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ABSOLUTE REACTIVITY MEASUREMENT FROM TRANSIENT
BEHAVIQUR OF A SUBCRITICAL NUCLEAR REACTOR

P.Schmid

ABSTRACT

It igs shown that absolute reactivities can be measured
with good accuracy from the transient behaviour of a sub-
critical nuclear reactor. The method is characterized by
the application of step functions (either‘in neutron source
strength or in reactivity) and by the observation of a time
lag of the integrated reactor power.

Simple formulae for the least square fit of experimen-
tal data are ‘deduced, and some experimental checks at the

Swiss swimming pool reactor SAPHIR are briefly summarized.
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1. Introduction

One of the most familiar methods for absolute reactivity mea-~
surements is the observation of stable reactor periods and computa-

tion of the corresponding reactivities from the inhour equation (1):

B : X
! § / fAi
where '
¢ = reactivity in dollar units
k = effective multinlication factor of chain reaction
{}-= fraction of fissiog neutrons emitted by the i'th
delayed neutitron emitter
/3 = 2:;@7 = fraction of fission neutrons which are delayed
;§‘= mean 1life of delayed neutron emitters of type i
8 = mean neutron life in finite reactor system
T = stable reactor period
S = fictiticus reactor power due to those fissions only which

are produced directly by absorption of source neutrons.

This is a convenient gpecification of source strength.
With many reactors this is a convenient way to calibrate the control
- elements in a period range above ~100 sec. The maximum reactivity
which can be measured in the suvercritical state is mainly deter-
mined by safety considerations. In the subcritical state however
there is an inherent lower limit of the stable period due to the de-
layed neutron emitter with 80 sec mean life. Therefore negative reacs

tivities below = 0.3 § cannot be measured accurately by that method.

A simple way to determine negative reactivities even much be-
low that limit is the following: the reactor power is kept constant
at a high level poﬁ>Sﬁ% so that 1§ 1 << | . The negative reactivity
which shall be measured is then suddenly applied, the power immediate-
1y jumping to p, * ("prompt jump"). Now Q;is given by
§ == 2 - p/pt (2)

{ Pf

(1) S. Glasstonz and M.C. Edlund: "The Elements of Nuclear Reactor
Theory". New York 1852.
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If S is constant other negative_reactivities*?ncan be measured by

comparison of corresponding stationary subcritical power levels

p.  (2) .
n =

) Ry
}r«s—”m\)' “‘//Ph ‘ (3)

This method looks promising, but in practice leads to con-
siderable difficulties since most neutron detectors don't give a
signal which is representative for the actual power level, Any sub-
stantial movement of control elements changes the ratio between de-
tector signal and power level, partly because of direct shadowing
effects, partly due to shifting of the neutron flux pattern. In
addition very fast recorders are required to allow an effective dis-
crimination of the response from short lived delayed neutron emitters

against the "prompt jump".

Therefore it is most desirable to use dynamic properties of the
subcritical nuclear reactor which are essentially amplitude indepen-
dent, e.g. the phase of the subcritical readtor transfer function.
Continuous reactivity measurements can be performed if the reacti-
vity undergoes a small harmonic perturbation which generates a cor-
responding sine function superimposed on the power level change. The
phase shift between reactivity perturbation and relative response
of the power level is a unique indication of the mean reactivity.
This method - though not very accurate - is useful in particular for
routine measurements since it provides continuous information, e.g.
during start - up., However it requires a considerable equipment spe-

cially designed for the purpose.

Axtmann et al. (3) mention the possibility of obtaining the
reactivity of a subcritical nuclear reactor from a so called life~
time of the transient (i.e. the time necessary for the level change
to reach 99 % of its ultimate value). They assume that all neutrons
are promptly emitted, having a common life expectancy of 0.08 - 0.12
sec. Considering this very rough model their results are rather qua=-
litative, but nevertheless they point out an attractive type of ex~

periment,

(2) J. Bernot et V. Rajewski: "lMesure des réactivités dans une pile',
CEA report No 310 (1954).

