
·. 

,· 

MASTER 

OFFICE OF NAVAL RESEARCH 

Contract No. Nonr 1841 (23) 

Project NR 019-618 

TECHNICAL REPORT NO. 2 

ON THE CALCULATION OF PROPERTIES OF GASES 

AT ELEVATED TEMPERATURES 

by 

I. AMDUR 

DEPARTMENT OF CHEMISTRY 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY 

CAMBRIDGE 39, MASSACHUSETTS 

and 

J. ROSS 

DEPARTMENT OF CHEMISTRY 

BROWN UNIVERSITY 

PROVIDENCE 12, RHODE ISLAND 

August 1, 1958 

4G5 001 



DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



.: 

ON THE CALCULATION OF PROPERTIES 

OF GASES AT HIGH TEf'.·lPEMTURES 

I. Amdur 

.J. Ross 

Reproduction of this report in whole or in part 
· is permitted for any pu~ose of the United States Government. 



On the Calculation of Properties of Gases at Elevated Temperatures·K· 

I. Amdur.; Department of Chemistry, Massachusetts Institute 
o:f Technology, Cambridge, Massachusetts 

and 

J. Ross, Department o:f Chemistry, Brown University 
Providence, Rhode Island 

Abstract 

The role o:f the potential o:f intermolecular force in determining 

properties of gases at elevated temperatures is discussed, and the 
I 

following points are emphasized. 
. . . . 

a. The calculation of accurate values of such properties requires 

potential parameters which are valid ~t interaction distances which are 

important at the t~mperatures in question. 

b. Extrapolation of.potentials.obtained from low temperature· 

pr?perties for calculation of high temperature properties is, in general, 
. . . 

not justified, and leads to values of transport coefficients and second 

virial coefficients which differ considerably from those·calculated 

from potentials based on the elastic scattering of high energy molecular 
( 

beams. 

c. The high temperature range in which such beam potentials are 

useful, is not determined by the kinetic energy of the beam particles,. 

but by the small fraction of this energy which is converted into potential 

energy in the scattering process. 

For purposes of illustration, coefficients of viscosity and self-

diffusion, isotopic reduced thermal diffusion ratios, and second virial 

coefficients for helium, argon and nitrogen at 1000°, 5000° and 15000~ 

have been calculated from extrapolated potentials, Lennard-Jones (12-6) 

and modified Buckingham (exp-6), and from beam pot~ntials. 
I 

*This work was supported in part .by the u.s. Office of Naval Research under· 
Contract Nonr 1841(23) and in part by the Office of Research of the Atomic 
Energy Commission. 
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2. 

The prediction of equilibr:i.um a.nd non-equ:i.librium nia.croscopic proper-

ties of matter from appropriate statistical mechanical theories and suffi-

cient infonna.tion of the molecular constituents (intermolecUlar forces, 

spectroscopic constants, etc.) has attracted much attention in the pa.st 

decade.(
1

) a In particular, attempts have been made to obtain.thermodynamic 

and transport properties at temperatures and densities which~ for the most 

part, are not readily accessible to experi:~nent, for instance, properties 

of gases at extremely high temperatures. 

It is th~ purpose of this article to comment on the choice of inter-

molecular forces.for such computations, and the inf:J_uence of 'this choice 

on the numerical results. The. illustrations given, limited to several 

transport coefficients and the second virial coefficients for non.-pola.i-

gases, may serve. as indications of the reliability of past and future 

calculations in this field. Although available statistical mechanical 

theories which relate the molecular properties of a system to measurable 

quantities have distinct regions of applicability which may be, and indeed 

have been, exceeded, the effects of suchmisapplications are not discussed 

.here. 

Potentials of intermolecular force betwe~n atoms or molecules may be 

determined by three methods: (1) a priori calc.ulations based upon solu­

tions of.the SchrBdinger equation;(
1

) (2) interpretation of mol~cular 

scattering experiments;( 2 ) and ( 3) ded,uction from .macroscopic measuremen~s 

with the aid of a statistical mechanical theory.< 1
) a The determination of 

the intermolecular potentia~ by the first two methods requires only the 

laws of quantum mechanics or classical mechanics.(
3

) This theoretical 

simplicity, unfortl)I1ately, is difficult to exploit in,pra.ctice. Except 

/ 

for a few very simple atomic systems exact a priori calculations of 



intcrmolcctllnr potentials are beyond the cupaci ty of the most advanced 

'electronic computers, and molecular scattering experiments,. although 

done, .are extremely complex. 

