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.ABSTRACT 

An investigation of IT--p elast ic  scattering and single-pion p ro -  

duction a t  0 . 9 3 9  ~ e v / c  i s  reported;  Five-hundred and forty two-prong 

interactions in the 10 -inch. UCR L liquid-hydrogen bubble chamber have 

been classified. Emphasis i s  given the methods used in the kinematic 
. . 

classification of events. The total  c r o s s  section for  T - - ~  interactions'  

i s  fourid to  be 5 3 ; 3  k 2.4 mb. The elastic-scattering c ross  section is 

'Z1.0:k 1.1 'mb. ?'he elast ic  differential dross ,  section displays a 

narrow diffraction peak in the forward direction. In the center -of- 

m a s s  system, 35.6% of the elast ic  events have pion sca t t e r s  into the 

backward hemisphere.  

Ixi single-pion production.the ra t io  of the number of n' to ,*  
0 

productions i s  2.49. The momentum distributions of the charged 

.. part ic les  do not correspond to  the phase-space distributions predicted. 
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I. INTRODUCTIOPJ 

An experimental study of elastic'  s d t t e r i n g  and single-pion- . . .  

interactions of negative pions of 0.939 ~ e v / c  momentum in 

hydrogen i s  reported here;  

Pion-proton interactions in . th is  Bev region leading t o  associated 
. . 

production.have. been investigated recently.  21 ~ne lak t i c  reactions 

not i n ~ o l v i n g  "strange part ic les"  have been neglected except for  ea r ly ,  

' low-statist ics experiments using diffusion cloud chambers4 '  and 
6 nuclear emulsions.  Elast ic  pion-protbn scat ter ing in this energy  

. . 

region, on the other hand,.. has  received additional treatinent using a - 
7 

, . 

propane chamber and, m o r e  recently,  liquid hydrogtn bubble chambers .  
8 

The study descr ibed he re  is based on data obtained a s  a by-  

product of a r e c e n t  aqsociated-production experiment wi th the  10 -inch 

hydrogen bubble chamber a t  the University of California Radiation 

Laboratory. Approximately 600 two-prong pion events have been 

.measured a t  each  of th ree  (nominal) beam momenta: 0.927, 1.12, and 

1.24 Bev/c. The pre l iminary  kinematic analysis  of the 0.927-Bev/c 

data i s  reported he re .  Analysis of the 1.12- and 1.24-Bev/c momenta 

data will  be  reported la ter .  

The following three  react ions a r e  considered: 
- - 

+p-. . r r  + p ,  
- - 0 . . 

Tr + p - + T r  t p t l r ,  
- - t 

~r t p - + ~ r  + I T  t n .  

The decision to  limit the kinematic analysis to  the th ree  l isted react ions 

a s sumes  that the frequency of events with the production of two or m o r e  

secondary pions i s  negligible. The r a r i t y  of four-prong events,  



a- C p - n- + p + at t a-,  supports this assumption. In principle,  

measurement  of the charged-part ic le  t r acks  in a magnetic field, and 

conservation of momentum and energy,  determine unambiguously 

whether one or m o r e  neutral  par t ic les  a r e  involved. In pract ice the 

identification of missing neutral  par t ic les  i s  made m o r e  difficult by 

measurement  inaccuracies .  Classification of multiple-pion-pr.oduction 

.events requi res  well-established c r i t e r i a  a s  to  what.consti tutes a g'ood 

kinematic f i t  in single -pion production. An approximate upper bound 

for  multiple pion production will be established la te r .  
8- 7 

. . I l l is  repor t  t r e a t s  the ititerpi-etation of the experimental  

result 's in only a c u r s n r y w a y .  specification of a single-pion-pro- 

duction event requi res  five intr insic  pa ramete r s ,  in contrast  with the 
. . 

single center -of -mass  scat ter ing angle required f u r  aa elast ie  evcnt. 

c'onsequently a detailed interpret ive t reatment  of the data i s  relegated 
. . 

to  the future.  T'O keep the experiment in perspective,  however, i t  is 

useful ' to l i s t  objectives of a study of e last ic  and single-pion-production 

events in this  energy region. - 
a.  Elast ic  -rr -p scat ter ing , 

1. Determination of the s ize  and opacity of the proton. 

2 .  ~va1uat ion .of  the relat ive weights that the various angular-  

momeiltum stal;es contribute to  thc interaction. 

3 . .  T e s l  uf t l ~ e  validity of thc dispersion rel.ations (1570 effect) .  , 

4.. Confirmation of the previous'ly a s s e r t e d  backward-scattering 

. peak (at  higher energ ies) .  

b .  Inelastic single -secondary-pion production 

1.  Isotopic spin dependence of the interaction; the r a t io  of 
0 

a t o  n production (a p r io r i  of equal phase space) .  
3 

2 .  Evidence for  the existence of a T = J = nucleon i sobar .  
10 

3 .  Correlat ion of the inelastic pion production with associated 

production. 



11. . . . EXP.F,RIMENTAL PROCEDURE . . . . . 
- 

The .rr -p interactions analyzed in this experiment were selected 

f r o m  a group of photographs taken in the 10-inch-diameter .. . hyd'rogen 

bubble chamber.  The chamber was provided with.a 10,900 -gaus.s 

magnetic field. Details of the hydrogen, bubble chamber used have 
. . 

been desc'ribed. The exposure was the cocperative effort of the 
, . 

., Alvarez group, and was p,rimarily.for the purpose of investigating 

associated production of s t range part ic les  a t  0.927 ~ e v / c  nominal 

beam momentum. The .rr--beam t ra jec tory  i s  discussed elsewhere.  
12 

About 24,000 Bevatron pulses  were  photographed during thc run. 

Approximately 4,800 of these were  used in this analysis .  All f i lm 

was scanned by the professional scanning staff. 
. . .  . . 

111. SCANNING EFFICIENCY AND ACCEPTANCE CRITERIA 

A. . Scanning Efficiency 

1. Genera l  

A t  cach.trans'i.t  of thc 7 ~ -  beam t h r ~ u g h . t l i e  bubble chamber,  two 

stereophotograp"ns of the chamber were taken. After processing,  the 

35 -mm film was scanned for  a l i  events of in te res t .  Pion interactions 

were  recorded,  according to  f r a m e  number and type, by means of 

check m a r k s  in appropriate  columns of the scan sheets .  Events 

entered on these scan sheets  were  subsequently examined in detail ,  

sketched, and measured .  The 13 ro l l s  of fi lm used in this  experiment 

were  scanned .twice. Several  fac tors  which reduce the probability of 

seeing an-event  a r e  discussed,  together with their  compensating 
0 

correc t ions .  
. . 2, Depth.Dependence. : 

An event with i ts  ver tex near  the tbp or  bottom gldss plates of 

the chamber i s ,  likely to  be missed  because one or both of the emergent  

prongs can be ve ry  short .  An analysis  of this  chamber depth dependence 

was based on a comparison of the ver t ical  distribution of 575 event 

ver t ices  and the vert ical  distribution of 1126 beam t r acks .  The chamber 

was considered a s  divided into five horizontal  regions.  The median 



' 0 
.. . .  

plane of the cent ra l  region, C ,  coincidesivith the medianplane  of the 
. . 

bubble chamber;  depth of  region'^ is 3.2 in.' ~ e g i o n s  A and E a r e  the 

e k t r e m e r e g i o i s ,  extending to  the top and bottom glasses ,  >espectively. 

~ ' e ~ i d n s  B and D lie between the cent ra l  region and regions A and E ,  
. . 

respectively.  These divisions a r e  each  0.8 in. in depth. 
w 

~ h &  depth's of b e a k  t r acks  in every  50th f r a m e  were  measured .  
. . 

'  he vert ical  of e a c h  e v e n t v e r t e x w a s  obtained by  measure  - 
. . 
me&' on the precis ion k e a s u i i n g  e.r-igine. ' The ra t io  of event density 

to  tr'ac'k density.within'esch horizontal section of the chamber i s  a 

measure  of scanking efilciency within that region. These ra t ios  are  

as follows. 

' T a b l e 1  
- -  - 

Chamber Depth .Dependence 

. * .  
Region .  Events (N) 

- .  
. B e a k  Tracks(M) ' Ratio (N/M) 
. . 

A - 2  . . 2 t4 .80 
l ' O o ,  -0.83 

. . . . ,  . . . .  . . 
- c . .  

Total  . , ., . . . . 5 75 1126 0.5 1 

Obviously scanning efficiency for  events in depth region E i s  poor.  The 

ra t ios  for a l l  other regions ag ree  within s ta t i s t ics ,  and only the events 

found in these four regions were  .considered. No correct ion to  scanning 
1 

efficiency a s  a function of chamber depth was made.  

3. x-y.Dependence 

A react ion that occurs  near  the chamber wall  may  a l so  be 

difficult t o  detect bec'ause of short. t r acks .  Aside. f rom this consideration, 

: morr~entum;and angle .measurements  become less  accura te  a s  the length 

of t rack  ava i lab le  for  measurement  dec reases .  Hence, long t r acks  



w e r e  desired.  A cent ra l  a r e a  was superimposed on one s t e r e o  view a t  

the s. tereo projector ,  using chamber fiducials for  positioning; only 

those events whose ver t ices  projected into' the a r e a  were  considered 

for  measurement .  This c r i te r ion  not only increased the scanning 

efficiency, . and  the probability of having long t r acks ,  but it a l so  made 

identification of events f rom the decay, interaction, o r  stopping of one 

of the emergent  prongs m o r e  likely. ' 

In order .  to  detect any variation in  scanning efficiency within 

the acceptance a r e a i t h i s  a r e a  was divided into five equal regions,  a s  

shown in .F ig .  1. The distribution of 600 projected vertex positions 

was compared:with the distribution of 8562 beam t r a c k s .  crossing the 

a r e a .  ALP t r acks  in eve ry  te l ;~h , f rame 'of  the experiment were  counted. 

