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ABSTRACT 

, Measurements  have been made,  by double scatte;ing, of a l l  

pa ramete r s  necessa ry  to  descr ibe  completely the interaction of the 

deuteron with complex nuclei. . Tensor  components of polarization, 

which charadter ize  the scat ter ing of spin-one part ic les  and which 

were  unobservable a t  low energ ies ,  w e r e  deter.mined to  be appre -  

ciably different f r o m  zero .  Internal t a rge t s  a t  two different positions 

were  ;used to  polarize:beams undergoing differing amounts of mag-  
., . 

netic bending in the field of the cyclotron in order  to  separa te  two 

polarization components included in the cos+ t e r m  of the scat ter ing 

c r o s s  section for  a polarized beam. 

~ e u t g r o n s  of 410 and 420 Mev were  sca t te red  f rom beryllium 

and :carbon, respectively.  Internal angles .  of scat ter ing were  10 deg 

for  beryllium and 11 deg for  carbon;  angles of-second scat ter ing 

extended fro'm 6 t o  18 deg. The usual  spin polarization (vector 

polarizati6n) l lormal to  the plane of scat ter ing was found to  r each  

a maximum of about 70%. . 

The i ~ p u l s e . a p p r o x i m a t i o n  was employed t o  obtain es t imates  

of deuteron c r o s s  section and polarization on the bas i s  of nucleon- 

scat ter ing data.  



I. INTRODUCTION ' ' , . . 
. . -  

, . 

. . . . . . 

. . . . 
. .  . 

A.lthough.the phenomenon of deuteron polar izat ion ' is  much 
. . 

more  complex than that .of pr  ot,on polarization, experimental  
. . .  

research.should lead to  a bet ter  understanding of the spin-orbit  

interaction between nucleon and nucleus and, m o r e  part icular ly,  - 
of the relative importance of various effects in the scat ter ing of the 

deuteron. Many studies have been made .of the .spin-orbit potentia.1. 
1 

i n  nuc Leon inter actions. . -: ~ x ~ e r i m e ' ~ t a 1  .work on the scatter-ing bf 
' 2  . 

deuterons has been r a t h e r  limited; Baldwin e t .  al .  measured  c r o s s  

sections .and polarizations f o r  various elements.  a t  94, 125, and 

157 Mev,. but failed t o  ob.ser.v& any.of. t h e  "tensor components" of .  . 

pol.arization expected for.  a spin-one part ic le .  Stapp made .extensive 

theoret ical  ~ t u d i e s  of. the application of the impulse &pprox,iriation 

i? var ious- forms to deuteron scat ter ing;  he found goad'agieernerit.  -... 

with experiment only by assuming that.  simuLtane ous scat ter ing of 

both nucleons of the deuteron was an important effect. Neither 

his assumptions.  a s  to  the form-  of .the .nucleon-nucleus -potential nor 
. .. 

the use of nucleon- scattering'  data- gave vector  -po.lar-ization p r e  - . 

'dictions at  a l l  comparable to  the large values observed by Baldwin, 

although the tensor  components could be est imated a s  ve ry  close 

to  zero . '  Tr ipp  c a r r i e d  out an experiment  on the 9-F-p. Ir+',?d:ieac - 
.. . ,  . . .  . . . ., 

t ion. to  analyze the polarization of the 'deuteron fo r  determination.of 

the phases of meson-production amplitudes and hence differences in  

p-p  phase shifts; on, the bas is  of the work of Baldwin and Stapp, he 
4 

assuwed  that tensor  components were  zero. .  

Scattering measurements  a t  a deuteron energy above 400 Mev, . . 

available f rom the reconverted cyclotron, seemed desirable  to  

determine .whether .the tensor  components of polarization might be  

observable;  .f,urther, a method of separating the two components of 

polarization appearing in. the cos+ asymmetry ,  her.etof o re  considered 
5 a 

ve ry  difficult, had been suggested, and i t  was thought .that the 

complete determination of scat ter ing-matr ix components would be 

a 
By D r ,  Ronald ~ e r k ' o d ,  now a t  C e r n  Laboratory,  Geneva. 



of i n t e r e s t .  It w a s  t o  be  expected that  the impu l se  approximat ion 

would give be t t e r  ag r eemen t  with exper iment  a t  the  higher  deu te ron  

energy ,  s ince  nuc Leon po la r iza t ion  r i s e s  rap id ly  with e n e r g y  n e a r  

100 Mev and the  B o r n  approximat ion ha s  g r e a t e r  val id i ty  a t  h igher  
. . . . 

e n e r g i e s .  . 

The  r e s u l t s  6f the  s ca t t e r i ng  b y  bery i l ium a-nd carbon 'of  two 

po l a r i z ed  b e a m s  having di f ferent  t e n s o r  components  a r e  r epo r t ed  

h e r e .  An ana lys i s  is c a r r i e d  o'ul; on the b a s i s  of the  impu l se  ap -  

p rox imat ion  and c o m p a r i s o n  made  with Baldwin 's  r e s u l t s .  

It should b e  a r e l a t i ve ly  s imp le  m a t t e r  t o  extend t he se  m e a s u r e -  

m e n t s  t o  lower e n e r g i e s  b y  degrading be fo r e  the  second'  s ca t t e r i ng  

and thus  t o  de t e rmine  the ene rgy  depende i ce  of pd la r iza t ion  ;om- 
. . 

prsnents m n r e  exactly. Fur ther ,  useful  in format ion  on  d i f fe rences  

between.p-p.  phase  sh i f t s  could be  obtained b y  ana ly s i s  'of deu te ron  
t 

pola r iza t ion  i n  the  p + p - + ~  +d r eac t i on  a t  proton e n e r g i e s  of .400 t o  

740 Mev. 



Because .the deuteron i s  a par t ic le  of spin one, four pa ramete r s  

in addition to  the unpolarized c r o s s  section arelneeded to specify 

the intensity af ter  double scat ter tng.  ~ h e ~ e  para ine ters  a r e  de-  

pendent upon the angles of f i r s t  and second scat ter ing and may  be 

expressed  in t e r m s  of the expectation values,  a f te r  single sca t t e r -  

ing, of cer tain operators,  in the spin space of the  deuteron. Two 

of them may  be deiermined immediately f rom different ial-cross-  

sect'ion measurements ,  a s  was done by Baldwin at  lower energ ies ;  
2 

the other two, however, a r e  combined a s  the.coefficient of a cos+ 

t e r m  (where + i s  the azimutha'l angle between the normals  to . the 

f i r s t  and second-scattering planes) and can be s e p a r a t e . 1 ~  de te r -  . . . .  .. # .  . . 
-. 

mined .only by double scattering with and without. a magnetic field .. ,, s I . 

between the f i r s t  and second ta rge ts .  

The theory of.polarization of the deuteron was given f i r s t  by 
5 

Lakin and subsequently t rea ted  with a different formal i sm by - 
3 

Stapp. Just a s  there  a r e  four independent ma t r i ces  necessa ry  t o  

specify the scatter.ing ma t r ix  .of nucleons. having a two-dimensional 

spin space,  t he re  mus t  be nine linear.ly independent .mat r ices .  to  . . 

descr ibe  the  scat ter ing .of deuterons which have' a three  -dimensional. 

spin. s,pace. , T h e  application of . pari ty  . and t ime- , reversa l  res t r ic t ions  

reduces this  number to  five. .. F o r  the nucleons, the unit ma t r ix  and 

the three  Pauli  s p i n  operators  suffice, but for the deuteron there  

must  .be included .in the scat ter ing ma t r ix  not .only t e r m s  linear in 

the spin opera tors ,  but second-rank tensor  t e r m s  a s  well. 

A .  Formal i sm 

' A convenient se t  of operators  given by Lakin includes the . 

.. ' unit mat r ix ,  two line.ar' combinations of spin operators  ,. and three  

second-rank..tensor products of spin opera tors ,  a s  .well  a s  the . 

Her.mitian adjoint of th ree  of . these.  The advantages. of this  par  - 
t icular  representat ion a r e  that the operators  t ransform in spin 

space just a s  the spherical  harmonics  t ransform in coordinate 



space ,  and fur ther  that t,he .second-scattered intensity may  be ex-  
a 

pressed  in an especially simple manner .  

These ma t r i ces  a r e :  

Choice of a coordinate system caus'es some of the 

(TJM) resulting f rom a scat ter ing p r o c e s s t o  equal zero .  (This 

can  be seen  by considering an .  explicit form of M  or'^^', a s  in 

Section C.  ) . An especial ly  useful system 'is t ha t  in  which the y axis 
' ' . .  

a 
Like the spherical  harmonics;  t h e - '  TJM a r e  an i r reducible  .set of 

tensor  opera tors  and hence have especial ly  .simple rotation t r a n s  - 
formations associated with them.. (See Appendix B for  fuller d i s -  

cussion. ) .  . . . . , . . . . .  , . .. 

' '  i . . . . .  . , 

1. : .  
; .. . .  . . . 

, . . . 



i s  n o r m a l  to  the  sca t te r ing  plane .and the  z axis  i s  along the  d i r e c -  

t ion of mot ion of the  once-sca t te red  b e a m .  (See F ig .  1 .  ) F o r  t h i s  

si tuation the  s t a t e  of polar izat ion of the  s ca t t e r ed  pa r t i c l e s  i s  c o m -  

pletely de sc r ibed  by  the  expectation values  of four  of the  T 
JM 

ope ra to r s  a s  wel l  a s  the  normal izat ion / ( T ~ J  ; f u r t h e r ,  
\ a r e  r e a l ,  while, ( T ~  i s  pu re  imaginary .  

@ 2 d  

Lakin cons t ruc t s  a product of the s c a t t e r e d  m a t r i x  and i t s  

adjoint MMt which i s  invar iant  under space  invers ion  and t i m e  

r e v e r s a l ,  and in  the r e f e r ence  sy s t em defined above he .obtains f o r  

thc second-sca t te red  ,intensity 

Y 

where  I i s  the  c r o s s  sect ion fo r  sca t te r ing  of an  unpolar ized b e a m ;  u 
+ \ i s  the  az imutha l  angle between no rma l s  t o  the two sca t te r ing  

planes  ; "(T J 
. JM/ 1. r e p r e s e n t s  the .ekpecta t ion value of the  ten,cor 

ope ra to r .  T a f t e r  sca t te r ing  o'f an  unpolar ized beam a t  a n  angle 
JM 

O 1  by  Ta rge t  1;  and (T JM) the  s a m e  f o r  angle O 2  a t  Ta rge t  2 .  

IThe coordinate  sy s t em used has  i t s  z ax i s  along the d i rec t ion  of 

beam incident on the  second t a r g e t ,  but the  (T ) f o r  e a c h o f  
JM 

T a r g e t s  ,1 and 2 a r e  defined with the  z a x i s  along the  outgoing m o -  

mentum because  t i m e  r e v e r s a l  i s  used  t o  obtain thei(TZM) of 

Ta rge t  2. ) 

The quanti ty ( i ~  i s  r e f e r r e d  t b  a s  "vector 'polar izat ion,  I '  

a s  i t  i s  propor t ional  t o  (S ), the  polar izat ion n o r m a l  t o  the  

( ) a r e  components of " tensor  sca t te r ing  plane,  while the  T2M 

polar izat ion"  and r e p r e s e n t  a spin  al ignment r a t h e r  than a n  .or ien-  

ta t ion.  . The l a t t e r  consti tute a second- rank  t e n s o r ,  one of whose 

p r i n t i p a l  a x e s  i s  along the  d i rec t ion  of spin  o r  pa r a l l e l  t o  ( i  ) . 

- - - - a - 
defined by  cos  + = n l  n2 o r  s i n + = n  x n  . k .  

. , 1 2 . . 2 i  



M U -  17288 

. . 

Fig .  1. (a) Coordinate sy s t em f o r  s ingle  s ca t t e r i ng  as 
s een  in the  plane of sca t t e r ing .  

(b) G'eornetry of double sca t t e r ing .  



Thi s  vector  pol.arizatioh i s  e ~ i d & n t l . ~  not affected by  a magnet ic  f ield 

n o r m a l  t o  the plane of sca t te r ing ,  but such  a f ie ld  does  cause  rota t ion 

of the  polar izat ion t enso r  re la t ive  t o  the  beam-def ined coordinate 

sy s t em desc r ibed  above,  and hence a mixing of the  (TZM) componentsi  

B .  . Descr ipt ion of State of Po la r iza t ion  --- 

Descr ipt ion of the  s t a t e  of a par t i c le  following a sca t te r ing  

in teract ion m a y  be given b.y;the use  of a sca t te r ing  m a t r i x  M, which 

.defines the f ina l  s t a te  i n  t e r m s  of the  in i t ia l  s t a te ,  

4Jf = M 4Ji. 

'The densi ty  m a t r i x  a f t e r  sca t te r ing  then takes  the. f o r m  

and th i s  g ives  the  expectation value of any  spin  opera tor  S' a f t e r  

sca t te r ing ,  

The in i t ia l -densi ty  m a t r i x  m a y  be  e x p r e s s e d  in  t e r m s  of a complete  . . . .,. 
,, .. 

v a P?. , .. 
s e t  of t he se  spin ope ra to r s  R , under the  r e q u i r e m e h .  T rR  R =n 6 '  

i.,ap. 

(n. being the  dimensional i ty  of the  in i t ia l  spin  space ) .  
1 6 

Then the  w o l f e n s t e i n - ~ s h k i n  re la t ion  follows,  

P with R V  and S r e f e r r i n g  t o  the  s a m e  s e t  of spin  ope ra to r s  f o r  the  

descr ip t ion  of in i t ia l  and f inal  s t a t e s ,  r espec t ive ly .  

F r o m  th i s  re la t ion  the 'c ross  sect ion i s  found fo r  second s c a t -  

t e r ing ,  



and ,polarizations or expectation values of spin opera tors  af ter  
. . .  

single scat ter ing , . a r e  . . , 
. . 

1 . , .  . . 

v " P 
In the case  of the deuteron, thesk spin operators  R and S can of 

'course be defined a,s the T 
JM 

of Lakin. 
+ * 

Evidently, expressions either for M. M and MM or for  the 

scat ter ing ma t r ix  alone wou.ld be useful in  describing the sca.ttering 
* 

of a particle.  Lakin chooses to  define a genera l  form for  MM and 
t a a l so  for  M M on the bas is  of invariance arguments ;  he f o r m s  a l l  

possible products of the above -described T~~ and the spherical  

harmonics  Y 
JM 

(with arguments  derived f rom k and kf, incident i 
and final momcnta) that a r e  invariant under space invers ion h y  

using only those Y JM which.'arc cven in k. and k He finds the 
1 f "  

c r o s s  section for  second sca t te r ing  a s  a function o f .  (T ) i ,  JM * 
Y JM (B2fj,, and 02- dependent coefficients of the M ha t e rms  by 

t 
substituting the M M expression into t h e  (s I* )~  re lat ion above and 

taking sI* equal to  the unit ma t r ix ;  he then ndtes that t ime r e v e r s a l  
t * r equ i re s  M M to be equal to  MM and finds the angle -dependent 

coefficients in t e r m s  of the (T JM) resulting f rom the scat ter ing 

of an unpolarized beam. (Subscripts r e fe r  to  the geometr ies  of 

f i r s t  and second scat ter ings.  ) The expressivtl for  second-scattering 

c r o s s  section which he obtains i s  a s  given on page 9. 

Stapp, oil the other hand, prcfcrc  to  dcfino M alone as 

M = A ( 0 )  + Bi ( 0 )  Si + C . .  ( 0 )  Sij2 
1J 

- - Q Q .  
T2M + J41 Y I M  + Jg L y 2 M  I f 

(ki xkf) T I M ,  where 
-M M 

- - L 
(k k f )  i s  a second-degree harmonic,  bi l inear ,  and symmetr ica l  a 

' 2 ~  i; 
in  k. and kf.  

1 



a 
with the S representing symmetr i2ed products of spin opera tors .  

i j 
Invariance under space inversion and tit-be r e v e r s a l  i s  again applied 

f t q  r e s t r i c t  the types of t e r m s .  As Wolfenstein and Ashkin have 
/ 

shown, only the Sini t e r m  of the c lass  of vector contractions i s  .. invariant under space inversion and t ime r e v e r s a l ;  s imi lar  arguments  

show that of a l l  the tensor  products only S .  .n.n S. .P ip j ,  and S. .K. K .  
ij 1 jy ij 1J-1 J 

t e r m s  a r e  possible if  ii i s  the normal  to  the plane of scat ter ing,  P 

the sum of initial .and final momenta,  and X the difference of initial - 
and final momenta.  (The XK tensor  changes sign under space inver -  - 
sion; the 'El? t ensor ,  under both space inversion and t ime r e v e r s a l ;  

-- 
and the P K  tensor ,  under t ime reve r sa l .  ) .  Thus the most  geyeral  

, s c a t t e r i n i  ma t r ix  satisfying invariance i-equirement s i s  

. . - -. 

Although this '.scattering ma t r ix  gives a . r a the r  complex expression 

.for c r o s s  section in second scat ter ing,  i t  is useful for  evaluating 

polarization components in t e r m s  of scattering=.m'atrik elements ,  . 

which may  be related to . the scat ter ing mat r ix . for  nucleon-nucleus 

interaction. . .  . 

c:. ~r dss. Section. - for  s e c b n d ~ c a t t e r i n ~  

Although. Stapp's notation . is '  m o r e  cumbersome than Lakin's,  

his  formal i sm .gives a bet ter  understanding of the origin of the 0- 
V , 

dependence of t e r m s  i n - I  He defin'es the scattering m a t i i x . a s  
2 "  

given above. ' The .vectors 'enter ing into t h i s  ma t r ix  .a re  represented  

in . Fig .  . l a ,  their  definitions being 
- - - 
'n = unit vector along k.  x k 

1 f '  - - - 
P = unit  vector along k. .+ kf,  

1 - - - 
K = unit vector along k . - k. .  f .1 

, . 



In t e r m ,  then., of the  xyz coord ina tes  defined b y  the  f i r s t  sca t t e r ing ,  . . .  . 

a s  above,  the  vec to r  components  used in  the  s c a t t e r i ~ g  m a t r i x  f o r  

the  second t a r g e t  m a y  be r e p r e s e n t e d  a s  the  following functions of 8 
. .  . 

and +," 

n. = -...sin 4,  n z y  = C O S  +, t x  . n  = 0 ;  22 

e e 
KZx = s i n  G O C  (P, K - oin- oin +, a c o s  0 .  

2~ . 2  2 ' 
. . 

6 6 
P = cos- :cos  4,  I? = cos- s i n  +, 8 

P2:z 
= - sir.,- 

2 x  2 2~ 2 2 '  

If I2 (8, +) is now de t e rmined  by taking I = T r  M p M t 
2 2 1 2 '  

wi th  p l  the  dens i ty  m a t r i x  a f t e r  f i r s t  sca t t e r ing ,  Stapp's  f o r m  of 

the s ca t t e r i ng  m a t r i x  charac tc r io ing  t hc  in tc rac t ion  at ' Ta rge t  2 

m a y  be subst i tu ted t o  give 
f 1'. - 

b S n 2 t c (n .n  - dij,3)2 Sij 
1 j 

* *-  - 96 6. 
1 

t d (P..P i j  - K.K.) 1 3 2  S i~ ) 0 %  [a t b  S .  n 2 t c  (n.n i j  --4 3 2 S i j  
J 

2 * - - 
t dX ( P P  - KiKj12 s i n  = a 2 t  2/3 b t 4 / 3  ~e a b T r  (plS 2)  - . . 

1. j  
a 

It is evident  that  the  t h i r d  t e r m  is p ropor t iona l  t.o ( s ~ ) ~  (syL COS+.  

