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ABSTRACT

Multiperipheral models are used to show hov the Regge expansion,
while lacking threshold branch points, way nevertheless spproximate the
localized physical effects of “"peripherul” thresholds. Examples are
given to demonstrate tt}at & single pair of complex poles is capable of
representing even the lowest inelastic thruosholds in both total and
single-particle inclusive cross sections. The Regge mechanism that
allovs the position of & threshold to depend sensidbly on the masses of

incoming and ocutgoing particles i1s elucidated.’
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1. INTRODUCTION

A general feature of the amalytic S metrix i: the occurrence in
any chemnel invariant of & sirgularity at each threshold for a ccumi-
nicating channel. Such a singwlarity corresponds to the physical
change that occurs when the phase space is enlarged by the opening of
a nev channel, but most threshold manifestations are difficalt to
observe and particle physicists frequently describe their data with
models that ignore threghelds. Threshold effects are nevertheless
alweys present in principle and mey produce noticeable consequences
even at high energy. In particular, the rising tendency of single-
particle inclusive cross sections, up to ISR energles, is widely
believed to be threshold-relsted.>2 It has also been suggested that
the 10% increase in the Pp total cross section between 20 and 60 GeV
centerr-of-mass energy mey be a threshold 171:|A|=1:|¢.7|-ne|:mn.5 s The term
"thres‘nald'; here refers not to the simple requirement that the toial
energy exceed the sum of the masses of produced perticies, but rathar
to 8 phase-space effect associated with the periphersl character of
high-energy collisions. Now a% high emergy Regge expansions are often
emplcyed in representation of total and inclusive cross sectlons, and
it is natural to inquire vhether such expansions are valld only to the
extent that observable threshold effects have dled away. The object of
this paper is to discuss how the Regge expansion, even while lacking
threskold branch points in & mathematicel sense, may nevertheless be
expected to approximate the localized physical effects of important

peripheral thresholds, The material presented here is a refinement and
extenslon of the ideas introduced in kef. 5.

As a source of insight we shall employ multiperipheral models

that are known to respect threshold kinematics, with small transverse

By
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womentun of produced particles, while &t the same time leading to Regge
asymptotic behavior. We propose to abstract from these models aspe-~ts
of the relstionship between thresholds and Regge rarameters that
plausibly bave relevance to the pt(ysiea.l S mtrix. ‘The role of complex
poles will be a:xphas:l.zed..’j

The following questiens will, in particular, be addressed:
Given the universality of Regge poles--the same set of crossed-reaction
yoles desc.iving transitions between a variety of initial and fina)
direct-reaction channels--vhat mechanism will accommodate the different
lovation of different direct-reaction thresholds? What Regge-pole
mectanism r.kes threshold effects more prominent in single-particle
incluscive cross sectioms than in %otal cross sections? When applied to
single-particle inclusive data, how do Regge parameters conform to the
comon-senseé expectction of increaping threshold influence with
increasing mass of the observed particle? Finally a practical but
important question: How meny different complex Regge poles must be
kept in an asymptotic expension if threshold effects are to be rep-

resented with reasenable accuracy?

.« MODEL WITH A SINGLE CROSSED CHANNEL
A, Partinl and Total Cross Secticms

We begin dy considering the ABFST ladder model of Fig. 1, where
the "sides” of the ladder correspond to z single type of zero-spin

. 6
rarticie--ususlly ideatified as the pion. Ve shall follow this Zatter

practice, olithough a llteral ploa identification i:s not impertant to
our objective. The “mass squared” of the “plon™ is actually a
continuous (negutive) momentum-transfer squared, say ti’ and esch

segrent of dudder sides brings o factor S(ti) which we shall refer tc
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as a "propagator.” 4 At the same time each "rung" of the ladder
corresponds Lo a particle-cluster that cen be produced in a ‘“r.n
collision. * Designating the square of eech cluster mess by 8,8
factor 7(s;) will accompany each rung; 7(91) is evidently
proportional to the nn cross section for producing the cluster in
question. As seen in Fig. 1, 1f the physical collision 1s between
particles A amd B, the epd.rungs of the ladder correspond to clustas
that can be formed in collisions between & pion and perticle A or B,
respectively, and will bring factors 7A(sA) and 73(53).

