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ANOMALIES OF CRITICALITY - R E V .  2 

Revision 2 includes s i x  items not l i s t e d  in the journal a r t i c l e  
(Nuclear Techno1 ogy, July,  1974), together with cer ta in  ed i tor ia l  

_ .  _-- . corrections and other changes fo r  c l a r i t y .  -. -- . - - 

The six items include: 

. The laser-induced micro-explosion involving i n i t i a t i o n  of a super- 
c r i t i ca l .  event in a highly compressed, small pe l l e t  of Pu containing 
as l i t t l e  as 10-2 g P u .  

. . . . 

. Homogeneous aqueous mixtures of 2 3 5 ~  and 2 3 8 ~ ,  wherein i t  wquld 
be possible to  achieve c r i t i c a l  i ty  o v e r 1  in~i  ted concentration . 

ranges) with a s ~ a l l e r  quantity of 435U i n  the form of low enriched 
U than i f  the 2 3 4  were in the highly enriched form; , , ,B 

. . Interacting f i n i t e  cubic arrays of metal units wherein an unmoder- 
ated array of 30.02 2 3 5 ~  enriched spheres might have a lower c r i t i c a l  
l a t t i c e  densi , ty ,  and hence 2 3 5 ~  mass, than an array o f .  93.2% !235U 

. . enriched spheres. 

. Insertion of a neutron absorbing control rod in to  a . P u  solution sphere 
wtierein.the e f f e c t  of t h i s  was to  cause the assembly's reac t iv i ty  t o  
i n i t i a l l y  i n c ~ e a s e  as the rod entered the solution. 

. . . An apparent chain reaction which took place in the Re 1 l ique of 
Gabonaise some 100 mi,llion years ago with low (3 wtI 9SkU) enriched 
uranium. 

. Neutron mu1 t ip l i ca t ion  and the poGer reactor .(four b i l l  ion watts and 
subcri t i ca l  ) . .. 

Five new Figures also a re  provided: 

Figure 2 - keff  of Fractional Cri t ical  Mass vs. Cri t ical  Mass 

Figure 6 - Ratio of Cri t ical  Sphere Volume to Cube Volume 
i (Plexiglas Reflected Assembl ies  ) 

Figure 14 - Computed Cri t ical  t4asses of Water-Ref1 ected Spheres 
of Uranyl Nitrate Solutions (No Excess HN03) 

d 

Figure 15 - Cri t i ca l  Mass and Vol ume of unref! ected Metal Arrays 
-7- 

Figure 18 - Control Rod Effect on Flux Level 

Other "anom~lies!'  may be included a t  a l a t e r  date .  
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ANOMALIES O F  CRITICALITY 

ABSTRACT 

During the development of nuclear energy, a number of apparent anomalies have 

become evident in nuclear c r i t i c a l i t y .  Some of these have appeared in the open 

l i t e r a t u r e  and some have n o t .  Yet, a naive extrapolation of existing data ,  without 
. . 

knowledge of the anomalies," could cer tainly lead to  potentially serious consequences. 

The known "anomalies" include, b u t  a r e  not 1 imi ted t o ,  

1 .  relationship between c r i t i ca l  i ty in f i n i t e  spheres and reflected cubes 

2. ef fec t  of added sca t te rers  on the c r i t i c a l i t y  of i n f i n i t e  slabs 

3. a small mass concept whereby c r i t i c a l i t y  could be achieved with less  than 

an ounce of f i s s i l e  material in the form of a s i n g l e  small fo i l  2 0.2 mil thick 

4. laser-induced micro-explosion invol ving the in i t i a t ion  of a supercri t i ca l  event 
-2 in a highly compressed; small pe l le t  of Pu containing as l i t t l e  as 10 g Pu 

5. effects  of progressive water flooding on the c r i t i c a l i t y  of interacting arrays 

of f i s s i l e  materials in storage vaults 

6 .  ef fec t  of mixing metal and f i s s i l e  bearing aqueous solutions together in the 

same vault  

7 .  c r i t i c a l  i ty of coupled fast-thermal systems composed o'f small pl ytonium metal 

spheres surrounded by aqueous plutonium-bearing solutions 

8.  c r i t i c a l i t y  of s l ight ly  enriched uranium and the negative buckling core 

9. homogeneous aqueous mixtures of 2 3 5 ~  and 2 3 8 ~ ,  wherein i t  would be possible 

to achieve c r i t i c a l  i ty (over 1 irni ted concentration ranges). with a small e r  

quantity of 2 3 5 ~  in the form of low enriched U than i f  the 2 3 5 ~  were in the 

highly enriched form 

10. interactinq f i n i t e  cubic arrays of metal units wherein an unmoderated array ., 
of 30.0% 2 3 5 ~  enriched spheres might have a lower c r i t i c a l  l a t t i c e  density, 

and hence 2 3 5 ~  mass, than an array of 93.2% 2 3 5 ~  enriched spheres 

1 1 .  e f fec ts  of density changes in spherical cores with weakly absorbing ref lectors  

(external modera t i  o n )  

12. insertion of a neutron absorbing control rod into a Pu solution sphere wherein 

the e f fec t  of th is  was t o  cause the assembly's reac t iv i ty  t o  i n i t i a l l y  increase- 

as the rod entered the solution 
. .  . 



13. appearance o f  c r i t i c a l  l y  unbounded reg ions  ( o f  i n f i n i t e  masses) f o r  

s l  i g h t l y  enr i ched  uranium 

14. c r i t i c a l i t y  i n  t h e  e a r t h  

15. c r i t i c a l i t y  i n  t h e  un i ve rse  

16. an apparent  c h a i n  r e a c t i o n  which took  p l ace  i n  t h e  Republ ique o f  Gabonaise 

some 100 m i l l  i o n  yea rs  ago w i t h  low (3 w t %  2 3 5 ~ )  en r i ched  uranium 

17. c r i t i c a l i t y  o f  even-n n u c l i d e s  beg inn ing  w i t h  t h e  n a t u r a l l y  o c c u r r i n g  
231 element, glPa 

18. beyond Cal i fo rn iu rn  p r o j e c t i o n  o f  t h e  "mic ro"  c r i t i c a l  mass f o r  t h e  doub ly -  

c l osed  s h e l l ,  super-heavy magic n u c l e i  o f  t h e  f u t u r e  

19. neu t ron  mu1 t i p l i c a t i o n  and t h e  power r e a c t o r  ( f o u r  b i l l  i o n  wa t t s  and 

s u b c r i  t i c a l  ) 

There can be as many as t h r e e  d i f f e r e n t  f u e l  concen t ra t i ons  w i t h  t h e  same 

c r i t i c a l  volume, and perhaps f o u r  d i f f e r e n t  fue l  concen t ra t i ons  may r e s u l t  i n  t he  

same c r i t i c a l .  mass. ' C o n t r a r y  t o  t h e  usual  expec ta t i on ,  t h e  sphere, a f t e r  a l l ,  may 

n o t  be t he  c o n f i g u r a t i o n  o f  l e a s t  mass; t h e  r e f l e c t e d  cube may be somewhat l e s s  

under c e r t a i n  c i rcumstances.  I n  some cases, t h e  e f f e c t  o f  added s c a t t e r e r s  can 

s i g n i f i c a n t l y  reduce t he  c r i t i c a l  d imension; whereas, i n  o t h e r s  t h e  r e s u l t  can be 

p r e c i s e l y  t h e  oppos i t e .  

Reducing co re  d e n s i t y  can, under some c i rcumstances,  a c t u a l l y  decrease t h e  

c r i t i c a l  mass, c o n t r a r y  t o  t h e  usual  e x p e c t a t i o n  t h a t  t h e  mass w i l l  be inc reased .  

S u r p r i s i n g  as i t  may seem, a  system w i t h  k, < u n i t y  m i g h t  be made c r i t i c a l  by 

reduc ing  t h e  core  s i z e  and adding a  f i n i t e  r e f l e c t o r  o f  D20, e t c . ,  ( i n  t h e  l a t t e r  

case ke f f  > k,!). I n  some cases, t h e  e f f e c t  o f  modera t ion  r e s u l t s  i n  t h e  s m a l l e s t  

c r i t i c a l  mass; whereas, i n  o t h e r s  '(dependi,ng on t h e  evenness o r  oddness o f  t h e  

n u c l i d e ) ,  the  e f f e c t  i s  aga in  p r e c i s e l y  t h e  oppos i t e .  

It i s  noted t h a t  a  homogeneous aqueous m i x t u r e  o f  2 3 5 ~  and 2 3 8 ~  c o u l d  have 

a  s m a l l e r  2 3 5 ~  c r i t i c a l  mass (over  a  1 i m i t e d  c o n c e n t r a t i o n  range)  w i t h  l uw e~~r. . iched. 

uranium than i f  t h e  uranium were. f u l l y  en r i ched  (93.5 w t %  2 3 5 ~ ) ,  and t h a t  an .'. 



'unmoderated in te rac t ing  array of metal un i t s  (spheres of 30 w t %  2 3 . 5 ~ )  might have 

a  lower c r i t i c a l  densi ty  than an array of f u l l y  enriched uranium spheres,  of 

ident ica l  volume, and thus a  smaller c r i t i c a l  2 3 5 ~  mass in the  ar ray.  There i s  

an example wherein the  e f f ec t  of inse r t ing  a  neutron dbsorbing rod i n to  a  

Pu-solution-bearing sphere i s  t o  cause the r e a c t i v i t y  t o  i n i t i a l l y  increase 

r a the r  than decrease. 

Pressures u p  to  10" atm, comparable with the  pressure in the center  of the  

sun, a r e  now be1 ieved achievable with advanced g ian t  l a s e r s  o r  e lec t ron  beams 

which could change the, densi ty  of a  small p e l l e t  of f i s s ionab le  material  under 

i r r ad i a t i on  by a  f a c to r  of some 250, thus making i t  possible t o  achieve a  super- 

c r i t i c a l  event i n  a  small p e l l e t  of P u  containing as l i t t l e  as 10;" P u .  One 

of the  more i n t e r e s t i ng  events i n  the annals of c r i t i c a ' l i t y  i s  the  discovery of 

an apparent p reh i s to r ic  chain react ion (Nature ' s  Anomaly) t h a t  took place in the 

Republ ique of Gabonaise some 100 mill ion years ago w i t h  3  w t X  2 3 5 ~  enriched 

u'rani um. 

Fi.nally, i t  is i n t e r e s t i ng  t o  reca l l  t h a t ,  i n  the presence of inherent  

neutron sources;  even the  power reactor  wi l l  be technical ly  subc r i t i c a l  (keff < 1  ) 

when operating i n  a  constant  power mode a t  any power l eve l .  

S t i l l  o the r  anomal i e s  a r e  known. Several of the  anomalies c i t e d  would 

cons t i t u t e  "au toca ta ly t i c  reactions ," . for  in the event of c r i t i c a l  i  t y ,  the  r e a c t i v i t y  

would be increasingly enhanced as a  consequence of the react ion.  



AIIOMAL IES 'OF CRITICALITY 

A 1 arge body of knowledge has bee.n accumulated on c r i t i c a l i t y ,  and 

the factors  affecting c r i t i c a l i t y ,  since incept'ion of the f i r s t  chain 

reaction in 1942. (1-5! ~ r i t i c q l  i ty; however, i s  fraught with complexities, 

and, l e s t  we become too complacent in the era of advancement, i t  may be 

well, a t  t h i s  time, t o  recount a  few of the'apparent anomalies - some of 

which have heretofore remained unpubl ished in the open 1 i t e ra ture .  

