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ABSTRAQT ··:···· .. ... ·· ·: . t.··· ·' .. ·.·:; .'i-; ... ' 

o'.L'hi.s paper is an extension of a prev:i.ous one. (-1). The two. cases· of fully 

developed turbulent flow pass.Lng a i~at plate at zero incidence,- .and through a 

tube are considered. The .lami.rl~. sublay~r W'hof)e. thj.c.!mess :l.S usually ··considered 

as constant at a given Reynolds number 1s postulated, .. 1.n e.iJ~ct,. to vary WJ.;th 

the heat flow. The effect of natural convection is taken into ~<:count, ~espite 

its minor importance in predicting the heat tra."lsf'er by forced convection: in 
'•' 1 • 

the turbul.ent regime. A general tormgl.a. or Nusselt number :1.s., ol:>tained as a 
,'{ ' . '.. . . . ... . . ' .. 

!Unction of Prandtl, Reynolds, :md Grashof ntll'l1ber. The heat transfer qy natural 
', :· . . ' . . •' ' 

convection alone becomes only a particular case and the Nusselt number. is readi~y 

found by dropping out the term containing the Reynolds number. Calcul~ted re­

sults ~gree'e%cellently'Wiih eiPei-i~ent~· as ~ond~ct~d:'·bi previous investigators. ; ·l 
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NOMl!NCLATURE 

The following nomenclature is used in . "t;.he' ~per: 

A • a fUnction of X 

a • Jr.ax:i.mwn amplitude of' wave' · · ft.~ .·.~ ·· : ···· · 

B .. a function of x ,,; .. \' .. ' 

cp • specific heat at constant pressure ·Btu/(lb) ;(deg~'·F) 

d 

e 

F 

r 

• diameter of tube, · tt· .. · 

• base· of natural lo·garithms · '} • 'I':: . . ~ . 

• force per unit mass. A-/ctirf ... 
2 ..... 

• friction: factor, · "r/(fJ /2) for plate· · 
0 

. . . '• . . 2. 
g ~ gravitational acceleration ft/(hr) 

•, .• 
•. .., ~ 

Gr x • Grashof number w-l th respect to x 

... ' i 

~ > •• , •• • 0 

'.r.•:· .. 

·. ;·_.·_ ' .· 

. :. 

.. , .-·' 

., 

h • average film coefficient of he~~ transfer~ .a plate,. Btu/(4J")(rt~)(deg·F) 
. . \ . . . ' .. . - .. : , •' . . ~ -. . . . . . 

j 

k 

L 

p 

Pr 

q 

.. local film coefficient of heat transfer tram a plate, Btu/(hr)(rt2)(deg F) 

• film coefficient of heat transfer from a tube Btu/(hr)(rt2 )(deg F) 

• Colburn's factor of heat transfer 

• thermal conductivity, Btu/(hr )(rt2)(deg F/ft) 

&I total length or the plate, tt 

• pressure, lb/ tt 2 

• Prandtl number 

• rate or heat now, Btu/(hr)(rt2 ) 

St ~ Stanton number, Nu/ (RePr) 

T • temperature, deg. F 

t • time, hr 

u • turbulent velocity in x-direction, tt./hr 

~ • maxiJm.un turbulent velocity in x-direction, tt/hr 

vi 
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u • velocity of mean flmo~ in x-direction, ft ./hr 

ul .. u1 + u , maxi..Tflwn instantaneous velocity in x-ctirection, ft/nr 

u 1 
: cor:vecti·r~ velocity in x-ct.irection, ft ./hr 

u a free strean velocity in x-direction, ft/hr 

U • !!lean velocity of now through tube ft/hr 
m 

v • vel:>city of mean now in y-direction ft/nr 

x,y = coordinates 

«. .. thermal diffusivity (tt)
2
/(hr) 

p • therMal coefficient of expa.'1sion 

cp • velocity ratio 

~ c kinematic viscosity (ft)2/(hr) 

p = density, pcf 

8 = tenperature of difference, deg. F 

s = thickness ot bounda~r film, ft. 

c§6 -= thickness of laminar .sublayer, ft. 

0 
= shea:r stress at the boundary wall, lb/(rt2 ) 

vii 005 
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A THIDRETICAL ANALYSIS OF HEAT TRANSFER 
; .. . ' .. : ~ 

IN . TURBULENT CONVECTION ·. 

by. 