It is shown in Ref. 8 that the differential cross section for
an AB collision to produce ¥ interpal clusters, as well as the two

exterpal clusters, is then proportiomal to

. (1= gy -9 - g5 ay - ag)

AR
2 2
)i(s,m“ roy ) hH

N

8(n-qy~ g -+ -qg)

x TA(SA)S(tl Ir(sy)8(,)rlsy )" v (sy)sley o 17 (sp) »

(1)
corresponding to Fig. 1, where
rMxr,y,.z) = & y2 P 2lxy + x2 + y2), (2)
5 =-m 2 - mB(
cosh vy = 2: , ()
' g
5, -t ~ ¢
cosh g, = _.LH , (4
olet,)% (ot )



D=

sioh a4y =

-n?. By
sinh 4 = —--—«-—5B B L
fo
amB‘ tNi-l)
The precise relntionship ﬁetveen a portial cross sectinn and

aa/® 1670

ds Atlﬂ:l.r].s2 .. ~dsnd_-|

AB

= F,
% 2_2 N
gty oo edtp o X (a,mA »Tp )

(s)

(6)

AB

Fy

n

is

Threshold kinematics are contained in Formula (1). For example,

if N =1 we know that the partial cross section should vanish for

s < [(sA)* + (sn)é + (sl)*]a.'

(6)

This Airaint 1s represented in Formula (1) throwh the © (step)

function requirement that

n>og g+,

(9)

bt it 15 important to appreciate that Formula (B) represents an

’ absolute threshold and is achieved snly for special velues of

tl,

%

that ey be quite large. The adjective "“multiperipheral” reminds us

that the imporiant velues of the [t,| are supposed to be small.

1
Assuming that it} am ¢

5 2 2
well as vwith respect to sy =@y apd 8y = Wy, Ve have

2‘ are both small with rospect to s, as
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It follows that

8 (sy - 1,7 ) ey - mo)
G *ay+ a9 = log 1% " B 7B . (10)
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In contrast to Formula (B) the threshold requirement now seys thet the

erosg sectidn shall vanish if

(s, - "‘Ae) 5y (g - “‘52)
(=5, )=ty Jmymyy ’

n < log (1)

a much stronger condition.

The ghove is easily generalized to an arbitrary number of

clusters, leading to
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To the extent that we umay speak of a mesn value of sit;l, ‘the
threshold for meking N clusters oceurs at
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the interval between successive thresholds being uniform with the value

Azlou-;:-i-). (15)

One-dimensional versions of the multiperipheral model incorporate
thresholds uniformly spaced in 1 (or log _s) in a literal sense.a
We shall attempt to do better in what follows, but the above gqualitative
amelysls i{llustrates the threshold structure of the multiperipheral
model under consideration.

‘Let us next look at the Regge asymptotic structure of the
imaginary mrt of the forwerd AB elastlc amplitude:

o]
AB T [ A8
By - > ["n dsy- - wdadly s erdby ) (16)

vwhich is related to the total cross section by

AD ) 160 B
Otot(s) = m () . (1)

The individurl threshold effects are now superposed, One may define

the 0(1,5) (crossed) pertisl wnve amplitude as
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FAB(L) - f&s e~()\+1)n(s) FAB(n) ) (28)

remembering that

2 2
5 ~-m" -
cosh 1 = A mB

2 nmy , (29)

with the inversimn rule,

c+im

#B() - L T o S P

Bl 2 iy SITh 7 (20)
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the coptour passing to the right of all singularities of B (). Ir
the singularities of FAB (\) are 21l simple poles then we easily may
obtein from Formuls (20) the usual asymptotic exmension in terms of

Regge-pole positions end residues.

We now are ready for an essential deduction: The threshold

strueture of FAB(B) has no tendency to create singularities of

FAB "(A) more complicated than simple factorizable poles. Such e

conclusion will allow us to argue that threshold effects in the
physical S metrix are plausibly to be understood through Regge-pole
parameters and do not require the introduction of less well-understond
singulerities.

B, Singularity Structure in the Presemce of Thresholds

Singulerities of the partial wave amplitude FAB(x) are
economically approached through sn “smputeted” amplitude (&' IF(r)}It)

from which FAB().) is obtained by a rule that corresponds to Fig. 2:
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-0wl)a, s, oo o)
M B(h;t) = [BA,BE +1Ja, p\%, 30, B 7A,B(s ,B) (22)
lm(19
sigt) = ;.'—}'T st) .