. h l s o  t l iere  is a c u r  4 telanl  prupur t . i~r ia l  
,..- 

which d e r i v e s  f r o m  

* 8 0 
T r  jPli! ~ e a * d  (P P - K K ) S - ( s ~ ~ ) ~  Lke a CI s in-  cos  - c o s  +. 

x z  x z  xz 2 2 
J 

,- F u r t h e r ,  such  t e r q s  as T r  p l  d2  (P P - K K ) wil l  r educe  t o  
--\ x z  X Z  X Z  

L fy) l ,  y r t  of which is p ropor t iona l  t o  the  . fo rm c o s  

c o s  29;  and  T r  p 2 R e a  d (p2 - K:) s : ]  wil l  b e  of t h e f o r m  
z 

24 8 
(cos  :!- - sin' 2) (SZ) o r  p ropor t iona l  t o  a T 

. 2  2 z ( 2 0 )  
t e r m  independent 

I 
of +. 

a .li 

/ T r  (p ) gives  t he  expecta t ion value (sY ); and its coefficient R e  a"b 
Y 

is p ropor t iona l  t o  the. would r e s u l t  f r o m  sca t t e r i ng  a n  

unpolar ized b e a m  f r o m  the second t a r g e t .  



. .. 
D . Sing Le scat ter ing . 

. -/ 
If the coor.dinate system considered has i t s  y axis aLon the 

. B ,  
normal  and i t s  x and z axes in the plane of scat ter ing,  then isy) 
i s  the only component of spin polarization produced i n  the ,scat ter ing 

of an unpolariqed beam;  i. e,. , :(S x ) = ( S  2 .  ) . =  0. F u r t h e r ,  i t  can be 

shown that the polarization tensor  has  one of .its principal axes . . along 

the y ax is ,  or.  that (S S> .= (S S ) =  0. This can b e  demonstrated.: 
Y . Y  z t .:.,a 

formally by using either. Stapp's or L,akinq s expression for  MM .,: 
~ h . c '  v;l.ni s h i n e  of these expectation 'values follows f rom the requi re  - 
ment that the t e r m s  in M be invariant under the pari ty  operation. 

1n. the coordinate system k i t h  the z axis para l le l  t o  the sca t te r  - 
- ing  normal ,  the requirements  equal z e r o  af ter  the 

scat ter ing of an unpolarized b e a k  parti.cular f o i m s  f o r  the 

d&uteron spin funct ionseb One solution is .. . 

2 - 2  
where a and p a r e  r e a l  and 2 a 4-P = 1.. These wavd functions a r e  

of  interes,t in that the phases can .be inte,rbreted . in  . t e r m s  of a mag-  

netic f ie ld H applied along the z axis, for  a t ime t by .'sol'ving,. the 

equation' (with IJ. the magnetic moment of the - - 'deuteron) 

-pS H x = t A j (  to  find A = +  t .  
Z Z li 

a 
Formulae  giving the reduction of spin-operator products a r e  in - 

5 
Stapp's thes is ,  p. 119.. . . 

b . . 
These,  and x function? 'can, of 'course,  be put in the same 

f o r m  a s  the Lakin or the Baldwin spin functions. ( see .  Appendix B.) 



. Solution A may bc interpreted a s  represent ing spin oriented 
2 

in the plane of scat ter ing with probability p L  and spin oriented p a r -  
. '  2 

al le l  o r  ant iparal le l  to  the normal  with probability a ; the probability 

of finding an average spin orientation along the z-axis  Adrmal thus 

is. zero.  , F o r  Solution B,  spin i s  oriented on the average a t  an 

angle to  the normal ,  s o  that the 'probabi l i ty  of finding .spin along the 

normal  i s  cos 6. F o r  this  case ,  

(These values,  or  their  rec iproca ls ,  when plotted to  give (S2) or 

I /  (S2) in the x -y  scat ter ing plane, give an ell ipse whose or ienta-  

tion relative to  the direction of the motion of the deuterons i s  de te r -  

mined by the value 'of A o r  of H t  associated with the bending af ter  z 
scat ter ing.  . See Fig .  2. ) 

The polarization tensor  i s  to  be interpreted a s  the s ta t i s t ica l  

distribution of deuteron spin; expectation values of (sZz), (sxx), 
,' \ 

and (syS indicate the probabili ty of finding 

various axes.  .Hence, fo r  Solution A above, 
z 

though (SZ) i s :  z e r o ;  *or the second solut ion,  

while ,  (sXX) and (sYY) vary  f rom 0 t.0 1 depending on, the 

quantities s in  6 and cos*2+.  

The (TZM) tensor  components have the following physical 

interpretat ions in the scat ter ing of an uppolarized beam: (TZO) 

indicates the probability of finding spin aligned along the z ax is ;  

(TZ2) , the preference for  spin alignment along the x r a the r  

than the ax is ;  and (T21) , the amount by  which the orientation of 

the (sisi 5 ellipse axes  in the plane of scat ter ing differs  f r o m  that of 

the x -z  s c a  .tering coordinates.  These conclusions a r e  based on the 

fac ts  tha t  (T,,) i d  dependent on ( S )  , (Ti2) on (5: ) - (St)  , 
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' ig.. 2 .  (a)  C la s s i ca l  represen ta t ion  of a gene ra l  type 
of wave function (X ) fo r  spin-one par t ic les .  B 

(b) The projection bf (s2) or  1 / (s2) in  the 
x-v -scat ter ing.plane.  



and  (TZ1) on (sxsZ) ; (TZO/) h a s  f u r t h e r  significance in r e p -  

resen t ing  the  ex t en t ' by  which the  occupation of the  m = 0 s t a t e  
S 

f o r  the z ax i s  d i f fe r s  f r o m  the  unpolar ized value of one- thi rd .  

E. P u r e  Po la r iza t ion  Sta tes  

As  is s ta ted  by  Lakin and a s  c a n  b e  shown b y  u se  of the  sp in  

operators '  i n d  wave functions in  Appendix B ,  the  c o s +  t e r m  of the  

po la r ized  c r o s s  sec t ion  f o r  .el O Z  r e a c h e s  a max imum of 3/2 

cos  4 if t h e  f i r s t  s ca t t e r i ng  puts  a l l  p a r t i c l e s  into the pu re  spin  

s t a t e  y (o r  x m l )  along the  n o r m a l  (y ax i s ) .  The  l imi t  of 3/2 fo r  4-1 
e c a n  a l s o  be  obtained by  noting that  the  unpolar ized cross sec t ion  

(IU) m a s t  b e  1/3 the  po la r ized  c r o s s  sect ion a t  + = 0 (h) if the  

po la r ized  b e a m  conta ins  only spin-1.1p p a . r t . i r . 1 ~ ~  and t h e s e  are all 

s c a t t e r e d  left .  Then  

The  t e n s o r  components  describir lg the  once-sca t t e red  incident  beam 

inlthis  c a s e  have the  values  

1 

~h ; :  a l l  sp ins  wi l l  b e  found in  a cone a long  the +y ax i s ;  1/4 of them 
I 

-. . 
>.> 

wil l  be along the  t z  o r  -z  ax i s ,  but with a v e r a g e ' s  = 0 ,  and 1/4 
z 

along the  t x o r  ;-x .axi.s wi th  a v e r a g e  $ . =  0 ,  while 1/2 wi-11 b e  a l igned 
X 

along the y ax i s .  The 4 ax i s  i s  a p r inc ipa l  ax i s  of the  polar iza t ion 

t e n s o r  and  indeed is the  s m a l l e s t  of the  t h r e e  axes  of the  polar iza t ion 

e l l ipsoid  r ep r e sen t i ng  t h i s  t e n s o r .  (See Appendix D. 2. ) 



((;J . < @  =@. )  The ell ipsoid has  the f o r m  of a n  oblate 

spheroid .  Magnetic -field rota t ion of the t enso r  o r  el l ipsoid about 

the  y ax i s  d o e s  not change the values  of  (s:), (s: ), o r  (s: ), 
and hence leaves the ( T ~ ~ )  u n c h a n b d .  

The c ro s s - s ec t i on  cos  243 t e r m ' a t t a i n s  a maximum fo r  the  

c a s e  of a pu re  ' X y  s t a t e .  (S ) t h e n . =  0, a s  do  a l s o  (Sx) and(Sz). 0 Y 
The values  of t en so r  components indicate that  the  sp ins  of a l l  

pa r t i c les  lie i n  the  plane of scattering. ,  but a r e  quite randoml'y a l igned.  

Again the polar izat ion e'llipsoid i:s c i r .cular ' ly  s y m m e t r i c  about the 
. . 

y ax i s  - -i. e .  , ( S x 3  + (iz,) = b - - b i t  it  degene ra t e s  in to  a i, 
c y l i nde r ,  a s  '/(st) i s  infinite.  

F. Tenso r  Rotation 

T W ~  e f f ec t s  en t e r  into the transforim$tiori of the ( ) O n e  T ' ~ ~  
of t he se  i s  the r 'otation of the  coordinate  sy s t em resu l t ing  f r o m  def lec -  

t i6n of the .deuteron by  the magne.tic f ie ld;  the  other  i s  the  p r e c e s s i o n  

of spin  axes  in  the plane perpendicular  t o  the  f ie ld  d i rec t ion .  F o r  

re la t iv i s t i c  pa r t i c l e s ,  the l a t t e r  mus t  include the  contribution of 

Thomas  p reces s ion .  (See F ig .  3;) The  deflection of the  deu te ron  

in the x - z  plane i s  given by:  
eH 

. . W  t = l / y  - t  = l /y  w t  = q. 
cyclotron 2mpc ].arm or  

The p reces s ion  of the  spin or  maenc t ic  moment  i s :  

where.  p i s  the  magnet lc  moment: of the  deu te ron  in  t e r m s  of the  
d 

nuc lear  magneton.  Thus the angle through which the  spin  of" the 
3 . .  

deuter.on (o r  m o r e  exact ly  the  axes  o ~ . ' t h e  polar izat ion t e n s o r ,  a s  

the  spin  is '  on the  ave rage  pa ra l l e l  t o ' t he  f ie ld)  i s  t u r n e d  re la t ive  
. , . .  . . 

to  the  fina.1 d i rec t ion  of motion z' i s :  

A = ( w  - W  
p r e c e s s  cyclotrorl t  = v (P-1)  q 



beam ,, 
from 

target (iJ 
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F i g .  3 (a) Rotation of deuteron spin under the  act ion 
of a magne t ic  f ield.  , Here  z and z1  a r e  the in i t ia l  
and f inal  d i rec t ions  of motion of the deuteron.  

(b) Section of polar izat ion el l ipsoid in  x - z  
plane of sca t te r ing ,  descr ib ing  the s t a t e  of po la r i -  
zation a f te r  single lscat ter ing of an  unpolarized 
b e a m .  The  axis  p i s  pa r a l l e l  to  k fo r  the dee-  

z I t  t a rge t  b e a m ;  the ax l s  p i s  pa r a l l e l  k Z i f o r  
z 

the meson - t a rge t  beam.  (See F ig .  1 : ) 



i The quantity i s  positive if deflection i s  clockwise along.the negative 
I \ 

1 
'\ y axis .  ; (This . i s  the.cas,e for  deuterons scatte.red left i-n a . f ie ld d i -  

rected along the positive, y axis .) . .  , 

1; 

The equations expressing the rotated ( T Z M )  '- q~an t t i t i e s . in  ,) 
I .t. t e r m s  of 'the original (TZM)  may  be written . ' :  

where the .a 's  a r e  trigonometric functions. of the angle X o r  of the 
J 

angle of deflection of the beam. Explicitly, t$e .equations a rk  

. . @21)1 = 1 / 2  [3 /2 ) l l2  s in  2 x (T.: 20 ) t cos z x  ( T ~ ~  ) 

, . . , . . 

) = 1 / 2  (3 / i ) ' I2  s in  x ( T ~ ~ )  + 1/2 s i n 2  x (T2i) 

(Note that the sign of each s in 2 X t e r m  i s  opposite to  that given by  

Baldwin. 2 '  8, Several  methods m a y  be used to  der ive these equations, 

the s implest  being that of expressing an S . S .  tenso). in t e r m s  of the 
. 1 J  

> .  
complete set  of T ma t r i ces  and then t ransforming this  tensor  by 

: JM. ; A . A A .  . , . .  . . 

rotation of the.$: S m d . S  (or x', y, ?nd ) bas i s  vectoFs about 
)L, . y J  z 

the y axis .  ;(Sep discussion. in .Appendix D. . . 1. ) 

To show that. the frans:folmatiof? represented  by  the ;above equa- 

t ions i s  equivalent to  the rotation of the polarization tensor  o r  the . 

ellipsoid representf ig  this  tensor  (see Appendix. D; 2 and Fig.  3b), 
I 

it i s  useful t o  consider the. special  ,case of a pure spin s tate  m' = 0 
s 



along the x ax is ;  this  situation gives ze ro  values f o r  (iT1 and 

f o r  e , but a maximum value for  f when double scattering a t  the 

s a m e  angle i s  performed.  As can be seen by simple calculations 

with the x 0  eigenfunction of S the expectation values of spin 
x 

. ,. 
products a r e  

-', 

(St > . . = 1 

The reciprocals  of (s: ) , ( 25: ) , and (s: ) give the ellipsnid 

axes  and in this  case  produce a degenerate ellipsoid, namely, a 
. .. . 

cylinder of radius  1 extendingto plus and minus inf in i t ia long the 

x axis.  

If this  cylinder i s  rotated through an angle h (change of spin 

direction relative to  particle motion) equal to  90 d'eg, the new e l -  

1,ipsriid should be a cylinder of radius l extending to inqnity along 

the z axis .  . Then the spin-product expectation values a r e  

(Si ) = 0, with expectation values of 0th.- products s t i l l  zero.  
I '  . \ 

The tensor  components 
( T 2 ~  ) may be expressed  in t e r m s  of these:  

, .. . . n,2 
2 = -  ( ) ( +:.i (.,s,) i ( sz sy )) :, 
<r 22. ) = 2 ( ) - ( s )  ). 



The va lues  of before magnetic'-fie id io ta t i& were  
. . . .  

The final value of ( S : )  af te r  rotation gives 
- 

(,T20)' = l/,E (0-2,) = -fi . . .  . . . . 
. . 

This ag rees  exactly with the (TZO)' found f rom the f i r s t  of the 
0 

rotation equations above with A = 90 , 

+ Jq7 . (T ) = - 2 / c  
. . . .  .22 

I 

and calculat'ion of the other ( T 2 i  ) . values shows thetwo:methods 

to  be equivalent. 

Invariance under t ime r e v e r s a l  i s  satisfied for  scat ter ing 

p rocesses  if the scattering ma t r ix  a s  a function of the t ime- reve r sed  
. . 

momenta and spins i s  equal to  the adjoint of the original scat ter ing 

mat r ix ,  . . . . .  

Then i t  follows that 
- - + - -  f - -  

T r  Mlp, S) M (p, S) Oi = T r  M ( -p ,  -S)-M (-p, -z): oi, 

where Oi i s  any spin operator used in the descr<ption.of sc.attering. 

A m o r e  .general s ta tement ' for  scat ter ings complicated by the action 

of a magnetic field i s  the requirement  .that .the t ransi t ion probability 

for  the forward process  equal the t ransi t ion probability for  the t ime-  
9 s  . ' r eve r sed  process  . 



w h e r e  M1 is t he  s ca t t e r i ng  m a t r i x  a s soc i a t ed  with T a r g e t  1- and M 
2 

the  s ca t t e r i ng  m a t r i x  a s soc i a t ed  with T a r g e t  2 ,  while the  rota t ion 

opera to r  eihSy d e s c r i b e s  the act ion of the magnet ic  f ie ld  between 

s ca t t e r i ngs  1 and 2 .  Both of t he se  conditions r equ i r e . t ha t  t e r m s  odd 

under  ' t ime r e v e r s a l , .  s uch  a s  SpK , not be  included i n  the  s ca t t e r i ng  

m a t r i x ,  and with p a r i t y  conserva t ion  give the  f o r m  of M p re sen t ed  b y  
t Stapp (or  of MM d i scus sed  by Lakin). 

Ope rd tu r s  which a r e  odd under the  p a r i t y  operat ion have expec-  

t a t ion  values  a f t e r  s ingle  s ca t t e r i ng  whi~11 a i e  z e r o  (Section 11. D )  if 

t e r m s  violating p a r i t y  c o n s e r v a t i o ~ l  and t i m e - r e v e r s a l  invar iance  

a r e  not pe rmi t t ed  in  the  s ca t t e r i ng  m a t r i x  M. The  s a m e  s o r t  of 

cnnclus ion cannot be  d rawn f o r  ope ra to r s  changing s ign  under t i m e  

r e v e r s a l .  I11 lhe 11-P-I< coal-dinatc s y ~ t c m  (defined in  Section T i .  C ) ,  

the  s c a l a r  product  S. . P . K  = (SOP) (5 .K)  + (5.R) (50 5 )  o r  SpK i s  
1~ 1 j 

odd under t i m e  r e v e r s a l .  Th i s  m e a n s  that  it cannot appea r  in  the  

s ca t t e r i ng  m a l r i x  M. I-Iowever, pc r rn i s s ib le  t e r m s  of M can ? o m -  
t .. bine  in the  product  MM t.o .give a nonzero  expecta t ion value fo r  S 

a f t e r  s ingle  s ca t t e r i ng ;  i. e . ,  the SnSKK and SnSpp terrr js  of MM 7" 
reduce  t o  SpK and t h e r e f o r e  give a quanti ty p ropor t iona l  t o  the  Stapp 

t coefficients  b (  8 ) x .d( 8 ) r a t h e r  than  z e r o  f o r  T r  MM SpKv 

The  or ienta t ion of the  p r inc ipa l  axe s  of t he  polar iza t ion e l l ip -  

so id  i n  the  plane of s ca t t e r i ng  would have been  along the P and  K 

d i r ec t i ons ,  had SpK been  r equ i r ed  t o  be  z e r o  by  t i m c - r e v e r s a l  

i nva r i ance ;  iiistea.d, the uriel l lat ion should in  g c n c r a l  bc  a t  s o m e  

angle  t o  t he se  d i rec t ions .  This angle  car1 be  ullly puul l y  ts t i lmatcd . 

by  the impulse -approx imat ion  evaluation of the  coefficients  in  M ; 

i t  w a s  found experim.e.ntally t o  be  about 40 deg ( s ee  F i g .  16) .  
. . 



111. EXPERIMENT 

A .  . Introduction . , 
, . .  

A dbuble scattering i s  necessary  to  determine the-pogr iza t ion  

components produced in scat ter ing an unpolarized beam of par t ic les .  

As has been shown in sections, the c r o s s  section for  deu- 

teron second scattering (w.@hout magnetic bending,be.tween targets) ,  
. . 

is . . . r . . 

o r ,  m o r e  simply, 

[ 
/' 

Ip (02, +) = IU (02)  1 t d t e cos 4 t f  cos  241 , I 
where the pa ramete r s  d, e ,  and f contain products of the polar iza-  

' tion compo~en t s .~which  would be produced by sca t te r ings  of unpolarized 
. .. 

'bearr~s al: f i r s t  and a t  second ta rge ts .  Xvidently there  i s ,  in addition , 

t o  a left-right asymmetry  ar i s ing  f rom the cos + ' te rm,  a ver'tical- 

horizontal asymmetry  coming f rom the cos.2 4 contributibn. F u r t h e r ,  

) the polar.ized'-beam c r o s s  section qverag4d over a l l  + i s  l a rge r  than 

the unpolarized beam c r o s s  section by .the factor .d .  ~ e a s u f e ' m e n ' t s ,  

of. the polarized c r o s s  :section for  at  least  th ree  values of + and of 
. . 

the unpolarized c r o s s  section a r e  necessary  to  deter'mine the quanti- 
. . k., 

t i es  d, e ,  and f' for  a par t icular  8. 2 ' 
The usual double scat ter ing i s  not' s'ufficient, however, to  

. . 

determine aLLtensor m P o e n t s ,  a s  it does. .ot separa te  (iTl 

ahd( .TZl)  , the vector and t enso r  polarization pa r t s  of the parameter  

e .  To do ' this ,  it i s  necessary  to  perform a second scat ter ing of two 

different polarized b e a m s ,  one of which..has been appreciably changed 

by. the gction of a large.inagnetic field between.first  and second \ 

( ) i n t h e ~ b o v e e x p r e s s i o n t h e n b e c o m e : ~  scat ter ings.  The .'TJM 

the ."rotated1'  components discussed in Section 11. 



