


DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



.. 

I 

.l 

SLAC-76 
UC -28, Particle Accelerators 

and High Voltage Machines 
TID-4500 

'l'HHUBBINU BEAM T.RANSVERSE RESISTIVE INSTABILITIES 

IN CffiCULAR ACCELERATORS AND STORAGE RINGS 

by 

M. J. Lee 

F. E. Mills 
(University of Wisconsin) 

P. L. Morton 

August 1967 

- - ---T'rG-KL.-N ern CE . - _: -·~·~..:::•rl 
~his report was prepared as an account of Governnjent sponsored work. Neither the United I 
r ~t.a.tes, nor. the Commiooion, nor nny pon~on aoting 09 behalf of t.be Commission: 
1 A. Makes any warranty or representation, expre~sed or implied, with respect to the accu-

racy, completeneSS, or usefUlness of the lntormuUu" cunlalncll In Ullt~ l'cpul'l, 01· that the use 
of any Information, apparatus, method, or process ~sclosed In this report may not Infringe ~ 
privately owned rights; or I I 

B. Assumes any liabilities with respect to the u~e of, or for damages resulting fr. om the 
use of any Information, apparatus, method, or proce~s disclosed In this report. 

As used In the above, "person acting on behalf of the Commission" includes any em- I 
ployeC or eontractor or the Commhndun, ut' eUI&JlVy~t= uf :such contractor·, to the extent that 
such employee or contractor of the C~mmlsslon, o~ employee of such. contractor prepares, 
disseminates, or provides access to, any infor'matlot:t pursuant to his employment or contract 

1 
with the Commission, or hJs employment with such c~ntractor. 1 

Technical Report 

Prepared Under 

Contract AT(04-3)-515 

for the USAEC 

San Francisco Operations Office 

Printed in USA. Available from CFSTI, National Bureau of Standards, 
U. S. Department of Commerce, Springfield, Virginia· 22151 
Price: Printed Copy $3. 00; Microfiche $0. 65. 

DISTRIBUTION OF THIS. POCUME~ I.S U~~IMITEQ; 

~ 



~~ 

'• ·:: 
I 

THIS PAGE 

WAS INTENTIONALLY 

LEFT BLANK . 



ABSTRACT 

. Finite conductivity of the vacuum chamber wall can cause unstable trans-

verse oscillations of the center of charge or oscillations of the transverse cross 

section of a beam of charged particles. The former case, which can be charac­

terized by a dipole oscillation, has been studied extensively by others. 1 ' 2 ' 3 
In 

this work, a study has been conducted of the cross-sectional oscillations of a 

nearly circular beam centered in a circular pipe, and a self-consistent solution 

has been obtained for both monopole and multipole oscillations. Dispersion re-

lations for the oscillation frequencies have been found, and conditions for stability 

have been deduced. For multipole instabilities the growth rates and thresholds 

are close to those obtained for the dipole instability, 
1

' 
2 

differing only by age-

ometrical factor; whereas, for the monopole instability, the growth rates are 

so small that the oscillations in present accelerators and storage rings will be 

suppressed by the physical processes such as interaction with the residual gas, 

radiation damping, etc. In all cases~ the growth rate is proportional to the 

number of particles in the beam and inversely proportional to the square root of 

the wall conductivity. ·It is shown that in the absence of Landau damping a longi-

tudinally continuous beam is alwa:y-s unstable against the development of transverse . 

waves having a phase velocity close to (n- mJJ0) nR, where JJO is the number of 

betatron oscillations per revolution, n is the revolution frequency, R is the radius 

of the machine, n is an integer greater than m v0 with 2m the multipole number 

(m = 1 for dipole and m = 2 for quadrupole, etc.). A condition for stable multi­

pole oscillations for a single bunched beam is found to ben < l() < ( n + 2~ ). It 

is known 1' 2 that unstable oscillations can be Landau damped by having a suffi-

ciently large spread in the betatron oscillation frequency v
0 

n. A criterion for the 

spread required to damp unstable quadrupole oscillatio11s of a bunched beam is 
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shown to be, in the limit of low energy, dependent upon the particle density, 

energy and the betatron oscillation frequency, but not upon the conductivity. 

For the case of equal horizontal and vertical betatron frequencies monopole and 

multipole oscillations can exist independently. However, for the case of a large 

difference between the two frequencies, it is found that coupling exists between 

monopole and quadrupole oscillations, and the motion of the beam is character­

ized by two normal modes such that the monopole and quadrupole oscillations 

are in phase in op.e mode and 180° out of phase in the other. 
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I. INTRODUCTION 

In this work the transverse coherent resistive instabilities in circular ac-

celerators and storage rings are investigated for a nearly circular beam cen-

tered in a vacuum tank of circulir cross section. The tank walls are taken to 

be non-perfectly conducting. The transverse motion of a beam in an accelerator 

can be described by oscillations of the center of charge and transverse size of 

the beam. These oscillations can be characterized by a combination of mono-

pole, dipole, quadrupole, sextupole, etc. , oscillations. 

In the past few years, a number of particle accelerators have exhibited 

dipole-type transverse coherent instabilities. 
4

- 6 In 1965 Laslett, Neil and 

Sessler1 showed theoretically the possibility for a longitudinal continuous beam 

of charged particles to have unstable dipole oscillations. This theory was later 

extended to bunched beams by Courant and Sessler, 
2 

and Dikanskii Skrinskii. 3 

More recently, instabilities that may be coherent oscillations of the size of the 

beam have been observed. 7- 9 The purpose of this work is to develop a theory 

for the transverse instabilities of the beam cross section called the throbbing 

beam instability. 10 

The idea of resistive wall instabilities comes conceptually from the theory 

of the resistive wall amplifier. 11 In 1953 Birdsall, Brewer and Haell
12 

pre­

dicted theoretically and demonstrated experimentally the possibility of amplifi­

cation of longitudinal density fluctuations in an electron beam by the resistance 

in the surrounding walls. The occurrence of this phenomenon in particle accel­

erators was studied by Neil and Sessler
13 

in 1965. 

In order to understand physically the wake fields, which are responsible 

for the resistive instabilities, consider the following argument due to Robinson. 
14 

As the beam passes through a given point along the machine, a surface current 

is induced on the wall. Subsequently, if the conductivity of the wall is finite, 
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this current diffuses into the metal which gives rise to the wake fields. This 

process can best be illustrated with a simple situation. We will examine the 

currents in the wall for the case of perfect and non-perfect wall conductivity. 

Take the case of a pulse of charged particles traveling paraliel to an infinite 

metallic plane as shown in Fig. 1.1c. Imagine that the pulse of particles is 

made· up of two semi -infinite beams, one positive 'and one negative, as shown 

in Figs. 1.1a and 1.1b. The image charges and currents are shown in the same 

fig·ures for the case of a perfectly conducting wall. Because the wall conduc-

tivity is infinite no current can exist inside the metal, and the induced currents 

stay on the surface of the wall. The wall currents and charges due to the (+) 

and(-) bcumo ha.ve the same magnitudP.R hut opposite siins; by superposition, 

they cancel each other in the region behind the pulse as shown in Fig. 1.1c. 

Hence, no current is left in the wall for the case of a perfectly conducting wall. 

However, if the wall conductivity is finite, the surface currents can diffuse 

toward the inside of the metal. The diffusion of the image currents of the (+) 

and (.:.)beams is shown in Figs. 1. 2a and 1. 2b. Because these image currents 

are turned on at different times, the wall current corresponding to the (+) beam 

has diffused farther into the metal than that of the ( -) beam at the same point 

along the wall. This gives rise to currents in the wall in the region behind the 

pulse as shown in Fig. 1. 2c. Near the wall sUr-face the currents are positive 

and inside the metal the currents are negative. Hence, in the presence of wall 

resistance, there are wall currents left behind a pulse of charged particles. 

These currents provide the sources for the wake fields. 
15 

Now let us consider the situation of a pulse of particles circulating in a cir­

cular accelerator or storage ring. The particles in the pulse execute betatron 

oscillation 16 about some closed orbit as shown in Fig. 1. 3. Consider the case 

where the bunch moves as a whole' then each particle in the bunch experiences 

- 2-



~/////////////////////~/~ 

~~;:RFECT CONDUCTING WAL~ '////~~~/'//~~~~/'/'//~//~/'/'/'////~ 
~ 

· m:tt~:tr. ::::::::::}t:ft: : u+: : ::: : 1 : : : :a;::: :: ::::::ffit!I] .. v 
UNIFORM ( +} BEAM 

FIG. 1.1 a 

+ + + + + 

t----__, ... _ v 
-------------~ 

UNIFORM (-} BEAM 

FIG. 1.1 b 

NO CURRENT LEFT 
BEHIND IN WALL 

FIG. 1.1 c 

t:::::I\*':\t:\:J .. v 
BUNCH BEAM 

Fig. 1.1. An illustration of resistive wall effects for a per­
fectly conducting wall: (a) A semi-infinite (+) beam, 
(b) a semi-infinite (-) beam, and (c) a bunched (+) 
beam. 
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PARTICLE MOTION 

BETATRON OSCILLATION 

Fig. 1. 3. Betatron oscillation about a closed orbit 
of a particle in a circulating beam. 
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the wake fields produced by the moti.on of the bunch in its previous revolutions. 

The nature of the wake fields depends on the type of oscillation of the pulse, 

e. g. , monopole, dipole, quadrupole, etco , and the frequency of osciilation w. 

