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ABSTRACT

An analysis is presented of the transient be-
havior of a generallized coolant channel neglect-
ing temperature dependent reactlivity changes.
The analysis is applicable to forced convection
cooling of heterogeneocus reactor fuel elements
or electricelly heated simulation thereof.
Derivations are given for cases of varlation

of coolant inlet temperature and of heat genera-
tion. An approximation i1s also developed
applicable to thin fuel elements. From this,
solutions are obtained for cases of impulsaive,

step, linear, and step-exponential varliations

of inlet temperature, and, of impulsive and
uniform variations of heat generation.  The
solutions presented will be of use during pre-
liminary stages of design of new heterogeneous
reactor concepts (when thes use of computing
machines may not be warranted), and, in the
design and interpretation of tranasilent e;per%—

ments simulating reactor fuel channels. 7 f%ﬁ*d”%
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1. Introduction

This report describes the results of a general analysis

of heat transfer treansients in heat generating coolant channels
initiated by time variations of coolant inlet temperature and of
heat generation rate. The genseral heat generating channsl eonsid-
ered can be interpreted as a forced convection fluid ccoled fuel
channel {n a hsterogeneous nuclear reactor or as an elesctriecal
heat generating simulation of such a channel., It was for appli-
cation to the latter that this analysis was originally underteken,
but it was soon realized that with the various parameters given
general interpretation the resulta obtained would also be of use
to the nuclear engineer sven though temperature dependent reac<
tivity changes are neglected -- especially during the preliminary
or conceptual stages of design when the use of computing machines
may not be warranted. ,

During the aarly stages of design the nuclsar engineer -
1s faced with many problems concerning transient responses of
fluid and fuel temperatures to possible varliation of inlet tem-
perature and power level. An example of the former ococurs fre-
quently with many power resactors as result of sudden changes in
the power demand at the electrical generating station. Examples
of the latter are more common and include accidental power exocur-
sions, scrams, and normal changes of power level during oporntion..
The engineer is ususlly forced to use the results of crude "lump”
analyses for the preliminary examination of such translents and
the accuracy of such estimates are always in doubt. The analysis
described in this report will cover many of these possible cases
with sufficisnt accuracy when temperature dependent reactivity
changes can be ignored so that improved astimates of transients
can be made relatively quickly without the need of computing ma-~
~chines.

For the simulation of reactor transients with electrieal
heat generation in simulated coolant channels the rasults pre-
sented can be used to plan experiments with respect to similitude;
analyze the measured data with respesct to temperature-time relation
for the prototype; and indicate msthods of extracting from experi-
mental data effective values of fuel element thickness, heat trans-
fer coefficients, and heat transfer areas to be later used with
machine computations of complicated reasctor transients whieh in-
clude temperaturs dependent reactivity changes.



2. A Generalized Coclant Chammel

A typical reactor or sinulsted reactor coolant channel
1s 11llustrated in Pigure 1. The simple configuration shown will
apply to a large variety of actual oconfi ations when the geo-
metrical quantities (i1.s. A, b, ¢, and S) are suitaebly inter-
preted. Applied to s roactor, however, the generalized coolant
channel neglects the possible effest of cladding on heat transfer
from the fuel element. In most ocases this will not introduce
serious serrors in the final results obtained if appropriate aver-
age values of the important phyaicel properties are used. FPFurther
gensralization 1s possidble 1f ths ususl steady-state convection
heat transfer esquation 1s assumed to apply, and the appropriate
differentisl equations are written in convenient dimensionlesas
form.

The Differential Equation

The one dimensional heat conduction equation is assumed
for the solid as follows:

'T+B%E=%§ ' (2.1)

The term Q/bA represents the rate of heat generated in the solid
per unit volume, k is the thermal conductivity of the solid, and

a its thermal diffusivity. With the usual steady-state convsection
heat transfer equation asaumed applicable, the boundary condition
for y = b is

a'r(b x,%)
ay

where T = T(b,x,T), the temperature of ths surface of
the s30lid in contact with the fluid

= n{Ty(x,7) - t(x,7)] (2.2)

h = the hsat transfer coefficient, assumed constant
The boundary condition for y = O is

aT(0,x,T)
oy

The initial condition for equation (2.1) i1s determined
by specifying that for T ¥ 0, both T and @ are independent of time.

= 0 ’ (2.3)



Thdn‘trom equation (2.1). | N
g%(st.O) = _ Qg(x) . ‘ ‘ (Z-h)
where Q, = Q(x,0) | | |

Integration of equation (2.l4) results in the familiar
steady-atate temperature distribution which can be used as an
vinitinl conditfon for equation (2.1). .

