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ABSTRACT

Orbital lifetime estimates for long lifetimes (> 30 years) are
presented for initial eccentricities from O to 0.95 and for perigee alti-
tudes from 200 to 1600 km. The lifetime estimates are based on a semi-
analytic form of the equations of motion developed by King-Hele and the
latest (1971) Jacchia atmospheric model. A mean 11 year solar cycle
based on historical records of the Zurich sunspot number is employed in
the calculations. Comparisons are made to previously published lifetime

charts.

- i -
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SUMMARY

An economical scheme for estimating orbital lifetime, including
the effect of long term variations in solar activity, has been developed.
The study was principally directed toward providing estimates of the life-
time for long terms (tens and hundreds of years) and accordingly simpli-
fications were employed in order to reduce the computational expense. The
lifetime computational code that has been developed is both small and in-
expensive to employ. The computer program employs a semi-analytic form of
the equation of motion (King-Hele) and the latest (1971) Jacchia atmosphere
model. The time variation of solar activity that established the upper at-
mosphere density used for the calculations is based on historical data which
extend to the previous 10 solar cycles. (Each solar cycle is 1l years in

length.)

The results of this study indicate that:

1. Using a mean solar cycle as a basis, lifetimes are a factor
of 3 to 4 greater than would be predicted using the 1962 U. S. Standard
Atmosphere.

2. For long lifetimes (> 30 years), the lifetime estimate is
independent of where on the solar cycle the calculations are begun.

3. For long lifetimes (> 30 years), the lifetime is directly
proportional to ballistic coefficient.

4., A one sigma deviation of the solar cycle from its mean value

can affect the lifetime by a factor of . 1l.5.

- iii -
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5. Long (> 30 years) lifetime estimates based on a constant
exospheric temperature, derived from a value of density which is time
averaged over the solar cycle, are good approximations to more exact

calculations that directly employ a time-varying solar activity.

This conclusion permitted the economical development of an
orbital lifetime chart that is valid for estimating lifetimes in excess

of 30 years.

6. Lifetime estimates based on a mean solar cycle are, in

general, significantly higher than lifetime estimates from the Design

Guide to Orbital Flight handbook, which has been the basis for the current

LES 8/9 mission safety analyses.

- ijv -
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I. INTRODUCTION

Orbital lifetime estimates for satellites is of primary concern
for a comprehensive safety analysis of thermoelectric nuclear power sup-
plies employed on spacecraft, Current lifetime estimates are normally
based on lifetime charts as found, for example, in Ref. 1. These charts,
however, are based on a 'standard' atmosphere and do not account for the
large variations in upper atmosphere properties resulting from solar activ-
ity. More accurate estimates are made by employing computer programs2 that
employ numerical integration of the equations of motion along the orbit and
account for solar and luna? geopotential influences and atmospheric varia-
tions due to geomagnetic and solar activity. The computer programs are
quite sophisticated, having the capability of accounting for daily varia-
tions in atmospheric properties. For long term predictions (¥ 100 years),
however, it is found that the principal uncertainty is the unpredictability
of the major influence of the atmospheric properties--the long term, 1l
year, solar cycle. With this uncertainty then, it does not appear justi-
fied to employ a sophisticated and costly model for long lifetime estimates
since the results will still be inaccurate due to the lack of accuracy in

the basic input data.

With these considerations, it was decided to employ a semi-ana-

lytic procedure and to develop a simple and efficient computer code
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directed toward long lifetime estimates (§ 100 years) accepting some in-
accuracies in the solution of the equations of motion as being compatible

with the degree of uncertainty of solar activity predictions.

The semi-analytic technique employed for the trajectory is out-
lined in Section II, the atmospheric model is presented in Section III, the
relationship of solar and geomagnetic phenomena to the atmospheric model is
discussed in Section IV, the 1l year solar cycle model is covered in Section V
and the results and conclusions are presented in Sections VI and VII, respec-

tively.
II. EQUATIONS OF MOTION

The numerical procedure employed in the analysis is based on the
development presented by King-Hele.3 Before presenting the major features,

however, it should be noted that the following assumptions are employed:

(1) The atmosphere is spherically symmetrical.

(2) Air density varies exponentially with height.

(3) Lunar-solar perturbations are neglected.

(4) The only nonconservative force considered is air drag and it
acts in a direction tangent to the orbital plane, i.e.,
normal forces are neglected.

(5) During one revolution, the action of air drag changes the
orbit by a small amount, where squares can be neglected.

(6) The unperturbed orbit is an exact ellipse,
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(7) The atmosphere rotates with constant angular velocity, .

(8) The atmospheric density does not vary with time. This
assumption is involved in the derivation of the equations
of motion, however, long term variations are considered in
a corrective manner by reevaluation of the density scale

height.

Lagranges planetary equations for the change in the orbital

elements due to external nonconservative forces are given by

da _ a’v
ae - 2T, I 1
de _ 1

r .
2 fT(e +cosg) - £ 5 sin ) (2)

dt N

where fT and fN are the components of the total force tangent and normal,
respectively, to the orbit in the orbital plane. The force under consider-

ation is a drag force related to the drag coefficient,

D = ov?s c /2 (3)

The velocity V is the velocity of the satellite relative to the ambient

air and in terms of the satellite inertial velocity v and the air

velocity, VA’

V= (v2 + vV 2 _ 2v V, cos y)l/z 4)

A A
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where ¥ is the angle between the satellite velocity vector ¥ and the
local horizontal (which is parallel to the air velocity vector VA). The
air velocity can be written in terms of the angular velocity about the

earth's center as,

V, = ry cos 9 (5)

where § is the geocentric latitude and r is the distance from the earth's
center. Assuming that y’, the angle between VA and the horizontal com-

ponent of ¥V, is small, we have
cos Y cos § = cos i 6)

where i is the inclination of the orbit plane. Neglecting (rw)2 terms

and assuming rw cos i/v << 1 for the expansion, Eqs. (4)-(6) give

V=v - rwcos i )
As rw/v is small it is assumed that the values at perigee can be used and
also since i does not vary by a substantial amount during a satellite life-

time we use the initial value io’