The relative phase of the field to that of the particle motion depends on the num­

ber of betatron oscillations, v , per revolution. Hence, it is natural to expect 

that for a given type of oscillation some relationship exists between the quanti­

ties w and v o The objective of this study is to find this relationship and to de­

duce from it the conditi~ns for stable oscillation and the vaiues of the growth 

rates for each type of oscillation. From the knowledge of the stable conditions, 

future ·machines can be designed with the proper value of v to overcome the re­

sitive instabilities. 

There are other means for suppressing resistive instabilitieso 17 A suc­

cessful method for suppressing transverse dipole instabilities has been the use 

of feedback. 
18

' 
19 

The growth rate of the instabilities is generally of the order 

of milliseconds. 
1 

In this method the transverse motion of the beam is detected 

electronically, the signal ls amplified and then fed back to the beam in such a 

phase as to damp the oscillation. 

Another means for suppressing resistive instabilities is the mechanism of 

Landau damping. 
20

' 
21 

This mechanism always relies on a spread in some pa­

rameter of the beamo The spread in the parameter may be introduced al.-tili­

cially into the beam via some machine nonlinearitieso Usually for a given 

spread of the parameter, instabilities are suppressed up to soine maximu:in 

beam intensity o 22 When this level of intensity is exceeded, the beain becomes 

unstable and a loss of current resultso This mechanism of damping is investi-

gated in detail for the quadrupole oscillationo 

Our detailed investigation for monopole and multipole transverse oscilla­

tions was suggested by the work on the transverse dipole instabilities of Laslett", 
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Neil, and Sessler~' 1 
The solutions obtained arc sc1f ... consistent

23 
based on a 

small signal model. · In particular, for the dipole oscillation our result gives 

the same expressj:on of growth rate and the same condition of stability as those 

given by others. 
1

'
2 The method used in the analysis is outlined in the next 

section. 

II. METHOD OF ANALYSIS 

The charge and current densities are taken to be 

(2.1a) 

and 

(2. lb) 

""'"' with the perturbations p1 and J 1 assumed to be small compared with the un-
...... 

. perturbed densities p
0 

and J 0• Then·Maxwell's equations are solved for the 
..... 

fields due to p and J. The transverse position of each particle in the beam 

can be determined by the equations of motion containing the forces due to these 

fields and the known initial conditions. From the knowledge of the position of 

every particle in the beam, in principle, the charge and current densities of the 

beam can be constructed. A self:-consistent solution is obtained when the charge 

and current densities so constructed are the same as those assumed in Eq. (2.1). 

A more convenient method to obtain this se1f-consistent solution is to find the 

particle distribution function in phase space that gives the asswned charge and 

current densities. The latter method is used in this paper, and an outline of 

the method is given in Fig. 2. 1. 

Following the outline given in Fig. 2.1, we first characterize the mo~opole 

and multipo're oscillations of a b~am, uniform or bunched, by some asswned 

charge and current densities, and present the equations of motion for the particles 

in Section III. 
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The body of the analysis is contained in Section IV, where the Vlasov equa-

tion combined with the equations of motion is solved for a self-consistent par-

ticle distribution and the dispersion relation for the oscillation frequencies is 

obtained. This dispersion relation is analyzed in Section V, culminating ln the 

determination of the growth times and the stability criteria for the oscillations. 

The effects of Landau damping on quadrupole oscillations resulting from a 

spread in the amplitude of oscillations are considered in Section VI, and the ef-

feet of unequal horizontal and vertical betatron frequencies for the particles is 

investigated in Section VII. 

III. MONOPOLE AND MULTIPOLE CHARGE OSCILLATIONS 

In this section the monopole and multipole oscillations of a uniform or 

bunched beam inside a metallic vacuum chamber are characterized by some 

simple models. As the major curvature of the vacuum chamber has little in­

fluence on the calculation of the fields, 
1 

the chamber is taken to be a straight 

pipe of radius b. The particles in the beam are taken to be moving longitudi-

nally in the z-direction, along the axis of the pipe, with a constant velocity v. 

The unperturbed beam is taken as uniform in the transverse cross section 

over a circle of radius a, with the center of the beam fixed along the pipe axis 

as shown in Fig. 3.1. Thus, the charge and current densities of the unperturbed 

beam are: 

eA. 
P
0 

= -
2
-H (a - r) 

7ra 
(3. 1) 

and 

(3. 2) 

where H(x) is the Reavis ide unit step function. For the uniform beam e A is the 

charge per unit length, while for the bunched beam the charge per unit length is 

- 9 -



Fig. 3. 1. The geometry of an w1perturbed beam 
and vacuum tank. 

--:::-----~~~--'----- e e- i w t cos 2 e 
0 

Oscillation Amplitude t 
Osci I lotion Frequency w 

wt=O 

718A3 

Fig. _3. 2. The geometry of a perturbed beam having quadrupole 
oscillation. 
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:. 

eA. = eN f (z - vt) with the function f(x) normalized such that eN is the total 

charge in the bunch, io e. , 

CXl 

Jf(x)dx = 1 . 
-~ 

In the perturbed beam the radius varies as (a+~) for monopole oscillations 

and (a + ~ cos m $) for multipole oscillations, with the perturbation amplitude ~ 

given by 

t i (kz - w t) 
"oe (continuous beam) 

(bunched beam) 

(3. 3a) 

(3. 3b) 

The multipole number is 2m, e. g., m = 1 for dipole oscillations and m = 2 

for quadrupole oscillations. The change in the beam cross section in time is 

illustrated in Fig. 3. 2 for the quadrupole case. As a consequence of the per-

turbation, to first order in ~ the charge density can be written as 

(3. 4) 

where 

* 
::2 [6(a-r)- ~ H(a-r)J (monopole) (3.5a) 

eA. --2 6 (a -r) cos m6l (multipole) (3. 5b) 
7Ta 

*This is a common and convenient mathematical approximation for a uniform 
dilation of the beam cross section in which the physical perturbation is charac­
terized by an equivalent surface charge distribution on a boundary of constant 
radius. A similar approximation is used for the multipole cases. 
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Similarly, the current density can be written as 

(3. 6) 

with 

eA. 
li(kv- w) i I!(a- r) ~r +v [6(a- r)- ~ H(a- r)] ~z] -2 (monopole) (3. 7a) 

7Ta 
_._ 
J = 
1 

eA. 
-2 

~ m-1 
i(kv -w) (i) H(a-r) [cosmt}~r -sinmt}~e] (multipole) (3. 7b) 

7Ta 

+v6(a-r) cosme~z] (k = 0 for bunched beam) 

-It is easily verified that J 
1 

satisfies the continuity equation. * 

For a particle in the beam, the equations of motion are 

· · 2 · · Fx1 
p =-wx+~--

x o m
0
y 

F 
. 2. t__r!_ 
PY = -woy + .., 

moy 
- (3. 8) 

and z = v 

where p 9 p and p are the conjugate momenta, m 0 is the particle rest mass, 
X y Z - . 

andy is equal to J1 - {3 2 with {3 = v/c. The contribution of both the external 
~ 

fields and the electromagnetic fields due to p
0 

and J 0 is inCluded in the quan-

tity w~, ** while the contribution of the electromagnetic fields produced by 

*The cog!inuity equation does not determine J 1 uniquely; however, this is the 
form of J1 that will yield a self-consistent solution. It is a pleasure to thank 
Dr. E. L. Chu for valuable discussions on this point. 

**Since the particles are assumed to have an angular revolution frequency Sl, 
wo = v0 Q where v 0 is the number of betatron oscillations per r:evolution. For 
the case of a single particle beam, the value of v0 is determined by the perio­
dicity of the focusing elements in the machine. The effect of space charge is 
to shift this value of v0 by an amount which is proportional to the charge density 
of the beam. Hence, the value of w0 in general depends on both the design of· 
the machine and the value of the beam current. 

- 12 -
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c.· 

-"'"' 

p1 nnfl .J 1 is ~ontn.inec'l in the perturbing terms, F xl (x, y) and Fy l (X, y). 

To find the perturbing forces, Maxwell9s equations are solved for the fields 

du~ to P
1 

and J 
1 

with appropriate boundary conditions at the vacuum chamber 

wall. The forces are calculated from the fields E1 andB
1

, using the formula 

1\ /},. (~ v '""""\ F x 1 ex + F 1 e = e E 1 + c x Bl}. 
Y Y transverse 

(3. 9) 

The calculation of F 1 and F 
1 

is presented in the Appendix. 
X . y 

The set of equations of motion can be written in an alternate form by elim-

inating the variables px, py and pz: 

(3. lOa) 

(3. lOb) 

and 

"i = 0 0 (3. lOc) 

As seen from these equations the particle betatron oscillation frequencies of 

x andy motions, w 0x and w0y, are taken to be w
0

• In a later section, however, 

this restriction is removed and the effect of w0x I: w0y is considered for mono­

pole and quadrupole oscillations. 

The transverse position of each particle in the beam can be found by solving 

the equations of motion with some known initial conditions. If the position of 

every particle in the beam is known, the charge and current densities of the 

beam can, in principle, be constructed. A self-consistent solution is obtained 

when the charge and current densities constructed are the same as those origi­

nally assumed (i.e., p and J). A more convenient method to obtain this self-

consistent solution is to find the particle distribution function in phase space, as 

outlined in Section II. 
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IV. SELF-CONSISTENT DISTRIBUTION FUNCTIONS IN PHASE SPACE 

In this section we proceed to find the self -consistent particle distribution 

functions in phase space 1/J (x, y, z, p , p ·, p , t), which give rise to the charge 
X y Z 

a:ud currt~nt densities assumed in Section lll. 

