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ABSTRACT 

}I An analysis is presented of the transient be­
havior of a generalized coolant channel neglect­
ing temperature dependent reactivity changes. 
The analysis is applicable to forced convection 
cooling of heterogeneous reactor .fuel elements 
or electrically heated simulation thereo.f. 
De~ivations are given for cases of variation 
of coolant inlet temperature and of heat genera­
tion. An approximation is also developed 
applicable to thin fuel eleJDents. From this·, 
solutions are obtained for cases o.f tmpulsive, 
step, linear~ and step-exponential variationa 
of inlet temperature, and, of ~pulsive· and 
uniform variations of.heat generatipn .. The 
solutions presented will be of use duririg pre-
11m1.nary stages of de,sign of new heterogeneous 
reactor concepts (when the use of camputi~ 
machines may not be warranted}, and, .in the 
desi~ and interpretation of transient e~peri1-ments simulating reactor f'uel channels. 7 ~;;;t#,~.~ 

_,..... 

vi 



1. Introduction 

This report describes the results of a general analysis 
of heat transfer transients in heat generating coolant ab•nhels 
initiated by time var~ations of coolant inlet temperature and o~ 
heat generation rate. The general heat generating channel oons1d­
ered can be interpreted as a forced convection fluid cooled ruel 
channel in a heterogeneous nuclear reactor or as an electrical 
heat generating simulation of such a channel. It vas for appli­
cation to the latter that this analysis was originally undertaken, 
but it was soon realized that with the various parameters g1Yen 
general interpretation the results obtained vould also be of uae 
to the nuclear engineer even though temperature dependent reac~ 
tivity changes are neglected -- especially during the preli.tnary 
or conceptual stages of design. when the use of computing machines 
may not be warranted. 

During the early stages o.f design the nuclear engineer 
is .faced with many problems concerning transient responaes of 
fluid and fuel temperatures to possible variation of inlet tem­
perature and power level.· An example of the .former occurs .fre­
quently with many power reactors as result of sudden ehanges in 
the power demand at the electrical generating station. Examples 
of the latter are more common and include accidental power excur­
sions, scrams, and normal changes o.f power level during operation. 
The engineer is usually .forced to use the results o.f crude "lump" 
analyses .for the preliminary exaadnation of such transients and 
the accuracy of such estimates are always in doubt. The analysis 
described in this report w111 cover Jl8ny or· these possible cases 
with sufficient accuracy when temperature dependent reactivity 
changes can be ignored ao that improYed estimates of trana1eDta 
can be made relatively quickly without the need· of oomput1Bg ma­
chines. 

For the simulation o.f reactor tranaients with electrioal 
heat· generation in simulated coolant channels the results pre- . 
sen ted can be used to plan experiment• v1 th respect to aladlitu.de J 
analyze the measured data with respect to t~erature-ti•• relation 
for the prototype; and indicate method• o.f extracting from experi­
mental data effective values o.f .fuel ele•ent thickness~ heat traaa­
fer eoerticients, and heat transfer areas to be later used with 
IIUlchine computations of' complicated reactor transients vhleh in­
elude temperature dependent reactivity changes~ 
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2. A Generalized Coolant Channel 

A typical re~ctor or simulated reactor cool&nt channel 
is illustrated in FigUN 1. -I'he simple configuration shown will 
apply_ to a large variety or.actual oont"igurations when the geo­
metrical quantities (i.e. A, b, l, and S) are suitably inter­
preted. Applied to & reaetor, however, the gene·ralized coolant 
chsnnel neglect& the posa1ble effect or cladding on heat transfer 
fr011 the ruel element. In DtO&t oases this will not ,_ntroduc·e 
serious erroN in the .final reaulta obtained it appropriate aver­
age values o.r the 1Japortant phyaioal properties are used. Further 
geJ»ra11zat1on ia posaible if the uaual steady-state convection 
heat transrer equation ia aaaumed to apply, and the appropriate 
differant1al e~uat1ona are written in convenient dimensionless 
rona. 

The Differential Equation 

The one dimenaional heat conduction equation is assumed 
tor the solid as tollova: 

(2.1) 

'l'he term Q/bA represents the rate of heat generated in the solid 
per unit volume, k is the thermal conductivity of the solid, and 
a 1ts thermal diffusivity. With the usual steady-state convection 
heat transfer equation assumed applicable, the boundary condition 
for y • b is · 

{2.2) 

where T = T(b,x,~), the temperature of the surface of 
8 the solid in contact with the fluid 

h • the. heat transfer coefficient, assumed constant 

The boundary condition for y = 0 is 

aT(O,x,~) = O 
ay (2.3) 

The initial condition for equation (2.1) is determined 
by speoirying that for~~ 0, both T and Q are independent of time. 
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Then 1"rola equation (2 .1), 

9{y,~,O) - Q'ii) (2.4) 

where Qo • Q(x,O) 

Integration or equation (2.4) resUlts 1D the f'am111al" 
ateady~atate temperature distribution which can be uaed aa &D 
initial condition f'or equation (2.1). 