The third method has been· used extensivel~ despfte~ :£he fact :that · ' 

many macroscopic properties are not particularly sensitive· to the choice 

of intermolecular potentials. The determination of intermolecular 
. .. 

potentia~s follows this procedure: (1) a transport.or:equilibrium 

property is determined as a function of tempE:!rature ih. a given, finite 

temperature range; (2) an· analytic form is' assumed .for· th~ inter:.. 

molecular potential and the property urider consideration .is evaluated 

a priori with the par:ameters in the potential function as required by 

a stati:stical mechanical· theory; · ( 3} t~e be$t pararrieters are chosen 

on comparison with the experimental results. In Appendix· I eJtpres.sions 

are given for some properties to which this procedure may be appiied: · 

the coeff.icients of viscosity and self -diffusion; the isotopic reduced 
. . . 

thermal. diffusion ratio, and the second virial coefficient. 

The cqnditions to be met by a generally valid intermolecular po-

·tential for a given system are clear. In principle, al:l thermodynamic 
. . 

and transport quanti ties should be determined by such a potential 

(together·with other molecular.properties, if necessary) ·at all tempera-. .. . . 

tures and. densities, with a single set of parameters in. the. potential 

function. ·To realize· this·it is essential to·haV:e•eXtehsive knowledge 
' . . •.' ... 

of the proper analytical form of the potential. Although the· quantum 

theory·provides a reasonably adequate answer to this problem for the 

·interaction leading to attraction between molecules (London dispersion 

forces) equivalent inf'onnation has not been obtained for repUlsive 

forces. The inadequa.Cy o:f simple forms of the intermolecular potenti~. 
I 
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such as the Lerm~d-Jones potential may· be illustrated as follo~m. 

Suppos~ an estimate of·the parameters of the-Lennard-Jones·potentiaJ. 

(Appendix II) is obtained for a given system from data on the second 

virial .coefficient in a tefu.perat'Ul:'e :range T2 - T1 • If this range is 

l \ 
not too ,la.rg€!-4 ' a ~ingle s~t of parame:ters will sUffice to reproduce 

the mea~ured Values to ·vTithin.e:kperimental error; (generally of the 

order of. 1% .• ) If,_. how-eyer-, the temperature .range 'is ·extended it 

becomes necessary to _ascribe an apparent temperature dependence ~b -· 
. . 

the potential Paxam~ters, namely, ·more than one ·set is nec·essa.ry to 

reproduce prope:r;-ly ·the :original mea~urements·. . Furthermore, the 

prediction -of oth~_r· macroscopic properties, for· instance, s·erf:.. 

diffusion coeffici~nts, is.not as·satis.factory as with potential 

·Parameters Y_Thi.~b ·>•ere origi_naJ:ly ·determined from self-diffusion· 

measurements. 

The con_clusion~ are evident: Information ~·molecular properties 

gleaned from measurements of transport or second virial coefficients 

sbo.uld be v:ie:wed as intermolecular potentials .of -~ very restricted 

kind. which _may be used ·with ~ confidence ~ interpolation devices 

f-or predicting the ·property ·from which they~ derived.. They may be 

.. -used ~ .an interpolation device ·for predicting ·other properties with 

varying degrees .of -success depending o~ the. analytical form of the 
--=-----·· = . - . - -- --- -- --

potential, the number of parameters, and the specific properties in-

volved. 