The apputated function saticfles the integral equation

,Q)
WORRY = i) + | ae et h ) eMstut et PG e

‘o (23)

where

- ~(v)a, (5,5t '5t)
Wl - { T )

Illuminating theorems concerning analyticity in AN can be
invoked if the integral Eq. (23) 1s of the Fredholm type. Conditions

sufficle. to ensure the latter for Re A > -1, are thatlo

{es]
| s 0(s) ¥ ® (25)
o
and
0
/d‘b s(At) < o . (26)

e
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Although interesting models have been proposed for which Comditiom (25)
1s not satisfied,n the physlcal effects under study in this paper are
evidently related to the threshold structure of the cluster production
factor, 1(51), not to its aABympt‘.otic bekavior for lerge cluster mass.
Condition (26), of course, is always satisfied by any model that can be
described as "multiperipheral.” Ve sﬁmﬂ.d thue be on gafe ground for
the yurposes of our investigation to apply standerd Fredholm theory~-
at least for Re A > -1.

The chief theorem to be invoked states that if both inhomogemms
tern end kernel of a Fredholm equation are smalytic functions of a
parameter, then the solution is also analytic-.with the exception of
poles at zeros of the Fredholn (denominator) determimant. The residues
o” simple poles, furthermere, are factorizable. Since Formula 24) and
Conditicn (25) implies the amslyticity of (&' ) E™ 10 A for
Re A > -1, we uay conclude that the only singwlarities of (t'|F(p)]t}
in the latter region are Regge poles.

Referring now to Formule (21) comnecting the amputeted function
(' [F(A) |67 to the physical mertial-vave emplitude Fo(M) 1t is
evident that if we sssume the factors 7A,B(Mt) to be amslytic for
Re X > -1, enalogously to our assumption for (t'|y(r)It), then
FAB(A) tas only Regge pole singulerities in this portion of the A
complex plane. The positions of the poles, furthermore, are the same
a3 in the amputated function and, since the residues of the latter
poles are factorizable, so will be the poles in FAB()..)._ The _pole
residues of course depend on the i.ncident particles, and we chall see .. ‘

below that this dependence is related to threshold effects.
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€. A Fectorizable Kernel

The integral equation (23) can be solved in closed form if the
cluster factar (t7}y(A){t) bas a Pacterizebie dependence on t,%'.
Such a dependence does in fact chtain for ¢,t' small in absolute
wlue, because then

1] 1
e!;1(51,1=,1:) . s 4 ) C en

(Other, more accurate, factorizable apmroximations are availasble

%

for e ~ , such as

eqi(si,t’,t) : (sy - #)(s, ~ ") )
(-5,8)" (~5,t")
but the simple form (27) will suffice for the qualitative arguments
of this paper.
Let us therefore assume that the propegstor S({t) is
negligible except for values of {t! that are small compared to the

cluster mass squared. Then

@y lsr = [(-1:')_2 -t)""} (N, (28)
where ~

) = J as, 5570 565, (29)
end

|“ i EY Al

wHEM e o ) (-t)E] F(A) , (30)
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F(A) - —ZEA)

L s 61
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sa) = at sGut)-6) . , (z2)
o

The propagator~enforeed restriction to small t suggests that

we ussume 8, = mA2 to be lerge campered to % so as to permit thé
12 .

spyroximation

2 i 2
qu(sA’mA B s -m

A
= (33)
m, (-t)
Then
) y ML
ranit) = [m,;(-z)i] 70, (54)
where
i o ~(a1)
7,0 = [ s, (s - n7) 7,(s,) (5)

with a corresponding approximete form for 73(1;1:). It then fcllows
that

PR = 7,00 7500 (mm [s(x) +s<x)x-<x)s<x)]

748 7,0 (m@ M 5(0)

= . (36)
1 - 7(a) 5(a)

To achieve maximally explicit dependence on A , we may exhibit

the singularities of S(A) by writing
1 fey
O S ALK G7

where
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and finally obtain

PR 7B<x)(mAmB>”1Jm
5 A) = .
A+l 7()\),57()\)

If we choose to specify that 7A,B(SA,B) ani 7(;:1) decrease faster

(39)

than env powet for large arguments, it follows thes 7AJB(N) and
y(\) are amalybic turoughout the A complex pleme., If S{t)} falls
faster than any power 8s t - -00 B end rpproaches a constant as

t - 0, toen the only singularities of q}ix) are simple poles at

A = =2, «3, ¢+, wukich cancel out in the gquotient {39). Thus the
only singularities of I‘AB(L) are Regge poles ariging from zeros of
the denominator.

