7,708

T & 57.13°

Z) = 5.87
r( $4K) = <71

go = 57.08°

ﬂ 8 5,88

(]
Nowg in the ease of two streight seetiions per come

plete seetor, for ralial oscillations
G"; B 1250560

N

) 2 12,9
Trl © A M) 8 «(3.,54 2%:0) @
g ® 120,88°

Z) = 12,1

For vertical osecilletions
Tr{64 M 5) 8 «{h2,3)28
o, @ 62.23°

Z) 8 8.4
z
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=(7.7% ¢ 7.1} 6

r3
H
.
®
[+
=

O\\J
8t

4]

% g

Z) = 5,93

We see that, unfortunately, we cross half-integral
resonances ror the radial oscillations and integral resonances
for vertical oscillations. It would be nicé to find a way of
changing machine parameters for certain radii such that CT‘;
and O‘; would not vary over such a wide range, However, if we
control Cr; by lowering k, we make the variation QECT_E worse,
It might be possibley, however, to remedy this by also making

a small change in the AG term,



