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ABSTRACT

. Finite conductivity of the vacuum chamber wall can cause unstable trans-
verse oscillations- of the center of charge or oscillations of the transverse cross
section of a beam of charged particles. The former case, which can be charac-

1,2,3

terized by a dipole oscillation, has been studied extensively by others.
this work, a study has been conducted of the cross-sectional oscillaiions of a
nearly éircular beam centered in a circular pipe, and a self consistent solution
haé been obtained for both monopole and multipole oscillations. Dispersion re-
lations for the oscillation frequencies have been found, and conditions for stability
have been deduced. For multipole instabilities the growth rates and thresholds
are close to those obtained for the dipole instability, 1,2 differing only by a ge-
ometrical factor; whereas, for the monopole instability,‘the growth rates are

so small that the oscillations.in present accelerators and storage rings will be
suppressed by the physical processes such as interaction with the residual gas,
radiation damping, etc. In all cases, the growth rate is proportional to the
number of particles in the beam and inversely proportional to the square root of
the wall conductivity. It is shown that in the absence of Landau damping a longi-
tudinally continuous beam is always unstable against the development of transverse
waves having a phase velocity close to (n - mvo) QR, where Y is the number of
betatron oscillations per revolution, § is the revolution frequency, R is the radius
of the machine, n is an integer greater than my, with 2m the multipole number

" (m =1 for dipole and m = 2 for quadrupole, etc.). A condition for stable multi-
pole oscillations for a siﬁgle bunched beam is found to be n < 3 < (n +—§lﬁ) It
is knownl’2 that unstable oscillations can be Landau damped by having a suffi-
ciently large spread in the betatron oscillation frequency Y Q. A criterion for the

spread required to damp unstable quadrupole oscillations of a bunched beam is
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shown to be, in the limit of low energy, dependent upon the particle density,
energy and the betatron oscillation fréquency, but not upon the conductivity.

For the case of equal horizontal and vertical betatron frequencies monopole and
multipole oscillations can exist independently. However, for the case of a large
difference between the two frequencies, ﬁ is found that coupling exists between
_monopolé and quadrupole oscillations, and the motion of the beam is character~
ized by two normal modes such that the monopole and quadrupole oscillations

are in phase in one mode and 180° out of phase in the other.
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1. INTRODUCTION

In this work the transverse coherent resistive instabilities in circular ac-

celerators and storage rings are investigated for a nearly circular beam cen-
f

fered in a vacuum tank of circular cross section. The tank walls are taken to

be non-perfectly conducting. The transverse motion of a beam in an accelerator
can be described by oscillations of the center of charge and transverse size of
thg beam. These oscillations can be characterized by a combination of mono-
pole, dipole, quadrupole, sextupole, etc., oscillations.

In the past few years, a number of particle accelerators have exhibited

dipole-type transverse coherent instabilities, 8

In 1965 Laslett, Neil and
Sesslerl showed theoretically the possibility for a longitﬁdinal continuous beam
of charged particles to have unstable dipole oscillations. This theory was later
extended to bunched beams by Courant and Sessler, 2 and Dikanskii Skrinskii°3
More recently, instabilities that may be coherent oscillations of the size of the
beam have been observed. 7-9 The purpose of this work is to develop a theory
for the transverse ihstabilities of the beam cross section called the throbbing
beam instability. 10

The idea of resistive wall instabilities comes conceptually from the theory
of the resistive wall amplifier. 11 In 1953 Birdsall, Brewer and Haell12 pre-
dicted Jtheoretically and demonstrated experimentally the possibility of amplifi-
cation of longitudinal density fiuctuations in an electron beam by the resistance
in the surrounding walls. The occurrence of this phenomenon in particle accel-
erators was studied by Neil and Sessler13 in 1965,

In order to understand physically the wake fields, which are responsible
for the resistive instabilities, consider the following argument due to Robinson, 14

As the beam passes through a given point along the machine, a surface current

is induced on the wall. Subsequently, if the conductivity of the wall is finite,
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this current diffuses into the metal which gives rise to the wake fields. This
process can best be illustrated with a simple situation. We wiil examine the
currents in the wall for thé' case of perfect and non-perfect wall conductivity.
Take the case of a pulse of charged particles traveling parallel to an infinite
metallic plane as shown in Fig;f 1.1c. Imagine that the pulse of particles is
made up of two semi-infinite beams, one positive and one negative, as shown
in Figs. 1.1a and 1.1b, The image charges and currents are shown in the same
figures for the case of a perfectly conducting wall. Because the wall conduc-
tivity is infinite no current can exist inside the metal, and the induced currents
stay on the surface of the wall. The Wall currents and charges due to the (+)
and (-) bcams have the same magnitudes hut opposite signs; by superposition,
they cancel each other in the region behind the pulse as shown in Fig. 1.1lc.
Hence, no current is left in the wall for the case of a perfectly conducting wall.
However, if the wall conductivity is finite, the surface currents can diffuse
toward the inside of the metal. The diffusion of the image currents of the (+)
and (-) beams is shown in Figs. 1.2a and 1.2b. Because these image currents
are turned on at different times, the wall current corresponding to the (+) beam
has diffused farther into the metal than that of the (-) beam at the same point
along the wall, This gives rise to currents in the wall in the region behind the
pulse as shown in Fig. 1.2c. Near the wall surface the currents are positive
and inside the metal the currents are négative° ‘Hence, in the presence of wall
resistance, there are wall currents left behind a pulse of charged particles.
These currents provide the sources for the wake fields. 15
Now let us consider the situation of a pulse of particles circulating in a cir-
cular accelerator or storage ring. The particles in the pulse execute betatron
oscillation16 about some cloéed orbit as shown in F'ig. 1.3. Consider the case

where the bunch moves as a whole, then each particle in the bunch experiences

-9 -
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////ERFECT CONDUCTING WAL///
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////////7////////////////////////////

UNIFORM (+) BEAM

FIG. l.la

UNIFORM (=) BEAM

FIG. ILIDb

ya
NO CURRENT LEFT
BEHIND IN WALL

BUNCH BEAM

FIG. I.l ¢ 826AI

Fig. 1.1l. ‘An illustration of resistive wall effects for a per-
fectly conducting wall: (a) A semi-infinite (+) beam,
(b) a semi-infinite (-) beam, and (c) a bunched (+)
beam.
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UNIFORM (—) BEAM
FIG..1.2 b

/
NO CURRENT LEFT
BEHIND IN WALL

BUNCH BEAM

FIG. 1.2 ¢ 826A2

Fig. 1.2. An illustration of resistive wall effects for a lossy
wall: (a) A semi-infinite (+) beam, (b) a semi-
infinite (-) beam, and (c) a bunched (+) beam.
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PARTICLE MOTION
BETATRON OSCILLATION

826A3

Fig. 1.3. Betatron oscillation about a closed orbit
of a particle in a circulating beam.



the wake fields produced by the motion of the bunch‘ in its previous revolutions.
The nature of the wake fields depends on the type of oscillation of the pulse,
e.g., monopole, dipole, quadrupole, etc., and the frequency of oscillation w.
The relative phase of the field to that of the particle métion depends on the num-
ber of betatron oscillations, v, per revolution. Hence, it is natural to expect
that for a given type of oscillation some relgtionship exists between the quanti-
ties w andv. The ebjective of this study is to find this rc»lat’ionéhip and to de-
duce from it the conditions for stable oscillation and the values of the growth
rates for each type of oscillation. From the knowledge of the stable conditions,
future machines can be designed with the proper value of v to overcome the re-
sitive instabilities.

There are other means for suppressing resistive instabilities. 17 A suc-
cessful method for suppressing transverse dipole instabilities has been the use

of feedback, 15217

The growth rate of the instabilities is generally of the order
of milliseconds. 1 In this method the transverse motion of the beam is detected
electronically, the signal is amplified and then fed back to thc beam in such a
phase as to damp the oscillation.

Another means for suppressing resistive instabilities is the mechanism of
Landau damping.zo’21 This mechanism always relies on a spread in some pa-
rameter of the beam. The spread in the parameter may be introduced artili-
clally into the beam via some machine nonlinearities. Usually for a given
spread of the parameter, instabilities are suppressed up to some maximum
beam intensii:y‘,22 When this level of intensity is exceeded, the beain becomes \
unstable and a loss of current results. This mechanism of damping is investi-
gated in detail for the quadrupole oscillation.

Our detailed investigation for monopole and multipole transverse oscilla-

tions was suggested by the work on the transverse dipole instabilities of Laslett,
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Neil, and Sessl"e.r," 1 The solutions obtained arc selfe-consistent23 based on a
small signal ﬁodel. " In particular, for the dipole oscillation our result gives
the same expression of growth rate and the éaime condition of stability as tflose
given by others. 1,2 The method used in the ané.lysis is outlined in the next

section,

II. METHOD OF ANALYSIS

The charge and current densities are-taken to be

P=P+ P (2. 1a)
and
3 =T,+7, . (2. 1b)

with the perturbations p1 and _31 assumed to be small compared with the un-
.p:ertu.rbed densities Py and ?Oo Then Maxwell's equations are solved fbr the
ﬁelds due to o and J. The transverse position of each particle in the beam
can be determined by the equations of motion containing the forces due to these
fields and the known initial conditions. From the knowledge of the position of
every particle in the beam, in principle, the charge and currenf densities of the
beam can be constructed. A self-consistent solution is obtained when the charge
and current densities so constructed are the same as those assumed in Eq. (2.1),
A more convenient method to obtain this self-consistent solution is to find the
particle distribution fuﬁction in phase space that gives the assumed charge and
current densities. Thevlatter method is used in this paper; and an outline of
the method is given in Fig. 2. 1.

Following the outline given in Fig. 2.1, we first characterize the mor}opole
and multipole oscillations éf a beam, uniform or bunched, by some assumed
charge and current densities, and present the equations of motionfor the particles

in Section III.