(x)

T(y,x,0) = T,(x,0) + (v* - y‘)A . (2.5)

A heat balance on a differential element of'thb coolant gives

at %év“’ -t) S ('2.6)'

" with ‘the boundary condition

t(0,%) = t (%) (1nlet temperature) (2.7) .
and the initial condition |
t(x,0) = t,(0) + E%,wg @, (1) ax (2.8)
el . | |

The initial condition, equations (2.5) and (2.8), are
related by :

Q(x) = BA[T (x,0). - t(x,0)] S (2.9)

= C M g_:_(x,o) (20

2.1. Thé.Differential Equltions in Dimensionless Fo?m

For the purposes of generslization, a dimensionless
s0lid temperature y, and dimensionless coolant temperaturo £ are
introduced. These are defined as follows:

y = %3 (?(y,x,%) - Ny,x,0)] C(2.11)
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E B o [t(x)'[) - t(xpO)] (2;12)
% (2:0) :

where Qp 1s a constant reference value of the heat generation rate

per unit length. The value assigned to Qr will depend on the par-

ticular problem to be solved. In order to change to dimensionless
form the following relations are needed:

T(y,x,T) = %f ¥(y,x,T) + T(y,x,0) | (2.13)
4~ t(x,T) = %ﬁ ggy,x,t) + t(x,0) , (2.14)
- g}‘iagf%%- (x) o (2.15)

(using squation (2.5)) |
%;-:%g-;%-g%ﬁl o (2.16)
\%:%%;%ﬁl | (2.17)
(using equation (2.10)) o _' |
L. | ‘ (2.18)
g,-'%ng - : S (2.9
Ty ~ t = %i’- ws - e;‘] + %ﬁ- ) - .(2...20)

(using equation (2.9))

where y. = ¥y(b,x,T), a dimenaionless surface temperature
]

' Substitution of equations (2.13) to (2.20) into equations
(2.1) and(2.6) results in : ' . C

B B2y, Q- % . bk - (2.21)
and | : |
EEBE-0 e

.



The boundary condition, equation (2.2) becomes

Eds = (y, -2) - (2.23)

Examination of these equations suggests convenient forms
for dimensionless solid thickness, channel length, and time. The
following were chosenz ‘

B = /%’- , dimensionless solid (2.24)
thickness ,
L= %ﬁg ~, dimensionless channel (2.25)
Ce length
= a'h ’
6 SE T .
= S%;F;T , dimensionless time (2.26)

In addition substitution of (2.25) and (2.27) into equa-
tion (2.22) introduces the parameter

= SL0£(S ) - (2.27)

which is the ratio of the total heat storage capacity of the fluid
contained in the coolant channel to that of the so0lid. With these
dimensionless quantities, equations (2.21) and (2.22) can be writ-

ten as
T+ vixe) = Y | (2.28)
and | gé + o %% = (vg = &) | (2.29)
uhe;e . 0 <y <B, |
| 0 <x <L, . _
and vix,0) = alx, B)Q; QQ(X) - (2.31)



The boundary conditions become:
ror ¥(y,x,0)

g;(o;&,e) -0 | (2.32)

g;(n.x.al = - By, ~E) (2.33)
for £(x,0)

B0.0) = gole)  (EeRLoRINe tmlet (2.

.and the initliel econditions are
¥(y,x,0) = E(x,0) = 0 (2.35)

2.2. Representation of Variations Initiating Transients

The transient tehavior of the gsnsralized reactor coolant
channel represented by the above differential equations are ini-
tiated by time variations of either coolant inlet temperature, heat
generation in the fuel element, or ecombinations of both. These
varistions are represented in dimensional form by the functions
Eo(6) and v(x,6). Some clarification of these representations is
warranted at this point in the presentation especially with respect
to the valus assigned to the referencs heat generation rate, Q..

For inlet temperature variations, Qp is ¢hosen in terms
of a reference inlet temperature different from the initial steady
state value. For example, suppose

to(T) = to(0) + at(1 - 7%%).

where At, and "a"” are cdnstants.

This represents a variation during which the inlet temperaturs of
the coolant rises (or decreases) in temperature from its initial
ateady value t,{0) to & new value, t,(0) + At, at en exponentially
decreasing rate. Prom equation (2.12)



Eo = [to(T) = to(0)]

= E%A; (1 - ™29
B 3

and Qr is ohosen‘so that
Q, = haat

I

Thus

E,(6) = 1 - 026

Por heat generation variations, changes in both power
level and heat flux distribution must be considered. For conven-
jence we define the cases of (1) uniform variations, (2) simple
(or separable) non-uniform variations, and (3) compound (er non
separable) non-uniform variations. , -

We define a heat generation variation as uniform when
it can be repressented by a function of the form

Q(x,8) = aQ(6) + Q4(x)

Thus, for this case equation (2.31) givea
v = 89(6)
Qp

and is a function of © only although the actual flux distribution
i3 not necessarily uniform. The reference heat generation rate is
moat convenlently chosen &s either the meximum or average value of
the overall heat generation change, AQ. This case should apply to
many reactor flow channels with nonuniform flux distribution vhen
the overall power level change ia not too great.