On the his togram of beam t r a c k  distribution, Fig.  2 ,  the numb.er of 

events within .each.'subdivision of the acceptance a r e a  has been indicated. 

The ra t io  of event density' to  t r a c k  density within each  region of the 

acceptance a r e a  is. a measure  of the scanning efficiency for events 

witliin.that region. These rat ios  a r e  a s  follows. - 

. Table I1 

x-y  Dependence 

Region Event s.(N) Beam Tracks(M) ~ a t i o ( ~ / ~ )  

1 9 1 1415 0.064 * .009 

2 122 1784 0.068 -008 

5 9 4 1377 0.068 * .009 

Total 600 8562 . . 0.070 

These ra t ios  indicate that scanning efficiency i s  uniform, within 

s ta t i s t ica l  accuracy, '  throughout the acceptance a r e a ,  and that no 

dependence of scanning efficiency on position in this  a r e a  need be 
. . . . 

'considered: 



. . . . BEA M 
. '. ' DIRECTION 

Fig. 1. Projected view of bubble chamber, showing acceptance 
a r ea .  



. . 4 

.. Fig: 2 .  Projected x.-y distributions within acceptance .region. 
Histogram of distribution of 8562 beam tracks. (600 events) 



4. Orientation of Outgoing Prongs 

Events that have one or  both prongs near  the ver t ical  a r e  m o r e  

likely to  be overlooked than events with prongs m o r e  near ly  horizontal. 

To  study the dependence of scanning efficiency on orientation of the 

plane defined by  the two prongs,  a plot of the number of events a s  a 

function of the angle $ was constructed. Here 8 i s  the angle between 

the horizontal  plane and the plane containing the two prongs. This 

plot i s  shown in F ig .  3 .  The scat ter ing should be  isotropic in  9, a n d  

the anisotropy observed i s  a measure  of the dependence of scanning 

efficiency on event orientation. A coi-rection fac tor  of 1.18 * .03 i s  

der ived f rom the data i l lustrated in F ig .  3 .  The total  number uf 

events seen  must  be  multiplied b y  this correct ion factor  to  account 

for  th'e scanning-eff.iciency dependence on 9. 
5. Repeated- Scans 

All f i lm used in this experiment was scanned twice by  two in-  

dependent obse rve r s .  Within the acceptance volume the re  were  922 . 

e.aents seen  by both obse rve r s ;  3 3  events were  seen  by  the f i r s t  scanner 

but not seen  by  the second; 27 events were  seen by  the second scanner  

but not by the f i r s t .  The indicated efficiency of each scanner  i s  

97% .t 1%. The total  number of observable two-prong e v e ~ ~ t s ,  based 

on these scans ,  i s  983 * 1. Tlie tota.1 number of two-prong events,  

a f te r  c o r r e c t i ~ ~ l  for scd~llling-efficiency dependcn,ce nn $, i s  1160 * 3 1. 

B.  Acceptance Cr i t e r i a  

Each  two-prong event within the a ~ c e ~ p t a n c e  area wab: examined 

at  a scanning table before being measured .  Acceptance c r i t e r i a ,  

specified to  reduce analysis  t ime and measurement  e r r o r s ,  and to  

fully utilize the automatic tracking capability of the measuring engine, 

were  imposed on each  event. These c r i t e r i a  were :  (1) The ver tex  

w i s  distinct,  i. e .  , no t rack-not  associated with the event fe l l  within 

one t r ack  width of the ver tex in ei ther  projected view. (2) The 
0 

incident t r a c k  direction was within 3 of the mean incident beam 

direction. (3)  The incident t r a c k  curvature ,was approximately the 

s a m e  a s  the mean beam curva ture .  (4)  Not m o r e  than th i r ty  beam 

t r a c k s  were  visible in ei ther  view. 



(degrees) MU-15,330 

Fig. 3 .  Orientation of plane of cmer gent p rongs  Folded 
distribution of 550 event.. f = 00 = flat in chamber. 



IV. . TRACK ANALYSIS 

A. . Spatial Reconstruction of a Track  

Each of the two views of an event accepted for measurement  

was projected on the s c r e e n  of the precis ion measuring engine 

(Franckenstein) .  This se rvo  auto-tracking projector takes a s e r i e s  

of points along each prong- of the event in each of the two s t e reo  yiews. 

The solution of the optical problem and the determination of a set  of 

points in chamber space f rom the Franckenstein measurements  have 

been previously descr ibed.  
11 

When the space  coordinates xi, yi, z .  (i = 1,2, * . - a , n )  f o ~  each 
1 

of the n measured  points along a t r ack  have been determined,  a leas t -  

sqllares f i t  of a parabola is made to  the p ~ o j e c t i n n  of these points on 

the x -y  plane.(Fig. 4;  ) The least-squares  fit i s  made on the xi" and 

Y i 
" points following a translaltion and rotation to. the x", y" coordinates 

used to  simplify the scaling problem f o r  the digital computer.  The 

x", y" coCirdinates a r e  fitted t o  the parabola 

Y i  
" = a + b x i t t  + c xitq . 

, (The event reconstruction descr ibed i s  programmed fo r  the IBM-650 

computer.  ) 

Although the projection of the t r ack  on the x -y  plane i s  a 

c i rcu lar  a r c ,  a parabolic fit: is made r a the r  than a fi t  t o  a higher- 

o rde r  curve,  because a t  the momenta measured  the increase  in 

accuracy  i s  not sufficient to  justify more  elaborate  programming,  

When the parabola. has been determined, the root-mean-square 

deviation a of the measured points f rom the fi t ted curve i s  ex- 
XY 

where  n i s  the number of points measured ,  and bi i s  the deviation 

of each projected point f rom the fitted curve.  F o r  n 2 3 ,  0 .is not 
XY 

meaningful, since a parabola can be fitted exactly to  three  points, and 

therefore no calculation of U i s  made. 
xY 

The azimuthal angle, between the tangent to ' the  x-y projecti.on 

of t h e t r a c k a n d  the x a x i s ,  i s  g ivenby = 0 + dLs. The value 
R 

of dLS is obtained f rom the coefficients b '  and c '  and the half-chord ' 



Fig .  4. Space cob'rdinate sys tem and t r a c k  projections into 
planes. 



length R :  
R = - - X I t 1 .  

F o r  each t r a c k  there  a r e  two azimuthal angles ,  -+ i  and + correspond- 
f 9  

ing respect ively to  the beginning and end of each t rack .  The value +f 
i s  used only with the incident beam t r ack ,  fo r .on  this t r a c k  alone i s  

measurement  directed toward the event vertex. 

To specify the length of the t r ack ,  1 ,  and the dip angle A ,  the 

codrdinates a r e  fitted 'to a s t raight  line in  the xu-z"  plane. Although 

it i s  t rue  that each . t r ack  i s  a helix, and hence i t s  projection on thq 
x~~ - z ~ i  plane i s  sinusoidal, the r n u ~ ~ ~ e ~ i t a  were  sufficiently high.t.0 ail .c)W 

a . leas t - squares  fit to  be made to  the s t raight  line z . "  = d I- ex.". 
1 1 

i s  then obtained f rom the coefficients of the s t raight  -line expression.  

As above, 6.  and n a r e  the deviations of the measured  points (pro-  
1 

jected into the x"z" plane) f rom the fitted curve and the number of 
. . 

points measured ,  respectively.  

With the z dependence of the t r ack  now specified, the dip angle 

h and  the t rack . length  Q a r e  given by  the expressions 

2 . Q = 2(eZ + R )Z  tan h = - - R '  
F i t ted  end.points a r e  obtained.from the leas t - squares  solution. 

The final quantity of interest-- the ,projected curvatur.e of the 

r r ack  .PC--is cldttei-mincd f rom.  the fit: i n  t h e  x-y plane, according to  
Z 

K = 1 / . 3 ~ ~ ,  where p = R /2c. The magnetic field strength,  H, is 

evaluated a t  the midpoint: of t h e t r a c k .  The mom.entum can be calculated 
- 1 

f rom the curva ture  K and dip angle A by the expression p = (K cos A )  . 



B. Measurement  E r r o r s  

The automatic tracking feature of the precis ion measurement  

projector  makes positioning of the stage a t  each point operator-inde- 

pendent. This feature makes it feasible t o  accurately determine the 

: e r r o r s  associated with .measurements  of angle and curvature.. 

Semi -empir ical  formulae for  the s tandard devia.tion e r r  or s in 

the curvature K of a t rack ,  the azimuthal angle +,, and the tangent of the 

dip angle, .  tan X, . w e r e  constructed f rom stat is t ical  studies of meas,-  

urements  made both on beam t r acks  and on t r acks  of actual  events: 

E r r o r s  fa l l  into two categories:  (a)  internal-m'easurement 

e r r o r s ,  which reflect the accuracy  of the measuring device and the 

intr insic  image quality of t r ack ;  (b) turbulence e r r o r s ,  resulting f r o m  

distortion of t r acks  by the turbulent liquid hydrogen during the t ime 

interval  between occurrence of the event and the light flash. 