4. 1. Solving the Linearized Vlasov Equation 

In general, the particle distribution function satisfies the Vlasov equation 
24

' 
25 

In analogy to Eq. (3.4) 1/J is written as: 

where 1/Jo is the se.lf -consistent particle distribution function corresponding to 

an unperturbed beam, i.e., 

(4. 3) 

and 

(4.4) 

When Eq. (3. 8) is substituted for the time derivatives of the coordinates and 

momenta and Eq. (4. 2) is substituted for 1/J into the Vlasov equation, for the 

bunched beam, we obtain to first order in~ 

[
p _c_ + p _c_ - w2x _c_ - w2y_c_l "' = 0 (4. 5) 

X (jx y (jy 0 cP 0 cP 0 
X y 

and 

The quantity (-w) is replaced by (kv - w) for a continuous beam. 

- 14-



... 

A self-consistent solution for 1/Jo 26 
that satisfies Eqs" (4" 3), (4u4), and 

(4o 5) is 

tP,· 
0 

where~ is the Hamiltonian of the unperturbed beam: 

2 
--t'£J 1 ( 2 2) wo ( 2 2 ) 

dV 0 = 2 Pz + py + 2 x + Y • 

(4. 7) 

(4. 8) 

Substituting 1/Jo from Eq. (4. 7) into Eq. (4. 6), we obtain the linearized Vlasov 

equation for 1/11 

(4. 9) 

where 

In the Appendix, it is shown that F xl (x,y) and F yl (x,y) can be derived from 

a potential function U 0 

(4. lOa) 

and 

F 1 a 
~ = ~K(w)~ u0 [r(x,y), B(x,y)] (4.10b) 

where K(w) is a complex constant which is deterii?-ined by the parameters of the 

beam and the machine and 

(monopole) (4.11a) 

(multipole) (4.11b) 
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For convenience, the dependence of the force on the transverse position of 

the particle is given by the function u0, whereas the dependence on the size of 

the beam, the velocity, energy and density of the particles, the radius of the 

chamber, the wall conductivity, and the frequency of oscillation w is included 

inK. (See Appendix Eqs. 48-50.) 

The expressions for F x 1 and F Y
1 

are substituted into the Vlasov equation, 

yielding 

~ ?. 2] 
IJ::l.t. _ i\K(w) , ~ woa [ o o J 
1.: j'f/1--

2
7r2a2 <5 0- -2- l_Px ~ + Py ~ UO (4. 12) 

which can be written more compactly in terms of the operators c:C+ and~ .. as 

(4. 13) 

with 

(4. 14) 

and 

r ,.e J = [p -~-- + p _ _E__l . 
~ + X OX y ()yj 

(4. 15) 

Since u
0 

has a simple form when expressed in polar· coo:edinates, it is convell­

ient to rewrite the linearized Vlasov equation above in terms of the coordinates: 

r= 

and 

- 16 -



Then the opcratoro in the Vlasov equation become 

[c:t_J~ r [cos ( () -cp) -·ddP +sin ( () -cp) ~ : cf>] (4.16) 

and 

[c:tJ= p [cos ( e -cp) :r -sin ( () -cp) ~ :e J (4.17) 

In order to solve the linearized Vlasov equation (Eq. 4.13), it is useful to 

define the function Uk(r, () ) for positive integer k 

with u 0 given by Eq. (4.11). 

It follows from the above definition that for monopole oscillations, 

cos[£ (2 -£> <ct>- e>], 

£ > 2 

and for multipole oscillations, 

lp

£ m-£ (m-1)! cos [(m-£) ()+£n.], 
r (m -£)! 'I' 

u = 
£ 

0 £>m 

Operating on U£ with £_, we obtain useful relationships for£ ~ 1 

1
£(2-£+1) u£_ 1 

~ u = - £ 

£(m-£+1) u£_ 1 . 

(monopole) 

(multipole) 

(4. 18) 

(4.19a) 

(4.19b) 

(4. 20) 

It can be seen from Eqs. (4.1.8) and (4. 20) that the set of functions U£ for£ ~ 0, 

form a closed set with respect to the operators £_, £+ and iw. 
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Because of this property, 

1/Jl = L bR UR 6' [£o- w~2a2] 
p_ 

(4.21) 

where bp_ is the unknown constant coefficient to be determined. To find bp_, this. 

series for t/J1 is substituted into Eq. (4. 13), and the fact that 

(4. 22) 

is used to obtain 

(4.23) 

The relationship between ~±and Up_ as given by Eqs. (4.18) and (4. 20) is used 

in the above equation to obtain 

m 

" [bp__ 1 - iwbp_-w~ (m-P.)(£+1)] Up_+ A.KJw~ 
L..J 27T a 
P.=O 

u = 0 
l 

(4. 24) 

with b _
1 

taken to be zero. To satisfy this equation, the values for the b's are. 

chosen such that the coefficients of all of the Up_'s are zero, and the following 

(m + 1) linear equations relating the b's are obtained 

-iw 
2 

0 0 0 bo -mw 0 0 0 

1 -iw 
2 

0 A.K{w) -2(m-l)w 0 bl . 0 
2 2 2 

2 1T a 
0 1 -iw -3(m-2)w 0 0 0 

= 

1 -iw 2 2 -m w 
0 

1 -iw b 
m 0 0 0 0 0 0 0 

- 18 -
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;\ 

Thus, it is possible to solve forb£ in terms of wand the other parameters of 

the beam and the machines. In particular, solving for b0 we find 

0 
2 

0 -mw 
0 

1 1 -iw .- 1 2 -~(m- )w 
0 

u 1 -iw 

0 0 0 

b = _ AK(w). 
0 2 2 2 . 7r a 

2 
-iw -mw 0 

0 

-iw 
2 

1 -2(m-1)w 
0 

0 1 -iw 

0 0 0 

0 0 

0 0 0 

-3(m-2)ut 
0 

0 0 

0 

1 -iw 

0 0 0 1 

0 0 

0 0 . 
2 -3(m-2)w 0 0 0 

1 -iw 

0 0 0 1 

0 

2 2 
-m w 

0 

-iw 

0 

2 2 
-m w 

0 

-iw 

(4. 26) 

The solution of the Vlasov Eq. (4.13) can be found by substituting the values b£ 

into Eq. (4. 21). 

4. 2. Making the Solution Self-Consistent 

Thus far, no attempt has been made to insure that I/J1 is a self-consistent 

solution. In this section, the self-consistent requirement is imposed on I/J 1• 
__,. 

We proceed first to calculate the charge and current densities P}. and J}. corre-
....::0. 

sponding to I/J
1

; then we require that they be the same as P1 and J 1 , as given 

- 19-



m 

p]_ =e).~ pdpd<f> • (4.27) 

P.. = 0 

The integrals in Eq. (4. 27) can be evaluated quite simply by noting that the inte-

gral of UP.. over <P is zero whenever UP.. is a function of (p. It can be seen from 

Eq. (4. 19) that the only terms independent of <Pare u
0 

for multipole oscillations, 

and U 0 and U 2 for monopole oscillations. 

The above integrations are performed, yielding 

p]_ = 

1rea 
--2- 6 (a- r)b

0
- 47TH (a- r)b

2 
wo 

m-1 21re a 
2 6 (a - r) cos me bo 

worn 

where use has been made of the integr·al 

()() 

;· g(u) 6' (u - f) d u = -g(O) 6 (f) - g' (f) H (f) 

0 

(4. 28a) 

(4.28b) 

From Eq. (4. 25) we find that for monopole oscillations b
0 

and b2 are re­

lated by 

(4. 29) 

By inserting this expression into Eq. (4. 28a), Pi can be expressed in terms of 

only b
0

• Thus 

p]_ = 

- 7r e t [ 15 (a - r) -· ~ H (a - r) J b 0 
wo 

27ream - 1 

2 6 (a- r) cosmeb0 . 
worn 

-20-
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For the solution r/'1 to be self-consistent, it is necessary that 

p' =p 
1 1 

= 

which implies 

A.e [ 2 l --- 2-· 6(a -r) - a H (a -r)J 
rra 

A.e 
2 

rra 
6 (a-r) cos m () , 

(monopole) 

(multipole) 

· (monopole) 

(multipole) 

Similarly, we can calculate the current JI. from ljJ1• We find that 

Eq. (4. 31) is the only condition required for both p1 = PJ. and J1 = Jl. . 

(4. 31a) 

(4. 31b) 

The frequency of the oscillation, w, has not yet been specified. To find w, 

the two expressions for b0 given by Eqs. (4. 26) and (4. 31) are equated to obtain 
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the following dispersion relation, which relates w With the other parameters of· 

the beam and the machine: 

0 
2 -mw 

. 0 0 0 0 0 

1 -iw -2(m-1)w2 
. 0 0 0 

0. 1 -iw 3 . 2 - (m-~)w0 0 

I· -iw 
2 2 -m wo 

0 0 0 0 0 0 1 -iw 

m-~ a qw) 
= 1 (4. 32) 2 

mw0 
2 

0 -iw -mw 0 0 0 . 0 
2 

1 -iw -2(rn-1)w
0 0 0 

·o 1 -iuJ 3 . 2 - (m-~)w0 0 

1 -iw 

0 0 0 0 0 0 1 -iw 

Dispersion relationships for various values of m are given in Table 4. 1. 
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'l'ABI .1<: 4. 1 

Some Dispersion Relationships for the Oscillation Frequency w 

Type of 
Oscillation 

monopole 

dipole 

quadrupole 

sextupole 

octupole 

Value of 
m 

2 

1 

2 

3 

4 

Dispersion Relation for w (- w is replaced 
by (k - w) for continuous beam) 

2 2 
4 w

0 
- w = aK (w) 

2 2 
w

0
- w = K (w) 

2 2 
4 w

0 
- w = aK (w) 

2 . 
a K (w) 

3 
=a K(w) 

The value of w can be obtained from the dispersion relation if the machine 

and beam parameters are knoWllo With w known and its value substituted into 

the b's in Eqo (4o 21), a self-consistent solution I/J
1 

is explicitly determined. 