Clc,(x) 
'l'(y,x,O) • T111 (x,O) + 21m[ (b• - r-> (2.5) 

A heat balance on a d1tterent1al element ~ the coolant giyea 

~+y1 ~•b.L_'T -t) 
ox . en 7JfV' 8 

· With the bound&rT cond1t1cm 

t{O,'t) • t
0

('t) 

and the 1Dit1al condition 

(inlet temperat~) 

t(x,O) a t 0 (0) + C~V ~:Q0(l.)dA 

(2.6) 

{2.7) 

{2.6) 

The initial cand1t1on, equat1ona (2.5) and (2.6.), are 
related by 

~(x) • hA[T
8

(x,O). - t(x,O) 1 

• C W at(x,O) 
r 1'i 

2.1. The D1t.ferent1al Equations 1n D1mena1onl.esa Form 

(2.9) 

(2.10) 

For the purpoaes of' ganera11zat1on, a d1aena1on1esa 
solid temperature •· and d1mena1onleas coolant temperature ~ are 
introduced. These are defined as tollova: 

t • ~ [T(y,.x,'t) - T{y,x,O)] (2.11) 
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.. ··---· 
~ z ~- ( t ( X , 'C) - t ~, 0) ] · (2.12) 

where Qr is a constant rererence value of the heat generation rate 
per ~t length. The value assigned to Qr will depend on the par­
ticular problem to be solv~-d. In order to change to dimensionless 
rorm the following relations are needed: 

Qr T(y,x,'C) • EX t(y,x,'t) + T(y,x,O) 

t(x,'C) = ~ ~(y,x,'t) + t(x,O) 

* -~*-~y 
(using equation (2.5)) 

a•T Qr §al - Qt(x) ay• =-= EI ,. .Ak 

at = Qr a~ + Qg(x) , rx EI 'dx rw 
. (using equation ( 2 .10)) 

~:z ~~ 

~z~~ 

~] + ~-

(using equation (2.9)} 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

where' = *{b,x,'t), a dimensionless surrace temperature 
s 

Substitution or equations ( 2.13) ·to ( 2 .2()) into eq~ations 
(2.1) and(2.6) results in 

and 

bk ~·~ + Q - Q0 = bk -~ 
11 y Q%: ali ·d't 

-4-
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The boundary condition. equation (2.2) beeames 

(2.23) 

Examination o~ these equations suggests convenient ~Orm6 
ror dimensionless solid thickness, channel length, and time. The 
following were chosen: 

L • hAl .crv 

, dtnensionles~ solid 
thickness 

, dimensionless channel 
length 

a ~ ~ , dimensionless tiME oC.p.,. 

( 2 .24) 

(2.25) 

{2.26) 

In addition substitution of (2.25) and (2.27) into equa­
tion (2.22) introduces the parameter 

.---·· 1 

(2.27) 

which is the ratio or the total heat storage capacity of the fluid 
contained in the coolant channel to that of the solid. With these 
dimensionless quantities, equations (2.21) and (2.22) can be writ­
ten as 

-~jl + v(x,e) = ~ (2.28) 

and (2.29) 

where 0 ~ y ~ B, 

0 ~X~ L, 

and 
- Q(x, e) --- Q

0 
( x) 

v(x,e) = ~ - (2.31) 
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!'he bean~ oond1t!ona lleooaet 

taP •<~,:z,e) 

e<o.~.e) • 0 

.• (B,:z,e) • - B(t8 -~) 

t:or -t ( x, e) 

~(o.e) • ~0 (8) 
{ dlmenalaaleas iD.let 
tsaperature) 

. aad .the 1Jdt1al cond1t1-.. are 

f(7,X,0) • ~(X,Ul • 0 

2.2. Representation of Variations Initiating 'l'ranaients 

(2.32) 

(2.)3) 

(2.34) 

(2 • .)5) 

The transient behavior or the ·generalized reactor coolant 
channel repreaented by the above d1f"ferential equation. ara ini­
tiated by time variations of either coolant inlet teBtPere.ture, heat 
generation in the t'uel element~ or c0111binationa of both. These 
variations are represented in dimenaional form by the functions 
~o(e) and v(x,e). Some clarification of these representations is 
warranted at this point in the presentation especially vith respect 
to the value assigned to the ref"erence. heat generation rate, Q,... 

For inlet temperature variations, Qr is chosen in terms 
of a ref"er-.nce inlet teaperature dif"f"erent rrom the initial steady 
state value. For example, suppose 

where At, and "a11 are cOn.atanta. 

This represents a variation during ~hich the inlet temperature of" 
the coolant rises (or decreases) in temperature from ita 1n1tial 
atead.7 value t 0{0) to a new value, t'0 (0) + At, at an exponentially 
decreasing rate. Prom equation ( 2.12) 
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and ~ is chosen so that 

~ II: hAtat 

Thus 

--- e 
-as 

For heat generation variationa, ~anges in both power 
level and heat ~lux distribution must be considered. For conven­
ience we define the cases of . {1) uniform variations, (2) simple 
(or separable) non-tmifol"'ll variations, and ( 3) compound (or non 
separable) non-uniform variations. · 

We define a heat generation variation as uniform when 
it can be represented by a function of the form 

Q(x,e) = AQ(e) + Q0 (~} 

Thus, for this case equat-ion ( 2 .Jl) gives 

v == ~) 
·~ 

and is a function of e only although the actual flux distrlbution 
is not necessarily uniform. The referi:Doe heat generation rate is 
mos~onven!ently chosen as either the maximum or average value or 
the overall heat generation -change, AQ. This case should apply to 
many reactor flow channels with nonuniform flux distribution vhen 
the overall power level change is not too great. 