We define a heat generation variastion as simple non-
uni form when it can be represented by a function of the form

Q(x,8) = Qu(6)Va(x)
For this case squation (2.31) gives

= Q (G)Q; Q (O)v.(x)
- Ay (8)vg(x)



and the reference heat generation rate is chosen with respect to
a maximum or average value of the varistion AQx-

A simple non-uniform variation case applicable to many
reactors is represented by .

ta(x) = gin %x

with AQ, desacribing the variation of maximum or average flux with
time. Another example is the important problem of transients ini-
tiated by a reactor scram. An approximation for this case 1s rep-
resented by .

i

8Q,(6) = - (1 - e72%)q,(0)

whers 1/a represents a dimensionless period for the powsr decay
after a scram. Here, Q, would be chosen equal to -Q,(0), and Vg (x)
represents the flux distribution before the scram. -

We define a heat generation variation as compound non-

uniform when it can not be represented by a function in which the

dependence on © and x can be separated as In the previous cases.

It appears unlikely that such cases will be of importance, and 1is
mentioned here for completeness only.

3. Laplace Transform Solution for the Generalized Coolant Channel

It 13 relatively simple to obtain solutions of the gen-
" eraliged equations in the Laplace Transform time domain for tran-
sients caused by both heat generation and inlet tempsrature varia-
tions. As 1s usual with such problems, the difficult part of the
solution comes about when we attempt to return to the real time
domain (inversion).

Let £ w(y,x,T) = y(y,x,s)
£ E(x,T) = E(x,s)
L vix,t) = V(x,s)

£E,(T)  =TU(a)

¢ . L o B ‘ T 5 . i [l



The transform of equation (2.28) 1is
2 .
%;; + V= ay . : (3.1)
The transform of equation (2.29) is
d= - .
=+t oes = (¥, - &) | - (3.2)

The transformed boundary conditlons are

%(0,'1,3) co s ' ' (3'3)
%‘B'x"‘) = - B(Y, - ®) , (3.4)
R(0,8) = By(s) (3.5)

A solution of eﬁuatidn (3.1), satisfying the rirst
boundary condition 1s

¥ = Gycosh VB y + 3 ' (3.6)

where C, is an arbitrary constant. Differentiation of equation
(3.6) with respect to y, and use of the second boundary condition

results in
' _ 88 - V |
s(¥§rsinh B\/s + cosh B/s)

, Substitution for C, in equation (3.6) and evaluation at
y = B results in :

(s® - V) cosh Bys v . |
5 a(‘@ sinh B\/s + cesh B\/—) 8

c, = (3.7)

from which

Y, -8= (v - sR)&(B,s) o (3.9)

.whers

- sinh Byas |
¢ s sinh BJ: + BJ-'couh BYs ) '(Bf}O)



Subatitution of equation (3.9) inte (3.2) results in
B+ o+ )es= V(x,0)¢ o o (3.11)

This ia a first order linear differential equation with the inte-~
grating faoctor

o a)s
such that
éi{.(o*t)dx z] = Vel TtE)8X (3.12)
| gtogration from x = 0, 8 = B (8), to any value of x and ® regulta
x
B(x,8) = B,(8)0(x,s) + OL[~ V(A,3)3(x-2,8)dA (3.13)
0
where  G(x,8) = o-(O¥E)Ex

(3.14)

Por the case of unirorm variation of heat generation -- 1.e.
v a function © only -- equation (3.13) ean bs integrated to give

R(x,8) = B (8)6(x,8) + V(s) El=0tx8)l (3.13a)

Equation (3.13) 1s a gensral solution for the transformed
generalized fluid temperature. An equation for the transformed
generalized solid temperature may also be obtained by combining
equations (3.6), (3.7) and (3.13).

: Inversion to the real time domain i1s difficult meinly
because of the cumbersome form of the term represented by ¢ (equa-
tion (3.10)). Por small B, however, ¢ san be approximated by a
simple expression so that inversion of equation (3.13) becomes ,
possible for a variety of inlet fluid temperature and heat genera-
tion trlnnients.

«10=~



3.1. Thin Fuel Flement Approximation

When the dimensionless solid thickness, B, 1s small this
corresponds to either a thin heat generating element, or a large
80lid thermal conductivity. Taking B equel to zero is equivalent
to assuming solid temperatures uniform in the direction of heat
flow, and is the assumption upon which the analytical solu?ions
reported in the literature for similar problems are based. %, 2, 6, ¢ )
In one case(*) solutions for steady state responses to harmonic
variations of inlet temperature were obtained for the opposite ex-
treme of representing the solid as seml-infinite in extent.

In the next section are presented solutions for steady
state responses to harmonic variations of both inlet temperaturs
and uniform variation of heat generstion for any value of B. For
other translients, however, solutions have been obtained to date
only for the case of B small but not necessarily zero. Thesse solu-
tions are based on the following treatment.

- A simple application of 1'Hospital's rule to equation
(3.10) will show that

1 . . ’ 2
Ié_i;xou f(n,s) ol ot | - (3.15)

Thue, for the ease of B = 0, the funetion & can be replaced by y—r—
in the preceding transformed equations. Inversion of many
forms of equation (3. 13) then bscomes relatively simple. -

An approximate expression for ¢(B,s) can be obtained by
first expanding equation (3.10) into powers of B, as shown in
Appendix "A'". The following result is obtained. :

[#(B, s)] 2= (1 4+38) + --BB HBB + ° - e | . (3}16)

This serles appears to converge quite rapidly for moderate values
" of 8 (a complex variable) and B < 1, although no rigorous mathe-
matical proof of this has been obtained as yet. It ecan be shown,
howsver, that neglecting B* and higher exponent terms is equiva-
lent to the assumption that during a transient the average solid
temperature is related to the surface temperature and surface hesat
flux as in the steady state (parabolic temperature distribution).
Thias i1s proved in Appendix "B".

