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On the Calculation of Propcrtlos of Gases at Elevated Temperatures*

. Lo Amdur; Department of Chemistry, Massachusetts Institute
of Technology, Cambridge, Mas achusetts

and

J. Ross, Department of Chemistry, Brown University
Providence, Rhode Island

Abstract
brThe role of the potential of intermoleeular force in determining
properties of gases at eievafed temperatures is diseussed, and. the
following points are emphasized. h

a. The calculation of accursﬁe vaiues of sueh properties requires
potential paremeters wﬁich are valid at iﬁﬁeraction distances which are
important at the teﬁperateres in queséien.

b. Extrapolation of,pofentials'obtained from low temperature-
properties for calculatlon of high temperature properties is, in general,
not Justlfied and leads to values of transport coefficients and second
virial coefflcients whlch differ considerably from those calculated
from potentials besed on the elastic scatteriﬁg of high energy molecular
beams, | |

c. 'The high temperature range in wﬁich sﬁeh beam potentials are
useful, is not determined by the kinetic energy of the beam particles,
but by the small fraction of this energy which is”converted into potential
energy in the scattering process. | |

For purposes of illustratioh, coefficients of viscosity and self-
diffusioh, isotopic redueed thermal diffusion ratios, and seeoﬁd virial
coefficients for helium, argon and nltrogen at lOOO°, SOOO° and 15000°K
have been calculated from extrapolated potentials, Lennard~Jones (12-6)

and modified Buckinghem (exp—6), and from beam potentials,

*This work ﬁas supported in part by the U,S. Office of Naval Research under’
Contract Nonr 1841(23) and in part by the Office of Research of the Atomic
Energy Commission.
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The prediction of gquilibrium and non-equilibrium macroscopic proper-
ties of matter from appropriate statistical mechenical theories and suffi-
cient information of the molecular constituents (intermoiecﬁlar forces,
spectroscopic constants, etc.) has attracted much attention in the past
decade. (2 ) & In particular, attempts have been made to obtain. thermodynamic
and transport properties at temperatures and dens1t1eo vhich, for the most
part, are not readily accessible to experiment, for instance, properties
of gaées at extremely high tempgratures.

Itiis the purpose of this article to comment on the choice of inter-
molecular forces for such computations, and the influence of 'this cholice
on the numericel resulfs. The,i;lustra£ions given, limited to several
transport coefficients and the secqnd virial coefficients for non~polar
gases, may serve. as indications of the relisbility of past and fufure
calculétions in this field. Although available statistical méchanical
theories which relate the mqlecular properties of a system to measurable
quantities have distinct regions of applicability which may be, and indeed
have been, exceeded, the effects of §uch‘misapplications are not discussed
here.

Potentials of intermolecular fofce between atoms or molecules may be
determined by three methods: (1) é'priori calcylatiqns based upon solu-
tions of the SchrBdinger equation;(l) (2) interpretation of molecular
scattering experiménts;(z) and (3) deduction from macroscopic measuremen£s
with the aid of a statistical meghanical theory.(l) & The determination of
the intermolecular potential by the first two metﬂods requires only the
laws of quantum mechanics or classical mechanics.(?) This theoretical
simplicity, unfortunately, is difficult to exploit in,practice. Excépt

: ' _ '
for a few very simple &tomic systems exact a priori calculations of
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intermolecular potentials are beyond the capacity of the most advénced
‘electronic cbmputers,'and molecular scattering experimenfs,lalthough
done,,are extremely complex.,