We define a heat generation variation as sih;le non­
uniform when it can be represented by a function of t e tora-

Q ( x, e) = Q1 .( e fv a ( x) 

Por this case equation (2.31) gives 

v= Q1(e) - Q1(o) ( ) 
'lr. Va X 
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and the rererence heat generation rate is chosen with respect to 
a maximum or average value of the variation AQ1 • 

A simple non-uniform variation case ,applicable to many 
reactors is represented by 

Y2 (x) = sin ~x 

vi th AQ1 describing the_--- l>:ariation of maximum or average .flux with 
time. Another example is the important problem or transients ini­
tiated by a reactor scram. An approximation for this case is rep­
resented by 

AQ1 (6) = - (1 - e-86 )Q1 (0) 

where 1/a represents a dimensionless period for the power decay 
arter a scram. Here, Qr would be chosen equal to -Q1 (0), and v8 (x) 
represents the flux distribution before the scram. 

We define a heat generation variation as co~ound non­
uniform when it can not be represented by a runction ~ Whlcn-the 
dependence·on e ~d x can be separated as in the previous cases. 
It appears unlikely that suoh cases will be of importance, and is 
mentioned here .for completeness only. 

3. Laplace Transform Solution for the Generalized Coolant Channel 

It is relatively simple to obtain solutfons of the gen­
eralized equations in the Laplace Transform time domain for tran­
sients caused by both heat generation and inlet temperature varia­
tio~. As is usual with such problffmS, the difficult part of the 
solution comes about when we attempt to return to the real time 
domain (inversion). 

Let .e ljl(y,x,'t} lit 'f(y,x,s) 

.e ~(x,'t) = E(x,s) 

.e v(x,'t) Ill V(x,s) 

.e .;o('t) = U( s.) 

-8-
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The transrorm or equation (2.28) is 

d., 
"dj'S + V == s'f . 

The transform of equation (2.29) is 

The transformed boundary conditions a~ 

d'f(O,x,s) = 0 ; 
ay 

df(B,x,s) • _ B(Y _ 3 ) 
dy s 

8(.0,a) = 8 0 (a) 

. . . . . 
A solution or equation (3.1), satisr}ing the rirst 

boundary condition is 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

( 3 .6} 

where C is an arbitrary constant. D1rrerent1ation ot equation 
( 3. 6) ;I th respect to Y.' and use or the second botmdary eond1 tion 
results in 

01 
• s('j sinh DJ8 + cosh Bv'i> 

&8 - v (3.7) 

. Substitution tor C1 . in equation .( 3 •. 6) and evaluation .at 
y z B results in 

Y • (sR - V) coah s + ! 
a a( 8 sinh BJ8 + cosh BJS) a 

(3.8) 

.t'Pom· which 

Y
8 

- 8 • (V- s8)+(B,a) (3.9) 

.where 

• • sinh ~ 
s sinh BJi + ~ cosh BJi ( 3 .10) 
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Substitut-ion or equation (3.9) l.nto (3.2) reaulta in 

~ + ( o + •> a8 • Y(x.,a)• 

. j 

( 3 .11) 

Thia 1• a rtre~ order linear dtrrerential equation with the inte­
gratiJ18.1"&otor 

such that 

c&l 8 ( o+•) tix g) • fte( G'f+) ax (3.12) 

:tntegrat1oD t"rom x • O, 8 • R0 (a), to aD7 value or x and 8 reaulta 
ln . 

8(x,a) • 8 0 (a)O(x,a) + • 1\(l,a)O(J<-l,a)dl (J.lJ) 

where G(x,a) • .-(o4-+)ax { 3-14> 

Por the case· or unlro.l"ll variation o1" heat generation -- 1. e. 
v a 1'unct1cm e cml.)' -- equaticm ( ).13) can be integrated to give 

8(x,a) • 8
0
(a)G(x,a) + V(a) •£1 • Gix,a)] 

(cr+ )a (3.13a) 

Equation (3.13) ia a general solution !"or the tranarormed 
generalized t'luid teaperature. An equation !"or the tranat'ormed 
generalized aolid temperature -1 also be obtained by c011lb1n1ng 
equations {J.6), {3.7) and (3.13). 

Inversion to the real time domain !a dift"icult mainly 
because ot" the cumbersome form ot' the term represented by + (equa­
tion .(3.10)). Por Blll&ll B, however, + oan be approximated by a 
simple· expression so that 1DYera1on of equation ( 3.13) bec0111ea . 
possible !"or a variety ot' inlet .fluid temperature aDd beat genera­
tion transients. 
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3.1. Thtn Fuel Element Approximation 

When the di:mensionless solid thickness. B, is small this 
corresponds to either a thin heat generating element, or a large 
solid thermal conductivity. Taking B equal to zero is equivalent 
to assuming solid temperatures uniform in the direction of heat 
flow, and is the assumption upon which the analytical solu~ions 
reported in the literature for similar problems are based.l•• a, a, a) 
In one case(•) solutions tor steady state responses to harMOnic 
variations of inlet temperature were obtained for the opposite ex­
treme of representing the solid as semi-infinite in extent. 

In the next section are presented solutions for steady 
state responses to harmonic variations of both inlet temperature 
and uniform variation of heat generation for any value of B. For 
other transients, however, solutions have been obtained to date 
only ror the case or B sMall but not necessarily zero. These solu­
tions are based on the following treatment. 