Yan Po Chang 

· INTRoDUCTION 

·. 

In a previous paper, reference (1), the concept of wave.motion has been 

used for the prediction of the heat transfer coefficient of natural convection, .. ; . . . ·. . ' . ··. . . . . 

with and without bo:Lling, over a horizontal surface. In the present paper this 

concept ~s extended.in an attempt to obta~n a general formula for heat transfer 

for both natural and forced convection in the turbulent regime.. A t~o-dimensional 

now over a smooth nat plate at zero .. incidence is consi(fered, . and its result 

is extended inunediately to flow through a smoot~ tube. 

When nuid origi~lly ~t _rest is. heated fr?m ~low, Benard (2), Rayleigh 

(J) and others have shown that a stable cellular wave exists in a layer ati-
,, 

jacent to the heating surface. Many.researchers.have co~idered that this 

simple fonn of wave .is also present in a fluid heated from above (4). Ostrach . ~ . . . 

(5) opines that the cellular wave would represent only the second or final stage 
~ . . ' . ... '. . . . . . ~ . 

of motion development for fluid heated from below. ~th. the first phase of . . . ~ . . 

motion development still unknown, a hydrodynamic wave was assume~ in reference 
'.' ,• . . . 

(1), to represent this first phase an~ a satisfactor,y result was obtained for 

natural convection.~d.for boiling. 

In laminar flow at comparativel~ low speed .this ki~d of cellular structure 

has also been i"C?und by experL'Ilents (6), (7) •. 

-]-
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Turbulent now in tubes has been examined experi.."!lentally by Fage and Towneed . . ' .. . ·. .. ·... ' 

(8). The maxumwm values, ~~ v
1

, w
1

, of u, v, w, the three components of the 

turbulent velocity in axial (x), "nonnal(y) and tangential (z) directions of the 

tube were measured. lt was found that though ul' v
1

, w
1 

become zero at the 

wall, yet u1/u, where u is the mean velocity, tends to become constant, v
1
;ii 

decreases to zero and w
1
;u increases to a ~~ as the wall surface is approached. 

While the flow tends to the laminar type at the wall, the motions of the par\icles 

in the laminae are sinuous. No particle is seen to move in a rectilinear path. 

The co~~taney of ~Iii and the siriuous motion of the particle~ near the wall . are 
.. 

very striking features. Though it ri1BJ be a good premise that 'a· wave motion 

~ exist in the so called laminar sub~er, its DB.ture is still unkn~, a.nd, 

therefore, for convenience it will be oDly referred as "wave motion" in the 

following paragraphs.· 

In viscous flow, vorticity must an.se from the wali and· sheets of vortices 

are fomed. A vortex sheet, .1n fact~· is unstable and will roll u? in the manner · 

shown in Fie. 1, a8 a result or the joint effects or the natural convection and 

of the mean i'low. 

The universally accepted p~sical picture of heat transfer in turbulent 

flow is that of pure. conduction in tne laminar sublayer, conduction and con­

vective mixing :iil the transition zone and a predom~rlance of turbulent. con­

vective mixing in the turbulent core. ln this p~per this picture is also.ac~ 

cepted, exoe?t th8t in the laminar sublayer the motion is postulated to consist 

of thi-ee parts~ a mean part which is laminar, a tu~bul~t part and a .cdnve~tive 
. ~- : 

part which are periodic. In the present analysis, the eff:ec.tive thickness ~f 
. ~. ·: 

the laminar. sub layer' which is usually . as~'lled constant" 'at. a ~ ven. Reynolds· num-
;_, 

ber, will vary with the heat rlow. Therefore, in the ·following paragraphs ·the 

term 11 sublayer" refers only to that oi' isothemal flow, while the effective sub­

layer is called 11boundary_1'Umi' and is designated by 3 . Inside this fUm and 

cs7 
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somewh~re abov~~ it, a pe!'iodic motion is postulated to exist.. At a certain dis-

tance frcr.< the wall this mot.ion will be so much deforrned that rolls 0f vort.ex 

st.arls to form. The region between this dist.ance and the boundary fi!Jn is here 

tern,ed the 11\'m.ve layer 11 and is denoted by a.. Following the same reasoning in 

rererence (1) 1 the ma.gnitude of a s.."lOuld be approximately equal to tr..at of$. 