(3) R.C. Axtmann, G. Dessauer and T.F. Parkinson: "Reactivity Mea-
surements in a Subcritical Pile". DP-48 (Savannah River ILabora-




The method proposed in this report implicitly makes use of the
phaseshift dependence on reactivity. Instead of small periodic per-
turbations of%’however a step function either in neutron source
strength or in reactivity or in both of them is to be performed. The
information needed for computation of the reactivity after the step

can be obtained by means of a neutron counter with scaler.

2, bxperimental Concept.

The initial subcritical state assumed for t <O shall be cha-
racterized by the initial stable power pofthe initial "non reproduc-

tion source power" So and the corresponding negative reactivity QO

o

@ = (4)

P 'f:('o ;@

At t = 0 reactivity and source power shall suddenly be changed from
@O toiQa and from SO to Sa respectively, which causes the power

level to approach the asymptotic value P,- Of course either§ or S

may be constant at t = 0. There shall be a neutron counter whose coun-

ting rate is given by

cith =¥ _p, (t<o) and cit) =¥ plt) (t>0) (5)
Shadowing effects and shifts of the neutron flux pattern are thus
included, but direct counting of source neubrons shall be neglected.

The integrated counting rate indicated by the scaler is normalized

to zero at t = 0 and designated as
. S
Cihy= [cat. (6)
)

In fig.l and fig.2 c(t) and C(t) are represented for two typi-
cal experiments.

ey

is expected %o be characteristic for the reac-
tivity @a of the final state, essentially independent from the ratio
Eé/ Xo' The equation relating §_ to T and po/pa shall be derived

in the next section.




3., Theory of the Ixperiment

Let us start the theoretical considerations from the generaliza-

tion of an equation by M. Ash (4):

{? {»l{; =4 p({: f{:\( }KW (i,?: % ’5‘//: (7)
h ' M s
T s t/ R p= L
and : .
WLy =S et p = Vdz
Nt
For
3-S5, SiB=¢§, (t<o)
S= 8 o —_ D /]
o= ’:}cl / g(t) Y kﬁ>o)

the Laplace transform of (7) for t> o is given by

1R — [ o . g ‘—;" ! ‘ o
Elsfor-p) = 5 pior ~(apei-p W+ ) S, . (8)

If Sa is replaced by - !},\gﬂ-apa and equation (8) solved for p(s) we

get
F“Ei . ,..5__ t -+ j-ﬂ”.'})_J P*L/Pv\
= 3 Pyt - S‘a

If b and p(t) (t>0) are partly replaced by co/ X and. c(t)/&{a,
respectively, equation (9) yields

(9)

>

’1'1[.‘ EM‘&' {\}(3)}% @ PQI/P,._, (lO)

[}

‘II
ia):Cé‘g‘i'

-

I
2 ’3( +N‘(ﬁ)& - @4

Since integration of c(t) means division by s of c(s), according to

0

the theory of Laplace transforms, we get
I AT E AT T e
- 2 ¢« —
xo 3 "3"('{*4"'1&\/&(’3)} - 8

"”"H

(3) = . (11)

(4_) Milton Ash: "Solutions of the Reactor Kinetics Eguation for
Time Varying Reactivities". J. Appl. Phys. 27, 1030 ~ 31 (1956)




The only partial fractions of equation (11) which do not correspond

to terms decaying as t el are
i.
¥ 2 ,
-:;{lf*fl {32 Qnd R/ﬂ p (12)
where R means the residuum of eguation (11) at the pole s = 0.

We get the following expression for R:

R=L(2" ) = 2 G th @) )
o '3:.{} 'j
With the abbreviation
* T T /B - +
[*+ Wy = {7+ 1 7; (14)
I
we thereforeobtain
L (=0 o [E+ 2= (15)
r‘u‘j}“! W R q Pa [ (§) A PG( -
[~ @

A comparison of eguation (15) with the asymptotic representation of

C(t) in fig.2 immediately yields the following simple result:
B P
s.= 2%, s
A T Pa

If no considerable structural changes arc mede at t = o, e.g. 1f a
small, weakly absorbing neutron source is moved only, the ratio of
counting rates is egual to the power ratio ( Xo = Z{a), so that (16)

can immediately be applied.