A simple application of !'Hospital's rule to equation 
(3.10) will show that 

Lim ~(B,s) • •1~!-8-B-+0 
( 3 .15) 

Thus, for the case of B = 0, the funetion ~ can be replaced by l ! 
8 in the preceding transformed equations. Inversion of many 

forms of equation (3.13) then becomes relatively simple • 

. An approximate expression for +(B,s) can be obtained by 
first expanding equation ().10) into powers of B, as shown in 
Appendix "A". The following result is obtained. 

[~{B,s)]-1 = (1 + s) + jse - f}is• + ~45Ba - ... (3.16) 

This series appears to converge quite rapidly for moderate values 
of s (a_complex variable) and B-~ 1. although no rigorous mathe­
matical proof of this has been obtained as yet. It can be shown, 
however, that neglecting s• and higher exponent terms is equiva­
lent to the assumption that during a transient the average 5ol1d _ 
temperature is related to the surface temperature and surface heat 
fiux as in the Eteady state (parabolic temperatura distribution). 
~his is proved in Appendix "B". 

Thus we obtain the following approximBte form for + when 
B is ·small • 

-11-



1 , B ~ 1 (3.17) 
+{B,s) • 1 + (1 + J1 >s 

Since large values of s correspond to small values of e, 
it is expected that use of this approximation will produce errors 
that may be significant at the very beginning of a transient. The 
probable magnitude of these errors ia not presently known. 

We note that the above expression differs from the form 
forB • 0 (equation ().15)) only by a real positive constant multi­
plying the transformed time variable s. But multiplication of the 
transformed time variable by a real positive number corresponds to 
devision.of the real time variable by the same n~ber according to 
the following theorem* 

If P{s) = ~ f(e), and if n is any real positive number 

then P(na) a ! .f f(!) 
n n 

. For B ~ 1 then, we can replace ~ by its limiting value for B • 0, 
change the real time variable by dividing it by 1 + ~

8

, and write­
equations (3.13) and {3.14) in accordance with the above theorem. 
This results in the following forms of solution for the transformed 
generalized fluid temperature for the case of small B. 

where 

and 

8(x,s) • y80 (a)Gfx,a) + 1 } 
8 
lxV(~,s)G(x-l.,s)dA 
·O 

G(x,s) • e·(a + t!a>ax 

(3.18) 

(3.19) 

{3.20) 

For this case the real tillle Tariable corresponding to a 1a now 

{).21) 

* .This theorem is euil7 proved directly troa the fo:rmal de.f1n1-
t1on o.f the Laplace Transform. 
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. and the dimensionless channel length haa been changed to 

L•~ 
CrWY 

( 3 .22) 

For the case· of UDiform variation of heat generation, the above 
equation becomea 

8( - ) • -oo(a)G(~,a) + V(a)[l - G(.xfa)] .... ,a -r:::. ... (1 + C1 + aa • (J.l8a) 

4. Steady-state Responses to HU'IIOD!o Variation 

4.1. Inlet 1'!1!J?er&tllre Jar1at1ooa, nu1d \'!!IJ?ere.ture HeapODae 

The trans.toraed fluid temperature reaponae to an 1nle_~ 
·temperature variation onl.:r 1a given bJ equat10D (3.13) aa · 

8(x,a) • 80 (a)O(x,a). 

If the inlet temperature Yal'"iation !e represented b,- the general 
harmonic 

~o{e) • eG&lGi (4.1.1) 

where w is ita rrequenc:r of variation in radians per unit of d1•en­
s1onleaa time, then according to Laplace transform theory, the 
steady state fluid temperature reapo.nae can be written aa follova. 

( 4.1.-2) 

From equation { J.l4) 

G{x,Md) • exp.~-[a + •(B,wd))~i (4.1.3) 

where • is given by eq'Wltion (3.10). The term +(B,fld.) can be rep­
reaen5ed by 

-13-
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in Appendix "C". Substitution or equations {4.1-4) and (4.1.3) 
into equation (4.1.2) gives 

s.(x,e) = exp.(-X8Wx)exp.t[~e - (a+ K1 )x]i~ <4.1.5) 

Thus, the steady state rluld temperature response to a 
harmonic variation of inlet temperature, will be reduced·in ampli­
tude by the factor 

v1 = exp. ( -K2 fltt) 

and will have a phase lag equal to 

TJ1 = (a + K1 ) .x 

(4.1.6) 

For the case of small B, equations (3.15) and ().18) are 
used. This results in 

and 

Ca:lsaX 
v1 = Y exp.[- 1 + OOA] 

~1 = (a+ 1 ! ~)x 

(4.1.8) 

(4.1.9) 

where the dimensionless distance and time scales are given by equa­
tions ().21) and (.).22). For the ease orB= 0 (y = 1), these re­
sults are equivalent to those reported in Carslaw & Jaeger.( 2 ) 

4.2. Inlet Temperature Variation, Surface Temperature Response 

The transformed surface temperature response to an inlet 
·temperature variation only is obtained by combining equations 
().19) and {J.lJ). This results in 

<4.2.1) 

As in the preceding section, the inlet temperature variation !a 
represented by the general harmonic given by equation (4.1.1) and 
the steady state surface temperature response is then obtained from 

(4.2.2) 
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Evaluation is straight ·.forward and results 1n the following: · 

where 

tan Tla 
c.({ = ~. . 1 -. 

and Y 1 and T)1 are given by equations (4.1.6) and (4.1.7). 