The third method has been used extenSiVeiy;desﬁiteffﬁe’factfthét ‘
" many macroscopic properties are not particularly,sehsitive'to the choice
of intermolecular potentiels.,_The determinetion ef intermoiecular

potentials follows this procedure: (1) a transpoft.qreeqniiibfium

p;operty.is‘determined as a function of temperaﬁureuin.a:giﬁen, finite
temperature range; (2) an analytic form is*assUmed.fofithe inter-
.molecular potential and the property under eoesideratioejis=evalua£ed
a pfiori‘with the parameters in the petential function as reqﬁifed by
a statistical mechanical;theory; -(3) the best paranieters ‘are chosen
on comparison with the experimental reeﬁlts; In AppendiX‘I‘exPressions
are given for some properties to which this-procedure mayAbe applied:
the coeff1c1ents of viscosity and self- -diffusion; the isotopic reduced
thernml dlffu51on ratio, and the second virial coefficient,

The cqnditions-to be met by a generally valid intermoleCUlar;po-,
.”tential for a given system ere clear; In principle, ail thermodynamic
and transport quantltles should be determined by such a potential
(together w1th other molecular properties, if necessary) at all tempera- 4
turee end densities, with a single set of parameters ;n,the.potentlal
function,‘ To fealize~this;it is essentialuﬁo;heYeﬁeXtehgiee knowledge
of the proper analytical .form of the .potentiai. '_‘Aithdugh the quantum
theory provides a reasonably adequate answer to this probleﬁ for the
interaction leading to attraction between moiecules (London -dispersion
: forceé) equivalent information has not been obteined:for repu1eive

forces, ?he inadequacy of simple forms of the intermolecular potential;
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such as fhe Lennard-Jones potential may be illustrated as follows.
Suppose an estimate of- the pafameters of the.Lennard-Jones potential
(Appendix II) is obtained for‘a given system from data on the second
virial coefficient in a tefperature range Tp - Ty. If this range is
not too largég)a,single set of parameterSAWill'suffice to reproduce
the measured values to within experimental error’ (generally of the
order pf_l%,) .If, however, the témperatureﬂrange'ig'extehded it
becom?s necessary to ascribe an apﬁarent temperatufe dependence to -
the potential parameters, namely, more ﬁhan one set is necessary té
reproduce properly the :original measurements. - Furthérmore,‘the
prediction .of otherrmacroscopic~pfoperties,‘for~instahCe,ISEIf;
diffusion coefficients, is . not as:satisfactory as With‘poteﬁtial
.parameters Which-werg originally -determined from self-diffusion’

measurements.

The conclusion$ are evident: Information on molecular properties

gleaned from measurements of transport or second virial coefficients

should be viewed as intermolecular potentials of a very restricted

kind‘whichAmay'Bg used with some confidence as interpolation devices

for predicting the -property from which they were derived. They may be

.-used as an interpolation device for predicting .other properties with

varying degrees.gﬁwsuccess depehding on the.analytical form of the

potential , .the number of parameters, and the specific properties in-

volved,
The equations listed in Appendix I appeer to-show that all por-
tions, of the potential function contribute to the calculation of the

transport and thermodynamic coefficients.at ;all temperatures. This
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“is literally true, but it is apparent on closer inspection that a coeffi-
cient at a given temperature is determined essentially by a.limited-
'region of the potential. Although there is no direct correspondence be-
tween a temperature and an intermolecular distance, at low temperatures
the potential~of forces of éttraction contributes to the macroscopic |
behavior, whereas at sufficiently high temperatures this region of the
potential is complétely unimportant. Conversely, measurements‘of macro-
scopic properties at low temperatures yield information about potentials
of forces of.éttraction, whereas measurements at high temperatures can
be-interpreted by a well defined potential of repulsive forces combined,
in some cases, with a variety of potentials of attractive forces. This
vshows that if potential functions have been determined from measuremeéents
in one temperature interval, their use for predicting properties ocutside
this temperature interval will lead to errors,.except for rare, fortuitious

coincidences. Stated in other terms, the use of the interﬁolecular

potential:§§<§2.extrapolation device will lead to unreliable results.