INPUT

+ P ‘ o T LE
§ §° J‘ MAXWELL'S EQUATIONS E=EotE,
* B=B,+B, |~ - v =
———— AND 1 | F=e(E+exB)
-iw !
TIME VARIZTION e BOUNDARY CONDITIONS
(V-J=- T)
! | B
: | 4 |F =F+F,
OUTPUT
DISPERSION Co ‘
RELATIONSHIP | . v P=Roth - | VLAAi(I}V
FOR w R R PR J= T, [y dB=p' | Y=g+ EQUATION
Bl - ST — - ) .o
‘ Jo =3, =J; Iralca p,t) dp=J Nt |
- . (linearized)
759A1

Fig. 2.1, Flow chart of the method used for finding a self-consistent solution.



The hody of the analysis is contained in Section IV, where the Vlasov equa-.
tion combined with the equations of motion is solved for a self-consistent par-
ticle distribution and the dispersion relation for the oscillation frequencies is
obtained, ;I‘his dispersion relation is analyzed in Section V, culminating in the
determination of the growth times and the stability criteria for the oscillations.

The effects of Landau damping on quadrupole oscillations resulting from a
spread in the amplitude of oscillations are considered in Section VI, and the ef-
fect of unequal horizontal and vertical betatron frequencies for the particles is

investigated in Section VII.

III. MONOPOLE AND MULTIPOLE CHARGE OSCILLATIONS

In this section the monopole and multipole oscillations of a uniform or
bunched beam inside a metallic vacuum chamber are characterized by some
simple models. As the niajor curvature of the vacuum chamber has little in-
fluence on the calculation of the fields, 1 the chamber is taken to be a straight
pipe of radius b. The particles in the beam are taken to be moving longitudi-
nally in the z—direction, along the axis of the pipe, with a constant velocity v.

The. unperturbed beam is taken as uniform in the transverse cross section
over a circle of radius a, with the center of the beam fixed along the pipe axis

as shown in Fig. 3.1. Thus, the charge and current densities of the unperturbed

beam are:
Py = e7‘2H(a-r) ' (3.1)
Ta :
and
- A
JO = Vpy€, (3.2)

where H(x) is the Heaviside unit step function. For the uniform beam eA is the

charge per unit length, while for the bunched beam the charge per unit length is



Fig. 3.1. The geometry of an unperturbed beam
and vacuum tank.

-iwt

¢8

cos 2 8

Oscillation Amplitude §
Oscillation Frequency w

wt =0

718A3

Fig. 3.2, The geometry of a perturbed beam having quadrupole
oscillation.
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eA =eNf(z - vt) with the function f(x) normalized such that e N is the total

charge in the bunch, i.e.,

| jof(x)dx = 1',

In the perturbed beam the radius varies as (a + ¢ ) for monopole oscillations

and (a + ¢ cos m@) for multipole oscillations, with the perturbation amplitude §
given by

el kz - wt) (continuous beam) (3.3a)

60
3 o€ . (bunched béam) (3.3b)

The multipole number is 2m, e.g., m = 1 for dipole oscillations and m = 2
for quadrupole oscillations. The change in the beam cross section in time is
illustrated in Fig. 3.2 for the quadrupole case. As a consequence of the per-

turbation, to first order in £ the charge density can be written as

p=py+ &P (3-4)
~where
. *
6_7\2 [6(3. -r)- g H(a —r)] (monopole) (3.52a)
Ta '
Py =

e—% d(a-r) cos mb (multipole) (3. 5b)
Ta ,

*This is a common and convenient mathematical approximation for a uniform
dilation of the beam cross section in which the physical perturbation is charac-
terized by an equivalent surface charge distribution on a boundary of constant
radius. A similar approximation is used for the multipole cases.

-11 -



Similarly, the current density can be written as

T =T+ &3, (3.6)
with
(== ‘1(kv w) ~IlI(a-r)e +v[6(a—r)——II(a r)] } (monopole) (3. 7a)
)ﬂa l ,
9=
| > {(k m—lH 6% 8] (muitipole) -
—5 itkv ~w - -si ti 3.7b
\Wa )( ) (a-r) [cosm €. smmé)eeJ (multipole)  ( )

+vd(a-r) cosmg ’éz§ . (k=0 for bunched beam)

It is easily verified that 31 satisfies the ¢ontinuity equation. *
For a particle in the beam, the equations of motion are

2x+€ xl

b =-w

< 0 0,)/ sy X = pX ’
F
: 2, 02 T
= - -+ , = 3.8
by = ~wyy ¢ my © Y TRy (3.8)
}5 =0, and Z =V ,

Z
where P,s py and p, are the eonjugate momenta, m is the particle rest mass,
and vy is equal to /1 - B2 with 8 = v/c. The contribution of both the external
fields and the elecfromagnetic fields due to PO and _30 is.inciudcd in the quan-

YRR T
tity wé s while the contribution of the electromagnetic fields produced by

*The continuity equation does not determine T 1 uniquely; however, this is the
form of J 1 that will yield a self-consistent solution. It is a pleasure to thank
Dr. E. L. Chu for valuable discussions on this point,

**Since the particles are assumed to have an angular revolution frequency §2,
wg = vo & where v g is the number of betatron oscillations per revolution. For
the case of a single particle beam, the value of v is determined by the perio-
dicity of the focusing elements in the machine. The effect of space charge is
to shift this value of v, by an amount which is proportional to the charge density
of the beam. Hence, the value of w( in general depends on both the design of
the machine and the value of the beam current.

-12 -
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" ang .._Tl is contained in the perturbing terms, Fxl(x, y) and Fyl(x.- V)e
To find the perturbing forces, Maxwell's equations are solved for the fields
due to Pl and 31 with appropriate boundary conditions at the vacuum chamber

wall. The forces are calculated from the fieldsil a.nd_ﬁ1 ,» using the formula

A A ot —.‘7 k=
F_ 8 +F 8 =e(E + Y xB (3.9)
xl'x yly ¢ ])transverse )
The calculation of FXl and Fy 1 is presented in the Appendix.

The set of equations of motion can be written in an alternate form by elim-

inating the variables P, > py and p,:

F_.(x,y)
X+ w,x = X ' (3.10a)
0 m,y ’ .
F_1&X,Y)
. 2 _ ,lyl
V + WY = 3 myy (3.10b)
and
Z =0, (3.10c)

As seen from these equations the particle betatron oscillation frequencies of

x and y motions, Wox and w 0y * are taken to be Wg e In a later secfion, however,
this restriction is removed and the effect of Wy # wa is considered for mono-
pole and quadrupole oscillations., \

The Pransverse position of each particle in the beam can be found hy solving
the equations of motion with some known initial conditions. If the position of
every particle in the beam is known, the charge and current densities of the
beam can, in principle, be constructed. A self-consistent solution is obtained
when the charge and current densities constructed are the same as those origi-
nally assumed (i.e., pand _5)0 A more convenient method to obtain this self-

consistent solution is tofind the particle distributionfunction in phase space, as

outlined in Section II.
-13 -



IV. SELF-CONSISTENT DISTRIBUTION FUNCTIONS IN PHASE SPACE
In this section we proceed to find the self consistent particle distribution

functions in phase space Y (x,y, z, P> py, P _»t), which give rise to the charge

and current densities assumecd in Section 111,

4.1. Solving the Linearized Vlasov kquation
2
In general, the particle distribution function satisfies the Vlasov equation24 » 25

oY Y . oY Y Y . dY
St +an +y Sy + z Sz +pX ap py—a—§;+pz Sp -0°~ 4.1)

In analogy to Eq. (3.4) ¥ is written as:

Y= [wo(x,y.px.py) + & (x,¥,p,,p )]M( o) * (4.2)

where y, is the self -consistent particle distribution function corresponding to

an unperturbed beam, i.e.,

e?\f%d(pz —pzo)d3p =5 (4.3)

and

.y 3 -~
e?xfr t,boé(pz -pZO) dp = Jg - 4.4)

When Eg. (3.8) is substituted for the time derivatives of the coordinates and
momenta and Eq. (4.2) is substituted for i into the Vlasov equation, for the
bunched beam, we obtain to first order in ¢

d ) 2. 2. 3 _
[pxwwyw—wox S, “oY apy]‘”o‘o #.5)

X

and

. J 3 2. 3 2.2
[—1cu+px 5% +py Sy - wyX S0, woy pr ] lﬁl

F F
- _|=XL _39 yl 9 4.6
[mov 3P, ¥ my apy} Yo - (*.6)

The quantity (-w) is replaced by (kv - w) for a continuous beam.
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A self-consistent solution for ¢026 that satisfies Eqs. (4.3), (4.4), and

(4.5) is
wz al2
A 0
|p=____5?f X,¥Y,P P} - “4.7)
0", 2,2 o <’ Py) =2
where Jé) is the Hamiltonian of the unperturbed beam:
wz
_ 1/ 2 2) ‘0.2, 2
%—§<pz+py + 5 (X +y ) . 4.8)

Substituting z,[JO from Eq. (4.7) into Eq. (4.6), we obtain the linearized Vlasov

equation for l//l

2
F F w, a
A x1 y1 , 0
[‘E] ‘//1— - 2a2 <m0y P, my py> 0 [gé) - 2 J (4.9)
where |
I 9o 9o _.2. .93 _. 2 _9_
[GE]— |:—1w+px SX +py 5y Wy X apx w, ¥ pr:|°

In the Appendix, it is shown that Fxl(x,y) and Fyl(x,y) can be derived from

a potential function UO

m}:;y = §K(w) _88? U, [rx,¥), 6 (x,¥)) ' (4.10a)
and

F 1 3

myy §K(w) 55 Up [r&x:)s 6x,y)] (4.10b)

where K(w) is a complex constant which is determined by the parameters of the

beam and the machine and

2
% (monopole) 4.11a)
Upme)={
X cosmg . (multipole) (4.11b)
m

-15 -



For convenience, the dependence of the force on the transverse position of
the particie is given by the function Ups whereas the dependence on the size of *
the beam, the velocity, energy and density of the particles, the radius of the
chamber, the wall conductivity, and the frequency of oscillation w is included
in K, (See Appendix Eqs. 48-50.)