But even if po/pa is not known accurately from co/ca (unknown
X /2 © _ is well determined by ‘T if p_/p, << 1. If this condition
cannot be fulfilled9 but still po<fpa it is suggested to plot the
fictitious values § . (co/ca) versus co/ca and to extrapolate that
function to co/ca = 0., If on the other hand po> p, an extrapolation
plot is absolutely necessary. But then»@“af(co/ca) must be extrapo-

lated to ¢ _/c_, = 1. Then again ¥ = ¥ , because in the limit

c, = ¢, Mo control elements are moved, and so any shadowing effect
is excluded,

2
+ For U“35 as fisgionable material and 8::0 6 = 12,4 sec.
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4, Practical Performance of the Experiment and Dvaluation of Statisti-

cal Errors,

It is recommended to measure the subcritical reactor power by
means of a pulse detector in connection with a scaler and %o record
the arrival of every mJCh output pulse from the scaler on a chart.

The time marks are designated as t, , the suffix » counting these
pulse groups with to = 0 as reference time. From VY =~ N to ¥ =0
the marks are regularly spaced. At zero time there is nearly a dis-
continuity in the counting rate, so that the distance between succes-
sive time marks changes rapidly at first but soon reaches a new equi~

librium value at say tn‘ From tn to t the spacing is essentially

n+N
regular again,

Obviously equation (16) may be transformed to

i
L

) o @ ,' H‘zﬂ -
Sa= = oy 1), (17)
’ “N

if the detector counts exclusively neutron induced pulses and if the
resolution of detector, amplifier and scaler is sufficiently high to
avoid noticeable counting losses the relative error é&@q/§3a of the

=

T

negative reactivity is mainly given by the statistical error of

Therefore this cuantity and its statistical error shall be determined

from the set <tn+l; tn+2y ......... tn+N> according to the least square
fit method.
As shown in fig.2 t, and it ¥ ) = C, =\ .m are related by
the asymptotic equation
[ G— e
eim L =¥ g (t,-7). (18)

For VY > n we may therefore accept the following equation:

(%! \
F=t+ —L—v=T+Ay (V>n) . (19)
V ¥
@ b= )
V is exact due to the working principle of a scaler, whereas tP

is subject to a statistical error, given by

Afv: Jm /-\J m (20)

CL.

The statistical weights w, of t, are therefore proportional to




W= Yy, (21)

The most probable values of T and A are determined from the least

square condition

fr4-h b
> W i*t **}&}j~*”ﬁ'} = mintrnum (22)
Yeme, ¥ P /
V=i
L2,
i N _
> lt-Av-t]l=0 (23)
V-M-H ¥ /
Vi e N
ot ol )
2 v It ~Ay-tl=0, (24)
P =i b
[a]lgy
N e
NT + s{N+ntDA= >t (25)
2 bena ¥
Y RN t
S ) —
2V T + NA ,.Z " , (26)
Y =14 V= gy
The solution for T is
Vi i
D e |
. gt W N4dn+ | ¥
T = 55 N 2
S — (27)
e Vv N +2n + 1
=4 g

The partial sum of the harmonic series can be approximated by the
following series (5):
i+ N
4 e N \ ! TR P
— ,_’,._ - +--—:—-—.
Z_ ¥ Lﬂ [ )'»(h_{'i 14 N ) (2 !‘;;4-1)2 (H»I\i]‘j(28)

Vo= pnygy

| o
The denominator of cquation (27),
h-i_N i 5 N

D(”,N)E ; N2+
Y=+t

I ﬁ‘;" o ‘;éﬁk"rj
{ CH fVPLPﬂA')I (29)

(5) From the Euler-Maclaurin sum formula for finite series, cf.e.g.
B, Madelung: "Die mathematischen Hilfsmittel des Physikers".
New York 1943.




is then approximated by

~ [ n+eN N+2os N —1 5 N
= 4~ -~
D(an> tn =1 LinxuMneN) ( G nrd(n eN) N+ 2Vt | . (30)
Finally we obtain
NN
! o 2
r= S (b et
- D, M) gg_,,rsv N+2n+t " ) - (31)

p—r

The mean square statistical crror ( AT )2 of ‘€ can be de=-
duced from equations (20), (27) and (29), the result being

2 _ m
(AT) = DinN) T2 (32)

It is seen that 4 T is proportional to ¥m and to the reci-
procal counting rate ca"l, As can be verified by inspvection of the
D(n,N) values given in the appendix D(n,N) ¥ Dyu n, /u N),so that the
introduction of a smaller scaling factor m, with invariant tn, tn+N
and C, really reduces aoT,

Using equations (32) and (16) we obtain the relative error of
T which for practical purposes can be identified with the rela-

tive error of 9:

et

AR 2 AT 2 - i
(T ={Tl=¢ ——0- (53)
§ o Din,N)  gilc -c )?