('4.2.))_ 

( 4.2 -4> 

(4.2 • .5) 

4.3. · Uniform Heat Generation Variations, Fluid TeJ!!Perature Response 

The transformed fiuid temperature response . to .a UDi.form 
heat generation variation only is given by equatiOD (J.l)a) as 

. / 

8 (.x s) a V( s)~(B,s) fl - G(x,a) 1 
' [~+I B,s)]a 

The procedure to .find the steady state response to a ha.naon1e vari­

ation o.f v{e) (i.e. v(e} • euei) is tbe same as in the preceding 
sections, but the complex algebra, &!though straight .forward, is 
Clllllbersome. There.tore onl.y the final result is given here. 

where 

It 1~ .found that 

t_(x.e) • Y8e(~~.)l 

lt8 • lt1 ( 1 YJ. COB 1)1 _) - It• Y1 s1Jl 1)1 

K• • Ka(l • v1 cos T)1 ) + X.Y1 31D T)1 

and v1 and 111 ue given by squat1cms (4.1.6) and (4.1. 7). 
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5. 'rranaient Reap01111es to Inlet 'feaperature Varia tiona 

In this section solutions tor the 1"lu1d temperature 
response to vartoua coolant inlet tempel"ature :va.r1ationa are pre­
sented. The solutions are baaed on the thin f'uel element approxi­
mation which~ accordi.Dg to equation ( ).18). are given by inversion 
of 

R(x,a) • ~0 (a)O(x,a) 

where the real time variable oo~eapandiag to a is given b7 

e - ah't l*Y , 

the dlmenaianleaa ehaDDel leagth by 

L • hAl 
~ 

and 

5 .1. Impulsive Variation 

ln impulaive variation o1" tnlet temperature 1a repre­
sented by the 1"unot1on 

~0 (e) • O(e)* 
:a 0 --• 0 

tor e < 0 
tor e • 1 
ror.e > o 

($.1.1) 

* Th1• function is the Dirac delta runction O(e} which has the 
1"Urther properties that 

s~ &(l.) dl • 1 

and 

JI~O(l-a)r(l)dl • r(a) 
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This could represent a small slug or hot or cold coolant suddenly 
appearing at the channel inlet. The response to such a variation 
is also the usual derinition or the inverse transrer ~ction ror 
the system ror inlet temperature variations and is usefUl ror ob­
taining solutions ror any variation by application or the convolu­
tion integral. Thi·s is its main purpose here. 

Tpe Laplace transform or the impulsive .runction is unity. 
There .fore 

the trans.fer runction of the system. Inversion can be represented 
by 

~(x,s) • yg(x,e). {5.1.3) 

where 

~ g(x,e) = G(x,s) 

Equation (5.1.)) represents the inverse transfer runction. 

gives 
For the thin element .approximation, equation (3.19) 

G(x,s) = e-(a •-t!s>sx 
ax = 8 -asx e- I+8 

X 

= e-x e-asx er+i 

(5.1.5) 

(5.1.6) 

(The last step makes use or the algebraic identity 

SX - X ) 
- l + 8 • l + 8 - X 

Prom Campbell and Foster,( 1 ) .formula number 654.2 
X 

and 

~-1[el+s - 1) • ~ e-ei1(2Vi9) 

~-1 [1) • 6(9), the impulsive .function or Dirac's 
delta function deriDed by equation 
(5.1.1) 
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Thus 
X 

..e-1.[ el+s] = 6{ e) + .J"f e-9 I
1 

( 2Vi9) (5.1.8) 

also 

Application or the convolution theorem* to equation 
(5.1.6) then give$ 

g(x,e) a e-x r8

o(e -ax- l.)[O(l.) + ji e-l.I
1

(;:>Jii))dl. (5.1.10) Jo . 
= 0 · :for e+ < 0 

-x +) ff -e+ ~~ } • e . [ 6 ( 9 . + V e+ e I 1 ( c:yXS · ) (5.1.11) 

where e+ - e - ox (5.1.12) 

(The integration o:f equation (5.1.10) :follows :tram the property o:f 
the Dirac delta ~etlan given 1n the :footnote on p. 16.) 

.. See any text ~n ~aplace Transform Theory for a discussion o:f 
this theorem.. It states that 

i:f 

and 1:f 

then 

G(s) • G1 (a)G8 (s) 

J?. g( e) • G( 8) · 

.f g,_ ( e > • G1 ( 8 >. 
i g.(e) • G

8
(a) 
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Thus the :fluid temperature response to an impulsive 
variation of inlet temperature is given by 

~(x,e) ~ ye-(e++x)~ I1(~) 
:for e+ > o 

(,5.1.13) 

Bote that the quantity ax represents the d!menaionl.esa time re­
quired for the fiu1d to travel f'rom the inlet to the point along 
the channel lDlder consideration. 

5 .i. Step Variation 

· A step variation of 1D1et tempeNture is represented by 
the f"unction 

~0 (e) • 0 f'or e < 0 . 

- 1 
for e ~ o 

The solution for :fluid temperature response can be written 1m­
mediately by convolution using ·the results ot the preceding sec­
tion. Thtls 

l;(x,e) "y 1
8

1'; 0 (8-A)g(x,A)d~ (5.2.1) 

where g(x,4) ia giv:en by equation (,5.1.11). '!'his results in 

l;(x,e) a ye -x[1 + reft .-~ (2\lii)d).] (5.2 .2) Jo . 
· • y.f

1
( e+ ,x) fore+~ 0 

·EYaluation of .the fUnction fl-(e+,x) ia dlacuaed in Section 7.2. 
For .the case of' y • 1. ( B • OJ, the rtalllt i·a equ$. valent to a-;o'lu-
tion reported in Carslav and Jaeger.( 8

) · . 
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!) • .) • Linear _!a~1at~J!!! 