The combined bctmdary film and Wa.ve layer is called the 11 gross boundary fil.J:L"• 

The method of 8.f.'flrOilch used in this paper is a little different from that 

in the previous one, although the fundruaenta.l concept ren~ins unaltered. Of 

coursE'l, if the method used in the previous paper is followed, the Brune results 

can also be obt.'!lined. · The a1ithor feels, however 1 the present approach has the 

following advarita.ge: The analysis will be ·based sinl.pl;y on a layer of vortex 

rolls in the wave layer ar1d will riot require the pastu1a tlon of a: part'icu.h.r type 

of wave motion. In this 'f1ipe·r only· two-dimensiona.l flow at moderate 'velocity is 

~.~ons.i.dered, and· thus the effect·s· of compressit·ility and t,ha enet•ey or· ci.lssipad.on. 

enn he ne~lected. ·The roodel postula.ted may be surrrnarited as· follows: 

1. The motion of fluid near the wall is as'3Ulited as to f.'ollow a sequence of 

developmehta la'1linar, sinuous, vort'ex r'olls and turbulent. 'l'he heat 

flow will de.,t.::~.bilize the laminar motion ancil. thus, will shorten propol'-

tionlll.y the di~>t!:l.nce of this transition. To facilitate the a.naly;;;;is, 

the sinuous motion as well as the vortex rolls are asst~ed a5 regularly, 

but not necessarily unirormly1 distributed along the diraction cf i1.ow. 

2. The rotating speed of the vortex rolls depends on the vsloci t'y gra·di·::r:t 

of. the ~rean· flm:l which is affect~d hy the heat· being· transferred. ·The 

higher this rotAting SpP,ed, or the vorticity, the mi;her will he the vel­

ocity gradient, and also the' temperature drop across the boundary film. 

· Thus:, a direct portionality bet:ween the velocity and the temperature 

drop at· the boundary film· will· be established.: · · .. 

It should 'be' noted that eng:ineerlng science so far· ha~~ not achieve.d a com­

plete understl3-nding of the mechanism of; ·t11rbu:t'~iit ··moti6~.--e~pecially with 
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heat trrutsfer, because of its extremely complicated nature. All that can be 

done is to m.a.Y.e plausiblP. assumptions about the velocity distribution in the 
• ••• ! ~ • 

boundary film and thus to estimate a corresponding temperature distribution. 

If the calculated results of heat transfer are comparable with experimental 

data, the assumptions would be justified. 

VELOCITY DISTRIBUTION ACROSS THE GROSS BOUNDARY FIIJ: 

The von Kannan universal veJ.ocity distritution for turbulent flow is 

generally comn.dered as the best available today, but its validity in trte sub-

layer remalns uncertain, especially when there is heat being transferred. 

Lees and Lin (9) have four.d th~t if heat is being traN:ferred fror.~ the. 

wall to the fiuid, the stability of the laminar bcundary layer in compressi.ple 

now is decreased, that J.s, heat transfer' has a destan:.lizing e~fect. compared 

with the case of no heat. transfer. It can be taken fC'Ir granted that this con-. 

elusion applies also to incompressible flow. 

The von Karman velocity fields in the tl_"ansition zone and in the.larninar 

sub layer are, respectively as follorrs: 

U·* a S ( 1 + Ln(:;~/;))) 

-u-:c c: Y''.t 

where u* • u/ ,/ ( 7:
0

/ fO ) and Y* • (y V 7:
0
/p )/~ , with u denoting the mean 

velocity, ~ the shear stres~ at the wall, ~the kinematic viscos~ty, and 
. 0 

p the deflsity of the nuid • 

. The mean flow in the lam1nar sublayer is by definition laminar and u, v, 
the components of velocity in tt1e x-direction along the wall and in the y-direction 

normal to the wall will satisfy the· following equation, ·since . 6 1 ii./;J~ t. 