To. support the above contentions, the coefficients of viscosity
and self-diffusion, isotopic reduced thermal diffusion ratios, and
second virial coefficients for helium, argon and nitrogen (Tables I - III)
have been calculated as a fuﬁction of temperature. Three potential
energy functions have been used: (1) a Lennard-Jones (12-6) potential
evaluated from measured transport properties in a temperature interval
near room tempersture; (2) a modified Buckingham (exp - 6) potential
evaluated from various bulk properties below 1000°K; and (3) a potential
derived from the intérpretation of experiments on the scattering of

molecular beams, The analytic forms and the parameters of the potentials



6.'

“axe given in Appendix II;; the three potentials for the argon sysﬁem are
shown graphically in Fig. i, and nﬁmérical values a£ selected sepaiation
distances are given in Table V.

Of the three potentials, that dérived from scattering experiments
requireé further comment, The description of a moleéular Beam apparatus
.for the study of scattering of neutral atoms and molecules, the measure-
ments of total collission cross-sections as a function of velocity, and
the intermolecular potential deduced from these experiments have been
reported in a series of articlés!é)'A potential funection representing
repulsion invariably accounts adequately for the observed scattering
cross-sections. The range of applicability of the potential as an in-
terpolation device can be inferred approximately from é simple rule, as

~ shown in Appendix III. The acéuracy of these potentials is of the

order of 20% as estimated from internal consistency ahd comparison with

quantum mechanical calculations}l)d as well as with potentials derived
from mgasurehehts of thermodynamic functions at high temperatures.

Some pertinent conciusions may be deduced from the calculations
presented here. Fig. I and the entries in Teble 1A show thét appropri-~
ate potential functions may diffef significantly from "extrapolated"
‘potential functions: (An "extrapolated" potential function is one
deteérmined from properties iﬁ one temperature interval corresponding

approximately to a given range of intermolecular distance, which has

been extrapolated to another range of distance corresponding to a widely

different temperature interval,) TFor example, the Lennard-Jones
potential for argon.’determined from the temperature dependence of the

viscosity as a function of temperature from 80°K to 300°K, differs
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from the potcntlal derlvcd from molecular beam expcrlments in lto appro~

priate range (2.18 A = 2. 69 A) by as much as a factor of seven.

Errors of thls order of magnltude in 1ntermolecular potentlals are
not reflected dlrectly as errors of equal order in ‘the same macroscoplc
f?propertles, For instance, comparlson of viscosities of argon evaluated |
"from the two potentlals cited, Table II, shows & maximum dev1at10n of -
only 27%. The calculation of quantities such as v1bratlonal relaxatlon
tlmes‘ﬁoreaction rate constants, and barrlers to 1ntramolecular rotatlongﬁ,
may be more sensitive to the choice of 1ntermolecular potentlal. |

As suggested in the 1ntroductory paragraphs, the present dlscuss1on
has been in the nature of a gulde for those 1nterested in calculating
properties of gases at high temperatures, or 1n asse551ng the usefulness
of such calculatlons made by others.- No-attembt has been made to

.present a. complete review of the very exten51ve literature associated
with toplcs mentloned 1n the dlscusslon, or to repeat derlvatlons of .

fundamental relations which can be readily found elsewhere.
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~  Tables I_--III. High temperature:gas proﬁerﬁigsA

o

exp-6

——

—————F

- 0.51
0.50
0.50

0.58
0.60

=¥

: bgam ‘

0.33
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31.3°
32.1-

-

Ttean

17.0
7-6

b3

48,6
e7.2
18.3 -

70.1

36.1
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*Values of colliéion integrals and reduced second virial coefficients have not been tabulated for:values of T*¥

~ as large as those required for these entries.
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Table V. Magnitudes of various potentials for the argon system

Lenndrd—Jones,

r, A
(2.18)
(2.60)
(3.10)
. 3.60

3.837

.30
4.80

(;266)e

A‘¢(f)x1015, ergs-

(1k110) -

(1473)
(98.2)
-13.4
-17.1
4—12.9

- 7.76

-0
r, A

(2.18).
(2.60)

3.10

3.60 h

'3.866
.30
k.80

5.30

MOdlfled Bucklngham
(exp-6) .