A linear variation ot inlet temperature is represented 
by the function 

~0 (e) = e, e ~ o (5.).1) 

Application of the convolution theorem as in the preceding section 
gives 

!;(x,el = i~e+ ->.)g(x,>.)dA 

• e•r~(e+,x) - .-x·Jioe~ .-Az
1

(2JiA)dA (5.).3) 

• e+r
1

(e+,•) t (e+ ·) A. - 2 ,.... , e+ ~ o (5.3.4) 

Evaluation of f 2 (e+,x) is discussed in section~· 

5.4. Step~Exponent1a1 Variation 

This variation of inlet temperature is represented by 
the runction 

~ 0 (e) = 0, 

-ae • e , 

e < o 

e > o 

As in the-preceding sections, we find fore+> 0 

!;(x,e) "' r 6:-a( e+-A) g(x,A)dA Jo . 
• ye -(·ae++l) [ 1 + le: -:< 1-al IX I ( 2VXAl dA] yA. 1 . 

0 . 

-20-
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Por a < 1 wr1 te equation <.5' .5 .2) aa 

1
(1-a)e+ 

r • va·<ae++x)(l + .-.lj x T(2 !il)4ll ,... • · (1-a)l -s V 1:& 
0 

Per a > 1 

l
(a-l)e+ . 

•(ae++x) · 1 I x · , ~ . 
~ • 'Y'e . (1 + • v ( a-1)1 Ia. (2-./ a:r>tU.l 

. 0 . 

• T•-( ae•+x) r [ { a-l) e+ x 1· e 'a-1 

Cone1derat1cm of the aboye and the de1'1Dit1an of :t
1 

will ahow that 

f 8 (e+,x) • e~x:t1 (-a•,-x) 

'l'hia t"'a:Dct1on baa been evaluated b7 Clark, Arpae1, and Tt-eadvell (e) 
(see section Idi>. 

For a • 1 · equation (5 .,5·.2) becomes 

. + 

~ • ye-( a•+x) [1 +left 11(2./ii)U] 

0 . 

• ye-(e•+x)Io(~) 

llote that the resul.te o:t this and the previous secticm.a 
can be used to write immediately solutions for the transient re­
sponse to inlet teJilPerature variations represented by such runctiona 
as 

~o< e) • aa. + aae + &ae••e 

.i whe~~ the ai .. are .. constanta. 
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6. TND.eieat Reepouea to Beat Generation_ V8.1'1.ations 

In this section aolutiona ror the t1u1d temperature 
reaponae to heat generation variations are presented. The solu­
tion• obtained to date are baaed an the thin fuel eleMent approx~ 
1Mt1on and are tor unlto!'lll varia,lona only. (The writer expects 
to have solutions available tor varioua simple non-unirorm varia­
tions 1n the near fUture.*) .According to equation (3.18a). the 
tran.tormed tlu1d te~erature response for these caaea is given 
by 

g(x a) • V(a)[l - O(xfa)) 
""• (i+a+craa 

where the .real time variable co:z-responding to a is g1 ven by 

e • a.h't '6lCY , 

the dimensionless channel length by 

. hAl 
L • CrWY ' 

and y • 1 + J• 

6.1. I,!!2ulaive Un1fol"'ll Variation 

.&a in aection $.1. an impulsive UDitor.m Yariation of 
heat generation ia repreaeDted bJ the tunotlon 

•<e> • o(e) 
• o for e < o 
• • tor e • o 
Ill 0 for e > 0 

and ita Laplace transform is unity. Thus for this case 

{ ) • [1 - G{x,a)) 
80 1 (1 .+ a + asJs 

.. R(x.s) (6.1.1) 

* It 1s unlikely, however, that these aolutions will be reported 
under the same sponsorship. Those interested may contact. the 
writer directly. 
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This runction represents the transfer rttnction for the system re­
sponse to uniform heat generation variations. Its inverse, r{x,e) 
•- the inverse transfer runction -- can be .used to write immedi­
ately the response to an;r variation-b;y.application of the convolu­
tion theorem. 

and 

To find ~1R(x,s) a r{x,e) we note ~ije-~ollowing: 

.e-1 [ 1 1 
(1 + a+ as)s 

._l+a
9 

= 1 ( 1- --- e a ) 
1 + a 

~-1a(x,s) = g(x,e) 

( 6.1.2) 

where g(x,e) is given by equation {5.1.11). Then convolution gives 

r(x,e) 
-me 1 - e 

=-~-1 +a 
I!: a r~l- e-m(e-l.))g(x,l.)dl. Jo . (6.1.3). 

where m =- 1 :a for convenience. 
and the use of equations (5.2.2) 
and f •, re sul ta in the .following 

Substitution or eq\lati.on (5 .1.11) 

and (5 .5 .4)- tor de.fini tiona o:t .f1 

1 -me -
f'( x, ·a>· = e .for e <_ax (6.1.4) 1 + f!l 

1 -
-me 1 

8 -(me++x)r (e+ax>i • • "[f';. ( e+ ,a) {6.1.5) !+ - 1 + -
" 3 "' 

for e+ ~0 

where e+ • e - GX 

Evaluation of' the tUnc tiona r. and .f' 3 are discussed in 
sections 1.2 and 7.4. 