V. CONSEQUENCES OF THE DISPERSION RELATIONSHIPS 

In this section the dispersion relationships given in Tabie 4o i of the preced-

ing section are analyzedo The frequencies of oscillation w are determined in 

terms of the parameters of the beam and the machineo Conditions for stable os-

cillations are deduced and values of the growth rates for unstable oscillations 

are foundo 

As an illustration of the procedure used, a detailed analysis of the dispersion 

relationship for quadrupole beams is given. Since the method of analysis is the 
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same for all cases of oscillations, only the final results are presented for mono-

pole beams and other multipole beams~ 

For a small perturbation, the frequency of oscillation for quadrupole case 

will be close to the natural oscillation frequency 2 w
0

• The dispersion relation-. 

ship 
') n 

4 'w ~ - (k v - w t = aK (w) . '(5. 1) 

can be solved for values of w near 2 w
0

• For a storage ring or circular accel­

erator the values of k are restricted to k = n rl/v with n the revolution frequency, 

n a positive integer for the uniform beam and equal to zero for the bunclied beam. 

It is convenient to write w 
0 

= 11
0 

n with v 0 the unperturbed number of betatron 

oscillations per revolution, so that we obtain for the dispersion relationship: 

(5. 2) 

where K and K. denote the rea~ and imaginary parts of K. ·In practice 
r 1 

so that two of the roots of Eq. (5. 2) for w are: 

w = (n± 2 ~~ 0) n 1= 4 :
00 

[Kr (n n ± 211 0 n) + ~ (n n ~ 211 0 n )] 

For the case of the uniform beam the :aign of the imaginary part of K("'-') is . . 

determined by the sign of w, so that 

aK (lnQ±2v nl) aK.(Inf2±2v nl) 
= ( ± 2. ) n =F r 0 =F ·s· ( ± 2 n) · 1 

· 
0 · W n JIO 4 f2 1 1gn n IIO 4 ,.., ' 

~ . vo~~ 
(5~ 3) 

with the upper sign representing a fast wave, the lower sign representing a slow 

wave, 1 and Kl\ nn ± 2 v 0 n I) >. 0. Since the motion is damped when the imag- · 

inary part of w is negative, the fast wave is always damped, while the slow wave 

is damped only for n < 2 Jl 0 • However, for n > 2 v 0 the slow wave grows 

- 24 -
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exponentially with in e-folding time T given by 

(5.4) 

For the bunched beam K (w) = K (-w) and K.(w) = -K.(-w) so that the dis-
r r · 1 1 

persion relation is given by 

Hence, oscillation is damped if Ki ( 2v0 n) > 0 and grows exponentially for 

Ki ( 2v0 n) < 0 with an e-folding time T given by 

(G. 6) 

The frequencies of oscillations wand e-folding times T have been calculated 

for the other cases following the procedure given above. We find that unstable 

monopole oscillations have very long growth times (many years) and thus impose 

no practical limitations on the design of accelerators and storage rings. 27 H:ow-

ever, for unstable multi pole oscillations the growth times are short enough to be 

of practical importance. Henceforth, we restrict our attention to only multipole 

oscillations. 

To find the condition for stable multipole oscillations, we note that the per­

turbation has been assumed to vary as e-iwt, so that for stability Imw < 0 or K.>O. 
. 1 

In particular, for stable quadrupole oscillations Ki(2v0 Q) > 0. For a suffi-

ciently narrow bunch (:o~ « 1) the effect of local fields can be neglected so that 

Ki ( 2v 
0 

rl) is directly proportional to I m G ( 2v 0 ) with the sum G given by 
2 

00 

G(x) = L fl ei 2 n 7rx •. 

n=l 

(5. 7) 
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A plot of the sum G(x) is given in Fig. 5.1. The n-th ter.m. tn G. giy~s .the· con-

tribution of the wake fields to K produced by the beam in its n-th previous turn 

in tl;le machine. The amplitude of the wake fields decreases as 1/ Ill and the 

relative phase between the wake fields and the particle oscillation varies as 

2JJ
0

(2n7r). It can be shoWI1
2 

that the sigh of ImG is qeterminedby the first 

term in the sum over n of G. Hence, the condition for stable quadrupole oscil-

lation of a single bunched beam is ,given by_:· 

sin ( 4 1r v 0 ) > 0 

or 

(5. 8) 

with nan integer. 

Since the contribution to K. from the local fields is positive as seen from 
1 . . 

Eq. (51b) of the Appendix, the effect of the local fields is to widen the region of 

stable oscillation given above. 

A similar analysis has been made for the other multipole cases. There-

sults are.summarized in Table 5. 1. 

TABLE 5.1 

Conditions for Stable Multipole Oscillations for a Single Bunched Beam 

Types of 
Oscillations 

dipole 

quadrupole 

sextupole 

octupole 

. ' . . . ; 

Approximate Frequency of 
Oscillationo (w0 _.., J.'o 0) 

- 26-. ·: 

Stable Conditions for a 
Bunohed Beam 

n < v
0 

< n + 1/2 

n < 2v0 < :ri + 1/2 

n < _v0 < n + 1/2 

n' < 3v0 < ~' + 1/2 

n < 2v
0 

< n + 1/2 

n' < 4v0 < n' + 1/2 



10 ~------~------~------~------~------~ 

L2nnx 
G (x) = L he . .Jn" 

n =I 5 

-5 

-10 ~------L-------~-------L------~------~ 
0 0.2 0.4 0.6 0.8 1.0 

x~ 

10 

-10 

-20 L-------L-------L-----~------~------~ 
0.90 0.92 0.94 0.96 0.98 1.0 

X------

Fig. 5.1. Values of the sum G(x) for 0 < x < 1. 
The sum is defined by Eq. (5. 7). 
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For unstable quadrupole oscillations the maximum growth rate.1/r2 is re­

lated to the maximum growth rate of the unstable dipole oscillations of Laslett, 
1 . 

Neil, and Sessler 1/r1 by: 

(5. 9) 

In general, the actual growth rate is less tha·n (1/r) calculated from Eq. (5. 6) 

because in the analysis thus far all of the particles have been assumed to have 

the same tmperturbed frequency w0 , i.e., Laridau damping has not· been c?n­

sidered. The effects of Landau damping will be discussed in Section VI. 

VI. LANDAU DAMPING OF QUADRUPOLE BUNCHED BEAM 

It is known that unstable beam oscillations can be suppressed by Landau 
1,2 

damping due to a spread in the betatron oscillation frequency w
0

• In this sec-

tion, we examine the effect of this stabilizing mechanism on unstable quadrup.ole 

oscillations of a bunch beam. A criterion for the spread in the frequency w 
0 

required for stabilization is obtained. 

In the follqwing analysis the charge density of the unperturbed ~earn is as­

sumed to vary with radius. The unperturbed .beam can be thought of as being 

made up of a sum of many beams each with a constant radial density inside of 

radius a. Then tho charge density can be written as 

with the transverse dependence of the charge density given by 

fLJ" (r) 
0 

00 

= /en(a)H~a-r)da 
7ra 

0 

(6. 1a) 

(6. 1b) 

where n (a) d a is the number of particles inside a beam with uniform transverse 
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cross section density of radius a and 

00 J n(a)da = N. (6. 2) 

0. 

In particular, for a beam of uniform transverse cross section density 

n (a) = N d (a - r) • 

In the perturbed beam, we assume the beam radius of each of the uniform 

cross section beams varies as (a + ~(a) cos 2 e) with 

(6. 3) 

for quadrupole oscillation of a bunched beam. Then the transverse charge den­

sity of the beam is given by 

where 

r?J- (r) = uy-
0

(r) + {j)J (r) 
q . 

qJ (r) 
q 

00 =! e ~(a)~(~) ~(a -r) cos 2 e da 
rra 

0 

e~(r)n(r) cos20. 
2 

rrr 

(6.4) 

(6. 5) 

The expressions for the charge densities can be derived directly from those pre­

viously obtained for a uniform cross section beam (Eqs. 3.1 and 3. 5b) by replac-

ing N with n(a)da and integrating over a. By. the same superposition principle, 

the perturbing force fields can be found from Eq. (4.10) yielding 

00 

:;;j - 0 
~(a)K(a)daax u0 (r,O) (6. 6a) 

0 
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and 

'F 
y1 

mo'Y. 