1. Internal Measurement  E r r o r s  

During measurement ,  t r ack  points a r e  taken a t  approximately 

1-centimeter intervals  along the projection of the t r a c k  in  the x -y  

plane. A'fit to  these measure,dpoints  (x y.: j = Q, l ;* -n ) ,  assuming 
. j '  J .  

equal standard.deviations for  the y.sett ing for  a l l  points, i s  specified 
2 

as.  follows: the x quantity, 

i s  required to  a s sume  a minimum value for  the "best"' t r i a l  value of 

the pa ramete r s  ai(i = 0, 1 ,  m ) .  The intr insic  accuracy  bf the a i9 
once determined,  leads direct ly  to the standard deviations CJK1, 0 ' + 

attributive. to  measurement  technique. and 'tan A 
Let us. consider the e r r o r  i n  the dip' tangent.  If the i dependence 

of.a,track .is statgd a s  z .=  a + a l  x, with x. the distance along the 0 
projected chord length of the t rack ,  the dip tangent i s  given by  

t a n k . =  dz/dx .= a . The s tandard &viation i s  then .. 1 ' 



=. 0 
"tan A a1 

- where  R i s  one-half the projected chord length, IT i s  the number CJP 

points measured ,  
and 'JE3 

i s  a correct ion factor f o r  dependence on the 

number of points taken. 

T h e  d e r i ~ t i o n  of e r r o r  in azimuthal angle follows a s imi lar  

pattern.  When a . f i t  has  been obtained in the x-y  plane of l h e  chambcr,  

following coardinate rotation, of the form 

2 
y = a o t a l x  t a x  , 

2. 

then examination of F ig .  4 shows: 

tan(+i-+R) = d ~ / d x J ~ = ~  = a l e  

0 
F o r  a 10-cm t r a c k  with momentum of 150 ~ e v / c ,  + -+ = .  14.7 , and 

i . ,  R 
this  angle dec reases  rapidly with, increasing momentum. Setting 

~ - o s ( + ~ - + ~ )  = 1 al.lows the e r r o r  in +. to  be written 1 3 .  
1 

On the bas i s  of the equat iu~l  for  the fi t tcd curve,  a s  given above, 

the curvature of a t r ack  can be defined as 

Evaluation of this  expression a t  x =. R gives K = 2 a where,  by 
2 ' 

choice of cosrdinate axes ,  the (dy/dxj2 contribution can be neglected. 

Propagating the e r r o r  of fit in a ,  one can approximate the curvature 
13 - e r r o r  by  .. - 

(IV 43) 

Both 0 and (3 a r e  calculated for  the fit achieved. F r o m  
XY z 

repeated measurements  of individual events and measurements  of 



beam t r acks ,  mean values of 0.0041 cm and 0.0558 c m ,  respectively,  

were  found. Use of these 0.  and 0 . w'ith..Eqs. (IV-1):to: (IV-'3), 
XY z 

B = 305 c m / ~ e v / c  where B = l / ( p ~ ) ,  based on the mean 10.9-kilogauss 

magnetic f,ield, r.esults in the following approximate expressions for 

internal measurement  e r r o r s :  

- - 1 - - 
"tan A 

- O C 3  [1 + 2].s in+l]  [ l  - 0 . 7 6 / ~ ' ] ,  
R ~ T  

(IV 45 ) 

The + dependence of atan A ref lects  the use of both s tereographic 

views in the determination of tan A .  

2.  Turbulence E r r o r s  

The superheated condition requi red  for  t r ack  formation. is  

obtained by rapid expansion of the 'liquid hydrogen pr ior  to  en t ry  of 

each beam pulse.  Because of turbulence following each expansion, 

t r acks  in the chamber a r e  dis tor ted,  and curvatures  obtained from 

photographs of these t racks  can differ considerably f rom the curva tures  

of the actual ionizing part ic les .  

The moment.um-error data of Cres t i14  were  taken a s  the bas i s  

for  including turbulence effects within the total  curvature e r r o r ,  
OK. 

Measurements  of 386 beam t r acks  a t  1.12 ~ e v / c  momenta were  made. 

The square  of the s tandard deviation of curvature can be expr,essed a s  
N 2 

1 
(IV -7) 

i= 1 mean 

where  (1/plmean i s  the mea,n value of measured curvatures,. Data were  

obtained by C r e s t i  under the following conditions: (a)  photographs were  

taken .with 3 msec.. . light delay; (b) t r acks  were  .in .the cent ra l  region 

of the chamber (the exact form of ' turbulence i s  dependent on the 

position of the t r ack  .with respect.  t o  the chamber expansion line);  



( c )  the average interval  between measured  points was 1.0 c m .  Meas-  

urements were  made on .beam - t rack  segments of varying lengths ; th ree  

. ' average t r ack  lengths were  used to  determine the R dependence of 
2 

O K  . The average lengths of the t r acks  considered were  6.1, 9.8, and. 
e 

19.8 cm.  The t h r e e  points of Fig.  5 were  determined by use of Eq. ( IV-7)  

and the Cres t i  measurements .  + 

A fit of these points i s  possible with a quadratic expression 
2 - 2 

O 2  - A  + Bx + Cx , where x = R and R ,  the half chord length of the K 
projected a r c .  Siich a fit i s  indicated by inspection of the points. The 

correspondence' between the functional form 01 the internal  e r r o r  in . 
I 

curvature,  
O K  

in Q:(.IV&), and the last  t e r m  of this  expression *lade 

possible a na tura l  division of the total  e r r o r ,  i. e .  , 2 2 ' 2  
OK = (OK 1 + (OK , 

t i  I 

where (5 and UK are t h e  turbulence and internal-measurement  e r r o r s  K 
respectively.  The dependence of C' on N, the number of points m e a s -  

ured on a t r ack ,  was taken f rom the in te rna l -er ror  expression a s  - C '  1 5  
C N  = ( 1 . .  ) F o r  flat  t r acks  with points taken a t  1 .O-cm intervals, N 
one has N Z ~ R ,  hence the expression 

was fitted to  the points indicated. The coefficients A, B, and C' '' 

required for this  f i t  were  

A = 9.32 X B = 0.174, C'  = 62.5. 

Repeated measurements  of single events were  a l so  used to  distinguish 

between internal  e r r o r s  and turbulence e r l o r s .  

In the kinematic analysis of events,  Section V ,  the quantity 
m 

f i / q i ,  where ci = (xi - X. )/ai, (i = I ,  2 ,  o o o  9)r  i s  a measure  of the 
.1 

shift made in the ith variable to  obtain a fi t  to  a designated - 
interpretation. The distributions of f j5 and f /U over a 

2 52 63 
number of different events a r e  a measure  of the fidelity of the total-  

curvature e r r o r  formulae when applied to  the outgoing negative and 

positive t r a c k  respectively.  Histograms of these distributions a r e  .* 
shown in F i g .  6.  

The distributions of Ei/u over many different events 
g i  

.complement the repeated-measurement  technique, and these d is t r ih-  

utions were  used in the adjustment of the e r r o r  -formulae coefficients. 



Fig. 5 .  Curvature error from study of 386 beam tracks. 
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event6 k' (with stopping proton). 



The e r r o r  formulae a s  programmed for: n0rina.l' nons'topping tracks'  
. . . .  . . 

a r e  . . 

1 
= [A + B/R2 t c / R , ~ ] ~  . . ( B ~ ~ / ~ ) : ~  . . . . .  : (IV-9) 

OK 
. . 

where . . 
. . 

A = 18.64 X 
\ .  e B = 0.226, 

c = , ( 6 2 . 5 / ~ ) ( 1  - '  1.5 N-'1, 

R = f projected chord lerigth.(cm), 

= number of points measured  in Vi'ew I; 

0 = [o l+  2 + 2 ] f  9 
(degrees)  

0, 
where 

1 

01 = 1.85 R - I  N-Z [ I  - 1 / ~ ] ,  
9 

and 

The U" t e r m  in Eq.. (IV-10) ref lects  the 'effect of turbulence 
9 I I 

on azimuthal angle 9. It can be shown that this  turbulence e r r o r ,  (3 
. I1 9' 

and the turbulence e r r o r  in curvature,  K, a r e  related by the . 

expression 

o" (rad. ) = (R/305)01;(, 
9 

where 305 cm/(Bev/c) r e l a t e s  curva ture  and momentum in the magnetic 
1 

field, and ol;( = (A t B / R 2 ) ~ ,  a s  specified in Eq. (IV-9). 

F o r  protons that stopped in the chamber ,  the momentum (and 

hence the curva ture)  was determined f rom the range-momentum 

formula,  p = 0.141 1 0'273,  where 1 i s  t r a c k  length (cm) .  This 

expression,  based on the range-momentum curves  for  liquid hydrogen, 
11 

defines the proton momentum much m o r e  accurately than i s  possible 

when curvature measurements  aye based on parabolic fittings. 