is negligibly small in col!lparison with ?Ja. iZ /ol:l&. In ~rrent practice 

I) ~a.u:. = Li, ~ii + ii- ~"' 
4.$&. ?:C. "39 

......... 009 
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the velocity gradient ts. considered as constant; or; -iti .other words, the te:nn.s 

in the right side of the above equation are omitted. ·This appro:X:imation gfves 

a discontinuous point at the border between the laminar sublayer and the trans-

ition zone. Since a parabolic curve generally represents the velocity distri-

butj or, in lar.tinar motion, a function of x may be asst'.lned as a substitute for 

these non-linear terms. This assumption i~ justified in view of the fact that 

the velocity profiles at different positions along x-directiorr· are· congruent 

curves. Along this line of reasoning, the. velocity distribution across the 

laminar sublayer may be expressed by the !om of 

·,"' (1) 

where A and B are functions of x only and are to be determined by proper boundary 

condit:ions. The velocity gradient at y :a2cfb 
.. . .· . . . . . 

will be 

(2) 

and at the bqundary ~Jrface, that is at y • 0, 

(3) 

Applying equations ( 2 ) and ( 3) to equation ( i) ~ the tunetions ~ and B are ob-

taincd as follows: 

..... A-·= ,}; ·1. . 
J . (4) 

. ~. . .' : . : 

substituting this into equation (1) yields 

,j 'tO I . lft· ~ (~·-z=• ..L . .,f:" )· u~ ""'= fJt' !:J- 4, ... if ... ·~·';>. ~-.;l.~ -~ (5) 

By the· basic ·a.sSWJ1ption 2, the component ·UJ:. of the turbu1En1t velocity jn 'the 

suhlayer· should be of· s'imilar form ·as equat;i:on (5) •.. ··Since·;,- however, u has to 
1 

vary with the· ·heat transfer, .the effective:thickn:ess should be substituted ·ey 

( ~: + a..), ·the thiclaiess of the gross· boun.da.ry..- film;" which wi·ll· vary with the 

942 oto 
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he~t flow and be determined later. rherefore, at the upper surface of the gross 

boundary film where . Y D d + c:t. • z s-. 1 the mean VelOCity· may .be written a~ 

(6), ... 

and at. .the upper surface of the boundary film the velocity .is 

Now, consider the convective motion due to the bouyant force. Since the 

average thickness of the gross boundary film is represented by the distance 
. . 

from the wave node to the wall, Figure 1, and since the velocity across the plane 

perpendi.cW.ar to the will through this point can be easily determined, the study 

of motion is, therefore 1 centered in this· vertical plane. Following the sai:le 

reasoning as given in reference (1) and considering the wave node as a reletive 
. . 

singular point of m otion, the horizontal component of convective velocity at 

y • 8 is given by 

I l _ :l: ~ 8,8 9a.c 0 2. 

~ Jy-1'-'' ~.,. I) 
{8) 

where f5 denotes the thermal expansion coefficient of the fluid at the mean 

temperature of the transition zone 8pd tha gr.oss boundary film~· and· Sa~=·T~ -~, 

the mean temperature difference between these two regions. 

THICKNESS OF BOUNDARY F'IJ}i 

The thickness ot the boundary til:Jn can. be simi.lar;ty obtained ·.by folloWing. 

the procedure given in reference (1) 1 that is by. ad~ e~ations (6).and (8) 

to get ~he· resultant relative velocity. and ~q\lating it to the velocity of a . 

nuid particle induced· by the wave, if such ·a wave were ~sumed to exist •. An 
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alternate method, however, is introduced here which is not only simpler but also 

obviates the arguments in connection with the exact type of wave .motion, .a.s J~Bn­

tioned previously. 

It is obvious that the heat· flows into the gross boundary film nainly b7 

conduction and then is transported ·by lwnps or fiuid, or· the vortex rolls, to' 

the eo called transition zone. Therefore, the fluid is actually heated· sudden--' 

11 and periodically within each wave length, and detailed heat-flow in each 

wave length is at an unsteady condition. When the whole system is considered, 

the average penetrating depth or heat by conduction will.be a definite value for 

a given set of heating anti flow oond1.tions. The size and the angular velocity · 

or the vortex rolls must be of such: nagnitudes' as t9 be just capable of Cll1Ty- · 

ing away the heat transmitted .by con·d~~tion through .the bound&ry film. This 

stlltement will be true if the thermal conductivity or the fluid is not so large 

as the conduction heat would penetrate· beyond the lAyer ot vortex rolls. Thus, 

it will not apply to the case of liquid metal3 which have veey large thermal 

conductiVities. 