: Thus we obtain the following approximate form for ¢ when
B is small. . ‘

«ll-



, B 1l .17)
Q(B,s) & "—"'B'+ 1+ _3'5—")3 | = B (3.17

Since large values of s correspond to small values of ¢,
1t 1s expscted that use of this approximation will produce errors
that may be significant at the very beginning of a transient. The
probable magnitude of these errors is not presently known.

We nots that the above expression differs from the form
for B = 0 (equation (3.15)) only by a real positive constant multi-
plying the transformed time variable s. But multiplication of the
transformed time variable by a real positive number corresponds to
devision of the real time variable by the same number according to
the following theorenmd

If P(sa) = £ r(6), and if n is dny real positive number

then - P(ns) = £ f(—)

.Por B < 1 then, we can replace ¢ by its limiting valug for B = 0,
change the real time variable by dividing it by 1 + % , and write -

equationas (3.13) and (3.14) in accordance with the above theorem.
This results in the following forms of solution for the transformed
generalized fluid temperature for the case of szmall B.

x
R(x,s) = yE,(s)0¢x,s) + I_%_;‘J‘ V(A,8)G(x=A,s8)dA (3.18)
where
1
a(x,8) = o~(0* Tes) BX _ . (3.19)
and
Bﬂ
Yy=1+ 3 (3020)

For this cese the real time variable corresponding to a 1s now

0= S  (3.21)

# This theorem 1s easily proved directly from the formal derini-
tion of the Laplace Transform. '

-]12=



. and the dimensionless channel length has been changed teo

= DAL
L T T ‘ (3.22)

For the cese of uniform variation of heat generation, the abdbove
equation becomes

R(x,8) = v, (8)a(x,s) + H2UL - 0lx;n)] (3.180)

. Steady-state Responses to Harmemic Variation

4.1. Inlet Tempsrature Variations, Fluid Temperature Response

The transformed fluid temperature response to an inlet
temperaturs variation enly i1s given by equation (3.13) as

R(x,8) = By(a)a(x,s).

If the inlet temperature variation is represented by the general
harmonie :

£o(0) = o¥%1 ' (4.1.1)

where w 18 its frequency of variation in radians per unit of dimen-
sionless time, then according te Laplace transform theory, the
steady stete fluid tomperatnre roaponae can be written as follows.

E_(x,8) = e%®1g(x,u1) (4.1.2)
From equatiom (3.1l)
a(x,01) = exp.{-[c + #(B,at) Jurx{ (4.1.3)

where ¢ is glven by equntion (3 10). The term ¢(B,wil) can bas rep-
resenged by '

$(B,wl) = x,(n.n) - 1K4(B,w) (4.1.4)
where K, and K, are complicated functions of B end @ and are given

13~




in Appendix "C®. Substitution of equations (l.l. h) and (4.1.3)
into equation (4.1.2) gives

E_(x,8) = oxp.(-K,ux)exp.f[we - (a+ K,)xligl , (4.1.5)

Thus, the steady state fluid temperature response to a
harmonic variation of inlet temperature, will be reduced in ampll-
tude by the factor .

v, = exp.(~Kgux) v ' (4.1.6) -
and will have a phase lag equal to |
na = (o0 + K, )x (h.l.?) ,

, For the case of small B, equatiom(} 15) and (3.18) are
used. . This rosults in

v \ 0°x |
R exp.[- W] (4.1.8)
and . ‘

m o= (04 r3x (4-1.9)

where the dimensionless distance and time scales ars given by equa-
tions (3.21) and (3.22). Por the casse of B= 0 (y = 1), these re-
sults are equivalent to those reported in Carslaw & Jaeger.(8

h.2. Inlet Temperature Variation, Surface Temperature Rosponsa

The transformed surface temperaturs response to an inlet
temperature variation only is obtained by combining equations
(3.19) and (3.13). This results in

YS = ?O[]‘ - SQ(B’S)]G(I’S) (b"z'l)
As in the preceding section, the inlet temperature variation 1s
represented by the gemeral harmonic given by equation (4.1l.1l) and
the steady state surface temperature regsponse is then obtained from

¥ou(x,6) = o 1 - 108(B,10)16(x,10) . (4.2.2)

-1~



Evaluation is straight forward and results in the following:
¥, = v,veexp.[wd -, - n 1 : (hf2.3).7
where

ve = [(1 - u&,)® + w21} (4.2.1)
« o

tan ng = gy S s

and v, and n, are gilven by equations (4.1.6) and (4.1.7).