Q 
An e s s e n t i a l  p a r t  of the work  r epo r t ed  h e r e  (the suggest ion 

of D r .  Ronald Mermod)  was  the u se  of the magnet ic  f ie ld  of the  

cyclot ron t o  produce two ex t e rna l  b e a m s  of differing polar iza t ion;  

t h e r e  w e r e  uti l ized in te rna l ly  f i r s t  a lef t -scat ter ing t a rge t - and  then  

a r i gh t - s ca t t e r i ng  t a r g e t ,  with the l a t t e r  located some  230 deg back  

of the  f o r m e r  s o  that  s c a t t e r e d  b e a m s  of the  s a m e  momentum and 

magnitude of s ca t t e r i ng  angle p a s s e d  through the  exit  channel  t o  

undergo a second s ca t t e r i ng  in  the cave.  (See F i g s .  4 and 5 )  As  

h a s  been  shown, the  rota t ion of the  deu te ron  polar iza t ion t e n s o r  

re la t ive  t o  the d i rec t ion  of mot ion i s  given by  y (p-1) o r  about 

-1/6 t i m e s  the  angle of def lec t ion;  hence,  bendings produced L y  the  

l a rge  magne t ic  f ie ld  of the  cyclot ron (23, 000 g a u s s )  ac t ing over  

conoidcrably  di f ferent  d i s tances  w e r e  n e c e s s a r y  t o  p r n d i i r ~  s i~f f i c ien t ly  

d i f ferent  d e g r e e s  of mixing of the  t e n s o r  components and,  th rough  

the  compa r i son  of the  di f fer ing a s y m m e t r i e s ,  t o  p e r m i t  reasurlably 

-\ good de te rmina t ion  of ( T ~ ~ )  . 
One s e t  of m e a s u r e m e n t s  was  made  with bery l l ium t a r g e t s  in  

which the i n t e rna l  scdllerir lg ang les  w e r e  11 deg and the  e n e r g y  of 
-\ 

the  s c a t t e r e d  b e a m s  was  about 410 Mev. A l a t e r  s e t  was  made  with 

ca rbon  t a r g e t s ,  but with 10-deg s ca t t c r i ng  angles  and higher  ene rg i e s  

of about 420 Mev. Second-scat ter ing ang les  ranged  f r o m  6 t o  18 deg 

and  included the  di f f ract ion min imum (14.3 cleg l o r  be ry l l ium and  13.0 

deg fo r  ca rbon) .  In both c a s e s ,  thc  c r o s s  - sec t ion  p a r a m e t e r s  d , e ,  

and f were a l l  found conoidcrably  di f ferent  f r o m  z e r o ;  th i s  was not 

, - s o  a t  the  Lower e n e r g i e s  of 124 t o  157 Mev, at which Baldwin e t  a l .  
\- - 

found only the  uanti ty e d i f ferent  f r o m  z e r o  and a t t r ibu ted  th i s  

mos t l y  t o  ( iT,)  

9t had been  supposed tha t  c a rbon  might  show dif ferent  po l a r i -  

zat ion effects  f r o m  those  obtained with be ry l l i um,  s ince  i t  i s  a  sp in -  

z e r o  nucleus  while be ry l l ium is not;  however ,  the angular  va r ia t ions  

obtained w e r e  qui te  s i m i l a r ,  wi th  the  pa t t e rn s  f o r  c a rbon  a l i t t le  m o r e  
\ 

c o m p r e s s e d ;  e values  f o r  c a rbon  w e r e  gene ra l l y  somewhat  lower than 

f o r  be ry l l ium ( s e e  'Fig. 14). 



184-inch Cyclotron 

. Fig .  4. View of cyclotron and paths of polarized beams.  
Designated in the figure a r e :  d ,  dee ta rge t  used 
f o r  f i r s t  scat ter ing;  m ,  meson ta rge t '  used for  . . 

f i r s t  scat ter ing;  R ,  regenera tor ;  M, magnetic 
channel; S, s t e e r i n g  magnet; Q, .4-inch quadrupole; 
c premagnet collimator;  and cs ,  snout collimator.  

P' 



Dee target Meson target 

,Fig. 5. P i c to r i a l  represen ta t ion  of dee -  and meson-  
t a rge t  double sca t te r ings .  Cones r e p r e s e n t  
sca t te r ing  of par t i c les  into angle 8 a t  Target. 2 ,  

2 with the d a r k e r  por t ions  indicating g r e a t e r  in -  
tensi ty  of pa r t i c l e s .  The va lue  of the deflection 
angle 71 i s  given in  the x l y l z l  sys tem in  each  
f igure .  



An attempt was made to  scat ter .  a :beam f r o m  a target  in the 

steering: magnet (Fig. 4) iri or.der ' to  eliminate the effects of the' 
. . 

magnetic field and perhaps ' .a lso 'some systematic  e r r o r s .  HoweGer, 

this 'was found impractica.l.becaus;e of an. appreciable high-energy 

ta i l  and a lso  considkrable iow-,energy contam5nation. (The unwanted 

part ic les  appear-ed. tb  de.rive fro& d k ~ e r  on , s t r ipping;  the method did 

subsequently prove use'fui 'for polarizing full-energy or degraded 

protons . ) 
' 

B. , Geometry .of Internal scat ter ing 
- .  

. .  . 
The f i r s t  target.'.used,.. the .s,o-calLed "dee. ta rge t ,  " was located 

. .  . 

a t  an azimuthal pos'ition,bf 74 deg with respe'ct to  the center  of the 
. . 

dee and a t  a radius  of 81'ia.:; ( ~ . b s i t i &  d, F ig .  4).  The target  was 

placed ,rad!al.ly jus t  inside the regton where regenerat ion s t a r t s .  

The s t fong regenera tor  field pertdsbation . . .  (ce'ntered at  an azimuthal 

angle of 116 deg andextending 8 d e g  in e.ither direct ion)  and a l s o  the 

field variation in the magnetic channel leading to  the exit pipe requi red  

. some ,ca:reful orbit  plotting foy the. determination of the e s i r e d  ta rge t  

position. (See Fig.  6. ) 

Since polariz,ation theory.and Baldwin's r e su l t s  indicated that 

maximum poiari.zation occurred i t  approximately the s a m e  value 
. . . .  . 

of KR"(with .K the momentum tran.s'fer'and R the nuclear rad ius)  for 

vario.us . . energies  and ta rge t  nuclei, an es t imate  was made f r o m  

Bal.dwi.n',s. . . data  that the sc'attering angle f o r  maximum polarization 

a t  s o ~ e  400 ~ e v  would .be'. 10:or 11 de.g. ' T O  avoid .regenerator 

act'i.on,..b,ut obtain' maximum energy ,  81. .in. was chosen a s  the . 

grea tes t  permi'ssible rad ius .  Thei.,e choices. of scat ter ing angle and 

radius then 
. , ' :  

tym of'. .thk 

dbtkrmin'id the target:. azimuthal position and the rnpmeri- 

sca t te red  beam;  orbi ts  showed t h a t , a  beam of " ' 

' . 6 1 0 .  gauss  -in. bcat tered at '  11 deg f rom a target- located.  
. . 

a t  74 d e g r e e s  agimuth pa&$d ;hidugh the magnetic channel into the 
. . 

exit tube and through. the beam -defining premagnet col l imator .  

Measureme'nts inside the 'c~rclotron tank indicated that the .. 

dee ta rge t  could be positioned to  an accuracy  of be t te r  than 1/2 in. 



Radius (in.) 

MU - 17292 

Fig. 6.  Radial variation of cyclotron magnetic field. 
(Measurements taken in October 1957. ) The 
c r o s s e s  indicate the position of the scat tered 
beam a t 8  = 116 and a t  8 ' =  143 deg. 



rad ia l ly  and azimuthal ly .  The  uncer ta in t i es  in sca t t e r ing  'angle 

a r i s i n g  f r o m  t a rge t  r a d i a l  and az imutha l  posit'ioning e r r o r s  w e r e  

0.12 and 0.03 deg ;  the  uncer ta inty  due 'to a s p r e a d  of pe rhaps  3 x 10 
3 

gauss -in. m momentum accep tance  of . a  2-in.  -wide prernagnet  c o l l i m a t o r .  . 

. w a s  0.50 deg ;  and the e r r o r '  due t o  r a d i a l  osci l ia t ions  was .  pe rhaps  . 

0.13 deg .  Thus  t h e r e  was  a n  r m s  uncer ta inty  of 0.53 deg in the  , 

i n t e rna l  sca t t e r ing '  angle'. The r ad i a l  posit ion.of a copper  co l l imator  

("probe") put a t  105 deg az imuth  t o  s top r egene ra t ed  beam s e r v e d  

as dn exper imenta l  check on the  orbi t  of the s c a t t e r e d  b e a m  f r o m  the  

dee  t a rge t .  

The "meson t a rge t "  . ( thus  named  because  of i t s  c u s t o m a r y  use  

fo r  m e s o n  production) w a s  loc.at.ed :so a s ,  t o  s c a t t e r  r ight  through the  
. -.. . 

s a m e  exit  channel ,  again  f r d m  a r ad iu s  of 81 in .  S e v e r a l  orbi th  
6 a t  1.71 x '10 gauss - in .  momentum w e r e  extended back  f r o m  the  d e e -  

t a r g e t  t o  de t e rmine  the azi 'muthal se t t ing of the  m e s o n  t a r g e t  

necessa r .y  t o  send  a n  11 -deg s c a t t e r e d  beam thkough t h i s  dee  posi t ion 

a t  11.- deg t o  the equi l ibr ium orbi t ; ,  (The az imu tha l  cons tan^.^ of the  

cyc lo t ron  f ie id  between dee  a n d m e s d n  t a r g e t s  a s s u r k d  a n  11 -deg 
: ' .  meson- ta rge . t  sca t t e r ing  angle  f o r  a n  11-deg b'eam angle  a t  the  dee-, 

t a r g e t  posit ion. ' )  A var ia t ion  of 4 deg in a z imu tha l  se t t ing of the  

m e s o n  t a i g e t  was  found t o  give a 1 -deg change - in  accep tab le  s c a t -  

t e r i n g  . . angle .  

In p r ac t i c e ,  the f inal  posi t ion of the  m e s o n  t a rge t  was  d e t e r -  
, . 

- . mined  bj. maximiz ing  beak  in tens i ty  as a function of a z imu tha l  

posit ion . . a f t e r  se t t ing  the  105-deg probe  as ' r equ i red  b y  the  d e e -  
. . 

t a r g e t  beam ; th i s  d i f fered s l ight ly  f r o m  the o rb i t  -defined posi t ion in 

the  c a s e  of be ry l l i um,  but the  d i s c r epancy  could be  wel l  expla ined 
. . . . .  

6 
b y a ' s l i g h t l y  lower momentum (1.7.0 x 10 gaus s - i n . ) .  The  r rn s  

epkor  in scatte ' r ing angle w a s  e s t ima t ed  t u  be  pe rhaps  0.60 deg,  

' '  only s  lightly g r k a t e r  than that  of the  dee  - t a r g e t  beam because  of 
. . 

the  focusing act ion of the  f ie ld .  . . 

The g e n e r a l  c h a r a c t e r  of the  plotted o rb i t s  is. shown in F i g .  4.  
' 

The  :high f ie ld  g rad ien t s  of the  r e g e n e r a t o r  and magne t ic  -channe 1 



regions gave good momentum selection. To determine that the tneson- 

target  beam passed through the dee-target  position, an attempt was 

made to clip the beam at that azimuth; however, the sca t te red  beam 

f rom the clipper obscured the effect in meson-target  beam. The 

position of the meson ta rgc t ,  the beam momentum, and the probe 

position were  considered sufficient confirmation of the orbit. 

C. Polar ized Beams i r o r r ~  BerYPLium Targets  - 
In the f i r s t  phase of experimental  work done with beryllium, 

the internal  beam had a calculated energy of 447 Mev a t  81 in. radius .  

Because of r ad ia l  oscil lations,  the incident beam energy was perhaps 

10 Mev lower; ionization loss  in the 1-in. ta rge t  was about 18 Mev 

alld l e i o i l  loss 3.7 hfcv. A rangc curvc of the dee-target  scat tered 

beam (See Fig .  7a) showed i t  to  have a mean energy of 410 Mev with 

a spread  of *2.5 Mev. The energy of the beam sca t te red  f rom the 

meson ta rge t  was 411 Mev with a spread  of k4.3 Mev. The degraded 

regenerated beam matched the dee-scat tered beam almost  exactly; 

i t s  energy was 410 Mev with a spread nf *2.1 Mev (Fig. 7b). 

In order  to  stop the regenerated circulating beam, which was 

perhaps fifteen t imes  a s  large a s  the sca t te red  beam,  it was nec- 

e s s a r y  to  position a copper block on the main probe a t  105-deg 

a.zimuth, the block having a 1.5 -in. -diameter hole to pass  the 

sca t te red  beam. This probe reduced the regenerated beam by 9 
5 

L 

/ 
f a c t o r  of m u r e  1ha11 1.6 z 10 . / 

i' 

The procedure in obtaining the dee-target  sca t te red  beam was 

to  optimize the steering-magnet cur rent ,  to  adjust the probe position 

for  maximum beam intensity, and then to  reoptimize the s teer ing 

magnet. (See Figs .  8 and 9. ) The meson-target  beam required 

in addition considerable exploration of radial  and azimuthal positions 

af ter  the copper probe had been set  a s  required by the dee ta rge t .  

(See' F ig .  10. ) Azimuthally the meson-target  beam was especially 

well defined, with a half width'of 3.0 deg, while the dee-target  beam 
. . 

was much broader  (with a. peak found a t  74 deg, a s  predicted by  

orbi ts) .  .The 4-in. focusing quadrupole magnet in the exit channel 



. . 

Copper absorber ( g  / cm2) 

' ig. 7 .  (a) Range curve of beam 'scat tered by dee 
target  (beryllium). The energy was found equal 
to  4 1 O t 2 . 5  Mev, and the extrapoiation factor 
was 2.28.  The energy threshold indica tes  the 
amount of absorber  (except for  recoi l  correct ion)  
used for  scattering measurements. .  



. , 

Fig. 7 .  (b) Range curve of degraded regenerated 
beam. The energy was found equal to  410 * 2 . 1  
Mev. This beam was used for beryllium sca t t e r -  
ing measurements .  



Indicated radial position of probe (in.) 

M U -  17295 

Fig.  8. Variation of beam intensity with radial  position 
of copper probe. The dotted curve represents  
one-tenth the intensity of the regenerated beam 
observed with dee and meson ta rge ts  withdrawn. 
Circles  designate the dee-target  beam; t r iangles ,  
the meson-target beam. The position of the. hole 
in the probe was at a radius 5/8 in. grea ter  than 
the indicated reading; the edge clipping the r e  - 
generated beam was at a radius of 5 in. less  than 
indicated. 
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Steering- magnet current ( mv equivalent) 

Fig .  9. Dependence of scattered-beam intensity on 
steering-magnet cur rent .  . Circ les  indicate the 
dee-target beam; triang'les,  the meson-target  
beam. 



Radial position Azimuthal position 

M U - 1 7 2 9 7  

Fig. 10. Optimization of .meson-target position. The 
dotted curve represents  beam intensity for  a l l ,  
energies;  the solid curve represents  only .particles 
of range grea ter  than the energy threshold of F ig .  7a. 
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was  s e t  b y  maximizing the  beam a f t e r  choosing approximate  c u r r e n t s  

calcula ted for  a focus  just beyond the  point of en t ry  into the  cave.  

Beryl l ium t a r g e t s  measu r ing  1 in. in the  beam d i rec t ion ,  1 

in. radia l ly ,  and 1/2 in.  ve r t i ca l ly  we re  used t o  obtain the  polar ized 

b e a m s .  The premagne t  col l imator  (designated a s  c in  F ig .  4) had 
P 

a 2x3-in. hor izon ta l -ver t i ca l  opening; and the  snout coll imator.  (c s  
, i n  F i g .  4) was 1 in,  i n d i a m e t e r  and 46 in. long. Beam intensi t ies  

obtained were  
5 

f o r  dee  t a r g e t ,  1.9 x 10 / s ec ;  
5 a';  

. fo r  'meson t a rge t ,  2.3 x 10 / s ec .  

F o r  m e a s u r e m e n t s .  of2unpo:I'arized c r o s s  sec t ions ,  a  regetl-  
6 I g ra ted heam of about 1.1 x 10 / s ec  was  used .  . 

F o r  c h a r a c t e r i s l i c s  of the var ious  b c a m s  analyzed,  see  

Table  1. 

a  The fac t  that  the  meson - t a rge t  beam intensi ty  was  g r e a t e r  than  

the  dee- ta rge t  in tensi ty  could pe rhaps  b e  explained b,y a focusiug 

action of the  cyclot ron f ie ld  between meson-and  dee  - t a rge t  posit ions 

and perhaps  a l s o  Qy sl ightly g r e a t e r  c i rcula t ing beam intensi ty  nea r  

the  meson - t a rge t  location. 



Table  I. - 
: 2 

Beam c h a r a c t e r i s t i c s  , . 
. .  . . . 

. . . .  . 

Dee - t a rge t  ~ e s o n - t a r g e t  Degraded 
s c a t t e r e d  s ca t t e r ed  r egene ra t ed  , 
b e a m  - beam b e a m .  . 

A .  Bery l l ium t a r g e t s  . . 
1 .  . )' . 

Posi t ion 74: 81 . O H  205.5: 81.0" 

Scat ter ing . , 
O ' ' . 1:l.O * 0 . 6 ~  l i . 0  * 0.5 angle 

1.70 x' 10 
6 ' . . '  1.70 x 1'0 6 . . .. ' Hp (gauss- in .  ) 

~ n e r ~ ~  (Mev) 4.10 '* 2.5 .  411 1t.413 . '  410 * 2.1. 

Intensity 
(105/sec)  

B .  Carbon  t a r g e t s  

'Pos i t ion  

Scat ter ing 
angle  

~p (gauss  -in. 

E n e r g y  (Mev) 

Intensity 
. (105/sec)  



.D.  Polar ized Beams :from Carbon Targe ts  -- 
Extreme difficulty was encountered in extracting polarized 

beams fo r  carbon measurements  because of changes in the cyclotron 

magnetic field.  After beryllium measurements  were  concluded, 

par t ia l  shorting of a coil  in  the main-field windings f o r  the bottom 

pole face had necessitated shunting of the Lower coi ls ;  main-  and 

auxiliary-field values required for  a good regenerated beam had 

changed. The regenerated beam was found to  have increased  in 

energy f r o m  455 to 465 Mev. Changes in field gradients over the 

scat tered-beam orbit  could be only roughly est imated;  with fur ther  

shunting of the main field and careful  tuning l(phases and amplitudes 

of the r eeds  controlling the rf voltage), a meson target  polarized beam 

of intensity almost  comparable to  the beryl l ium-scat tered beam was 

obtained. The momentum having been determined for  this  6eam, an 

orbit  was plotted back f rom the exit channel through the experimentally 

determined probe and meson-target  positions. The scat ter ing angle 

at  an 81 -in. radius  was found to  be 10 deg r a the r  than 11 deg, a s  a 

slightly higher-energy beam was selected by the magnetic channel 

than for beryllium. Corroborat ion of approximate orbi ts  drawn with 

est imated field values was obtained when a beam was extracted f rom 

the dee ta rge t  se t  at  the position predicted for  a 10-deg scat ter ing.  

Energies  of the polarized beams f r o m  the dee and meson ta rge ts  

were  416 and 422 Mev, respect ively,  with energy sp reads  comparable 

to  those fo r  the b e a m s  of e a r l i e r  measuremen t s .  Other beam 

charac ter i s t ics  a r e  given in  Table I. The carbon dee t a rge t  measured  

5/8 in. radially,  3/4 in. vertically,  and 2 in. azimuthally; the carbon 

meson ta rge t  had the s a m e  radia l  and azimuthal measuremen t s ,  but 

extended 2 in. vertically.  