00 

= J ~(a) K (a) d a -
0
,-:
0
'-Y-

0 

(6.6h) 

where K(a) is the value ofKgiven by Eq. (51b) of the Appendix, with N replaced 

by n(a). * 

We find that a self-consistent solution of the Vlasov equation is 

where lf;0 and lf;1 arc given by Eqo. (1. 7) and (4.21) with N replaced by n(a)da 

and ·integrating over a. The dispersion relationship for the oscillation frequen-

cies is 

2 2) 00 

~(a)(4w0 - w =.a J ~ (u)K (u)du. (6. 8) 

0 

Dividing Eq. (6. 8) by the quantity (4w~ - w
2
), multiplying the result by 

K(a)da and integrating over a, we obtain a more useful form of the dispersion 

*The term K is defined for an· observation point inside a uniform cross section 
beam. For an observation point outside of the beam, K must be modified to in­
clude an additional term whlch is ·i.J.idependent of the wall conductivity. Thus, · 
for a nonuniform beam Eq. (6. 6) gives only a portion of the total force fields •. 
The inclusion of this additional term, however, will not significantly affect the 
result of this section. Furthermore, since w0 = "'0 n and both v0 and n are . 
functions of the betatron oscillation amplitude a and the particle energy y, a 
spread in both a andy can contribute to a spread in w0 • The exact value of the 
lower limit on a spread in w0 necessary for Landau damping depends on the distri­
bution of particles in a andy. In Ref. 1 a spread in either a or y has been 
treated. The result of this section is in agreement with the result of Ref. 1, 
namely, if the spread in w0 is large compared to the shift in the coherent oscil-
lation frequency 1 Ka/4 w

0 
1 , the unstable coherent oscillations are Landau 

damped. 
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relationship 

CX) 

I aK(a) 
2 2 

4 w
0 

(a) - w 
da = 1 (6. 9) 

0 

which is independent of the perturbation amplitudes. It will be assumed that 

the frequency w
0 

depends on a. · 

For a small perturbation, w ~ 2w
0 

so that we may write 

Let 

then Eq. (6. 10) becomes 

where 

2 2 
4w - w :::::: 

0 

(6. 10) 

(6. 11) 

(6. 12) 

From Eq. (6. 11) the spread in the particle oscillation frequencies in the 

beam is given by 

(6. 13) 

where am is the maximum value of a. Hence, for a given ·value of w0 the fre­

quency spread in the beam is proportional to a • m 

Since :2J 0(r) and n(a) are related by E~. (6.1b), differentiation of .@0 (r) 

with respect to r gives 

n(a) = - 7f a
2£J' ~ (a) . (6.14) 
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Inserting Eqs. (6.12) and (6. 14) into Eq. (6. 9), we find for the dispersion, 

integral 

(6. 15) 

0 

where 

a 1 (w) 
(<) - 2 v

0 
n 

= 
2 w' 

0 
(6. 16) 

c1 .,..-
Jiroc2 

3 4 
2v

0 
n L y b 

fi~) 

and 

00 

G(x) = L 
n=1 

We will be interested only in the case where the oscillations are unstable 

in the absence of Landau damping. It may be recalled that for the case of uni-

form beam the stability condition depends on the sign of I m w or I mK. In 



particular, unstable quadrupole oscillations occur when ImK ( 2 l'o ~) < 0 ·, i.e. , 

(D2 + D3 ) > 0. Moreover, the shift in the oscillation frequency w is propor­

tional to Re K (2 v
0 
~)which can either be positive or negative depending on the 

relative magnitudes of the constants C 
1

, C 
2

, and C 
3

• For a proton accelerator 

with a low y, C
1 

is dominant. Hence 6 w > 0, where 

~w = Re w - 2 v
0 
~ • (6. 17) 

However, for an electron storage ring having a high y, c 2 is dominant and 

therefore ~ w < 0. The cases of high and low y will be studied separately. 

The mechanism effective in stabilizing the beam has been characterized by 

the parameter w0 whose value depends on the nonlinearity in the machine. 
1 

As 

defined by Eq. (6. 16) the shift of the oscillation frequency due to the perturbation 

is given by 

~w = 2w' a 
0 

where ~w is the frequency shift. Note that a
1 

is the amplitude at which the 

change in twice the betatron frequency,~ (2w0 ), equals the frequency shift ~w. We 

are interested in finding the values of a
1 

which satisfy the above dispersion rela­

tionships for a given value of w0• In particular, we wish to find the value of a 1 

at the stability limit. Since a
1 

is real at the stability limit, the integrand in 

Eq. (6.15) is singular so that care must be taken in evaluating the integral. 

To define the integral for real a
1

, first we note that for oscillation varying 

-iwt . 
as e w1th 

w = 2 v
0 
~ + 2 w0 a , (6. 18) 

unstable oscillations occur when 2w0Im a 1 > o. In the limit Ima1 - 0 the 

pole a
1 

in the complex a-plane approaches the real axis from above for w0 ~ 0 

' 
and from below for w0 < 0. Thus for the case of w0 > 0 we consider a 1 to 

have an infinitesimal positive imaginary part, so that it lies just above the path 
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of integration as shown in Fig. 6. la with an equi.valent path of int~gra~ip~ shown 

in Fig. 6.1b. The opposite is true of w0 < 0. For Landau damping it is im­

portant that a 1 be less than am. 

With this in mind th~ dispersion integral can be evaluated for real a 1 which 

results in 

and 

a 
m 

·J~o<a.>[c1b4+(-C1+C2.PC3)a~ r//1' . 4_ I 

P a-a da=i=7r.Uo(a1)(D2+D3)a1 -2wo 
1 

. . 

0 

a 
m 

p ~~ O(a) (D2 + D3) a 4 (/})' [ 4 4] 
a-a1 da±n;:uo(a1) C1b +(-C1+C2+C3)a1 =0 

0 

(6. 19a) 

(6. 19b) 

where P indicates the principal value. The upper and lower signs correspond 

to the case of w0 > 0 and w0 < 0, respectively. 

As a reasonable approximation1 of the unperturbed transverse charge den-

sity we take 

f!2J (a) = GeN (a -a )2 H( a -a) 0 · 4 m m · · 
na 

m 

Differentiating !JJ 0 gives 

llA' 12eN . 
~ 0 (a)=- - 4- (am- a)H(am- a) 

na 
m 
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.. 

Im a 
a- PLANE 

/.POLE AT o = o1 
/ FOR w~ >O 

X . 
0 Re a 

Fig. 6. la. Actual path of integration for the dispersion 
integral. The integral is given by Eq. (6.19). 

Im a a- PLANE 

0 Re a 

Fig. 6. lb. Equivalent path of integration for the evaluation 
of the dispersion integral. 
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Substituting Eqo (6o 21) into Eqso (6o 19) and evaluating the integrals, we 

obtain for w0 > 0: 

(6. 22a) 

and 

(6o 22b) 

where 

In general, solving for the unknown parameters a 1 and am from Eq. (6. 22) may 

be difficulto But, for the special cases of high or low y, the solutions can be 

readily foundo 

When ')I is low C1 is large compared to the other constants and ·since 

( D2 + ri
3

) > 0, the right-hand side of Eqo (4~ 22b) is a large ri:e.gative nui:n:ber 

and thus a 1 ~ am. Hence, the spread in 2w0 required for Lan.dau damping is 

equal to the value of the frequency shift, i.ec., ~ (2w0) ~ D.wo Setting a1 equal 

to a in Eqo (6·. 22a) yiEilds 
m 

4 3 a 1r w' a 
~+ 0 m 

5 6NC 1 
(6o 24) 

For the case of high y, c
2 

is the dominant term and the right-hand side of 
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Eq. (6. 22b) is a large positive number. Therefore, 

:~ = (- (6. 25) 

so that am» a 1• The spread in 2w
0 

required for Landau damping in this case 

is much larger than the frequency shift 

(6. 26) 

In both cases the required frequency spread for Landau damping is directly 

proportional to the frequency shift due to the perturbation. In the limit of low y, 

the criterion for the spread required is independent of the wall conductivity. 

This result. agrees with the results of Laslett, Neil and Sessler1 who have 

treated the problem in much more detail for the case of dipole oscillations. 

When the expression for c 1 is substituted into Eq. (6. 24) and the result is 

simplified, we find for the case of low y the number of particles in one bunch at 

the stable limit is given by 

Nmax = 

r; 3 2 
· '\) .. L 'Y v0 Q . 

2 
3r0 c 

(6. 27) 

with the betatron frequency spread in the beam given by ~v0 • Thus the criterion 

for damping unstable quadrupole oscillation for a machine having low 'Y is 

[
b4-~] 

a2 b4 
m 
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Similarly, for a case of high y the stability criterion is . 

5 2 
20rryb v

0
n ~rr{3CaL 

or the maximum number of particles in a stable bunch is 

N max 

5 2 .,.-----
20rryb IJ0 n .jrrf3CaL 

= ------~3~2~2~--------
3ro c {3 am r (1/4) 

VII. THE EFFECT OF BETATRON FREQUENCY SPLITS 

(6. 29) 

(6. 30) 

In the analysis of the preceding sections, the betatron frequencies of the 

particles wOx and wOy have been assmned to be equal. As a consequence of 

this assumption, oscillations of the different ordered poles do not affect one 

another. However, if wOx and w
0
y are not equal, coupling may occur between 

different types of oscillations so that an oscillation of one type may excite an 

oscillation of a different type. As an example of this occurrence, the effect of 

wOx =/= wOy on monopole and quadrupole oscillations is considered in this section. 

It is found that coupling exists between monopole and quadrupole oscillations 

and the motion of the beam is characterized by two normal modes such that the 

monopole and quadrupole oscillations are in phase in one mode and 180° out of 

phase in the other. 

In a perturbed beam, we take for the charge and current densities for a 

bunched beam 

and 

P=P0 +~ p +!: P. m m '>q q 
(7 0 1) 

(7 0 2) 

.. 



where 

~m 
q 

· -,.iwt 
- ~Orne 

q 
(7 0 3) 

Po is the charge density for an nnperturbed beam as given in Eq. (3.1), pm 

and p are the perturbing charge densities as given by Eq. (3. 5) with m for 
q 

monopole and q for quadrupole, J 0, J and J are the corresponding current m q 

densities as given by Eqs. (3. 2) and (3. 7). 