The expressions for Fxl and Fyl are substituted into the Vlasov equation,
yielding

w?' a?.
["G]d’lz'zi;;—(le ‘5'[%60' 2 ] [px% +pyaiy] Yo (4.12)

which can be written more compactly in terms of the operators £+ and £ as

‘ 2 2
) ) A w, a
[—1w—wg£_+£+]z//1=— 2—52—(52)- 6'[9:50— 02 J£+U0 (4.13)
with i
L] = [x S ,y-9 ] (4., 14) :
[ —] oP, apy
and

_ Q. 4y O 4
2] -fde b

Since UO has a4 simple form when expressed in polar coordinates, it is conven-

ient to rewrite the linearized Vlasov equation above in terms of the coordinates:

r = x2 + y2
_ -1y
0 = tan (x)
and -
_ 2 2
p=/ P * Py )



Then the opcrators in thc Vlasov equation become

[GC_]- r [cos (6 -¢) --éép— + sin (6 -¢) %—%] (4.16)
and
[L)=p[eos (0-00F -sin(0-0) ;5] - @.17)

In order to solve the linearized Vlasov equation (Eq. 4.13), it is useful to

define the function Uk(r, g ) for positive integer k
L,v._ =1 4.18)

with U, given by Eq. (4.11),

It follows from the above definition that for monopole oscillations,

A2 (_2%117' cos[2(2-0)($p-6)], £ =2
U, = (4.19a)
0o, 2> 2
and for multipole oscillations,
5 - p! m'“(%;_% cos[((m-2) +2¢], £ sm
2 @, 19b)

0 . g >m

Operating 6n U!Z with oC_, we obtain useful relationships for £ > 1

£(2-2+1) U!l (monopole)

-1
- 2 “.20)

f(m-£2+1) Uﬁ -1 (multipole)

It can be seen from Egs. (4. 18) and (. 20) that the set of functions U!Z forg >0,

form a closed set with respect to the operators cE_, £+ and iw.
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Because of this property,

W, = z : b, U, &'
]

where bﬂ is the unknown constant coefficient to be determined. 'I'o find bﬂ, this

2.2
H - “’oa] @.21)

0 3

series for z,[;l is substituted into Eq. (4.13), and the fact that

22]
wna

[—wﬁ £_-+ £+] 6’ [Jgo(x’y’l’x’py) -3

= 0 4.22)
is used to obtain
m
. 2 : AK(w) _
E bﬂ[-m—wo £_+ £+]Uﬂ+ 5 9 ’E+UO_O . 4.23)
277 a
£=0
The relationship between cE 4 and U!Z as given by Eqgs. (4.18) and (4.20) is used
in the above equation to obtain
m | ,
. 2 AK (w) _
E [bﬂ-l -iwb, -4 (m—ﬂ)(ﬁ+1)] U+ =55 U; =0 (4.24)
£=0 2ma

with b_1 taken to be zero. To salisfy this equation, the values for the b's are

chosen such that the coefficients of all of the Uﬂ's are zero, and the following

(m+ 1) linear equations relating the b's are obtained

2
~-1iw —mwo 0 | 0 0 . o 0 bO 0
1 -iw  ~2(m-B 0 0o . . . b, _AK(w)
' ‘ 2T a,z
0 1 -iw -3(m-2)w0 0 o . . .
° . o ° ° 1 —iw —mz(_,_)(z) ° °
0 0 0 i
N 0 0 o0 1 iw | _bm_ i 0 _
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Thus, it is possible to solve for b, in terms of w and the other parameters of

[

the beam and the machines. In pa'.rticular,' solving for bO we find

0 -mwg 0 0 0 . o 0
1 7/ -iw —Z(m—l)wg 0 0 . . .
o1 -iw —3(m—2)a% 0 . . .
° ° ° ° . 1 —iw -m w(z)
0 0 0 0 0 0 1 -iw
b = _AK(w)
0 2 2
217a 9
-iw —mu, 0 0 0 . . 0
1 -w —2(m—1)w§ 0 0o . . .
0 1 -iw —3(m—2)w§ 0 . o o
° © . o ° 1 _iw -m wg
0 0 0 0 0 0 1 -iw

“.26)

The solution of the Vlasov Eq. (4.13) can be found by substituting the values b!l

into Eq. (4.21).

4,2, Making the Solution Self-Consistent

Thus'far, no attempt has been made to insure that wl is a self-consistent

solution. In this section, the self-consistent requirement is imposed on {pl.

We proceed first to calculate the charge and current densities p'larid J '1 corre-

| sponding to l/ll; then we require that the;} be the same as Pl and ?1 , as given
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by Egs. (3.5) and (3.7). Wc have

2T o 2 2
0

m
2 r2 w.a
p'1 = eA E bﬂ/:/'Uﬂé'<—pz— +7 - 5 > pdpd¢ . 4.27)
2=0 00

The integrals in Eq. (4.27) can be evaluated quite simply by noting that the inte-

gral of U!l over ¢ is zero whenever Uﬁ is a function of ¢. It can be seen from
Eq. (4.19) that the only terms independent of ¢ are UO for multipole oscillations,
and UO and U2 for monopole oscillations.

The above integrations are performed, yielding

(- Ee—;’ é(@a- r)bO -4T7H(a - r)b2 (4.28a)
0 |

pi:- < m-1
’ 2Tea
S E— 6(@a-r) cosmeb0 (4. 28b)
L “o™

where use has been made of the integral

0

/ gu) §' (u-f)du = -gO)6(¢) - g EHE .
0

From Eq. (4.25) we find that for monopole oscillations b0 and b2 are re-

lated by

by = - . (4.29)

By inserting this expression into Eq. (4. 28a), p'1 can be expressed in terms of

only b 0 Thus

- 7re2a [6 (a -r) - g .H (a - r‘)] bO (monopole) (4.30a)
wg . L
Py =
orea™ !
———s —— 6 (a - r) cos meO . (multipole) (4.30b)
wo m "
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For the solution !,[fl t_é be self-consistent, it is necessary that

Py =P

A
" ; [6(3-1') - % H (a—r)] (monopole)
ma
Ae -
5 6(@-rycosm?é , (multipole)
ma
which implies
Awg
) " (monopole) (4.31a)
m™a
by, =
m?\wg
ST metl (multipole) (4.31b)
2m"a

Similarly, we can calculate the current _3'1 from 1//1° We find that
Eq. (4.31) is the only condition required for both Py = P and :I‘l = _3'1 o
The frequency of the oscillation, w, has not yet been specified. To find w,

the two expressions for b0 given by Eqs. (4.26) and (4.31) are equated to obtain
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the following dispersion relation, which relates w with the other paramecters of -

the beam and the machine:

0 -mw§ 0 0 0
1 —iw.—2(m—l)w§ 0 0
0. 1 -3(111-2)w(2) 0 . .
1 - —m2 2
0 0 0 0 0 1 -iw
am-lK w
m 2
“o
~iw -mw 0 0 0
1 -iw -2m-lg 0 0
0 1 —3(m-2)w§ V) . .
1 —iw -mdwé
0 0 0 0 0o 1 -iw

Dispersion relationships for various values of m are given in Table 4. 1.

922 -
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TARLK 4.1

Some Dispersion Relationships for the Oscillation Frequency w

Type of Value of Dispersion Relation for w (- w is replaced
Oscillation m by (k - w) for continuous bcam)
2 2
monopole 2 ' 4 Wy ~w = akK (w)
dipole -1 w(z) ~ w2 = K (w)
2 2
quadrupole 2 4 W ~w = aK (w)
(9w2-w2)(w2 -w2) 4
0 0 2
sextupole 3 5 5 = a K(w)
3 wO - W
(16 wz - wz)(4 wz - wz
0 0 _ .3
octupole 4 5 5 =a K(w)
(10 Wy -~ W )

The value of w can be obtained from the dispersion relation if the machine
and beam parameters are known. With w known and its value substituted into

the b's in Eq. (4.21), a self-consistent solution (//1 is explicitly determined.

V. CONSEQUENCES OF THE DISPERSION RE LATIONSHIPS

In this section the dispersion relationships given in Table 4.1 of the preced-
ing section are analyzed. The freqﬁencies of oscillation w are determined in
terms of the parameters of the beam and the machine. Conditions for stable os-
cillations are deduced and values of the growth rates for unstable oscillations
are found.

As an illustration of the procedure used, a detailed analysis of the dispersion

relationship for quadrupole beams is given. Since the method of analysis is the

-923 -



same for all cases of oscillations, only the final results are presented for mono-
pole beams and other multipole beams. -

For a small perturbation, the frequency of oscillation for quadrupole case
will be close to the natural 6s§i11atibn frequency 2 Wge The dispersion rela‘tjon-,
ship | |

o o .