The equa~ions -J,.i.st~d in Appendix I· appear to· shovr that all por-

tions.of the potential. function contribute_ to the calculation of the 

transport and tl;lermodyn~c coeffieients at :all temperatures.- This 



· is.literaJ.ly true, but it is apparent on closer inspection that a coeffi­

cient at a given temperature is dete:nnined essentially by a limited. 

region of the potential. Although there i9 no direct correspondence be­

tween a temperature and an intermolecular distance, at low temperatures 

the potential of forces of attraction contributes to the macroscopic 

behavior, whereas at sufficiently high temperatures this region of the 

potential is completely unimportant. Conversely, measurements of macro­

scopic properties at low temperatures yield information about potentials 

of fqrces of attraction, whereas measurements at high.temperatures can 

be interpreted by a well defined potential of repulsive forces combined, 

in some cases, with a variety of potent~als of attractive forces. This 

shows that if potential functions have been determined from measurements 

in one temperature interval, their use for predicting properties outside 

thi~ temperature interval will lead to errors, except for rare; fortuitious 

co~ncidences. Stated in other terms, the use of the intermolecular 

potential,~·~ extrapolation device will lead to unreliable results. 

To s.1;1pport the above contentions, the coefficients of viscosity 

and self-diffusion, isotopic reduced thermal ~ffps~,C?,IJ. ratios, and 

second virial·coefficients for helitim, argon and n~t.r,qgen (Tables I- III) 

hav.e been calculated as a function of temperat;ure.. ·Tbree potential 

.energy functions have· been used: (1) a Lennard-Janes (12-6) potential 

evaJ..uated f;rom measured transport properties in a temperature interval 

near room tempera;t.ure; ( 2) a modified Buckingham ( exp - 6) potential 

evaluated from various :bulk properties· below 1000°K; and (3) a potential 

derived from the interpretation of experiments on the scattering of 

molecular beams. The analytic forms and the parameters of the potentials 
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6. 

· are given in Appendix II;· thE! thr.ee potentiaJ..s for the argon system are 

shmm graphicaJ.ly in Fig. I, and nuniericaJ. vaJ.ues at selected separation 

distances are given in Table. V. 

·Of the three potentiaJ.s, that derived from scatteri·ng experiments 

requires fur·t;her comment. The description of a molecular beam apparatus 

for the study of scattering of neutraJ. atoms and molecules 1 th~ measure-

ments of totaJ. collission cross-sections as a function of velocity, and 
' . 

the intermolecular potential deduced from these experi~ents have been 

reported in a series of articies~2) ·A potential function representing 

repulsion invariably accounts adequately for the observed scattering 

cross-sections. The range of applicability of the potential. as an in­

terpolation device can be inferred approximately from a simple rule, as 

shown in· Appendix III. The accuracy of these :Potentials is of the 

order of 20% as estimated from internal consistency and comparison with 

quantum mechanical calculations}~jd as·well as with potentials deriVed. 

from ~~asurements of thermodynamic functions at high temperatures. 

Some pertinent conclusions may be deduced from the calculations 

presented here. Fig. I and the entries in Table lA show that appropri-

ate potential functions may differ significantly from "extrapolated" 

potential. fUnctions;, (An "extrapolated". potential function is one 

determined from properties in one temperature interval corresponding 

approximately to a given range of intermolecular. distance, which has 

been extrapolated to another range of distance corresponding to a widely 

different temperature interval.) For example, the Lennard-Janes 

potential for aigon<·.de~ermined from the temperature dependence of the 

viscosity as a function of temperature from 86°K to 300°K, differs 

00'1 
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7. 

from· the potential de:d ved from molecular beam .experiments in its app:r:o-
o . : ' . . .. 

priate ra.nt?;e (2.18 A ~ r ~ 2.69 A) by as much as a factor 'of seven·.· 
. • .. 

Errors of this orc:ler of ma.gni tude in interinolecular potl:mtiB.ls· are' 
' . 

not reflected direc'tly as errors of equal order in the same macroscopic 

propert'ies.;.' .For instance, comparison of viscosities of argon eval.uat~d 

from the t~o potentials cited;. Table ~II, shows a maximum deviation of· 
.. 

only 27%. ·The calculation of quantities such as vibrational relaxation 

t:iiDes ,(s>reaction rate constants, and:barriers to intramolecular rotati,~h'6) 
. . . 

may be more sensitive to the choice of intermoleccl.ar ,Potential. 

