
For publication RAG - Bericht T T r . 1  
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I? Schmid 

ABSTRACT 

It i.; shown that absolute reactivities can be measured 
with good accuracy from the transient behaviour of  a sub- 
critical nuclear reactor. The method is characterized by 
the application of step functions (either in neutron source 
strength o r  in reactivity) and by the observation of a time 
lag of the integrated reactor power. 

Simple formulae for the least square fit of experimen- 
t a l  data are deduced, and some experimental checks at the 
Swiss swimming p o o l  reactor SAPHIR are briefly summarized. 
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1. I-nt-roductipn 

One of the most familiar methods for absolute 
surements is the observation of stable reactor per 

reactivity mea- 
ods and computa- 

tion of the corresponding reactivities from the inhour equation (I-): 

/ H- i;) -.,.~ .ti - f i f I.* ,pi i 
t -. --- ..- !.,3 - c) (1) ~ ~. --. __L - 
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where 
I 

C = reactivity in 3 . o l l a r  urii-ts 
k 
8- = fraction of fission neutrons emitted by the i'th 
i c  

j2 = :>.... (3' 
'q .I 1 i 
Ai = mean life of ddayed neutron emitters of type i 
E = mean r?,e.lt-on life in fin-ite reactor system 
T = stable rzac-tor period 
8 

= effective rnulti?iication factor of chain reaction 

delayed neuhon emitter - 
7 - b  = fraction of fission neutrons which are delayed 

t i  

= fictitiGus :?sactor pover  due to those fissions only which 
are produced directly by absorption of source neutrons. 
This is a convezi J~ specification of Source strength, 

With many reactors thin l i s  a con-iranient way to calibrate the control 
elements in a period i-arge above -100 sec. The maximum reactivity 
which can be measured- in the sugercritical state is mainly deter- 
mined by safety considerations. In the subcritical state however 
there is an inherent lower limit of the stable period due to the de- 
layed neutron emitter with 30 see mean life. Therefore negative reac- 
tivities below - 0.3 $ canno'i; be measured accurately by t ha t  method. 

A simple way to determine negative reactivities even much be- 
l ow that limit is the following: the reactor power is kept constant 
at a high level p0>) S/A 

which shall be masured is then suddenly applied, the power immediate- 

ly jumping to p 

so that fe,J << I . The negative reac.tivity 

is given by 

I "  

+!- ("prompt jump"), Now 
t 1 

(1) - S, Glasstonc cnd 9 . C .  Eflll;z-,d: "The Elements of Nuclear Reactor 
Theory", N w  York 1952, 
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r 

If S is constant other negative reactivities? can be measured by 
comparison of corresponding stationary subcritical power levels 

n 

Pn (2) 

This method l o o k s  promising, but in practice leads to con- 
siderable difficulties since most neutron detectors don't give a 
signal which is representative f o r  the actual power level, Any sub- 
stantial movement of con'crol elements changes the ratio between de- 
tector signal and power level, partly because of direct shadowing 
effects, partly due to shifting of the neutron flux pattern, In 
addition very fast recorders are required to allow an effective dis- 
crimination of the response from short lived delayed neutron emitters 
against the "prompt jump". 

Therefore it is most desirable to use dynamic properties of the 
subcritical nuclear reactor which are essentially amplitude indepen- 
dent, e . g .  the phase of the subcritical reactor transfer function. 
Continuous reactivity measurements can be performed if the reacti- 
vity undergoes a small harmonic perturbation which generates a cor- 
responding sine function superimposed on the power level change. The 
phase shift 
of  the power level is a unique indication of the mean reactivity. 
This method - though not very accurate - is useful in particular for 
routine measurements since it provides continuous information, e.g. 
during start - u?. However it requires a considerable equipment spe- 
cially designed for the purpose, 

between reactivity perturbation and relative response 

Axtmann et al, (2) mention the possibility of obtaining the 
reactivity of a subcritical nuclear reactor from a so called life- 
time of the transient (i.e. the time necessary for the level change 
to reach 99 6 of its ultimate value). They assume that a l l  neutrons 
are promptly emitted, having a common life expectancy of 0.08 - 0.12 
seco Considering this very rough model their results are rather qua- 
litative, but nevertheless they point out an attractive type of ex- 
periment 