4.3. Uniform Heat Generation Variations, Fluid Temperature Respomnse

The transformed fluid temperature response to a uniform
heat generation variation only is given by equation (3.13a) as

8(x,8) = V(s)Q(B)aéi% ;'G(x,nll

{g + ,8)]s

The procedure te find the steady state response to a harmonic vari-

ation of v(e) (1.e. v(0) = 081 44 the same &£ in the preceding
sections, but the complex algebre, although straight forward, is
cumbersome. Therefors only the final result is given here..

It 1z found thsat

E(x,0) = vao("edn')i

where

| gm a)d
{IEE, - (04 K" + (KX, + (0 + KK, (e
3 ~ KS 4+ (0 +K)°]
, KoKy + (0 ¢ ?)Kg
tan Ns ™ s - (0 + KK,
K, = K, (1 - vyeor 1n;) - Kqvysin T
K, = Eg(1 - vycom n,) + K v ;5in 0,
and v, and 7, are given by equations (4.1.6) and (4.1.7).

-15-




S. Transient Responses to Inlet Temperature Variations

In this sectlon solutions for ths fluid temperature
response to various coolant inlet temperature variations are pre-
sented. The solutions are based on ths thin fusl slement approxi-
' m;t:l(m which, according to equation (3.18), are given by inversion
o

B(x,8) = v?,(8)0(x,s)
where the real time variable corrasponding to s is given by

o = &bt
SE"

the dimensionless echammel length by

hA¢
L"a;w;.

7*14»%:

S5.1. XYmpulsive Variation

An lmpulsive variation of inlet temperature 1s repre-
sented by the fumetioen

g (e) = 6(e)®

= 0 for 8 < 0 (5.1.1)
= ® for o= 1
= 0 for ¢ > 0

@ This function is the Dirac delta function 3(6) whieh haa the
further properties thnt

j 8(d)aa = 1

J 8(i-a)f(A)dA = f{a)

-

and

~16-



This could represent a small slug of hot or cold coolant suddenly
appearing at the channel inlet. The response to such a variation
i3 also the usual definition of the inverse transfer function for
the system for inlet temperature variations and i1s useful for ob-
taining solutions for any variation by epplication ef the convolu-
tion integral. This 1s 1ts main purpose here.

The Laplace transform of the impulsive function is unity.
Thereforq -

T(x8) = vo(x.8), (5.1.2)

the transfer function of the system. Inversion can be reprssented
by :

E(x,s) = yg(x,6) . (5.1.3)
where
£ g(x,0) = G(x,s) , (5.1.4)

Equation (5.1.3) represents the inverse tranafer function.

For the thin element approximation, equation (3.19)
gives '

1
a(x,8) = o~(O * [Fg)ex

8x )
= e-“x e  l+s (5.1.5)
x
= ¢~X ¢-98Xx JI¥5 (5.1.6)

(The last step makes use of the algebraic identity

8X =

“T¥s - X )

X
+ 8

Prom Campbell and Foster,(‘) formula nmumber 65.2
x

T

2o L 1] = /X 071 (2vFE) ~(5.1.7)

£73[1] = 6(6), the impulsive function or Dirac's
?glta function defined by squation
.1.1

-17-




Thus

.E*‘[em] = 5(6) +/_ o1 (2Vx6) (5.1.8)
also
£-1[6"%%%] = (0 - ox) | . (5.1.9)

Application of the convolution theorem™ to equation
(5.1.6) then gives

~ 6 B : |
g(x,0) = g‘x‘Jﬂ 8{6 - ox - A)[6(A) +»v/§'e“1,(2v§i)1ax (5.1.10)
0o _

= Q. ror o < 0

e *[5(et) + / 1,(2v§6*)1 for 6t 20  (5.1.11)

vwhere gt = g - ox : e (5.1.12)

(The integration of equation (5.1. 10) follows from the property of
the Dirac delta function given in the footnote on p. 16.)

¥  See any text on Leplace Transform Theory for a disecussion of
this theorem. It states that

ir - G(8) = Bx(a)G.(a)

and 1 £ gle) = G(s)
£ g,(6) = a,(s)
£ g (e) =a,(a)

then

. C _
g(e) = ;Jk g, (0 - 1) go(r)aa
0 _

«18-



Thus the fluid temperature response to an 1mpulsive
variation of inlet temperature is given by

E(x,0) = yo!87+X) [%, I,(2/x6%) - (5.1.13)
for 6% > 0

Note that the quantity ox represents the dimensionless time re-
quired for the fluid to travel from the inlet to the point along
the channel under consideration.

5.2. 3tep Variation

A step variation of inlet temperature is represented by
the function

E,(6) =0  for 6 <0
=] for ¢ > 0

The solution for fluid temperature responss can be written im-
mediately by convolution using the roaults of the preceding sec-
tion. Thus

]
E(x,8) = vy E,{6-A)g(x,A)d}) - (5.2.1)
0 .

whers g(x,A) is given by equation (5.1.11). This results in

ot . , ,
£(x,8) = ye~X[1 + f ﬁe')‘I,(Z\/;l)dll (5.2.2)
0 | R |
= yr,(e%,x) for 6+ 2 0 | |

-Evaluation of the funetion f,(6%,x) is discussed in Section 2
For the case of y =1 (B = O’ the r?aylt is equivalent to a
tion reported in Carsglaw and Jaeger

-19-



5.3. Llhear Variation

A linear variation of inlet temperature is represented
by the function

Eol8) = 6, €<0 (5.3.1)

Application of the convolution theorem as in the preceding seotion
gives

ot
E(x,6) = \I- (6% - Xalx,r)dr - (5.3.2)
0
gd
= o*r, (e*,x) - e"‘J\-VEX ™}, (2VxX) dr (5.3.3)
0 . |
= o*r,(6%,x) - £ (e*x), e*tz0  (5.3.4)

Evaluation of f, (6%,x) 1s discussed in section 7.3.