V=vil -r_ (cos il/v (8)
PO o Po

The resultant drag force is then

D= pVZFSCD/Z (9)
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where

= , 2
F={1- T, w cos 10/vp (10)

b (o} o}

In evaluating the force components it is assumed that the angle between v

and V is small so that the total drag force is tangent to the orbit,

f. = - D/m = - pszscD/(Zm) (11)
Defining the ballistic coefficient
B = m/(FSCp) (12)
Eq. (11) becomes,
£, = - Pv¥/(2) (13)

It should be noted that the ballistic coefficient defined by Eq. (12) in-
cludes the function F. For a nonrotating earth assumption (y = 0) and/or
the orbit plane lying in the north-sound earth plane (io = 900), F=1.0;
however, for other cases, as pointed by King-Hele, the value of F can be
as low as 0.88. We also assume that normal forces due to tumbling and/or

flight attitudes giving rise to lift are zero so that

fN =0 (14)
The equations of motion are then
2 3
da _ _apv (15)
de Bu

-5 -
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%% = gz (e + cos g) (16)

Converting from the true anomaly to the eccentric anomaly E and integrat-

ing around the orbit we have for the changes in a and ae per revolu-

tion,
2 2 3
Aa:_a_ “CL'!'eCOSE)/zpdE (17)
B 0 (1L - e cos E)l/2
a2 2m 1L + e cos E 1/2
Aae) = - E—-IO E P —— (cos E + e) p dE (18)

For the air density P we employ the exponential variation
r -r

p =P e (19)

where pp is the density at perigee and rp is the perigee distance from the
earth's center., The constant H is termed the density scale height and
assumed to remain constant in the analytic integrations. Since rp = a (l-e),

»

Eq. (19) can be written as,

a =-a-a e
(o} 0 0 ae cos E
p =p_ e H e H (20)

The integrands in Eqs. (17) and (18) are expanded with the binominal ex-
pansion. For 0 « e « 0.2 the integrands are expanded in powers of e and
for 0.2 ¢ e < 1.0 the integrands are expanded in powers of 1 - cos E. The
case e = 0, circular orbits, follows from the e expansions with e = 0.

The expansions are integrated term by term and truncated, resulting in
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analytic representations of Aa and A (ae) per revolution. Derivations and

final equations used in the computer code are documented in the Appendix.

The scale height H 1is, for a realistic atmosphere, not con-
stant but varies with position (latitude, longitude and height) and time.
Based on the results of King-Hele3 the scale height is evaluated at Z = 1.52p
for e > 0.2 and at Z = Zp(l + 25e) for e < 0.2 to account for the change in
height during the orbit. In addition the scale height is reevaluated when-
ever the perigee altitude changes by 10 km, The variations of H with

time will be considered below when the Jacchia atmospheric model is discussed.

The above equations were programmed in PL/1 for the IBM 360/91 com-
puter. In order to verify the accuracy of the method a series of orbital
lifetimes were calculated employing tabular values of the 1962 standard at-
mosphere,4 for which solutions are available2 based on a complete numerical
solution of the equations of motion. Five cases were run with a 5000 km
apogee altitude and for perigee altitudes of 200, 250, 350, 450 and 550 km.
The results of Ref., 2 are presented in graphical form on logarithmic plots
and the resulting comparisons show a detectable difference at only one point,
the 550 km case, where a difference of ~ 8% is found. In view of the uncer-
tainty in long term projection of the high altitude atmospheric properties
to be discussed below it is felt that the present model is more than adequate

in terms of accuracy.

The advantages of the calculation method described here are that
the resulting computer program is small (i.e., manageable) and run times are short

(i.e., low cost)., The complete program consists of .. 200 source statements
s p

-7 -
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and the cost on the IBM 360/91 is estimated as 12¢ per year lifetime,
employing the Jacchia atmospheric model (Sect. III) and the ll year mean

solar cycle (Sect. V).
III. ATMOSPHERIC MODEL

Of primary concern for orbital lifetime studies are the atmos-
pheric properties above 100 km. Below 100 km the lifetime of a satellite
is essentially completed, Above 100 km the atmosphere is conveniently
classified into two regions, the thermopause (100 km « Z <« 450 km) and the
exosphere (Z-> 450 km). The region above 100 km is commonly referred to as
the 'upper atmosphere.' The mathematical model employed to describe the
upper atmospheric properties is based on diffusion equilibrium assumptions,
whereby the partial densities of the atmospheric constituents vary accord-
ing to diffusion theory. The model is also based on 'static' assumptions,
i.e., time dependent diffusional effects are neglected, and charged particles

are neglected as they are insignificant in affecting density.

The atmospheric model relating density to altitude employed in
this study is based on the method outlined by Jacchia.5 The model is re-
stricted to altitudes greater than 90 km. Between 90 and 100 km the baro-

metric equation is used.

- T -
=, L0 S -4
PSP T P J rT 92 (21)
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where

m= s C_ (290" (22)

C, = 28.82678 G, = 7.40066 x 1072
c, = 1.19407 x 10:2 C, = 4.51103 x 10::
C, = 8.21895 x 10 Gy = 1.07561 x 10
C, =-6.97444 x 1077

and the subscript O refers to the boundary conditions at 90 km.

Above 100 km the diffusion equation is employed,
- (4er)

=)

. Z
exp | - ﬁi j % dz (23)

Z
y

I
T
y

o)
1
[

=hy Ny
1

y

where i refers to the chemical species, i = N2’ Ar, He, O, 02 and H and

the subscript y refers to the boundary conditions at Zy = 100 km.

The acceleration due to gravity is approximated by
-2
g = gg (1 +2Z/R) (24)

where gg = 9.8195 m/sec’ and R_ = 6.37815 x 10° km,

The temperature profiles are represented by two equations, the

first applicable below Zx = 125 km and the second above Zx = 125 km,

90 < Z <« 125 km



THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

SILVER SPRING MARYLAND

T -T
X _ - -5 2
T o T (ZX Z) [0.05429 - 3.9650 x 10 (Zx - 2)
o X
-7 3
+ 5.3311 x 10 (Zx - 2) } (25)
|
Z > 125 km |
T =T + 2 -1 1.9ﬂ Tx ) T z - Zx
x 7 (T~T) tan T - T Z -2
o) X © X [o]
-6
[1+4.5x10 z-z) } (26)

where

Tx = 371.6678 + 0.0518806 T°° - 294.3505 exp (50.00216222 Tm) (27)