. . The range -momentum expression can be approximated, by 
1 

p 0.141 P z  for  determination of curvature e r r o r  associated with 

.measurement  of. a s,topping proton. With half projected chord length, 

R,  and dip-angle .tangent, tan X ,  a s  independent var iables ,  differen- 

, 

tan X ( ~ e v / c ) ,  

where P = 2R/cos X .  For ." f la t l '  t r acks  this expression reduces to  

OK' Kqn/4R. A value of 0.055 cm was t a k e n a s  the e r r o r  in one-half 

chord length, OR. ?'his value was l h e  standard deviation in r a g e  f o r  
t 11 

444 p ranges measured  by Clark  and Diehl, using the same rneas- 

uring engine. The approximation programmed was 

Since the e r r o r  in K for stopping protons i s  essentially 

in te rna l -measurement  e r r o r ,  36 remeasurements  of event No. 495,621 

were  made to  t e s t  this  approximation. The ar i thmetic  mean of the 

36 OK',s for  the stopping proton obtained by Eq..(m-Q) was 0.072 ( ~ e y / c ) - l .  

The K distribution for  these remeasuremen0s2 shown in F ig .  7 ,  has 
3 -1 . 

a s tandard deviation of'0.128 (Bev/c) The.disagreement  between 

the calculathd e r r o r  and the err0.r  associated with a .typical event 

indicates the dep&nde~ict: of range -measurement  accuracy  on t r a c k  

charac ter i s t ics .  The mcasurements  hy  Clark  and Diehl were r e -  

s t r ic ted  to  flat  t r acks  with.angles of intersect ion--at  the ver tex- -  
0 

between 309 and 1 5 0 ,  and to  the less  heavily ionizing . . mtionland electron 

t racks- - tha t  i s ,  conditions not normally encountered with .actual r e -  

coi l  protons. . These considerations suggested that the expression for  

e r r o r  in .K be  broadened to . , 

OK g 0.024 K/R. (Bev/c)" . (IV(43) 
. ~ 

The typical accurac ies  of the two methods of measuring 

curva tures  (momenta) a r e  i l lustrated by  event No. 494,808: 
. . . . . . .  . . 

t r a c k  length . ( l )  = 3.034 c m .  ; 

momerituln by  curve fitting, p = 121.3 ~ e v / c ;  
C 



CURVATURE, K, 

Fig .  7. Curvature of stopping - proton; 36 repeated measurements  
of event No. 495,621. 5 = 9 . 6 8 / ~ e v / c ;  u Kg = 0.128/~ev/c:  .. 



momentum f rom range,  p> = 192.2 Mev/c; 

momentum f rom Least-squares  adjustment,  pf .= 188.5 ~ e v / c ;  

momentum -measurement  e r r o r  f rom U;Z .:~;~;-i;(JV~l:,3),, 0. = 5 -0 Mev/c. 
P 

Here  pr and.p differ f rom pf,  the "best" value of themomentum,  by  
C 

2% and 36%, respectively.  The adjustment of pr to  obtain a "fit" was 

0.74 U . The inaccuracy of p ref lects .  the short  projected length of 
- 

P C 
t r a c k  (1.63 c m )  available for  the 'parabol ic  fitting. 

Tho nomina.1. beam mqmentum of 0.927 ~ e v / c  was determined 
I ?  
L L 

f rom a study of pion ' t ra jector ies  through the col2imation system. 

The. ahs olute value of the mean pion-beam, m o m e n t u ~ ~ ~  was deterr~l ined 

f r o m  a n  analysis  of 77 elast ic  events in which the proton stopped in the 

chd[~~lSti- .  The nomlna.1 beam momentum, with a s tandard devidtioi~ of 

0.278 Bev/c, was used in the kinematic f i t .p rogram cliscusscd in 

Secti0n.V. . This large,  unreal is t ic  e r r o r  allowed unres t r ic ted  shifting 

of the beam curvature,  K1, in obtaining a fit to  the intrepretation. In 

effect, no exact beam momentum was assumed.  The adjustment 

M 
where  x ' and x l  are respectively "best f i t" and n,nminal values of 1 

- K1., and U l  - 
OK1 

- 0.278 Bev/c, indicates the adjustment of K1  

required fo r  each event to  fit tlie inlarpretntion. The histogram 

for the 77 events i s  given in  Fig.  8. The mean g1 of -0.0414 + -005 

corresponds to  a mean beam r n v r ~ ~ e i ~ t u m  adjustment to  0.939 * .006 13ev/c. 

The mean beam momentum, f rom a study of three  associated production 

events of the, type a- t p + A + KO and a' + p + VO obtained during 

this  exposure,  gives p l  = 0.938 * .002 Bev/c. l 5  A beam momentum 

p l  = 0.939 t .007 Bev/c was used. The indicated beam spread ,  

* 0.007 Bev/c,  i s  supported b y  a detailed study of associated p ro -  

duction a t  1.12 ~ e v / c . ' ~ ~  The beam t ra jec tor ies  through the magnetic 

s teer ing magnets and through the collirnation system were  in a l l  

essent ia l s  identical with the 0.927-Bev/c experimental setup. The 

study of stopping protons ,. on the other hand, indicated only that the 

beam spread  was less  than Jr 0,035 _ ~ e v / c ,  a width that ref lects  the 

large intr insic  measurement  e r r o r  of the method. 



ADJUSTMENT VALUE, %, 

Fig.' 8. Adjustment of beam curvature for least-squares. fit. 
Mean el = -0.414 + ,005,; o = 0.1727. 

fl 



V. KINEMATIC ANALYSIS 

A. Genera l  

In the pas t ,  it  was.possible fo r  the physicists using cloud 

chambers  . . t o  keep up with the data accumulation by  "hand analysis!' 

techniques. The bubble chamber,  with i t s  relatively high density, has 

great ly  increased  the number uf intcresting events observed, and 

therefore  has  stimulated the development of rapid analysis techniques. 

In .this experiment an event was observed with .approximately one out 

of e v e r y  two Bevatron pulses ,  or:300 events were photographed each 

hour.  The analysis  of the events photographed during one 7.4-hour 

period of operation, would requi re  seve ra l  man-yea r s  nf "hand 

analysis .  I.' 'Rapid precisiorl analysis  techniques a r e  obviously required 

if  the .rate of analysis  i s  t o  para l le l  the accumulation of data. 

All computations descr ibed in  this  report: .were  ca r r i ed  out by 

use of the IBM type 650 digital computer.  The procedure followed 

in the analysis  of two-.prong events i s  outlined i n F i g .  9. The m e a s -  

urement  and event -reconstruction phases of analysis have been dis - 
cussed  in Section IV, 

B. Computation of Measurement  E r r o r s  and Coplanarity 

The origin of measurement  e r r o r s  and the derivation of 

requis i te  formulae a r e  discussed in Scction TV. The computer i s  

programmed to calculate the e r r o r s  associated with a l l  angle and 

curvature measurements .  H s e c t i u ~ i  of this prngram computes the 

included angle  between any two t r a c k s ;  individual t r a c k  e r r o r s  a r e  

propagated to  these included angles.  

The coplanarity of an event m a y  be measured  by thc value of 

R = ,, bl  . (fi2 X 15 ) where. ̂ n'l, f i2, 3 
S3 a r e  the unit vectors  in  the 

- 
direction of the incident .rr and the two outgoing prongs,  respectively,  

a t  the ver tex.  Per fec t  coplanarity i s ,  of course ,  indicated by  R = 0; 

however, because of measurement  - e r r o r s ,  events that a r e  actually 

coplanar m a y  have values of R # 0. .-A coplanarity function F and i t s  

associated e r r o r ,  'OF, were  used in establishing the degree of co-  

planarity of each  event. Here R and F a r e  related by  

R = F cos hl  cos X2  cos X 3' 
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Fig .  9. Flow diagram for  analysis  of two-prong event; .computer  
t ime  indicated. 



where  

Since t r acks  dipping or rising vertically in the chamber a r e  not seen,  

c o s h i s  never zero ,  a n d R  = b  if and onlyif F =  0 .  The e r r o r ,  OF, 

is determined direct ly  f r o m  the measurement  e r r o r s  computed for  

each t rack .  The quantity I F  1 /uF indicates coplanarity within meas  - 

urement  e r r o r s .  F igure  10 i s  a histogram of I F I / u ~  values for  

e las t ic  and inelastic events.  F o r  the inelastic events a broad 

distribution ot 1 F 1 / uF is cxpeolud, sjncc tha lack of coplanari ty*is  

dcterrnined by Lke direction and momentum of the neut ra l  par t ic les .  

C. Graphical  Analysis of Inelastic Events . 
1. . Ellipse Plots  

In t h e  followiiig discussion, inelastic events 
. . - - 

sr + p - t s r  + p + s r  0. 

and 
+ . T ~ P  - . IT- .+  IT + n 

a r e  represented  symbolically a s  

Subscripts on kinematic var iables  indicate the part ic le  to  which the 

variable appl ies ,  Unstarred quantiti.e s and s ta r red 'quant i t ies  per tain 
- t o  the laboratory and center-of-mass ( c ,  m.  ) sys tems respect ively.  

In the laboratory systerr~ that component of the momentum of the 

neut ra l  par t ic le ,  Ms, that i s  perpendicular to  the plane defined by the 

two charged par t ic les  introduces a deviation f rom coplanarity and 

prevents the use of a geometr ical ly  simple dynamical representat ion 

I in this re ference  f r a m e .  In the c .  m .  system the th ree  final-state 

par t ic les  a r e  coplanar,  and, in this  f r a m e ,  ell ipse plots m a y  be used 

in the kinematic analysis .  The ell ips& plots for  analysis  of the two 

' inelastic react ions a r e  shown in .Fig.  11, 

The proper t ies  of each  .ellipse a r e  established by the Lorentz 

t ransformation f rom the b a r s y  sys tem,  (pr imed quai t i t ies )  in which 

the vir tual  m a s s  of par t ic les  M 3  and Mg ' i s  a t  r e s t ,  t o  the c . m .  system 

( see  Fig.  12).  