S.4. Step-Exponential Variation

This variation of inlet temperature is represented by
the function

E.(8) = 0, 6 <0
' (5.4.1)
= o”89, 6 >0 :
5.5.
As in the preceding sections, we find for 6% > 0
ef .
£(x,0) = | o2& Mgy a)m | | (5.5.1)
o o S :
‘4 ot | o
you(88™41)(y 4 j e"-”‘a’\/? I, (2yxA)aa] (5.5.2)
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For a <} write equation (5.5.2) as

(1-a)e*
0

=y oxp.(f™E— - ae*)f,[(1 - )ty 2] (5.5.3)

For a > 1 write equation (5.5.2) as
. (a-1)0* »
E= YO.(‘Q *x)py ¢J 01/-(-;.%7: 1,(2/ -‘x%l-)dl]
‘ 0 '
~(ag*+x) ' X ) , »
= ye r,[(a-1)e*, 5yl (5.5.4)

Consideration of the above and the definitiom of r1 will show that -
£o{6%,x) = e7¥r (-0%,-x)

This function has been svaluated by Clark, Arpaei, and Treadwellf2)
(see section 7.}).

ettt ——

E = Ye-( 9*+x)[l +J ﬁ 11(2\/x_1)'d1]
0 .

For a = 1 - equation (5.5.2) becomes

» . ,
= yool %) (ovxe¥) = (5.5.5)

Note that the results of this and the previous sections
can be used to write immediately solutions for the transient re-
sponse to inlet temperature variations represented by such functions
as

Eol8) = a3 + 826 + 8562

- where the ai,'are”oonstta.rita‘., R
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6. Transient Renponsoa to Heat Generation Variations

In this section solutions for the fluld temperature
response to heat generation variations are presented. The solu-
tions obtained to dats are based on the thin fuel element approx-
inetion and are for uniform variastions only. (The writer expects
to have solutions available for various simple non-uniform varis-
tions in the near future.®) According to squation (3.18a), the
transformed fluid temperature responss for these cases is given
by

R(X,l) = !{.i)ila-‘.ogizu
where the real time variable corresponding to s is given by

aht
=
© " Pry

the dimensionless channel length by

. hae

. L CeWy ’

]
and 7314._?.

6.1. Impulsive Uniform Variation

As in section 5.1, an impulsive uniform variation of

heat generation is represemted by the function

v(e) = 5(e) _
= 0 for 6 <0
= for 6 = O
= 0 for & > 0O

and its Laplace transform is unity. Thus for this case

So(!) = %I————"'—}—l ; 3(: :: s

= R(x,a)

(6.1.1)

# It is unlikely, however, that these solutions will be reported

under the same sponsorship. Those lnterested may contact the
writer directly.




This function represents the transfer function for the system re-
sponse to uniform heat generation variations. Its inverse, r(x,6)
-~ the inverse transfer function -- can be used to write immedi-
ately the response to any varlation-by .application of the convolu-
tion theorem.

To find £-*R(x,s) = r(x,6) we ﬁope the - following:
- S T2 |
P — 1=1——1 (1 -o “o) (6.1.2)
(T + 0+ o8)s + 0 t

and £-*G(x,s) = g(x,6)

where g(x,6) 1s given by equation (5.1.11). Then convolution gives

6
. . -mo o
r(x,e) = %é%—% - I—%Taxjﬂ(l - e'm(e°l))g(x,1)d1 - (6.1.3)
. 0 ‘
where m= ;_%,g for convenience. Substitution of equation (5.1.11)

‘and the use of equations (5.2.2) and (5.5.4) for definitiéns of f,
and f_,, results in the following

1 - oM

f(x,'e)' = T+ for © <,ax' | (6.1.4)

o e :. - raitilet.e) - (“'e *ax) ¢ (°,ax)1 " (6.1.5)
- - for e+ > ov ‘
where 6% = 6 - ox |

Evaluation of the runctions b o and f, are discusaed in
sections 7. 2 and 7.4L.