The boundary conditions for Eqs. (21) and (23), respectively, are given by

®Z = 90 km; TO = 183°k, ﬁo = 28.82678, p_ = 3.46 x 10_9 g/cm3
) Zy = 100 km; Ty is evaluated from Eq. (25) and the species number
densities at Zy are given by
~
nNz = 0.78110 m_ N/mSL
Moy = 0.0093432 mx N/rnSL
Mo = 6+1471 x 107° m, N/g > (28)
Mo = 2N - M, /Mgp)
ﬂoz = N(1.20955 mx/'rﬁSL - 1) )

- 10 -
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where ﬁéL = 28,9660 and the total number of particles per unit volume, N,
is

N = Apy/my (29)

and ﬁ& is evaluated from Eq. (22) at Z = Zy. For hydrogen the number

density is given by,

- 2
log10 ﬂH = 73,13 -39.40 log10 T500 + 5.5 (1°g10T500) (30)

at Z = 500 km and TSOO is the temperature, oK, at Z = 500 km evaluated from
Eq. (26). Below 500 km Ny is neglected in evaluating Eq. (23). The thermal
diffusion coefficients ai are zero for gll species except He for which Yo =
0.38,

The integrals in Eqs. (21) and (23) are evaluated by the simple
trapezoidal rule. For Eq. (21) a step size of AZ = 2 km is employed. For
Eq. (23) the step size varies with the altitude regime, 100 < Z < 125 km,

AZ = 1,923 km; 125 <« Z < 200 km, AZ = 3,75 km; 200 < Z < 300 km, AZ = 5 km

and for Z > 300 km, AZ = 50 km.

Results from the above equations where checked against tabular
values listed in Ref., 5 and for T = 1000°K agreed to within 0.5% for 200 <
o]

Z < 2500 km,

The relationship of T , the exospheric temperature, to solar and
o]

geomagnetic activity will be discussed in the next section.

- 11 -
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IV. ATMOSPHERIC PHENOMENA

Before discussing the various phenomena affecting the atmos-
pheric properties a few words are in order as to the density measurements
made in the last decade upon which the various phenomena have been corre-

lated.

There are currently a number of experimental techniques that
can be employed to measure the atmospheric density at high altitudes,
however the method that has been employed almost exclusively in the past
is based on an analysis of changes in satellite orbits. Over 100,000
density measurements of this type (i.e., density measurements based on
satellite decay rates) have been performed to date. It has been esti-
mated that errors in density of .. 9-13% exist6 as the satellite decay
rate technique is subject to a number of sources of error, some of which
are described next. A satellite is influenced by a number of nonconserva-
tive forces in addition to drag, such as solar radiation presssure, terres-
trial radiation pressure, non-neutral drag (i.e., electric drag due to
charged particles), etc. that are in general treated as negligible, 1In
the drag determination itself, however, there are two sources of uncertainty-=-
the cross sectional area of the satellite S and the drag coefficient CD'
For the cross sectional area it is standard practice for a non-spherical con-
figuration to assume that the body is tumbling and to employ an average cross

sectional area that is based on tumbling motion. For an arbitrary body the

average cross sectional area is 1/4 of the total surface area. Knowledge of

- 12 -
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the drag coefficient is also uncertain and a value of CD = 2.2 has been
used as a 'standard' value irrespective of the body shape and/or surface
material.6 It should therefore be recognized that the density determina-
tion is based on these two assumptions and that therefore lifetime pre-

dictions should also be based on evaluating the ballistic coefficient with

the same assumptions.

The major input to Jacchia's atmospheric model is the exospheric
temperature T . In Jacchia's latest report,s eight phenomena are listed
that influence the value of Té, and empirical relations are presented that
relate Tm to such factors as solar activity, seasonal variations, geomag-
netic activity, etc. The eight phenomena currently recognized are classi-

fied by Jacchia as:

(1) Variations with the solar cycle

(2) Variations with the daily change in activity on the solar disk
(3) The diurnal variation

(4) Variation with geomagnetic activity

(5) The semiannual variation

(6) Seasonal-latitudinal variations of the lower thermosphere

(7) Seasonal-latitudinal variations of helium

(8) Rapid density fluctuations probably connected with gravity waves

These eight variations will be briefly described below. It should

be kept in mind that we are primarily concerned with long lifetime estimates

- 13 -
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(£ 100 years) and that phenomena related to satellite position (latitude
and longitude), date and/or time of day are too refined for our long

term estimates and the phenomena will be discussed from this point of view.

1. Variation with solar cycle. The major variations of the high altitude

atmospheric properties have been correlated over the years with the long

term (. 11 year) solar cycle. The mechanism by which this occurs is the
absorption of Extreme UltraViolet (EUV) radiation (402 to 10002) in the

upper atmosphere by atomic oxygen. Since the radiation is completely
absorbed it cannot be measured on the ground. Centimeter radiation, although
in an entirely different spectral region is produced on the sun in processes
related to those that produce the EUV radiation. This radiation is not ab-
sorbed by the atmosphere and can be detected and measured at ground level.

It has been found that the 10.7 cm region of the centimeter radiation is
highly correlated with the EUV radiation and easily measured. This centi-

2 Watts/m2 Hz

meter radiation, F10 73 is quoted in radiation units of 10-2
Ster and is measured daily at the Algonquin Radio Observatory at the National

Research Council of Canada.

A second measure of solar activity is the relative sunspot number
RZ’ which is measured at Zurich. It is determined each day and is essen-
tially a visual count of the sunspots and the sunspot groups.

Shown in Table I are daily values, for a 1l2-month period, of RZ

and F as reported in Ref. 7. The more quantitative index is, of course,

10.7

- 14 -
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the F10.7 cm flux, However, the F10.7 em flux has only been recorded
since 1947. It will be shown later that the Zurich sunspot number, RZ’
and the level of F10 ; cm flux are highly correlated.

Jacchia has empirically correlated the nighttime minimum global

exospheric temperature, Tc’ to the F cm flux averaged over three 27

10.7
day solar rotations,

(o]

Tc = 379 + 3.24 F10.7,

K (31)

In order to illustrate the effect of solar activity on upper atmospheric
density, Fig. 1 shows results from Ref. 4 describing the density as a

function of height for conditions of minimum and maximum solar activity.
To be noted is the large variation in @ above 400 km, one to two orders

of magnitude, due to solar activity.