4@8 - (kv - w)° = aK(w) " (5.1)
can be solved for valu'es of w near 2 Woe For a storage ring or circular accel-
erator the values of k are restricted to k = n /v with Q the revolution frequency,
n a positive integer for the uniform beam and equal to zero for the bunched beam.
It is convenient to write wo = ¥y Q with Y0 the unperturbed number of betatron

oscillations per revolution, so that we obtain for the dispersion relationship:

4ug Q% - (e -w?= a[Kr(w)+iKi(w)] , (5. 2)

where Kr and K]. denote the real and imaginary parts of K. 'In praétice

2 2 )
a\/-K—rTI;i_«-VOQ

so that two of the roots of Eq. (5. 2)'for w are:

w=(n2vp)0 *ﬁgﬁ[Kr(nQi 2u09)+ﬂg(n9;2u09)]

For the case of the uniform beam the sign of the imaginary part of K(w) is

determined by the sign of w, so that

O T (L % B
w=(n2p,) 0 F r4u09_ :F‘Slgn("‘iz"oﬂ_)"l v (5-3)

with the upper sign representing a fast wave, the lower sign representing a slow
wave, 1 and Ki(’nﬂ + 2 Vo2 D > 0. Since the motion is damped wheh the Aimag—'
inary part of w is negative, the fast wave is always damped, whil_e the slow wave

is damped only for n < 2y 0° However, for n > 2 Yo the slow wave grows
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cxponentially with an e-folding time 7 given by

4-1)09
= - o : 5.4
T aKi“n:Q -2u09|) (5.4)

For the bunched beam K (0) =K (-w) and Kj(w) = —Ki(— w) so that the dis-

persion relation is given by

aK_(2p,Q akK, {2y, Q
o= fargn - 5] )

(5. 5)

Hence, oscillation is damped if Ki (21/0 Q) > 0 and grows exponentially for

Ki (ZVO Q) < 0 with an e-folding time 7 given by
4;;0 Q
T =- . (5. 6)
aKi(Zvo Q)

The frequencies of oscillationé w and e-folding times 7 have been calculated
for the other cases following the procedure given above. We find that unstable
monopole oscillations have very long growth times (many years) and thus impose
no practical limitations on the design of accelerators and storage rings. 27 How-
ever, for unstable multipole oscil]atibns the growth times are short enough to be
‘of practical importé.nce. Henceforth, we restrict our attention to only multipole
oscillations.

To find the condition for stable multipole oscillations, we note that the per-

iwt

turbation has been assumed to vary as e’ » so that for stability Imw < 0 or Ki>0°

In particular, for stable quadrupole oscillations Ki(zuo Q) > 0. For a suffi-
‘ v,L
ciently narrow bunch (% <« 1) the effect of local fields can be neglected so that

K, (2;;0 Q) is directly proportional to ImG (2110) with the sum G given by2

o0

_ 2 i2nTx .- -
G(x) E J;el nTx (5.7)

n=1
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A plot of the sum G(x) is given in Fig. 5.1. The n-th term in G gives the con-
tribution of the wake fields to K produced by the beam in its n-th previous turn
in the machine, The amplitude of the wake fields decreases as 1//n and the
relative phase between the wake fields and the pa;rticle oscillation varies as
2y 0(2 nm). It can be shoWn2 that the sign of ImG is determined by the first
term in the sum over n of G. Hence, the condition for stable quadrupole oscil-
lation of a single bunched beam is.given by:-

o sin (4my

0')>0

or
n <2y <(n+l) ~ " (5.8)
0. 2 . .
with n an integer.
Since the contribution to K from the local fields is positive as seen from
Eq. (51b) of the Appendlx the effect of the local fields is to widen the region of
stable osc111at1on given above. ‘ ‘
A S1m11ar analysis has been made for the other multlpole cases. The re-

sults are. su.mmamzed in Table 56 1

TABLE 5 1
Conditions for Stable Mult1p01e Oscillations for a Smgle Bunched Beam

Types of Approximate Frequency of Stable Cond1t1ons for a

Oscillations Oscillations ‘(wO =¥ ﬂ) Bunched Beam
dipole . , 'wO ) 4 n <y, < n+1/2
quadrupole 2w, - ‘n o< 2y < n+1/2
W, : n <y, <n+1/2
0 -0
sextupole : : . . o .
: 3w n' < 3y, < n'+1/2
A0 , U
Zwo‘ ' n < ZVO < n+1/2
octupole .
4w0 L ©o.n' <4y < n'+ 1/2
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0.2 0.4 0.6 0.8 1.0

20

=20

ImG

| | | N

0.90

0.92 094 096 098 1.0
X — . 826A7

Fig, 5.1, Values of the sum G(x) for 0 < x < 1.

The sum is defined by Eq. (5.7).
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For unstable quadrupole oscillations the maximum growth rate 1/'r2 is re-
lated to the maximum growth rate of the unstable dipole osci]latio_né of Laslett,
Neil, and Sessler! 1/71 by :

2 . [}
1 a 1
1l _(ay 1 : o ~(5.9)
Ty (b ) T - -
In general, the actual growth rate is less than (1/7) calculated from Eq. (5.6)
because in the analysis thus far all of the particles have been assumed to have

the same unperturbed frequency Wg s i.e., Landau damping has not -been con-

sidered. The effects of Landau damping will be discussed in Section VI.

VI. LANDAU DAMPING OF QUADRUPOLE BUNCHED BEAM

It is known that unstable beam oscillations can be suﬁpressed by Landau
damping due to a spread in the betatron oscillation frequency wof’gln this sec-
tion, we exaﬁine the effect of this stabilizing mechanism on ﬁnstable quadrupole
oscillations of a bunch beam. A criterion for the spread in the frequency W
required for stabilization is obtained.

In the foilqwing analysis the charge density of the unperturbed beam is as-
sumed to vary with radius. The unperturbed beam can be thought of as being

made up of a sum of many beams each with a constant radial density inside of

radius a. Then the charge dehsity can be written as
pyr,z) =/ (r)f(z - vt) - . (6.1a)

with the transverse dependence of the charge density given by

l@- r) = ooen(a.)H(a.—r)da . .('6 1b)
o'r) 6/ s

where n(a)da is the number of particles inside a beam with uniform transverse
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cross section density of radius a and

fn(a.)da = N. (6.2)
0.

In particular, for a beam of uniform transverse cross section density
n(a) = Né(a -r). ’
In the perturbed beam, we assume the beam radius of each of the uniform
cross section beams varies as (a + £(a) cos 2 6) with
£@) = £,a) o lwt

J

(6.3)

for quadrupole oscillation of a bunched beam. Then the transverse charge den-

sity of the beam is given by

@_(r) = @.O(r) + @(—l(p) (6.4)

where

_ [ eé@)n@)é@-r)cos20 da

D f .
mTa

0

=_6_€j£)2£(£l cos29. (6.5)
Ty

The expressions for the charge densities can be derived directly from those pre-
viously obtained foi' a uniférm cross section beam (Egs. 3.1and 3. 5b) by replac-
ing N with n(a)da and integrating over a. By the same superposition principle,

the perturbing force fields can be found from Eq. (4.10) yielding

T [ R @aa

aax UO (r,6) (6.6a)
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and

! o d
™Y =J £(@)K(a)da UO (r, A) | (6.6b)
g :

3y

where K(a) is the value of K-given by Eq. (51b) of the Appendix, with N replaced
by n(a). * -

~ We find that a self-consistent solution of the Vlasov equation is
Y (XaY22:DysPysP, ) = [dio(x,y,px,py) (XY Py y)]f(z—vt)o(pz—pzo) (6.7)

where z/;o and (//1 arc given by Eqos (4.7) and (4.21) with N replaced by n(a)da
and integrating over a. The dispersion relationship for the oscillation frequen-

cies is

f(a)(4w§ - w?)= afwg WE ()du . (6.8)
| 0

Dividing Eq. (6.8) by the quantity <4wg - w2> , multiplying the result by

K(a)da and integrating over a, we obtain a more useful form of the dispersion

*The term K is defined for an observation point inside a uniform cross section
beam. For an observation point outside of the beam, K must be modified to in-
clude an additional term which is independent of the wall conductivity. Thus, -
for a nonuniform beam Eq. (6.6) gives only a portion of the total force fields.
The inclusion of this additional term, however, will not significantly affect the
result of this section. Furthermore, since wg = 1y @ and both vy and Q are
functions of the betatron oscillation amplitude a and the particle energy v, a
spread in both a and y can contribute to a spread in wy. The exact value of the
lower limit on a spread in w( necessary for Landaudamping depends onthe distri-
bution of particles in a and v. In Ref. 1 a spread in either a or v has been
treated, The result of this section is in agreement with the result of Ref. 1,
namely, if the spread in w( is large compared to the shift in the coherent oscil-
lation frequency |Ka/4 Wo | s the unstable coherent oscillations are Landau
damped.
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rclationship

;‘Eﬁ) 5 da=1 (6.9)
4w0(a) -w

0
which is independent of the perturbation amplitudes. It will be assumed that
the frequency wg depends on a. -

For a small perturbation, w =~ 2w, so that we may write

0
2 2
4w0 -—w = 4w0(2 wo(@) - w) . (6.10)
Let
~ - '
wO(a) R Vg Q + wg 2 (6.11)
then Eq. (6.10) becomes
4w2-w2z4u Q(Zu Q-w+2wa (6.12)
0 0o\ 0 0 ) :
where
4 awo
- Y
“07 Ja

From Eq. (6.11) the spread in the particle oscillation frequencies in the’
beam is given by
A (2w

) =(299 = 220 @) paximum = 290%m (6.13)

0
where a, is the maximum value of a. Hence, for a given value of w(') the fre-
quency spread in the beam is proportional to a .