- ELASTIC 

---:INELASTIC, IF / /@ 3a NOT SHOWN, 

Fig. 10. Coplanarity of 25U elastic events (solid line) and 250 
inelastic events (dotted line). 



0 Fig. l l a .  Ellipse plot for analysis of r- + p + r -  + p f r in- 
elastic events. A typical event i s  plotted. 

t 



- -F 
Fig. l l b .  Ellipse plot for analysis of r- + p + I T  4- IT 4- n in- 

elastic events. A typical event is plotted. 



Center-o f-mass system Barsy system 

Fig. 12. E l l i p ~ e  parameters, with diagram of transformation 
from barsy to center -of -mass system. 



' ) .  . . . . - .-,; = p l  ; 81 - = e l 3  = n  - 'Thus .for pa r t i c l e  No. 3, (pt3 - el5), one 
. . . . . . . . .  , . . . . .. can wri te  

. only the longitudinal component of the momentum -energy vector being 

transfor.med. The quantities. 7 and r e fe r  .to the .motion of the..barsy 
. . 

relative to  the c .  m .  system. . . . . 

The origin of the ell ipse i s  given by considering the special  

case  in which the part ic le  .is. going off a t  'n/2 , in  .the ba r  sy ,  

The major  axis i s  the difference between the momentum vectors  * 
p 3  

for  the two special  cases  with 8' = 0 and 8' = n, i. e.  , 27 pt3. The 

minor axis  i s  given simply by 2p' 3' 

Computation of the ell ipse pa ramete r s  necessa ry  for  construc-  

tion of the ell ipse plots was programmed for the IBM 650 by the 

following procedure.  

(a)  Calculate the vir tual  m a s s  of pa i t ic les  No. 3 and No. 5, 
2 4 * 1 .  

'"'-3 5 
= [ E * ~  + Mi - 2 E E 

4 
where E i s  the total  center-of -mass  energy;  .' 

>k . * 2 2 $ 
(b)  Calculate p 2 ( m a x )  = [(E2 (max))  - M2 ] , 

where . . .  * 1 ' * 2  2 2 
. ~ : ~ ( r n a x ) =  --* [E + M2 , - : (M3+ M 5 ) l e  

2E * 
(c): Compute the e l l i p s e  pa ramete r s  for  increments  of p i  in * * 

the interval  0 < p 2  < p2( rnax) ;  using the following expressions:  

where 



In both inelastic casea .considered, the negatively charged 
. . . . . . . . :  . , .  . .  

part ic le  is a n-, Bndthe positive in the final s ta te  .. .. , , charac ter izes  
. . 

the event. 

2 .  Transformation t o  Center  -of -Mass System 

a .  Rotation of Chamber Co6'rdinate Svstem 

For the graphical analysis ,  a. tr .ansformation of the measured  

:: .m.om.ent.,a and angles of. the- prongs into the c .  m .  system i s  required.  

Prbpagati.on. of..t.he . e r r o r s  associated with these 'measured,  quantities 

. . in to  the new reference f r a m e  i s  a l so  necessary .  ,. 

" 
.:.I E,r ror  .propagation into the c .  m . .  system was simplified by  

f i r s t  rotating, the measurement  coordinate f r a m e  s.o a s  to  bring the 

incident beam direction into coi.nc.idence with a . transformation axis .  

In the cobidinate sys tem of.the chamber, .  System I, Fig.  13, the 
, ! . I . . .  

di:rection vector . . of an.incident i -  i s  near ly  para l le l  t o  the positive y 
. . 

axis .  . System I was rotated to  br ing the beam direction.into coincidence 
. . 

. . 
with .the positive . .  . x '  ax is  of. System 11. 

. . 

. The beam t r ack  i n s y s t e m  I has  polar and dip angles ( c + ~  , A l l  
. .. . . 

defined, in  t c r m s  of direction cosines,  by 
. 'cos A1 = t [ l  - n sill A,l = . .nlz ,, 2 ]f  . 

< '  ' ,  l z  . ' . . 

cos = n /cos h l ;  s i n +  . = n / s i n h l .  
l x  1. l y  

It can be shown that rigid rotation of the c.uiirdi~latt: System 1. .  

through a n  sng le  of ~ I J U ~ L  (he x a ~ i . s ,  followed by  a:rotation through 

.an angle of -A1 about the new y axis br ings about the des i red  align- 

ment  of the incident t r ack  and the + X I  axis.of System 11. Thus, a 

prong fi represented  i n  System I by 
. . %  

.. . , .  . .  . , 
fi = cos A cos + 1̂  + cos A s in  C+ 'j + sin A E 

. . . : . . . 

will, in System 11, have the form 
. 

< 3 .  A A A 

. f i = s i n a c o s p  i ' + s i n a s i n p j l  + c o s a k l ,  

wit 11 
. . 



beam direction) 

. . . .  . 

Fig.  1 3 .  ~ i a ~ r a k  of space  co8rdinate sys tems used in e r r o r  
propagation to  center -of -mass  sys tem.  (Above) Chamber . 
co6rdinates,  System I. (Below) Transformation coijrdinates, 
System 11. 



The . r e a l  orthogonal m a t r i ~ ' M ( + ~ ,  A 1 )  i s  given by 

.cos A cos  i 1 cos A1 . s i n + l  s in  A1 

M(+l'A1) = . - C O S  0 

- s i n k l  cos + l  -sin A s i n + l  1 cos A1 

1n.system 11 the direction of the kth emergent  prong i s  - 
specified b y  

C O E  % = cos A l  sin A - sin A r o s  A cos (Qk - +1 k 1 k 

1 
cos.Pk = - [cos A1 cosA C O S ( + ~ -  t 'inA1 sin l k ] ,  s i n p  

k 
k 

1 
s inPk = - 

s in  a [cos Ak s in  Mk - + + I  
k 

It can b e  shown that the e r r o r s  in a and /3 associated with 

e r r o r s  in + and .1  a r e ,  for  the kth prong, - 

where the coefficients Alk,  * . .  ,- Bjk a r e  given by 

. ,Alk .- s inPk 3in A l ,  

.AZk = C O S  Pk, 

A3k = cos A1 cos A + s i n i l  s in  A cos(gk k k 
- 1 - -  

2 j cos  Ak A3k 9 B1k sin ak 

- 1 
B2k - zz-z cos s in p 

k k9 

B., . -= s in11 s inPk 
3k 

. . . sins cos A k '  k 



b.  Center -of -Mass System Qua,ntities. 

F ollciwing the axis rotation the incident t r a c k  coincides 

with the + x' axis of. System '11, and this axis i s  the t ransformation axis 

and the reference axis for  angle measurements ;  Bk i s  the l abora to ry  

space ang'le for  the kth prong. - 
F o r  the kth prong, we. can  write ': - 

and the center -of -mass .  momenta necessa ry  for graphical analysis 

are' .given by, . : ' ' 

* 2 - 2 . p  2 1 
P'k = pk [sin 0 + . y  ( C O S ~  - - ) ] 2., k Pk 

where 
Pk . . 2 , cos Bk = s i n a  cos P s in  0 = 1  - cos 

2 
k k 9 .  k .. Ok' 

. The angular separation of the two emergent  prongs in, the c .  m ,  
>k 2. 

s y s  t em,  8 ,jr , can be calculated f rom the invariance of Y 2,3,, i. e .  , 

hence * * * - E 2 E 3 . + " p3 co' "3.) 

23 * * s 

p2 p 3  

, :  . . . . 

with cos 823 = s in  a s i n a 3  cos (P2-  P3) t c o s ' a  cos a 
2 2 3 

and 

+ M k  . '  

. F r o m  Eq. : (V-1 )  it can b e  shown that the standard deviation of 

t h e . e r r o r  associated with the kth - prongis.  morn&ntum (c.  m .  ) i s  



-. - 
.-2 

D ~ =  pk [ s inek  cos 0 (1-y ) +.YJ sin ek] ,  k 
. . Pk 

and 
. . 

1 2 ,; u = l s in  Bk 1 [(s in  % sin Pk)2 a t (cos % cos Pk)2 u 
Ok Pk Uk 

. . * ' I  

The e r ro ' r . in  6' 23,  a function of the s ix var iables  

(p2, p3, a2,  P 2 ,  a3, .  P3)  that define t racks .No.  2 and No. 3, was 

obtained by  ,evaluating the required par t ia l  derivatives of Eq.  .(V-2) 

a s  difference quotients r a the r .  than programming in their  analytical 
. . . . . .  expressions.  

. The center -of -mass  quantities a r e ,  of' course ,  dependent on 

the react ion assumed,  i. e .  , the m a s s  assigned to  par.ticle No. 3 .  The 

computer hrogram f i r s t  computes the quantities using M = M ; then 3 P 
the calculation i s  .repeated with M3 = MTo 

F o r  each event the two inelastic reactions a r e  considered in * * 
t u r n ;  and t h e  areas, defined by  p j  , cos 6' and their  associated 2 3 ' 
e r r o r s ,  a r e  plotted on the appropriate set  of curves: F o r  one of the * 
two reactions the te rminal  point of p will, idcally, lie (within e r r o r s )  * 
on the ell ipse specified by the value of p 2 ,  thereby character izing the 

reaction. A typical event has  'been plotted i n F i g .  11. The. values of * *  
p 2 ,  p 3 ,  ' and the s tandard deviation U s :, U * a r e  used in determining. 