2. Variations with daily change in activity on the solar disk. Super-

imposed on Eq. (3l) is a term 1.3 (FlO 7-f10 7) that accounts for density
variations due to the short-time solar cycle based on the 27 day rotational
period of the sun. In light of our long term orbital lifetime interests

this term has been neglected, as suggested by Jacchia.5

3. Diurnal variation. This is the ''day-to-night" effect, i.e., the differ-

ence between the dark side and sunlit side of the earth. Again the effect
is due to the solar EUV radiation. The day-to-night temperature range is
dependent on the latitude (large in low altitudes and decreases through

the poles) and the seasons, following the migration of the subsolar point.

- 15 -
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Jacchia gives empirical correlations relating the daytime maximum/night-
time minimum temperature ratio as a function of latitude, sun declina-
tion and local solar time. The maximum range is a ratio of 1.3. For the
current studies we have assumed a linear average temperature between the

maximum and minimum of 1.15 Tc’ so that

T/ =1.15(379 + 3.24 F (32)
[+]

10.7)

4. Variation with geomagnetic activity. It was noted that the earth's

atmosphere reacts to magnetic disturbances caused by either magnetic
storms originating on the sun due to solar flares or variations in the
magnetic field of the earth. The physical processes causing the addi-
tional heating of the atmosphere due to magnetic fluxations are not known,
however, it is observed that the energy dissipation varies with height and
in the same height regime as does the EUV solar radiation effect. Again,
Jacchia gives empirical correlations relating the change in exospheric
temperature to the geomagnetic planetary index Kp, where by definition for
Kp = 0 there is no magnetic effect. Based on Jacchia's4 remarks we have
selected Kp = 2 for an average quiet geomagnetic condition; this results
in an exospheric temperature increase of 56°K based on the results in

Ref. 8. We therefore have

=]
|

= 1.15 (379 + 3.24 F10.7) + 56

or

= o
o 492 + 3.73 F10.7, K. (33)

=
1]
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5. The semiannual variation. A semiannual variation of atmospheric

density with a time scale of half a year was detected in 1960. This
variation occurs in the height range of 150 to 1100 km. The cause or
mechanism of this variation is currently unknown. A density variation
of + 15% has been observed with a principal maximum in October, a
principal minimum in July and a secondary maximum and minimum in April
and January, respectively. Again Jacchia has proposed empirical corre-
lations for the density variation as a function of altitude and time,
however, over a cycle the average is defined as zero so that in our long

term life time requirements this average of zero has been employed.

6. Seasonal-latitudinal variations of the lower thermosphere. This

effect primarily influences the atmospheric density below 160 km. As our
lifetime studies are completed when the satellite perigee attains -~ 120 km

this effect has been neglected.

7. Seasonal-latitudinal variations of Helium. A strong increase of helium

concentration above the winter pole has been observed and it is felt that a
seasonal migration of helium occurs, resulting in a seasonal variation of
density. The effect has been deduced from satellite drag data and Jacchia
has proposed an empirical correlation relating the change in helium con-
centration to the latitude and declination of the sun. As the variation is
of a seasonal nature, i.e., relatively short characteristic time scale,

this effect has been neglected.
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8. Rapid density fluctuations probably connected with gravity waves.

Density waves have been recently detected in the height range from 286 to
510 km with half amplitudes in density ranging from the limit of detect-
ability to a maximum of about 50% of the mean density. The causes are
unknown and insufficient data exists for a qualitative interpretation so

that this effect has not been correlated by Jacchia.
V. THE 11 YEAR SOLAR CYCLE

As discussed in the previous sections the primary input to
evaluating the upper atmospheric properties is the exospheric temperature
Tm, and in view of our specific interest in long lifetimes (tens of years
and greater) a simple relationship, Eq. (33), has been established relating
Tw to solar activity through the f10.7 cem solar flux. Unfortunately, a

data base for the F cm flux exists back to only 1947, However, histori-

10,7
cal records have provided investigators estimated values of Rz, the Zurich
sunspot number, back to 1750, encompassing approximately 20 solar cycles.
The resulting yearly averages are shown in Fig. 2. Figure 3, adapted from
Ref. 7, shows the monthly averages of RZ for the 18th, 19th and current 20th
cycle (along with predictions of the 20th cycle) and the mean of cycles 8
thru 19 based on the values shown in Fig. 3. In order to use these Zurich
sunspot data to estimate exospheric temperature, it now remains to relate
and in this respect we have employed the differences of the

R, toFi0.7

. mean values of Rz and F10 7 shown in Table I to give

F10.7 = Rz + 57 (34)

- 18 -
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Shown in Fig. 4 are the FlO 7 monthly averages from Table I and the values
computed from Eq. (34) with the Rz values from Table I. As noted the
correlation is adequate for our purpose. Assuming that Eq. (34) is valid

for 3 month averages we have from Eqs. (33) and (34)

T°° = 492 + 3.73 (ﬁz + 57) (35)

where iz is a 3 month average of the Zurich sunspot number. The §z values
employed in this study are taken from the mean curve shown in Fig. 3. The
mean value of Rz, for the 1l year mean curve is Rz = 52.4 and from Eq. (35)
this corresponds to a mean exospheric temperature T; = 901OK. From the
values shown in Fig. 2 we have evaluated the one 5 variation of the peak
values for the previous 19 cycles with a resulting one g deviation of 37.5%.

Assuming that the mean 11 year value (Rz = 52.4) will vary by the same per-

centage as the peak we find that a one g variation of T; is 8.1%.
VI. RESULTS

Comparison of Jacchia's tabular values5 of density vs altitude

to the 1962 standard atmospheric4 values indicated that a value of T =
o)

12000K in the Jacchia atmosphere model yielded a close representation to

the 1962 standard atmosphere. The resulting lifetime, L, calculations for

%
T = 1200°K and for the 1962 standard atmosphere are shown in Table II and

[++]

*
The 1962 standard atmosphere was incorporated in tabular form in the com-
puter code and as the values extend to only 700 km lifetime calculations
were only possible for orbits with perigees < 465 km.

- 19 -
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one notes the good agreement, Also shown in Table II are the effects of
ballistic coefficient, g = 0.1, 1.0 and 4.0 and of arbitrary increasing
the density by a factor of 10. The results are as expected in that the
lifetime is directly proportional to ballistic coefficient and density.
The comparison of 8 = 0.1 and 4 shows that there are no numerical problems

with regard to precision and/or truncation.