The phenornenoli of c r i t i ca l  i  ty depends on the interaction of neutrons 

wi t l i  matter, and i s  characterized by a  self-sustaining'  fi-ssion chain 

reaction. Consider the conditions for  achieving. c r i t i c a l  i  ty. The exact 

configuratior~, or spat ia l  density, for  each kind of atom present in the 

system i s  relevant. Cr i t i ca l i ty ,  then, depends n o t  only on the quantity 

of f i s s i l e  material present, b u t  on the s ize ,  shape, and material of any 

cot~tailiment vessel which may be used, on. the nature of any solvents or 

di l  uents, and on the presence of any adjacent material wllich may possibly 

return neutrons through scattering back into the f i s s i l e  material. Most 

of the examples to  be ci ted are  n o t  v!ell known. Yet, without knowledge 

of these "anomalies" an unwise application of existing data could lead 

to  potential  1) serious consequences. As at1 introductiorl t o  the apparent 

'anomalies.that follow, our discussioi~ begins with a  description of the 

variation between c r i t i c a l  mass and radius as a  function of concentration 

for  plutonium spheres. 

B.  COI.1PLEXITY OF CRITICALITY 

All factors  wt~ich influence the interaction of neutrons with matter 

a f fec t  c r i t i c a l i t y .  The fo1 lowing curves (Fig. 1 ) , showing the complex 
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ESTIMATED M A S S  AND R A D I U S  OF C R I T I C A L  PLUTONIUM-WATER SPHERES 

FIGURE 1 



v a r i a t i o n  o f  c r i t i c a l  mass w i t h  sphere r a d i u s  f o r  homogeneous 2 3 9 ~ u - w a t e r  

m i x tu res ,  se rve  t o  i l l u s t r a t e  seve ra l  e f f e c t s .  ( 6 )  The curves  show c r i t i c a l  

r a d i i  o f  spheres,  and c r i t i c a l  masses o f  p l u ton ium con ta i ned  t h e r e i n ,  as a  

f u n c t i o n  o f  wa te r  d i l u t i o n .  The upper cu r ve  i s  f o r  ba re ,  homogeneous 

p l  u t o n i  urn-water spheres and t h e  l owe r  one f o r  p l  u ton ium-water  

spheres immersed i n  wa te r .  S t r i k i n g  changes a r e  seen t o  occur  i n  t h e  

c r i t i c a l  mass as t h e  p l u t o n i u m  i s  d i l u t e d  w i t h  water .  Beg inn ing  w i t h  

3 alpha-phase p l u t o n i u m  meta l  ('p = 19.6 q/cm ) %  t h e  c r i t i c a l  mass and r a d i u s  

b o t h  i nc rease  on d i l u t i o n  w i t h  water .  The mass passes th rough  a  maximum 

va lue  a t  an H/Pu r a t i o  o f  about  4 (Pu d e n s i t y  s 5 g/cm5). 

The e f f e c t  o f  p a r t i a l l y  modera t ing  ( o r  s l ow ing  down) t h e  f i s s i o n  

neu t rons  causes a  s i g n i f i c a n t  r e d u c t i o n  i n  t h e  va lue  o f  I-I (number of 

neu t rons  produced p e r  neu t ron  absorbed i n  P u ) ,  due t o  t h e  change i n  t h e  

r a t i o  o f  t h e  neu t ron  cap tu re  and f i s s i o n  c ross  s e c t i o n s  w i t h  neu t ron  
. - 

energy.  I n  a d d i t i o n ,  t h e  d i l u t i o n  o f  t h e  meta l  w i t h  wa te r  a l s o  decreases,. .- 

t h e  d e n s i t y  o f  Pu and i nc reases  t h e  n e u t r o n  leakage. Tlie system must t h e n  

be made l a r g e r  t o  m a i n t a i n  a  ba lance between p r o d u c t i o n  and l osses  o f  

neut rons.  On f u r t h e r  d i l u t i o n ,  modera t ion  by  t h e  hydrogen i n  wa te r  becomes 

i n c r e a s i n g l y  more e f f e c t i v e  and t h e  p r o b a b i l  i ty  f o r  f i s s i o n i n g  w i t h  s low 

neu t rons  is .enhanced.  The e f f e c t  o f  add ing  wate r  i s  seen t o  cause a 

. f u r t h e r  i nc rease  i n  leakage (and c r i t i c a l  s i z e ) ,  b u t  t h e  n e t  o v e r a l l  r e s u l t  

i s  a  decrease i n  mass, due t o  t h e  r e d u c t i o n  i n  Pu d e n s i t y .  F i n a l l y ,  on 

f u r t h e r  d i  1  u t i o n ,  o r  moderat ion,  an optimum c o n d i t i o n  f o r  p r o d u c t i o n  and 

leakage i s  ob ta ined ,  such t h a t  t h e  comb ina t ion  r e s u l t s  i n  t h e  s m a l l e s t  

c r i t i c a l  mass. A t  t h i s  p o i n t ,  t h e  Pu c o n c e n t r a t i o n  has been reduced t o  

32 g  Pu/P, (H/Pu a tomic  r a t i o  % 900).  The c r i t i c a l  s o l u t i o n  volume i s  about  

75  t i i i ies  l a r g e r  t han  t h a t  for u ~ s d i l  u t e d  Pu meta l ,  b u t  t h e  q u a n t i t y  o f  Pu 



con ta ined  i n  t h e  sphere i s  o n l y  about  1/10 t h e  meta l  va lue .  Th is  c o n d i t i o n  

o f  "optimum moderat ion"  g ives  a  minimum c r i t i c a l  mass f o r  t h e  wate r -  

r e f l e c t e d  sphere t h a t  i s  .L 531 Pu. ( 7 )  F i n a l l y ,  bo th  t h e  c r i t i c a l  r a d i u s  

and mass i nc rease  once aga in  on f u r t h e r  d i l u t i o n  w i t h  water ,  due t o  i n c r e a s i n g  

neu t ron  abso rp t i on  i n  t he  wate r  ( p r i n c i p a l l y  i n  t h e  hydrogen) .  Both become 

i n f i n i t e  a t  a  p l u ton ium c o n c e n t r a t i o n  o f  7.2 + 0.1 g  Pula (H/Pu r a t i o  o f  

.L 3680). ( 8 )  A t  t h i s  p o i n t ,  about ha1 f the  neu t rons  re l eased  i n  f i s s i o n  a r e  

absorbed i n  t he  d i l  uen t .  

F i g .  1  shows; a l s o ,  t h e  e f f e c t  o f  neu t ron  r e f l e c t i o n .  For  t h e  sphere 
1 

immersed i n  water ,  some o f  t h e  neu t rons  which would o the rw i se  escape a r e  

r e f l  ec ted  ( s c a t t e r e d )  back i n t o  t h e  sphere, r educ ing  t h e  1 eakage . The 

curves show t h e  d i f f e r e n c e  i n  c r i t i c a l  r a d i i  b rough t  about by t h e  wa te r  
I 

r e f l  e c t o r .  

F ig .  1  i l l u s t r a t e s ,  a l so ,  t h a t  t h e  same c r i t i c a l  mass can be achieved 

w i t h  t h r e e  d i f f , e ren t  Pu concen t ra t i ons ,  b u t  t h a t  t h e  c r i t i c a l  volume o r  s i z e  

w i l l . d i f f e r  i n  each case..  Now, as c r i t i c a l i t y  i s  approached, o r  as t h e  s i z e  

i s  increased,  a t  any g i ven  concen t ra t i on ,  kef f  w i l l  i n c rease  and approach 

u n i t y ;  kef f  i s ,  t h e r e f o r e ,  an i ndex  o f  c r i t i c a l i t y .  A  p e r t i n e n t  q u e s t i o n  

a p p l i c a b l e  t o  any system concerns t h e  va lue  o f  kef f  f o r  any g i v e n  f r a c t i o n  

o f  c r i t i c a l  mass. I n  c r i t i c a l i t y  s a f e t y  a n a l y s i s ,  i t  i s  common. t o  eva lua te  

s a f e t y  i n  terms o f  a  g i ven  va lue  o f  kef f ;  i . e . ,  t h e  system i s  safe p r o v i d i n g  

k e f f  does n o t  exceed 0.9 o r  0.95, e t c .  A  prob lem a r i s e s  because t h e r e  i s  

no genera l  cons is tency  between kef f  and f r a c t i o n  o f  c r i t i c a l  mass excep t  a t  

t h e  p o i n t  o f  c r i t i c a l i t y  (where  kef f  = u n i t y ) .  G o  d i f f e r e n t  systems which 

have the  same f r a c t i o n  o f  c r i t i c a l  mass may have d i f f e r e n t  va lues  o f  ke f f .  

S t a t i n g  i t  another  way, f o r  a  s p e c i f i e d  va lue  o f  kef f  on two systems ( w i t h  

d i f f e r e n t  fue l  compos i t ions) ,  one system may have a  h i g h e r  f r a c t i o n  o f  c r i t i c a l  



mass and be "less safe" than the other.  ..This f ac t  has perhaps not always 

been fu l ly  appreciated by those in the f i e ld .  

The weird-complex variation in k e f f  of fraction of c r i t i c a l  mass vs. 

c r i t i ca l  mass i s  shown in Fig. 2 ,  where ke f f  has been computed by R .  D. 

Carter, e t  a l . ,  for  two cases; 50% of a c r i t i c a l  mass and 75%, spanning 

the range of concentrations from Pu metal (19.6 g Pu/cc) to  d i lu t e  aqueous 

sol utions (0 . O 1  g Pu/cc) for  both unrefl ected and water-ref1 ected systems. (1 1 

1.  A Triple Point of Cr i t i ca l i ty  

Fig. 1 was used to  i l l u s t r a t e  some of the factors (such as 

moderation and ref lec t ion)  tha t  a f f ec t  the c r i t i c a l i t y  of systems 

containing a s ingle  actinide isotope ( for  purposes of i  11 ustrat ion,  

2 3 9 ~ u ) .  The system becomes inherently more complex for  mixtures . . 

of isotopes. The second most prevalent isotope of plutonium i s  2 4 0 ~ u .  

239pu-240pu The ef fec t  of the 2 4 0 ~ u  isotope on the c r i t i c a l i t y  of 

mixtures i s  shown in Fig. 3. Calculations indicate that  2 4 0 ~ u  

dould, by i t s e l f ,  be made c r i t i ca l  under certain conditions - specifi  - 
cal ly  those under which there would be no moderation by a di luent .  

The interaction of a thermal neutron with 2 4 0 ~ u  resu l t s  principally in 

scattering or the formation of 2 4 1 , ~ u ,  since ' the f iss ion cross section 

for  slow neutrons i s  negligible.  Thus, the e f fec t  of 2 4 0 ~ u  on the 

c r i t i ca l  i  ty of 2 3 9 ~ u  wi 11 be 1 argely dependent on the neutron spectrum, 

which in turn i s  determined by the concentration and type of diluent 

present. The curves of Fig. 3 show the ef fec t  of 2 4 0 ~ u  on  the c r i t i c a l  

radius, and clear ly indicate the existence of t r i p l e  points of c r i t i -  

ca l i ty .  The ef fec t  i s  more clear ly portrayed (schematically) in Fig. 4. 
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Note tha t  for  a given radius (or fixed volume) there may now be as many 

as three d i f fe rent  c r i t i ca l  concentrations! The system would then 

osc i l l a t e  between regions tha t  are subcri t ical  and supercr i t ical  as a 

function of the fuel concentration. This is brought about by the mere 

addition o r  removal of fuel tha t  changes the hydrogen-to-fuel r a t i o  and, 

consequently, the neutron spectrum. 