D. Depepdence of Threshold Effects on the Incident Chapnel

The physical amplituie is recovered frow the partial wave
amplttude by the inversion rule (20), where the contour should ess to
the left of a spurious pole at very large A\ that is introduced by the
approximation {(27). A discussion of this point is given in the Appemiix
If Formula (39) is expand=d in powers of 7(A) to give

adn e Ial
PE00 = 5, () 7wy ;ﬁ% Zw [m)fféﬁ}] o (bo)

=

one may identify the term of order N witl: the production of W
internal clusters; the inversion {20) then readily yields vhe result
{12), including the threshold step functioa ¥u emch pertial cross

section. 14
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The dependence of the total cross section on thke incident

channel may be neatly exhibited by substituting (39) into (20):

i (A1)
PB(n) = [ as, doy 7,(s,) 75(p) sor fd?» il

JJ 2n1 | ZmAm:B sinh 7
AL
. [ ) ] * s(n)
G ~ 5 ~a2)| 1 - 700 50
(81)
or
Cr
2mm sion 1 Fo(y) = /}f as, dsy 7, (s,) 7(s5) 00 - 4,(s,) - Ap(sy)),
’ (%)
where
(A1)
clx) = % d\ e e -i—_'%((;%—s(r’- (43)
with
5 - m2
fpm = dog ME—E- ()

The dependence on the incident channel thus takz3 the form of a
displacement ol an otherwise universal functicn of 1% . Thresholds
are correspealingly dizpleced, larger values of "f'A, B producing
higner thresholds.

How is the Regge-pole exmansjon affected? Writing
J—

A\ \
\ +
\ (ai 1)n

() = L ¥, e s (45)

i
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we have from (42)

o

n LAY
e . A _B 1
() = TSI / g, & e (46)
=
with
1
) . A
AB .(3.2 ds 7 olsn) € (afl)hAlB(sA:B)
& - g, A, B ‘A,B'°B .
,B
()

A large value of AA,B is seen to enhence the relative contribution of
secondary Regge poles. High-lying thresholds, in other words, require
important secondery poies.
E.  Two Numerical Exemples

To illustrate the foregoing, consider first a model with an

internal cluster spectrum consisting of a single mass o, - In other

words,

rs) = 7, mf ols, -m7), (18)

s0 that

0 = @™ (x9)
The propagator S(t) will be assigned an exéonential form,

s6) = 12 270, 50)
leading by (39) to

oo - (8" "(n + 2) 1)

and subsequently to
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s(r) "oh (x +1)
= o , {s52)
1 - 7(A) s(x) 1a7y ¢ M 1)
where
2
mc (5 .
A = 1OR ge== . *
%

The Regge pole spectrum thus da2pends on two dimensionless
parameters: ¥, aud 4 . We impose & constraint on 7. by reguiring

that the leading pole {the pomeron) shouwld oecur &t A - 1@
-8
1-7, e°P@) = 0. (5h)

Figure 5 then shows the real part of the positions of the next most
inportent poles as & fumetion of &, with the leading pole fixed at
A = 1. These secondary poles are complex, Fig. 4 ghowing the imaginary
parts of their locetions as & function of 1/A . Note the roughly
linear relat;ionship for large £, with 2 slope for the leading complex
pair not far frae the value 2n naively expected from the asymptotic
oscillation bnothesis.ﬁ’ 15 For extremely wesk coupling (small values
of 7c) the secondary poles are reel, but the condition (54) places us
in a strong~courling regime, The Appendix enlarges on this question.
The substantial specing between the first epd second pairs of
complex poles encourages an atiempt to represent the total cross section
by an asymptotic expansion that includes no more than the leading (real)
pole and the first pair of complex poles. ILet us test this idee im
the special case of the ux total cross section,»assuming mﬂ2 to be

very small compared to Sp = 8y = mce, 50 that

) = () = 2 (N) (»9)
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Further reducing the oumber of independent parameters by setting

16
ty = mﬁz s it follows from (41) that
2 A
PN N e(M-l)T] 7, e piao+1) 563
. an .
tn eni 2 sinh 1-7, e M r(x +1)

Total cross sections for incldent particle combinmations other than nx
are obtuineble from (56) by the displacement rule (42).

Forzula (56) may be accurately evaluated at low values of 1
by expnading in powers of 7c ) A7 while for a sufficiently large 71
the Regge asymptotic e:_cpansion becomes accurate. Our question is:

What range of n 1s adequately represented by th: pomeron plus a
single pair of camplex poles?