At the onset of the study a number of questions were raised with
regard to the 1l year solar cycle and some of these queries resulted in
the calculations shown in Table III. It was suspected that if the lifetime
were long (how long was not clear) that the lifetime estimates would corre-
late with the ballistic coefficient. Comparing the cases with g = 0.1, 1.0
and 2.0 it is found that this is correct and that a fair criteria is that
the lifetime must be § 3 solar cycles (i.e., 12,000 days). The influence
of where on the cycle one starts the lifetime calculations was also felt to
be of small influence if the lifetimes were long. Again reference is made
to Table III, where for g = 1 are shown lifetimes where in one case the
calculations were initiated at the minimum (MIN) of the cycle and in a
second case the calculations were initiated at the peak (MAX) of the cycle.
It is found that if the lifetime is § 3 solar cycles the point at which

one starts on the cycle is of small influence.

A third query concerned the applicability of employing a mean
value of T as being representative of the 1l year mean solar cycle for
2]

the purpose of computing long term lifetimes. As noted in Table III it

- 20 -
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is found that the mean value of Tco = 9010K (see Sect. V above) is not a
valid representation of the 1l year cycle for use in lifetime studies.
Since the lifetimes are directly proportional to density it was decided
that rather than employ a time average value of Tm that it would be more
appropriate to use a time average value of density for the 1l year mean
cycle and determine the corresponding Tw. This was done for altitudes

from 200 to 2000 km and the resulting values of T are shown in Fig. 5.

-]

As the long lifetimes will occur for the higher perigee altitudes a value
of T = 955°K was selected. As seen in Table III for lifetimes S 3 solar
cycles the T°° = 955°K lifetimes are within 4% of the mean solar cycle

values. This conclusion permits the relatively inexpensive derivation of

a lifetime chart as will be described later.

Another question concerned the effect of uncertainties of the
mean solar cycle on the lifetime estimates, Employing the one ¢ devia-
tion of Rz from Sect. V, ¢ = 37.5%, lifetime runs were made for a + 1 ¢
deviation and the results are shown in Fig. 6 along with the values for
Tw = 9550K and Too = 12000K (i.e., the 1962 standard atmosphere). Restrict-
ing our attention to the long lifetimes (§ 3 solar cycles) a factor of
three difference in lifetimes is found from the + 1 g to the - lg deviation.
Again referring to Fig. 6 and comparing the Tco = 955°K values to the Tm =
1200°K values it is concluded, for long lifetimes, that lifetimes evaluated

with the 1l year mean solar cycle (T = 9550K) are a factor of .. 4 greater
o«

than lifetimes evaluated with the 1962 standard atmosphere (T = 12000K).
«©

- 21 -



THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

SILVER SPRING MARYLAND

As a further comparison and check of the computer code the life-
times for a 200mnum circular orbit (e = 0) was calculated. Employing the T;==12000K
(i.e., the 1962 standard atmosphere equivalent) a lifetime of L/g = 9.1 days/
(kg/mz), resulted, which compares to within a percent of the results in Ref.
2. TUsing the 1l year solar cycle with g = 10,000 kg/m2 a L/8 = 27.1 resulted

and employing ?» = 955°K with p =1 kg/m2 gave L/g = 24.0, a difference of 13%.

Again it is concluded that the T

w

955°K approximation to the 11 year cycle
yields good results. For this case the lifetime based on the solar cycle is

a factor of .. 3 greater than the 1962 standard atmosphere value.

Based on the above results it is concluded that the T°° = 955°K
Jacchia atmospheric model is a fairly good representation of the 1l year
mean solar cycles for lifetimes § 3 solar cycles. Therefore it was decided
to generate a lifetime chart based on Tm = 955°K. Selection of a constant
TO° model results in a drastic reduction in computer costs since small values
of B can be employed to determine the ratio L/g. This result can then be
used as an approximation to calculations based on the 1l year mean solar

cycle for L $ 30 years. The resulting lifetime chart for values of e 0.0

6/,:
to 0.90 to increments of 0.1l0 and for perigee altitudes from 200 to 1600 km

is shown in Fig. 7.

The current results are compared in Fig. 8 to lifetime estimates

taken from Ref. 1 and those based upon the 1962 standard atmosphere (i.e.,

the Jacchia model with T = 12000K). The estimates of Billik are based on
=]

an atmospheric model formulated by Billik.lo The values of Kork are based on
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the 1959-ARDC atmosphere and extend to a perigee altitude of 650 km. As

noted the Kork and Billik estimates are in agreement. However, the life-

time estimates based on the 1962 standard atmosphere (which have been shown to
agree with the lifetime estimates in Ref. 2 where comparisons are possible,
i.e., below 550 km) are substantially higher, over an order of magnitude,

for a large region. At the higher perigee altitudes, ~ 1400 km, the Billik
values are higher. Comparing the current estimates based on a mean value of

T = 955%K as representative of the mean 1l year solar cycle, the discrep-
@

ancy is larger, amounting to a factor of ., 60 foreo =0 at hP = 800 km.
VII. CONCLUSIONS

A computational procedure has been developed that yields, for
long (> 30 years) satellite lifetimes, a fairly accurate estimate of the
lifetime. The resulting computer code is both small and inexpensive to
run. Based on the results reported above it can be concluded for

long lifetimes that,

1) Lifetimes based on consideration of a mean solar cycle are
a factor of 3 to 4 greater than lifetimes based on the 1962
standard atmosphere.

2) Long lifetimes are insensitive to where on the solar cycle
the calculations are commenced.

3) Long lifetime estimates correlate with L/g.

4) Lifetime estimates for a one g deviation of the mean solar
cycle based on historical records are uncertain by a factor

of ~ 1,50.
- 23 -
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5) Long lifetime estimates based on a constant exospheric
temperature, derived from a time averaged value of density,
yields a good estimate of lifetimes predicted using a time

varying density based on the 1l year mean solar cycle.