By following the s::une· ~rrocedure of reference (1), the time required to 

heat up the tluid to a· depth ~r the grcee ·boun~ry film at temperature to·. is, · 

where 0.. is the thermal diftusivity of the' f'l,uid at. the ~.temperature or the 

gross boundary film. This should be the time required to displace the heated 
. '· ,. 

fiuid inside tne wave l&y'er by the coolel- nuid 'til t~ transition zone. 

The 'vo~ex ~Us would hllve t~ · mke a com~l~t~· ~tat:ioo w1 th~ · t.his· p8ri~d 

ot time. it ia obrlous th&t the lumps or fluld wii.i.tend i'o· form rolls around .. 
. . · ... •. 

the wave node downstream. 

942 012 

'.:f., .. . '.• 

., :; 

,.!-' 



-8-

• ' : : ·•.• .''.' ~ .t' • 

Then the angular· velocity of the vcrt.'ex· rolls is - ~ •. :' . 

w ~ 2~ [2( a: .J.J' -a.,J'): u.~] . 
• ; ~ ~. 1 ·, ~ • :. • •• 

'tthere. thF:l subscripts 2a and d' indicate the positions of the level. By. the 
. . . ' . ·.··. 

foreg9ing reasoning the ti.roe required !'or a complete circulation must be_ eq11al 

to t~e time given_ by equation (9). 
•, ··. 

(10). 

Substituti.ng value.s of a. _.z.o) a..,O" · and u..'c1'. from equations (6), ("/) and 

(d) into equation (10) yields an expression by whi.ch _the thickness of the boundary 

filJn can be calculated. Equation (10), then,. beco111.es 

·-
(ll) 

However, a simple expression for the thickness J' can not be obtained very easily 

from thi~. cubic algebraic equation. Assuming the view that in the regiMe of . 
. . ~ . 

turbulent flow, the effect of convective motion is usually insignificartt in 
I, . , . . . ' . 

comparison with the steady motion, the second tem in the deno~inator of the 

left side of ectuation (11) may be temporarily disregarded. With this simpli-

fication, the thickness of the boundary film is obtained as 

. (12) .. 

The general pra.ctice is to employ a dimer.sion,less quantity, f, called the "F~g11 
.1 

. •. !, 

friction factor, instead of using the wall shear stress. It represents the re­

sistance f;orce of the plate divided by the area of the surface and th,e dynamic 

pressure of the flow, tnat is f • ~j(fJtf/.2) . Thus, equation (12) can be ex­

?rossed alternatively by 

942 013 
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IS" ~ {2:(/J 3•S"7 ·· ) ·.· o= T u'IT I+ Pre ~l . .(13) 

Now, by the aid of equat1ons···(7)' and (13) the. velo~ity .gl-adient in the 
.. : \,: 

boundary film can be obtained :::with good approximation as 

(14) 

It is seen that the velocity gradient near ~h~ heated wall increases with an 
.~. . . . . ' . . . 

incre~se of the Prandtl number. This result is very encouraging, bec~use a 

complete siltilarity between the temperature and velocity ratios may be obtained 

ill the boundary ··film as will be · seen later. 

Equations· ( 12) and (13) were obtained under the condition that the convective 

velocity can be neglec·t;ed. This simplification, however, may lead to some excess~ve 
. ~ _. . ;· . '; ·, 

error whtm the temperature difference between the heating surface and the Uuid 

is very high ;rod the Reyr.olds number is not sufficiently large. If this is the 

case_,. the value of 0' may be conveiniently obtained from equation (11) by the 

method of iteration. To show tr~s proce~ure, equation (11) is written in the 

fol!owtng fonn: 

(15) 

.. 
To determine the value of ~ an approximate value of ,j' is substituted into the 

right si(ie of equation (15) ;u-:ct the new value of J' is. evaluated. This new value 

of J' is then substit:l;ted into equci:'ti~n ··cis) ~d the proces~ is repeated uctil 

the valu.es oc·J' ui both sides ·or equaiLor.~-· <iS) cto not '·ch~~~~·- appreciably'. In 
i ': ·~-~ \. ~· . . . ·:-. . .. 

fact, 1f the value·of J" ~n equation (13) isused as a first approximation and 

inserted into the right side of equation (15) the calculated value of o 

942 014 
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should be quite close to the exact value, because of the minor role of the 

convective velocity in turbulent flow. Thus 

-£-
)! -

.L 
6~P7T)3 

In the c1.ee of natur=1l convection, the Reynolda nw!'.ber vanishes and t;~quation 