U #(r)x1015, ergs
(4819)

(935)

+93.6

-12,0

-17.0

-13.1
- 7.69
- L.

.
r, A

- 2.18

2.30

243

K/rS

4 ¢(T)x10151‘erg3'

2058
1317
833
558
357

Values in pa:enthese;have been extrapolated beyond the estlmated rahge

of valldlty of the parameters llsted 1n Table Iv.
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Appendix I
A. The expressions to the flrst approx1mat10n, for the coefflclent of
v1scos1ty, {n]y, the coeff1c1ent of -self-diffusion, [D3;],, and the iso-
topic reduced thermal diffusion ratip,’[k%]l; as. obtained from solutions

of thelMaXWell‘Boltzmann equation of transport for dilute gases, are as

follows: .
[n]y = (MRT 1/2 -1
nh = 2_{1_(2:2)*(,1.*)
/2
[Dials = MRT 1 }.
111 ( . rZJiI;’l) ()
el _ 15 (6c* - 5)
[p)a = 75 A¥
where . - o
P B
t J .
. . 0 o
[
Q(z)* 2 y I (1 - cosz‘X_) b* db*
-1t -1): g

T(et, v = - 2ot | 11 - e /rva - L

relatlve angle through Wthh initial relatlve veloc1ty
is turned by collision :

ax = (32 (e (1530

C* = ﬂ(l;z)*(T*)/ﬂ(l,l)*(T*)i-

3

kT/e = reduced temperature

-€ = minimum value of intermolecular potential



g*2 = 1/2 pg?/e (g = initial relative speed and i = reduced mass of
collldlng partlcles) - S

b¥* = b/r = reduced impact parameter
r, = separation distance at Wthh 1ntcrmolecular potentlal is a o
minirmum

$(r*) = #(r)/e = reduced intermolecular potential

r¥ = reduced distance of closest approach smallest positive root
‘ of [l - ¢*(r*)/g*2]r*2 = b*2

M‘= molecular‘weight

‘ T = eoeolofe'ieméerature

'R = éas coneteot'pef mole.
K = gae coostent pef molechle
p = mass den51ty of molecules

B,. The second v1r1al coeff1c1ent is related to the potentlal of

intermolecular force by the equatlon

() = - ‘I}T - d_Qz_(F*ri‘l oV 4. .
s J : . ’

-3 r%g (é_¢*(r*)/T*.-_l] dr*

where -

B(T)
2/3 nNr:l

BH(T*) = = reduced second virial coefficient
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Appendix II
( The Lennard-Jone (12-6) potential has the analytlcaJ fonn
) = el /)32 - oz /r)S) |
and the modified Buckingham (exp-6) pqtentiallhas the form
#(r) I £ a. {6/a'exp[(l - r/rm)J*f (rm/r)s} oo ;;-rﬁa;
g(r) | o .

ﬁhere € and r are parameters which spe01fy the magnltude and p081t10n

- g max
of the minlmum potential energy, ¢ is a parameter whlch permlts varia--
tion of the steepness of the- repu151ve portion of the potentlal and
T ax is the value of r where #(r) has a (spurlous) maximum. The poten- |
tlals derived from scatterlng experlments are represented by ""

#(x) = k/x° -
where K and s are. parameters. . The values of the parameters used 1ﬁ
the calculation of Inly, [Dlljl, [kT]l’ and B(T) are glven in the follow-
ing table,

- Table IV. Numerical'values’ef potential parameters

System e/k r, o K/k ' s . .Source
°K R °k-A° '