E. ' Energy Degradation 

In this  experiment ,  polarized and unpolarized beams  were  

not matched exactly in  eqergy and energy spreads .  Grea te r  values 

of d and f requi red  l e s s  concern over such techniques than in the 
2 

experiment  of Baldwin et  a l .  The maximum energy  difference was 



9'Mev and the maximum difference in spread  (6.0 -2.1) Mev. 

Degrading of the regenerated.beam 'from 455 to  410 Mev for  

the beryllium experiment was accomplished by placing seve ra l  inches 

' of polyethylene absorber  a t  the entrance to  the.  snout col.limator 

(Position p,. F ig .  4). In one set  of carbon measurements ,  degrading 

wi thcopper  absorber  placed, in  the degrader  box,(Posi t ion q)  was 

found to  produce a beam undergoilig grea ter  attenuation than normal  

in the telescope absorber  (probably because of protons originating 

f rom stripping in the degrader ) .  Satisfactory unpolarized carbon 

c r o s s  sections were  obtained by again degrading with polyethylene 

in the snout collimator f rom an energy of 465 to 425 Mev. 

The scat ter ing table used was s imi lar  to  that described. in a 

repor t  of ea r l i e r  polarization work1 O ; ,  i t  permit ted independent 

variation of the polar and azimuthal angles 8 and +. Rigidity of 

the table was such that when the counter telescope was rotated 

through azimuthal angles f rom 0 to  360 deg, f ront  and r e a r  c roso  

ha i r s  were  displaced by l e s s  than 1/64 in. ; a s  the 0-deg line for  

the scat,tering a r m  was a lso  c loser  than 1/64 in. t o  the line defined 

by  the c r o s s  ha i r s ,  counter misalignment due to  deformation of the 

scattering table during. rotation should not have been m o r e  than 0.02 

deg . . Unlike the situation in .nucleon scat ter ing,  the. 0.1 -deg e r r o r  

in , the  setting of the polar angle 8 could produce e r r o r s  in the deu- 2 
te ron  cross-sec t ion  pa ramete r s ,  since the ra t io  of polarized to  

unpolarized c r o s s  sections entered into the determination of each 

quantity. 

To  achieve the high 'azimuthal 'symmetry 'of incident beam espec -  

ia l ly  necessa ry  in 'deuteron measurements  (done at four + angles) and 

a l so  to  obtain good energy definition, a 1 -in. snout collimator was 

used. The second ta rge t  was general ly  1/2 in. thick, with an . 

additional. 1/4 or .1/2 in. added to increase  the intensity at  la rger  

angles of scat ter ing.  

The counter t . e l e ~ c o , ~ , e  consisted of th ree  plastic scint i l la tors  



viewed by l P 2  1 photomultiplier tubes ; the defining counter measured  
, . 

1x6 in -and  was placed 43.5 in. f rom the ta rge t .  Sufficient copper 
\ 

absorber  was put between Counters 1 and 2 ( i t s  position alate,r being 

changed to  that between. Counters 2 and .3  in carbon measurements )  

to  stop most  of the inelastically sca t te red  deuterons,  the amount 

being varied slightly with scat ter ing angle to  compensate fbr changing 

recoi l  loss  in the target .  The sc i~ l t i l la tor  of Counter 1 was 1/2 in. 

thick; Counters L and 3 were 3/8 in. in thickness.  ~oiii&.er 1 was 
i 

centered on the scattering a r m  to within 1/64 in.  

The various fac tors  entering into the angular resolution of the 

rn11nt .e~  te lescope were  w e l l  matched for  scat ter ing f rom the 1/2-in. 

ta rge t .  The uncertairlly i r ~  drlglt: 0 due Lo ~ i ~ u l t i p l c  scat ter ing,  t o  

finite counter width, and to  beam width were  0.38, 9.38,and 0.53 

deg, respectively,  for  an r m s  uncertainty of 0.75 deg. (See formulae 
11 

in Pettengill  thes is .  ) The resolution of the counter system without 

ta rge t  was determined experimentally and checked ve ry  well  with 

the theoret ical  es t imate made: 

1.5 &?z 
1 - - L 

= 0,57 cleg, 
62  in. 

Here wl i s  the beam width at  the col l imator;  w2, t he  width of the 

defining counter;  and 62 i n . ,  the distance f rom collimator to  defining 

counter.  F o r   omp par is on, the half widths of the regenerated beam 

profi les  given in F ig .  1 1  were found to  be 0.52 and 0.62 deg. Reso-  

lution in the direction of + variation was ,  of course ,  much poorer  

because of counter dimensions; however, the c r o s s  section varied 

much less  rapidly with + than with 8 .  

G .  Experirr~ental  Procedure  

After the optimizing of various internal  pa ramete r s  such a s  

t a rge t  position and steering-magnet cur rent ,  the snout collimator 

was a 1 i g n e d . b ~  using x - r a y  film to  obtain a s  homogeneous a beam 

a s  possible. As in previous, polarization experiments ,  a t rans i t  
. . 

was placed a t  the back of the experimental  cave for the.purpose of 

aligning the scat ter ing table.  Approximate alignment was 
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Fig '  11. P ro f i l e s  of r e g e n e r a t e d  b e a m  in  hor izon ta l  
plane (solid c u r v e )  and v e r t i c a l  plane (dotted . 

c u r v e ) ;  6 O H  and 6 OV a r e  t o  b e  compa red  t o  a n  
e s t ima t ed  r e so lu t i on~o f  0 . 5 7  deg.  Displacement  ' 
of c en t e r l i ne s  f r o m  0 deg indicates  the a.mount.of 

. rea l ignment  that  w a s  n e c e s s a r y .  . . .  



accomplished by taking x - ray  pictures  of the beam a t  the front and 

back,of the  table ,  fixing the t rans i t  a t  the cente'rs of the pictures ,  

and moving the table to  bring the c r o s s  ha i rs  marking the axis of 

rotation into coincidence with the t rans i t  line. The front of the 

table.was then assumed well aligned and the r e a r  brought into m o r e  

near  ly~  exact alignment by equalizing counting r a t e s  both horizontally 

and vertically at  sma l l  values of 8 ;  for  homogeneous beams,  this 

was done without a scattering ta rge t ,  while for a less  uniform beam,  

the ta rge t  was put in place and alignment made on multiply sca t te red  

part ic les .  This seam profile was taken with telescope absorber  of 

an  amount used fo r  small-angle scat ter ing.  The est imated .accuracy 

of aljgnrnent. w a s  0.06 deg with the x - r a y  pictures and 0.03 deg with 

,counters ;  the latter was Iclirly c o i ~ s i s t c l ~ t  with observcd diffcronces 

in the .  11 -deg unpolarized c r o s s  -section measurements  a t  various 

4 angles. (See Fig .  12 .  ) 

A range curve .was  taken at  low beam with counters at  ze ro  

deg by varying the amount of copper absorber  in the telescope, and 

the "energy threshold' '  necessa ry  to  eliminate most  of the inelast ic-  

a l ly  sca t te red  par t ic les  was determined. (See Fig .  7. ) The p ro -  
L 

cedure followed was to  se t  the copper absorber  a t  Z g/cm le s s  

than the knee of the range curve f o r  the 11 -deg scattering and then 

to  add or  .subtract sma l l  amounts to  compensate for  recoi l  loss in 

the target .  

As .the geometry of scatlkring-,wds sucll that ~ l i o s t  of the 

background, presumably f rom the snout col l imator ,  could be ex-  

pected t o  pass  through the . ta rge t ,  an amount of absorber  equivalent 

to  the ta rge t  should have been placed in the telescope for  measure -  

ments  with the ta rge t  out? This was done for  the se t  of scat ter ings 

with carbon ta rge ts  and was found to have an  effect of not m o r e  than 

a few percent ' in the c r o s s  section. 

Two scintkllation counters,  .1 in.. and 5/8 in .  thick, were  

placed in the beam incident on the second ta rge t  a s  monitors  when 

low intensity was des i red ;  this was the case  when the counters were  

delayed and plateaued, the range curve was taken, or the table was 
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Fig .  12 .  ~ n ~ o l a r i z e d  c r o s s  sect ion v s .  azimutha'l 'angle..  ' 
+ a t  a s ca t t e r i ng  angle of 11 de,g. C i r c l e s , r e p -  . " :. 

r e s e n t  be ry l l ium m e a s u r e m e n t s  ; s q u a r e s ,  the  c'ar - .  

' bon va lues .  No co r r ec t i on  hBs been  made  f o r  ' 

a b s o r b e r  at tenuation.  



al igned.  , (For  the  f i r s t  two s i tuat ions ,  t he se  mon i to r s  w e r e  unnec- 

e s s a r y  and w e r e  r ep l aced  by  Counte r s .1  and 2 of the  t e lescope  when 

a b s o r b e r  was  put between Counte rs  2 and 3,  as w a s  clone f o r  c a rbon  

m e a s u r e m e n t s .  ) The  usua l  in tensi ty  of incident  b e a m  used  f o r  t he se  

m e a s u r e m e n t s  w a s  about 500 counts p e r  second;  th i s  gave a n  inap-  . 
prec iab le  acc iden ta l  r a t e ,  as t h e r e  wer.e 30, 000 t o  40, 000 resolving 

t i m e s  a second f o r  the  Garwin  coincidence c i r cu i t  'used.  

In s ca t t e r i ng  m e a s u r e m e n t s ,  an  argon-f i l led  ion chambe r  was 

used  a s  mon i to r ;  the  mul t ip l ica t ion f ac to r  f o r  th i s  chambe r  was  

calcula ted t o  be  1240 fu r  410-Mev deu te rons  on the b a s i s  of c a l i -  

b r a t i on  informat ion of e a r l i e r  proton work .  l 2  .Wi th  the  s c a t t e r e d  

b c a m  G obta i ' nabh ,  th i s  gave' a.n el.ec.tr ome te r  charging r a t e  of one 

fu l l - sca le  deflect ion p e r  3.5 minu tes ,  will1 fulln.scale be?ng equivaldnt  

t o  o . o ~ o , ~ ' * ~  coulomb of accumula ted  cha rge  (designated Loosely a s  a n  .. . 
. . . .  

I . . .  . ., . ., 
" integrated volt" o r  "I. V. 'I). Co r r ec t i ons  f o r  ion-chamber  d r i f t  

w e r e  m a d e ,  and amounted to: a s  much  a s  3% of the  ac tua l  beam r a t e  

f o r  the , s c a t t e r e d  b e a m s .  

T o  e l imina te  low-energy pa r t i c l e s  s c a t t e r e d  f roin  the end of 

the  snout coll ima.tor ,  bin. of copper  and lead shielding with a 2-in.  - 
s q u a r e  hole f o r  the  beam was  placed between the  snout co l l imatur  

and the t a r g e t .  

. Counting P r o c e d u r e  
. , 

Thc object of double sca t t e r ing  was  t o , d e t e r m i n e  the c r o s s -  

s e c t i o n , p a r a m e t e r s  d ,  e ,  and f  as  functions of 8 Measu remen t s  
2 ' 

of the  unpolar ized-beam c r o s s  sec t ion  w e r e  made  f i r s t  at 'a s ca t t e r i ng  

angle of 11 deg with + = 0 deg ( left) ,  90 deg'(up), 180 deg - ( r ight) ,  

; a n d 2 7 0  deg (down) t o  check  s ca t t e r i ng  t ab le  a l ignment .  ( ~ e k  F ig .  12. ) 

With good a l ignment ,  . a s  f o r  be ry l l ium unpolar ized m e a s u r e m e n t s ,  

s ca t t e r i ng  m e a s u r e m e n t s  , for  only one + w e r e  cons idered  sufficient 

f o r  the unpolar ized c r o s s  sect ion a t  o ther  s ca t t e r i ng  ang les  81 . . 
2 ' 

f o r  smal l -ang le  ca rbon  s ca t t e r i ng ,  the  values  of f ( 0 2 )  used  in 
u 

ca lcula t ions  w e r e  a v e r a g e s  obtained f r o m  m e a s u r e m e n t s  a t  a l l  

. F o r  the po la r ized  b e a m ,  of c o u r s e ,  m e a s u r e m e n t s  had t o  be  



made, at  the four az imuthalangles  for  e v e r y  

equal to  8,1 were  determined especial ly~careful ly ,  a s  the.  

values obtained f rom these w e r e t o  be used in finding (T jM) (8) '\ .--. 
f rom measurements  a t  other 8 . . 2 ' 

Three  counting r a t e s  were  measured  a t  each ( 6 , + )  setting: 
I I t a rget  in" with normal  delay, "target in" with 76 nsec .delay 

added to  one counter,  a and lltargkt out. " Accidentals were  generally 

about 570 of the normal-delay measurements ,  while the background 

was about 1070~ In.the beryllium measurements ,  accidentals were  

improperly taken; t:he p r n t n n  .delay.of 5.2 shakes w a s  used and r e -  

sulted in an  almost  negligible r a t e .  Unpolarized-beam resul t s  . 

obtained later a s  a check indicated that the accidentals should have 

been higher by about 11% of the effect for  .the unpolarized beam and 

3% of the effect for  the .polarized beam. Correct ions in d,  . e ,  and 

f were  made accordingly: 
. . 

J. Results  - of Second Scattering 

The subtraction of accidental  and background counting r a t e s  

f rom . . the "target i.n" measurement  gave ,the actual r a t e  of scat ter ing 

by the ta rge t .  . Results for  the polarized and u.npolariied .beams a t  

the karious + angles were  used to  obtain the des i redcr0s . s -sec t ion  

a 
76 nse'c i s  the t ime betweentwo rf f ine-structure pulses of deuterons.  

c . . :  * ,  
, . 

Accidentals we re  me-asured by delaying the f i r s t  counter with respect  
, . . .  . : , . 

t o  the adjacent second and third counters  when the absorber  was be -  
. . .  

' 

tween Couriters '1 and 2 and by delaying the r e a r  counter with respect  . . 

to-Counters  1 and 2 when the absorber  was placed af ter  Counter 2 .  
, 

. . .  



The subscripts  designate the angle @ or r/efer to polarized or un- 

polarized measurements .  (Note that the formulae given by Baldwin 
\ 

for  e and f ,  the latter being his quanlity El, a r e  incorrec t ,  since 

the f i r s t  should contain 1 + d + f and the second 1 + d in the denominator ; 

he did, of colirse, find d and, f t o  be ze ro  within experimental  

e r r o r .  ) 

F o r  the scattering of the polarized beam, a plot of the c r o s s  

section ve r sus  azimuthal angle at  a scattering angle of 8 deg (Fig.  1 3 )  

shows a large left-right asymmetry ;  f ,  the cos 241 ~ u e l l i c i c n t ,  on 

the other hand, i s  given by thc difference Letween horizontal 

and vert ical  averages and i s  r a the r  small .  The ''Left-right" - 

I - I l  
a~ y m m e t s y d  O used in nucleon scat ter ing here  i s  equal to  

equals f / ( l  + d).  These quantities a r e  given with s tat is t ical  e r r o r s  

for  beryllium and carbon scat ter ings in Table 11. 

Because each of the des i red  quantities d ,  e ,  and f contains 

the ra t io  between polarized and unpolarized c r o s s  sections (which 

appears  in d in such a way as to  make this par t icular  quantity 

velry sensit ive to  any e r r o r ) ,  a ser ious  problem a r i s e s .  Garcful 

extrdpolations to  z e r o  absorber  to  determine the actual e las t ic -  

scattering c r o s s  sections (i .  e., correct ions fo r  nuclear attenuation 

in thc tcloscope a b s c r r h ~ r )  nr s o m e  s ~ r t  of normalization of un- 

polarized to  polarized c r o s s  sectinns must  be made.  Thc fo rmer  i s  

ordinari ly  subject t o  considerable e r r o r ;  in the beryllium m e a s u r e -  

ments  repor ted  here ,  the extrapolation fac tors  ( rat io  of counting 

r a t e  with z e r o  absorber  to  that with absorber  used in scat ter ing 

measurements )  for  polarized and unpolarized beams differed by about 

1070 and were  found to produce a considerable effect in the quantity d. 

The variation of extrapolation fac tors  was investigated to  

some extent. Displacement of the snout collimator by 1/8 in. 

caused a 6% change in extrapolation fac tor ;  ex t reme changes in 

co1.1nta geometry had no effect. That the alignment of the beam In 
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Fig. 13. Polar ized  c r o s s  section vs. azimuthal angle 
for scattering f rom beryllium at an angle of 8 deg. 
The solid line represents  dee-target  scat ter ing;  
the dotted l ine ,  meson-target  scattering. 
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Table 11. 

A s y m m e t r i e s  in  polar ized-beam sca t t e r i ng  

H e r e  e/( l+d+f) is the usua l  "left-r ight" a s y m m e t r y ;  f / ( l+d )  is 

"hor izonta l -ver t ica l"  a s y m m e t r y .  E r r o r s  a r e ' s t a t i s t i c a l .  

Meson t a r g e t  

Ca rbon  
\ 6 b 
I 0.320 * .013 



the snout collimator was important was fur ther  indicated by the 

fact that extrapolation.factors for  scat tered beams centered about 

I - one value and for  regenerated beams centered about another value 

slightly higher. 

Thus the use of absolute c r o s s  sections to  find d,  e ,  and f 

s eemed , ra the r  questionable. . As a bet ter  alternative,  the assumption 
. . 

was made that the polarized'and.unpolarized c r o s s  sections a t  6 deg 
a 

should be equal, and the unpolarized c r o s s  section was normalized 

+ to  the, polarized fo r , a l l  8. F igure  14 shows the angular depahdences 

of the quantities'- d, e ,  and :.f which were  obtained through i o r m a l -  

ization.and a lso  extrapolation of c r o s s  sections; the differerices in 
. . 

( l f d ) ,  e ,  . and f values for  the two methods were about'2.570 for  

beryllium and 3.570 for  carbon.. Had d been taken a s  sma l l  .and . 

positive instead of ze ro  at  6 deg, f would a l so  have been- increased ,  

since f / ( l+d)  depends only o n 1  . (02, +) and i s  unaffected by normal-  
P 2 

ization of I t o  1 ; a behavior c loser  to  s in  8 for  ( T ~ ~ )  and ( T Z 2 )  
U P  

then could have been obtai.ned. 'y . , 

The uripolarized c r o s s  sections a s  functions' of scat ter ing angle 

a r e  givkn in Fig.  15. ~ h e s ' e  were  0 b t a i n e d . b ~  substituting f'or the 

integrated-volt mon i to .  unit (I. V.') the equivalent incident intensity 
7 

I 

of 5.24 x, 10 part ic les .  The unpolarized c r o s s  section for sca t  - i 

t e r ing by beryllium in a la ter  run .agreed  with the values given in 

.Fig. 15 to  within 3.0% at 8 deg and 12% a t  11 deg; bet ter  .agreement 
,, /- --.,-,'. 

could probably not be expected in view of the. uncertainties discussed 

K; Energy ' ~ s ~ m m e t r ~ ,  Beam Contamination 

Coinparison of ,the range cu rves  taken of the :dee.-target beam 

at 8 = .O and 8 =. 10 deg left indicated that the beam was low in energy 

a 
This  assumption wa,s based on the fact that in . f i r s t  ' ~ o r n  approxim.a.1 ,. 

2 ti on,(^ a is to  t e r m s  in s in  8 :(Stapp, .pp. 77 and 99). 2 
. b u t  i s  probably a little ex t reme.  



Fig. 14. (a) C r o s s  -section pa ramete r s  vs .  scattering 
angle, with total  e r r o r s ,  for  the beryllium dee-  
ta rge t  scat ter ing.  Solid lines r e fe r  to  values 
obtained by normalization; dotted l ines,  to' values 
f rom extrapolation of c r o s s  -section measurements .  



Fig .  14. (b) Cros s - s ec t i on  p a r a m e t e r s  v s .  sca t te r ing  
angle,  with to ta l  e r r o r s ,  f o r  the  bery l l ium me'son- 
t a rge t  sca t te r ing .  Solid l ines r e f e r  t o  r e s u l t s  
f r o m  normal ized  da t a ;  dotted l ines ,  t o  those  f r o m  
extrapolated data.  