Suppose we choose 4 = 3, corresponding to mc2 =~ 20 to. The
first pair of complex poles then is situeted st @ = 0.30 t2.61,
and the assoclated Regge approximation to u:;’t is shown in Tig. 5
plotted as a hmction' of log s * 1 + log mnz, with the exact behaviar
shovn for comparison. One ovserves that the asymptotic expansion gives
sn accurate picture down to the threshold for the first internal
cluster and is qualitatively meaningful all the way down to the lowest
threshold. In Ref. 5 a multiperipheral thréshold example analogous
to the foregoing was studied but with the unrealistically abrupt
thresholds characteristic of strictly one-dimensional models. Here we
have smoothed out the thresholds by attending to the coupling between
transverse and lopgitudinal degrees of freedom and once again have
found powerful carecity in a single pair of complex poles.

It is plausible from the asymptotic oseclllation concept that a

single elr of complex poles might do 2 good job of approximsting a
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model characterized by & single period A ., But the actuml cluster
spectrvin must contaln & range of masses and thus a range of A . let
us look next therefore at a model with two different internml cluster=-
masses I, and B, although the external clusters ere still
restricted to m, . We continue to assume the propegator 5(t) to be

universal. With ap obvicus netation we f£ind in place of (56)

2 e
1 Sm 7, e Tx+1)

e
Fn) = ar ~ .
2ni 2 sinh q l_(yceM_}_,c' e'M')I‘()‘,-pl)

7)
Lot ve choose A =2 apd A = Y4, and continue to insist on a omeron
at A = 1l. Let us furthermore put the major burden for the

multiperipheral mechanism on the lower mass by choosing

'
e-v[)

Y = 0.25.

In this case, not surprisingly, the Regge Pole spectrum becomes more
complicated: the leading palr of complex poles oceurs at 0.05 % 1.6 1
vhile the next 1s somewhat closer than previously, at 7'«-0.1&3 - 2 T
In'Fj,g. & we corveve the exact cross section to the asymptotic
expansion with either one or two complex pole pairs reteined. We see
that in both cases the egreement is as good as in the one-cluster case,
end further that :anlu‘sion of the second mir is not really- naéessal'ﬁ"v, .
for log s < 1. The imaginary part of the leading pole residue .
corresponds to an oscillation pericd of 4.0 units in 0 ,. 5o only the

threshold effect of the heavie ‘mass

1gn ,19ﬂnt~on.f.=e.»!!lod.e te

energles-are reached.




Y.  Single-Tarticle Inelusive Cross Section

The single-particle inclusive eross section for A+ B~ C + X
depends on three variables which for our purpose are conveniently

chosen, in the way advocated by Mueller, 18 to be QA’ QB and 6,

vwhere
P, P
cosh ;A = —ﬂh—c’
; e
and
Pr' D, .
cosh CB = Bm <, (58)
Bg%c

while © 1is the angle ‘between SA and ;B in the rest frame of C .

In the foregoing discussion of the total cross sectlion we have used a

veriable 17 such that

pc
cogsh 1 =;‘9—EB-,
A

!

axd it is easy to show that

cosh 1 = cosh CA cosh {; + sinh ‘;A sinh ;B cos & , (59)

Evidently, when € vapishes so does the transverse momentum of the
observed perticle in = frame where pA and PB are cnlinear.19 Thus
szall values of the conventiomally-defined transverse momentum mean
smell values of & &nd the approximate comnection n = CA + gB .
The single-particle inclusive cross secticn is related to an

invariant amplitude ‘_-'CAB(QA, QB, 9) by the same flux factor that

relates FAB(T.) to the total cross sectionm, and by analogy to (20)
one mey expand v CAB in terms of matrix elements of the irreducible
representations of the Lorentz group. The advantage of Mueller's

variables if their natural role im this expanslion. As shown by
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Bassetto, Toller and Sertorio,zo the result is -

- |
Fo ty O = [d).[ » ) dg’os""l(;A)Pj(cos o)agiot(ey)
c T 3

* G058 . (60)

To reduce the discussion from 3 varlables to 2, we yroject out the
J = 0 component, defining

1
T 6) = 3 [ acos 8 B, b, @), (61)
-1
an operstion roughly equivalent to integration over the transverse
momentum of inrbicle C. ©Small average transverse momrntum means that
most of the contribution to (61) will cowe from the neighborhood of

cos © = 1, so we may meke the rough identification

no= b by (62)

In any event, if (60) is substituted into (61) and explicit forms are

inserved for the group representetion functions, we f£ind

AB r
jc (CA: ;B) = constant | dx I an’
[+} o]

v(x~1)§£\ e(xul)r)}3

3

(N +1)sink ta (n'41)sinh 4

%AE(NL';O).