(16) reduces to th.'l.t given in 1"\~ference (1) .• 

HEAT TRANSFF# COEFFICIENT 

\llhen thoa thickness of the boundary f.:i.lm is known, the heat transfer rate 
. . 

can be predict'3d by cons.idarine it a.s pure conduction through tl)e botmdaey film;. 

for this film is very thin and, theret'ore, .tl~ heat-now thrott,;3h it w.ill change 

py only a negligible a.JJ"OU.."lt due to the nuid motion. ~omparing the Fourier's . 

equation of hent conduction and 11 Newton' s law of cooling" the local. film 

coefficient ~dll be 

(17) 

where the subscripts 3 1 and a indicate the conditions of free stream and or the 

boundary film, .respeatively. Since the influence of heating has al~aey been 

taken into account in the dete:nnination of the velocity, Ll.t. 1 at the· boundacy .film 

it l'Tould be advisible, by the basic assllJI\ption 2, to take 8oa.f&sas eq'I:Bl to 

it.; /u. This can be evidenced by the fact that . iiI' fiu is fi ppro.x.i.inll tely 

equal to t.:!ht&/ e.S'as ziven by ~fc.'l.rt.inelli (10) for considerable ranges of Reynolds 

and P~andtl ~mubers. Substituting u.~/11 ,for ~04)8115 in eg •. (17) wi~ yield the · . ·.: 

.local heat t-ransfer coefficient fol" .flow over a flat plate at ,ze.ro incideAce, with 
' . . 

a turbulent boundary layer, 

t. '.·.· 
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~ . ~.. . ) . ~- : . : . ~ ·: ...... . : •. 

tl8). 

and the local·Nusselt numger is, 

. (19}. 

'·. 
For a smooth plate the Blasius formula (11) for shear stre3s at the wall may 

be used, 

Eq. (18) and (19), then., become .. 

J,~ ~ ~._ ( O·~ZZ/ ,+ .;,;:;;":,. )R~:;I 
(20)' 

Nu:t. = ( o. 02.2.1 + 0 • o~·49r -)!?~:_·a 
'l+ l.:ll .....; l yl Pr 

. (21) 

The average heat transfer coef~icJ..ent {or··a·'nat plate. of length L·should be 

.• 
'·· 

\-lhen tho ..rall temper::~ ture is cons t.a.nt, howf!ver, th-e ~Yerage heat trartsf<::lr 
' ' .·· ·. 

coefficient is obtaLrted by simply integrab.ng F4. · (20) with respect to :t and 

dividing by L. 

(22) 

.',1 

and the aver.age Nusselt number is 
; . . ~.~ ·' . ' ... •'. 

016 



-12-

Eq. (21) and von K~-man's equation (12) for a flat plate arc plotted in 
•' . 

Fig·. 2. They agree fairly well for Prandtl riumbers,,from 1.0 t'o ·10. All physical 

properties gre evaluated on the basis of the mean bulk temperature of .. the ·nutd, 

except that the thermal diffusivity, 0( , is to.be estimated ~ccording to the 

mean film ten?erature, 

Eq. (19) can be readily adapted to flow through tubes. However, in dealing 

with heqt transfer fro~ tubes, it is generally referred to the bulk temperature 

of the fl•)wing fluid while in Eq. (19) the temperature of the free 3trea.., corres­

ponds to the tcmpcr~ture m. the tube axis. 11oreover, m practical problems the 

Reynolds number is calculated generally in terms of mean velocity, U · , instead 
m 

of the axial velocity. This, ~owever, can be easil:r corrected by :mtroducing 
·, ... 

; 

the velocity. ~d te~perature ratios as given by the following relations 

) 

Then the Nusselt number for tubes is 

N = d. h.. = :f.. ...!f.. ( 3 + ...L I . )·c 
«.t k .a -r.P~ ~ lJ .I "''/·~., . ''ec 

OL y/f Pr -J 
(2L·) 

The velocity ratio, ~ , is obtained from a logarithmic velocity distributi~n 

and theoretically equals 4/5, reference. (lJ). Bxperiments (lL); howeY"er, sho:w 

that it is a function of Reynolds number and is represented by Fig. 3. 