For a particle in the beam, the equations of motion are written as 

F F . xm xg 
Px =-X+ 2 + 2 

mO 'Y cvOx moywOx 

F F . ym ;y:g p = -y + + y 2 2 
mo ywOy mOywOy 

P• = 0 
z ' 

and 

where p , p and p are the conjugate momenta. * 
X y Z 

In analogy to Eq. (4. 2), we take r/J as 

. 2 
x=w p 

Ox x 

. 2 
y=w p Oy y 

. 
z = v '· 

(7.4) 

(7 0 5) 

(7. 6) 

r/J =~0(x,y,px,Py)+~m r/Jm(x,y,px,Py) +~q r/Jq(x,y,px,Py)]Ao(Pz-poz) (7.7) 

where r/J
0 

is the self-consistent particle distribution fnnction corresponding to 

an unperturbed beam which satisfies the conditions given in Eqs. (4. 3) and (4.4). 

Substituting r/J into the Vlasov equation, Eq. (4.1), we obtain 

(7. 8) 

*It may be noted that the conjugate momenta as defined here differ from those 
given on p. 12 by some normalization constants. 
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and 

[

F +F F +F J 
[-iw+ rl(t ·'· +~ 1/J )=- _1_ xm xq _a_+ ym yq _d_ "' 
~ m'f'm q q m 0y 2 oP 2 oP 0 

WOx X WOy y 

(7 0 9) 

where 

~~ l '""'lw2 P _£___ + w2 P ._E._ -x-o- -y-o-] t ~ L Ox X ox Oy y oY ()p dP . 
X y 

(7. 10) 

A se1f-consistent solution !/Jo is 

(7. 11) 

with 

2 2 2 2 
wOxpx + wOyp 2 2 
___;~:.;__::::------'-'----"y'- + X + y 

2 2 (7. 12) 

Subotituting 1/1
0 

il1to Eq. (7. 9) g;ivt::s the linearized Vlasov equation tor I/J1: 

where 

F F 
xm 

~ K X 
_E!!_ 

~mKmy = 
moy ' mo'Y ' m m 

F F 
~ = ~ K X 

yq = - ~ K y 
moy q q ~ 

moy q q 

with the values of the constants K and K given in the Appendix. m q 
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A self-consistent solution 1/J. which satisfies the above linearized Vlasov w 
equations is found to be 

A. wOx wOy [w0
2 

p
2 

± w0y
2 

p
2 

2 ± 2 iw(x p ±y p )] ~r--rJ? 2) 
1/J_ =--;<=-=-~-"- XX _y_X y + X y ()'ci'T/-~ 

m 23 2 2 2 0 2 
4 rr a . 

(7 0 16) 

with the oscillation frequency and amplitudes obeying the relationships: 

(7.17a) 

and 

( 2 2 ) (2 2 ) w -4 w0y + aKm ~m - w - 4 w0y + aKq ~q = 0 • (7 .17b) 

In order to have nontrivial solutions for the oscillation amplitudes ~ and 
m 

~q the oscillation frequency must satisfy the dispersion relationship below: 

( w
2 

- 4 w ~ + a Km) ( w
2 

- 4 w~ + aKq) 

= 0. (7. 19) 

( 2 2 ) - ( w
2 

- 4 w~ + aKq) w -4 t'-by + aKm 

In solving for w, we will assume that the frequency shift due to the perturbation 

is small compared to the split in the frequencies, i.e., 

where 

Kt=K +K • m q 

Since, in the absence of perturbations, the natural frequencies are 2 wOx 

and 2 wOy the values of the frequencies of oscillation for small perturbations are 

close to 2w0x and 2woy· Hence, we solve for the frequency (w1) near 2w0xand 

obtain 

(7. 20a) 

-41-



Similarly, for the frequency (w2 ) near 2 woy , 

(7 0 20b) 

When the values of w
1 

and w2 are substituted into Eq. (7. 17) and the per­

tl.U'bation amplitudes are solved, we find that for the normal mode amplitude::>'" 

corresponding to w1 , ~n1. = ~q' and for the normal mode corresponding to w2 , 

~ --' - ~ • Thus, we find that as a consequence of large frequency splits, m q 

monopole oscillations are excited by quadrupole oscillations and vice versa. 

The motion of the beam can be decomposed into two normal modes which are 

made up by monopole and quadrupole oscillations. The monopole and quadrupole 

oscillations are in phase in one mode and 180° out of phase in the other. The 

energy of each mode is split equally between the monopole and quadrupole oscil-

lations. 

A similar analysis can be carried out for the case with small frequency 

splits (wOx ~ w0Y) , i.e., 

4 ~ ( w~x - w ~) I « a I Kt I o 

Under this condition, we obtain the nor· mal mode frequencies 

and 

w 
q 

aKm (2'~,0 ) 

4w
0 

(7. 21a) 

(7. 21b) 

(with w0 ~ wOx ~ wOy) ':which agree with the dispersion relations given in 

Section V. The corresponding normal :moue amplitudes are given by ~ arbi-. m . 

trary and t: = 0 for w = w , and ~ · arbitrary and ~ = 0 for w = w o This 
"q m q . · · m q 
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oi, 

result showR that for this case the normal mode oscillations are ej_ther pure 

monopole or pure quadrupole oscillations. 

Since the perturbations due to monopole oscillations are much weaker than 

those due to quadrupole oscillations, we have Kt ~ Kq so that for the case of 

large frequency splits 

(7. '22a) 

and 

aK (2w0 ) 
w

2 
~ 2w - q Y 

0y 8 WOy 
(7. 22b) 

The com.litions of stability for the normal modes are similar to those for pure 

quadrupole oscillations 

and 

1 
n < 2v0x < n + 2 

1 
n' < 2v0y < n' + 2 

where n and n' are integers, v0x n = w Ox , and vOy n = w Oy • 

(7. 23a) 

(7. 23h) 

By comparing Eqs. (7. 21) and (7. 22), we find that for the large frequency 

splits the maximum growth rate is one-half the growth rate for a pure quadrupole 

oscillation. This is because for large frequency splits the energy is shared 

equally between the monopole and quadrupole components of each mode. How-

ever, the amount of energy feedback to the oscillations by the monopole compo-

nent is negligible compared to the amount of feedback by the quadrupole compo-

nent. Thus, the energy contained in the monopole component does not contribute 

to the unstable growth. Furthermore, the frequency shift is one-half the fre-

quency shift for a pure quadrupole oscillation so that the frequency spread re-

quired for Landau damping is one -half of that required for damping a pure 

quadrupole oscillation. 

-43-



Vlllo SUMMARY 

The possibility for both longitudinally continuous and longitudinally bunched 

beams in circular accelerators to have unstable transverse· beam oscillations 

has been demonstrated theoretically. The oscillations of a nearly circular beam 

centered in a vacuum tank of circular cross .section can be characterized by 

monopole, dipole, quadrupole, etc., OScillations. For the case of equal hori-

zontal and vertical betatron frequencies these oscillations can exist independ-

ently, with no coupling between the various poleso 

Dispersion relationships which relate the oscillation frequency w to the 

number of betatron oscillations per revolution v
0 

have been found for monopole 

und multivule u:::;ctllations. It follows 'from these dispersion relationships that 

in the absence of Landau damping a longitudinally continuous beam is always unstable 

against the development of waves having a phase velocity close to ( n - m v0) n R, 

where n is the revolution frequency, R is the radius of the machine and n is an 

integer greater than m v
0 

with 2m the multipole number (m = 1 for dipole, m = 2 

for quadrupole, etc.). ·A longitudinal single bunched beam is always stable 

against multipole oscillations of order m provided n < v0 < ( n + 2~). It follows 

from this condition that for v
0 

just above an integer. all multipole oscillations are 

stable for a single bunched beam. 

For multipole instabilitico the growth .L"ale::; and thresholds are close to 

those obtained for the dipole. instability, differing only by a geometrical factor 

which depends on the radius of the tank band the radius of the beam a. For ex­

ample, the maximum growth rate __!_ for the unstable quadrupole oscillations is . 
T2 

related to the maximum growth rate __!_.for the unstable dipole oscillations by 
. T1 

(8.1) 
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The growth rate for the dipole instability is generally of the order of milliscc-

onds. For monopole oscillations, however, the growth rates are typically 

years. 

The maximwn growth rate for tmstable quadrupole oscillations is given by: 

T = 2 
-4 v n 

0 

n >2v0 
(continuous beam) 

(bunched beam) 

with K. = ImK 
1 

and 

K= 

where 

2( 4 4) 2r0 A.c b-a 

3 b4 3 
'Y a 

I 
2L 3 b4 3 

7r 'Y a 

·1 

4 ro A/32 c3 [ 1 l2 
+ (

1
+i) yb5 2rra(n-2v

0
)nj 

n >2v
0 

(continuous beam) 

(bunched beam) 

00 

G (x) = L H ei 2n7l'X 

n=1 

r 0 = classical radius of the particles 

L = length of the bunch 

R radius of the machine 
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(8. 3a) 

(8. 3b) 

(8.4) 



IJO = number of betatron oscillations per revolution 

a conductivity of the pipe 

Q revolution frequency of the particles 

N = total number of particles per bunch 

A = number of particles per unit length 

c = velocity of light 

n = positive integer greater than 2 1.1
0 

r = complete gumma. function 

The value of the sum G can be obtained from Fig. 5.1. 

In general, a spread in both the betatron oscillation amplitude a and the 

particle energy y can contribute to a spread in the betatron oscillation fre-

quency w0• The exact value of the lower limit on a spread in w
0 

necessary for 

Landau damping depends on the distribution of particles in a and y. 

For a bunched beam with no energy spread, the criterion for stability by 

Landau damping due to a spread in the betatron oscillation frequency against 

unstable quadrupole oscillations is given by:* 

(low Y) (8. 5a) 

(high Y) (8. 5b) 

*This result applies only to the case treated in Section VI. For other variations 
of wo with amplitude or other particle distribution functions, some modifications 
of these equations are required. However, these equations are in agreement 
with the general result that if the betatron oscillation frequency spread ~ (2 w0) 
is large compared to the coherent tune shift I Ka/4 w0 I , then the unstable oscil­
lations are Landau damped. See Ref. 1 for a more complete discussion of this 
point for the case of dipole oscillation. 