For short lifetimes (< 10 years) the graphical procedure developed
in Ref. 2 is recommended. ¥For medium lifetimes (10-30 years) the procedure
outlined herein is recommended, however, rather than employ a mean solar
cycle or a constant value of Too it is suggested that solar cycle predictions
be attempted for the next two solar cycles. It should be noted, in this re-
gard that previous attempts at solar cycle predictions have been unsuccessful.11

For long lifetimes (> 30 years) the lifetime chart developed herein (Fig. 7) is

recommended.
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NOMENCLATURE

Semimajor axis of the orbit, m

Avagardos number, 6.02257 x 1023

Drag coefficient

Empirical constants, see Eq. (22)

Drag force, 1b

Eccentricity of satellite orbit

Eccentric anomaly of the satellite

Force component normal to the orbital plane
Force component tangential to the orbital plane
See Eq. (10)

22 watts/m2 Hz ster

Solar centimeter radiation, 10~
Acceleration of gravity
Density scale height, m
Inclination of the orbit plane, deg
Bessell function

Geometric planetary index

Lifetime, days

Satellite mass, kg

Molecular weight, g/g-mole

Total number of particles per unit volume

Radius from earth's center, m

Universal gas constant, 8.31432 joules/(oK-mole)
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Re = Earth radius, m

Rz = Zurich sunspot number

S = Cross sectional area of satellite, m2

t = Time, sec

o

T = Temperature, K

T = Nighttime minimum global exospheric temperature, °k

c

T = Exospheric temperature, °k

>~}

T = Temperature, oK, at Z = 500 km

500
v = Satellite inertial velocity, m/sec
v = Satellite velocity relative to VA’ m/sec
v, = Air velocity, m/sec

Z = Altitude, km
oy = Thermal diffusion coefficients for specie i
B = Ballistic coefficient, kg/m2
v = Flight path angle, deg
y' = The angle between VA and the horizontal component of V,
ﬂi = Number density of ith specie
) = True anomaly of the satellite

A = See Eq. (A7)
W = Gravitational force constant

E = See Eq. (A4)

. 3

P = Density, g/m

c = Standard deviation
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¢

Geocentric latitude

W Angular velocity of earth, rad/sec

Subscripts

( )o = Initial conditions, also boundary conditions at Z0 = 90 km
( )p = Condition at perigee

( )SL = Conditions at sea level

( )x = (Conditions at match point of the two temperature profiles
( )y = Boundary conditions at Zy = 100 km

Superscripts

) = Averaged value, also vector quantity
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Table I. Relative Sunspot Numbers and Solar Flux Values for 1972 (from Ref. 7)

1972 PROVISIONAL 1973

OAY FEe RAR APR MAY JUN JUL AUG SEP ocY NOV CEC JAN
1 $3 s o0 17 78 [ 1] 93 121 Te 70 35 45
2 $2 (3] (1] 39 96 7 " " [ 67 3 53
3 39 %% 3 32 102 [ 1] 83 (1] 73 9 20 55
& (1] (13 38 27 116 91 80 (1) 73 26 29 60
s (1] 2 32 (3] 132 106 ° L L L4 o7 19 18 r2
[} L1) [ 1 1 (1] 103 92 134 78 37 16 18 a3
? (3] 76 76 79 L1 87 ¢ 73 56 [d i 66
[ 4 9 [ 13 4] 73 (14 86 s [ 3] s2 ? 33 60
9 s (23 74 9 76 75 se 7 30 16 42 70
10 1 14 " [ 1] " [ 1] (13 (1} 43 24 12 51 55
11 1 24 (1] 75 re 63 62 2% 43 26 30 59 52
12 62 [ L] [1] 2?2 [1) 144 50 33 16 26 60 32
13 18] ”n 78 103 [ 3] " ss 31 16 25 63 35
16 " 106 (1] 130 (3] [ 1] 37 35 L] 27 €0 15
1% 108 1te [ 14 113 [ 1] 61 39 82 146 18 Gk 19
14 137 184 (1] 125 L 1) 60 L 14 53 34 25 () 11
17 137 116 58 1460 101 59 [ 14 ol 30 32 76 2r
18 146 110 $9 133 (1] 55 52 3s 24 21 st 42
19 162 112 62 127 a3 73 s 39 (1) 3% 38 47
20 158 113 (1] 108 92 9 (1] (1 oS Sh 54 60
21 156 11¢ " (3] 9% 70 60 (1] 3 58 70 62
22 167 113 "’ 144 [ 14 72 (1] (3 63 62 L 14 62
3 161 119 (2 53 [ 13 68 71 59 (.1 68 60 60
26 129 119 2 $8 79 L ) 82 7n [ 23 o3 &3 50
25 9 112 (1] 56 144 62 (13 [ 4 L} Sk 39 39
26 (1] ss " 53 73 83 144 T8 5 52 32 27
t 14 14 ] 3& 2 &1 [ 13 82 89 7 103 51 3 8
28 [ 1] 5 [ 1] bh 78 % 113 [ 14 (1] 58 26 14
29 1 29 38 s 3 106 167 14l (1] &0 20 7
30 (14 22 79 r3 112 16 7s 990 37 29 16
31 37 *s 118 137 [ 13 37 13

M€ AN .6 8h.8 $6.3 7801 834 78.¢ 3.8 1.3 Sk 8 37.4 42.5 422

1971 yearly meon = 66.6

DAILY SOLAR FLUX AT 2800 MH:z
OTTAWA ARO

FLUX ADJUSTED TO 1 A.U. S,

1972 1973
oar ! rea nar are nayY Jum Ty UG SEP ocY nov oec AN

12%5.5 %.0 95.0 128.2 133.0 156.3 1hehe3 116.7% [ 129.9 91.1 93.9
1665 129.7 7.3 94,9 130.0 137.0 150.4 139.7°% | 108.6° | 121.8° 89.4 98.2
106.8 131.1 9.1 7.7 137.9% | 139.9 1e?.1% | 129.4% [207.3 113.9 85.2 105.4*
183.6 137.1 101.0 102.7 168.5% | 166.7% | 166.0 122.0 103.3 115.8 82.3 109.3%
102.8 140.8 10%.3 108.7 164.8 150.2 166.5 147.0% | 100.6 102.6 80,4 113.3

