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“ SUMMARY . ~—l

The hydrogenic (unscreened coulomb) free-free gaunt factors are
computed for a wide range of initial energies and photon frequencies.
In addition, an average over initial energles with the Maxwell-Boltzmann

distribution is performed to give the temperature-averaged gaunt factors

for use in opacity calculations. These are presented as functions of

2°/Kkr and hv/kT.

The relation between these gaunt factors and the rate of bremsstrahlung

‘energy production is given, as is the total energy emitted as a function of

22/xe.
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: DISCUSSION
1. PFree-Free Absorption

The free~free absorption coefficients in a pure coulomb field are
readlly computed from the formila for bremsstrahlung, since these are

just inverse events. The cross section for absorption of a photon of
"
energy hv by an electron of energy Ei = =5 which makes a transition
, 265 |
to energy Ef = 3, is related to the emission of the photon hv by the

electron E_. by the formula:

£ .

v
.Ef, Ve (1)

gi v Of—-)i,v

2

Yv—y £ T

- Where Ve is the velocity of the final electron and §f, fi y are the ;
’

: density of states for the two final states.

mk ,
© o 2ol ——— ‘
£ (2n)3ﬁ2
mk 2
§i., =2 —3 2:n s (2)
L,v (2n)3ﬁ2 2rhe

‘ where the factors of 2 are for electron spin and photon polarizations.
The density of states formulae as written imply that the free electrons
are to be normalized to plane waves of unit density at infinity.

For bremsstrahlung, we have(l’e)

£,y 73" M T2 »%v 241,12 2-1,0(
£ =0 ,
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vhere fl';} = J/rr'dr \fi.(r, Ei) ;5 k+;(r:,3f)’ (%)
. o -

sin(kr + 81)
. where asymptotically \*;A/ Tr .

This is the total cross section to emit an unpolarized photon in
the energy range hv to hv + d(hv) for electrons of unit density. Thus,

for absorption, with the same electron normalization,

. b 'ﬁ?kica
do a 2 m———— dg, O
1,v—t T 8 e,y
1
: : 2 2 oo
23 4 ck
_8.2/e £ d(hv) 2
=32 % 5 " hv (2+1)1z+1 TR W
1=0 o
‘ . (5)_ .
2,2
_2xhT 2| 6k ,2 e d hv
= o, { (‘hc)( Ry fZ, {(”*1)‘1 1,0 ¢ 2-1 z}

The sum can be explicitly«evaluated(l’a) and we obtain an answver in terms

" of hypergeometric functions, which can be expressed in several ways.

(2)

One way which is convenient is:

2 2 2 2
Z: {(ki + kg + 2K nf)(o,l;o)

1/2 o 1/2 ,
- 2k.k, (1 + “1) (1 + ng) (0,1;1) ¢ (0,1;0), (6)
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vhere (0,1;¢) = [ rfar = WY.(r, E,) Y.(r, E.) 17
F Ad r e ) i e 2 f 2
(o}
2
_de _ 2
N =g Ea_ ’ (8)
and again \Vz ~ ﬂk&_&l .
For coulomb wave functionms,
1
(0,1;2) = ==—1,"
.k, 2
" with
. 1 bk, | £+l nlni-qfl/’:‘ “ (z+1+1q1)r’(z+1+1qf)|
=% |77 e ' NEE 6 (9.
(k,-k.) :
17%¢
and G, (a recal funcéion) ‘
kok, | P40 C bk
= |5 oF) | 1+l-ing, f+l-in,; 21425 - 5 | .. (20)
1 (ki-kf)

If the argument of the hypergeometric function is greater than one,

this can be rewritten as
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6, = | it [((21+2)
L E;ﬁi' ; M
1
S “l-1+4
(40 p-1n,) b e e (k,-k,)
—ﬁ(hl-iq )rf (£+2:ll.+1n ) 5 B L I -
| 1] £ \(kf-ki) | Tk K,
(21)
-t- ' 2
M(in -1n,) I R (k, -k, )
* AT )1(2+1 In.) . P oF{4+1-ing, =L-dngjleing-dng; - E‘i' -

In each of these cases it is possible to express theqy.ariti‘t;yc2 as a real
series in the argument. (See Appendix.)