E
(63}



The preceding formulae are general, physical results belng
obteined 1€ something is known about the singularities of g’cAB().,)\‘;D).
Mueller made the hypothesis that the poles of lnclusive amplitudes are
universal and thus the same as those that control total cross
sections.la Multiperipheral models go further and give explicit
reletions between 316‘\5(}»,)\';0) and F‘AB(}»). For the above-

described single-channel model, if we define "one-sided" functions

PA(k; t) = 7, (6 8) + j’u' 7A(k; ') sl )6 IFOA) &)

(3]
and
PO t) = 75(hs ) + Jf att (B[P Ie 5Oy ') 7500 ¢7)
. (63)
such that
PEO) = [dt PO t) sy t) 7505 ¢)
(66)
= {ae 7,05 £) 80 £) Plas ¢)

Bassetto, Sertorio and Toller®" have shown that

rr
31CAB()., L' 0) = constunt x j ; dt' dt f--(--)-“".-—1:725“)
L "‘A("")"
~(xs1)p . ~(NT4l)p’ PR
x ecm;h B A (mc“,t,t') et:ush ar s(e') ‘;(hJ t—‘«l
m(-t')%



=20

where
t -t
s - T , (68)
2m,( -£)2
T
elan B! = T, (69)
2mc(—t')§

This formuls 1s illustrated in Fig. 7. In our multiperipheral model,
therefore, the only A singularitles of the siugle-particle inclusive
amplitude are those Regge peles that already eppear in the total cross
section. Just as for the latter quantity, threshold effects must be
rejyresentable through secondary Regge poles.

Use of the small.t factorlzation approximation further

11luminates the physical situation. Suppose we replace (68) by

8 n

f = L, , (10)
(o
80
~(n2)
(108
£ = (72
cosh ( ( «t) )

A corresponding approximation for B', together with

F . 2
k‘(mca, t, t') = By

and

A+l
#30, 00 (g 6F) R0, ()

lends to

G0, v 0+ FAoy

By, (13




3.

where
» ;
FMP0) = constant » (:—2:2) 200 Jo . ()
Cerrespondingly,
FB ) = FAe) Fr (1)
where
(M-l);A’B A
ch’B(CA E) = constant x fd?- g (;ﬂ) S(A)FA’B(R) .
4 sinh ;A,B C

(76)

Now, since

~(A+1)

. 2
8, o~ I
FA’B(L) = [ SA,E :'A,E(DA,B) hi_&nl_—. 3

1 - r(d) s(x)

the dependence on the incident channel will follow the same displace-
ment rule &5 for the total cross section., There is a similar rule for
the dependence on the mess of the observed produced mrticle, any

threshold structure being displaced in (’A or
log mc:/mc if the observed mass is changed from m, to @

":B by an interval -
21

o -

Faving understood the dependence on the masses of incident and

produced particles, it will suffice to cousider incident plons and a
produced particle whoso muss mc is the same a5 that of an external

cluster, Straightforward calculation leads to

sinh ;A_gyc.‘:(‘

m m
v sinn(”, - Y M, £
} e sinh{ ¢ 1og 2 ) F ('A + log a ).
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In our model Vith a single crossed charmel, in other words, the
threehold structure in the separate variables l;A and ;B follows
that in the total cross section (with an appropriste displacement).

It musi be remembered, of course, that the single-particle
inclusive cross section is given by a preduct of two factors, one
depending on tA and the other on !’,E » with the spproxisate relation
Ly * % T T, 60 the net energy dependenze of the single-particle
inclusive cross seetion will exhibit a different threshold structure
from that in the total crzoss cection, although the two structures are
related to each other.

In particular, our demonstration that a single pair of complex
poles can give ¢ good representation of threshold effects in the total
cross section can be immediately extended to single-particle incluaive
cross cections. Figure O shows the latter, ewmluated ut the sympetric
poiot Gy = by= nf2  for the single cluster-mess exasple described
in Sec. II.D. The curve shows an asymptotic expansion for na
collisions involving pomeron-poxeren plus poameron-complex pole terms;
a further refinement would include the complex pole-complex pole term,
but this turns out to be o swall correction. Note thet the first peak
in the inclusive cross section occurs at the came energy as that from
the one-cluster contribution to the total cross section in Fig. 5.