Thus for given times of observation the relative random error
of Qa’is proportional to<?a and inversely proportional to the diffe-
rence of the counting rates, This means that € can be calculated
with the same statistical accuracy from both experiments shown in
fig.1l and fig.2. As exact step functions and ideal coincidence of
the step with thg time mark at to are impossible a Systematic error
of T must be taken into account. If the magnitude of this systematic
error is comparable in both cases the experiment with bigger T,

corresponding to the condition co> Ca’ is preferable,

5. Test Experiments at SAPHIR.

Tn AvAer +n +teat the method vprovosed in this revport various




experiments have been performed at the Swiss swimming pool reactor

SAPHIR.

In a first series of experiments the single control rod was
dropped from different heights, so that the negative reactivity
with two safety rods out and fully inserted control rod could be
determined for different fuel configurations. Yo was considerably
different from Ya’ so that the reactivity was to be extrapolated.
The results were in good agreement with predictions from reactivi-
ty measurements in supercritical and slightly subcritical states
which had been performed according to the Nordheim method (inhour
formula, cf. (1) ).

Later instead of reactivity steps the Po-Be neutron source was
moved inside a guiding tube placed at an edge of the reactor core
far from the neutron detector (Westinghouse fission counter). Y
was certainly unchanged when the source was moved out and in. One
typical set of two experiments for a certain fuel configuration,
with both safety rods in upper limit and the control rod partly

withdrawn from its lower limit, are illustrated in fig. 1 and fig.Z2.

Time marks were written on a recorder chart with a speed of
2 mm/sec. First 7= was roughly determined graphically according to

the following formula:
TET, =004 ) (re0,3,000) (34)

The sequence'?} converged towards % with growing r, and this
showed the lowest reasonable value of r which was then chosen as n
in a mors rigorous calculation of ‘€° the results of which are given

here: .
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a) Experiment with decreasing counting rate:

o, = 478.5 L3 sec™h; ' = 1004
C; = 97.3 : 0,4 sec—lz, n' =20 ; N' =25 ;
' = 46.8 sec.
L R
(45) = (0.036)°
f
Taus § == 1,038 T 0,038 dollars

b) Experiment with increasing counting rate.

c, = cg =97.3 L 0.4 seo_l; m = 1024
c, = cg = 478,5 p 3 secul; n="70; N =115
T = 9,85 sec.
ATy &
(52)7 = (0.026)2
Thus
& = - 1,00% % 0.026 dollars

a

These figures do not allow for systematic errors which might be

introduced e.g. by

I. application of the S(t) step at a t # 0O

ITI. distortion of the S(t) step function towards a limited ramp
function

ITI. counting losses.

1V, direct counting of source neutrons.

Items I and II are estimated to contribute less than 0,8% and 3 %

to the total error in experiment a) and b), respectively. The coun-
ting losses are below 1% in each experiment, but it has not yet been
investigated how much the time lag 7 is influenced by a constant
dead time of the counting device. Direct counting of source ncu-
trons must be very unimportant in view of the mutual position of
source and detector with respect to the reactor core. As a matter

of fact, the good agreement of ?A_and Q&allows to exclude some

systematic error sources within the limit gziven by statistics.
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Appendixs Table of Selected D (n,I) Values.
D(n,I) n=2>5 n - 10 n =15
N=75 0,020635 0,004645 0,001733
N =130 0,082515 0,023¢10 0,0080924
N = 15 0,160560 0,053657 0,024584
N =20 0,242%02 0,090409 0,044239
N =25 0,322765 0,130857 0,067457
= 30 0,40003%4 0,173104 0,093113
N = 35 0,473471 0,215980 0,120370
I = 40 0,542987 0,258762 0,148623




FIG. 1: COUNTING RATES AS FUNCTION OF TIME FOR @ =—1.04‘§
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