9.6 L0337 118.3 117.6 159.1 1hbel 163,64 119.2 98,4 93.2 77.8 115.0
192.2 163,3 121.3 120.9% | 152.7 163.2 139.0% | 110.46 6.1 85.7 87.1 112.3
104.3 141.6 123.6 128.8%| 150.2% | 13647 125.3 115.9 97.2 82.5 91.6% || 103.2
106.3 137.6 130.5 133.0 169.1% | 127.1 123.8 112.9 100.5 82.3 96 P {l 203,7
10 113.6% | 132.5° | 130.3 138.3 139.5 121.7 110.6 107.2 .7 Qbe? 97.2% || t103.8

BONP (VS WN-

11 118.4 136.9 129.8 160.8°% | 143.2% 1123.6% | 113.3% | 102.7 93.5* 88.3 105.1° || 102.8
12 123.9 128.5 1268.3 168.6 149.7 119.3 107.6 100.6 4.7 88.7 108.9 103.5
13 126.3 129.3 128.4% | 161.6 138.9% | £19.9°% | 101.7 94.6 9.5 8647 111.2° i 100.9°
146 136.7 129.7 125.0 162.8 136.5 119.% 97.9 99.5 37.0 85.1 114.08° 96.2
15 145.8 135.3 12640 164.6 139.5% | 117.6 97.6 103.4 102.4¢ 86.5 116.1° 94.6

16 153.2 133.0 124.3 161.8 162.7% [ 115.8 100.6 103.1 106.2 89.6 110.2 93.8
17 168.2 133.8 120.3 169.3 149.6 116.6% | 1064 130.3 11244 .5 111.9 9.2
18 186.46° ! 131.9 115.7 165.5 149.0% | 108.9 109.6 102.6 111.0 94.6 112.4 95.3
19 190.6 131.0 115.4 156.7 163,2% | 108.9 1162 106.2 117.1% 99.7 113.2 e 8
20 202.5°| 135.2 111.3 152.3 1462.5 110.9 117.9 113.2 122.2 1094 1114 98.3 .

21 189.6° | 135.8 106.9 168.2 139.0% | 111.7 119.5 113.6°% | 132.8% [ 109.3% [ 113.4° 97.9
v 22 180.6°% ) 131,2 109.4 163.3 135,18 111.6 127.3% 1 119.6% | t6t,7 110.9% [107.9° 98.5
23 175.6 160,0% ) 108,46 135.2 130.7 109.6 122.9% | 12%.2°% {151.2% | 115.3% | 10€.2 97.2
26 164,2 12646 11002 135.5 128.5 109.5 122.6 126.8 156.5 115.6% {101.1 96.9
25 151.9 116.4 111.6 127.3 125.5 112.4 127.8 126.3°% [171.8 112.7 103.3* 95.6

26 169.3% | 110.5 109.9 116.3%| 120.8 120.8 137.0% | 122.5% [170.0% ' 108.6 37.7 95.3
E34 i1eb.3 106.1 109.0° | 114,33 121.9% | 12742 lebal 118.3% | 167.6° [ 102.3 97.6 93. 4
28 133.2 101.1 183.2 110.8°%] 127.3 133.3% ) 167.2% | 11644 159.1° 97.5 91.9% 91.7

29 130.5°* 96.5 968.6 116.2 132.4 139.1 163.3% | 115.2 92.7 32.8¢ 91.4
30 98.3 $7.0 116.8 134.5 1683.2%  163.3 118.% 166.6° 95.1 32.0° 8.7
3 %.7 122.% 150.2 154.2% 140.1° 96,3 87.7

ME AN 138.6 127.1 113.7 132.5 139.7 126.0 128.9 116.9 120.2 99.7 9.7 99.0

* odjusted for burst
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Table II. Lifetime Calculations = Based on 1962 Standard
Atmosphere and an Equivalent Jacchia Atmosphere
APOGEE = 5000 km
1962 Std. T = lZOOOK, Jacchia Atmosphere (1971) ;
.. ATM o
p=1
Perigee pR=1O
km B=1 B=1 g=0.1 B =4 L . /8
L/B L/B L/ L/B Pr
200 10.2 10,2 10.9 10.1 10.9
250 30.8 30.8 31.8 30.8 31.8
350 179.3 170.5 172.0 170.3 172.0
450 750.3 721,7 723.7 721.5 723.7
550 2650.3 2659 2662 2659 2662
650 --* 8609 8612 8609 8612
750 --F 23908 23911 23907 23911

L - Lifetime, days
B - Ballistic coefficient, kg/m2

PR = Density ratio

*
Tabular values of the 1962 standard atmosphere extend to only 700 km.
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Table III, Lifetime Calculations - Jacchia Atmosphere

APOGEE = 5000 km

T =901°k Solar Cycle T =955°K
Perigee e _ HIN Méx _ _ @ _
o g=1. B=1 8=1 8=0,1 B= B=1
L/g L/g L/B L/B L/g L/g
200 15,2 22,4 12.1 23.3 22,4 13.9
250 57.1 103.4 40,2 } 104,7 102.6 49.6
350 477.3 790.6 286,0 |1261.0 554,1 378
450 2941 1872 3266 6690 2555 2151
550 14089 9964 11330 | 12473 10693 9932
650 51680 37287 36572 | 29737 36902 35841
750 . 135600 98257 99638 | 96280 98975 97765

L - Lifetime, days

B . Ballistic coefficient, kg/m2
M&Xw Start at minimum of solar cycle
MIN - Start at peak of solar cycle
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APPENDIX

Derivation of Equations of Motion

Details of the derivation for Aa will be presented;.the A(ae) deri-

vation is similar., Combining Eqs. (17) and (20) gives

a ~a-a e - ae cos E
o e ==
2 H 3/2
Aa = - g_ o e IZW (L + e cos E)l/2 o dE (A1)
P o (1L - e cos E)
The binominal expansion is
-1 -1) 2 -2 (n-1)(n-2) 3 -3

(x + y)n = 1 + nyz + Bé%——z-y X + 32 31 Z vy X N (A2)

For the case e < 0.2 the expansion is performed in powers of e,

F= (1l +e cos E)3/2 (L - e cos E)-l/2
=1+ 2 e cos E +'% e2 cos2 E + e3 cos3 E+ ...
Therefore:
2 ao-a-aoeo _ ae cos E _ ae cos E
a H 21-1' H ZTT H
= = + dE
ha B pPe f ¢ dE I 2e cos E e
o o
.aecos _aecos E
+ FZ" % e2 cos2 E e i dE + an e3 cos3 E e H dE + ...
L o . o
Employing the trigometric identities
cos2E = % (1 + cos 2E)
3 1
cos E = “ (cos 3E + 3 cos E)