(2) - J, Bernot et V. Rajewski: ttT'iesure des r6activit6s dans m e  pile", 
CEA report No 310 (1954) e 

(2) ROC. Axtmann, G. Dessauer and T,F. Parkinson: "Reactivity Mea- 
surements in a Subcritical Pile". DP-48 (Savannah River Labora- 



The method proposed in this report implicitly makes use of the 
phaseshift dependence on reactivity. Instea,d of small periodic per- 
turbations of$'however a step function either in neutron source 
strength or in reactivity or in both of them is to be performed. The 
information needed for computation of the reactivity after the step 
can be obtained by means of a neutron counter with scaler. 

2. Experimental Concept. 

The initial subcritical state assumed for t(0 shall be cha- 
racterized by the initial stable power poithe initial "non reproduc- 
tion source power" S and the corresponding negative reactivity To 

0 

At t = 0 reactivity and. source power shall suddenly be changed from 

level to approach the asymptotic value p 
may be constant at t = 0. There shall be a neutron counter whose coun- 
ting rate is given by 

t o q a  and from S 
0 0 

to Sa respectively, which causes the power 
Of course either? or S a 

Shadowing effects and shifts of the neutron flux pattern are thus 
included, but direct counting of source neutrons shall be neglected. 
The integrated counting rate indicated by the scaler is normalized 
to zero at t = 0 and designated as 

(6) 
cd U 

In figel and fig.2 c(t> and C(t) are represented for two typi- 
cal experiments, 

The time lag 'Tis expected to be characteristic for the reac- 
tivity fa of the final state, essentially independent from the ratio 

in the next section. 
ga/ KO, The equation relating qa to r and p,/pa shall be derived 

.. 
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3 ,  Th_eory of the Experimen2. 

Let us start the theoretical considerations from the generaliza- 
tion of an equation by li, Ash (4.): 

where 

F or 

the Laplace transform of (7) for t: o is given by 

If Sa is replaced by - pyapa and equation (8) solved for p ( s )  we 
get 

If p, and p(t) (tP0) are partly replaced by c / X  
respectively, equation (9) yields 

and c(t)/&,? 
0 0  

Since integration of c(t) means division by s of c ( s )  

the theory of Laplace transforms, we get 
according to 

(3 )  Milton Ash: “Solutions of the Reactor Kinetics Equation for 
Time-Varying Keactivities”, J. Appl.  Phss. 27, 1030 - 71 (1956)  
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The only p a r t i a l  f r a c t i o n s  o f  equ-ation (11) which do not correspond 

t o  terms decaying as t ---+i2> a r e  

Y <JCL pa- 115 ,;32 1 4 If d R /3 (12) # 

where R means the  residuum o f  equation (11) a t  tlie pole  s = 0, 

Ide g e t  t h e  fol lowing expression f o r  R :  
8 -  

[< = --** ,a f 2 C{q 1) - - i t!,pJi: -f \ J ( d j  , 
(,.I 9 $=Q >a 

(13)  - 5' r i  
I 

TI 

b4ith t h e  abbrevia t ion  

L f  

we therefore  obta in  

A comparison o f  equat ion ( 1 5 )  with t h e  asymptotic r ep resen ta t ion  o f  

C(t> i n  f igS .2  imniediately y i c l d a  t h e  fol lowing simple r e s u l t :  