P p3 
the best  graphical fi t .  The quantity to  Be minimized in each instance 



One can  write 

The values of x for  t h e  inelastic interpretations were  compared 
(m in) 

for  determination of .the co r rec t  graphical interpretation. F o r  the 

event plotted in .Fig. 11, the missing neutral  is, obviously a neutron; 
2 2 

X ,  = 99-  A detailed disc.ussion of the:-graphical separat ion of 

inelastic events. i s  not given. In summary ,  .separation .by this  method 

was identical to  the separation obtained b y  the computer . . program 

d i s c u ~ ~ c d  in the following, sectiyn. .. . . . I  . .  . 

D. Computer P rogram for  Kinematic. Ana1ysi.s. . , 

of Two-Prong Events 

1. General  

Kinematic analysis.  of two-prong, events--i .  e .  , events . . having 

one incident IT- t r ack  .andtwo charged outgoing t r acks  :-was programmed 

for  the IBM-650. The input data consist  of the measured  values of 

nine dynarnical var iables  x i  (specified below) character izing each  

event, and for  each measured  variable i t s  associated s tandard , 

deviation. Ui. . Output data consist  of ( a )  the leas t - squares  adjusted 

value of each .of the nine variab1e.s- re.q.uired .to make a "best f i t "  to. . . 

each of th ree  possible interpr,etation,s, (e.  g o  , elast ic ,  and inelastic 

wi th  h i s s i n g  no or neutron);  (b) the value of X 2  and a number of 

all ied s tat is t ical  consistency t e s t s ;  (c) the momentum and t ra jec tory  .. . 

.O 
of the missing neutral  par t ic le  (IT or, neutron). 

2. Choice of , ~ ~ n a m i c a l  Variables 

The nine dynamical va,riables x. (i = 1,  2, ..* , 9) consist  of 
. . 1 

th ree  curvature var iables  ( j  = 1, 2, 3),  . . 

where  
+1 for incident t r ack ,  t r ack  No. 1 "' 

* =  1"'. 
-1 for  outgoing prongs,  t r acks  Nos. 2 and 3 ' 



the three dip tangents . . . . . .  

tanXj,  .. - ,  - ,  (j .=,  1 ,  2, 3.); 

and the th ree  az imuthalangles  
. . 

. . . . . . . .  : ;  $j.... . .  . . . . . . (j . = . 1,  2 ,  3 ) .  . . . . 

~ l i b s e  vairiablea .wer'e chosen.beca.u.se of correspondence with 

. . quantities most  direct ly  . . me'asured f rom the s t e reo  ,project.ions on a 

. scanning table; Curvature was chosen,in. preference  to the .&ore 

famil iar  momentiim variable to  eliminate the following problem; the 

.use '  of momentum' as .one of the fitting variable3 introduces ax1 ar tilicial 

mathematical  discontii~uity a t  high part ic le  n~ o- t~~en tum.  F o r  example,  

two beam tra,cks of momentum 4,O ~ e v / c  and opposite charge a r e  

indistirlguisllaljle b y  present  tcchniquos. Theiri:.momenta., however, 

a r e  two large numbers  of opposite sign, whereas their  curva tures  are 
' ' essent ial ly  z e r o  in both. cas.esd ..At lower momenta this difficulty again 

shows up as .a 's.kewness' in momentum e r r o r .  ., 

3. Interpretation Defined 

The genera l  two-prong interaction m a y  b e  wri t ten symbolically 

. M = incident par t ic le  ( t rack.No.  1)  .1 
. . 

M = 'struck part ic le ,  . 4  

M .: .track No. 2 par t ic le ,  2 

M = t r ack  No. 3 par t ic le ,  3 
. . 
M = missing neut ra l  (not used if  e las t ic ) ,  

5 
An interpretat ion cons is t s ,  by  definition, of two statements:  

1 .  Whether the event i s  to  be  t rea ted  a s  elast ic  or  inelast ic ;  

2. The s e t  of m a s s e s  M1, M2,  M3; M4 - -  and, for  inelastic in t e r -  

pretat ions,  M5 ' 



4.  Kinematic:Equations of Constraint . . . . 

F o r  any given interpretation the momentum, .. and , energy (-)F 1 

. (X=.l, 2, 3, 4) of the missing neutral,  i f  any, can be written a s  

where the energy of the - jth particle i s  com kted f rom 
2 P - 

(1 + t a n  A ; ) .  
E .  = '  
. J J +.;I2 , 

with M .  the m a s s  of. the j t h  Here' M4(Bev) i s  the m a s s  of 
J - 

the s t ruck  particle.  

The kinematic constraints can .be summarized  .into two groups 

according to whether the event i s  t reated a s  elast ic  or  inelastic:  

1. . Elast ic:  Impose four contraints,  F X '(x) = 0 for  X =  1, 2, 3, 4. 

2 .  Inelastic: Impose the single constraint,  5(x) = 0, 

whe.re 5 .is defined by. the expression 

where 2 

1 

F o r  Q positive, 1 ~ 1 "  i s  the apparent m a s s  of the missing neutral.  

The quadratic dependence of 5 on F4 makes it  possible to  

reach  a least-squares fit for  which the energy of the missing neutral 

i s  negative, i . e . ,  F4>0 .  These erroneous solutions a r e  fortunately 
infrequent and easi ly detected. 



The part icular  kinematic constraints  selkcted above-:are' some-  

what arbitrar:y> F o r  example,  one df' the elast ic  constraints could 

have imposed .the coplanarity ' restriction. Almost aGy function ' 
' 2  . .  

G(M5 -a) such tha t  G(0 )  . .. was,s&i.o coUld h ive  been used for t h e  inelastic . . . . 
. . . . ,. . . . 

const'raint,. The kinematic constraints kited above were  selected f i r s t  

for  their  ,ease of comput,ation,..and,.second for their  essent ial ly  linear 
" . . '. . .  , 

. .  . 
, . 

dependence on the dynamical variables in the range of physical 

in te res t .  

5. Definition of a Kinematic Fit: 
M In genera l  the measured  values x of thc nine variables  of 
i 

an event do not sa t i s fy  the kinematic constraints .  Therefore a least  - 
squares  adjiist~mcnt of .thio inp'ut d a t a  . i s  r c q i ~ i r a d ,  with the mea.s~ired 

M 
quantit ies, .  x M , .  going io  thk 'adjusted values,  x.: x. - x ( i  = 1, 2.-a 9) .  

.I 1 1  i 
A leas t - squares  fit to  a giveli . . interpretat ion i s  specified by a 

s-et of dynamical v:a.r.iab le s xi satisfying two conditions : 
i .. 

(a )  The constraints  a r e  individually equal to  zero ,  i. e . ,  

FA(x.)  = 0 ,  for'  a l l  constraints  A = 1 , ~ ~ ~  c. F o r  inelastics 
1 

F1. i s  se t  equal to  and c = 1. 

(b) ~ h t i  chi-squar,e quantity, 

. is  a t  . a  minimum (or  ~ t a t i d n a r ' ~ )  point f o r .  akl variations,  
.. . 

'. -j. = . . 6 xi. abdut x. consistent with t h e  kinematic constraints.  
1 

An'al ternat ive,  but eyuivnLent, forn~ulat ior i  using Xagrangian 

mult ipl iers  proves m o r e  mathe:matically t ractable .  This choice 

replaces (a)  and (b) by  this ;equirement: 

The modified chi-square quantity 
. . C' 

i s  minimum (or  s ta t ionary)  under a r b i t r a r y  variations,  6 aA, 6 xi of 

a l l  var iables  about the i r  s ta t ionary values, aAs  xis 
1 .  



6 .  . Stat is t ical  Es t imates  of the Quality of the. F i t  , 
;<,,,.,: . . i . , ~ _ . % ' .  

Achievement of a "fit" i s  a 'pure ly  mathematical  achievement . .. . 

in programming; ' in  'no way does i t  a s s u r e  that the selected . interpretation . . . .  . - 
is .valid.  Therefore;  a s ta t is t ical  es t imate of the quality , . of ... the f i t '  

.I . 
t o  a given interpretation .is required. . , 

? .  
. . , . . . . .  

The adjustment pa ramete r s  a r e  norinalized by introducing the 

quantities Ci, 

The foremost  quantity for  the s tat is t ical  estimate.  i s ,  of course ,  

evaluated a t  the "fit!'." If x 2  i s  in .the' doubtful. zone, being neither 

unduly large nor sufficiently smal l ,  other t e s t s  can be quite useful. 

In par t icular  a distinction i s  made between: (a), " e r r o r s "  

f rom inherent inaccuracy of. measurement  and f rom turbulence, a s  

discussed in Section Iv; and ' (b)  "bloopers" cause.d by miscoding, 

measurement  of wrong fiducials, o r  jumping to a neighboring t r ack ,  

& digitizer e r r o r s .  In addition, i t  is helpful ' to distinguish th ree  

s tat is t ical  es t imates  that were  used. 

( i )  Global: the . tes t s  1 ci /  < 3 .  These t e s t s  a r e  dependent on-ly upon 

x.  a t  f i t ,  the measured  x . ~ ,  and the s tandard deviation in  the  variable ,  
.1 .1 

0-. 
1 

(ii) Local: the t e s t s  I Ei/ 0 I < 3 .  These t e s t s  a r e  peculiar to  the 
'i 

interpretation.fi t ted.  . H e r e  0 i s  the s tandard deviation in 6 .  i tself .  ': 1 

Such..test s exploit the derivative & of the constrair l t ;~ . a t  fit and . a re  oft.en 

more  s ~ n s i t i v e  than the global t e s t ,  provided the interpretat ion i s  

(iii) Systematic : correlat ion of curvature and azimuthal angle e r r  or s ,  

incorrec t  nominal beam momentum, and neglect of d ~ / d x  correct ions 

in curvature measurement .  . Correct ions of this  nature were  made by 

hand calculation where required for  resolution of other.wise ambiguous 

interpretat ions.  