-46-

+' 

.. 



or the maximum number of particles per bunch is given by: 

r:;; 3 2 
"-/" L 'Y JJO Q 

Nmax = 

where a is the maximum value of a. m 

(low 'Y) (8. 6a) 

(high 'Y) (8.6b) 

For the case of a large difference between the horizontal and vertical beta-

tron oscillation frequencies, it is found that coupling exists betwef;ln monopole 

and quadrupole oscillations. The motion of the beam can be characterized by 

two normal modes such that the monopole and quadrupole oscillations are in 

phase in one mode and 180° out of phase in the other. 

8.1. Numerical Example 

In most accelerators and storage rings, the cross sections of the beam and 

vacuum chamber are not circular. Therefore, the theory must be extended be-

fore it can be rigorously applied. However, for the purpose of illustration, we 

calculate the conditions for unstable quadrupole oscillations, the maximum growth 

rate and the spread in v
0 

necessary to Landau damp these unstable oscillations in 

the proposed SLAC Storage Ring. We take 

3 12 . 
R 3 x 10 em N = 4 x 10 per bunch 

18 -1 
L 3 x 10 em q = 0.4 x 10 sec 

"'o = 5.25 a = 1cm 

'Y = 6 X 103 
b = 5cm 
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We find that because of the local damping fields the condition Ki ( 2 v
0 

n) < 0 

restricts the range of unstable oscillations to 5.41 < v0 < 5. 5 or 5. 91 < v0 < 6.0, 

and the maximum growth rate is given by 

:
2 

::::: - (o.G + 0.46 ImG (2vo)) 
-1 

sec 

To stabilize the unstable quadrupole oscillations with Landau damping, we would 

need a spread in the tune within the beam of ~v0 ::::: o. 5 x 10-6• 
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APPENDJX:· Solving for the Perturbting Fields 

In this section, we solve Maxwell's equations for the fields due to the per­

turbing sources p1 and J'1 given in Section ill: 

p = 
1 

___,., 
J = 

1 

eA. [ 2 J - 2 6(a- r) - a H (a- r) 
7Ta 

(monopole)· 

eA. 
- 2- 6 (a - r) cos m e (multipole) 
7Ta 

eA. 1· (r) A [ 2 ]A l 7Ta2 1(kv- w) a H(a-r)er+v 6(a-r)-aH(a-r) ez 

(monopole) 

e~ \i(kv-w>(!:.rH~-r)[cosme~ -sinme~e] 
7Ta a r 

+vd(a-r)cosme~z l, (multi pole) 

(1a) 

(1b) 

(2a) 

(2b) 

where H(x) is the Heaviside step function. For the uniform beam eA. is the 

charge per unit length, while for the bunched beam eA.= e Nf (z -vt) with the 

function f(x) normalized such that eN is the total charge in the bunch, i.e. , 

00 

Jf(x)dx = 1 (3) 
-00 

and k = 0 for bunched beams. 

In order to illustrate the method of solution, a detailed derivation of the 

fields for multipole bunched beams is given. Since the method of solution is the 

same for continuous beams and for monopole bunched beams, only the final ex-

pressions for the forces are given for these cases. 

In solving for the fields, it is useful to employ the following transforms. 
15 
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For the longitudinal particle distribution f, the transform f (k) is defined by 

CIJ 

f(z -vt) = J f(k)eik(z-vt)dk 

-oo 

and the transform field component E is defined by z 

(7j 

Ez
1
(t,z-vt) = cose e-iwt J i!:zl (k,w)e'ik(z-vt)dk. 

-oo 

(4) 

(5) 

Similar definitions are used for the transform of the other field components, 

where the theta dependent and the frequency dependent terms are explicitly in-

troduced in the definitions to simplify the subsequent expressions for the trans-

formed field components. The components E r 1 , E zl, and Be 1, are proportional 

to cos me, while Eel, Brl, and Bzl are proportional to sin me o 

By using Maxwell's ·equations and Ohm's law the field components can be 

expressed in terms of E 
1 

and B 1 o Inside the vacuum chamber (r < b) we z . z 

have 

2 ..... dEzl ikm(J3+J3w)..... i4rrk(J3+J3w) ..... 
v Erl = ik + B - J , (6a) (lr r 7.1 c rl 

2 -· oEz-1 · k ·1 k ·- 1 m "' 1 · rr "'' 
11 Del"" ik (J3+Pw) dr + ~ Bzl- -c- Jrl 

oi3 
v2ff =-ikmE -ik(/3+13) z1 e1 r zl w dr 

where J3 = w 
w 
kc 
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.... 

... 

The components Ezl and Bzl satisfy the uillerential equation:::;: 

i4::kl (1 -{32 -{3{3w) o(a -r)) 
. (7) 

i4eNkf,8 
2 w o(a -r) . 

a 

Similarly, inside the metal walls (r > b) 

· (Sa) 

(Sb) 

2 .k oB 1 
A E = -~ E - ik (f3 +{3 ) z 

81 r zl w or (Be) 

(8d) 

with A.
2 

= v
2 

+ (47Tika/c) (f3+f3w) , and the differential equations for Ezl and 

Bzl given by: 

(9) 

In addition , to satisfy Eqs. (6) through (9) the transformed fields must also 

satisfy the proper boundary conditions at r=a, and r=b. At r=a the components 

Bzl' ~zl' E' 81 and Brl are continuous while 

a+ 

:B 81 (r=a+) -1381 (r=a-) =4rr/c JTz1 dr=4rr{3N0~1 
a 
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and 

+ a . 

E r 1 ( r =a+ ) - ~ r 1 ( r =a- ) = 4 1r J p1 d r = 4 1r N0 ~ f 
a 

(11) 

·These jump conditionR at the Rurface of the beam are the consequence of 

ch~racterization of the charge oscillation by an equivalent surface charge dis­

tribution on a boundary of constant radius. At r = b the components B zl, B zl, E'01 , 

B 01 and Brl are continuous. 

It can be seen from Eqs. (7) and (9) that the solutions for Ezl and Bzl are 

Bessels functions of order m. However, it has been shown in Ref. 15 that for 

oscillation frequencies considerably below cutoff and wall conductivity sufficiently 

high, the fields in the regions of interest can be obtained by using the approxi­

mation that I v bl « 1 and \i\b\ » 1. Under these assumptions, the equations 

for ~zl and ~zl become 

;4:~ ( 1-#
2 -Ww) 6 (a -r)) 

·- (r < b) (12) 

i4eNkf{3 
w 

2 6 (a- r) 
a 

0 0. (r > ·b) (13) 

The general solution~:> for the above equations are r ± m for ·r < b, and 

e ± i i\ r for r > b. 
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Since Ez1 and Bz1 are finite at r = 0, for r < a 

(14a) 

and 

(14b) 

Combining Eqs. (2b), (14), and (6), we obtain for r < a 

For the region a < r < b the solutions can be written as 

E = C rm + C' ~rm - a2m) 
z1 1 1 m 

r 
(16a) 

and 

( 
2m) '"" m .m a B =Dr +D' r --- · 

z1 1 1 m r . 
(16b) 

These equations satisfy the continuity requirement for Ez1 and Bz1 at r =a. 

In order to satisfy Eq. (7) and the boundary condition at r = a, the derivatives 
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of E 1 and B 1 must be discontinuous at r =a, i.e. , z z . 

+ a 

c1E 
z1 4 e Nk'f 

[1 - J3 (f3 + {3J = i 
ar 2 

a 
(17a) 

a 

and 

a+ 
I 

ai3z1 
,..., 

4eNkf{3 
i 

w 
= 2 ar 

I_ 
a 

(17b) 

a 

It can be seen that these jump conditions and the boundary conditions are sat is-

fied if we choose 

and 

with 

( 
2 ' 

i.k 1 - f3 - {3{3 ) 
C' = w ·G 

1 
2 

m-1 1 

D' 
1 

rna 

ik/3 ·w 
m-1 Gl 

2ma 

--
G =4eNI 

1 .. 2 
a 

Thus for a < r < b, the solutions are 

ik (1 -{32 -{3{3 )am+ 1 
w -m 

-------=2m----------G1r 

and 

[ 

ik/3 
Bz1 = D1 + mw_1 

2m a l 
ik/3 am+ 1 

G1 rm - ___ w-:::;.2-m--
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I~ 

The other field components can be found uy ::;ubstituting the above expressions 

for Ez1 and Bz1 into Eq. (15). The result gives for a < r < b 

E =-[ik~C1+ikm(f3+f3w)D1]rm-1_ G1.!.)m-1[1-{32-{3{3w] 

81 v.:. v2 2 (a l-(~+J3w)2 
· m+1 

+ ~1(~) (21a) 

(21b) 

and 

±iA.r The general solutions for r > b are e , so that for a wall with infinite 

thickness we take 

...., ![ ik(1-{3
2

-{3{3 ) J ik(1-{3
2

-{3f3. )am+
1 

} iA.r 
E = C + w r.~ bm- w G ~ 

z 1 1 2 m - 1 ~ 0 bm 1 lAb 
rna Mm e 

(22a) 

and 

{[ 

ik {3 J ·ka. m+l } ·'\_ ...., w 1,..a 1"'r 
B = D + G bm - w _e_ 

z1 1 2 m am- 1 1 2 mbm G1 eiA.b 
(22b) 

with ImA. > 0. By this construction the continuity requirement for Ez1 and Bz1 

at r = b is satisfied, and E 1 and B 1 go to zero at r = oo. . z z 
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As before, the other field components can be obtained by substituting the 

above expressions for Ezl and Bzl into Eqo (8). In particular, the result gives 

for r > b 

G bm- w 

J 
ik (1-rf -{3{3 )am+ 1 

1 3mbm 

(23a) 

and 

......, .4 a i A.r { [ ik (1 - rJ. - {3{3 ) ] ik (1 -rJ - {3{3 ) am+ 
1 

B = - 1 11' ~ C + w G bm - w 
81 ., 1A.b 1 2 m - 1 1 2 bm 

,~ce rna m 

(23b) 