6.2. Step Uniform Variation

A step uniform variation of heat generation is repre-‘
sented by the function

v(e) = 0, for 6 < 0
=], for 6 2 0

-23-



The solution for fluid temperature response can bs written im- -

mediately by convolution using the results of the preceding sec-
tion. Por this case, howsever, it is simpler to find the trans-

form of £(x,6) and then its Inverse. Since £ v(8) = 1/s, equa-

tion (3. 18a5 becomes . ,

2(x,s) = (£1+'09ix;:;3, - (6.2.1)

The procedure for finding the inverse is the same as 1n
the preceding section. PFirst it 1s noted that

-1 1 = & _ 1 ~-m6
£ [(1 + O + “)S'] ‘ﬁ - Eﬂ(l - 8 ) (6.2.2)

where m = }_:_S as before. Then the convolution theorem is applied

c

using £-*[G(x,s)] = g(x,6) from equation (5.1.11). The integration
is written in terms of the defined functions f,, f_,, and f,. The"
rollouing results:

cn'g(x,e) = (mo - 1) + & ™°

for & < ox (6.2.3)
= (m6 - 1) + e ™ _ (met - 1)f, (e%,x)

+ mfy(6%,x) - o-(meT+x), (e.ax) (6.2.4)
for ¢* > 0O

where 6+ = ¢ - ox

For the case of vy =1 (B = 0), the above 13 eq M lent
to the solution obtained by Clark, Arpaci, and Treadwell, al-
though their result was obtsined for a step increase of uniform
heat generation from an initially unheated econdition.

7. The Punctions fs(x,y)®

In this section we briefly desecribe relations for the
functions obtained in section 5 in terms of functions for which
graphical or tabular representations are available.

# In this section x and y represent arbitrary variables.

- — (g - .

-

-2l -



T.1. fol(x,y)

Define

X .
folx,y) = e-yJ O-AIO(Z\/y—l)dl ' (7.1.1)
o ; .

- - Fd

This-runction can be related to the functions of section 5. -

Valuss of the equivalenf4?f this function for positive
x and y uefe computed by Schumann'?): gand later extended and graphed
by Furnas. 8) The equivalent of Purnas' graphs have been presented
in the publications of several authors but, of the several we have
ssen, are either difffcult to read orhave ranges of the variable y
too large for the type of transients under consideration. Evidently
because of this difficulty, Rizika °) recomputed the squivalent of

eyro(x,y). His graph is reproduced in Pigure 2. The function 1s
identified on the graph as an Infinite series. Its equivalence to

eny(x,y) is sasily shown by using

= n
I, (2/7%) = Z%}_}, (7.1.2)
n=

702. fa(XIy) .
Prom section 5.2

. x
£,(x,y) = o77[1 +J e~ £ 1, (230 ar) (7.2.1)
o .

Integrate by parts using
- JE 2/ a = a1, (2y51)
This results in

I (x,y) = £,(x,y) + e'(x‘y)lo(ed;;) o (7.2.2)

I
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A graph of eYf,(x,y) has been prepared by Rizika(®) and
18 reproduced in Figure 3. Rizika 1dentifies the function as an

infinite series. The equivalence of eyf1 and Rizlka's function
is easily shown by using

. )§+n

nﬂ

in equation (7.2.1).

7.3. fa(x,y)

From section 5.3
x .
fa(x,5) = e'y\Jﬁ e~ VIR I, (2/7%)ax (7.3.1)
0 : .

Integrate ByAparts using
dlVyx I,(2)] = yI (2/yr)ar

This results in
fa(x,y) = yr (x,5) - e'KX+y)v§; I, (2Vyx) (7.3.2}

A graph of

6" NIx I, (2/yx)

has been prepared by Clark, Arpaci, and Treadwell{®) and is repro-
duced in Pigurs L. In their figure the function 13 identified as

an infinite series. Its equivalence to the above is easlly shown

by using equation (7.2.3).
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7-4. f{x,y) |

, In section 5.5 the function f, with both arguments nega-
tive was introduced as

) fa(x.,y)-h = 6":,_( -x,-y)

x ' |
= [1 +\J‘ * /T 1, (/7 )aa) (7.4.1)

0

A graph of f,(x,y) has been prepared by Clark, Arpaci,
end Treadwsll and is reproduced in Pigure 5. In their figure the
function 1s identified @s an infinite series. 1Its equivalence to
fs(x,y) is easily shown by using equation (7.2.3).



Nomenclature

Dimensional Quantities (Units are 1llustrative only)

b

A = heat transfer area per unit length of coolant channel, rt®/ft

80l11d (fuel element) thickness, ft (or cen be taken as an
equivalent s80lid thickness, total volume of solid divided by
total heat transfer area)

gpecific heat of fluid, Btu/(#)(°FP)

specific heat of solid, Btu/(#)(°F)

heat transfer coefficient, Btu/(hr)(ft?)(°F)

thermal conductivity of solid, Btu/(hr)(rt)(°F)

coolant channel length, ft

local rate of heat generated in solid per unit length of
coolant chammel, Btu/(hr)(ft)

value of @ at time zero
refarehce value of @, a constant
eross-seotional area to fluid flow, rt?

local mixed mean fluld temperature, °F

temperature of fluid at coolant channel inlst, °F

lécal solid temperature, °F |

solid temparatﬁre aﬁ ¢ of s0lid or insulated surface, °F
#011d temperature at heat transfer surface, °F |
fluid velocity, ft/hr

fluid weight rate of flow, #/hr

length along channel, measured from inlet, ft

distence in solld, measured from ¢, or insulated surface, ft
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thermal diffusivity of solid, ft?/hr
density of metal, #/(ft)°

time, measured from beginning of transient, hr

Dimensionless Quantitiss

B

L

EES

]

=

hb (s0lid thickness)

(charmmel length)

(channel length for thin element approximation)

dimensionless channel positioh, 0<xXx L-

2
1+ 38

3

Q
o )
O
g
&

SE— (time)

By (time for thin element approximation)

€ - ox

hA

ﬁ-{T(y,X,T) - T(y,x,0)] (metal temperaturs)
™ .