As suggested in the introductory paragraphs, :t-he present discuss~on 

has been in the nature of· a guide for those interested in calculating 

properties· .of gases at high temperatures'- or in assessing the usefuln~ss 

of such c~culations made py others.'.· No ·att~m:r>t bas been made to· . . ,, . . . 

present a complete review of the very extensive literature associated 
.. 

with topics mentioned in the discussion, or to repeat deri:vations of 

fundamental relations which can be readily found elsewhere. 

465 oos 



Tables I - Ill. High temperature gas :properties 

Temp l04 [nh 104 p[D11 ]1 
... 

(~]~. ~(T). 

OK g cm~1 sec-1 g cm-1 se6.-1 cc mole-1 

i2-6 ex:p-6 beam 12-6 ex:p-6 beam 12-6 ex:p-6 beam· 12-6 exp-6 been 
.. 

I. Helium 

1000 4.3 4~4- 4.4 5.9 6.6 6.4 . 0.57 o.42 0.33 10.0 9.1 17 •. 0 
~ 
en 5000 12.3 

__ ,;,.* 
16.3 16.9 ---* 24.4 ·o.54 ----* 0.33 8.0 ---* 7.6 

CJ1 
25.6 41.0 15000 ---* 35.2 ---* . 61.5 0.54 

_: ___ * 
0.33 6.o· 4.3 

."':") II. Argon 
0 
<.::; 

1000 5.4 5.4 5.6 7.1 7.3 8.1 ·0.56 : 0.5_1 0~41 20.9 21.2 48.6 

5000 15.2 15.6 18.6 20.6 21.7 26.6 0.57 . 0.50 o.41 26.1 24.6 27.2 

15000 30.7 33.2 42.0 42o0 47.4 60.1 0.57. 0.50 0.41 22.8 20.3.· 18.3 

III. Nitrogen 
.. 

1000 4.0 4.0 3.8 5.-4 . 5.3 5.5 0.57 0.58 0.35 29.4 31.3. 70.1 

5000· 11.5 11.2 13.2 15.6 15.1 19.1 ·0.57 o.6o 0.35 31.7 32.1· ;· 36.1 

15000 .23.1 ----* 30.9 . 31.7 ----* 44.8 0.57 ----* 0.35 27.1 ----* 22~9 .. 

*Values of collision integrals and reduced second_virial coefficients have not been tabulated for values ofT* 

as large as those require9- for these entries. 
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Table v. Magnitudes of' various. potentials f'or the argon system 

Lennard-Jones 
( 12--6'). 

Modif'ied Buckingham Beam· 
( exp.:6) . K/r5 ,, 0 

. ¢( r )x1015' r, A ergs· , -0 

· :¢( r )x1015, . o. 

¢(r )xl015 '· r, A ergs r, A' ergs· 
( 2.18) (14lio} ·. (2.18) .. (4819) 2.18 2058 
( 2.60) (1473) . (2.60) (935) 2.30 l3iT 
(3.10) (98.2) 3.10 . ·. 93.6 2;.43 833 
3.60 -13.4 3 .. Go -12.0 2.55 558 

3.837 -17.1 3.866_. .. -11· .• o . 2.69 . 357 ;• 

4.30 -12.9 '4.30 -13.1 

4.80 - 7.76 
.. ' 

"4.80 7.69 
,.,. -

5.30 - 4.41 

VaJ.ues in pa.:rent~se h~ve been extrapolated be;0ond. the .estimated range 
~ : • i • . . •. . • .. . ' .. ' 

of' vaJ.idity of' the parameters listed in: Tabfe 'IV. 

. . ~ . " : 

. ~ ' ~. ' . . 
: .. 

! . . '. · .. 

. ,· 

4G5 010 



10. 