- Al -
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and the Bessell functions

E cos E

_ 1 2
5] (€) o fo cos nE e dE (A3)
where £ = ae/H (A4)
we have finally
a -a-x
2 L 9
2m1a H 3 3 1 3
= . Z1a. 2 + =
Ad 8 ppo e [IO + 2e I1 + % € (IO 12) + ;€ (31l + I3) + ...
(A5)
The corresponding relationship for Eq. (18) is
2 2 20787 %
me opo H 1
Afae) = - —_—E—___—— e I1 + 5 e 3 I0 + 12) +
1 2 1 3
= + + = + + ...
g © (11 I1 13) 16 e” (7 I0 8 12 + 14) ] (A6)
For large values of e we make the substitution
2
cos E=1-3"/¢ (A7)
or
E = cos-1 1 - xz/g)
dE = N2 dx/'\/t-; - x?‘/(zz)J (A8)
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Substituting Eqs. (A7) and (AB) into (Al) we have,

/
pa _@rzg [14’&(1‘?3)]32 e5 (1'2_2)

2 a_-a-x_ . M_ T/2 N2 177 dx
- o 0 - - - A
iy, i VE L T T
(A9)
Again, employing the binominal expansion, Eq. (A2), we have for
3/2 -1/2 1/2
2 2 2
= - A - - A A
F'[He(l -] e a)] -5
or
2 2 4
Fe1+e)?a - ey ? (1~%13’_ )‘—+§- = 2—+...)
ef (1+e)” 8
2 2 4 2 4
[oirbed ) rdb Rl
1-ee : £
Multiplying out and collecting terms we have
L+ e)? 22 (8e-3e2-1) )
F = 75 |- 5= F K (A10)
1 - e 48 (1 - e7) g
where
2 3 4
k= delbet e o = (a11)
32 (L +e)” (1 -e)
Substituting Eq. (AlO) in Eq. (A9) and rearranging we find
9 (ao-a—xo )
2a"p e|l——— + E
pam ool F ‘g)l’zu.eﬁ_’ffg L. Besaetl 2 M4
B g a-et’2 s 4@ - e?) g2
e (412)
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The term by term integrations are performed by noting that N 28 -~ 6 and

therefore we can replace upper limit by » for which we have

> 2 N
_)\ - N-
fo e di 2
2
2 -\ _1
[ A A =4 N (A13)
2
© 4 - 3
I % e Ao =3 NT
)
We therefore finally have from Eq. (Al2) and (Al3)
r ~-r
a2 Po P
P
P 1/2 3/2 H S22 k
T I I
Ps (1 - e) 8g (L - &) §
(Al4)
Similarly for Eq. (18) we find
r -r
2 Py P
a’p ——
A(ae)hﬁ(zﬂ)”zsl_teﬂfe D I TS
B g (1_e)1/2 8§(l-e2) “ g2
(Al5)
where
o5 + 32e - lhe + 32¢0 + 3¢
k2 = 5 2 (Ale)
32 (1 - &)
For e = 0 we have directly from Eq. (Al)
a -a
2 o
pa=-2m2-, H (A17)
8 Pp
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and, of course,

Aae) =0 (A18)

Equations (A5), (A6), (Al4), (Al5), (Al7) and (Al8) are employed in the

computer code.

terms up to and

3fh_ 35
4 g2 4 g2
For

and (A6) series

Based on the results of King—Hele3 we have retained only

including e2 in Eqs. (A5) and (A6) and the last terms

have been neglected in Eqs, (Al4) and (Al5).

2 and 13

approximations are employed for £ <« 3,3

the Bessell function IO’ Il’ I required in Eqs. (A5)

0]
ua
+
—
I 3

9
1) = 1+ + + ... (A19)
0 Vg 88 128¢2 J
S [ 3 15 ]
() = —= 1 - - + ... (A20)
1 NITET |7 88 1 pg2 J
For £ 5 3 we employ the empirical curve fits from Ref. 11
_ 2 4 6
I,(€) = 1.0 +3.5156229 £° + 3.0899424 € + 1.2067492 €
+0.2659732 g5 + 0.0360768 g'° + 0.0045813 ¢ 2 (a21)
_ 2 4
I,(8) = g |0.50 + 0.878905% g~ + 0.51498869 ¢
6 8 10
+ 0.15084934 g + 0,02658733 g  + 0.00301532 ¢
12
+ 0.00032411 g (A22)
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The values for I2 and I3 are found from the recurrence relations

Iy€) - I,() = fé' I, (g) (A23)
I () - L(g) = = I () (A24)
1 3 g 2

- A6 -




THE JOHNS HOPKINS UNIVERSITY
APPLIED PHYSICS LABORATORY

SILVER SPRING MARYLAND

INITIAL DISTRIBUT ION EXTERNAL TO THE APPLIED PHYSICS LABORATORY

No. of
ORGANIZAT ION LOCAT ION ATTENTION Copies
U. S. Atomic Energy Commission Germantown, Md. G. L. Bennett 1
G. P. Dix 1
T, J. Dobry 1
N, Goldenberg 1
H. Jaffe 1
J. J. Lombardo 1
W. C. Remini 1
Air Force Weapons Laboratory Albuquerque, N.M, Capt. D. Egan 1
Lt. D. L. Tate 1
NASA/Ames Moffett Field, Calif. J. W. Vorreiter 1
NASA/Langley Hampton, Va. G. D. Walberg 1
Los Alamos Scientific Laboratory Los Alamos, N.M, R. N. R, Mulford 1
J., Burns
Oak Ridge National Laboratory Oak Ridge, Tenn, R, G, Donnelly 1
Aerospace Corporation Los Angeles, Calif, J. C. Bailey 1
AVCO Systems Division Wilmington, Mass., P. Levine 1
General Electric Co. King of Prussia, Pa. D. D. Knight 1
C. T. Bradshaw 1
Donald W. Douglas Laboratory Richland, Wash. J. D, Watrous 1
Fairchild Industries Germantown, Md. H, P. Kling 1
TRW Systems, Inc. Redondo Beach, Calif. J. M, Bell 1
Westinghouse Electric Corp. Pittsburgh, Pa, W. G. Parker 1