Since @ 0(r) and n(a) are related by Eq. (6.1b), differentiation of @0 (r)

with respect to r gives

n(a) = - nazgz) (a) - (6.14)
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Inscrting Eqs. (6.12) and (6.14) into Eq. (6.9), we find for the dispersion,

integral
o0 .
773
“@0 (a) [Clb4 + (=€, +Cy+Cy) at 4 (D2+D3)a4]
A @) da = 2w} (6. 15)
0
where
' w —ZVOQ
al(w) = —2—(;6—— . (6. 16)
2
ﬁrOC
Cl -
. ZVOQL')/ b
1
c, ) (1—(?) |
L
Cq rUBZCS Jh/:ReG (2v,)
> 2y bes A/wBCaD
D 0 ' _&r(é)
2 R "~ \4
L
D3) K\/%ImG(zvo)
and

[=2]

N 2 i2nmx .
G(x)—Z f;e

n=1

We will be interested only in the case where the oscillations are unstable
in the absence of Landau damping. It may be recalled that for the case of uni-

form beam the stability condition depends on the sign of Imw or ImK. In
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particular, unstable quadrupole oscillations occur when ImK (2 N Q) <0, i.e.,
(D2 + D3) > 0. Moreover, the shift in the oscillation frequency w is propor-
tional to ReK (2 % Q) which can either be positive or negative depending on the
relative magnitudes of the constants C 1° CZ’ and CS° For a proton accelerator

with a low v, Cl is dominant. Hence Aw > 0, where

Aw=Rew—2VOSZ . (6.17)

However, for an electron storage ring having a high v, 02 is dominant and
therefore Aw < 0. The cases of high and low vy will be studied separately.

The mechanism effective in stabilizing the beam has been characterized by
the parameter wb whose value depends on the nonlinearity in the machine. 1 As
defined by Eq. (6.16) the shift of the oscillation frequency due to the perturbation
is given by

Aw = Zwba

where Aw is the frequency shift. Note that a; is the amplitude at which the
change in twice the betatron frequency, A (2w0

which satisfy the above dispersion rela-

), equals the frequency shift Aw. We

are interested in finding the values of a;

tionships for a given value of w In particular, we wish to find the value of a;

1
00
at the stability limit. Since ay is real at the stability limit, the integrand in

Eq. (6.15) is singular so that carjé must be taken in evaluating the integral.

To define the integral for real 2y, first we note that for oscillation varying

as e 19t L ith

w=2pOQ+2w6a, (6.18)

unstable oscillations occur when 2w61m a, > 0. In the limit Ima1 — 0 the

1
and from below for w(') < 0, Thus for the case of wb > 0 we consider al to

pole a, in the complex a-plane approaches the real axis from above for wb >0

have an infinitesimal positive imaginary part, so that it lies just above the path
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of integration as shown in Fig. 6.1a with an equ.ivaleht path of integration shown
in Fig. 6.1b. The opposite is true of wb < 0. For Landau damping it is im-

portant that 2y be less than a_ .
. m

With this in mind the dispersion integral can be evaluated for real a, which

1
results in
a
m
4 4
,@'(u)[c b +(—C +C,+C ).1] -1 ‘
A 0™ Cq 17€9*Cy g 4
P = daznl (a)(Dy+Dy)ay = 205 (6.192)
7
and
a
m
4
(a) (D, + Dy)a !
2 a(_zal 3) daﬂ@()(al) [clb4+(-cl+cz+c3)a‘ﬂ=o (6. 19b)
0

where P indicates the principal value. The upper and lqwer signs correspond

to the case of w(') > 0 and w(') < 0, respectively.

As a reasonable ap‘proximation1 of the unperturbed transverse charge den-

sity we take

2 (a) = &N | 2

Lo H - 6.20
0 7ra4 (am a) (am a,) ' : ( )
m
Differentiating @ 0 gives.
' 12eN .
@O(a) = - 1ra4 (am - a)H(am - a) . (6.21)
m
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" FOR w} >0
X
> -
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Fig. 6.1a. Actual path of integration for the dispersion

Fig. 6.1b.

“Im a-

o> >

integral. The integral is given by Eq. (6.19).

a-PLANE

a, REAL AT

/STABLE LIMIT

oY
¢+
a

Om

759A2

Equivalent path of integration for the evaluation
of the dispersion integral,
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Substituting Eq. (6.21) into Egs. (6.19) and evaluating the integrals, we

obtain for w(') > 0:

A\ o |
(%) [Clb +(‘Cl+cz+c3)31]ﬂn( a )+ (‘Cf’czf’c?,) g(al’am)‘”(D2+D3) ay

5
L
5

TTw'a4
0" m

T T8N

a

4 .
+C,ba +(-C;+Cy+Cq) (6.22a)

and

.4 _ 4
W[Clb + (—Cl+Cz+C3)a1]

) ) T g(ana) = - 5, + D, (6. 22b)

where

a_-ai | 4(a_-a)° ;
g(a]_’am) _ ( m4 al) + (m3al) +3(am.;al)za$+4(am—é1)ai —%—gaii (6,23)

In general, solving for the unknown parameters a, and a, from Eq. (6.22) may

1
be difficult. But, for the special cases of high or low v, the solutions can be
readily found.

When v is low C1 is large compared to the other constants and since

(Dgy + D3) > 0, the right—hand side of Eq. (4.22b) is a large riegative number
and thus 2, ~ a_ . Hence, the spread in 2wy, required for Landau damping is

equal to the value of the frequ’ency shift, i.e., A (Zwo) ~ Aw. Setting al ‘equal
toa  in Eq. (6. 22a) yields
a4 Tw!
m “0 4

a
= pt. .24
5 BNC, b (6.24)

For the case of high v, C, is the dominant term and the right-hand side of

2



Eq. (6.22b) is a large positive number. Therefore,
1

am 47r02
N 6.25
a D, + D, (6. 25)

so that a > a The spread in 2w, required for Landau damping in this case

1° 0

is much larger than the frequency shift

1

arc,\*
A(20)) = -(—‘ Aw . (6. 26)

D2+D3

In both cases the required frequency spread for Landau damping is directly
proportional to the frequency shift due to the perturbatioﬁ, In the limit of low v,
the criterion for the spread required is independent of the wall conductivity.
This result. agrees with the results of Laslett, Neil and Sessler1 who have
treated the problem in much more detail for the case of dipole oscillations.

When the expression for C1 is substituted into Eq. (6.24) and the result is
simplified, we find for the case of low y the number of particlés in one bunch at

the stable limit is given by

N2 e
max 2 1
3r0 c 4 am

N (6.27)

with the betatron frequency spread in the beam given by Avo., Thus the criterion

for damping unstable quadrupole oscillation for a machine having low v is

a4
3NrO 02 b4 ____rgn__
Ay, 2 . (6. 28)
0 3 2 2 4
NT LYy, a,b

0
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Similarly, for a case of high vy the stability criterion is

3Nroc332afn I (1/4)
Ay, 2 5 5 (6. 29)
20myb VOQ TBCoL :

or the maximum number of particles in a stable bunch is

5 2
N B 20myb VOQ fﬂBCgL R 6.30)
- V, . °
max 3r, 0332afn I (1/4) 0

VII. THE EFFECT OF BETATRON FREQUENCY SPLITS

In the analysis of the preceding sections, the betatron frequencies of the
particles Wi and wa have been assumed to be equal. As a consequence of
this assumption, oscillations of the different ordered poles do not affect one
another. However, if Wox and w oy are not equal, coupling may occur between
different types of oscillations so that an oscillation of one type may excite an
oscillation of a different type. As an example of this occurrence, the effect of
W5 # wa on monopole and quadrupole oscillations is considered in this section.
It is found that coupling exists between monopole and quadrupole oscillations
and the motion of the beam is characterized by two normal modes such that the
monopolcvand quadrupole oscillations are in phase in one mode and 180° out of
phase in the other.

In a perturbed beam, we take for the charge and current densities for a

bunched beam

p=p0+€mpm+§qpq (7.1)
and
sz Jg + ngm + quq (7. 2)
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where

6%11 TR | .3
Po is the charge density for an unperturbed beam as given in Eq. (3.1), P
and pq are the perturbing charge densities as given by Eq. (3.5) with m for
monopole and q for quadrupole, —30’ -‘?m and jq are the corresponding current
densities as given by Eqgs. (3.2) and (3.7).

For a particle in the beam, the equations of motion are written as

F
o Xm xq . _ 2
P, =-x+ - ywz + - ywz y X=w Do (7.4)
0 0x 0 0x
F
. m . 2
=yt — o+ — L yowpn (7.5)
m,vyw m.yw
0¥ “oy 0”7 “oy
p =0, and Z=v, (7.6)

where Py py and p, are the conjugate momenta, *

In analogy to Eq. (4.2), we take Y as

Y = [t//o(x,y,px,py) 6 Y (X0 2 PyoPy) H 6y z//q(x,y,px,py)]hd(pz—p()z) (7.7)
where 1/10 is the self-consistent particle distribution function corresponding to
an unperturbed beam which satisfies the conditions given in Eqs. (4.3) and (4.4).