Fig.  14. (c)  C r o s s  -section pa ramete r s  vs .  scattering 
angle, with total  e r r o r s ,  fo r  the carbon dee-target  
scat ter ing.  The dotted curve r ep resen t s  resu l t s  
f rom extrapolation r a the r  than norm'al'ization. 
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Fig .  14. (d) C r o s s  -section pa ramete r s  vs.  scattering 
angle; with total  e r r o r s ,  for  the carbon meson- 
target  scat ter ing.  The dotted curve represents  
resu l t s  f rom extrapolatio'n ra ther  than normalization. 
The diamond a t  6 deg indicates the e value obtained 
f r o m  cros's-section measurements  a t  45, 135, 225, 
and 315 deg azimuth. 
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Fig .  15. (a) C r o s s  section for  the scat ter ing of un- 
polarized deuterons by beryllium a t  410 Mev. The 
heavy curve r ep resen t s  experimental  resu l t s ,  for  
which e r r o r s  were  less  than the s ize of the points 
plotted. The H designates calculations done in the 
impulse approximation with Hafner proton ampli - 
tudes,  the solid curve including the effect of 
simultaneous scattering. The B indicates impulse- 
approximation resu l t s  obtained with Bjorklund 
amplitudes for  proton scat ter ing (solid curve)  and 
neutron scat ter ing (dottsd cu rve ) ;  both include 
simultarleous scattering. Triangles show the 
negligible effect of including the deuteron D state 
in the Hafner calculations. 



F i g .  15 (b) C r o s s  sect ion fo r  sca t te r ing  of' unpolarized 
deu te rons  bjr carbon a t  425 Mev. 'Exper imental  
r e s u l t s  a r e  indicat.ed.by the heavy.1in.e. The H 
des igna tes  calcula t lonal  r e s u l t s f r o m  t h e i m p u l s e  
approximat ion with Hafner proton ampli tudes ,  
the  solid curve  including the  effect of s imulaneous 
s ca t t e r i ng .  



- .  

on the left or + = 0 side. The decrease  in average range (corref ted 

for  recoi l  loss at  10 deg)showed that IO - 
'1 80 o r  the quantity e r e -  

quired a 4010 correct ion for  this effect. 

The rat ios  of counting r a t e  a t  the energy threshold to  that at 

the average;"energy were  compared,for . '8  = 0 and 10 deg left. The 

amount by which they differed indicated that,  for  10 deg, there  was 

an $7'0 inelastic contamination of the beam above the energy threshold. 

However, un Ihe bas i s  of Tripp 's  determination of the negligible 

effect of inelastic contamination on asymmetry  r e su l t s  with nucleons, 
1 

it was concluded that the inelastic par t  of. the. deuteron beam probably 

had Little effect on measurements  .except perhaps in  the region of the ;:.j. 

diffraction minimum. 

L. E r r o r s  

E r r o r s  in d,  c ,  and f derived chiefly f rom th ree  sources :  

s ta t is t ics  of counting, comparison of polarized and unpolarized 

beams,  and misalignment qf the scattering appara tus ,  Systematic 

c r r o r s  a s  well  a s  s ta t is t ical  a r e  given with values of .d, e ,  and 
- 

f in Table 111. ' Expressions for  evaluating e r r o r s  f rom the three  - 
.- sources  mentioned a r e  given in Appendix E.  

I 
In the normalization of the unpolarized c r o s s  section to  the 

polarized, e r r o r  was introduced by  the s tat is t ical  uncertainties of 

the 6-deg cross-sec t ion  measurements .  Relative e r r o r  in I and 
u 

h e n c e  ( l f d ) ,  e ,  and f due to  nosmabization amounted to  6% for  

b e r y l l ~ u m  and 2.2% for  carbon resu l t s .  

The expected misalignment of the scat ter ing table in polarized- 

beam measurements  could be est imated by observing the horizontal  

and the vert ical  misalignments evident in unpolarized-beam c r o s s  

secti.ons. . F o r  beryllium measurements ,  misalignment observed a t  

8 = 11 deg:was only 0.012 deg, while for carbon,  it was at least  0.06 

deg.  isa alignment of the snout collimator a l so  produced asymmetr ic  

effects in scat ter ing which were  included in these e.stimates;  and 

the misalignment err 'or  indicated.was perhaps an ovex-estimate for 

the polar ized.beams .' 



T a b l e  111. A .  

C r o s s - s e c t i o n  p a r a m e t e r s  with to ta l  e r r o r s  f o r  s c a t t e r i n g  f r o m  b e r y l l i u m  a i  410 Mev 

D'ee - t a r g e t  s c a t t e r i n g  

E r r o r  in dd E r r o r  in e  d  E r r o r  in f 
d  

O2  , s t a t i s t i c s  rrnrmal-  m i s a l i e n -  + a d r m s  s t a t i s t i c s  n o r m a l -  m i s a l i g n -  
+ A e r m s  s t a t i s t i c s  n o r m a l -  m i s a l i g n -  f ,+ Afrms 

- i za t ion  m e n t  i za t ion  ment  -- izat ion m e n t  - 

M e s o n - t a r g e t  s c a t t e r i n g  

' E r r o r  in  dm ' E r r o r  in  em E r r o r  in f m  

6' 0.0620 0.0615 0.0027 . 0 . 0 0 i . 0 8 7  0.0336 0.0314 0.0267 -0.510*.053 0.0083 , 0.0030 0.0327 0 . 0 5 0 i . 0 0 9  



Table  111. B. 

C r o s s - s e c t i o n  p a r a m e t e r s  .with to tz l  e r r o r s  f o r  s c a t t e r i n g  f r o m  c a r b o n  a t  4211 Mev 

D e e - t a r g e t  s c a t t e r i n g  
d 

E r r o r  in  dd E r r o r  in  e E r r o r  in fc 

e2 s t a t i s t i c s  n o r m a l -  m i s a l i g n -  d+Adrms s t a t i s t i c s  r o r m a l -  m i s a l i g n -  t A e r m s  s t a t i s t i c s  n o r m a l -  m i s a l i g n -  i + C f r m s  
i z a t i o n  m e n t  izatic-n m e n t  - --- - -- i za t ion  m e n t  -- 

6' 0.0214 0.0214 0.0054 O . O O *  .031 1 . 6 2  C.0071 0.0452 0.333 1 . 0 4 9  0.0098 0.0009 0.0054 1.040* .Oll  

8' 0.0290 0.0224 0.0088 0.046 * .038 0.0197 Q.C.097 0.0406 0.461 * ,051 0.0241 0.0022 0.0088 3.101 * ,026 

9' 0.0352 0.0229 0..0098 0.068 * ,043 0.0342 0 .0085  0.0409 0.396 *.054 0.0210 '0.0028 0.0398 3.133 * ,073 

11° 0.0321 0.0234 0.0050 0.094* .040 0.D367 C0.0043 0.0317 0.201 k .049  0.0266 0.0022 0.0050 3.104* .027 

13' 0.0411 0.0219 0.0019 0.023*.049 0.0695 (1.0025 0.0196 0.119*.053 0.0352 0.0005 0.0019 3.023 .035 

16O 0.0858 0.0237 0..0002 0.109* .089 0.1316 0.0044 0.0104 0.205 a ,102 0.0797 0.0021 0.0002 3.099 * ,090 

M e s o n - t a r g k t  s c a t t e r i n g  

E r r o r  in dm E r r o r  in em E r r o r  in  fm 



One other source, of systematic-  e r r o r  .not included. inSTable I1 

was that re,sulting from the uncertainty in internal  scattering angle. 

F o r  the quantity ( i ~ ~  ) , which changed by 13% and 14% per  deg 

f o r  carbon and beryllium, respec.tively, this amounted. to  about a 

770 e r r o r  in the dee-target  and a 1270 e r r o r  in the meson-target  
. . 

scattering. 

Incorrect  quadrupole focusing or snout-coLlimator misalignment 

was observed to  produce a slightly ell iptical  deformation of the normally 

round beam pattern incident on Target  2;  the possibility.of e r r o r  f rom 

this  was investigated. F o r  an intensity pattern having a "quadrupole 

moment" with separation of 1/32 i n . ,  it  was found that any vert ical-  

horizontal difference was negligible and corresponded t o  a misalign- 
- 5 

ment for  the scattering table of 5 x .10  deg. . 

Also, if . the center of gravity of the beam were  as. much a s  

+ / 6 4 i n .  displaced f rom the c r o s s  ha i rs  a t  the front and at, ' the r e a r  

of the scattering apparatus,  the e r r o r  in angle was on.ly 0.08 deg, 

and correct ion of r e a r  -end alignment with the .use of .counter m e a s u r e  - 
ments  a3 described above generally reduced.:'th$s. by a factor  of at  

least  two. 

One notable deviation f rom expected.resul ts  was a difference 

between 90- and 270-deg measurements  for  the polarized beam. 

This was observed.f i rs t  in sca t te r ing  f rom the beryllium dee target ,  
4,' 

for  which 90-270 deg differences .were four to  seven standard devi- 

ations for  angles of scat ter ing ranging f rom 6 to  14 deg. Relative 

differences appeared essentially independent of angle; af ter  sub- 
. , 

,tractiton of the known e r r o r  due . to  misalignment,  ver t ical  asymm:etries 

ifor beryllium were found to average.about 7*430Jo. . within experim'ental , 
I . . i .. ' 

e r r  o r ,  ... no differences were observable in me'son-tar get measurements .  

In carbon scat ter ings,  there  again were  found' 90 -270 deg diffe'rences 

f o r  the dae-target beam and practically no di'fferences for  the meson-  

ta rge t  beam. The asymmetrie's af ter  subtraction of' misalignment 

e r r o r s  were found to  average about 2.530. 

The po;sibility that the spin (112) df the beryllium nucieus 
. . 



might cause these  deviations f rom expected c r o s s  -section behavior 

can be ruled out on theoret ical  grounds. Thus it would appear that 

there  was some systematic  e r r o r  inherent-in dee-target scattering 

and perhaps associated with ver t ical  misalignment of the fixed 
a 

entrance end of the snout col l imator;  such effects migh;\be expected 

to  differ for  beryllium and carbon scat ter ings beuause of slightly 

different conditions, such a s  source s ize and position and orientation 

of beam in the exit channel. Since e r r o r s  in the 90- and 270-deg 

measurements  cancelled approximately when they were  summed for  

d and f evaluations, no attempt was made a t  fur ther  investigation 

of the differences.  

In summary ,  many pnssihle sources  f o r  experimental  e r r o r  

were  investigated. These included counter and cruss-ha i r  alignment 

relative t o  the scat ter ing apparatus ,  counte'r geometry,  internal  

ta rge t  positions, accidental  counting ra te ,  beam attenuation of the 

telescope absorber  (extrapolation fac tor ) ,  and beam -energy asymmctry .  

Ext reme changes in counter geometry produced no effect in the range 

curve ;  that accidentals were  cor rec t ly  subtracted was verified by 

obtaining the same cross-sec t ion  values a t  s eve ra l  beam levels. 

Measurements a t  r$ angles of 45, 135, 225,  and 315 deg agreed ve ry  

well with those a t  the usual angles.  Double scat ter ings using a 

beryllium internal  ta rge t  and carbon second ta rge t  gave consistent 

resu l t s  with the separate  se t s  of measurements  for  each element.  

(Section I V .  K) 

a 
.If the nonconservation of par i ty  should be possible in strong inter - 

actions,  a reasonable explanation of dee-target  ver t ica l  asymmetr ies  

and meson-target  ver t ica l  symmet r i e s  would be the production of a 
. . . . 

sma l l  component of polarization.in the pLane,,.of scat ter ing (violating 
. . , . 

pari ty  res t r ic t ions)  such that the difference in relative spin rotation 

angle A ,  equal to  60 deg, would cause this  component of polarization 

to have a near-maximum value for  dee-target  scat ter ing and a nea r -  

minimum value for  meson-target  scat ter ing.  



. .  '. . 
, IV. A,NALYSIS O F  RESULTS . . . .  

A. Cross -Sec t ion  P a r a m e t e r s  . , -  

Measu remen t s  of c r o s s  sec t ions  fo r  e a c h  6f the  tvrio po la r ized  
. . 

b e a m s  gave values  of 

= [ l l  ( 2  ' ( ~ 2 l $  (Ti&].  

w h e r e  the  subsc r i p t s  1 and 2 r e f e r  t o  i n t e rna l  s ca t t e r i ng  a t  angle 
. . , .  .'i 

8 a n d e x t e r n a l s c a t t e r i n g  a t  angle 8 a n d p r i m e s  indicate  t r a n s f o r -  
1 2 

mation of the  or ig inal  t en so r  po la r iza t ion  components  b y  act ion of-  

the  cyclot ron f ield.  The beam f r o m  thepdee t a r g e t  was  s c a t t e r e d  . 

left and underwent a 'def lec t ion of about 66 deg before  second s ca t t e r i ng ;  
. . 

the  beam f r o m  the  m e s o n  t a r g e t  was  s c a t t e r e d  r igh t  and  w a s  def lec ted 
. . .  

th rough  a n  angle of about 272 deg.  (See F ig .  5. ) At t h e .  second tar - 
get ,  m o r e  pa r t i c l e s  w e r e  s c a t t e r e d  left than r igh t  f o r  the dee - t a rge t  , .  

b e am.  (posit ive a s y m m e t r y ) ,  and i no re  s c a t t e r e d  r igh t  than left f o r  

the  meson - t a rge t  beam (negative a s y m m e t r y ) ,  as viewed i n  the  usua l  

coordinate  s y s t e m .  with the  y ax i s  pa r a l l e l  t o  the  dee - t a rge t  s ca t t e r i ng  

n o r m a l .  I 
:::. ..Since the  n o r m a l  t o  the plane of s ca t t e r i ng  a t  the  m e s o n  t a r -  

. .. 
get  was' opposite t o  that  a t  the de,e t a r g e t ,  the  coordinate  s y s t e m  f o r  

the f ' o r k e r  was  obtained b y  ro ta t ion  'about the  z ax i s  of the  dee - t a rge t  

sys tem'  and had its y ax i s  d i r ec t ed  downward.  Thus  i f  t h e*ang l e  of 

deflect ion q was  defined as posit ive f o r  the usua l  left s ca t t e r i ng  in 

the  cyclot ron f ie ld ,  it was  then negative f o r  a r igh t  s ca t t e r i ng ;  1, 

, the  .angle of spin  rot,ation re la t ive  t.o pa r t i c l e  d i rec t ion ,  w a s  negative 

, f o r  the  left s ca t t e r i ng  and posi t ive  f o r  t he ' r i gh t  sca t t e r ing .  Values 

.of. .A w e r e  -9.4 and t39 deg for.  the  dee  a n d . m e s o n . t a r g e t s ,  r e s p e c -  

t ive ly. 



The effect of the cyclotron field then y a s  to  mix, the 
-, ( T 2 M  ) 

tensor  components of polarization produced by the f i r s t  scattering! 

. . With the above values of X. used to  calculate coefficients, the "rotated" 

compone.nts character izing the beam at the point of second scattering , 

could be expressed , in  t e r m s  of 'the ( T ~ ~ )  for  angle f rom the *- 

equations give in section 11. F. 

An al ternate  method of finding the rotated i s  the use 

of the x -z  plane ell ipse (Fig. 16 and i s  de -  

pendent on on (s: ) . and 

thus their  behavior may be easi ly  determined by taking the inverse 
I I 

squares  of the rotated p and px  intercepts  for  evaluations of 
z 

@20') 
and /T ' ) , respectively,  a n d  hy  s ~ ~ h s t i t ~ ~ t i n g  some assoc i -  

I \ ,22 
ated p Z  and px into the equation of the ell ipse for 

A s  an example of the use of the el l ipse,  consider the carbon, 

Case  B value of (TZO) without magnetic field rotation; it i s  -.405 

a n d g i v e s a  p intercept of z ' :  

since 

. R'otation of 39 deg. corresponding to  meson-target  scat ter ing br ings 
P 

the p z  
axis into approximate coincidence with the major  xxfs of 

the ell ipse: 
I 

and' 
I 

[T..lii.s i nc rease  in .  the magnitude of (TZO)  compared to  the unrotated 

value i s  reasonable,  a s  ' ( T ~ ~ )  or  d i s  observed experimentally 

to  be g rea te r  for .meson- targe t  than for  dee-target  scat ter ing.  ) 



T i g .  16. Polarization ell ipse in the plane of scat ter ing.  
This,  was .determined with tensor  components f rom 
carbon measurements .  with systematic  e r r o r s ;  

u,rves represent   case'^ solutions for  negative 
(curve 1) and positive (TZO) (curve 2 ) .  the 

curve represents  Cask A wi h8negative (TZO) . 
The principal axes of the Case B el l ipses  a r e  es ig-  
nated by a and P. , .  , .  



The same  answer i s  found by substitution in the formulae given 

above " 

As viewed in the coordinate system of meson-target  scat ter ing,  

1 

where (TZ1) i s  calculated with positive 1.. (No sign correct ion has 

to  be made in the""dm and f m  expressions,  a s  

a r e  even under rotation about the z axis.  To 

f rom the e paramete ' rs  obtained f r o m  experiment,  the expression 
m - 

for  e,a was subtracted f rom that f o r  1 e- 1 .  for eaeh  value e 2 :  , 

. 
.The  difference between I em 1 and ed was in general  sufficiently 

grea t  t o  yield a fa i r ly  prec ise  value for  

B. Solution of Equations for .  8 = 8 
- 2 -- - 

Double scat ter ing with the two different internal  t a r k e t s  gave 

s ix  measured  quantities at-.each angle 8 the values at  O2 = 2 ; 
(11 deg for  beryllium and 10 deg f o r  carbon measure,ments)  then. 

' yielded s ix  quadra t ic  equations in the four unknowns ( iT  > -, ; . - ( ~ < 0 ) 9 , ,  

(T , and( .TZZ) . Reduced to  f.ive e'quatiqns in th ree  unknowns, 
' \  2 1  

. . .. 
these were :  . . . . 



where the m and d superscr ip ts  designate meson-  and dee -target 

values and the coefficients pertain t o t h e  scat ter ings done with 

carbon. 
d 

The ( leml - e )/2 equation contains the difference between 
I 

dee-target  and meson-target  rotated (TZ1) components a s  indicated 

( JM) of carbon above. Substitution of the numerical  values for  the T 

obtained f rom the given system of equations shows that it was possible 

for  the 1 em 1 and ed quantities to  &ff&i appreciably in magnitude: 

d m 
Experimentally d?termined values for  e /2 and e /2 were  

-0.235*.040 and 0.140A.035. 
d 

The d and dm quantities were  subject t o  considerable e r r o r ,  

especialLy'because ,of the difficulty in matching range curves  of 

polarized,and regenerated beams (Section 111. J). Thus the re  was to  

be expected considerable e r r o r  in 
. . 

(Tz0). H O W ~ V ~ ~ ,  IBM calculations . . 

showed that these unceitainties in d and d' affected inappreciably 

the resu l t s  obtained f rom the s e a r c h  program. In other words,. the 

more  accurate  determinations of e and f were  dominant in the 

ana lys is  and served  to  determine ( T ~ ~ )  even .if the d measurements  

were  ignored. 

A S  the system of equations for  the ( T Z M )  a t  the angle was 

over'dete.rmined, different 'p rocedures  for  solution were  found to  

givk slightly different resu l t s .  Three  methods were  utilized: 

simh,kaneous solutions of p'airs of equations; use of d i rec t  ,e.xpressions 
'd . m  d '  m 

f o r  (T JM) involving d /d and f /f ("P y 6 -f &-mul?e given in 
3 

Appendix F) ;  and the application of a X "  s e a r c h  program.  The second 

method, although most  d i rec t ,  gave a t a t h e r  biased se t  of r e su l t s  

be,cause of the large er r 'o rs  in the '  d and f r a t io s .  . 