(16) B p<> -0 . cu =' c ( .-.- 

)4 ,'z- p:x - - .__- -- 
If no considcrable  s t r u c t u r a l  changes a r e  made a t  t = 0, e . g ,  if a 
small, weakly absorbing neutron source i s  moved only,  tlie r a t i o  o f  
counting r a t e s  i s  equal! t o  t he  power r a t i o  ( 2( = X a )  s o  t:iat ( 1 6 )  
can i.ul?ediately be appl ied .  0 

But even i f  p /p i s  not known accura t e ly  from c /c (unknown 
o a  o a  Y / 8' ) <'> is w e l l  determined by T if po/pa<< 1. If this condi t ion  o a > a  

cannot be f u l f i l l e d ,  but s t i l l  p o < p a  i t  i s  suggested t o  p l o t  t h e  
f i c t i t i o u s  va lues  yaf (co/ca) versus  co/ca and t o  ex t r apo la t e  t h a t  

f w c t i o n  t o  co/ca = 0 .  If on t h e  o ther  hand po> pa an ex t r apo la t ion  
p l o t  i s  absolu te ly  necessary.  B u t  t l i e n a ~ a f ( c  / c  ) must be extrapo- 

l a t e d  t o  co/ca = 1, Then again y o  = b',  because i n  t h e  l i m i t  
c 

i s  excluded. 

o a  

= c 
0 a no con t ro l  elements a r e  moved, and s o  any shadowing e f f e c t  
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4. Practical Performance of the Experiment and Evaluation of Stati-s_ti- _I 

cal E-r-rors 

It is recommended to measure the subcritical reactor power by 
means of a pulse detector in connection with a scaler and to record 
the arrival of every mth output pulse from the scaler on a chart. 
The time marks are designated as t,, the suffix Y counting these 
pulse groups with t = 0 as reference time. From 
the inarks are regularly spaced. At zero time there is nearly a dis- 
continuity in the counting rate, so that the distance between succes- 
sive time marks changes rapidly at first but soon reaches a new equi- 

librim value at say t . From tn to tn+l\T the spacing is essentially 
regular again. 

= - N to 1, = 0 
0 

n 

Obviously equation (16) rnay be transformed to 

If the detector counts exclusively neutron induced- pulses and if the 
resolution of detector, amplifier and scaler is sufficiently high to 
avoid noticeable counJcing losses the relative error of the 
negative reactivity is mainly given by the  statisJGical error of T . 

de, /? a a  

Therefore 'chis quantity and its statistical error shall be determined 1 
) according to the least square tn+N from the set (tn+l; t 

fit method, 
n+2, G L 1 ' L y " L  

As shown in fig.2 t,, and C(t ~ ) C ,  = \ )  .m are  related by 
the asyaptotic equation 

F o r  'd > n we may -l-herefore accept the following equation: 

Y is exact due to the working principle of a scaler, whereas ty 
is subject to a statistical e r r o r ,  given by 

The statistical weights wy of t, are therefore proportional to 
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- 1  
c j  y 

V I 

The m o s t  probable values  o f  T a n d  A a r e  determined f rom’the  l e a s t  

square condi t ion 

The s o l u t i o n  f o r  ’T i s  
I 

(27)  

IL -- 
I 

2- :? - ! 4 4 i L n +  1 T = = r z + a  
1 ~ $ 3  LN 

N i Lv; t. f E$- g =I.* ”) 

The p a r t i a l  sum o f  the harmonic series can be approximated by the  

fol lowing s e r i e s  (2) : 
r i  t N 
tl 4- 1 

+ k r i ,  

The denominator o f  equation ( 2 7 )  

(2) From the  Euler-Maclaurin s u n  formula f o r  f i n i t e  s e r i e s ,  c f . e .g ,  
2. 14adelung: !‘Die mathcmatischen Hi l fxnl i t te l  des Physikcrs” ,  
€Jew Pork 1943. 
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is then approximated by 

Finally we obtain 

The mean square statistical error ( A Z ) *  of can be de- 
duced from equations ( 2 0 ) ,  (27) and (29), the result being 