Substituting i into the Vlasov. equation, Eq. (4.1), we obtain

L, =0, (7.8)

*It may be noted that the conjugate momenta as defined here differ from those
given on p. 12 by some normalization constants.
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and

' F _ +F F_+F
. _ 1 xm "xXq d ym “yq o
[“"*Q(%‘”m*quq)" ey R e Sy . (19)
Wox X w y
where
P12 -3 2 .93 3 _ .9 : -
[J*J [“’Oxpx 3x " YoyPy 3y X 3P, yapy] ' (7.10)
A self-consistent solution x//O is
?\woxwg % a2
dj() = 27['2 2 é O(x’y’px’py) = _2_ (7'11)
a
with
2 2 2 2
wWa P+ WP 2 2
FE - ol oty .12

Subotituting ![/0 into Eg. (7.9) gives the linearized V1asov eguation tor le

[—iw+ £1] o Ym* &g ) =

Aw, w : 2
o2 g2 [(Emef §4Kq) ¥Px* (6 Ky qu,q)ypy]a 05 ) (1:13)
where
Fxm ‘ F m
= ¢ K x, L2 = ¢ Ky, (7. 14)
mgy m m myY m m
Fxq_ "yq
= K = - K 7015
myY sCi qa* m,Y éq q” ( )

with the values of the constants Km and Kq given in the Appendix.
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A self-consistent solution zpn which satisfics the above linearized Vlasov

equations is found to be

w poxw. p 2,,2 iwxp *yp 2
0x 0x"x + a
W= — 30Y 5 Ooy'y _x = A x %y) 6'(%0-7 (7. 16)

with the oscillation frequency and amplitudes obeying the relationships:

(0®-202 +ak_)e_+ (o -4w§x+aKq) £q =0 (7. 17a)
and
(w? -4 w(z)y vak Ve - (0-4 wgy +ak ) €,=0 . (7. 17b)

In order to have nontrivial solutions for the oscillation amplitudes §,, and

éq the oscillation frequency must satisfy the dispersion relationship below:

2 2 2 2
(w —4w0x+aKm> (w —4w0x+aKq)
=0. (7.19)
2 2 2 2 .
(w —4cuoy+aKm) —(w —4w0y+a.Kq)

In solving for w, we will assume that the frequency shift due to the perturbation

is small compared to the split in the frequencies, i.e.,

44\(602 W2

o Oy) >>athl.,

where

K =K +K .
t m q

Since, in the absence of perturbations, the natural frequencies are 2 Wox

and 2w, the values of the frequencies of oscillation for small perturbations are

Oy
close to 2 Wox and 2 wa" Hence, we solve for the frequency (wl) near 2 Wox and
obtain (
aK, (2w, )
) = 2wy, - —%—95) - (7, 20a)
“ox

-41 -



Similarly, for the frequency (""2) near -2 w

oy ’
aK, (2w |
w2=2woy-——;-u()—9_1). - (.20

Oy

When the values of Wy and w, are substituted into Eq. (7.17) and the per-

turbation amplitudes are solved, we find that for the normal mode lanlplitudes "
corresponding to wys $»n .fq, and for the normal mode corresponding to Wos
€, " éq . Thus, we find that as a consequence of large frequency splits,
monopole oscillations are excited by quadrupole oscillations and vice versa.

The motion of the beam can be decomposed into two normal modes which are
made up by monopole and quadrupole oscillations. The monopole and quadrupole
oscillations are in phase in one mode and 180"’ out of phase in the other, The
energy of each mode is split equally between the monopole and qu‘adrupole oscil-
lations. |

A similar analysis can be carried out for the case with small frequency

splits (wa ~ wa) s 1e€a,

| (ohe- )

Under this ocondition, wc obtain the normal mode frequencies

°

t

< aIK

a.Km (2 CUO)
= 2 - — i 'z
“m “o 4w0 (7.21a)
and
- aK, (2w) -
w = 2w, - —4- (7.21b)
q 0 ‘ 40)0

(with Wo & Wy

Section V. The corresponding normal mode amplitudes are given by Em arbi-

= wa) », which agree with the dispersion relations given in
trary and €q =0 for w = W and 6('1 arbitr?.ryl and €m =0 for w = wqo This
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result shows that for this case the normal modc oscillations are eijther pure
monopole or pure quadrupole oscillations.
Since the perturbations due to monopole oscillations are much weaker than
t

those due to quadrupole oscillations, we have K, =~ Kq so that for the case of

large frequency splits

1~ 0x SwOX *
and
We = 2w - "R (ZWO ) . 7.22b
g ® 2wgy Bugy (7.22D)

The conditions of stability for the normal modes are similar to those for pure

quadrupole oscillations

1
n < 2V0x <n+ 3 (7.23a)
and
n' < 2y, < n'+ 1 (7.23h)
Oy 2

where n and n' are integers, Vox Q= Wox ? and uOy Q= wa .

By comparing Egs. (7.21) and (7.22), we find that for the large frequency
splits the maximum growth rate is one-half the growth rate for a pure quadrupole
oscillation. This is because fqr la:rge frequency splits the energy is shared
equally between the monopole and quadrupole components of each mode. How-
ever, the amount of energy feedback to the oscillations by the monopole compo-
nent is negligible compared to the amount of feedback by the quadrupole compo-
nent. Thus, the energy contained in the monopole component does not contribute
to the unstable growth. Furthermore, the fréquency shift is one-half the fre-
quency shift for a pure quadrupole oscillation so that the frequency spread re-

quired for Landau damping is one-half of that required for damping a pure

quadrupole oscillation.
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vIi. SUMMARY

The possibility for both longitudinally continuous and longitudinally bunched
beams in circular accelerators to have unstable transverse beam oscillations
has been demonstrated theoretically. The oscillations of a nearly circular beam
centered in a vacuum tank of circular cross section can be characterized by
monopole, dipole, quadrupole, etc., oscillations. For the case of equal hori-
zontal and vertical betatron frequencies these oscillations can exist independ-
ently, with no coupling between the various poles,

Dispersion relationships which relate the oscillation frequency w to the
number of betatron oscillations per revolution Y% have been found for inonopole
and multipule oscillations. It follows from these dispersion relationships that
inthe absence of Landau damping a longitudinally continuous beam is always unstable
against the development of waves having a phase velocity close to (n - muo) QR,
where Q is the revolution frequency, R is the radius of the machine and n is an
integer greater than my, with 2m the multipole number (m = 1 for dipole, m=2
for quadrupolc, ete.). -A longitudinal single bunched beam is always stable
against multipole oscillations of order m provided n < Yy < (n + %1 ) . It follows
from this condition that for y

0

stable for a single bunched beam.

just above an integer all multipole oscillations are

For multipole instabilitico the growth rales and thresholds are close to
those obtained for the dipole instability, differing only by a geometrical factor
which depends on the radius of the tank b and the radius of the beam a. For ex-

ample, the maximum growth rate T—l for the unstable quadrupole oscillations is .
2

related to the maximum grdwth rate ;1— for the unstable dipole oscillations by
: 1
0 ‘ .
1. (%) Ti . (8.1)
T2 1 '
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'The growth rate for the dipole instability is generally of the order of milliscc-

onds. For monopole oscillations, however, the growth rates are typically

years.

The maximum growth rate for unstable quadrupole oscillations is given by:

( 4 Yo Q .n >2y,

) aLKi (n Q-2 VOQ) (continuous beam)
Tg= <

’ -4 VOQ

X W (bunched beam)

with Ki =ImK

and

(

=
il
_ AN

\

where

-1
2r0?\ 02(b4—a4) 4r0?\,82 03 1 2
- + (1+1) [ — ]
y3 b4 a3 'yb5 21ra(n ZVO)Q
n >2u0
(continuous- beam)
2r,N (b%-a%) ¢ 2y L

2NrOB2 c3a
i + F(

e (3 r(3)
W?L73b4a3 yﬂb5~ meeoL 8 *

=

2rONB203a

+ G
WybsA/ﬂﬁcoR (

2 L’O) (bunched beam)

w .
) :Z /% i 2nm
n=1 o

classical radius of the particles

=
It

0
L = length of the bunch
R = radius of the machine
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(8.3a)

(8. 3b)

(8.4)



v, = number of betatron oscillations per revolution

o = conductivity of the pipe

= revolution frequency of the particles
N = total number of particles per bunch
A = numbér of particles per unit length
¢ = velocity of light

n = positive integer greater than 2 Y

f = cgomplete gaomma function

The value of the sum G c¢an be obtained from Fig. 5.1.

In general, a spread in both the betatron oscillation amplitude a and the
particle energy v can contribute to a spread in the betatfon oscillation fre-
quency w. The exact value of the lower limit on a spread in w, necessary for
Léndau damping depends on the distribution of particles in a and v.

For a bunched beam with no energy spread, the criterion for stability by
Landau damping due to a spread in the betatron oscillation frequency against

unstable quadrupole oscillations is given by:*

( 4

a
SNxg 0_2 6" - 5m 1 8.5
Wva3v092 ai X (low v) (8. 5a)
Ay 2 <
3N, g air(%) |
20m yh°y ° JTBcoL (high v) (8. 5b)

\

*This result applies only to the case treated in Section VI. For other variations
of wg with amplitude or other particle distribution functions, some modifications
of these equations are required. However, these equations are in agreement
with the general result that if the betatron oscillation frequency spread A (2 wg)
is large compared to the coherent tune shift |Ka/4 wol , then the unstable oscil-
lations are Landau damped. See Ref. 1 for a more complete discussion of this
point for the case of dipole oscillation.
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or the maximum number of particles per bunch is given by: .

(
fr Ly3u092 , arib"‘
. Ay (low ) (8. 6a)
2 4 0
3r,. ¢ 4 am
0 b - J
5
Npmax ~ <
20ﬂ’yb5u0522 [TBcoL
Ay, - (highy) (8. 6b)
3r 03333.31"(1) 0
\ 0 m 4

where a, is the maximum value of a.

For the case of a large difference between the horizontal and vertical beta-
tron oscillation frequencieé, it is found that coupling exists between monopole
and quadrupole oscillations. The motion of the beam can be characterized by
two normal modes such that the monopole and quadrupole oscillations are in

phase in one mode and 180° out of phase in the other.