Thus we have

1 2ntme
b e ok

_é}i 2 28(

1/2 1/2
(1+n?,) -Il} IQ. (12)

2. 2., 2 2. 2
{(kf +k1 +2k g )Io - 2kfki.(l+“i_)

This is for electroms normalized to unit density. More conveniently,

we can normalize the initial electron wave functions on the energy scale '
(1.e.--in terms of the number per unit volume per unit energy range). The‘

relation pertinent here is

; - ‘—§;§mki @)
energy scale density scale ° on
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ag s' a 2 Z2 62‘ 92 (W) 1
ff, energy scele o T Re ‘hv g
' 1/2 1/2
2 2,22 2 2 .
(ngengr2nng)T ) - 2nyng(leny)  (leng) Iy I, . (1)
The classical cross section for this process is given by( 3)
do, 0272 22 & (R’ m (15)
class; energy scale” %o Ke £57 R’
373
Thus the gaunt factor,
do _ /2., 1/
£ 2 73 2 2 22 2 G2
Boo™ = (ngtngren ) I -2n m (len,) (Tén)) I I (16)
£ do_ o TN, {j W<y Np? So7 Ny e\ 4Ty e 17 o
' 2 z°Ry 2 2°ry |
where n = E, R P E, . , (17)

Values of g,, are fbtted in Fig. 1 and Fig. 2 as functions of Ei/z?' s
and h /z'2 .

To obtain the total e.bsorptic;n coefficient for a distribution of
initial electron energies, we take the cross section on the energy scale
and multiply by the number of electrons/unit energy. For the case of

the Boltzmann distribution, this is

= 1 .- 31/ kT | (number/unit volume). (18)

dn
aE, wr €
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For many cases of interest in opacity computations the temperatures |
and densifies are such that it 1s permissible to neglect the degeneracy
of the electrons. This is not true, however, of such stellar matter as
the white dwarfs, for instance. In general, one ought to use“the Fermi-
Dirac distribution function, rather than the Boltzmann; it is a straight-
forward matter to do tﬁe integration for any particular case of interest.
Because of the difficulty in presenting the results of such calculations
(wvhich add a third parameter--the free energy--to the frequency and
temperature dependence of the gaunt factor) we have limited ourselves
to the Boltzmann distribution.

Thus the average cross section at temperature T for absorption of

(4)

photons of frequency hv by free electrons is:

1 - B, /xT
doo. =gF [ e dE, dcff(Ei, E + hv) . (19) |

In terms of the parameters 7, we have

1 1 h
F=FrE (20)
e Ny 2 :

' s0 that we obtain for the temperature-averaged free-free gaunt factor ‘
;

oo
— 2 X -1/2 hv - u :
Bep (u, 77) = [ dxe 7 gep My =% /,-2"—=-§ ’ (21):
Z y :
[o]
vhere . u = hv/kT
| 2 2%
’ =g

This gaunt factor is plotted in Figs. 3, 4 and 5.
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2. Bremsstrahlung
For those more interested in the emission of radiation than its

absorption, we indicate how these calculations apply. .

By comparing Egs. (3), (6), (9) and (16), we see that we can write
the cross section for an electron of energy E_, normalized to unit density
at infinity, to emit a photon in the energy range hv to hv + d(hv) in

terms of the free-free gaunt factor:

161 2.3 2 4  d(hv ’
;7—;(53’) 2 o 'é‘v‘lgrf(gi"Eo"h"' Ep = B))

The energy emitted per unit time és found by maltiplying by hv and

by the electren flux, BV,

23 2 1/2
W(v) av ='%‘- (%é-) Z}ine % (%)

[ 2 €742 (aed) 5 /m Y2 0v gy i By

To £ind the energy emitted per unit time by a Maxwellian distribution

of electron energies we average this spectrum:

dE E X W(v) dv

f ” 1 El/ 2 e.E‘/u

f“’ 1/2 B fxr
hvy

If we .change to integration variable 'Eo = hv in the numerator, we
are evaluating exactly the game integral that gives the temperature~
averaged gaunt factor. Thus, after simplifying, and rearranging the

if

e, e e ey b A i e TR 5

e e et

=Ty
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constants, we find

5 6 1/2
md%: 2%n, (%%T;)/ du o™ F7 (u, 7°)

= 1.42 x 10~27 Zane T1/2 du 8 E;; (u, 72) ergs/sec

vhere u = hv/kT; 7 = Z%Ry/k'r, and T s in %K in the second expression.
The energy emitted per unit volume per unit time is found by
multiplying by the density of positive ions which serve as targets for

the bremsstrahlung production. To find the total energy emitted, we

integrate over the photon spectrum

1/2 .5 6
€= (%H) -——-3-2 xe Zanen1 du ™ Bop (u, 72)
3hme o
/ oo
+ =27 o2 2 U — 2 ergs
= 1.2 x 10 ZneniTl f du e %(u,y);?f;:.
o

— 2
€, < Bpp ) > .