%%[18(1;1) - T(x,0)] (surface temperature)
%ﬁ[t(x,x) - t(x,0)] (fluld temperature)

gi[to(x) - t,(0)]) (fluild inlet temperature)
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(1)

(2)

(3)

(4)

(5)

(6)
(7)
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APPENDICES

=4

). Serles Expansion of the Punction #(Bs)

- sinh ;z/; .
% = o sinh Bys + nueosh'BJ:

1_——

#8
8 ¥ tanh B/s

tanhagya nl - % Bﬂ + 283'8‘ - IQ.SB‘ + ...' ]

Simple,algebraic'diviéion gives

,. B8 .14 8gp2 28 pe, 280 ge _
ta_nh.B\/;- -1"#‘}:8 B +W,B .

and‘aquation (3.16) follows.
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B. Proof that neglecting B* and higher exponent terms in the
series expansion for ¢(B,s) i1s aquivalent to the assumption
that during a transient the average so0lid temperature is re-
lated to the surface temperature and surface heat flux as
in the steady state. R e

The average solid temperature is given by
b
T =& | Ta
av b ¥
0

For T < 0, equation (2.5) gives

b
Tav =‘T3(¥'p) * %ﬁﬁ

which is the relationship for the steady state. Assume that dur-
ing a transient this relationship is a satisfactory spproximation
when h(Tg - t), the transient surface heat flux, 1s substituted:
for Q,/A. : :

Thus, the assumption 1s equivalsnt to

~ hb :
Tav = Ts + }E(Ts - t)

= Ba 'Bﬂ
(1+-3-)T8--3-t

From the definitions of the dimensionless metal tempera-
ture ¥y (equation (2.11)), and the dimensionless fluid temperaturs
£ (equation (2.12)), the assumption can be expressed in dimension-
less form as :

2 2
Vay = (1 + 3y, - F¢ |  (B-1)
where B |
, . 1
Yav = B vdy
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¥

Equation (2.28) can be integrated as follows
B B B '
%. d(%%) + % vdy = % g%\Jﬂ vdy
, Yo 0 0
l 3
55,
But from equation (2.330jnw

.y = g%av

3 - oy
5§|y=3 By, - &)
Thus

. -
G RR R - (B-2)

Combine equations (B-1) and (B-2) to eliminate Yav, and Leaplace:
transform the reault. Thus

- (Y, -% ) +V= (1 + %‘)-v, - g’ss

Now solve for (¥, - Z). The following is obtained

V -~ s%

L 4 -8.—;'——_-5'_
l‘f'(rl"'}-)l

8
Comparing with equation (3.9), it 1s noted that the rssult ob-
talned is equivalent to _replacing #(B,s) by
‘ i 1
- —‘.E—
1+(1+3-)3

and that this form for & can be obtained from the series expansion
by neglecting B and higher-exponent terms. '
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C. The Steady-Stats Harmonic Variation Punctions K, and Kg

In section L the function #(B,s) for s = wi 1s repre-
sented by : :

¢(B,wl) = Ky (B,w) -~ 1Kq4(B,w) 4 (4.1.4)

Derivations of expressions for K, and K, are straight forward but
cumbersome requiring the applicatlon of complex algebra to the
expression for #(B,s) given by equation (3.10). The results are
cited here for reference.

K, = (sinh 2n + sin 2n) =p-
3

X, =  [@(sinh™ + sin®) + R sinh 2n - sin 24)]
p §
n = E%ZE

D, = 2n® + (&® + 2n®)sinh®y + (&® - 2n®)esin®n
.+ nu(sinh 2n - sin 2n)
For small values of T, series expressions for these

functions are more convenient for computations. The following
were obtained, epplicable when i < 1:

2 2en® + ...

1
SR AL L v 14
Ky = %;(u + %ﬂ"* E;aq‘ + 3%;n cee

where

D, = (1 + &?) *%“\'*1;23;‘”' + 15)11‘4»3%5@,‘ + ...

Por the case of B = 0, the above expreslions will give
tha same results as would be obtained by letting s = @i in equa-
tion (3.15). The series expressions show that the use of the
relations obtained this way will be a satisfactory approximation

when @ >> 1® << 1, which 1s equivalent to 5 >> B® << 2,
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A Typical Reactor Flow Channel
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‘T = time

T = tempserature of
80l11d, a function

t = mixed mean tem-

‘ perature of cool-
ant, a function
of x and <

'Q = rate of heat gen-

eration per unit
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a function of x
and T

The gs represent bound-
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