8.1. Numerical Example

In most a'cqelerators and storage rings, the cross sections of the beam and
vacuum chamber are not circular. Therefore, the theory must be extended be-
fore it can be rigorously applied. However, for the pﬁ.rpose of illustration, we
calculate the conditions for unstable quadrupole oscillations, the maximum growth
rate and the spread in v, necessary to Landau damp these unstable oscillations in

0
the proposed SLAC Storage Ring. We take

4 x 1012

R =3x10°em N = per bunch
L =3x%X10cm : o = 0.4 x 108 sec”?
Vo = 5.25 : a = 1lcm

Yy =6 X 103 b = 5cm
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We find that because of the local damping fields the condition Ki (211)0 Q) <0

restricts the range of unstable oscillations to 5.41 < y, < 5,5 or 5,91 < Yy < 6.0,

0

and the maximum growth rate is given by

2~ -(0.6+0.46 ImG (2 ) secl
To 0
To stabilize the unstable quadrupole oscillations with Landau damping, we would

need a spread in the tune within the beam of Ay, = 0,5 X 10-60

Y
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APPENDIX:- Solving for thc Perturbing Fields

In this section, we solve Maxwell's equations for the fields due to the per-

—

turbing sources Py and J 1 given in Section II:

{% {d(a -r) - EH (a - r)] (monopole) (1a)
Py =4

’i d(a-r)ycosm?é , (multipole) (1b)

\" 2 ' ' '

A, A A

7:12 {1(kv - w) (i—)H(a -rje +v [6(a -r) - 2 H(a -r)] ez} (2a)
— (monbpole)
J,=

eA itkv - w)(g)rnfi(la -r)fcosm € -sinm 6 0

Waz a [ r 9]

+vd(a-r)cosmé @z } , (multipole) (2b)

where H(x) is the Heaviside step function. For the uniform beam e A is the
charge per unit length, while for the bunched beam eA = e Nf (z - vt) with the
function f(x) normalized such that eN is the total charge in the bunch, i.e.,
0
4 ff(x)dx =1 3)
o :
and k = 0 for bunched beams.

In order to illustrate the method of solution, a detailed derivation_of the
fields for multipole bunched beams is given, Since the method of solution is the
same for continuous beams and for monopole bunched beams, only the final ex-
pressions for the forces are given for these cases. |

In solving for the fields, it is useful to employ the following transforms. 15
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For the longitudinal particle distribution f, the transform'f(k) is defined by

0

ﬂz—vm=_[?my§k“'vndk @)

-c0

and the transform ficld component 'I:l'z is defined by
o
E,  (tz-vt) =cosd e 0t f Ezl k, w) el K(Z-VE) gy ] (5)
. -0

Similar definitions are used for the transform of the other field components,
where the theta dependent and the frequency dependent terms are explicitly in-
troduced in thé definitions to simplify the subsequent expressions for the trans-

formed field components. The components Erl’ Ezl’ and B g1» are proportional

to cosm 6, while E Brl’ and le are proportional to sinm .

01°

By using Maxwell's equations and Ohm's law the field components can be

expressed in terms of Ezl and ﬁz

1° Inside the vacuum chamber (r < b) we
have
by OBy ikm(es  vrk(ae) oo
Vo oEp Tl ar r Al C rl °’ )
dE:, . .
~ . zl ikm o itrk ~
v By =ik (ﬁ +/JW) dr e BT Y ? (6b)
- . « : dB i4nk(ﬁ+ﬁ )
2~ _  ikm o . 71 . w/
v BTy B —lk('g+Bw) dr. c Jop » (6c)
ikm (8+8 3B X
2 ikm (B+B_) zl | 47Tk ~
_ : s 6d
Y Pr1 r zlﬂ'k ar + c J91 (6d)
- W Tl P |
where BW = X and v~ = -k [1 (B +Bwﬂ o
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The components Ezl and ‘le satisfy the dillerenlial equalions:

~ i4
E e () g2 gp ) pa-r)
1 9 ( 8) (2 m) a
22 )+ (e = ()
[r or \' or 2\ 14eNk?3
le ¥ s(@-r)
3.
Similarly, inside the metal walls (r > b)
. BE ikm (B+8
2~ ik zl ( w) ~ .
MEATT 3¢ 7 T Bay o (8a)
dE .
2~ _T. zl  ikm ~
A Bel‘[lk(3+ﬁw)‘4”"/°] 5 " Tr Ba .’ (8b)
. dB
2~ ikm . zl
MEg = -5 Ez1—1k(B+B) St ) (8c)
E 3B
2~ : 1,
B - [lk(gww) —41ro/c] m—24 + ik ail , (8d)

with 7\2 =y 2 + @miko/c) (B +BW) , and the differential equations for Ezl and

le given by:

|

In addition, to satisfy Eqs. (6) through (9) the transformed fields must also

FS =

zl
o3 (2-a) () e ®
B

satisfy the proper boundary conditions at r=a, and r=b. At r=a the components

le, E_:zl’ E61 and Brl are continuous while
+
a
~ + ~ - _ ~ _ ~
Bel(r—a ) - By (r=a ) =47/c f ledr—47rBN0€f s (10)

a
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and
+
~

a .
Erl(r=a+)‘—Er1 (r=a—)=4wf51dr=4WN0$? . ._ (11)

4
‘These jump conditions atf the surface of the heam are the consequence of

characterization of the charge oscillation by an equivalent surface charge dis-
tribution on a boundary of constant radius. At r=b the components gzl’ E 21° Eel’
391, and ﬁrl are continuous.

It can be seen from Eqs. (7) and (9) that the solutions for Ezl and §z1 are
Bessels functions of order m. However, it has been shown in Ref. 15 that for
oscillation frequencies considerably below cutoff and wall conductivity sufficiently
high, the fields in the regions of interest can be obtained by using the approxi-
mation that |V bl <« 1 and l?\bl >> 1. Under these assumptions, the equations

for ¥ . and B . become
zl zl

=~ 4eNKE [, 2 .,
X E1 7— (1-3 -ﬁﬁw)d(a—r)
1
[Tc gr (r gr)“mz] = _ ) @ <b) 12
d ~ i4eNkE B
zl 5 6(a-r)
a
and ﬁzl
1 ¢ 2
[?_aa? F55) + 7‘] Y R U (13)
le

X :
The general solutions [or the above equations are r M forr < b, and

L
e iAr forr > b.
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[\3

are finite at r =0, forr < a

Since Ezl and le
~ m
Ezl =Cr (14a)
and
~ m
21> nre . (14b)

Combining Eqs. (2b), (14), and (6), we obtain for r < a

2
-1 7‘E4eNk BW(B+BW)

~ ___m. m-1 m, m T m-1

Eo1=-—2 11‘:Clr - Zlk(B+BW)D1r 2 m+1 fr (1ba)
v v . v a

~ m m-1 m m-1 €4eNk2’BW"“m—l

By = —71k([3+{3w)clr +——2—1kD1r B R fr (15b)
v ] v a

Erlz.EOl

Br1=B91’

" For the region a < r < b the solutions can be written as

~ m m a.2 )
= vt -
EZ1 Clr +C1 I\ . (16a)
and
~ m m a.2
— t ’ _ .
le = Dlr + D1 r . | (16b)

These equations satisfy the continuity requirement for ﬁzl and Ezl atr = a.

In order to satisfy Eq. (7) and the boundary condition at r = a, the derivatives
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of L ., and ﬁz must be discontinuous at r =a, i.e.,

zl 1
+
a
dE : > :
zl . 4eNkf
2L - 1—;2—[1-3(3+3wﬂ (172)
.
and
at
I
3B 4eNk'f'B
zl w
=1 (17b)
ar az
1-

It can be seen that these jump conditions and the boundary conditions are satis-

fied if we choose

i,

cy e G, (18a)
ma
and
ika
| -
D} =———7 G; (18b)
2ma
with ‘
4eNT :
Gl = R 2 ° B (19)
a
Thus for a < r < b, the solutions are
. 2 : . 2
N ik (1-8%-p8) | o ik (1-B%-mB )™t
Pa |1 w1 G T ~ om Gyr (202)
ma ‘ A
and
_ kB L kg 2™t
Ba=P1ts—m-1 G|t~ T em - G - (200)
ma



W

|
R

The other field components ¢an be found by substituting the abovc cxpressions

for Ezl and §z1 into Eq. (15). The result givesfora < r <b

, ) ,
O i 2N Y S VY
91 y“ uz 2 \a 1—(/3+BW)2
m+1
l/a
+7('£) o1
~ ikm(3+5w)cl ikle m-1 S rm-l B+2BW_3(3+BWf
L e :
v 1-(B+B,]
G m+1 v
1 : ‘
(5 s ot
Er1=-i§91
and
Brl_ﬁel

HAr

The general solutions for r > b are e , so that for a wall with infinite

thickness we take

~ ik(1-8%-p8_) m (1-p%-pg )T |

E . =4]|C, + b - G - (22a)
zl 1 m-1 Gl - m 1{ iAb

2ma Z2mb 2]
and

~ ik Bw m ik[iwarn"'1 ei?\r

B .,=4|D,+————G,|b -———— G, = (22b)
zl 1 oma™ 1+1 2 m b™ 1{ iAb

with ImA > 0. By this construction the continuity requirement for Ezl and §z1

at r = b is satisfied, and Ezl and §z1 go to zero at r = o0.
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As before, the other field components can be obtained by substituting the

above expressions for ’Ezl and ﬁzl into Eq. (8). In particular, the result gives

forr > b
. . 2 . : +1
~ ikmemr ‘ ik (1 - ﬁ _ﬁBW) m ]k (1 _[f _Bﬁw)am
En =3 ST m-1 GlP - m G
’ bA w Z2mu - = 2mb
iA . +1
k(,3+/3w)e1 L ikp m 1k,8wm 1
+ 5 D, + — G| b - — (232)
Ae 2ma 2mb
and
. . o +1
N ol ik (1-F-p8,) | n ik(1-F-88,)a"
Bpp = - b Mt mo1T %P - m G,
Ace 2ma 2mb
ik ikp kg a™tt
+1knzlei7\b '[D1+ i G| P - & (23b)
bA e 2ma 2mb

y

The constants C1 and Dl are determined by the other bouhdary conditions
at r = b, Imposing the conditions that ]~391 and Eel be continuous at r = b gives

the following two equations relating C1 and D1 which are valid to first order in
o 1 /2,:

i

2176 + aph) = oy

491C1 * 899Dy = o
where
. m
B i4 rop™ . 1k(B +Bw)mb
41 T 3.
v b
a _ ikmbm
‘12 vzb

ng



21 - 2

®
|

. m m
22 = k(f 'Bw)[l'méb A ]