' The bes t  method of solution appeared to  be the i 2  . fi t ,  . s imi l a r  
. . .  

t o  the F e r m i  phase-shift  determination in pion-,~u.cleon scatt.ering; 
13 

. . .. ' 

applied to  the problem he re  considered, i t  requir,ed the determination 



of that combination of (TZM) values for which 

x.". 
. M = L  I~ exp - .. .. .. calc 

i 
was  a minimum. Here  x represents  each of the.five d,: e ,  and f 

i i  
quantitie s given above, xcXp and A x  being experimental measure  

i 
exp 

mcnt and e r r o r  and x thc cor,responding calculated quantity for 

a par t icular  se t  of f2akf  value^. 

To find fircjt: an  approximate sc t  of solntions, 
f \ ( T ~ ~ )  was ;. 

plotted a s  a function of ( T ~ ~ )  for  each of the five quadratic equations 
I \ 

i n  (TZM) given by  the measured  pa ramete r s  and with severa l  . 
~ / -\ 

values- a s s u t l ~ e d  for  ( T ~ ~ )  ; i. C. two-dimensiona.1 C . I I ~ S  perpendicula,r 

to  the ( T ~ ~ )  axis were taken in thc three  -dimensional (TLM ) 
sur faces  represent ing the five given equations. (See Fig.  1 7 . )  This 

prelimirlary use of a graphical method of solution was found helpful 

in making systematic e r r o r s  evident. F o r  example,  the sensit ivity 

of d and d' values to  normalization uf c r o s s  sections was reflected 

to  some degree in the divergence of the associated curves  from those 

of other experimental  quantities. 

S o m a  calcl.ilations to  minimize M were  done by hand (Fig.  18), 

but final snl~i t ions were  obtained with slightly grea ter  accuracy by 

setting up an IBM s e a r c h  program.  All IBM work was done with 

the d, e ,  and f q u a ~ ~ l i t i e s  at 8 = obtained by normalizing tn 2 
give equality of polarized and unpolarized c r o s s  sections a t  6 deg. 

Effects of normalization a r e  indicated in the curves used in the 

graphical analyses of beryllium data,  only the d and dg  values 

showing appreciable differences,  with and without normalization. 

IBM fi ts  to  data  at  e l  were  made with s tat is t ical  e r r o r s  and with 

systematic  plus s ta t is t ical  e r r o r s ,  where the s y s ~ ; ~ t i c  . . included 

normalization and misalignment e r r o r s  a s  given in T.able 111. 

Besr-fit (TJM) values and their  r m s  e r r o r s  f-or the various 

cases  cbnsidered in  IBM calculations a r e  shown in Table IV, The 

Case A'IBM solutions were quite comparable t o  the "simultaceous - 



F i g .  17.  (a) P lo t s  of ( ~ ~ 3  7s. (TZO) r e p r e s e n t i n g  
c r o s s - s e c t i o n  p a r a m e t e r s  f o r  be ry l l ium sca t t e r i ng  
a t .angles  8 .  =8 =11 deg.  Signs a r e  those  of Case: B.  2 
~ o r m a l i z e d  data  w e r e  used  except  fo r  the points  ' 

designated by c i r c l e s ,  which w e r e  obtained with 
nonextrapolated, .  unnormal ized da ta ,  (Appr'eciable 
d i f fe rences  w e r e  observed  on1.y f o r  the  d quant i t ies .  ) 
The  solid (and the  unno.r.malized) c u r v e s  w e r e  
obtained with (T2& = * O . L O ;  the  dotted c u r v e s ,  

-*0.25 (Values do .,not a g r e e  exac t ly  
e cause  the  re la t iv i s t i c  Thomas  

p r ece s s ion  was  not included in ca lcula t ion of the  



M U -  17307 

Fig. 17. (b) Plots  represent ing c r o s s  -section pa ramete r s  
f o r  beryllium scattering a t  angles 6 = 6 = 11 deg. 1 
Signs a r e  those of case  A. Normalized dlata were  
used except for the points designated by c i r c l e s .  
The solid '(and unnormalized)curves were obtained 
with (T2$ "0.225, the dotted curves ,  with 
(T2& =*O.  20.  



M U -  17308 

Fig .  18. Variation of M with the tensor  component 
in fitting. beryll ium unnormalized data (wi h 
s ta t is t i  a l  r r o r s )  a t  l l  d g. Values bf (TZ0) = 
0.495, [T2> = 0.22, and {T1 3 = a0.52 were  
used. 



Table IV.  

Best-fi t  TJM values and associated M values for O1 = 02, d e t e r -  

mined with c r o s s  -section pa ramete r s  calculated f rom normalized 

measurements .  (Solutions with the same magnitudes but opposite , 
signs for  the ( T Z M )  cpmponents a r e  a l so  possible.  ) 

0 Bcrylliiim ( H  = 1 1  1 

Case  A Case  B 

With systematic  and s ta t i s t ica l  

e r r o r s  i n  d ,  e ,  and f 

(Tz0) -0.305 t .070 -0.446 * .050 

62 1) 
+0.210 * .025 t0.215 + .035 

Carbon (0  = 1 0 ~ )  

Case  A Case B 

With s tat is t ical  e r r o r .  in d,  e ,  ' arid f a  

(TZ0) -0.402 .022 -0.438 * .007 -0.450 * .038 -0.405 * .015 

M 38.4 14.3 2 7.3 2.01 

a (>M) o .003 0 :  . 3 6  

a 
These  r e su l t s  differ m o r e  f rom the' systematic  f i ts  than they should 

because the relat ivis t ic  Thomas precess ion  effect was not included in 

calculating the rotated tensor  components. 



. . 

,equation" and the "py6-formulae" so1utiohs;but the Case B corn - . . 
. . 

bination of s igns  a l so  appeared adceptable and indeed proved to be 
. 

the bet ter  choice, a s  indicated by.the M values of Table IV. 
. . . . 

. . . , F o r  . .  normally . distributed e r r o r s  in .experimental measurements , ,  

the probability' that M .lies between ' M '  and MtdM i s  approximately 
. . 

1 
- ~ / 2  ,M Wo-2)/2 dM, '. 

P ~ o  
(M) d M =  ' y2 e 

2 .O r ( ~ 0 / 2 )  . . 

if M i s  the, nuinber of degrees  of f reedom or  the number of obser -  
0 

vations the number of determined quantities. l 4  ( s e e ~ i ~ .  19.') . . 

The average value of M obtained for  many se t s  of measurements  i s  

M ; the probability that M i s  g rea te r  thari a cer ta in  .value M' i s  
0 

9' 
Q(>MV) = P ~ O  (M) dM . 

and f u r  Mo = 2 is given in Table IV for. the M values found for  . 
, , 

each se t  of ( T ~ ~ ) '  solutions. 

. . , Large M :values.  i~d ica ted . tha t . , ac tua l  e r r o r s  were  considerably 

g rea te r  than s tat is t ical ;  but with.so&e systematic  e r r o r s  included, the 

.M values.were close to  2 fo r  a few.cases  .considered. The.values 

,found f o r  Q(F) showed that the Case  B solution was .definitely p r e  - . . 

f e r r e d  to' c a s e - A  for  carbon.and at  least  a s  good as .Case  A fo r  

b e r  y,llium. 

-. , The (TJM) valuesfound by the IBM s e a r c h  program did not , 

differ  great ly  with-the inclusion of systematic  e r r o r s  f rom values 

.. fourid with s tat is t ical  e r r o r s '  alone. Solutions a r e  indicated on the 

: (T2>  &. (TiO) plot? of F ig .  17.  To Bscertain that the IBM 

solutions .were not appreciably affected by the large uncertainties 

in dd ' and  , dm, ' these quantities we,re re'moyed.fr om calculations 

and the s e a r c h  pro.gram used to  satisfy the remaining three  equations. 

There:.was found only a negligible effect on ( T ~ ~ )  and none on ( T ~ ~ )  



Fig. 19. M distribution. M i s  the number of degrees  
of f reedom, o r  the numger of observations minus 
the number of determined quantities. 



(Values obtained a r e  f o r  .the c a rbon )  . C a s e  B solution with sy s t ema t i c  

d -  m 
with d , d 

d 
without 'd , dm 

e r r o r s .  ) 

Also , .  t o  de t e rmine  that  the  f o u r  c a s e s  (two s e t s  of C a s e  A 

solut ions  wi th  opposite absolute  s igns  and two s e t s  of Case..B so lu -  

-0.405 

-0.405 

t ions  with opposit.e s i gns )  r ep r e sen t ed  a l l  poss ib le  solut ions  t o  the  
- d da ta ,  the  f /2 equation (which has a negligible , 

w a s  used t o  plot a ( T ~ ~ )  VS. (TZ1), c u i v e  on which any  golution 

0 , 2 5 5  

0.255 

had t o  lie f o r  an  a r b i t r a r y  value of ( T 20)  . , Then  M was  computed 

7 

-0.235 

-0.230 

b y  IBM p r o g r a m  f o r  succe s s ive  points  along the  cu rve  between l imi t s  

( T ~ ~ ) '  *m O n l y  one min imum M w a s  found, f o r  negative o r  

f o r  p o s i ~  (T,,)', .on each  of the.  two c u r v e s  r ep r e sen t i ng  :the- two . 

d roo t s  of T Z 2  obtained f r o m  f /2. . Calcu la t ions  w i t h a n d  without. 

dd and  dm gave ident ica l  solutions.  All  c a s e s  w e r e  computed wi th-  
d out d and dm.  The four  m in ima  found co r r e sponded  v e r y  c lose ly  

t o  the  .four..Case A and C a s e  B solut ions .  

After. a b e s t  f i t  h a s  been  obtained f o r  expe r imen t a l  da t a  giving 

a min imum M, an  " e r r b r  ma t r i x "  G can  be  defined15 s u c h  that  r s . . 

f o r  va r ia t ions  c and E in  the de t e rmined  quant i t ies  ( h e r e  the 
r .  s (T2d ) designated by  r and s ,  M be-comes 

r 

The  i nve r se  of the  e r r o r  m a t r i x  i s  given by,  , . . . .  



and i t s  diagonal e lements  a r e  the mean-square  e r r o r s  of the  quanti-  

t i e s  de te rmined  b y  minimizing M. 

A n I B M  p r o g r a m  was  s e t  up t o  compute f r o m  the  G - I  exp re s s ion  

above the  s t a t i s t i c a l  and to ta l  e r r o r s  in  the  (TZM) found by  the  . 

s e a r c h  p rog ram. , .  As  i s  shown in  Table 111, the  Zargest i s  about 

20%. 

E Res t r ic t ion  of Solutions - 

B y  .choosing a part ic 'ular  coordinate  sy s t em,  name  ly, that  

with the z ax i s  n o r m a l  t o  the  plane of sca t te r ing ,  Lakin obtains 

a s i m  le f o r m  l o r  the  densi ty  m a t r i x  in  t e r m s  of just t h r e e  of the  

(T JMJ components.  B y  consider ing the  :limitations on the  poss ible  

s t a t i s t i c a l  wei"gts of the  pure  s t a t e s  of polar izat ion,  he i s  able- t o  

impose  a r e s t r i c t i o n  on t he  (T JM) components resu l t ing  f r o m  single 

sca t te r ing  such  that  any  poss ible  s t a t e  m u s t  f a l l  within a t runca ted  

cpne defined i n  Lakin9 s (T1 0) ' - ( T ~ ~ )  -..t22) space .  ( ~ p ~ e n d i x  C. ) 

The inequali ty t o  be  sa t i s f i ed  i s  

In o rde r  t o  apply t h i s  t o  t he  solutions obtained above,  one  e x p r e s s e s  

t he  TJM of Lakin's ,  sys tem in  t e r m s  of S x 9  s V s  and SZ (These  

a r e  -Sx) Sz, and S respec t ive ly ,  in  the  usua l  sca t te r ing  coordinate  
Y' 

s y s t em with the  S and SZ Lakeu along C-he:pr:incipaI 'axex of the 
X 

polar izat ion e l l ipse .  i n  the  plane of scatteri-ng t o  give a r e a l  quantity 
! f o r  (T2J> 

T o  th i s  end,  i t  i s  convenient t o  cons t ruc t  the  sec t ion  of the  

e l l ipsp id- in  the  plane of sca t te r ing .  (See ~ ~ ~ e n d i x  D1 2 and 

Fig:'3. ) , Substitution of the  C a s e  B solutions f o r  
, . 

(T JM) in  the  

equation fo r  the  t enso r  e l l ipsoid  x -z  sec t ion  (usual  coordinate  s y s t e m ) ,  

give9 t he  curve  of F i g .  16. T'he p r inc ipa l  axes" of the  e l l i p se ,  

a and p, co r r e spond  t o  Lakin's  x and y axes ,  and the- i nve r se  s q u a r e s  . . 

of the i n t e r cep t s  a r e  h i s  ( s f )  and (s:). As  indicated in  the 



' f igure,  the major  and minor axe-s of the ellipse' a r e  interchanged by 
I \ 

t T 2 d  . , .a r e v e r s a l  in sign of a l l  the 

F o r  Case B solutions (IBM best  fi t) ,  the ( TJM ) of Lakin's 

system assume  the following va8ues.for scat ter ing a t  10 deg by 

carbon: 

B Solution with B Soluti.on with 
negative (T2d positive (T2h) (in usual system) 

. . 

(T1d= 0.649 0.649 . (in Lakin1s.system) 

- ,  

F o r  Case B solutions, the inequality is definitely noi satisfied fo r  

positive (TZO) , but i s  a very  reasonable relation for  ne ative 

F o r  C a s e  A; t h e  inequality i s  npt satisfied f d r  negative (Tz0) ; but 
I \ 

i t s  restr ic t iqn i s  just bare ly  met  by the solution for  pogitive (TZO) . 
Conciusions . i r e  the same for  both beryl1.iu.m and carbon ocatterings.  

Quantities appearing in the inequality a r e  tabulated. fp r  a l l  possible ' 

solutions to  beryllium and carbon data in Table V. 

F. . Barn-Approximation Predictions - of Tensor  Components 

It has  been.shown that an inequality of Lakin may 'be  applied 
. . 

t o  determine t h e  absolute signs of tensor  components. This predic,- 

ti.on of.sign and fur ther ' the  prediction of behavior a t  s m a l l  angles 

are.~pos:sible a l so  through use of the impulse approximation. 

.The: 'thesis of Henry Stapp t r e a t s  the .impulse approximation 

( see .~k .c t ion  V) in the f i r s t  ~ o r n  approximation, t h&. f i r s t  Born 

approximation with the D s tate  of the deuteron i'ncluded, and the 

second Born.approximation; a Gaussian nuclear form factor  and an 

inte,gral form of the deuteron wave function a r e  used to  est imate 
3 

paramete r s  of the scattering matr ix.  The f i r s t  Born a p p ~ ~ x i m a t i o n  , .' : 

(with simultaneous scat ter ing included) using deuteron-scattering 

amplitudes'obtained direct ly  f rom proton and.neutron amplitudes is 
a 

sufficient t o  fit c r o s s  sections a t  low energies  and a l so  vector 
. . 

a 3 
See introduction of a r t ic le  by Stapp . 



' Ta:bleV.  . .. 

' Quant i t ies  cha r ac t e r i z i ng  (T f i t s .  

Occupation of 
T 8 = r m s  of Lakin inequali ty ..m = 0 spin  s t a t e  

S 

R e  lat ive Abs lute 
p 2 h y \ s i g n s  p2$ sign ( (JT.(T~+, )' ( ( T ~ ~ )  tli7)'/3 - N I O I / N  

Be ry l l i um . . 

C a s e  A t 0.48.3 0.291 0.797 tG.061 

- 0.483 0.254 0.550 . -0.06 1 

C a s e  B t 0.503 0.168 0.3 11 -0.212 

- 0.503 0,158 1:16 t0.212 

Carbon  -- 
C a s e  A t 0.361 0.406 

Case  B + 0.42.0 0.222 Oi285 -0.231 



.polarization a t  high.energies;  it appears  that inclusion of D state 

in the deuteron wave function i s  unnecessary, but that use of the 

second Born approximation i s  probably required to  bring predictions 
i 

of ( T ~ ~ )  and (TZ2) into bet ter  agreeme& with experiment.  

. 1n. the.f i rs t  Born.approximation, the scattering matr. ix,is the ' 

usual expression proportional. t o  the' matrix-.element of the centrial 

plus spin-orbit potentials taken between initial and final s ta tes .  

It i s  necessary  to  include the D s tate  to  obtain tensor  t e r m s . c  (8) 

and d (8) of the scattering mat r ix ,  
I 

In this approximation, c ( 8 )  i s  found equal to  d (8), but ve ry  sma l l  

in comparison with a ,(8) and b (8). 

The second Born approximation i s  the evaluation of the mat r ix  

element 

E-E 4 - i ~  
m 

between initial and, final s ta tes;-  i t  indicates that a t  sma l l  angles 

the re  i s  dominant a particu.lar tensor  t e r m ,  such, that  c (8) equals 

-d . , (O).  

In the f i r s t  Born .approximation,. Stapp found 

2 8 .  
c :(8) = d :(8) = 1 /6 k2,i a ( 8 )  s in  - 

2 

- 1 3  
w h e r e k i s t h e i n c i d e n t m o m e n t u m o f t h e d e u t e r o n ~ a n d r o =  1 . 4 ~ 1 0  cm.  

2 8 
F o r  410-Mev deuterons,  this i s  9.0 a ,(8) s in  T; and with the approxi- 

a 2 
m a t e  express ion  f o r  b (8) of lmf k , a s in 9 . .  (TZO) and (TZ2) may  

be calculated f rom Eqs. (25)  and (28) of the Stapp ar t ic le :  

a 2 2 
..In f i r  s t  Born  approximati.on,. b(8)  = i A c  k a 48)  s in  8 ' 



( ) (6')  = (1/1? c o s  8 Re  [ d (a+c/3 + i b  t an  8)* ] t ( 8 )  = c T Z O  

-2/3 Re  [ c ( a f c /3 )  - 113 bbi t lee*} , . . 

:;< 1 
W,,f8) = 2 6  (T,,) (0) u cos  8 Re [ d(a+c/3  t. ib t a n  8 )  j . . 

- * }  . .  
At smal lang l ' e s ,  t he se  exp re s s ions  become 

2 2 
(T2,) (8) = ( 1 / 1 ~ )  (-44 a 6 ); 

in  scatte ' r ing f r o m  b e r  yLlium, they yield the values  

\ (TZO) '-0.16 and (T,, , -- -0.22 fo r  6 = 4' Lab, and 
' ldL> 

\ 2 - 0 . 3 8  fo r  6 = 1 l o  lab. (TZO) '-0.27 

Compar i son  with expe r imen ta l  r e s u l t s  shows that  stapp'sS f i r s t  B o r n -  

approximat ion e s t i m a t e s  of (TZO') and ( T ~ ~ )  a r e  too l a rge  a t  

s m a l l  ang les  and fo r  ( T ~ ~ )  too s m a l l  a t  l a r g e r  ang les .  However,  

t h i s  approximat ion definitely subs tan t ia tes  the  choice  of one of the  

C a s e  B solutions a s  p r e f e r ab l e  t o  C a s e  A. 

The second B o r n  a proximat ion should not appreciably  change P 
the  e s t ima te  of the  ( T ~ ~ ,  polar izat ion cun~ponen t  a t  s m a l l  ang l c s ;  

this r e s u l t s  f r o m  the  fac t  thal c ( 0 )  a l ~ d  d(0)  ai-e found t o  havc ~ i m i l a r  

magni tudes ,  but  'opposite s igns ,  s o  that  the f i r s t  two t e r m s  of the  

(T2J exp re s s ion  above should cance l ;  and these  a r e  the  chief t e n s o r  

contr ibut ions  a t  s m a l l  ang les .  ( T Z O )  will ,  however ,  b e  affected by 

second Born-approx imat ion  contr ibut ions  t o  i t s  f i r s t  two t e r m s .  At 

l a r g e r  ang les ,  ( T Z 2 )  wi l l  not become s o  l a rge  negatively a s  in the  - 
Y$ 

f i r s t  Bo rn  approximat ion because  the posit ive contr ibut ion of c c  

b e c o m e s ' l a r g e  a s  Im (a)  goes  t o  z e r o .  (The behavior  of deu te ron  

ampli tudes  i s  a s s u m e d  s i m i l a r  t o  that  of proton ampl i tudes .  See 

F i g .  20 fo r  plots of p ro ton-carbon  s ca t t e r i ng  ampl i tudes .  16) 

In conclusion,  it. c an  be  sa id  that  the  f i r s t  B o r n  approx imat ion  

p r ed i c t s  a s in2  8 dependence fo r  both and (TZZ) a t  s m a l l  

angles  ; the  second B o r n  approximat ion p r ed i c t s  the  s a m e  

but a m o r e  complex behavior  of 
( ~ 2 3  , approaching a 

dependence only fo r  mode ra t e ly  l a rge  ang les .  