Appendix I 

A. The expressions, to the :first approximati.on, for the coefficient of 

viscosity~ [T)h, the coef~icient of self:..diffusion, [Dl.1h, and the iso­

~opic reduced· thermal diffusion ra:tio, ,·r~h, as. obtcdn~d from solutions 

of the.Ma.Xwell Bolt~mann equation of transport for dilute gases, are as 

follows: 
·. ~ MRT 1 / 2 . 1 

[ ll h = 16N ( 7) -r2-.ll---...( -2 ,..:.2:,.).,.,...* {-T*-) 
m 

1 

[k*j
1 

= ~ {6C* 5)· 
.T lo · A* 

·where 
. \ 

e -g*2/T* g* 2n+3 Q ( .e ~* g* dg* 

00 

( 
Q{ .e)* = 2 

[1 - 1 + ( -1)~ 
2(1 + .e) 

j {1 - cos.e ft._ ) b* db* 
) 
0· 

00 

1., {g*, b*) = 1f - 2.b* J [1 - b~:/r*2 - ¢*{ r* )/g*.2] -1/2 d.r*/r*2 = .. · 
r* ·o 

relative angie through which initial relative velocity 
is turned by collision 

A*= _~-1 (2,2)*(T*)j_rL(1,i)*(T*) 

C* = .11. ( 1' 2 )(T*) I .Jl { l. 'l. )* ( T*) : 

. T* = kT/E = reduced temperature 

-E = minimum value of intermolecular potential 



gX·2 = 1/2 IJ.g2 /c:. (g = inittaJ. relative speed arid~ = reduced mass of 
colliding particles) 

b* = b/r = reduced impact parameter . m . ' , 

r = separation distance at which intermolecular potential is a 
m minimuni · · · ' ' ' · · · · · · · · 

~-( r*) ·=:' .. ¢( r)/€ = reduce(j. inte:dnoiecular pbtentia.l 

r* = reduced distance of closest approach ~ smallest positive root 0 .... 

· of [1 - ¢*(r*)/g*2]l:-*2 = b*2 · 
·: '·. . . . 0.:. . 0, .. : 

N = Ava.gadro 1 s nnrob~r. 

M = m<?lecular weight_ 

T = absolute· temperatu:r~e 

R = gas constant per mole 

k = gas constant per molecUle 

p = mass density of molecules 

B. The second virial coefficient is related to the .·potential. of 

intermolecular force by the equation 
()() 

B*(T*) - l.. J· .. 3 d ¢*:.( r*) = T* r* dx:* ·. 
~¢*(i*)/T* e d.r* 

0 
()() 

= - 3J r*2 [e -¢*(r* )/T* - 1] dr* 

0 

where. 
'.'· 

B*(T*) 

:·. 

465 012 
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Appendix II 

The Lennard-Jone {12-6) potential has the anaJ.yticaJ. f'onn 

¢(r) = E[(r /r) 12 - 2(r,/r) 6 ] m m 

and the modified Buckingham (exp-6) potential has the form 

¢(r) = 1 _ \Ja. { 6/a ~xp[(l - r/rm)_l- (rm/r) 6 } . r ~ ·r~a.x 
¢(r) =.oo r £.. r 

- max 

12. 

where. E and rm are parameters which specify the magnitude and position 

of' the minimum potential. e~ergy, a is a parameter which penni ts varia-· 

tion of' the steepness"of' the repulsive portion of'. the potential, and 

r i~· the value of' r whe~e ¢( r) has a (spurious) maximum. The paten-max . . 

tia!s derived from scattering experiments are represented by 

where K and s are. parameters. The values of' the parameters used in · 

the calculation of [T)h, [D11 h., [~h, and B~T) are given in the follow­

ing table •. 

Table IV. Numerical ·values of' potential parameters 

System E/k 

Helium 10.22 
9.16 

Argon 124 
123.2 

Nitrogen 91.5 
101.2 

r a 
Ill 

It 

2.891 
3.135 12.4 

3.837 
3.866 14.0 

4.132 
4.011 17.0 

·4G5 013 

K/k s 
OK-AS 

5.47J -j( io4 

9.B55 X 106 

6.911 xl06 

Source 

(l)a 
(7)a 

· ~l)a 
7)b 

. 2)c 

!l)a 
7)b 
2)d 



Appendix III 13. 
.. 