4moka 22 ™ a™| ap. [pb™
S | Zacm C1 (1 -B —Bﬁw)[;ﬁ _bm} %Gl[;ﬁ- -
m-1
B
'(%) Gy ) :V 2
T rHe+sy,)
2
ik aG m m aG m m
_ 1 b™ a |_ 1lb a
%2 TTT2Am BW(B+BW)|:am _bm] 2b le - bm]
(b)m'l G BuB+B,)
a 1 1-(B+BW)2

Solving for C1 and Dl’ we obtain

. 2 2m  2m m+1
c =_’k(1‘3 _BBW)Gl(b -2 )_ kB(B+B,)G 2
1 9 mam -1 b2m Ab2m+ 1
and
ik G, (b2m+a2m) kBG,a™ "
D, =- w_-
Zmam-lbzm )\b2m+1
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which may be inserted into Eqs. (22) and (23) to yield

. 2m 2m 1 2 m+l1
_ 1G1(b "2 )(k_ __‘*)_B)rm_(1-iSigmc)lx|2 Gy — ™ (252)
zl 2"mam—Ime _)/2 c ‘ , /2(%me N
inl(meJraZm) Glﬁam+1 [( f‘_ - | ‘__12_
B _ S r  + —— =57 1*181@1’( lK +—_. 1+ISIgnK K (25b
zl 9moa™ ~ 1p2m ﬁ/?o 2m+1 ) Bb( | )
G (me _a2m)
By =t (26a)
- 2a™ " b :
and A
2m 2m m+1 1
'Bel = —Gl(; l—az ) I‘m—l - mGlBaz +1 (1+1SIgTIK) IK_I._EI‘m—l (26b)
2a™ " Tp ™ J2Rpe ™
where N
k(B+B
K = (B W) - (27) .
2 _47nBo
T ¢

Knowing the fields, the transforms of the force components can be calcu-

lated from the following expressions:

frl(k) = -e(§91+3§61)e—1wtcosm9 (28a)
and
F k)= ~. L -iwt .,
g1 = e (Ee-l +BBy e sinm 6  (28b)
sinceE ,=-E,_ andB . =B,,. Thus, the force components can be found by
rl 01 rl 01 _

taking the transforms of Eq. (28).
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Belore. we embark on [inding the fields, we note the total force fields come
from two sources, local fields and wake fields. The effect of the motion of the
front of the bunch on the rear of the bunch is given by the local fields, which are
dependent on the form of the longitudinal particle distributions f (z - vt) or ?(l{),
The wake fields, on the other hand, are fields at distances |z - vtl large com-
pared to the length of the bunch and hence not dependent on the form of f. Be-
cause of this property, we will calculate the forces due to these fields separately.
Wake Fields (multipole bunched beam)

Since the wake fields are not dependent on the form of £, we take for f a
delta function in (z - vt) which corresponds to T =711r_ . Substituting —21? for T
into Eq. (5) and using the table of integrals given in Ref.' 15 to perform the inte-
grations in the inversion of the transformed quantities, we obtain the following

expressions for the wake fields of a multipole bunched beam:

Y p2 mMmA+1
_ Eulﬁ a NT S (z,t) e—iwz/[)’c

E ., = cosmO r (29a)
zl mb2m+1 |z-vt|3/2 _

E17Ep =0

£2eNa™ "1 S(z,t) jw\  S(z,t ] -iwz/Bc ., m
B . .=- - 2( = —(—'—}r e sinm 0 r (29b)
zl Wﬂbzm'l-l lz-vtlslé (Bc),z—vtll 2 |

m-1 .
Brl = _ 64?;1“23;4_ T | S(Z"ti)/z e—1wz/ﬁc sinm 8 rm -1 (30)
,JTr o) z -vt
B = cosm 8 (31)
01 rl sinm 6

where S(z,t) is defined as unity for z < vt and zero for z > vt. We note that
Erl and ﬁol are zero because higher order terms in |ub| have been neglected

and their transforms are analytic. The dominant contributions to the transverse

=59 -



force fields come from ﬁrl and BG

Thus, the force components along the x and y directions are given by

lo

FXl = Frlcos 0 - Fe1 sin 0 (32a) n
and
Fyl = FrlsiuU + F9], cus U (32b)
with
Frl = e[:’Be1 , ‘ (33a)
and
_ sinm 0 4 :
Fo1= "Fri1cosm 6 . (33b)

Local Force-Fields (multipole bunched beam)

It has been pointed out that the local force fieids are dependént on the type
of particle distributions in the z direction. In the calculation which follows, “
two types of longitudinal distributions will be assumed, a Gaussian distribution
and a.uniform distribution. Since the bunch is assumed to move as a whole, the
force on a particle within the bunch is given by the total force aqting on the
bunch averaged over the number of particles in the bunch,
To calculate the total force on a bunch, first we note from Eqgs. (26) and

(28) that the transforms of the vtransverse forces are given by

frl(k) = E’m(k)?(k) P lgiet sme (34a)
and
Fp k) = -8 _R)Tg)r - Leiotsinme (34b)
where
A S L ‘
~ _ €2e2N(b2m—a2m) 1+1S1gn(k+[%) c | 52&>2Nm.82am_1
(k)= - ) - (35)
Sm 2 2m m+1 w 172 (27TB0 2m+1

- 60 -



&

LR

The average local perturbed force on a particle of the bunch is given by

o0
in = fFrl(z)f(z)dz
- 00
where E.1 is the inverse transform of ﬁrla{) given by
o0
_ ~ ikz - wt)
F ,(2) = fFrl(k)e dk
-0
and the function f is related to the transform ?(k) by
. o0
f(z) = ff‘(k) % g |
— o0

Therefore, Eq. (36) becomes

J.=A Pl iwt s
r m

where
FF Fe o i(k+kY)z
A= [ [ [Ea0T0Twe dp dkdk’ .
—00 —00 —00 -
Note that
o0

fel(k+kv)zdz _ 27r6(k+k') ,

— 00 )
so that

o0
A = f 2rE kI k)T (k)dk .
-0 .
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Since radiation damping produces a Gaussian density distribution in the

longitudinal direction, we assume

| 9 9 ‘
2 1 "2 /L
f(z) =\/; L e . (42)

For this distribution function, the standard deviation cquals L/2. The Fourier

>

transform of f is

2.2
~ 1 -k"L°/8
f(k) = %‘ e / ° (43)

Thus, by combining Eqs. (41) and (43) we obtain

[+,0]

Ee2 N (pP™ _ %) 212

- e dk

m < 2. 2m m+1 i
TT’y b a ) 4

w\L
fe NmB2 m-1 (L+iSignk) —(K -E) 4 .. .
p2m+1 J 27rBo M /2 ¢ dx - (44)

The second integral in Eq. (44) may be evaluated for the case where (wL/Bc) < 1,

With this assumption we obtain to lowest order in (wL //30)

_ €2e2N(b2m _aZm)

m F Ly2 b2ma1n+ 1

2 m-1 a
Ao [ee[r@)eger@] @ ,

where [ (x) is the complete gamma function.

| =



&

Thus for a bunch of length L with a Gaussian density distribution in the
longitudinal ‘direction, the average local perturbed forces acting on a particle

of the bunch are

& = A rP eIt e m o - (46a)
r m

&, =-a_r™ te sinme (46b)
m

with Am given by Eq. k45)° The force components along the x and y directions
are given by Eq (32).

In order to see the effect of the form of longitudinal distribution f on the
local force-fields, we also calculated the average force for a uniform distribu-
tion. For this distrilé)ution' |
_ fé 2N (b'2m _a?m)
m »J—7r_L y2 b2 m m + 1

f_f;ggl“ [55 [F Ve 7). o

which is only slightly different from Am given by‘Eq.., (45) for a.Gaussian dis-

tribution.
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A Summary of Results

The perturbing force fields for monopole and other multipole cases have
been calculated using the method just given for the quadrupole case. The re-

sults are summarized in this section.

We find that, in general, Fxl(x,y) and Fyl(_x,y)' are derivable from a poten-

tial function UO

Fy1 o)
mo.y = 'f:K(w) '5;{— UO [I‘(.X,Y), 6 (XSY)]; . (48a')
and

where K(w) is a constant which is determined by the parameters of the beam

and the machine, and

2
= (monopole) (492)
Uy (r,0) =
Jn ‘ '
In'l cosméb . (multipole) - (49b)

For the uniform beam we obtain for the monopole and multipole o's.cillat_iiqnszs’ 29:
A
K= —W + (1+iSignw) —c—b—- 570 | \w,\(k - _E;—) (monopole) (50a)
P 1 L .
2r07\cz(b2m- aZm) : 2mr0>\,3203am 1 1 12
K=-——Z—5m ms1 +(1+iSignw) Sm+ 1 |21r0w’ (50b)
v b Ta vb

(multipole)



and for the bunched beam we obtain:

9 _
4rONc rONaﬁzc3 1"(2) uszr(;i’-)

K=- + - (monopole) (51a)
»\/7')/3a3L Wby\/:rm ')/4 Rz'y2 ’
2_2..(5 11 7 2._2..(7

@) () rl) | ()

2 | YR |lTm Tz 2
4R Y Y 4R
2 3 0 .

,_ XoNab e [ 35 v v | 2w
[ =9 £ 4 . 9/2 2 7/2 _h/2
32wby ./ BcoR b 4" (2nn) ¥~ (2m1) (2m™) :
2r0N02(b2m—a2m) erNam_lﬁzc3 (l) L (3)

K = - + [r 1y L —] (multipole) (51b)
\/?73 b2mam+1L 1Tb2m+1'y 8oL | 4 R \4
2mr0Nam"162c3 i RELY

+
wb2m+1y BcoR (21!*:1)1;2

n=1
where
ry = classical radius of the particles
L = length of the bunch
R = radius of the machine
v = w/Q

g

conductivity of the pipe

~and [ (x) is the complete gamma function.
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