It 45 also instructive to calculete the inclusive cross section
for the twowcluster case deserited in Sec. I1.D, and in Fig. 9 we show
the results for both light and heavy clusters. As expected, the
threshold for the heavy cluster spectrum is delayed by approximately

t units of log s, while the esymptotic neigrt of the large-cluster
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inclusive cross section is roughly 1/‘& that of the 1ight cluster.

The shorter-wavelength oscillation with & period of 2 units that one
would nzively have expected in the light-cluster cross section is
almost invisible, only the long~wave. “mgth heavy-cluster-induced
oscillimtion being spparent. Note also that the amplitude of the
oscillation in the two-cluster example is sm2ller than for the single-
cluster model.

3. CONCLUSION
A glmplifying feeture of the foregoing multiperipheral examples

hes been the single crossed channel with a factorizable kernel. Are
qualitetively different results to be expected from a mare realistic
kernel? Guaranteed to survive any kernel complication is the capacity
of secondery Regge poles to rer.esent threshold effects, so long as
the multiperirhersl equation mainteins a Fredholm character. One
cannot prove that the importent secondary poles are complex, and in
Ref., 22 a two-channel model is described where the impartent secondary
poles are real if the interchfannel coupling is weak., These poles
become complex for stromg coupling, however, end threshold effects
turn out to be insignificent in the weak coupling regime. We are
unavare of counter-examples to the proposition that Regge expansions
accommodate physically significant peripheral thresholds through
complex poles.

Nonfactorizable kernels tend to produce 8 bigher demsity of
poles,zj and there can be no general 'assu.rance that retention of only
a few poles will adequately represent the threshold region. The simple

models of this paper nevertheless encourage attempts to it threshold
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deta with the leading real pole(s) plus & single complex vair. In our
examples not only total cross sections but also single-particle
inclusive cross sectioms are well represented by such an approximetion,
and there is every reagon to suppose the same to be true for other
physical observables such as mesn particle m\lltiplicity.eh

We shali finelly comment on the reletion of the models
discussed here to APFST models where the propagator 1s striletly that
of Footmote 7. Althougb the unmodifisd propagator has been chown to
glve complex pgles,25’ 26 they are so far o the left in the A plane
as to be physically uninterestmg.27 Some modification of the
propagator to reduce large- {t| contributions 1s essentisl to the

generation of substantisl peripheral-threshold effects.
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ATPERDIX

The Weak-Coupling Limit snd Spurious Poles
While the models we have discussed are physically relevant

only in the case of "strong coupling,” when the strength of the kernel
is sufficient to generate & Regge pole mear A\ = 1, it is none the
less ingtructive to study the motion of the poles as the coupling
veries. In perticular, we will show that in the wegk-coupling limit
all poles retreat to negative integer values of A, and that complex
poles only result from the collision of real poles, just as in potential
scattering.ga

For definiteness, we will study the single-cluster model with
exponential damping in ||, described in Sec. 2.E. Using Bgs. (36),
(37), (49) and (51), we can write FAB(L) ag an exponential in A
divided by

p(A) = Iias1) - 7, e (a.1)

Regge poles occur at values of A for which this expression vanishes.
Ir Yo = 0, these zeros occur at A = -1, -2, .« . Ia Pig. 10 we
plot separately the two terms in D(A) for real values of A. If 7.
is small (lower dashed curve) the zeros shift slightly in position--
the leading tme at A\ = -1 moves to the right, the next twoat = -2
and -3 move towards each other, and so on, with all lower-lying zeros
approaching each other in pairs. as 7 e increases this trend
continues until at & sufficiently large coupling some of the pairs

may collide and move off into the complex A-plane (upper dashed curve).
When 7c is large enough for the leading zero to have reached A\ = 1

(when {5¥) is satisfied) the leading secondary zeros have moved to the



g

positions shown in Figs. 3 and I, Zeros which begen sufficiently far
to the left conbtinue to be real however; this result follows from the
fact that the amplitude of the oscillation in I™Y(A +1) increases
faster than any exponential as A decreeges (a property easily
Qerived from Stirling’s Torpuln) and for sufflciently negative A the
two terms in D(A) vontinue to iutersect at real points.

To conclude that the only zeros are those which began at
negative integer points for T = 0, it remsins only to show thet nooe
conld have moved in from infinity, The argament which follows®>>0 g
based on Rouché's theorem of complex smalysis. Suppose ve bave a
simple, closed, comnected curve L and two functioms f{z) and g(z)

vhich are meromorrhic within I, and om 1L are apalytic, ponvanighing,
and satisty

lez)/2(z)] < 1.