'l,he very lim:i.tcd region· of the intermolecular potcn·t'iul vrhich in-

i'luences properties of gases at given temperatures can readily. 'be: in-

fer-red· from ·the following· analysis based on material previously. pub-· 

lished· by. LeFevr~ .{f3} 

It will be as·sumed· that at very l'ii"gh temperatures· the potential. of·' 

intermolecul:ar· force .may be represented by· ¢fr.I·= K(rs· =·· E(r;jr}s 

'1-rhere· E' and rm· are now tO" be regarded, merely as·· energy and distance· 

parameters vrhich, together'vtith· s·,. characterize· the: potential.. For·a 

potential of this form the reduced collision integral _n_ ( 2 '
2 )·* (T*} may 

be written 

ry:{ 2·2)*· · · · . / · 
· -L L . ' ' . (.T*·) · = H' 

0 
(~.s ) /T*2 · S. 

so· that oo 

. W 
0 

( s} = 1{T*<+2js J e ~e;*2/T". g*2n+o 

. . 0 . 

00' 

[" (sin2 "j(Lb'< dli*] dg* • 

.J. 
0 

(1)· 

(2) 

.- r . 
Le Fe\Vre: and othersi9• have· _evaluated H

0
(,'s r for· selected. values· of s from 

2 where H. (2)' = 1.0557 to: oo 1-rhere. H (CJO).: = 1.,. so· that ·for the• present o · o· · 

purpose H
0
(s} maY be set· equal tb unity for all values of' s. In addi-

tion; f'or'ha.rd spheres f'or 1-1hich s·~·oo,. T*2/s = 1 so that.L\.:.(·2 ' 2 )*(T'*) = L 

If :1 there:fore, for any·vaiue of' TX··. 'fe· set 

by def'iriition it· f'ollmrs·. that Rr· is the· equiva.J.:ent hard sphere 
m 

(3) 

diameter 7 CJb, which~ at a ·given temperature, gi'.ve.s: the: s.rune· value. of 

the viscosity as the actual inverse povrer · potenti'al:. From Eqs •. (:2); 

and ( 3) it. f'ollovrs directly .. that 

T* = lr:.T/€ = [yH0(s). / R]
5 =· ('l/R)

5 = (rm/o0 )
5 C4r 



or, ::;j_nce ¢( ~) ::: :E( rm/r ) 8 , 

kT = ¢( cr0 ) ,• ( 5) 

lh. 

Equ:=ttion ( 5) states _that, to the extent. that VT 
0 

( s) may be set· equal· . 
. . 

to u..~i ty, ·for ¢(r) = K/r
5

, at sufficiently high temperatures, it j,s ef-

_fectively the .·single vaJ.ue· of the pot~ntiaJ. energy correspo.nding to 

¢( r) _at r = t1o th~t ¢ieterrnin~s the magn.i tude of the c_oefficient ~f vis­

cosity a:t the temperature .T. Thus, at 1000"1<:~ a potential. energy of 

.about 0.1 ev: (leterrnines the magnitude of the viscosi~y, and at 10,000"1<:, 

a potential. energy of about 1 ev. In experiments on the scattering of . . . : 

high velocity neutral particles; it is the range of the derived poten-pial energy, 

not the kinetic energy of the beam particles, which fixes the range of 

temperature for which gas properties may be calculated . justifiably. 

For .example, if:·beam part~cles with kinetic en~rgies in the range.lOO ev 

to 1000 ev are elastically scattered through a relative angle of' the 

order of' 10-3 r~ians, the deduced interaction potentiaJ.s for the. dis­

tance of closest approach_will be in the range of 0.1 ev to 1 ev. The . . . . . . . . . 

appropriat~ temperature range corresponding to this range of potential. 

energy will b~ 1000"1<: to 10,000°K, and not temperatures (which would 

be about 1000 times larger) incorrectly associat.ed with the beam 

energies. 

The relations based OJ1: an. inverse Pol·rer potential and applied to 

the coefficient of viscosity, are very nearly the same for other po­

tential forms a:ppl.ied to viscosity and other gas properties at elevated 

temperatures. 

465 015 
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Fig. 1. Various intennolecular potentials 

for the ·argon system. Dashed portions of'. 

the curves represent extrapolations corre~ 

spending to parenthetical ·values in Table V. 
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