Helium 10,22 2.891 . L . , 21)&
9.16 = 3.135 12.4 . . T)a
‘ .S.h71 % 10% 5.94 L
Argon 124 . 3.837 - : S . - (1)a
123.2 3.866 1k.0 , S 7)b
y 9.855 x.106 8.33 2)c
Nitrogen 91.5 14,132 o 1)a
101.2 k. o011 17.0 7)o
6.911 x 106 7.27 2)d
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The very limited region- of the in‘cemolec{xi'ar poﬁcnt’ial wnich in-
Tluences properties of éases at given temperatures can reédily be: in-
ferred fi*om 'the.fOllowihg’ana.lysi's based on material in*eviously pub=~-
lished by LeFevre {8}

It wiil be assumed that at verjr hi“gh'vte‘mperat'ure‘s; the: potént-i’ali of:
intermolecular: force ‘may be represented by §(r) = K/r® = (—:(Jc'm/r)s
vhere- € and fm~ are now to be regarded’ mérél"y- as' energy and distance:
parameters which, together: with: s,. characterize: the: ﬁotenti’alﬁ. For-a
potential of this form the reduced collision integral -Q(z"’z‘)*(‘l‘*)' may-
be written

_ _(\_(2,2)*(T*) _. w()@)’ /T*a/s" o ' (1)
sothat . -~ T e | |
TR ganka [t gin2ibx avk] dgr.  (2)

1.

' W'o( s) = 1/Txat2/s
‘ o ' o

Le Fevre: and othersl"gthave; evaluated W‘O(fs ). for selected. values of s from.
2 where W(')( 2) = 1.0557 to: « where: I-I(’)(ioo)f = 1,.so that for the present
pufposeft*fo(fsf)7" may be set equal to unity for all values of s. In addi-

tion, forBard spheres for which s = o, m*2/S = 1 so that _ﬂ_.(z,a) (T*). = 1.

If, therefore, for any- vai’ue .of ¥ ye-set

R2 = _‘/'L(z.v 2)X(T*) (3)
by definition it- Follovs. 1:"1*18.’&12‘1’];1 is' tﬁ’e'r eciuijal‘enti hard spheré;
diameter, o, which, at a given temperature, gives: the- same value of
the viscosity as the actual inverse power potentiall, From Egs.. ()
and (3) it. follows directly that |

™ = ¥/ = [VIS) / RIS = (1/R)° = (r,/0,)°  (4)



1h,
61‘: since ¢( r) ="¢( rm/r)s ’ . : :
. | kT = ¢(ao) S ,t S o (5)
Equatlon (5) states that, to the extent that W ( ) may be set equal
to unlty, for ¢(r) K/r » at sufficiently high temperatureu, it is ef- |
erctlvely the s1ngle value of the potentlal energy correspondlng to .
¢(r) at r = %, that determlnes the magnitude of the coeff1c1ent of vis- |
c051ty at the temperature T. Thus, at lOOO°K a potentlal energy of |
.about O 1 ev. determines the magnltude of the v1sc051ty, and at 10, OOO°K
a potent;a; energy oflebqut 1 ev. Ig experiments on the scattering of
high veleeity neutral particles,; it is the range of the derivea potential energy,
not the kinetic energy of the beam partlcles, which fixes the range of
temperature for which gas propertles may be calculated Justlflably.
For.example?'1f3team part;cles with klnetchenergles in the range. 100 ev.
to 1000 ev are elastically seattered through a relative angle of the.
or@er‘of 103 radians, the deduced interaetiqn potentials for‘the‘dief
tance Qf.closest‘epproeeh_ﬁill be.in the range of 0.1 ev to 1 ev, The
apprqpriate temperature range corresbonding to this range of potential
energy will be lOOOfK to 10,000°K, and not temperatures (which would
..be ebpet 1000 times larger) incorrectly associated ﬁith the.Eeam
energies.
The relations basea on:ep,inverse power;potential'and applied to
the coefficient of viscosity, are very nearly the same for other po-
tential forms applied to‘viscesity end other gas properties at elevated

temperatures.
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Fig. 1. Various intermolecular potentials.
for the argon system. 'Dashéd porfions'of'
the curves represent eXtrapolaxions'correF

sponding to parenthetical values in Table V. .
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