Center - of - mass scattering angle . 

MU-17310 , 

. . , . 

Fig .  20. ( a )  spin- independent  p ro ton-carbon  s ca t  - 
t e r i ng  ampl i tudes  at 220 Me.v. T h e s e ' w e r e .  
obtained by  .Hafner.  t h r  ough fi t t ing a  Woods - 
Saxon potential  t o  h i s  exper imenta l .  d a t a  with a e 

- . W K B  analysi 's .  T h e r e  i s i n d i c a t e d  a l s o  gR fo r  . 
neutron s ca t t e r i ng ,  the ampl i tude differing m o s t  
f r o m  that  fo r ,  proton s ca t t e r i ng .  



Fig. 20. (b) Spin-dependent proton-carbon amplitudes 
obtained by Hafner at 220  Mev. 
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G. Physical  ~n te rp re t a i ion  . . . %.....- : 

. . . .  

An examination of the physics of the scatte'king prbc'eas may  
. . ..: . 

.help further.  t o  select a unique se t  of signs'. S u c h a n  a rgu-  
. . . . 

m e n t  h a s . b e e n . ~ p p e a l e d  to  before in choosing the s i g n  of (iT i l )  
to .be  positive on the bas i s  of the type of interaction observed.in 

. . 
she ll-model spin-orbit coupling. Here cer tain conclusions may  

be drawn y o n  consideration of -the occupation of quantum -mechanical 

s ta tes  and the behavior of the cross-sect ion parameter  d with in -  

creasing scattering angle. 

. . ; Some indication of the proper  (TJM) i g n s  is given by  the 

values of (TZO) and, (TZ2) under. the assumption t,hat t he re  a r e  

possible. only.the three  pure spin s ta tes  associated wi th the  normal  

to  the-scat ter ing plane. The occupation of the :in = 0 spin s ta te  
8 

associated with the y axis in the usual coordinate 'system can be 

shown to  differ f rom the unpolarized vdlue of 1/3 by an amount 

.- . or. 

~. 

F o r  t h e  sign combinati-?n Case A , .  N'(o)/N , i s  .very  c lose  to  .1/3, ,:ivhile 
='. 

for:Case.B, it. is.0.55 or 0.10 for  the two choices of absol6te sign. < 
i ~ e e .  Tabie V h  ) AS is,  fur ther  confirmed by, estimating the occ'kpation 

of the +1 and -1 . sp in  s tates .  through,the .combining of the measured  

(.iT1 wi thN(0)  values, neither set  of $ igns  for: Case A seerng to  

give unreasonable resu l t s ,  b i t  for  Case  B, only the negative (TZO) - 
. . negative ' ( T ~ ~ )  solution appea i s  acceptable, the fract ional  occupations 

. . 
being 

1 

, It has  been shown through analysis of experimental  dataz that 
'' 

the major  and.minor. axes of the polarization tensor  .ellipse in the 

. x-% scatt.ering plane differ 'app?eciably and.fos some sign choices 



\ ", 
i nd i ca t e ' a  predominant  sp in  a l ignment  along the  x o r  z ax i s .  It 

. ;' s e e m s  poss ib le  t o  r e l a t e  the  d i rec t ion  of predominant  spiri a l ign-  

men t  t o  t he  behavior  of the  c r o s s  -sect ion quanti ty d ( o r  of T.- ( LO) ) 
with  var ia t ion  i n  s ca t t e r i ng  ang le ;  d i s  observed  t o  i n c r e a s e  f r o m  

p rac t i c a l l y  z e r o ,  o r  pe rhaps  s l ight ly  negative values ,  t o  apprec iab le  

posi t ive  ones  a s  8 i n c r e a s e s .  T o  explain th i s  i n c r e a s e  in  po la r ized  

over ,unpola r ized  c r o s s  sect ion,  t h e r e  should b e  a predominant  sp in  

a l ignment  t r a n s v e r s e  t o  the  d i rec t ion  of motion,  giving a g r e a t e r  

effective geome t r i c a l  c r o s s  sec t ion  than f u r  the unpolar izcd beam.  

(This  a s s u m e s  sirlgle s ca t t e r i ng  o r  the usual. i .mpulse approximat ion.  

Stapp s a y s  tha t  s imul taneous  s ca t t e r i ng  predornlnaLes a1 Id1 gt anglco 
3 

but  ca lcula t ions  indira.t.e t h i s  t o  be  l e s s  impor tan t  than h i s ' f o rmu lae  

suggest .  ) 

The  deu t e ron  is a p ro l a t e  sphe ro id  with its long ax i s  coinci -  

dent  with the  axis; of spin ,  the length being 1.14 t i m e s  the  a v e r a g e  

r ad iu s  of the  deu te ron ;  i n  a s imp le  p i c tu r e ,  one can  th ink of t h e  

loosely  bound nucleons as  being placed one a f t e r  the  o ther  along the  

sp in  ax i s .  Theri i t  is evident  that  with th i s  axis p re f e r en t i a l l y  t r a 4  - . . 

v e r s e  t o  the  d i rec t ion  of mot ion,  t h e r e  i s  greaterprcbabil i ty f o r  pol-  
a 

a r i z e d  than  unpolar ized s ca t t e r i ng  and  hence a posit ive valuc f o r  d o  , 

The abovc a rgumen t  does  not suppor t  the  posi t ive  
T20 

s igns  

A: a ,  ) / ( )  x i s  n . ~ b / ~ . ' i l .  F o r  the  n e g a i v e  {TZJ - 
negative ( T ~ ~ )  s e t  of C a s e  B solutions favored  b y  the IBM f i t  and 

Lakin inequali ty,  it can  'be seeii f rom Lhe po la r iza t ion  c l l ips oid 

sec t ion  in  the  plane of s ca t t e r i ng  that  t h e r e  i s  surrJe preference f o r  

a l ignment  along the  x ax i s  in that  p lane ;  a l so ,  t h e r e  is predominant  

a n  a l ignment  n o r m a l  t o  %he plane.  ( (5;) = 0.63 and (S: ) = 0.90, 

while (s2) = 0.48.)  Thus ,  f o r  t h i s  s e t  of solut ions ,  the  po la r ized  
Z 

should b e  g r e a t e r  than  the  urlpolarized c r o s s  sec t ion ,  a s  observed  in  

expe r imen t .  

a ( T T k  (3 (s: ) - 2 ) ,  which ind ica tes  z - ax i s  a l ignment ,  would 

t end  t oward  a max imum negative value .with i nc r ea s ing  d. 



H. . Choice of..signs - . -- 
It has been shown that experimental resu l t s  deter.mine the 

. . 

relat ive but not the absolute signs of t h e . -  ( :T 2 pblarisation com- 

ponents. In fact ,  even the relative signs were not definitely  deter - 
miried, and two possible sign combinations were  found, because of 

the sma l l  magnitude of c r o s s  tbxms in the e-d-f quadratic equations. 

Thus it has been .necessary  t o  discuss  th'eoreti-call and physical i n t e r -  

pretations of the various set  s of e x p q r i ~ e n t a l l y  possible s'olutions. 

In conclusion., there  have been a number of considerations 

'mentioned that should permi t  a definite statement a s  to ' the 'absolu te  

signs of the tensor  components. These support predominantly Case  

B relative signs with ( T ~ ~ )  and ( T ~ ~ )  both.negative and (TZ1)  

pos i t se .  .Only the p y 6 formulae,  which:involve considera le e r r o r ,  

tend to  favor the positive (TZ;) sign.. The negative (r,,) -Caie 

B solution must  be chosen on the bas is  of 

(a) minimization of M, 

(b) application of Lakin inequality, 

(c) predictions of Stapp's 'Born approximation, 

(d) physical interprSetation of spin alignment, 

(e) r e su l t s  of impulse approximation with ,the use 

of nucleon-nucleus scat ter ing amplitudes 

(~ec t io 'n  V)  

The .  experimentally determined functions of second scattering 
m e s  I dee 

angle, d,  f ,  and l e  -e( , )o:Lainproducts of the variilus 

(TZM) (02)  a n d t h e  ~ o t a t e d  T 
2 M., 

(e l ) .  - F o r  the beryllium 

measuremen t s , .  . . 
. . 



1 

The rotated (TZM) (8?u) quantities can be obtained either f rom the 

x -z  ell ipse or f rom their  expressions in t e r m s  of the untransformed 

(TZM) and functions of the tensor  rotation angle X ; another method, 

s imply  the division u l  parameters obtained at 8 = 8, by the (T JM) 2 
( d 2 )  obtained f rom the sea rch  program,  was thought preferahla in 

perhaps minimizing systematic  e r r o r .  (T JM) (8) values were  then 

calculated f rom the d,  e . and f values fo r  various .8 . and averages 2 '  
of dee - and meson-target  r e su l t s  were  plotted with the total  e r r o r s  

of Tablc 111. (k'ig. 21  and  22.)  

K. Consistency - of Results 

The s e t s  of measurements  for  beryllium and for  carbori were  

made at  different t i m e s  and under somcwhat different cyc 1 ntr on field 

conditions; orbi ts  had been known quite exactly for  the beryllium 

measurements ,  but were  l e s s  dependable f o r  carburl because of l a ~ k  
I 

of exact field information following the change. Thus it seemed of 

considerable importance to  compare  berylliurn and carbon re su l t s  . 
.This was done by  determining c r o s s  -section pa ramete r s  for  

a beryllium -carbon double scat ter ing (beryllium a s  f i r  s t  target  and 

carbon a s  second t a rge t )  at  th ree  differerlt values of 8 two of these 2 ; 
measurements  were  taken in the c:arbull I. an and onc in tho beryllium 

run.  Tens or components giving in terna l  cons is te~lcy  for  beryllium - 
beryllium grid for  carbon-carbon re su l t s  were  used to  calculate the 

beryl l ium-carbon p a r a m e t e r s ;  and these were  found in good agreement  

with measured  values.. (See Table VI. ) 



8 Experimental points 
o o Impulse ap roximation 

0.8 w i g  simultaneous scattering ---- without simultaneous scatterina 
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Scattering angle 8 (lab) (deg ) 
MU-17312 

Fig .  2 1. (a)  Polarization components for  410 -Mev 
deuterons sca t te red  by beryllium. E r r o r s  on 
experimental points include s tat is t ical  and 
systematic effects. Impulse -approximation 
calculations were  done with Hafner proton amplitudes. 
The vert ical  a r row indicates the position of the 
diffraction minimum. 



A . Experiment01 points 
A Impulse upproximotlon 
- with simultoneous scot tering --- - without simultaneous scattering 

0.4 
I 

Fig .  

Scattering angle 8 (lab) (deg.) 
MU,- 17313 

21. (b) Polarization components for  410-Mev . 

deuterons sca t te red  by beryllium. E r r o r s  on 
experimental points include- s ta t is t ical  and 
systematic effects. Impulse -appr .o~imat ion  ca l -  
culations were  done with Hafner 'proton amplitudes.  
The vert ical  a r row i dicates the position of the dif- 
fraction minimum. J i s  z e r o  in the usual 
impulse approximati . 



Fig .  22. (a)  Polarization components for 420.-Mev 
deuterons scat tered by carbon, with impulse - 
approximation predictions f rom Hafner proton 
amplitudes.  Total e r r o r s  a r e  indicated. The 
a r r o w  designates the diffraction ,minimum. 
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Fig.  2 2 .  (b) Polarization components for  420-Mev 
deuterons sca t te red  by  carbon,  with impulse - 
approximation predictions f rom Hafner proton 
amplitudes.  Total e r r o r s  a r e  indicated. The 
a r row designates the diffraction minimum. 



.Table VI. 

~ e r ~ l l i u m  -carbon double -scattering resu l t s  ,..- 

Cross  -section 
~ a r a m e t e r s  

Scattering angle, . . e l& 
(de a ) 

measured  0 * .022 

calculated 0 ' ,  

measured  0,5:72 * .017 0 .354*  .039 

calculated 0.552 0.520 ,.' 
- 

measured  0.041 *:.011 0.060 -026 

calculated 0.026 0.075 ..' 
- .  

measured  0.199 * ;-034 

calculated 0.177 
- 

measured  0.088 -027 

. . . . 
calculated 0.058 

- - 

E r r o r s  indicated a r e  s ta t is t ical  only. 



V. IMPULSE APPROXIMATION 

A. B o r n  Approximation in  Scat ter ing of Nucleons ' - - 

A complex spin-dependent potential  i s  necess ' a ry  t o  account fo r  
.. . -5 

the  observed  polar izat ion of nucleons s ca t t e r ed  b y  nuclei .  'The gene ra l  , 

18 " 

f o r m  represen t ing  a sca t te r ing  in te rac t ion  m a y  be. wr i t t en  a s  

- - 
. V  ( r )  = V ( r )  - CJ . W p ,x  

C 

w h e r e  V (r)  i s  a complex c e n t r a l  potential,  
C 

- 
v p r e p r e s e n t s  the  gradient  of nuc lear  densi ty ,  
- 
0 and a r e  the spin 2 n d  m n k e n t u m  of the incident 

nuc le on, 

jt- i s  the proton Compton wave length. 
C 

E x p r e s s e d  in  i t s  m o r e  usual  f o r m ,  with . V  '(r) a s  the  spin-orbi t  s  
in teract ion,  the  potential  i s  

V (I-) = VC ( r )  - l / r  
d r 

The V (r)  m u s t  have r e a l  and imag ina ry  p a r t s  t o  
C 

sc.attering. and absorpt ion proc .esses  ; fu r the r ,  .an imaginary  .part  i s  

nece , s sa ry  to  produce the in te r fe rence  with the spin-dependent t e r m  

w h i c h  ' is  manifes ted in  po-larization phenomena.  Extensive  optical-  

IlJodel s tud ics  havc .bsen  made  t o  de te rmine  the genera l  f o r m  and 
1 

magnitude of the  cen t r a l  potential .  . . 

The exis tence of a spin-orbi t  t e r m  i s  suggested b y  the  obse rv -  

ance  of spin-orbi t  coupling i n  bound nuclear  s y s t e m s  and by  the  

p r e sence  of the  Thomas  t e r m  in a tomic  in te rac t ions ;  a l so ,  it  can  b e  

shown b y  opt ical -model  considerat ions19 that  the  t e r m  i s  a n e c e s s a r y  

consequence of the  spin dependence of nucleon-nucleon in te rac t ions .  

The spin-orbi t  potential  k a s  f i r s t  proposed b y  F e r m i  a s  giving r i s e  

t o  polar izat ion phenomena,  and i t s  form has  since been  de te rmined  

b y  many au thors  through ana lys i s  of sca t te r ing  data .  



. , .  

The ~ o r n  approximation,  which i s  valid f b r  kne'rgies g rea t e r  
. '( 

than 3 0 0  Mev, f o r  forwdrd sca t te r ing  ang te s ,  and fo r  iight nuclei ,  , 

. . (.. . . . . 
' 

- pe rmi t s  the determinat ion of the sca t te r ing  m'atrix f r o m  the ' i n t e r -  
. . , . .  

*. . . . . . 
, .. 

action potential: 

. .  . . 
with m the nucleon m a s  s and Jlf and Jli t h e  f inal  dnd ini t ia l  wave 

functions.  If the sca t te r ing  mat'rix M i s  defined a s .  
S C  

and if t h e r e  i s  made the usua l  assumption that  V ( r )  and Vs ( r )  c 
have the s a m e  rad ia l  dependence, the quanti t ies g(K) and '  h(K) a r e  

seen  to  take the f o r m s  

. . .  

Thus the re  resu l t s '  



(Stapp chooses to  define the spin-orbit  potential a s  Vs = G Re Vc, 

and finds that G is  approximately 20 for  fi ts  to  proton data a t  
. .  . ' .  . .  . 

300 Mev and about 24 for deuteron data a t  165 Mev.. The 410,-Mev . . .. 
' :. 

deuteron measurements  reported he re  give a G value of . . about 19. ) 
. . I I.. ' .  

B. Born  Approximation in - Scattering - of Deutervris 

The impulse approximation can be applied to  deuteron scat ter ing 

by assuming charge independence and a Hamiltonian of the fvrrxs 

with 

where the 1 r e f e r s  to  ~ u d & o n  1 and the 2 to  Nucleon 2 of t h e d e u -  

te ron;  Ud r ep resen t s  the interaction between the two nucleons, and 

V, )the interaction between the nucleon and the nucleus. The idea of 

the impulse approximation i s  contained in whose form indicates 

that an impulse given by the nucleus t o  ei thcr  Nucleon 1 or 2 prodlices 

scat ter ing of the whole dputeron (unless dissociation occur s ) ,  but has  

no di.rect effect on the par tner  nucleon. 

A s  a f i r s t  approximation, the in te rna l  wave function x ( r  *) 12 
i s  assumed to  r ep resen t  just the deuteron S s ta te .  Then, with th; 

assumption t h a t .  V1 . i s  equal to  .. V and that the nucleon potential 2 
has  the- form given above, the scat ter ing ma t r ix  in Born  approximation 



.- - 
, [ 2  Vc (r)  - S . v VS X T ]  ' 

(This  co r r e sponds  t o  Stapp's  M = a t b 3 . m. ) The  st icking fac tor  

f (K) ,  whose squa re  roo t  i s  the  F o u r i e r  t r a n s f o r m  of the  squa re  of 

the  deuteron ground-s ta te  wave function, 20 r e p r e s e n t s  the  probabi l i ty  

of the  deu te ron ' s  staying in tact  during the  sca t te r ing  p r o c e s s  . 
Evidently the  gd(K) and h (K) of ' the  deu te ron  sca t te r ing  

.d 
m a t r i x  can  .be exp re s sed  in t e r m s  of the nucleon sca t te r ing  ampli tudes:  ' . 

Thus t h e  values  fo r  g and hd (hcnce those  f o r  I and the po la r i -  d u 
za t  ion components)  m a y  b e  p red ic ted  f r o m  known values  fo r  g and , 

n 
h ; the  nucleon data  used  should be  f o r  nucleons of momentum about n 
half that  of the  deu te ron  and s ca t t e r i ng  angle twice a s  l a rge ,  s o  that  

t he  momentum pe r  nucleon and t he  t o t a l  momentum t r a n s f e r  a r e  t he  

s a m e  in  both nucleon and deu te ron  s ca t t e r i ngs .  

B y  using the  above exp re s s ion  f o r  M and the  express ion.  fo r  
S C 

JM 
expectation va lues ,  

t '  
I U (T JM) = ( 1 / 3 )  T r  (MM T JM), 

2 
i t  c an .be  shown that  in  f i r s t  B o r n  approximat ion,  



. . .  
C. . Determination of g and hd in F i r s t  Born  ~ ~ ~ r o x i m a t i o n  

d . . - - - - --.- 
C r o s s  -section and polariza.tion data  from the scat ter ing ul 

nucleons can be used t o  determine the values of nucleon and deuteron 

scat ter ing amplitudes if t he re  i s  some means of estimating the 

relative phase of the spin-independent knd spiri-dependent~nucleon 

amplitudes.  Alternatively, nucleon . scat ter ing , amplitudes m a y  be 

obtaincd directly f rom phase shifts c l e t~ rmined  through the fitting of 

a potential t o  scat ter ing data.  

Various methods were  used to  est imate the phases.  of the 

.di amplitudes f o r  nucleon scat ter ing by heryl.lium and carbon a t  220 

Mev: comparison of potentials f rom Riesenfeld-Watson calculations., 

Hafner experimental  data ,  l 6  arid the Ferbach-Serbkr  -Taylor model. 
2 1 

T..he average  phase d i f f e ~ n c e  between spin-dependent and spin - 

independent amplitudes a t  sma l l  arigle s was about 20,deg. 