The theorem states that the difference between the nusber of zeros amd
the: number of poles inside I is the same for both functions f£(z)
and £{z) + g{z). In our application we identify f and g with
o4 1) am 7, e, respectively, asd choose L to be the
curve shown in Fig. 11: = semi-circle to the left of A = -1

extended to the right as far as C, the contour along which the
inverse laplace transfarm (20) is taken. Along the semi-circular arc,
excluding a parrov interval about the negative real axis, Stirling's

formuia implies directly that for sufficiently large radius

- 7, M1y <1 (a.2)

Near the real axis (A..) is not carrect in general due to the poles of

T; we first write



Lo +1) = w (sin a(-A) T(-0) }'1
end choose I to cross the axis at & negative half-integer walue of
A . Then |sin a(-A){ & 1 npear the real axis, and usiog the
asymptotic expansion of T'(-A) we obtain (A.2). Along the
horizontal segments of L we again use Stirling's formule, and find
that (A.2) is satisfied provided L does not extend too far to the
right. This is really no restriction at ell, since we sball show
below that the inversion contour C wmust be located in a region of
the A-plane for which {A.2) holds. Therefore (A.2) is eatisfled on
all of 1, &nd Rouche's theorem implies thet D(A) has the eame
mumber of zeros within L &s T (A + 1), Simse L can be taken
arbitrarily far to the left, the interior of 1L can be extended to
the entire region to the left of the inversion contour C, and thus no
addivionnl zeros cap appeer from infinity.

A subtlety involved in the construction of the asymptotic
expansion in this model requires some discussion. Recall that the
process by which we have obtained the amplitude as & function of A

mey be rejresented schematically as

F(A) = :! ds e‘()'+l)n(5) FN(S)
i g
' [
= L,; ,_\j as e“(M'l)'l(S) FN(S)
v
=) R, (a.3)

N
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where FN(s) is proportional to the cross section for N particle.
clasters. TFor this expressiop to be mathematically sensible we reguire
(at the least) that the final sumeation canverge. This sum is just a

geometric series in vhich the ratio of successive terms 1s Ghe kernmel

R S (CON

so we require that the modulus of this quantity be less thar ame. In

the perticular model dissussed in thiy Appendix and in Sec. 2.E we have

KN = 7 e M),

and thus ve mudt consider the amplitude for valuea of A for which
KO)] < 1; t.e., (A2) 18 satisfied.

This.is an important restriction here because in adaition to
vhat we have referted to as the "leading" reel pole, it is easy to show
that there always exists anotber resal pole further to the right, with s
negative regidue. The latter pole does not contribute to the
asymptotic expansion, however: the correct procedure is to carry out
(A.3) for a value of A for vhich (A.2) holds, which reguires Re())
to be between the above two real poles, and then to invert the
trensform according to (20). When the contowr is then closed to the
left %o obtain the asymptsotic expansion (the integramd in (20) diverges. -
if Re(r) - + ), the second real pole does ot contribute. This
difficulty is usually not present in mul*iperipheral models; it occurs
here because the kernel X(A)} incremses as Re{h) ~ +w , a

peculiarity of the bed large-|t| bebavior of the approximaticn (27).,16
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FIGURE CAPTIONS

Multiperipheral diagram defining the veriables in Formula (1).
Schemetic representation of Eq. (21).

The real paris of the positiors of the leading complex poles
of Foimula (52) subject to the constraint (54).

The imaginary perts of the positions of the poles appearing
in Fig. 3.

The total and partiel cross sections corresponding to

Formula (56), subject to the constraint (54), with

n = log s/mﬂe end A = 3. The asymptotic expansion includes
the leading real pole at A =1 and the first peir of complex
poles at A = 0.30 t 2.6 1.

The total cross section corresponding tc Formula (57), with
A=2, &=k am 7, e - 0.5 7, e™. The parameter
7, is chosen to place the leading real pole at A = 1. The
asymptotic a.pprroximtidhs correspond to one pair or two pairs
of complex poles, located at A = 0.05 ¥ 1.6 1 aud

A= =043 3,41,

Schematic representation of Formula (67).

The central-reglon single-cluster inclusive cross section
corresponding to the total cross section shown in Fig. 5.

The centraleregion single-cluster inclusive cross sections
corresponding to the total cross section shown in Fig. 6.

The separate terms in D(\) as a function of (real) X .

Contour for application of Rouché's theorem.
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