2. One Mass and Four Concentrations 

Cri t ical  mass calculations are  presented in Fig. 5 fb r  mixed 

oxides of U and Pu in which the Pu contains 25 w t %  240~u. (10)  If  the 

peculiar curve shape a t  the higher concentration range i s  correct  (note 

curves for  15 and 30 w t %  PU in U )  the resu l t s  imply. t ha t  i t  would be 

possible to achieve ' the  same c r i t i c a l  mass a t  four d i f f e ren t  concen- 

t ra t ions of mixed oxides in water. In this case there would be four 
. . .  .. . . .. . . . . - . - . . - . . . . . . . . . . . . .  

di f ferent  volumes having the same c r i t i c a l  mass, whereas, in the previous 

example (Fig. 4 )  there was one c r i t i c a l  volume a t  three d i f fe rent  fuel 

concentrations. 

THE CUBE AND THE SPHERE 

Since thc r a t io  of surface area t n  volume is a minimum i n  the case of 

a sphere, and since neutron production depends on volume and neutron leakage 

on surface area,  the sphere can be expected to  have the smallest c r i t i c a l  

volume of any shape. There are  data,  however, t ha t  indicate tha t  a reflected 

cube night ,  under some circumstances, have a smaller c r i t i c a l  volume (and - 

mass) than i f  the f i s s i l e  material.:were in the form of a sphere. This some- 
. : -. 

what surprising resul t stems f;%' experiments performed wi,th Pu02-plasti c 

compacts arranged in cubic geometry and ref1 ected with Plexiglas. (11 l(12) 
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For PuOp a t  an H/Pu r a t io  of 0.04 (essent ial ly  unmoderated) the 

analysis indicates that  a reflected cube would have a c r i t i c a l  volume 

about 14% less  than that  for  the reflected sphere. However, the phenomenon 

i s  not so pronounced that  the apparent anomaly could not r e su l t  from inac- 

curacies in the measurements.. Monte Carlo calculations u t i l i z ing  the KENO 

code ( I3)  have i ince  been made on a reflected cube and a reflected sphere 

of unmoderated Pu02 having precisely the same volumes; ( I4 )  the resu l t s  show 

the cube, in th i s  case, to have a higher keff  (about 1 %) and tend to  support 

the above, b u t  the s t a t i s t i c a l  uncertainty i n  the Monte Carlo ca1 cul ations 

rules out firm conclusions. However, in examining data from a number of 

other experiments involving cubes of Pu-bearing fue ls ,  i t  i s  t o  be noted t h a t  

the e f fec t  ( r a t i o  of c r i t i c a l  sphere volume to  c r i t i c a l  cube volume) i s  

uniformly depefident on the H/Pu r a t i o ,  o r  degree of moderation, as i s  evident 

from Fig. 6. In the case of well moderated (and larger  systems) the reflected 
. . . .  . .  . .  . 

sphere does, as expected, have a c r i t i c a l  volume or mass about 20% less  than 

that  of the reflected cube, and the Monte carlo calculations a re  in support 

of these r e su l t s .  I t  also has been concluded tha t  fo r  some undermoderated 

mixtures of U(93.5% enriched) and water ,. a r ight  c i rcu lar  cyl inder with 

- .  : 'height-to-diameter r a t i o  (h/d) of about 0.9 may have a s l igh t ly  smaller -- - 
water-reflected c r i t i c a l  volume than a sphere. ( 4 ) ( 1 5 )  This same e f f e c t  also 

was reported to  have been seen in the resul ts  of some two dimensional neutron 

transport cal cul ations made by G .  E .   ans sen. ( l  These concl usions 1 end 

additional support to our conclusions regarding the cube and the sphere. 

In, passing, i t  may be of in te res t  to note tha t ,  in practice,  materials a re  

more l ike ly  to  be encountered in the form of rectangular parallelepipeds o r  

. . cylinders than in the form of spheres. 
. . . . 
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D. ADDED SCATTERERS AND MODERATION 

I n  F ig .  1  and 3, the  c r i t i c a l  mass and rad ius  f o r  var ious  p lu ton ium 

concentrat ions were seen t o  vary cont inuous ly ,  i n  a  smooth b u t  somewhat 

complex manner. We s h a l l  now consider  the  e f f e c t  o f  adding water  t o  t he  

f i s s i l e  core w i t h o u t  a t  f i r s t  changing the  dens i t y  o f  t he  f i s s i l e  i so tope.  

1. A Po in t  o f  D i s c o n t i n u i t y  

F ig .  7 shows the  e f f e c t  o f  adding water  t o  mixed ox ides o f  Pu and U 

beginning a t  7 g/cm3 i n  water p l o t t e d  as a  f u n c t i o n  o f  t he  f r a c t i o n a l  we igh t  

o f  water  added. ( I 6 )  The sphere volume i s  seen t o  decrease i n i t i a l l y  as 

t h e  water  f i l l s  t h e  vo id '  space i n  t h e  oxides. A p o i n t  o f  d i s c o n t i n u i t y  
. ... .. . -. . . . . .  _ _.  _ .  . A _ . - .  

occurs a t  s a t u r a t i o n  i n  t h e  example given. ~ e ~ o n d  t h i s  p o i n t  t he  f u r t h e r  

a d d i t i o n  o f  water  reduces the  dens i t y  o f  t h e  mixed ox ides and t h e  c r i t i -  

. - c a l  volume i s  seen t o  increase.  The r e s u l t  i s  t h a t  t h e  c r i t i c a l  volume 

changes a b r u p t l y  from a  decreasing t o  an i nc reas ing  f u n c t i o n .  
. . .. 

. - ' 

The curve  shape i s  t h e  r e s u l t  o f  f o u r  e f f e c t s :  .added s c a t t e r e r s  

which i n i t i a l l y  reduce neutron leakage, moderat ion by hydrogen, t h e  change 

i n  d e n s i t y  o f  mixed oxides, and, f i n a l l y ,  excess neut ron  abso rp t i on  i n  

hydrogen becomes predominant. 

- 
.-.-__ 2. The Redtlctinn i n  Mass nf t . h ~  Sphere , .. 

. . The n e x t  example (F ig.  8) serves t o  i l l u s t r a t e  t h e  l a r g e  r e d u c t i o n  

i n  c r i t i c a l  mass t h a t  can be brought  about by t h e  mere a d d i t i o n  o f  water  

t o  ox ide  a t  reduced dens i t y .  ( I 6 )  The s t r a i g h t  l i n e s  show t h e  increase i n  

mass as a  r e s u l t  o f  reducing t h e  d e n s i t y  o f  t h e  mixed ox ides .  The bot tom 

curves g i v e  t h e  c r i t i c a l  masses f o r  sa tu ra ted  ox ides.  Note t h a t  c r i t i c a l  

mass reduc t i ons  o f  about' 200 a r e  t h e o r e t i c a l l y  poss ib le .on  s imple s a t u r a t i o n  

o f  t h e  reduced d e n s i t y  oxides w i t h  water.  
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3 .  The Paradox of the Inf in i te  Slab 

The following example i s  interest ing because i t  demonstrates t h a t ,  

under some circumstances, the e f fec ts  will  be d i rec t ly  opposite to  those 

i l l u s t r a t ed  in the previous examples; not only will there be no reduction 

in c r i t ica l ,  mass with added sca t t e re r s ,  b u t  the c r i t i c a l  s i ze  can actual ly  

be increased . 
The e f fec t  of added sca t te rers  on the c r i t i c a l i t y  of s labs was f i r s t  

reported by E. R. Woodcock in 1961 (17) and l a t e r  studied in de ta i l  by 

Makoto Iwai. (18) 

E. R.  Woodcock had reported t h a t ,  i f  the core were i n  the  form of a 

thin disc  o r  s l ab ,  a reverse e f fec t  could occur in,which the additional 
" 

scat ter ing centers would now tend to sca t t e r  neutrons out of the core 

and the c r i t i c a l  s i ze  would increase, 

Makoto Iwai performed a study on the 'effect of added sca t te rers  

(0, C,  N )  on c r i t i c a l i t y  by means of transport  theory calculations 

u t i l i z ing  the DTF-IV code. (I9 ) His study pertained t o  plutonium com- 

pounds l ike ly  to  be encountered throughout the nuclear industry - i n  

fuel processing and fabrication processes. His resu l t s  do, indeed, 

confirm t h a t ,  in some cases of unrnoderated thin slabs with hydrogenous 

re f lec tors ,  the e f fec t  of added sca t te rers  can cause an increase in 

the c r i t i c a l  dimension contrary to the usual expectation tha t  the s i ze  

should be reduced in such cases. The dominant factor  causing the , *. ..-.- 

increase in s lab thickness was the decrease of neutron leakage into the 

moderati ng ref 1 ector  . 



E .  DENSITY EFFECTS 

The variation of c r i t i c a l  s ize  and mass with changes in density i s  of 

special i n t e re s t .  For a bare system to remain c r i t i c a l ,  while the density 

i s  changed uniformly, a l l  the l inear  dimensions must be scaled inversely as 

the density. To maintain the same nonleakage probability o r  the same number 

of mean f r ee  paths in the system, the dimensions and density must be inversely 

proportional. I t  follows tha t  the c r i t i c a l  mass of an unreflected sphere 

will vary inversely as the square of the density, Mc .I. p-'. For in f in i t e ly  

long cylinders,  the c r i t i c a l  mass per uni t  length will  vary inversely with 

- 1 density, Mc 1. p . In the case of i n f i n i t e  s labs,  the mass per uni t  area,  
0 

M, = P = constant, and remains unchanged. An unreflected i n f i n i t e  s lab 

which i s  subcri t ical  remains so,  i r respect ive of the density;  c r i t i c a l i t y  in 

t h i s  case could be achieved only by adding more material to  the s lab  so as 

to  increase the mass per uni t  area. .For reflected systeins, in which the core 
- .  

and ref lec tor  density are  varied independently, the variation in the c r i t i c a l  

mass fo r  f i n i t e  geometries i s  given by 

Mc = (core density)-" ( re f lec tor  densi t y ) - n ,  

- with the provision tha t  m + n = 2. ( 20) 

We shall  now c i t e  an example contrary to  the usual expectation tha t  
/ I '  

the c r i t i c a l  mass should be increased as the core density i s  reduced. 

. . 1.. External Moderation 
. , 

Surrounding the f i s s i l e  material with thick moderating and weakly 

absorbing ref lec tors  such as graphite,  heavy water, or beryllium, can cause 

. . str iking and unexpected changes to  occur w i t h  core density change. (15)(21) 

The ef fec t  i s  i l l u s t r a t ed  in Fig. 9 ,  where the c r i t i c a l  mass of U(93.5) metal 

. -  . 
ref lected 'by graphite and beryllium has been plotted against density of 
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2 3 5 ~  metal in the core. The c r i t i c a l  mass i s ,  a t  f i r s t ,  seen t o  increase,  

and then, contrary to the usual expectation, the change reverses i t s e l f  and 

the c r i t i c a l  mass decreases with decreasing core density. I t  should be borne 

in mind tha t  the core i s  not being diluted with any material ,  b u t  merely 

reduced in densi ty  . 

The region of core density throughout which a  decrease cau.ses a  smaller 

c r i t i c a l  mass would be c r i t i c a l l y  unstable with respect to an increase i n  

temperature. In the event of c r i t i c a l i t y ,  the heat from f i ss ion  would reduce 

the core density and cause a  fur ther  increase i n  react ivi ty .  This autocatalyt ic  

process would then continue until  the core density was suf f ic ien t ly  low tha t  

the c r i t i c a l  mass was again increasing as the core density was reduced, or  

until the re f lec tor  was reduced in density suf f ic ien t ly  to reduce i t s  

effectiveness. 
- . . . . . . . .. . .. -. . .. . - . .  . 