7. Tra jec to ry  of the Missing Neutral Par t ic le  

The variables appropriate  to  the missing neut ra l  t r ack - - i .  e . ,  

curvature,  K ; dip tangent, t an  h5; and azimuthal angle,  + - - a r e  5 5 
calculated f o r  each inelastic interpretation. When a fit has  been 

obtained, these quantit ies a r e  specified by 

2 -1'. - 2 
K ~ , =  ( p j  cos X i )  = (Fi + F i  ) ", ( ~ e v / c ) - l ,  (V-8) 

1 

tan A5 = F~/(F: + F;)Z = F 3 K 5' 

+5 = a r c   tan(^^/^^),, ' . (.V - 10) 

where -F1, -F2, -F 3 i s  the momentum vector of the missing neutral ,  

~ ~ s .  (v-3). ,  (.V -4); and (.Y-5).& 

8. Mathematics of the Fitting Procedure  

a.. Linear  Constraints 

The procedure introduced he re  was developed, b y  F r a n k  T.  Solmitz 

and Horace Taft. . , 
16' l 7  Let us examine the fitting problem for  the 

special  case ,  in which the constraints  constitute l inear relations 

between the xi, 
9 

whcrc FXi = a FA/a  xi. W e  now requi re  the (9 + c )  par t ia l  aer ivat ives  

of M , .  Eq. (V-7) ' to  be' zero :  

Substituting Eq.  (V-12) into (V-13), we get c equations for  the aA1s :  

where HAu is the symmetr ic  ma t r ix ,  

(V - I  4) 



Hence we have 

' ., 
which, when substituted back into Eq. (V-12), gives the adjusted values 

b ,  Nonlinear Constraints 
. , 

Solmitz has suggested the adaptation of this method.to the , 

. . 
s.olution of the fitting problem for  nonlinear constraints!6 F o r  a point 

v 
x.  i n  the neighborhood of the f i t tedvalues  xi the nonlinear' constraints 
.1 

can be approximated by the l inear expansivn 

v v 
(V- 17) F ~ ( x ~ )  = ) t a F /ax i  J X . ,  (xi -x i  ). 

1 

The method of successive approximation, using equations paralleling 
v 

SectionVD8(a) i s  then used to  der ive bet ter  es t imates ,  xi , of the fit 
. . 

var iab l& s x: . 
I. 

The fundamental Eqs .  (V-12) and (V- 13) c a r r y  over direct ly;  

the quantities FAi must  be he re  reinterpreted a s  par t ia l  derivatives:  

Given the - vth:approximation ( x i v ,  a ') t o  the' solution of the fundamental A '  
Eq. .(V-12) and.(V-13),  one deduces the next i tefat ion ( v t ' l )  f rom a 

v f i r s t -o rde r  expansion i n  (x. - x. ): 
1 1 .  

v v t l  
Introducing the two quantities H Ap. ' a~ ~ 

generalizing Expressions 
v 

(V-15) and,(V-16),  and the modified constraint function f A  , one has 

- 



~i 
v t l  

i s  obtainable by substitution of \ into Eq. :(.V-19.). 

This i teration'  p r  ocess can be initiated with. "ze'roth-approxi- 

mation" values x. 
1 

('1 = x.M, i .  e . ,  
1 

I .  

9. Statist ical  Correlat ion of Adjusted and 'Measured Variables 
. . 

. M 
The measured  variables  x. a r e  assumed t o  be uncorrelated: 

> .. 
,. 

. > _ ;  . M 2 .  bxiM b. = B i j  ai , . . where (Ti 
.I . , . .  

M 
. . 

i:s"'..'t'he sta'nda:rd: devi.ation in the measurement  of x. , However, the 
- 1 

fitted variables  xi a r e  cor re la ted  a s  a resu l t  of the fitting p rocess .  

Thenormal i zed  displacements,  ci(i = 1, . - -  9)  a r e  a l so  cor re la ted .  
; .  , 

. . 
Eva lua.ti on of the fit achieved fur  aii y intti-prctation .is pos sih le. 

only if we' es tab l i sh  two references :  (a)  the standard deviation , 
L a , of 5. i t se l f ;  and (b) the average value of x . t o  be expected with 

. Ei 1 

c coni t ra in ts ,  using the fitting procedure.  

These resu l t s  c a n b e  deduced a s  follows. At X 2  minimum the 
- 

.normalized displacement e . .  i s  given by 
1 

, . .  

and accordingly the variation ' 6 ii is 
7 

Using the r e su l t  of ~ o l m i t z l ~  valid only to  the extent that the region 
2 

nea r  x minimum can be t rea ted  as Linear, 

then 'one 'deduces 



Not a l l  s tandard deviations u a r e  equal to  unity, because 
'i 

in a leas t - squares  fitting those dynamical var iables  least  well known 

a r e ,  in general,  adjusted (shifted) by  a g rea te r  number of standard 

deviations in the fitting process .  The digital computer was p ro -  

grammed to evaluate and print out the adjustme'nt var iables  c./u. , 
1 ci 

which have in principle a unit-width normal  distribution. 

The mean value of x2 can now be established a s  a special  

resul t :  

= c ,  the number of constraints .  . 

L 
In summary ,  x should average to  1 and 4 for  the inelastic 

and elast ic  events,  respec t ive ly .  The X 2  distributions for  the inelastic 

and elast ic  events a r e  shown in Fig.  14. 

10. Comparison of Measured and. Computed Quantities 
- + 

Figure  .15 shows a photograph .of a .rr- + p + ..rr t .rr + n 

interaction. A schematic  diagram of the event i s  shown. in Fig.  16. 

This i s  a typical two-prong event if  we consider only t r acks  Nos. 1 ,  2, 

and 3 .  (The kinematic program considers  only these t r acks .  ) In this  

event, the missing neutrorl (neutral  t r a c k  No. 4) s t r ikes  a proton, 

t r ack  No. 5 ,  and t h e  neutron mbmentum and t ra jec tory  can be calculated 

f rom the direction and range of this  stopping proton. This fortuitous 

circumstance pe rmi t s  the following t e s t s  of the kinematic program.  

(a) Does the program,  utilizing only measurements  of t r acks  Nos. 1,  

2 ,  .and 3 ,  achieve a.."fitM for the neutron interpretation?'.,, (b) Do the 

computed t ra jec tory  and momentum of the neutron ag ree  with the 

measured  values (based on the vertex,  the f i r s t  bubble of.the proton 

t rack ,  and the range of the stopping proton)? Table I11 summar izes  

the comparis.on between measured  and computed quantit ies.  The 

large measurem'ent e r r o r  associated with the dip angle of the neutron 



=ig. 14. (Above) X 2  inelastic interpretation, 250 inelastic 
events 

 elow ow) elastic interpretation, 250 elastic events. 





- t Fig. 16. Schematic diagram of r- + p * r t r + n event. 



i s  caused by the shortness  of the t r a c k  and the fact that only two points 

were  available for  measurement .  The measurement  e r r o r s  f o r  the 
,+. 

.rr (a typical t rack)  a r e  included in Table .III. . 

. . . I Table I11 

Measured and adjusted quantities 

Value f rom .Measurement Least - squares  
. . .  .Par t ic le  . . Quan.tity measurements  e r r o r  value 

proton, range 7.178 cm - 
NO ;.5 

p5 0.243 Bev/c 0,002 Bev/c 
' - - - - - _ - - 0 - - - - - - - - _ - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  

neutron, p4 
O.L56 ~ e v / c  0.036 Bev/c 0.267 Bev/c 

No. 4 
94 95.1' 4.2O 93,. lo  

h4 19.3' 3 8 . 0 ~  25.4' 
I 

length 0.325 cm - J- 

(meas  .) 

- 2 
X e l  >99.9 

L 
X n 2 .o 

T+ p3 
0.388 Bev/c , 0.025 ~ e v / c  0.372 ~ e v / c  

No. 3 
43 

74.7O . 0 . 2 ~  74.7O. 

- X3 
11.9O 0.5' 12 .oO 

length . .1.3.138 cm.  
. (meas .) 



VI. CLASSIFICATION OF EVENTS 

All events were  f i r s t  examined f o r  the value of the coplanarity 

function F / u ~ ,  and catalogued a s  coplanar ( F / u F  < 4) or, non- 

coplanar ( F / u ~  ,4). 

The noncoplanar events were  considered to  be definitely in-  

e las t ic ,  and were  subdivided a s  follows: 
2 2 2 

( A . l )  Strongly separable  by x , i. e . ,  x '< 2.7, x 3 5 ,  or  

vice ve r sa .  F ina l  classification of these events corresponds , 
2 

to the sma l l e r  x . 
2 2 

(A.2) Tentatively ambiguous, i. e .  , both x ,O and x -< 5. These 

events were  examined f o r  delta r ays  and ionization of the 

positivc traclc, and kinematically examined on the p 0'  pi- 
plot descr ibed hel,ow, 

2 0 
(4 .3)  All  others  - not having sat isfactory x for  e i ther  the I T :  or  

neutron interpretation.. These  events were  examined on the 

scanning desk.for  measurement  and (o r )  coding e r r o r s ,  

r emeasured  or  adjusted by  template  fi t t ings,  and finally '  

forced into category A.1 or  A.2. 