This corresponds to formula (5-49) in Spitzer's book, which is
equivalent to the assumption E; s 1. '

The integral, < E;; (%) > = €/e, 1is plotted as a function of ”°

in Fig. 6.
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APPENDIX
We have the real expression
in,+1
ngene | e
G, = O oFy £+41-in,, f+1-in; 2:+2;‘- 5 | (A.1)
1 (ny-ng)
where
00
m
Fasen - 5 Lemlomlo
| s [em[@[( ™
2
bngn n,+n
Let X = - -2t ;  then lex = ni'ﬂf . (a.2)
(ny-ng) 17
Let
a = l+1-111f
b = 1+l-1ﬂ1
c = 2842
d = % (a+b-c) ..
\
' 4
Then G = (1-x) F(a,bjc; x),. (A.3)
or ' F=0x"%c . (A.4)

The hypergeometric function, F, satisfies the differential

equation
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x(1-x)F" + [c-(a+b+l)x ] F' - abF = 0 ,. (A.5)
so G satisfies
x(1x)%6" + (1-x) [c . x(2d-a-b-l)] ¢!
+ l:x (d2+ab-d(a+b)) - ab+dc] G=0 .. " (A.6)

Substituting for a,b,c,d, we have

2(1-5F6" + (1-x) [2“2 - x(2l+3)] G

2
+ {x [(l%q-g> + (!+1)2] + nlna-(iﬂ)e} G=0. (a.7)

The regular solution to this differential equation can be expressed .

. f
in the usual manner as & power series. The result is

6= ). a (4.8)

with a8 =1
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8n = mil—”;y {an_l [(n-l)(2n+h2+1) + (f+l)2 - ﬂiflf]
- Ne=M 12
-8 - [(n-a)(n+22) + (2+l)2 + —1542}
' . by ng .
" and X = - y— - (A.9)
{ng=ng)

- for ’xl > 1 we find the series solution of the differential equation

‘ 4in terms of a series in inverse powers. With y = - 1/x, we can write

G = y£+l [ cos(M fn y) A(y) + sin(™ in y) B(y)] (A.lb)
1
where A=5x (ni-ﬂf) f

‘and A and B are regular seriee in y. Substituting into the differential

-+ equation we obtain two coupled differential equations:

y(l+y)2A" + (1+y)(1+2y)A* + 2h(1+y)2 B!
- (1+y)(!2+l+h2)A - (X2+n1nf)A + AMl+y)B'= 0

and

Y(1+Y)%B" + (1+y)(1+2y)B? - 2X(1+y)2A'

- (14y) (1241038 - (x2+qinf)3 - M14y)A = 0.  (A.11)




As before the solutions are of the form

(22+2) [ (1n,-17n,)
with a =2 Re A [ ol
o | r%1+1-1n1)[“(t+1+1nf)

| [(2t+2) [ (1ng-tn,)
o * =2 Im r(2+1-1n1)f‘(l+l+iqf)

o
1

and the recursion relations

2 2 |
n(4\“+n") 8, = - h(3n-2+2a)bn-l - h(3n-h+23)bn_2

# ’m‘z'-n(ndl)(En-l) - 2k2(“n-3)] a

-

n-l

+ Fn&-n(n-l)(n-?) - 25(2n-3) ] ®p-2

and

n(hxam)bn = A 3n-2+2a)an_;l + M (3n-4+28) 8 o

+ [nq - n(n-1)(2n-1) - 2AZ(kn-3) ] LY

. [ 28 - n(a-1)(n-2) - 22%(2n-3) ] Pn-2 7,

RM-2010-AEC
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(A.12)

(A.13)
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where a

2
£(2+1) + 27 + ny Mg

1(3+41) + A8

w
4}

&
i

%— (n14'}f) .

i
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Figure 2
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