2. Internal Moderation - Unbounded Regions and Multiple Inf ini ty  

As interest ing as the preceding example may be, the following anomaly 

. i s  perhaps even more strange. The variation in c r i t i c a l  mass with core 

density change f o r  a weakly absorbing ref lec tor  (such as graphite) was shown 

- --.- - - - _ i n  Fig. 9. I t  should be borne in mind that  t h i s  variation was merely the 
. . 

r e su l t  of a  simple density change within the core. Let us now consider the 

combined ef fec ts  of reducing the core density and also f i l l i n g  the void 

space with graphite (di lut ing the core with graphite).  For t h i s  par t icular  

i l l u s t r a t ion  there will  be - no external re f lec tor ;  the core will  be unreflected, 

or  bare, b u t  in ternal ly  moderated. 

A parametric study was made in 1967 by L. B .  Engle and W .  R. Stratton (22 

. , o f  bare homogeneous spheres containing 2 3 5 ~ ,  2 3 8 ~  and carbon in various 

mixtures. Figure 10 shows the unusual resul ts  of the i r  calculatjons.  There i s  

, . 
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noth ing  unusual about the  curve fat f u l l y  enr iched uranium (93-1/2%), b u t  

note the  appearance o f  c r i t i c a l l y  unbounded reg ions  f o r  2 3 5 ~  d e n s i t i e s  between 

about lo- '  and 2 g/cc f o r  uranium enrichments l e s s  than a 11%. It i s  a l s o  

t r u e  t h a t ,  f o r  every enrichment, t h e  c r i t i c a l  mass w i l l  become i n f i n i t e  on 

the  l e f t  . s i de  0.f t h e  Fig.;  i .e . ,  f o r  s u f f i c i e n t l y  smal l  2 3 5 ~  d e n s i t i e s  ( a t  

l a r g e  c / ~ ~ ~ u  r a t i o s ) .  The minimum c r i t i c a l  enrichment f o r  metal  (enrichment 

f o r  which km i s  u n i t y  w i t h  no d i l u t i o n )  was computed t o  be 5.694%. (22)  Now 

i t  i s  c l e a r  t h a t  whenever km becomes u n i t y  t he  c r i t i c a l  mass becomes i n f i n i t e .  

The c a l c u l a t i o n s  show the  c r i t i c a l  mass t o  become i n f i n i t e  a t  t h r e e  

d i f f e r e n t  2 3 5 ~  d e n s i t i e s ,  p r o v i d i n g  t h e  enrichment i s  i n  t h e  range between 

5.7 and li%. This can be exp la ined as fo l l ows .  As carbon i s  added t o  t h e  

metal ,  t he  neut ron  spectrum w i l l  be degraded s l i g h t l y  i n  energy. Eta f o r  

2 3 5 ~  w i l l  be reduced somewhat, as w i l l  f a s t  f i s s i o n  i n  2 3 8 ~ ;  t o  t h e  con t ra ry ,  
. . . .  - 

. .  . *pcnn?nce r=:+urc i r .  238, v j l l  be ioir irni;dt enhahc~s .  Over  a range of  C/U 
:: . 

r a t i o s  km w i l l  become, and remain, l ess  than u n i t y ;  b u t  on f u r t h e r  moderat ion, 
I 

a s  the  neutron spectrum becomes s u f f i c i e n t l y  w e l l  thermal ized,  resonance 
1 

capture i n  2 3 8 ~  w i  11 be s i g n i f i c a n t l y  reduced a n d  km w i l l  now exceed u n i t y .  
I : 

U l t ima te l y ,  excessive absorp t ion  i n  t he  g r a p h i t e  ( a t  ve ry  low 2 3 5 ~  d e n s i t i e s )  ! 

,. ---- 1 
- 

reduces km t o  values t h a t  a re  again l e s s  than u n i t y .  Thus, w i t h i n  t h e  enrichment 

ranges def ined,  t h e r e  can be as many as t h r e e  d i f f e r e n t  c / ~ ~ ~ u  atom r a t i o s  f o r  i 

* 
which km i s  u n i t y  and t h e  c r i t i c a l  masses and dimensions become i n f i n i t e .  

I 

F. CRITICALITY AND THE NEGATIVE BUCKLING CORE I 
1 

The example under "External Moderat ion" served t o  i l l u s t r a t e  t h a t ,  under j 
c e r t a i n  circumstances, t he  c r i t i c a l  mass cou ld  be reduced by a r e d u c t i o n  i n  core  

I i 
. . dens i ty ,  b u t  f o r  t h e  cases described, k, ( t h e  rep roduc t i on  f a c t o r  f o r  an i n f i n i t e  i 

I 

s i z e  core)  would always have exceeded u n i t y .  We s h a l l  now c i t e  an example t h a t  i s  j 



contrary t o  the  usual expectation t h a t  km f o r  the  fuel mixture has to  be g rea te r  

than unity i f  c r i t i c a l i t y  i s  to  be achieved. I t  follows l og i ca l l y  from the  simple 

formula, keff  = km P ,  where P i s  the  nonleakage probabi l i ty ,  t h a t  ke f f  becomes 

equal t o  k- f o r  t he  case of no neutron leakage (an i n f i n i t e l y  l a rge  system). 

I t  would be  reasonable t o  assume, the re fore ,  t h a t ,  i f  the  system could be 

made i n f i n i t e l y  l a rge  and remain s u b c r i t i c a l ,  a  reduction in s i z e  could hardly 

be cause f o r  concern. Yet, an example can be given in which k, of the  core i s  

l e s s  than unity ( the  core buckling is  negat ive) ,  but c r i t i c a l i t y  can be achieved 

nonethel ess  . 
In 1968, a study was made of the  pos s ib i l i t y  of inducing c r i t i c a l i t y  i n  

unmoderated, negative buckling cores of s l i g h t l y  enriched uranium by using 

moderating ref  1 ec to r s  . (23)  I t  was demonstrated (by means of ca lcu la t ions )  

t h a t ,  given ce r t a in  r e f l e c t o r  conditions , a f i n i t e ,  r e f lec ted  system w i t h  
. . .  . .. . 

negative core buck1 ing (km . - < 1 .O) could have a k e f f  - > 1 . O .  Some of M.  L .  

Blumeyer's r e s u l t s  a r e  included i n  t he  following t a b l e ,  which i  1 l u s t r a t e s  

the  point i n  question and shows keff t o  be g r ea t e r  than k-. 

TABLE 1 

Cui~~puLrd keff  f o r  Spheres o f  1000 cm Corc Radius 

with 500 cm Thick D20 Reflector 

Materi a1 Enri chment H/U in  Core - k- !kt€ 

Uranyl Ni t ra te  - 
U02(N03)2 2.26 w t %  5.90 0.999 1.012 

Metal - Full 
Dens i  t y  2.96 w t %  zero 1.006 1 .I70 



The resu l t s  fo r  1 i g h t  water ref lectors  were inconclusive, b u t  negative 

for  the few cases examined. I t ,  tlierefore, remains problematical as to  

whether a system with a negative buckling (k, < 1 )  could be found tha t  could 

be made supercr i t ical  in f i n i t e  s ize  with l igh t  water r e f l ec t ion .  

G .  THE COMPLEX REFLECTOR 

The crit i 'cal  mass, or  dimension, i s  reduced as a r e su l t  of neutron 

reflection from materials external t o  the f i s s i l e  bearing core. There are  

wide differences in the effectiveness of re f lec tors ,  b u t  in a re la t ive  

sense, the best re f lec tor  i s  t ha t  which resu l t s  i n  the smallest c r i t i c a l  

size. '  Reflectors frequently consist  of more than one layer of ref lect ing 

mate'rial such as s tee l  and water or  s tee l  and concrete, e tc .  Although i t  

might appear logical t o  assume tha t  a combination of ref lect ing layers 

would not be be t t e r  than the best ref lector  separately,  there a re  noted 

exceptions . 
I 

. 235 Experimenrs wi.th a UH3C sphere, reflected with layers of nickel 

and natural uranium, show a composite re f lec tor  consisting of 1/2 in .  thick 

nickel next to  the core, surrdunded by natural uranium, gives a s igni f icant ly  

smaller c r i t i c a l  mass than e i the r  re f lec tor  alone. (24 1 

- - - -- . - 
---- .- _ There i s  no verif ied explanation f o r  the e f f ec t ,  b u t  i t  i s  suspected 

tha t  i t  may be associated with a strong scat ter ing resonance tha t  nickel 

has a t  about 16 keV. (25 1 

H.  THE DISSOLVER PARADOX 

The dissolution process can involve f i s s i l e  material in the form of 

metal or  oxide i n i t i a l  ly  ; whereas, during the intermediate s tage,  the . . 

material will be surrounded by a solution containing the pa r t i a l ly  dissolved 

material. In the f inal  s tep,  a l l  of the material i s  dissolved, with the 

concentration being determined by the quantity of material s t a r t ing  the process. 



One m igh t  conciude t h a t  i f  the  m a t e r i a l  were s u b c r i t i c a l  i n i t i a l l y ,  

and when f u l l y  d isso lved,  the  process cou ld  s a f e l y  proceed, b u t  t h i s  does 

n o t  necessa r i l y  f o l l o w ,  as du r ing  the  in te rmed ia te  stage o f  t he  coupled 

fas t - thermal  system, c r i t i c a l i t y  may occur .  

I n  t he  case o f  an i d e a l i z e d  p lutonium d i s s o l v e r ,  i t  has been shown 

t h a t ,  a t  l e a s t  f o r  t he  condit ions.assumed, i t  i s  poss ib le  t o  begin d i s -  

s o l u t i o n  i n  a  system t h a t  i s  s u b c r i t i c a l  a t  bo th  the  s t a r t i n g  and ending 

con f i gu ra t i ons  and y e t  achieve s u p e r c r i t i c a l i t y  somewhere i n  between 

a l though t h e  t o t a l  mass o f  Pu i n  t he  form o f  s o l u t i o n  and/or i n  metal  o r  

oxide has remained cons tant  (see i l l u s t r a t i o n ,  F ig .  11.) (26 1 

The computed curves i n  F ig.  12 show t h e  c r i t i c a l  masses ( t o t a l  Pu-239 i n  

metal and sphere s o l u t i o n )  and the  corresponding c r i t i c a l  volumes o f  t he  d i s -  

s o l v e r  ( reg ions  I and 11).  The c r i t i c a l  envelope i s  drawn t a n g e n t i a l l y  t o  t h e  

var ious  curves and the  s u b c r i t i c a l  reg ion  i s  t he  reg ion  below t h i s  envelope. 

. . . .  - The pocsihil it:/ cf 2 system S c i ~ g  subcr:'tic;l ;t t k z  kc,;;,;,;;;$. zzd 2;;: o f  

d i s s o l u t i o n ,  y e t  be ing  s u p e r c r i t i c a l .  i n  between i s  f u r t h e r  i l l u s t r a t e d  i n  F ig .  

1.3 f o r  the  case o f  a  3-kg mass d i s s o l v i n g  i n t o  -a  5-1 i t e r  volume. The c r i t i c a l  

mass becomes l e s s  than 3  kg t o t a l  mass a t  o r  near 40 g / l  i t e r  i n  s o l u t i o n  and 

reaches a  minimum of 2.8 kg  a t  about 100 g / l i t e r .  I n  t h e  example g iven t h e  
- . 