The constants c1 and n1 are determined by the other boundary conditions 

at r = b. Imposing the conditions that 1381 and E 81 be continuous at r = b gives 

the following two equations relating c 1 and n1 which are valid to first order in 

(J- 1/2.: 

where 

= [i47rabm + ik(/3 +f3w) mbm] 
all A.c JJ2b 

ikmbm 
3:12 = "'2 b 
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J• 

and 

a
1 

= G 1 -{3 -{3{3_ ) - - ~ - ~ G - - ~ 4 7rO'ka (. 2 [bm ml {3 [bm ml 
2 A. c m 1 w m bm 2b 1 m bm .a a 

Solving for c1 and D 1, we obtain 
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kf3(f3+f3w)G1 am+1 

A.b2m+1 
(24a) 

(24b) 



which may be inserted into Eqs. (22) and (23) to yield 

~ 

Gl ( b2m -a 2m) 

Eel = 
2 am -1 b2m 

and 

Gl (b2m -a 2m) 

Bel --
Zam -lb2m 

where 

K 
k(f3+!3w) 

= 
{3 

Jt= 47r{3a 
c 

r 

1 

- ~{3)rm- (1-iSign K) I K i2 

m-1 

1 
m-1 

G {:J m+l m 1 a 
(l+iSignK) IKI

2 
r r 

~b2m+l 

m 
r (25a) 

(26a) 

m-1 (26b) 

(27) 

Knowing the fields, the transforms of the force components can be calcu-

lated from the following expressions: 

(28a) 

and 

(28b) 

since Erl =-Eel and Brl ::1: Bel· Thus, the force components can be found by 

taking the transfor·ms of Eq. (28). 
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Be.for·e. we embark on finuing the fielUs, we note the total force fields come 

from two sources, local fields and wake fields. The effect of the motion of the 

front of the bunch on the rear of the bunch is given by the local fields, which are 

dependent on the form of tho longitudinal particle distributions f (z - v t) or I (k). 

The wake fields, on the other hand, are fields at distances iz- vtllarge com­

pared to the length of the bunch and hence not dependent on the form of f. Be-

cause of this property, we will calculate the forces due to these fields separately. 

Wake Fields (multipole bunched beam) 

Since the wake fields are not dependent on the form of f, we take for f a 

delta function in (z - vt) which corresponds to I= 2~ • Substituting in for f 
into Eq. (5) and using the table of integrals given in Ref. 15 to perform the inte-

grations in the inversion of the transformed quantities, we. obtain the following 

expressions for the wake fields of a multipole bunched beam: 

E = z1 

~ G1{32 am+ 1 ,J1f 

~ b2m+1 

cos m () 
B(J1 = Br1 sin m () 

S (z, t) e -1wz/[3c cos m () rm 

lz -vtl 372 

S(z, t) -iwz/{3c . () m -1 
172 

e smm r 
Jz -vt\ 

(29a) 

(30) 

(31) 

where S(z, t) is defined as unity for z < vt and zero for z > vt. We note that 

Er1 and Ein are zero because higher order terms in lvbJ have been neglected 

and their transforms are analytic. The dominant contributions to the transverse 
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force fields come from Br1 and Her 

Thus, the force components along the x and y directions are given by 

F x 1 = F r 1 cos e - F 81 sine (32a) 

and 

F :o: F Bin U y1 r1 -r F cos 0 
f.ll (32b) 

with 

F rl = ef3BI:il (33a) 

and 

F = -F sinm e 
81 r1 cosm e (33b) 

Local Force-Fi.elds (multipole bWiched beam) 

It has been pointed out that the local force fields are dependent on the type 

of particle distributions in the z direction. In the calculation which follows, 

two types of longitudinal distributions will be assumed, a Gaussian distribution 

and a.uniform distribution. Since-the bWich is assumed to move as a whole, the 

force on a particle within the bunch is given by the total force acting on the 

bWlch averaged over the number of particles in the bunch. 

To calculate the total force on a bunch, first we note from Eqs. (26) and 

(28) that the transforms of tho transverse forces are given by 

- - - m -1 -iwt F 1(k) = g (k)f (k)r e cosm e r m 

and 

- - - m-1 -iwt F81 (k) = -gm(k)f (k) r e sinm e 

where 

1: 2 ( 2m 2m) 
- (k)= _ o,2e N }j. -a 
gm 2~-..2m m+1 

'Y u. a 
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The average local perturbed force on a particle of the bunch i:::; given by 

00 

5=; = JFrl (z)f(z)dz (36) 

-00 

where Fr1 is the inverse transform of Frl (k) given by 

00 

F (z) = J F (k) ei(kz- wt) dk 
r1 r1 

(37) 

-oo 

and the function f is related to the transform f (k) by 

00 

f (z) = J f(k) eikz dk • (38) 
-00 

Therefore, Eqo (36) becomes 

CL m -1 -iwt 
t.J_ = A r e cos m () r m (39) 

where 

00 00 00 

Am= J J /gm(k)f(k)f(k')ei(k+k')z dzdkdk'. (40) 

-00 -00 -00 

Note that 

00 

fe
i(k+k')zdz __ 2n<5(k+k'), 

-00 

so that 

00 

Am = J 2ng(k)f(k)f(-k)dk (41) 

-00 
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Since radiation damping· produces a Gaussian density distriqution in the 

longitudinal direction, we assume 

. ? ? 
(2 -2:6 ... /L ... 

f(z) = .J ~ i e (42) 

For this distribution function, the standard deviation equals L/2.. The Fourier 

transform off is 

(43) 

Thus, by combining Eqs. (41) and (43) we obtain 

.. 
-00 

, .. 

t: 2 N {32 in - 1 + .,e m a 
7rb2m+ 1 

3 

e -(K- {3~) L4 dK. (44) 

-00 

" 

The second integral in Eqo (44) may be evaluated for the case where (wL/{3c) « 1o 

With this assumption we obtain to lowest order in (wL/{:3c) 

A -- ~2e2N (b2m- a2m) 

m ~ Ly2b2inam+ 1 

J 1r;a [r(i)+i ~~ r(~)J (45) 

where r (x) is the complete gamma function. 
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Thus for a bunch of length L with a Gaussian density distribution in the 

longitudinal 'direction~ the average local perturbed for.ces acting on a particle 

of the bunch are 

-- A rm - 1 c -iwt cos m e 
m 

cc:- m - 1 -iwt . u 0 = -Amr e smme 

(46a) 

(46b) 

with A given by Eq. (45). The force components along the x andy directions m 

are given by Eq. (32). 

In order to see the effect of the form of longitudinal distribution f on the 

local force-fields, we also calculated the average force for a uniform distribu-

tion. For this distribution 

rc-[s c iwL 8 c] .J 7rjf(J 3 ...; 7r + "'"'ji"C 15 "' 7r ' 
(47) 

which is only slightly different from Am given by_Eq~ (45) for a.Gaus~ian dis­

tribution. 
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A Summary of Results : ' ~ . : ' 

The perturbing force fields for monopole and other multipole cases have 

been. calculated using the method just given for the quadrupole case. The re-

sults are ~ummarizcd in this section. 

We find that, in general, F x1.(x,y) and F yl (x,y) are der~vable from a poten-
. ' 

tial function U 0 

0 
~K(w) ox u0 [r(x,y), &(x,y)J (48a) 

and 

F 1 · o 
y = ~ K(w) ~y u0. [r(x,y), e (x,y)] 

moy 0 
(48b) 

where K( w) is a constant which is determined by the parameters of the beam 

and the machine,. and 

2 
r 

2 

cosm fJ m 

(mon()~ole) (49a) 

(mtiltipole) (49u) 

For the uniform beam ~e obtain for the. monopple and multipole oscillations
28

• 
29

: 

2 l 2 
4 r 0 A. c r.0 A. a \ \ 2. ( . {3) 

K=- + (1+iSignw) --~ .. \w\ k- ~. 3 3 · ·. c b 21ra · · c 'Y a .· . 
(monopole) (50a) 

2 '\ 2(t-.2m_ 2m) . 2 . ~a2 3 m-1 ~ 
r o"'c u a . . mr o"t' c a I 1 I 

K =- 3 2m m+l +(1 +lSlgnw) 2m.+l 21raw 
'Y b a 'Y b (multipole) 

(50b) 
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and for the bnnched beam we obtaiil: 

(monopole) (51a) 

2( 2m 2m) m-1 2 3 
2r0Nc o -a mr0Na {3 c [ 1 ) . ~L ( 3 )~ . 

K=- 32m m+1 + 2m+1 r(;r +1Rr4 (mulbpole) (51b) Jif y o a L 1ro y .J 1r{3caL _ 

where 

m-1 2 3 oo 
2mr0 Na {3 c ~ 

+ -7r-b'52~m;::;-:;:+11_y_.J-;.={3=c=a=R~L...J 
n=1 

i 27rnv e 
(27rn)1/2 

ro = classical radius of the particles 

L = length of the bunch 

R = radius . of the machine 

IJ w/Q 

u = conductivity of the pipe 

and T(x) is the complete gamma function. 
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