The coplanar events,  !F / ,uF / .<  4, were  divided into c l a s ses  

in  an  analogous way: 
L 

(B. 1) Strongly separable  a s  e las t ic ,  by  x 
.O 

(B.2) Elas l ic  ur. .II . (a l l~Liguol is ) ;  neither i o i ~ i z a t i s i ~  1101- 'dClta rays 

can possibly resolve the ambiguity. 

, (B.3) Elast ic  or neutron (ambiguous); possible to  resolve by 

identification of positive t r ack ,  on the bas i s  of ionization and 

delta r ays .  

(B.4) Neutronor .rro (ambiguous); s e p a r a b l e a s  classA.2: 

(B.:5). No fit achieved; events remeasured .  

All  the events with IF /uF  I < 4 and fitting only inelastic 

. interpretat ions were  re-examined for  g r o s s  measurement  e r r o r s .  
0 These e r r o r s  can induce a spurious I T .  or  neutron fit. '  

Posi t ive-part ic le  identification, based on .ionization, was used 
- 

in  the classification of otherwise ambiguous .events. The incident ' r  

was used a s  the local minimum -ionization s tandard.  (Calibration of the 

chamber for bubble density as a f u n c t i c ~  of ionization was not feasible 
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fo r  two reasons:  (a)  chamber sensit ivity was kept high.to dete.ct neutral-  

par t ic le  end points; (b) superposition of bubbles--especially for  steeply 

dipping t r acks  - -makes bubble counting unreliable. ) Low -momentum 

protons were  readily identified in the chamber.  

It i s  quite possible for an inelastic event to  be kinematically 

ambiguous, even in .the limit of. exact momentum and angle measurements. .  

To  see  this let p+ be the observed momentum of the positive prong, and 
'0 let p belthe calculated momentum of the  missing neutral  .(a or  neutron).  0 

Normally the energy available -to the positive. and neutral  pa'rt icles,  a s  

calculated f rom the conservation of energy.and the known m a s s e s  of 

the incident and ' s t ruck  par t ic les ,  allows assignment .  of only one m a s s  

to  the positive par t ic le  and one m a s s  to  the neut ra l  par t ic le  (either 
0 

proton m a s s  and a m a s s ,  or nt m a s s  and neutron m a s s ) .    ow ever, 
t o  the approximation that the sma l l  no- n - p  m a s s  differences can 

be neglected, kinematic,  separat ion fai ls  f o r  po = p+. Although such 

events a r e  kinematically ambiguous, they may,  of course ,  be classified 

on the bas is  of delta r ays  or  ionization along the positive t rack .  

F'igure 1 / shows the po, p+ distribution of a group of 26 events 

of class.A-2. The ambiguous p - p+ line i s  broadened by  the typical 0 - 
measurement  e r r o r  of p . the e r r o r  inc reases  with increasing positive t' 

2 
momentum. , F o r  the most  par t ,  those events with good x separat ion 

. o  
have the be t te r  interpretat ion.(a  or  n) outside the ambiguity region. 



F i g .  17. Scatter diagram of positive and neut ra l  par t ic le  
momenta (26 events).  Kinematically ambiguous region 
de lineated. 



VII .  . RESULTS 
. . . . . . .  , . ., . 

A. C r o s s  ~ e c t i o n s ,  ' 

-The total  number of interactions,  cor rec ted .  fo.r over -al l  

scanning efficiency and detection dependence upon .the orientation of 
. . . . 

'the plane of emergent  prongs i s  1'430 *'43. After correc'ting'for the 

small-angle elas,tic scat ter ing,  the total  number .of events . . occurring 

in . the acceptance volume of the chamber'  i s  increased  to  1452 * 48. 
. . 

The total  number of interactions and the integrated pion path 

length..in..the acceptance ;volume provides a d i rec t  measurement  of . . 
the. total  c r o s s  section. Beam tracks crossing the acceptance volume, 

. .  . 
, a s  projected in one view, were  counted in eve ry  tenth f r a m e  of fi lm. 

% .  

~ a s e d  on this  b e a m  count and the average t rdck  Length a c r o s s  the 

. . 
acceptance volume, a total  pion path length of  7.76 x.1 o5 c m  * 1.170 

. . . . . . .  . .  . 
was computed. This ,length includes correct ions for  muon contam - 
ination (1.0 * 1.070) and electron contamination ,(1.8 * 1.270)~ l 8   he. 
ir-'-p tbtal  c r o s s  gection found i s  53.3 .* 2.4 mil l ibarns.  The c r o s s  

. . se.ctions for a l l . ze ro - ,  two-, . four'-, and s'ix-prong and V-particle 

events observed a r e  listed in Table IV, together with their  relative 
. . :f r eque nc ie  s . 

Tab1e.V gives the relative frequencies  and c r o s s  sections.for 

the elast ic  -scat ter ing and single -pion-production react ions.  

B.  . ElasJic Differential. C r o s s  Section ' 

. . .  , 
Figure  18 shows the elast ic  IT--p differential  c r o s s  section. 

This . differential  . c r o s s  section displays the nar row d.iffraction peal: 

. . .  in the forward  direction, and af ter  dropping . .. t o  a distinct mimimum 
0 0 

f rom 66 to 108 (center-of-mass sys tem)  shows a pronounced hump 

,in the.backward hemisphere.  The backward hemisphere contains 

35.670 of the .events. The differential c r o s s  sec t ion  a t  oO, do-(0)/6 a, 
extrapolated f rom the cu rve . i s  15 * 4 mb/sterad.  . Cool, Piccioni,  

19 and Clark  give a value of 9.4 (center -of -mass  sys tem)  on the bas i s  

of a 46-mb total  c r o s s  section. Adjustment of the imaginary par t  of 

the forward-scat ter ing amplitude fo r  the l a rge r  total  c r o s s  section 

of 53.3.mb yields a prediction of 12.6 mb for  the elast ic  differential 
0 

c r o s s  section a t  0 a < 



' Table  IV 

Phenomenologic 'al  c lass i f i ca t ion  

F r a c t i o n  of C r o s s  sec t ion  . . 
Reac t ion  No. of events  to ta l  even t s  ' (mb)  , 

. . 
Two -prong 1182 * 36* ' . '  0.814 * 0.024 43 .4  * 1.3 

F o u r  -prong ' l2 .*  2' 0 .008'* 0.001 ' .  0.4 0.001 

0 Six -p r  ong. 0 0 

Assoc ia ted  3 . *  1 0.002 0.001 0.1 * 0.001 
: product ion 
- -~ -., 

a * * 
Includes .22.*  5 even ts  in  th'e.interva1 1 Z c o s  0 T, - 2 0 . 9 5  e l a s t i c  

d i f fe ren t ia l  c r o s s  sec t ion ,  F ig .  18. 

E l a s t i c  and  s ingle  -pion product ion 
- 

. . No. of even t s  F r a c t i o n  of C r o s s  sec t ion  
React ion - analyzed analyzed even ts  (mb ) 
E l a s t i c  26 1 0.483 21.0 * 1.1 

A l l  o ther  - - 9.9 
in te rac t ions  

To t a l  c r o s s  sec t ion  = 5 3 . 3  * 2.4 



Fig. 18,. Elastic n-p differential c ro s s  section a t  0.939 Bev/c. 
Events: ccjrrespondi~ig. to scattering of less than 180 in the 
center-of -mass  system a r e  omitted. 



C.  Distribution of Charged Pa r t i c l e s  in Single-Pion Production 
- 

The momentum distributions of the IT and proton f rom 
0 

IT- + p + no + p + IT react ions a r e  given in Fig.  19. The momentum 

distributions a r e  compared with those predicted by  phase -space 

considerations.  The average momentum of the observed IT- 1s surlJe- 

what higher than the average value predicted by phase-space arguments ,  

and a r e  consistent with the momentum distribution anticipated f rom the 

isobar  model. 
10 

In F ig .  20, the mornerltunl his tograms of the charged pioils 
- - +  

f rom the react ion IT + p + IT + IT + n a r e  drawn. Again the momentum 

distributions a r e  compared with the phase -space distributions.  A 
+ 

masked depar ture  well outside s tat is t ics  i s  seen;  the IT pe'aks at a 

momentum of 125 ~ e v / c  grea ter  than center  momenlurrl uf the IT- 

distribution. 

No attempt was made to  identify multiple-pion-production events 

during this experiment.  The number of four-prong events observed 

(0.8 * 0.170 of total  cvents)  indicates that pion multiplicit ies were  

infrequent a t  this value of incident IT- momentum. The single-pion- 

production events analyzed in this  experiment provide a re ference  

point for  analysis  of single-and multiple -pion production a t  higher 

values of momenta,  specifically the 1.12 and 1.24 ~ e v / c  data now in 

the init ial  s tages  of analysis .  



28 

24 stot ist~co/  

0 100 2 0 0  . 3 0 0  ' 4 0 0  5 0 0  
PROTON MOMENTUM IM.ev /c )  " 

. . 

7 IT MOMENTUM ( M e v l c  ) 

MU-15,343 

F i g .  19. The momentum distributions of the protons and rr-'8 
fr.orn the n.- f p + rr- + .p i- rro reaction. Expected phase-  

, space .distributions a re .  shown for ,comparison'.' 



F i g .  20 .  The momentum distribution of.srts f rom the 
.TF- + p + IT- + IT' + n reaction, Phase-space  distributions 
are shown. 
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