- ._ ._ system would then have become superc r i . t i ca1  a t  a  s o l u t i o n  concen t ra t i on  > 40 

g l l i t e r  and would have remained so u n t i l  t h e  concen t ra t i on  reached about 350 

A t  f i r s t  hand, i t  may seem s u r p r i s i n g  t h a t ,  i n  t he  case o f  a  homogeneous 

aqueous m i x t u r e  o f  low enr iched uranium, the  2 3 5 ~  mass r e q u i r e d  f o r  c r i t i -  

c a l i t y  can be s i g n i f i c a n t l y  l e s s  than f o r  f u l l y  enr iched U  (93.5%) w i t h i n  a  

narrow t i /U range a t  t he  same t o t a l  ( 2 3 5 ~  + 2 3 8 ~ )  c o n ~ e n t r a t i o n . ( ~ ' )  This i s  

ev ident  from F igu re  14, which g ives computed 2 3 5 ~  c r i t i c a l  masses f o r  5.0 w t %  
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C O M p ~ T E D  C R I T I C A L  MASS ( T O T A L  2 3 9 ~ u )  V E R S U S  

V O L U M E  a - 2 3 9 ~ u  I N  P u 0 2  + H 2 0  S O L U T I O N  

Trans. Am. Nuc. Soc. 6 
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C O M P U T E D  C R I T I C A L  M A S S  V E R S U S  
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COMPUTED CRITICAL MASSES OF WATER REFLECTED SPHERES OF URANM NITRATE 
SOLUTIONS (NO EXCESS HN03) 

FIGURE 14 



enriched U and 93.5 w t %  U plotted against H / U  235 + 238 atom ra t ios .  
( u u 

However, in cases such as these,  i t  i s  always the H / ~ ~ ~ u  r a t i o , .  ra ther  than 

concentration per se ,  t ha t  i s  the controlling factor .  If both curves were 

plotted against  H / ~ ~ ~ u  r a t i o  (instead of total  U ) ,  the lower enriched uranium 

case would be seen to  have the larger 2 3 5 ~  c r i t i c a l  mass f o r  the same H/ 
235u 

ra t io .  

I t  should be borne in mind, however, t ha t  in nongeometrically safe  

situations (wherein vessels are  not safe  by geometry) i t  would be possible 

to achieve c r i t i c a l  i  ty  (a1 bei t over 1 imi ted concentration ranges) with a 
235 smaller quantity of . U in the form of low enriched U than i f  the 235" 

- were in the highly enriched form! 

Not,  however, explained are  some interest ing calculations tha t  indicate 

an interacting array of 30.0% 2 3 5 ~  enriched metal spheres could have a 

lower c r i t i c a l  l a t t i c e  density than an array of 93.2 % 2 3 5 ~  enriched spheres,.. . . , , 

. , . . .  . .. .. . . . ? 

of identical volume, and t h u s '  a  smaller c r i t i c a l  235U mass in the lower 

enrichment array. (28) (See Figure 15.) In the case of these interacting 

arrays,  the calculations imply tha t  a s i tua t ion  might be obtained whereby 

a smaller c r i t i c a l  2 3 5 ~  mass could be achieved in a given array volume by 
. + - .  . 
. .. , mixing the 2 3 5 ~  with 2 3 8 ~ !  The array would contain fewer, b u t  l a r g e r ,  uni ts  

distributed over i t s  volume with a net reduction in total  2 3 5 ~  content. 

J .. ' AN ARRAY ANOMALY 

1. Mixed Units in Storage 

The c r i t i c a l i t y  of an array of units involves ,the e f f ec t  of neutron 

interaction between l ike  or  dissimilar quant i t ies  of other nuclear materials 

that  may be in the v ic in i ty .  Suffice i t  t o  say, the problem of computing 

c r i t i c a l i t y  becomes more complex when . interact ing arrays of units a re  t o  be 

considered, such as may occur in storage areas and in shipments of containers 
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o f  nuc lear  m a t e r i a l s .  I n  any opera t ion ,  n o t  o n l y  must s u b c r i t i c a l i t y  

be es tab l i shed  f o r  a  s i n g l e  u n i t ,  b u t  t he  degree o f  s u b c r i t i c a l  i t y  o f  t he  

system as a  whole; f o r  example, the  e f f e c t s  o f  in te rconnected and ad jacent  

pipes must be evaluated i n  processing p lan ts .  

An i n t e r e s t i n g  problem concerns the  mix ing  o f  u n i t s  w i t h i n  an a r ray .  

I f  i t  has been determined t h a t  an a r ray  can s a f e l y  handle A u n i t s  o f  metal  . 
- 

by i t s e l f ,  and B u n i t s  con ta in ing  d i sso l ved  f i s s i l e  m a t e r i a l  i n  s o l u t i o n  

by i t s e l f ,  then i s  i t  l o g i c a l  t o  assume t h a t  these u n i t s  cou ld  be mixed 

together  i n  t h e  a r r a y  a t  t he  same l a t t i c e  spacing, p r o v i d i n g  the  combined 

number were l e s s  than e i t h e r  A o r  B? S u r p r i s i n g l y ,  t h e  answer can be "no", 

as borne o u t  by the  f o l l o w i n g  s imp le  example (see F ig .  16 and Table 11.) (29) 

Note t h a t  t h e  t o t a l  number can be s i g n i f i c a n t l y  l ess ,  depending on 

the p a t t e r n  o f  p o s i t i o n i n g  used. 

3 ::.*- f re- nm: + L  - - . .  . &. , ,  , ,,,q. 7 o o d i n g :  A ; U ? = ~ I Z ; I ~ I  u i  T r i p l e  C r i i i c a i i t y j  

The prev ious example was used t o  show tha t ,  on m i x i n g  metal and 

s o l u t i o n  u n i t s  together ,  t h e  t o t a l  c r i t i c a l  number cou ld  be l e s s  than t h a t  

f o r  e i t h e r  o f  t h e  u n i t s  when s t o r e d  separa te ly  i n  t h e  same c o n f i g u r a t i o n .  

An i n t e r e s t i n g  problem concerns the  e f f e c t  on c r i t i c a l i t y  f o r  an a r r a y  

o f  i n t e r a c t i n g  u n i t s  i f  t h e  water  content  o f  t h e  i n t e r v e n i n g  a i r  spaces 

w i t h i n  t h e  a r r a y  were increased. Th is  cou ld  be brought  about by t h e  use 

' 
o f  water  f o r  f i r e  c o n t r o l  o r  p o s s i b l y  through the  use o f  automat ic  s p r i n k l e r  

systems i n  b u i l d i n g s  so equipped. 

I n  case o f  s t o r i n g  mixed ox ide  f u e l s  o f  Pu02 and UNATO2, o r  s l i g h t l y  

enr iched uranium, th ree  e f f e c t s '  (shown schemat ica l l y  i n  F ig .  17) w i l l  be 

paramount. For purposes o f  i l l u s t r a t i o n ,  l e t  us assume t h e  Pu con ten t ,  

o r  2 3 5 ~  content  i n  t h e  U, t o  be l e s s  than 5% such t h a t  c r i t i c a l i t y  would 

n o t  be poss ib le  w i thou t  t h e  a d d i t i o n  o f  moderator, taken i-n t h i s  case t o  
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' TABLE I1 

Mixed U n i t s  o f  3.5 kg Pu Metal and 
125 g  Pu i n  S o l u t i o n  (H/Pu Ra t io  o f  500) 

(Cubic Ar ray)  

Spacing Between Un i t s  C r i t i c a l  Numbers 'Tota l  
Center-to-Center Metal U n i t s  S o l u t i o n  U n i t s  . Number 

26 an None n n U V  tiu 
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be water. The array i s  well subcri t ical  i n i t i a l l y .  - Depending on the fuel 

composition making u p  the fuel bundles, and the storage arrangement used - 
i t  i s  possible by means of Monte Carlo calculations to  generate the type 

of curve shown. The three e f fec ts  involve 1 )  internal moderation of the 

fuel elements within each fuel bundle, 2 )  ref lect ion about the array as a  

whole and also about each individual unit and, 3 )  interaction between units 

I n i t i a l l y ,  the value of kef f  increases rapidly with increased water density 

due to  internal moderation, external ref lect ion and enhanced interact ion.  

Interaction i s  enhanced because a  small amount of water ( typical ly  a  few 

percent of f u l l  water density) in the space between uni ts  will slow down 

some of the neutrons in the interaction process. The number of neutrons 

actually arriving a t  a  second uni t  will be l e s s ,  b u t  there will be a  higher 

probability f o r  f iss ion i f  the neutron energy i s  reduced. However, w i t h  too 

much moderation or  intervening water, too many neutrons will be absorbed 

between the units and the e f f ec t  of interaction will be reduced. The 

value of keff  i s  rapidly increased a t  f i r s t ,  then fa1 l s ,  due to  the decrease 

in neutron interact ion.  If the surface-to-surface distance between fuel 

bundles i s  some 8 - 12 in.  or more, then, on f u l l  flooding, the reac t iv i ty  

of the array would become merely tha t  fo r  a  s ingle  bundle of fuel immersed. 

in water. With f u l l  flooding, the neutron interaction would be reduced 

to  zero. 

Note tha t  in going from the completely dry case to  the fu l ly  flooded 

condition, c r i t i ca l i ty . cou ld  occur a t  three d i f fe rent  water densi t ies  

being separated by two subcri t ical  regions of water density.  I t  . i s  

important, therefore,  for  determining t h e  safety of a  given storage array 

tha t  the e f fec t  of sprinkler systems, and the use of water fo r  f i r e  control,  

be ful ly .examined over the f u l l  range of water dens i t ies .  



K. AM ODDITY OF PoIsor~ (THE CONTROL ROD AND THE SOLUTION SPHERE) 

I n  e a r l y  c r i t i c a l i t y  experiments w i t h  Pu s o l u t i o n s  i t  was noted w i t h  

some s u r p r i s e  t h a t ,  as a  ho l low c y l  i n d e r  c o n t r o l  rod was moved i n t o  the  

s o l u t i o n  o f  a  sphere along i t s  ax i s ,  t he  r e a c t i v i t y  a c t u a l l y  increased d u r i n g  

the  i n i t i a l  phases o f  rod  i n s e r t i o n  and then reversed i t s e l f ,  c o n t r a r y  t o  

the usual expecta t ion  t h a t  keff  should be cont inuous ly  reduced i n  such 

cases. (30)  A  copy o f  t h e  c h a r t  reco rd ing  (he re to fo re  unpubl ished) showing 

the st range v a r i a t i o n  i n  neutron f l u x  w i t h  c o n t r o l  rod  movement i s  shown 

i n  F igure  18. As noted, when the  c o n t r o l  r o d  ( tube)  entered t h e  s o l u t i o n ,  

f o r  spheres t h a t  were n o t  q u i t e  f u l l ,  t he  f l u x  was f i r s t  observed t o  r i s e  

and then f a l l .  This  p e c u l i a r  behavior  m igh t  be expected i f  t h e  r o d ' s  

poison worth were smal l ,  f o r  i n  t h a t  case t h e  f i r s t  p o r t i o n  o f  t he  rod  i s  

worth more i n  t e rns  o f  a  volume displacement o f  s o l u t i o n  ( t h e  sphere i s  

becoming e f f e c t i v e l y  more f u l l  ) than as a  neutron absorber.  The e f f e c t  was 

es t ima te i  t o  De approximate ly  t en  cents from the  m u l t i p l i c a t i o n  curves .' 

p l o t t e d  w i t h  the  c o n t r o l  rod  i n  t h e  f u l l  o u t  p o s i t i o n  and then p a r t i a l l y  

inser ted .  A  p e r t u r b a t i o n  c a l c u l a t i o n  subsequently prov ided an es t imate  o f  

8.4 cents.  

- _ L. EVEN-N VS. ODD-N NUCLIDES - A REVERSAL ON THE EFFECTS OF MODERATION 

I n  F igure  1  , s t r i k i n g  changes were observed t o  occur i n  t h e  c r i t i c a l  

mass as the  f i s s i l e  i so tope  was d i l u t e d  w i t h  water .  The e f f e c t  o f  moder- 

. .  a t i o n  was t o  enhance c r i t i c a l i t y  and t o  reduce t h e  c r i t i c a l  mass by  a  f a c t o r  

o f  ten. This  same type o f  curve p r e v a i l  s  f o r  o t h e r  odd-n nucl  ides ,  
233u 

and 2 3 5 ~ ,  e t c .  We s h a l l  now c i t e  examples i n  wh i th  t h e  sma l l es t  mass occurs 

f o r  the  unmoderated system, where t h e  e f f e c t  o f  water  i s  t o  prevent ,  r a t h e r  

than enhance, c r i t i c a l  i ty. 