It is seen that 4 Z is proportional to \r;;; and to the reci- 
-1 

e As can be verified by inspection of the procal counting rate ca 

D(n,N) values given in the appendix D(n,N) ’=” D ~ u  n,/u N),so that the 

introduction of a smaller scaling factor m, with invariant t n9 tn+N 
and cay really red-uccs L\% 

Using equatioas (72) and (16) we obtain the relative error of 
‘2 

tive error of T :  
which for practical purposes can be identified with the rela- 

Thus f o r  given times of observation the relative random error 
of ea is proportional to F a  and inversely proportional to the diffe- 
rence of the counting rates, This iiieans that C can be calculated 
with the same statistical accuracy from both experiments shown in 
fig.1 and fig.2. As cxact step functions and ideal coincidence of 
the step with the time mark at to are impossible a systematic error 
of “t: must be taken into account. If the magnitude of this systematic 
error is comparable in both cascs the eqeriment with bigger Z,  

corresponding to thc condition c 0 > cap is preferable. 
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experiments have been performed at the Swiss swimming pool reactor 
SAPHIR, 

In a first series of experiments the single control rod was 
dropped from different heights, so that the negative reactivity 
with two safety rods out and fully inserted control rod could be 
determined for different fuel configurations. yo was considerably 
different from y so that the reactivity was to be extrapolated, 
The results were in good agreement with predictions from reactivi- 
ty measurements in supercritical and slightly subcritical states 
which had been performed according to the PJordheim method (inhour 
formula, cf, (1) ) .  

a9 

Later instead of reactivity steps the Po-Be neutron source was 
moved inside a guiding tube placed at an edge of the reactor core 
far from the neutron detector (Westinghouse fission counter), Y 
was certainly unchanged when the source was moved out and in. One 
typical set of two experiments for a certain fuel configuration, 
with both safety rods in upper limit and the control rod partly 
withdrawn from its lower limit, are illustrated in fig. 1 and fig.2. 

Time marks were written on a recorder chart with a speed of 
2 mm/sec. First; z' was roughly determined graphically according to 
the f o l l o w i . n g  formula : 

The sequence Tr converged towards 'r with growing r, and this 
showed the lowest reasonable value of r which was then chosen as n 
in a mor? rigorous calculation of %:" the results of which are given 
here: 



1 
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Thus $’, = - 1.038 + - 0,038 d . o i l , ~ ~ r ~  
__ - “ - - - . - - - - - - - - - -~ - -~  --___ -- -..L...~..?I_ __1__._“ -,___.__ 

b )  Experiment with inczeasina count-i.ng rate, 

c = c‘ = 97.3 + - 0.4 scc-’; m = 1024 
c = c1 = 478.5 -t - 3 sec-’; n = 70; N = 115 0 a 
a 0 

= 9.35 sec. 

Thus 
a = - 1.003 + - 0.026 d o l l a r s  

.-..- ---..-.- ----- - ---- --- 
I-- 

.--”,-. - 

These figures do not allow for systematic errors which might be 
introduced e.g. by 

I. application of the S(t) step at a t f 0 
11. distortion of the S(t) step function. towards a limited ramp 

function 
111, counting losses, 
IV. direct counting of source neutrons,  

Iteins I and I1 are estimated to contribute l e s s  than 078$ and 3 3 
to the total error in experiment a) and b), renpectively. The c o w -  

ting losses are below l$ in each experiment, but it has not yet been 
investigated how much the time lag %is influenced by a constant 
dead time of the counting device. Direct counting of ,source nGu- 
trons must be very unimportant in view of the mu’mal position of 
source and detector with respoct to the reactor core. As a matter 
of fact, the good agreement of Tk and allows to exclude some 
systematic error sources within the limit ci given by statistics, 
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II ( n , N ) 
-IlL-.-uI 

u- = 5 
N = 10  

N = 1 5  
N = 20 

N = 25 
ii = 30 
M = 35 
IC = 40 
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