For constant wall tempera1,ure, Boelter, ~1artinelli !Uld Jonassen (15) 

calculated the temperature difference ratio, ,g.' , and showed that it varies 

vetj• little with the Reynolds number out increases with an increase of Prandtl 

rtU."tlber, a·s is reproduced in Fig. 4. 

. Using values Gf <p and -(9., in Figs .. J and 4, and taking values of f . from 
'·. 

the friction factor chart, such as that given by reference (16), the calculated 

re·su.lts of Eq. (24) are shoWn in Fig. S. ·· .. 'yon. Ka:rman•s· equation· and Colburn's 

fo~ul3 (1]1 are also plotted for comparison. It is seen that Eq. (24) agrees 

017 
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~retty well with Colburn data for Pr.andt.l numbers ,from l.•J to 40, but yicl:is 
. . ~- . 

a sl~ghtly lower val11e of Stanton's number. However, further i.'l!lprovement of 

Eq. (24) c-:m be readily made. 

It shoul1 be recalled that. Eq. (24) wa:s obtained fror~ Eq. (15) which woo 
. . . . . 

a first approxL~a~ion in the dete~J.~~tivn of the boundary film thickness by 

ner::lect'ing the effect of natural conver.tion. In ordc!" t.o get a clo3er approxi­

mation, Eq. (17) should be used. In the case of flow passing a flat plate, the. 

nusselt nu.mher is 

( 25) 

~ploy-i.nt3 the coeffL~icnts, rp_. and "1.9-1 will t~ansfonn Eq. (2S) into an equat1.on 

t'or· flow t.hrough t ·.tbes _, 
· · · . .i. :J .J. . · · 7 I 

_ 3 !L ~ ~ + .r.. _L .. L f1 [e (f ·l. <f.~ ( I ) J • 73 T 
Nuti-=F19-'2. ~ 9 (16rn~ ~'.;;;. i[-~2:) l~-;-~_.1 1-1-;,+~'-t f 7rG~ Pr 

v Pr V' p,.. (26) 

If, now, Graahof's number ·:..s ne~b·~ted in Eq., (26), a simple fornula s1mil3r to 

Colburn's (17) is obtained: 

. ·(27) 

where 1/J is 1\ function of Prandtl r:•1~bcr and is e\w~l to 

j_ 
~·19~ · I 3 + - (1+ ) 

(. {:,. l:..£! - I\~ . /1-+ 1..:!::.! -I vi-+ rr I v ,.,-
(28) 

. 
Using Colburn J factor of heat transfer, an alternative fo~ of Eq. ~29) ~s 

.•·. 

J
. s.L. 0 r.; - c £ . . ... == ,. ' . - ·e . . . (29) 

< • ' ' 

where .P is the frict:i.on factor for tubes Md is defined, as usual, equ :?1 to 

9~.2 018 
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It is seen that C is not a constant· 

of unity as generally adopted in empericsl formulas, but it varies very little 

front unity :i.n the pract:i.cal ranges of Reynolds and Prnadtl nu.'llbers. 'Fne factor,· · 
,. 

is plotted against Pr. in Fig. 6. TI1erefore, in practical de-

sign Eq. (27) should be used in ~onj~ction with Figs. 3 and 6. Predicted mag-
' 

nitudes of Nussalt mu~lber rroni Eq. (29) are plotted agai.n~t ~xperimental magnitudes 

of Eagle and Ferguson (19) in Fig. 7; they agree extrernel:r well. 

CONCLUSION 

.The present analysis has restricted the application of Eq. {27) and others 

to nuids w.Lth Prandtl nwnbers within the range of O.IJU to 4U, in comparison 

with the Colburn's equation. Unfortunately, experi."!lental data are very limited 

for higher Prandtl numbers, and it is, therefore, difficult to conclude definitely 
< 

the upper limit of apPlication of Eq· •. (2'1) •. 