C O N T R O L  R O D  EFFECT O N  FLUX LEVEL 

FLUX LEVEL 

FIGURE 18 



24 1 Nuclides such as ';;pa, ';:N~, 2 2 i ~ u ,  2::~u, 95Am, 2 : t ~ m ,  and 'ZiCf 

contain even numbers of neutrons and a l l  a re  f iss ionable,  though not f i s s i l e .  

Fissionable nuclei a re  considered those for  which a chain reaction can be 

s e t  up, with the majority of f i ss ions  caused by high energy neutrons. Fis- 

s i l e  nuclei a re  those for  which i t  i s  possible to  s e t  u p  a chain reaction 

in which the majority of f iss ions a re  caused by thermal. o r  slow neutrons. 

T t  follows t h a t  the known nuclei which are  f i s s i l e  are  f iss ionable,  b u t  not 

the converse. Calculations show tha t  c r i t i c a l i t y  can be obtained w i t h  each 

o f  the above l i s t e d  fissionable even-n nuclides b u t  only under essent ia l ly  

unmoderated conditions. Results of known calculations made t o  date are  

sumnarized in Table 111, which also includes c r i t i c a l  mass values f o r  the 
(31,32) 

odd-n nucl ides . 
In considering the c r i t i c a l i t y  of the even-n nuclides, i t  is  noted tha t  

the optimum condition f o r  c r i t i c a l i t y  i n  terns  of minimum mass i s  reversed. 

I t  i s  reversed i n  the sense tha t  mixing moderator w i t h  an odd-n nuclide (such as 

2 3 9 ~ u  o r  2 4 1 ~ u )  produces the condition resul t ing in the smallest  c r i t i c a l  mass. 

For the even-n nuclides, moderation i s  found to prevent - rather  than enhance - 
c r i t i c a l i t y .  The guaranteed. presence of a small amount of moderating di luent  

would then ensure against accidental c r i t i c a l i t y  and serve as a method of 

c r i t i ca l  i t y  control . 

The e f fec t  i s  i l l u s t r a t ed  in Fig. 19, which gives the value of k, 

and c r i t i c a l  radius fo r  ' 2 : ~ ~  as a function of metal concentration. As 

moderating materi a1 i s  added to a metal -atoms-i n-water system, k, 

decreases s teadi ly ,  as shown in the Figure, from tha t  f o r  a pure metal a t  

20.45 kg / l i t e r  through a value of unity a t  a 2 3 7 ~ p  concentration of about 
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I TABLE.' IIT: 
Neutron Fissionability and Criticality 

.. , 

P 
N 

Computed o r  Measured Crit ical  
Masses of Metal Spheres: 

Fast ,  Unmoderated Systems 

:::, :I: I :::: 1 
---- -- - - 

---- ----  ---- 

Bare 
(kg) 

---- 
----. 
---- 
16.5 

49 .O 

---- 
68.6 

7.2 

10 .O 

158.7 

---- 
113.5 

- - - -  
---- 
---- 
23.2 

---- 
---- 

Nuclide ~ y p e '  zZ/A 

(Ref. 321 

b ~ n  = activation elrergy for fission (fissior. time 10"~ sec); En i s  0.9 MeV I s s  than fission ba r r i e r  (Ref. 3 3  
C L L  = neulron binding energy for nuclide of mass  A + 1 (Ref. .3 3,) . . 
d '~ in i rnum mass for homogeneous aqueous solutions. 
CNo question corlcerning the possibility of criticality, but no calculations a r e  known to have been made. 

computed (see Ref. 3 1) . , 

Even-even 

Odd-even 

Odd-odd 

Even-odd 

Even-odd 

Even-even 

Odd-even 

Even-even 

Even-odd 

Even-even 

Even-odd 

Odd-even 

Odd-odd 

Odd-even 

Even-odd 

Even-even 

Even-ocld 

Even-odd 

Even-odd 

Even-even 

Even-odd 

Even-even 

Odd-odd 

number; 

34.91 

35.85 

35.49 

36.33 

36.02 

35.56 

36.49 

37.13 

36.9.7 

36.82 

36.66 

37.54 

37.29 

37.14 

37.93 

37.77 

37.62 

37.31 

38.57 

38.42 

38.26 

38.11 

38.59 

neutron 

Water 
Reflected 

(kg) 

---- 
---- 
---- 

7.3 

22.8 

---- 
64.9 

5.6 

5.42 

148.4 

6 .O 

105.3 

---- 
- - -- 
---- 
22.0 

---- 
----  

. . 
awh'h 
n r  slPa 

. En 
(MeV) 

Steel 
Reflected 

(kg) 

---- 
---- 
---- 
---- 

---- 
43.1 

4.5 

---- 
96.4 

---- 
71.4 

-- - - 
---- 
- - --  
14.2 

---- 
---- 

. 

. . 

6.0 

5.94 

5.7 

5.1 

5.2 

5.7 

5.7 

5.2 

4.8 

5.3 

5.0 

5.4 

5.1 

5.5 

4.5 

5.0 

4.6 

4.7 

4.3 

4.7 

4.4 

4.8 

4.7 

number. 

232 
clPa 
a1 42U 
n a  
52U 

238 ,,U 
23 7 91Np 
2.30 
8 4 P ~  
a5 wPu 
240 
-Pu 

21 I 
,,Pu 

2.1 1 
S , A ~  

B, 
(MeV) 

2, 2 ~ 1 n  
! wa ~5Am 

24.1 
&Cm 

2 t i  

?Cm 
a15 
&m 

247 
=Cm 

24 9 p8Cl 
, . 
. ' 250 98Cf 

25 1 Q ~ C ~  
' a2 

,,Cf 
25 4 
,,Es 

=Proton 

4.8 

'5.6 

6.5 

6.8 

6.5 

4.8 

5.5 

5.6 

6.4 

5.24 

6.3 

5.5 

6.4 

5.4 

6.8 

5.5 

6.5 

6.2 

6.6 

5.1 

6.2 

4.8 

6.0 

B.-En 
(MeV) 

-1.2 

-0.34 

0.8 

1.7 

1.3 

-0.9 

-0.2 

0.4 

1.6 

-0.06 

1.3 

0.1 

1.3 

-0.1 

2.3 

0.5 

1.9 

1.5 

2.3 

0.4 

1.8 

0.0 

1.3 

Criticality 

. Slow-Neutron 
Chain Reaction 

Computed o r  Measured Crit ical  
Masses of Solution Spheresd; 

Thermal Systems a t  

.Aspects 

Fast-Neutron 
Chain Reaction 

No 

N o 

Queslionable 

Yes 

Yes 

No 

No 

No 

Yes 

N o 

Yesf 

N o 

Yesf 

No 

Yesi 

N o 

Yesf 

Yesf 

Yesi 

No 

Yesf 

' No 

IndicatedC 

Optimum 

Bare 
(kt?) 

---- 
---- 
---- 
1.2 

1.5 

---- 
---- 
--- - 
0.905 

- - - -  
---- 
---- 
---- 
- - -- 
---- 
---- 
---- 
---- 
---- 
---- 
---- 
---- 
---- 

No 

lndicated 

IndicatedC 

Yes 

Yes 

No 

y e s f  

y e s i  

Yes 

Yesf 

y e s f  

y e s i  

Indicatede 

Indicated 

IndicatedC 

Yesf 

lndicatedC 

IndicatedC 

lndicatede 

Indicatede 

Indicatede 

IndicatedC 

Indicate& 

Moderation (Ref. 3 2) 

Water 
Reflected 

' (kg) 

---- 
- - - -  
---- 
0.59 

0.82 

---- 
---- 
---- 

0.53 

---- 
0.26 

---- 
0.023 

---- 
0.213 

---- 
0.042 

0.159 

0.032 

---- 
0.010 

---- 
---- 
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12.7  kg/l i ter .  Below 12.7 kg/l i ter ,  the reproduction factor for an inf in i te  - 
system (k,) becomes less than unity and c r i t i c a l i t y  i s  no longer possible. 

Over the concentration range where cr i t ica l  i ty i s  possible, the cr i t ica l  

radius for a steel-reflected sphere of metal atoms in water varies uniformly 

from a minimum of 8.0 cm (43 k g )  for the pure metal to a maximum value 

approaching infini ty as the minimum cr i t ica l  concentration of 12.7 kg/l i t e r  

i s  approached. 

The effect of energy degradation a1 so becomes .eviden't in the refl ector 

savings of such a system. A good moderating material, such as water, returns 

neutrons of reduced energy to the core.  In the case' of many of the 

refl ected neutrons are degraded in energy below the effective fission thresh01 d 

and, hence, these returning neutrons contribute l i t t l e  to  the fission.process. 
. . '. 

M. THE INFINITE SEA CONCENTRATION 

The limiting cr i t ica l  concentration i n  water i s  defined as tha t  uniform 

concentration of the f i s s i l e  isotope that  i s  required t o  obtain a k, of unity. 

In the case of plutonium the "infini te  sea" concentration i s  7.2 f 0.1 g/l i t e r  

(H/Pu ra t io  2 3680). (8) A t  th is  point, about half of the neutrons released 

i n  fission are absorbed in the diluent (H20), since , , 
( . 

kco = 2.U8 f = 1 ,  where 2.08 i s  the n for Pu .  

I t  should be remembered that  i t  i s  not the concentration per se that  i s  

important, b u t  rather the rat io of absorbing atoms to f i s s i l e  atoms which 

determines th is  1-imit, and i s  the controlling factor. . .  , . 
. . . . - ' 

, . . .  

Crit ical i ty in Earth 

Let us consider the discharge of di lute plutonium solutions t o  

earth (such as in the case of an underground waste trench or sludge- 

f i l l ed  vessel).  1nitidlly;there would be noproblemof c r i t i c a l i t y ,  



providing the Pu concentration in the aqueous solution were uniform and 

less  than 7.2 g / l i t e r ,  fo r  below th i s  concentration k would be less  than 

unity even for  an in f in i t e ly  large system. 

Let us assume the Pu to  build u p  uniformly and be held as in a  

matrix within the sand or  s o i l .  Subsequently, the so i l  begins to  dry 

out and our earth system could become supercr i t ica l ,  even'though the 

concentration of Pu in the soi l  were s ignif icant ly less  than 7.2 g l l i t e r !  

This seemingly anomalous happening may be explained as follows: 

I t  i s  well known tha t  a  d i lu t e  aqueous solution containing l e s s  than 

7 .2  g  Pu l l i t e r  could be contained in a  large vessel and be well sub- 

c r i t i c a l  i n i t i a l l y ,  and subsequently achieve c r i t i c a l i t y  through the 

simple process of evaporation. In t h i s  case, however, the f i s s i l e  atom 

density would automatically increase beyond 7.2 g l l i t e r  as the water 

evaporated and tne solution concentrated. 