6.2. Step Uniform Variation 

A step uniform variation or heat generation ia repre- . 
sented by the runction 

v(e) • o, 
- 1, 

ror e < o 
. for e .c:. 0 
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The solution for fluid temperature response can be written 1m- · 
mediately by convolution using the results of the preceding sec­
tion. For this case, however, it is simpler to find the trans­
form of ~(x~a) and then its inverse. Since~ v(e) = 1/s, equa­
tion ().18aJ becomes 

8(x,s) = ~1 - G{x 2 a>J 
( + a + era) si {6.2.1) 

The procedure for finding the inverse is the same as in 
the preceding section. First it is noted that 

,t-1[(1 + 1 1 e 1 e-me) (6.2.2) a+ aa)aa -=iii- ;a(l -

1 +a where m • ·a as before. Then the convolution theorem is applied 
using .t-1 [G(x,s)] • g(x,e) from equation (5.1.11). The integration 
is written in terms of the defined functions f 1 , f 8 , and f 3 • The 
.following results: 

aa•~(x,e) • (me - 1) -me + e for e < ox 

• (me - 1) + e-me - (me+ - l)f
1

(e•,x) 

-# { + ) 8 -(me++x).f {e+~) + uua e ,x - 3 g'v~ 

for e+ ~ o 

where e+ - e - CD: 

(6.2.3) 

{ 6.2 .4) 

For the case o.f y = 1 (B == 0), the above is equivf.lent 
to the solution obtained by Clark, Arpac1, and Treadwell,{&) al­
though their result vas obtained for a step increase of uniform 
heat generation tram an initially unheated condition. 

7. The Functions f, (x,y)* 

In this section we briefly describe relations for the 
functions obtained in section 5 in terms of functions for which 
graphical or tabular representations are available. 

* In this section x and y ~ep~esent arbitrary variables. 
l , , I , ,, ,, ; , '.' 

-24-



Define 

· 1'0 (x,;y) • e-1 l"e-AI0~2VJl)dA (7.1.1) 
... 

Thia runction can be related to the functions of section 5. 

Values or the equivalent ~f this runction,for positive 
X andy were computed by Schumann{•J.·and later extended and graphed 
by Furnaa. 0

) The equ! valent or Pumas' graphs have been presented 
in the publications of seTeral authors but, of the several ve have 
seen, are either diff1cult~to read orhave ranges of the variable 7 
too large for the type of tranaienta)under conaideration. Evidently 
becau.e of this difficulty, Rizika( 8 recomputed the equivalent of 
eY'f0 (x,y). His graph is reproduced 1n Figure 2. The function is 
identified on the graph as an infinite series. Ita equivalence to. 
eY'f0 (x,y) is easily shown by using 

(7.1.2) 

PI-0111 aecticm 5.2 · 
. . 

(7.2.1) 

Integrate by. parts ua1ng 

This results in 

/ 
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A graph of eYf (x,y) has been prepared by Rizika(e) and 
1a reproduced in Figure ~- R1zika identifies the function as an 
infinite series. The equivalence of eYf1 and Rizika's function 
is easily shown. by using 

(7.2.)) 

in equation (7.2.1). 

7-3· f 8 (x,y) 

From section 5.3 

(7.).1} 

Integrate by parts using 

d[VYA I 1 (2JYi)] = yl0 (~)dl 

This results in 

(7.).2) 

A graph of 

e -xyp. 1
1 

( tNYX) 
has been prepared by Clark, Arpaci, and Treadwel1( 3

) and is repro­
duced in Figure 4. In their figure the function is identified as 
an infin_i te __ series. Ita equivalence to the above is easily shown 
by using equation (7.2.)). 
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In aeotion 5·•5 the 1'unetion f 1 v1 th both arguments nega­
tive vas introduced •• 

. :t' 
3
(x,y) • e -7 t'1 ( -x,-7) 

a (1 + lx•VI I1(~)dl.) (7.4-1) 

A graph or t'
3
(x.y) haa been prepared by Clark, Arpaci, 

and Tread~ell and is reproduced. in Figure 5. In their figure the 
.function is identit'ied as an 1n1'1n1te. aeries. Ita equivalence· to 
f 3 (x,y) is .easily shown by ua!ng •t~uaticm (7.2.3) • 

.. 
'·. 
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•omenelature 

Dimensional Quantitiea (Units are illustrative only) 

A • heat tranarer area per unit length or eoolan~ channel, rt•/rt 

b • solid (fuel element) thickness, rt (or can be taken as an 
equivalent solid thickneea; total volume of solid divided by 
total heat tranarer area) 

cr = epecif'ic heat or f'luld, Btu/(#)(°F) 

c = m speci.fic heat of' solid, Btu/(#)(°F) 

h z heat transfer coef.fic1ent~ Btu/(hr)(ft8
)( 0 p) 

k= thermal conductiv~ty o.f solid, Btu/(hr)(ft)(°F) 

' :1: 
coolant channel length, :ft 

~ • local rate of' heat generated in solid per unit length of 
coolant channe 1 , BtU/ ( hr) ( f't). 

