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The hydrogenic (unacreened coulomb) free-free gaunt factors are 

computed for a wlde ran$e of i n i t i a l  energies and photon frequencies. 

In addition, an average w e r  i n i t i a l  e n e r ~ i e s  with the Maxwell-Boltzm 

. . dietribut&on is performed t o  give the temperature-averaged gaunt factare 
.. , - ' 5  

, . for use i n  opacity calculations. These are presented ae Mc t ions  of 

" 
v ~h;, relation between these gaunt factore and the rate of bremaetmh1ung 

energy production is given, as  is  the t o t a l  energy emitted as a function of 
I I 
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DISCUSSION 

1. Free-Free Abeorption 

The free-free absorption coefficients in a pure coulomb f i e l d  are 

readi ly computed fram tbe  forxrxula for  bremsstrahlung, since these are  

just inverse events. The cross section for absorption of a photon of 

1 energy hv by an electron of energy Ei = , which makes a t ransi t ion 

t o  energy Ef - is  related t o  the emission of the photon hv by the 
0 .  

electron Ef by the formula: 

: where vf is  the velocity of the f i n a l  electron and Yf ,  Yipv are the 
I 

density of s t a t e s  fo r  the two f i n a l  s tates .  

: where the factors of 2 are fo r  electron spin and photon polarizations. 

The density of s t a t e s  formulae as m i t t e n  imply tha t  the free electrons 

are  t o  be normalized t o  plane waves of unft density a t  inf ini ty.  

For brems s trahlung , we have (12) 



where 

s in(kr  + Ej l )  

, where asymptoti ca l ly  kr 

This i s  the t o t a l  cross section t o  emit an unpolerized photon in  

the energy range hv t o  hv + d(hv) f o r  electrons of uni t  density. Thus, 

for  absorption, with the same electron normalization, 

The sum cag be explicitly. evaluated ( l j2 )  and we obtain an answer in terms 

' of hypergeomtric functions, which can be expressed in several ways. 

One way trhich is  convenient is: (2) 



where 

and again 

For coulomb wave fbc t ions ,  

If the argument of the hypergeolnetrfc f'unction is  greater than one, 

t h i s  can be rewritten as  



I n  each,of these cases it i s  possible t o  express thequantity G1 as  a r e a l  

s e r i e s  in the argument. (see Appendix. ) 

. Thus we have 

This is f o r  electrons nonnaliz.ed t o  uni t  deneity. More conveniently, 

we can normalize the i n i t i a l  electron wave f'unctions on the energy scale 

(i. e. --ia terms of the number per unit volume per uni t  energy range) . The 

re la t ion  p e r t b e n t  here is 

o - *I 
energy scale - 'density scale a 



( 3) %he c lass ica l  crose section fo r  this process i s  e v e n  by 

2 z2 j2 eeL J = a d%lass; energy scale o 4 % )  
37'3 w 

Thus the gaunt factor,  

where 

2 
Values of gff are pbtted i n  Fig. 1 aad Pig. 2 as f'unctions of E ~ / Z  , 
sna h /z2 . 

To obtain the total absorption coefficient fo r  er dis t r ibut ion  of 

i n i t i a l  electron energiee, we take the crose section on the energy scale  

and multiply by the number of e l e c t m n s / w i t  energy. Bor the case of 

the  Bolt- dis t r ibut ion,  thie, is 



For many cases of in teres t  i n  opacity coqutat ions the temperatures 1 . 
and densities are such tha t  it is permissible t o  neglect the degeneracy 

' 

of the electrons. This is  not true,  'however, of such s t e l l a r  matter as  

the white dwarfs, for  instance. I n  general, one ought t o  use 'the Fermi- 

Mrac dis tr ibut ion function, rather  than the Boltzmann; it i s  a s t raight-  

forward matter t o  do the integration fo r  any particuler' case of interest .  

Because of the diff icul ty i n  presenting the resul t s  of such calculations 

(which add a th i rd  paramter--the f ree  energy--to the frequency and 

temperature dependence of the gaunt factor) we have limited ourselves 

t o  the Boltzmann distribution. 

Thus the average cross section a t  temperature T fo r  absorption of 

(4) photons of frequency hv by free electrons is: . 

I n  terms of the parameters q, we have 

' so tha t  we obtain for  the temperature-averaged free-free gaunt factor  , 

where 

This gaunt factor i s  plotted in Figs.  3, 4 and 5 -  



For those anore lntereete8 in the emiseion 09 radiation, than i t s  

absargtion, we W i e a t e  how thee  calctdations apply. 
9 ,fiT 

I 
BY campaiLn$ Bps. (9, ( 6 ) ,  (9) and (I6), we see that we oA write I 

the croae section for an electron of energy Eo, normalized t o  unit density 

a t  infinity, t o  emit a photon in the energy range hv t o  h v  + d(hv) in  

terms of the free-frree gaunt fastor: 

2 3  2 62 d h v  dm a d;l. B~ (E% = go - hi, B~ = E ~ )  
3415 0 

The energy emitted per tanit the k s  f& by multiplylag bx hv and 
'f- 

by the electron flux, nco:  

To find the energy emitted per Wt tims by a Blaxwellfen dlstakbution 

of electron energies we average t h i s  spectr\Pn: 

dv = Jhv 

-EJkT 

0 0 

If we chaqge t o  integration variable Eo - hv in the Inmerator, we 

are evalustAng m e t l y  Bhs aerpme b t e g r d  that gives the teqpsratam- 

averaged gawt faator. Thus, after sknglii"ybg3 remrrglW5 the 



where P = hv/k!i!j y2 = z%~/KT, and T $5 in % in the seaond expression. 

The energy emltted per unit volume per unit time, is faand by 

m u l t i p u  by the density of positive ions whlch serve as targets for 

the bremestrahlw production. To find the t o t a l  energy emitted, we 

integrate w e r  the photon spectrum 

= 1.42 r z2\nl T ~ / ~  jO BU emu (u, y2) -+ er s . 
cm sec 

N s  corresponds to formula (5-49) in Sgftzer's book, which is - 
equivalent t o  the assumption gfi = 1' 

- 2 The integral, < gff ( 7  ) > = €/',, is plotted as a f'unction of  y 2 

in Fig. 6 .  



We have the real expression 

where 

4701 . Let x = --2 then 1 - x =  
(I$-%) 

Let 

Then 

or 4- F =  (lox) G . .  

The hypergeometric f'unction, F, sa t i s f i e s  the differential 

equation 



so G sa t i s f i e s  

Subetftuting for a,b,c,d, we have 

The regular solution t o  thiar differential equation can be expressed 

in the' usual manner as a paper series.  The result is 

with 



and 

for I x ( > 1 we find the series solution of the differential equation 

; in terma of a series in inverse powers. With y = - l/x, w e  can write 
I 

. i, .. .. . . . ... , 
I 
1 where 
i 

'i. and A and B are regular series In  y. Substituting into the differential 

: equation we obtain two coupled differential equations: 

and , 

2 
Y(l+Y)%' + ( l + y ) . ( l + 2 y ) ~ ?  - 2 A' 



As before the solutions are of the form 

with 

and the recursion relations 

and 



where 
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