The problem of c r i t i c a l i t y  i s  unique as given herein,  because the 

density of f i s s i  l e  atoms could, theore t ica l ly ,  remain unchanged as the 

so i l  dried and ye t  c r i t i c a l i t y  could occur a t  concentrations s ignif icant ly 

below 7.2 g l l i t e r .  The reason i s  t ha t  the so i l  displaces water and the 

absorption cross section for  "pure" sand i s  re la t ive ly  small. Thus, as 

Pu builds u p  in the soi l  (perhaps from solutions containing only mi l l i -  

gram11 i  t e r  quant i t ies  i  ni t i  a1 ly ) a concentration could be achieved tha t  

i s  well below 7.2 g / l i t e r ,  yet on simple evaporation of water from the 

soil  ( a t  a  l a t e r  date)  the system might well become c r i t i c a l .  Thus, an 

abandoned cr ib  coul d  (under the 'proper c i  rcumstances) become c f i  t i ca l  months 

or even years l a t e r .  Note tha t  such a  system would l ike ly  be autocatalyt ic  

in the event of c r i t i c a l i t y  - fo r  the reproduction factor  would be fur ther  



enhanced as the heat from f i s s ion  evaporated water from the  system. I t  

should be noted, a l so ,  t h a t  under the conditions given, keff  could be 

reduced by the  readdit ion of water t o  the system, o r  the system would 

be made fu r the r  subcr i t i ca l  on flooding. 

The bases f o r  these conclusions a r e  presented in Figures 20 and 21 

and come from an in te res t ing  s e r i e s  of calcula t ions  by K. R .  Ridgway 

and R .  D.  Carter  on "Cr i t i c a l i t y  Prevention Parameters of Plutonium 

in So i l s .  , , (34)(35) 

The calcula t ions  were made f o r  pl utonium-soi 1  mixtures of two 

d i f f e r e n t  void f rac t ions  ( the  void f r ac t i on  i s  the  space ava i lab le  

w i t h i n  t he  s o i l  t h a t  might be f i l l e d  with plutonium-water mixtures) .  

Void f rac t ions  of 30 and 40 volume percent were assumed, and both 

ful ly-saturated,  and one-third sa tu ra ted ,  s o i l  parameters were caqculated. 

The so i l  composition used was as follows: 

TABLE IV 

HANFORD SOIL COMPOSITIONS, WEIGHT PERCENT 
Component Dry Soi 1  

Si O2 81 .O 

2'3 6 .O 

Fe203 2.0 

FeO 2.0 

CaO 4.0 

MgO 2 .o 

Full so i l  densi ty ,  no voids: 2.43 g/cm3 



MATERIAL BUCKLING VERSUS H I P u  
(Pu-H20 I N  SOILS; 3 wt% 240 Pu I N  Pu, GAMTEC I I  CALCULATION) 

FIGURE 20 - 



k oo VERSUS HIPu 

(Pu-H20 IN SOILS; 3 wt% 2 4 0 ~ u  I N  Pu; GAMTEC II CALCULATION1) 

HYDROGEN-TO.,PLUTONI UM, HIPu 

FIGURE 21 



The calculations for  soi l  (assuming 30 vol% void.) fu l ly  saturated 

show the value of k, to be about 1.3 a t  a  concentration of 7.2 g Pu l l i t e r  

( c r i t i ca l  mass about 4.2 kg P u ) .  If water were to be removed, however, 

such as through the process of evaporation, k, would subsequently increase 

and go through a  maximum value 1 1 . 4  during the process. This means 

that  c r i t i c a l  i  ty  would be possible a t  concentrations below 7 .2  g/l i  t e r  - 
perhaps as low as 1.75 g / l i t e r  in the so i l  with the proper dryness 

(H/Pu % 200). 

2.  The Universe 

Pertaining to  the " in f in i t e  sea" concentration and c r i t i c a l  i  ty in 

ear th,  i t  was noted tha t  i t  was not the concentration per se  tha t  was 

the controll ing fac tor ,  b u t  rather the r a t i o  of f i s s i l e  atoms to 

absorbing atoms tha t  was paramount. We may now speculate as to  whether 

there i s  any lower l imi t  on the c r i t i ca l  concentration in the absence 

of any absorbing atoms; for  example, in i n f i n i t e  space - or  the "ether". 

Although of academic in t e res t  only, there i s  technically such a  l imi t .  

In th i s  s i tua t ion ,  the in f in i t e  multiplication constant i s  the 

r a t io  of neutron generation r a t e  by f i ss ion  to  the r a t e  of neutron loss 

by both B-decay and absorption within a  c r i t i c a l  system whose lower l imi t  

of nuclei density i s  determined by the radioactive decay constant of the 

neutron. Under these conditions the c r i t i c a l  equation (assuming the 

neutrons are  a t  the average energy of f i s s ion ,  % 2 MeV) becomes, n v N - a  TI = a 

n v N oa + h n where the losses (on the r igh t )  come from absorption B 

as well as B-decay -of the neutron, since the neutron i s  radioactive 

(ha1 f-1 i f e  about 12 minutes) with a  mean 1 i f e  of about 17'minutes. 

In the above,, i s  the decay constant fo r  B emission by the neutron, 

taken ac 9.6 x sec-l .  The r e l a t i v i s t i c  velocity for  the neutron 



9 with 2 MeV of energy i s  about 2 x 10 cm/sec, or some 12,200 mi/sec. 

Assuming 2 barns for  the absorption cross section of Pu a t  2 MeV, and 

taking n as 2.85, the mean f ree  path, A = - , i s  estimated to  be Nu 

3 .8  x 1012 cm. The l a t t e r  corresponds to  a distance about 100 times 

tha t  between the earth and the moon! 

The density of the f i s s i l e  atoms (or " in f in i t e  e ther"  concentration) 

would, under these circumstances, be incomprehensibly small - a fract ion 

of a b i l l  iontk of a gram/cc. Under these conditions ( i f  Pu were con- 

sidered as fuel ) there would be only about 1 a-decay/cc every 8 sec. 

To be more precise, i t  should be considered tha t  some of the f a s t  

neutrons will s ca t t e r  ine las t ica l ly  per co l l i s ion  event. These neutrons 

will move with less  velocity and, hence, will have more time t o  decay 

before encountering another Pu atom. In other words, the e f f ec t  of 

ine la s t i c  scat ter ing i s  t o  increase the number of neutrons l o s t  by 

B-decay. To compensate fo r  th i s  e f f ec t ,  the nuclei density would have 

to be s l  ightly increased. The c r i t i c a l  i t y  equation(s) become consider- 

ably more complex under the l a t t e r  consideration. 

M. NATURE'S ANOMALY 

One of the strangest happenings to  have been uncovered since the 

f i r s t  man-made c r i t i c a l i t y  (December 2,  1942, by E. Fermi and co-workers) 

was the discovery of nature 's  c r i t i c a l i t y  in the Republique of Gabonaise. (36 

This event i s  believed to have taken place some one-hundred million years 

ago, and the reaction i s  thought to have remained c r i t i c a l  f o r  perhaps one 

million years. 

This strange phenomenon was brought to l i g h t  when i t  was noted tha t  

the 2 3 5 ~  content from the Oklo mine was much less  than normal, ranging 

in values down to as low as 0.440% in some places where the concentration 



o f  uranium i n  the  mine exceeded 20% by weight ;  a l so ,  i n  some cases, a  

few samples o f  very  s l i g h t l y  enr iched uranium were a c t u a l l y  found, making 

the  s i t u a t i o n  even more puzz l ing .  Now, t h e  i s o t o p i c  composi t ion o f  

n a t u r a l  uranium i s  known t o  be remarkably cons tan t  throughout  t h e  wor ld .  

The 2 3 5 ~  atomic percentage i s  0.7200 t 0.0006%, w i t h  t h e  p o s s i b l e  v a r i a t i o n  

being l e s s  than the  experimental  accuracy. 

A f t e r  a  d e t a i l e d  and c a r e f u l  ana l ys i s ,  i t  was concluded t h a t  t h e  

m o d i f i c a t i o n s  i n  t h e  i s o t o p i c  composit ions o f  t h e  uranium cou ld  o n l y  be 

t h e  consequence o f  nuc lea r  f i s s i o n  reac t i ons .  It was found t h a t ,  i n  a l l .  

samples i n  which t h e  uranium was depleted,  t h e  i s o t o p i c  composi t ion o f  t h e  

r a r e  e a r t h  elements d i f f e r e d  complete ly  f rom t h a t  o f  n a t u r a l l y  occur r ing '  

elements and was s t r i k i n g l y  rep resen ta t i ve  of f i s s i o n  product  y i e l d s  .' 

The ana l ys i s  suggests t h a t  t h e  uranium depos i ted  and concent ra ted  a t  

-. 
Cklo soze 1 .: x : 3' 4;;;-5 bcjo ks: ocluir;; y ~i ubr ie 3% enr iched.  Ine 

amount o f  f i s s i o n a b l e  ma te r i a l  consumed d u r i n g  c r i t i c a l i t y  was computed 

t o  be o f  t h e  o r d e r  1  t o  1.5 tons o f  2 3 5 ~ .  The corresponding energy 

produced amounted t o  2 t o  3000 MW-yr. This  p r e h i s t o r i c  r e a c t o r  would have 

been somewhat a k i n  t o  today 's  1  i g h t  water r e a c t o r  w i t h  a  burn  up o f '  t h e  

order 20,000 blWd/T. The cvidencc f o r  t h c  event  i s  most conv inc ing ,  as 

a  r e s u l t  o f  t h e  f i n e  ana l ys i s  made, and t h e r e  can be l i t t l e  doubt t h a t  

t he  r e a c t i o n  a c t u a l l y  took p lace  - some one-hundred-mi l l ion years  p r i o r  

t o  man's f i r s t  c r i t i c a l i t y .  

0. "SMALL MASS" CONCEPTS 

1. Thin F o i l s  and Nonabsorbins Low Temperature Moderators 

I t  i s  now known how, i n  p r i n c i p l e ,  t o  o b t a i n  a  c r i t i c a l  

c o n f i g u r a t i o n  w i t h  l e s s  than an ounce o f  2 3 9 ~ u ,  o r  w i t h  o n l y  about 
. . 

one ounce o f  ' 2 3 5 ~ .  ( 3 7 )  These q u a n t i t i e s  a re  o n l y  about 1/20 o f  t h e  



minimum c r i t i c a l  masses prescr ibed f o r  these nuc l i des  i n  c r i t i c a l i t y  

s a f e t y  handbooks o r  s a f e t y  guides. The study by R. S. Olson and 

M. A. Robkin was pred ica ted  on the  s u r p r i s i n g  observa t ion  t h a t  an 

i n f i n i t e  s l a b  o f  ma te r i a l  w i t h  r~ > 1  immersed i n  an i n f i n i t e  non- 

absorbing moderator would have an e s s e n t i a l l y  - zero c r i t i c a l  th ickness.  

As repo r ted  by Olson and Robkin, a  s e r i e s  o f  c a l c u l a t i o n s  were 

made w i t h  s i n g l e  sheets o f  2 3 5 ~  and 2 3 9 ~ u  metal f o i l s  r e f l e c t e d  by 

t h i c k  reg ions  o f  D20. The temperature o f  t h e  core  and D20 was 

lowered t o  4 ' ~  t o  re the rma l i ze  neutrons s t r i k i n g  the  core  ( t h i n  f u e l  

sheets) and t o  take advantage o f  t h e  absorp t ion  c h a r a c t e r i s t i c s  o f  

the  f u e l .  Under these circumstances, a minimum c r i t i c a l  mass o f  o n l y  

35 g  was obta ined f o r  t he  2 3 5 ~  f o i l ,  and o n l y  22 g  f o r  the  2 3 9 ~ u  f o i l .  