Q
0 

• value ot Q at time zero 

Qr • reference value o.f Q, a constant 

S • orosa-aeotional area to f1u1d f1ow, rt• 

t -local mixed mean fluid temperature, Op 

to -temperature of f1uid at coolant chaJmel inlet, Op 

T = local solid temperature, Op 

'l'o • eo lid temperature at f, of' solid or insulated surface, OF 

~. -aolid temperature at heat tranarer aurraoe, OF 

va fluid velocit7, .t't/hr 

W• rluid weight rate of !"low, #/hr 

x • length along channel, measured trom inlet, ft 

y = distance in solid, measured from ~ or insulated surface, ft · 
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a = thermal dir~~ivity of solid, rt 8 /hr 

·Pm = density or metal, #/(rt}~ 

~ = time, measured from .beginning of transient, hr 

Dimensionless Quantities 

B =F* (solid thickness} 

L =hAt 
C?J ( channel length) 

(channel length for thin element approximation} 

x = dimensionless channel position, 0 5 x ~ L 

y = 1 + Be 
3 

a= Crpr( s ) 
CmPm IO 

e = a.h~ 
OK""" (time) 

= a.h~ '6'kY (time for thin element approximation) 

6+ = e - ax 

~ = ~[T(y,x,~) - T(y,x,O)] 

hA . 
fs = Q;[T8 (x,~) - T(x,O)] 

~ = ~[t(x.~) - t(x,O)] 

~o =~[to(~) - to(O)] 

(:metal temperature). 

(surrace temperature) 

( rluid temperature) 

(fluid inlet temperature) 
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APPEliDICES 

J. ·series Expansion or the Punctlon •(B,a) 

• = a sinh B./i + ~ __ cosh ·B\fa" 

- __ ....;;1~~-
&/! 

8 + tanh BJi 

But 

... 

Simple algebraic division gives 

.•. 

BJ! • l +. s 8 a s
8 

B6 + 2a ~ s• 
tanh &IS- . J. - 45" ~- - ••• 

and·equation ().16) follows. 
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B. Proof that neglecting s• and higher exponent terms in the 
series expansion for ~{B,a) is equivalent to the assumption 
that during a transient the ~verage solid temperature is re­
lated to the surface temperature and surface heat flux as 
in the steady state. : 

The average solid temperature is given by 

For ~ < 0, equation (2.5) gives 

~b 
Tav ~ Ts(x,?) + ~ 

which is the relationship for the steady state. Assume that dur­
ing a transient this relationship is .a satisfactory approximation 
when h(Ts- t), the transient surface heat flux, is substituted· 
for Q0 /A. · · 

Thus, the assumption is equivalent to 

sa 
3 t 

From the definitions of the dimensionless metal tempera­
ture t (equation (2.11)), and the dimensionless fluid temperature 
s (equation {2.12)), the assumption can be expressed in dimension­
less f'orm as 

fav 
... (1 + ~-),8 s• 

(B-1} - JS 
where 

~ lB·dy ta.v = 
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Equation (2.28) can be integrated as follows 

!

l· (OBd.(~ .. ) + llB d 1 a lB d.· 
0 Jc ay ! o v Y = fi ~ o ' Y 

1 ~a I + otav w v = ~e 
.D y yaB Ot1 

But .from equation ( 2 .3j-) 

Thus 

- <• - ~) + v- a•av 
8 ·. . ~ 

(B-2) 

Combine equations (B-1) and (B-2) to eliminate '••• and Laplace· 
transform the reaul t. Thus 

- (Y
8 

- 8
8

) + V • (l + ~·)a! 8 - ~·a8 

Now aolve .for (!
8

- 3). The· rolloving 1a obtained 

8. . v - s8 

1 + (~ + J*>• 
Comparing vlth equation (3.9). it ia noted that the result ob­
tained is equivalent to~repla.cing •<",a) by 

and that ·this t'orm .for • can be obtained t'rCDI ~· aeries expansion 
by _neglecting B6 and higher···exponent tema. 

·, -

":'33-



----------

c. The Steady-State Harmonie Variation Panctions K1 and Ka 

In section 4 the runction +(B,s) ror a • w! is repre-
sented b7 

Derivationa of expressions for K1 and K8 are straight forward but 
cumbersome requiring the application of complex algebra to the 
expression for +(B,s) given ·by equati'on ().10). The results are 
cited here ror rererence. 

where 

and 

X,. = (sinh 2l) + sin 21)) * 
1 

K• • t [w( sinh~ + sin8.r}) + l< sinh 2r) - sin 2r}) 1 
1 

D
1 

·• 2r)8 +·(~• + 2r)8 )sinh~ + (~- 2r)8 )ain8~ 

· + 'l}f.la( si'nh 2J} - sin 2TJ) 

For small Yalues or~· series expressions ror these 
~otiona are more oonYenient ror computatiorus. The rolloving 
were obtained, applicable when ~ < 1: 

- 1 (1 2 • 2 • ) 
K, n. + ~ + 1215'1 + • • • 

Ka • ;.(e.a + ~· + ~· + ~· + ••• ) 

where 

+ ••• 

Por the case or B • 0, the above expressions will give 
the aa.e results as vould be obtained by letting a • wi in equa­
tion ( 3 .1.5). '!'he aeries expressions show that the uae or the 
relation. obtained this way will be a satiaractory app~imation 
when • >> ~· << 1, which is equivalent to 2 >> B• << 2 • ... 
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A Typical Reactor Flow Channel 
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'T: = time 

T = temperature of 
solid, a fUnction 
of y, x, and 't 

t = mixed mean tem­
perature of cool­
ant, a function 
of x and 't 

Q = rate of heat gen­
eration per un1 t 
length of channel, 
a function of x 
and't 

The £s represent bound~ 

aries where ~ = 0 
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