It is to be noted that as long as the thickness or the gross boundary film 

is less than that of the hydrodynamic laminar sublayer, the original post").lllitod 

model will hold true. In other words, the validity of the above analYsis applies 

only for fluids whose Prandtl number is larger than a certain value which is 

calculated below: 

When the condition that the thickness of the gross boundary film is to be 

smaller than that of the laminar sublayer, the following inequality should hold, 

43·6( )1+ 3;~ 7 -I) R: P•'f. ~ cSi,. 
~ 

To make a rough esti.:nation for the hydrodynamic larn~nar sub layer, the von Karman 

(11) can be obtained for 

a smooth pl11te.. It follows, therefore, that the. Prandtl numbe!' should not be 

less than o.6o, beyond which the a~ove analysis will not apply. 
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Calculation from· Eq. (17) for. a Prandtl nwnber or· so and·a Reynolds nu:nber 

of 104 will show that the boundary film -has become too thin. ·Further decrea'se 

of this t.l"1iclmeas will be intolerable to reali:ty. It may be that the boundary 

film thickness has reached the !'llininn.un magnitude at Pra.ndtl nu.'nberG hit;her. than 

5o. The increase of heat transfer with ·an increase of Reynolds number· is prob·-

ably due to the increase of angular velocity of the vortices, that is the assumption· 

of C: ct. would lose its generality at very high Prandtl numbers. 

Eq. (25) is a general formula of heat transfer in turbule~t c6rivection. 

i-Jhen there is no forcing now, the tenri. consisting of the ·"Reynolds m.L';Jber: W'ill 

vanish and Eq. (19) reduces to that of natural convection over a horizontal · 

plate as given in reference (1}. 

This method of analysis has been extended to the· solution of heat transfer 

problems in forced convection with boiling. It was pointed out in refere.nce (i) 

that heat transfer in film. boiling can be readily solved thrcnigti the appl"ic:Jtion 
. 

of wave motion in the boundary surface of liquid and vapo"r, provided an equivalent-

thennal difiusivity is obta-ined. -These, however, will not M discassed here and 

will be presented by separate·papers. 

During the j)reparation of this paper 1·or public~tion, t·;r. S. t.ie Soto of the 

Univeroity of California, Los Angeles, has l.n!ormed· the author that he has wit-

nessed tests in North Americ:1 Aviation Corporation involving high heat transfer 

rates across tube walls which. created a. very ~trong, hl.gh-frequency vibr9.tion. 

:'These vibrations were cor.nnon a..'1d occurred consistantly v1l1en similar test con-

ditions were repeated over a..'1.d. over ag~in. The fll.;id now.!.ng through the tubes 

was a hydrocarbon 11.owing at a pressure far above it3 critical pressure, and 

hence the vibration phenomenon could not have been due to effects of lo::;al boiling. 

The vibrations occurred every time the heat flux ~-IM such that the tube w11l.l 

0 
temperature (for thie> pa.rt).cular nuid) reached 8So F or hieh~r. Althoueh the 

cause of the vibration was not kncr..m in detail, l.t was definitely est.ablished 

020 
--- - ---------
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that it. was not affe~ted by the flo-.-r 3ystern and. seemed ·to: .be a fu:1ction .of the ' 
' ' ,1 

tm;·,;,Jcra ture :and the type of fluid being heated. . Un~er prolonged exposure to these 

vibra.ti()~S, .. tubes developed small. longitudinal splits. Another fiuid., which was· 

tested, produced these vibrations whenever the wall temperature reached 700° L 

When the velocity of the fluid into the heated section was. changed, the vibrations · 

occurred. again at the sante wall temperature but at a different value for 'the heat' ·· 

flux." 

While the author. has not found time to follow up these. tests and to in-

vastigate them in detail, he is inclined to believe that. this phenomenon of 

strong vibration should be closely related to .that of resonance, the natural· 

frequency of the tube wall being the sane as the average frequen~r of the oscil-

lating. fluid in the boundary film. 

As a matter of interest, a rough caleulation·of this frequency is made 

here according to . the limited data given by I1r. de So to: Neasured frequency. is 

in the order of thousands cycles per second, from 2,000 to 8,000. Pr "" 23 'V 24, 

Re • 5 x 104, Cp • u •. ~O .Btu/(lb)(°F), k • 0.~7 Btu/(hr)(ft2 )(deg F/ft), T
0 

= 850° F, 
0 

T
8 

• 15'0 F 5';>. gravity ,. O.Bl.. If these data are used in Eq. ( 9·) of this paper, 

the calculated frequency will be in the order of 4000 ·cycles per second, which l.s 

pretty close to the average value of the test data •. 
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