The r e s u l t s  demonstrate the  t h e o r e t i c a l  p o s s i b i l  i t y  o f  o b t a i n i n g  

remarkably smal l  c r i t i c a l  masses w i t h  t h e  f i s s i l e  m a t e r i a l  i n  the  form 

o f  a  s i n g l e  f o i l  .L 0.2 m i l  t h i c k .  (See R. S. Olson Thesis f o r  Master 's  

Degree i n  Nuclear Engineering, U n i v e r s i t y  o f  Washington, 1970, f o r  

d e t a i l s . )  (38) 

2. The Laser- Induced Micro- E x ~ l  os i on 

As noted prev ious ly ,  the  c r i t i c a l  mass o f  an unre f lec t ,ed  sphere 

w i l l  va ry  i n v e r s e l y  as t h e  square o f  t h e  dens i t y ,  Mc % P - ~ .  For 

example, i f  two systems, d i f f e r i n g  o n l y  i n  dens i ty ,  were c r i t i c a l  

( k e f f  = u n i t y )  b u t  the  dens i t y  o f  t he  f i r s t  was 100 t imes t h a t  o f  

the  second, i t s  c r i t i c a l  mass would be o n l y  1/10,000 t h a t  o f  the  second. 

It has r e c e n t l y  been suggested t h a t  i t  may be poss ib le ,  by means 

o f  powerfu l  l a s e r  beams. o r  in tense r e l a t i v i s t i c  e l e c t r o n  beams, t o  

compress a  smal l  f ission.ab1e sphere, o f  t h e  order  o f  a  mm, i n t o  a  



highly supercri  t i c a l  assembly. i39) i40)  pressures u p  to 1012 atm 

comparable w i t h  the pressure in the  center  of the sun a r e  believed 

achievabl e with advanced g ian t  l ase rs  o r  e lect ron beams i r r ad i a t i ng  

the small pel 1 e t  simul taneously from a1 1 s i de s .  Under these  circumstances 

the f i s s i l e  material i s  sa id  to  be compressed to  about 250 times normal 

densi ty .  I t  i s  f u r t he r  reported by W. S e i f r i t z  and J .  Ligou t h a t  a 

p e l l e t  containing 0.2 g Pu (95% 2 3 9 ~ u  and 5% 2 4 0 ~ u  of radius  1.35 m m )  
6 re f lec ted  by a 1.77 mm thick L i  D s h e l l ,  could be compressed t o  a 

superc r i t i ca l  s t a t e  having keff - Q, 1.25 if a l a s e r '  pulse-energy of some I 

j 
4.7 MJ were absorbed i n  the  outer  ob la t ive  l ayer .  (40) The number of 1 , 

I 

i 
f i s s ions  t h a t  would occur during the  0.8 nsec burs t  i s  given as  2.33 x 

lo2o, which i s  equivalent to  an energy re lease  of 1.61 tons TNT (a i I 
1 

burnup of nearly 50% would be achieved) .' Further,  in t he  case of a T-D 

r e f l ec to r  the  i n i t i a l  f i s s ionab le  pe l l e t  diameter could be even smaller 

icontaining only 10.' g P u ) .  

The preceding i l l  us t ra t ion  cons t i tu tes  an. example f o r  the  e f f e c t  of 

ul tra-extreme density change on c r i t i c a l  ity. I t  would be of c j reat  

i n t e r e s t ,  should i t  prove f ea s ib l e  during the  next few years ,  t o  perform 

a successful i r r ad i a t i on  confirming the above. Under t he  condit ions 

s ta ted  i t  would be possible to  reduce the  c r i t i c a l  mass of Pu  (or  o ther  

f i s s ionab le  material ) by tremendous f ac to r s ;  i n  the  case o f 'Pu ,  some 

one-half mill ion below t h a t  required f o r  Pu metal a t  normal densi ty .  

P. BEYOND CALIFORNIUM - THE "MICRO" CRITICAL MASS 

1 . Beyond Cal ifornium 

Increased binding energy a t  closed,  o r  i n  the  region near-closed, 

she1 1 s of nucl eons resul t s  i n  increased s tab i  1 i t y  of the  nucleus. (41 (42 ) 

Shell closures beyond lead now a re  predicted a t  Z =. 114, and N = 184. 



Due to the additional binding, doubly-closed s h e l l ,  superheavy "magic" 

nuclei , i f  somehow formed, might be relat ively stab1 e;  whereas, nuclei 

lying in the region beyond the end of the periodic table  prior t o  

reaching t h i s  "island of s t a b i l i t y "  would not ex i s t  with any s igni f icant  

ha l f - l i f e .  This leads to the prediction of the relat ively s tab le  super- 

heavy element 298X, 114 and to others with closed or  nearly closed, neutron 

and proton she l l s .  (42 

J. R .  Nix has predicted some of the properties associated with the 

f iss ion o f  the hypothetical superheavy nuclei. (42) A few of these 

properties a re  included i n  Table V.  

2. "Micro" Cri t ical  Mass 

We may now conjecture as to the possible minimum c r i t i c a l  mass of 

superheavy, doubly-closed shel 1 magic element(s) X ,  as ye t  undiscovered, 

b u t  theoretical lv  ~ r e d i c t e d .  In making t h i s  "oual i t a t ive"  estimate we 

have assumed a nucleus one neutron short  of the magic number; i . e . ,  a 

nucleus with an odd number of neutrons b u t  in the region of a closed 

shel 1 .  

114 X :  c r i t i c a l  radius % 3.44 cm 

c r i t i c a l  volume 0.17 a 

c r i t i c a l  mass % 0.5 g 

Assuming minimum concentration of 3 g l a  
in aqueous solution; water-reflected sphere. 



TABLE V 

Proper t ies  o f  Superheavy Nucle i  - 

F i s s i o n i n g  Energy Re1 ease Number o f  Neutrons 
Nucleus Per F i ss ion  Per F i s s i o n  L i f e t i m e  

298X 
114 317 MeV 10.5 

294X 9 * 
11 0 

290 MeV 10.6 Q 10 years 

* 
To ta l  ha1 f -1  i f e  from decay by spontaneous f i s s i o n ,  a decay, 
6 decay, e tc .  



Q. THE POWER REACTOR - FOUR-BILLION WATTS AND SUECRITICAL . 

A t  the  entrance o f  the N-Reactor, on the  Hanford Reservat ion, t he re  i s  

a  s ign  which in forms the  v i s i t o r  he i s  about t o  en te r  t he  l a r g e s t  nuc lear  

steam generat ing p l a n t  i n  t he  wor ld .  As o f  August, 1974, t h e  dual-purpose 

N-Reactor h e l d  the  Free World's record  o f  steam product ion  f o r  e l e c t r i c a l  

generat ion a t  26.5 b i l l  i o n  kW-hr. Yet, t h i s  reac to r ,  even i f  genera t ing  

4  b i l l i o n  wa t t s  o f  thermal power i n  cons tant  mode, i s  t e c h n i c a l l y  s u b c r i t i c a l ,  

as the  reproduct ion  fac to r  would be f r a c t i o n a l l y  l e s s  than u n i t y .  This  

reac tor ,  as i s  t r u e  o f  a l l  o thers  when a t  cons tant  power l e v e l ,  w i l l  be found 

t o  be r i d i n g  on neut ron  source m u l t i p l i c a t i o n  where t h e  o r i g i n  o f  t h e  source 

neutrons i s  n o t  t h e  cha in  r e a c t i o n  i t s e l f ,  b u t  r a t h e r  f rom a-n r e a c t i o n s  t a k i n g  

p lace i n  t he  r e a c t o r ' s  core  ma te r ia l  and from spontaneous f i s s i o n  i n  2 3 8 ~  o r  

2 4 0 ~ u ,  e t c .  The m u l t i p l i c a t i o n  r a t e  i s  g iven approximate ly  by 
m 

+ S kef f  + S keff  + ... 
M = - - 1 

,- 1 . 1 .  , f o r  keff  < 1  - 
.> " e f f  

If, somehow, i t  were poss ib le  t o  remove the  source neutrons, t h e  power l e v e l  

would s low ly  f a l l  t o  zero unless c o n t r o l  r o d  adjustments were made t o  compensate. 

The mu1 t i p 1  i c a t i o n  r a t e  a t  f u l l  " s u b c r i t i c a l  " power l e v e l  ' cou ld  be i n  t h e  range 

10" t o  o r  up t o  some ten  trill i o n .  

R. CONCLUSIONS 
i 

The fo rego ing  examples serve, i f  f o r  no o the r  purpose, t o  i l l u s t r a t e  

the f u t i l i t y  o f  a t tempt ing  t o  s e t  up a  few r i go rous ,  general r u l e s  p e r t a i n i n g  i 

i 
t o  the f a c t o r s  a f f e c t i n g  c r i t i c a l i t y ,  and t o  i l l u s t r a t e  the complex i ty  o f  i 

I 
c r i t i c a l i t y  i t s e l f .  i 

i 
It i s .  shown t h a t  t h e r e  can be as many as t h r e e  d i f f e r e n t  c r i t i c a l  I' 

4 

concentrat ions w i t h  t h e  same c r i t i c a l  volume, and perhaps f o u r  d i f f e r e n t  f u e l  0 

concentrat ions having the c r i t i c a l  mass. Contrary t o  t h e  usual expec- 

t a t i o n ,  the  sphere, a f t e r  a l l ,  may n o t  be, t h e  c o n f i g u r a t i o n  o f  l e a s t  mass; 



the reflected cube may he somewhat less  under cer tain cirhmstances.  In 

some cases, the e f fec t  of added scat terers  can s igni f icant ly  reduce the 

c r i t i ca l  dimension; whereas, in others the r e su l t  can be precisely the 

opposite. I t  i s  noted that  reducing the core density can, under some 

circumstances, actual l y  decrease the c r i t i c a l  mass, contrary to  the usual 

expectation tha t  the mass will be increased. Surprising as i t  may seem, 

a system with k, < unity might be made c r i t i ca l  by reducing the core s i ze  

and adding a f i n i t e  re f lec tor  of D20, e t c .  ( in the l a t t e r  case keff > k,!). 

In some cases, the e f fec t  of moderation resu l t s  in the small e s t  c r i t i c a l  

mass; whereas, in others (depending on the evenness or  oddness of the nuclide) 

the e f fec t  i s  again precisely the opposite. We have seen where a homogeneous 

aqueous mixture of 2 3 5 ~  and 2 3 8 ~  could have a smaller 2 3 5 ~  c r i t i c a l  mass (over 

a limited concentration range) with low enriched uranium than i f  the uranium 

were ful ly  enriched (93.5 w t %  2 3 5 ~ ) ,  and tha t  an unmoderated interacting array 

of metal units (spheres of 30 w t %  2 3 5 ~ )  might have a lower c r i t i c a l  density 

than an array of fu l ly  enriched uranium spheres, of identical volume, and thus 

a smaller c r i t i c a l  2 3 5 ~  mass in the array. There i s  an example wherein the 

e f f ec t  of inser t ing a neutron absorbing rod into a Pu-solution-bearing sphere 

. -- - .  
- - i s  to cause the reac t iv i ty  t o  i n i t i a l l y  increase rather  than decrease. 

Pressures u p  to 1012 atm,comparable with the pressure in the center of 

the sun, are now believed achievable with advanced giant  lasers  or electron 

beams which could change the density of a small pe l l e t  of f iss ionable material 

under i r radiat ion by a factor of some 250, thus making i t  possible to  achieve 

a supercrit ical  event in a small pe l le t  of Pu containing as l i t t l e  as lo-' g 

, Pu.  One of the more interesting events in the annals of c r i t i c a l i t y  was the 

discovery of a possible prehistoric chain reaction (Nature's Anomaly) tha t  

took place in the Republ ique of Gabonaise some 100 mill ion years ago with 

3 w t %  2 3 5 ~  enri  thed uranium. . 



Fi,nally,' i t  i s  interest ing to recall  t ha t ,  in the presence of inherent 

nelrtron sources, even the power reactor w i  11 be technical 1y subcri t i ca l  

Ckeff < 1 ) when operating in a constant power mode a t  any power leveq . 
The l i s t  continues, and there are doubtless many other seemingly apparent 

anomalies tha t  .can be cited in the f i e ld  of c r i t i c a l  i t y .  
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