. . Calculations fo r  deuteron c r o s s  sections and polarization corn- 
! -. 

ponents were  c a r r i e d  out for  the corr~plete range of experimental  

angles' with nucleon scat ter ing amplitudes obtained f rom Hafner a t  

Rochester (Fig.  20) and Bjorklund a t  Livermore .  <(See Figs. ?1, 2 2 ,  

and 23. ) Buth used a Woods-Saxon potential to  f i t  experimental  data ,  

but with som'ewhat differing pa ramete r s :  



Scattering angle ( lab) (deg) 

Fig .  2 3 .  (a) Calc.ulated polarization components for  
41 0 -Mev deuterons s'cattered by beryl l iut t~.  
Bjorklund amplitudes for  proton sca t t e r ing  wkre 
used .in the impulse approximation with simultaneous 
scat ter ing 'included. 



0 2 4 6 8 10 12 14 
~ c a  ttering angle ( lab) (deg ) 

M U -  17317 

Fig .  23. (b) Calculated polarization components for  
410-Mev deuterons sca t te red  by beryllium. 
Bjorklund amplitudes for  neutron scattering were  
used in the impulse approximation with simultaneous 
scat ter ing included. 



, . . . .  . . 

Haf ne r B jorklund Ri&senfeLd:Watson 

. ... . 
R e  Vc 10 ~ e v  3 Mev ' ' 3.5,  Mev' 

~iisenfeld- ats son potential  we l l s  deter in inkd by  superpos i t ion  of 

nuc Leon-nucleon ampl i tude& a r e  indicated f o r  coApa r i son .  The  

Hafner ampl i tudes  gave a cons iderab ly  be t t e r  f i t  t o  the  Roches t e r  

nucleon-nucleus c r o s s  sec t ions  than  did the  ~ j o r k l u h d  ampl i tudes ,  

which w e r e  too s m a l l  a t  a l l  ang les ;  the  f o r m e r  a l s o  gave 'a s o m e -  

what be t t e r  f i t  t o  nucleon polar iza t ion.  

Calcula t ions  t o  de t e rmine  the c h a r a c t e r i ~ t i c o  of deuteron 

. s ca t t e r ing  w e r e  do'ne f i r s t  i n  the s imp le s t  approx imat ion  with only 

the  S - s t a t e  deu te ron  wave function and without the  inclus ion of 

s imul taneous  s ca t t e r i ng  effecbs . T h e s e  r e s u l t s  a r e  indicated . . i n  

F i g s .  18a and . l 8 b . .  The deu te ron  c r o s s  sec t ion  as calcula ted with 

Hafner .ampli tudes was  l a r g e r  than expe r imen t a l  m e a s u r e m e n t s  by  a 

f a c to r  of f ive  o r  s i x  a t  smal l .  ang les  i n  the  s i m p l e s t  approximat ion 

i f o r  both bery l l ium and ca rbon  s ca t t e r i ngs .  

Deute ron  c r o s s  -s,ection r e s u l t s  f o r  be ry l l ium using Bjprklund 
! '. 

ampl i tudes  dropped m u c h  t oo  rap id ly  with angle .  However ,  c r o s s -  

s i c t i o n  and polar iza t ion calcula t ions  with Bjorklund proton and neu t ron  

amplikudes did,  indicate  .that cha rge  independence could b e  approx imate ly  
. . . . 

a 
Note that  t h e v a l u e  of ro  used. is ' s rnaLl .  Hafner  found it toSgive  a 

. . . , 

Low absorp t ion  c r o s s  sec t ion  and sugges ted  that  h i s  c h o i c e o f  Im Vs 
. '. 

as z e r o  had perhaps  r e q u i r e d  a s m a l l  r  . t o  f i t  c r o s s  sec t ion  and 
0 .  . ,  . . . . 

Bjork lund ,  however ,  a l s o  found a s m a l l '  r n e c e s s a r y  
- .  . . ,  

0 ' 
even  with a nonzero  .Im V . ' 

S 



a s s u m e d ,  even though Coulomb in t e r f e r ence  was  effective out t o  

r a t h e r  . l a rge  ang l e s .  The  r e a l  p a r t  of the  spin-independent ampl i tude 

was  h r d  to go negative (at  ang les  be  low the di f f ract ion min imum)  and . 
the  r e a l  p a r t  of the  spin-dependent ampl i tude somewhat  reduced  f o r  

p ro ton  in compa r i son  wi th  neutron s ca t t e r i ng ;  but r e a l  ampl i tudes  

w e r e  m11c.h l e s s  than  the  unchanged imag ina ry  p a r t s  of the  ampl i tudes  
- /' a t  a l l  ang les  except  v e r y  s m a l l  ones .  Thus  Coulomb i n t e r f e r e n c e  had 

v e r y  little effect  on po la r iza t ion ,  whe re  i t  e n t e r e d  into the  product  of 

two s m a l l  t e r m s ,  a n d  no apprec iab le  effect  on c r o s s  sect ion.  In 

o ther  words ,  the  Coulomb effect  w a s  inapprec iab le  because  the  phase s  

of the  s ca t t e r i ng  ampl i tudes  w e r e  c lo se  t o  90 deg .  

'l'he magni tude of (iT1 w a h  well p red ic tcd  b y  thc  impulse  

approximat ion a t  s m a l l  ang les .  (TZZ) was  given r ea sonab ly  wel l ,  

and the s ign  and g e n e r a l  behav ior ,  if not the  magni tude,  of 
( ~ 2 0 )  

w e r e  c o r r o b o r a t e d  (again indicating C a s e  B s igns  t o  be  p r e f e r ab l e  

t o  those  of C a s e  A ) .  (TZ1) was  z e r o  without s imul taneous  s c a t -  

t c r i ng .  

D. Higher -Orde r  Approximat ions  

T e n s o r  t e r m s  i n  the s ca t t e r i ng  m a t r i x  resu l t ing  in  apprec iab le  

t e n s o r  po la r iza t ion  components '  a r i s e  e i t he r  f r o m  a higher  - o r d e r  

B o r n  approximat ion o r  from the  inclus ion of the  D s t a t e  in  the deu-  

t e r o n  wave function u sed  in  the  f i r s t  Bur11 approximat ion.  In the  i 
Latter c a s e ,  the  s ca t t e r i ng  m a t r i x  k h e s  Ll~e par t icula i - ly  aimpL,e f o r m  y. 

with  a ( 6 )  and b (8) as giYen above in t e r m s  of the  g (6)  and  hd(6) 
d 

ampl i tudes .  (K r e p r e s e n t s  t he  unit  vec to r  i n  the  d i rec t ion  of momen tum 

t r a n s f e r .  ) The  s t icking f ac to r  b e c o m e s  m u c h  ~ o r e c o m p l e x 3  and 

includes  va r i ous  o r d e r s  of B e s s e l  functions t aken  between S-. and  . 
. . 

D-s ta te  wave funct ions .  
. . 

ca l cu l a t i ons  uti l izing the  D- s t a t e  wave function w e r e  done f o r  

t k o  ang les  of s ca t t e r i ng  and  gave r e s u l t s  f o r  c r o s s  sec t ion  and po l a r i -  

zat ion components  d i f fer ing inapprec iab ly  f r o m  those  f o r  the  S - s t a t e  



wave function a lone.  : 

Tenso r  t e r m s  of the  s ca t t e r i ng  m a t r i x  a r i s e  a l s o  f r o m  s imu l t an -  

eous  s ca t t e r i ng  of both pa r t i c l e s  in  the  deu te ron  wi th  a contr ibut ion 

t o  the.:t.ransition m a t r i x  e lement  p ropor t iona l  t o  V1 V2 in  addit ion t o  

the  l inear  combination of V1 and V2 desc r ib ing  s ca t t e r i ng  in  the  

usua l  impulse  approximat ion.  Stapp t r e a t e d  th i s  effect  in s o m e  

de ta i l  with the  use  of t i m e  -dependent pe r tu rba t ion  the.ory and 'found 

exp re s s ions  fo r  the addit ional  e l emen t s  of the  s ca t t e r i ng  ampl i tude ;  

he de t e rmined  s imul taneous  s ca t t e r i ng  t o  b e  the  dom.inant effect  a t  

Large ang les  and  was  ab le  t o  obtain good ag reemen t  with expe r imen t a l  

- c ross  sec t ion  a t  low. ene rg i e s  (near  150 Mev) only with the  inclus ion 

of t h i s  ef fect ,  which i nk rea sed  the l a rge  -angle and d e c r e a s e d  the  

smal l -ang le  e s t i m a t e  of scatte.E'i'ng. 
3 

Stapp's  f o rmu lae  w e r e  used t o  ca lcula te  the  contr ibut ions  of 

s imul taneous  s ca t t e r i ng  t o  the ampl i tudes  ' fo r  deu te ron  s ca t t e r i ng  

f r o m  c a r b o n  and bery l l ium a t  420 and 410 Mev, respec t ive ly .  R e -  

su l t s  obtained f o r  c r o s s  l s ec t i on  and po la r iza t ion  components ,  - a s  

ca lcula ted with the  Hafner proton da t a  and with the  Bjorklund proton j 
and neu t ron  da ta ,  a r e  given in  F i g s .  15 and 21 through.23.  Ca lcu-  

lat ions with the  impulse  approximat ion including s imul taneous  'scat  - 
t e r i ng  a r e  not given beyond the  di f f ract ion min imum,  as unreasonab le  

r e s u l t s  were .  obta ined--probably  because  the  assumpt ibns  m a d e  b y  

s tapp  tha t  the  ampl i tudes  f o r  nucleon s ca t t e r i ng  did not change phase  

rap id ly  with angle w e r e  not good in the  reg ion  of the  di f f ract ion 

min imum.  
\ 

Inclusion of s imul taneous  s ca t t e r i ng  effects  reduced  bery l l ium 

and c a r b o n . c r o s s  sec t ions .  t o  within a f a c to r  of 2.5 t o  3 of exper iment  

a t  s m a l l  ang les  and brought  ag r eemen t  at m o d e r a t e  ang les .  However ,  

the  inclus ion of simul.taneous s ca t t e r i ng  effects  gave = a t h e r  poor r e s u l t s  

f o r . t e n s o r  components  of polar iza t ion.  (T2,1) va lues  p red ic ted  w e r e  

m u c h  s m a l l e r  than  expe r imen t a l  r e s u l t s .  

I 



' I .  C ONC LUSIOI\TS . 
, . 

, ? ,  

A. Values - of Tens'or Componen' tsr . :  ... 

. .  _ . . .  
The vector  polar izat ion ( i ~  I , p r o p o r t i ~ d a l  to  the  probabi l i ty  

of finding deu te ron  spin  n o r m a l  to  the plane of' scattei . ingJ r e a c h e s  

a maximum a t  8 deg,  with behavior s i m i l a r  t o  that  of the  quanti ty 

e ; i t s  value indicates  that  the  maximum (sy) Polar izat ion i s  73% 

f o r  bery l l ium and 6270 for  ca rbon .  Although s c a t t e r i r ~ ~  could not b e  

done at ang les  s m a l l e r  than 6 deg ,  m e a s u r e m e n t s  suggested that  

( i ~  3 probably r i s e s  r a t h e r  rap id ly  with angie ,  a s  in Baldwin 's  

e x p e r i m e n t  a t  lower  e n e r g i e s ,  ( i ~ ~ ~ )  fo r  the  var ious  e i lergies  of 

s ca t t e r i ng  on b e r y l l i u ~ r ~  Arid cdrLuu is plotted as a function of angle 
1/3 

in  F i g .  24. F i g u r e  25 gives i t s  dependence on the  quanti ty KA 

(propor t iona l  t o  momen tum t r a n s f e r  t i m e s  nuc lear  r a d i u s ) ;  th i s  

g r a p h  shows that  a t  the  higher e n e r g i e s ,  ( i ~  i s  d i sp laced  f r o m  
8 

t he  function of KA l l3ob ta ined  a t  the  lower ene rg i e s  and i s  pe rhaps  

l e s s  uniform fo r  d i f ferent  s c a t t e r e r s .  

F o r  deu te rons  of about 100 t o  150 Mev, ( T ~ ~ )  was  e s t ima ted  

b y  Stapp a s  Less than 15% of the  quanti ty ( i ~  and was  a s s  ui13ed 

equa l  t o  z e r o  by  Baldwin and T r ipp  f o r  plirpose of calcula t ions .  H e r e  

i t  i s  evidently a cons iderab le  f r ac t i on  of the  vec tor  polar izat ion,  a s  

m u c h  a s  30 t o  40% a t  mode ra t e  angles  of s ca t t e r i ng .  The tet lsor . 

components  cl'20) and ( T ~ ~ )  a1" assume values  appreciably- 

d i f ferent  f r o m  z e r o ;  they  i n c r e a s e  uniformly with s ca t t e r i ng  angle ,  

( T ~ ~ )  approaching 70% and (TZ2) going t o a p p r o x i m a t e l y  30% a t  

16 deg.  

B.  Utilization of Resu l t s  - 

Complete  knowledge of the  t enso r  ccmponents  'in deu te ron  polar  - 
izat ion provides  a  useful  tool  f o r  the. de te rmina t ion  of t r ans i t i on  

ampli tudes  in t he  r eac t i on  

p t p + n t t d .  
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Fig.  24.  Vector polarization ( i~ 9 vs. scattering angle 
for various energies and a r g  t  mater ia ls .  



Fig .  25.  Vector  po l a r ' z  t ion  1P ( i ~ ~  ) Y S .  momentum 
t r a n s f e r  t i m e s  A . 
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If only S -  and P-wave pions a r e  produced,  f ive p a r a m e t e r s  s e r v e  t o  
! . . .  0 

desc r i be  the th ree .  p6ss ible  types  of t r an s i t i ons  and thus  t o  give 
A- 

informat ion on d i f fe rences  between p-p phase  shi f t? .  4' ,221'2.3 These  

fivesquantities c an  be  taken a s  the  p a r a m e t e r s  a and P of th,e 
a  

to ta l  c r o s s  sect ion in t e r m s  of the c e n t e r - o f - m a s s  pion momen tum;  

the  A defined by the unpolar ized di f ferent ia l  c r o s s  sec t ion  
2  ' 

((3 (8) = A t cos  8 )  in the cen t e r  - o f -mass  sys tem,;  the Q which 

de r i ve s  f r o m  the a s y m m e t r y  of pions produced by  a n  incident  

unpnla.r izad beam (c - W A  sinO/A t c u r 2  6); and f inal ly  a  quanti ty 

wo which e n t e r s  in to  the exp re s s ion  f o r  vec to r  polar izpt ion ( i ~  

of the outgoing deu te rons  pr'oduced by  a n  unpolar ized proton beam.  

Ana lyses  f o r  . these  las t  quant i t ies  w e r e  pe r fo rmed  b y  C r a w f o r d  and 

s tevensonZ4 and T r ipp4  a t  ene rg i e s  o f 3 1 5  and 340 Mev; the  

l a t t e r  was  fo r ced  t o  accep t  an  e s t i m a t e  b y  Stapp that  ' ( T ~ ; )  was 

much  s m a l l e r  than, ( i ~  , a s  he ,could  analyze  only f o r  a combinat ion 

of these  components  by utilizing Baldwin's  r e s u l t s .  
8 

. +  . 
~ e u t c r o i i s  uf 435 Mev would be produced by  the  p  + p - n t d  

r e ac t i on  with the 740-Mev protons  now avai lable  a t  the  cyclot ron.  

However,  a  de te rmina t ion  of deu te ron  polar iza t ion using the  known 

analyzabi l i t ies  of ca rbon  o r  be ry l l ium a t  410 t o  420 Mev would be  of 
t 

no value un less  the  p f p -, err t d f o r m a l i s m  could be  r ev i s ed .  A s  

suggested by Wolfenstein '"and eonf i rmed  b y  Akimov, Savchenko,  
2  5  

and SoyokTi-b the D-wave product ion of pions becomes  impor t an t  

above 400 Mev, a s  shown by the  var ia t ion  of a s y m m e t r y  with ang le ;  
t 

a n d  f u r t h e r  i t  b ecomes  imposs ib le  to  d e s c r i b e  the p t p * n + d . . . . 3 
c r o s b  sec t ion  a s  a q  t Pq f o r  a  pion momentum above q = 1.2 

5 .  

(or. p ro ton  ene rgy  above 490 Mev).  Thus  the p a r a m e t e r s  defined 

above can  no longer dksc r i be  the  r eac t i on .  

Breakdown of the forma1isr.11 at; v e r y  high e n e r g i e s  d.oes not, 

'however ,  preclude the poss ibi l i ty  of extending knowledge of nC- d . . 
t r an s i t i on  ampl i tudes  and p-p  phase  shi f ts  'above 400 Mev. Scat ter ing 

a 3 '  . 
F o r  S-  and P -waves ,  0 (q)  = aT t py , with q the  pion momentum in 

units  of mTlc. 



of deu te rons  on ca rbon  a t  a n  ene rgy  of 420 Mev, degrading,  and a n a -  

lyzing a t  a  much  lower e n e r g y  of 235 Mev c o u l d b e  done t o  obtain 

va lues  of polariz.at ion components which would be  useful  f o r  analyzing 
f  

t he  p f p -, IT t d  r e ac t i on  a t  proton ene rg i e s  of 415 ,Mev. .The 

quant i t ies  a, p, A, and Q a r e  a l r e a d y  known a t  t h i s  ene rgy ;  A 

is approximately 0.22 and Q is 0.45* -08. 26 A max imum ( i ~  3 
would be obtained at a c c n t e r - o f - m a s s  arlgle of about 60 deg,  f o r  

which the deu t e ron  would be  emi t t ed  at a n  angle of about 7 cleg in  

t he  Laboratory s y s t e m .  The  ( T 2 3  produced in the  reaction cuuld 

b e  es t imated  in  t e r m s  of ('TI ; apd with knowledge having been  

obtained s e p a r a t e l y  of the analyzing 
f  

TT~ , )  and ( i T l l )  . the  ( i ~ ~ ~ )  

produced i n  the  p -1- p - IT ) d r eac t l on  could be definitely d e l e l . ~ l ~ i n e d .  

Other  po la r iza t ion  components  could a l s o  b e  uti l ized f o r  ana lys i s .  

Usual ly  t h e r e  is calcula ted f r o m  the  quanti ty A a value  f o r  thc  p a r a m -  

e t e r  X, w h e r e  the  c r o s s  sec t ion  f o r  P-wave  m e s o n s  p roduced  is 

0 r X f cos2  6'- ( T ~ ~ )  , which i s  p ropor t iona l  t o  X/A a t  6' = 90 
P 

deg ,  might  give a value f o r  X m o r e  n e a r l y  exac t  than  a s y m m e t r y  

expe r imen t s  with po la r ized  p ro tons .  (Crawford  and Stevenson found 

X = 0.082*.03'4 f r o m  the  l a t t e r .  ) (TZ2) should have a n  app rec i ab l e  

value  of app rox ima te ly  0 . 3 6  a t  a p ro ton  e n e r g y  of 440 Mev;  23 
f \  

however ,  -(T ) . for  the  ana lyze r  (e.  g .  , bery l l ium o r  c a rbon )  would 22 
v e r y  l ikely not have a value g r e a t e r  than  0.25 a t  a  r e a sonab l e  deuterurl  

analyzing ang le .  (TZO) m e a s u r e d  a t  8 = 0 deg could a l s o  give X/A 

and  would be  approx imate ly  equa l  t o  - 0 . 6 f i ,  but somewhat  l a r g e r  

e r r o r s  would be  involved in  the  analysis:,  as i t  depends  o n  absolute  

c r o s s  sec t ion .  (T2 m e a s u r e m e n t s  p robab ly  would not b e  helpful.  

In conclus ion,  deu te ron  po la r iza t ion  components  a t  the  e n e r g i e s  

r e p o r t e d  h e r e  a r e  not d i r e c t l y  useful  f o r  p + p + n'fd w o r k  un less  

the  t h e o r y  can  be  r e fo rmu la t ed .  Double s ca t t e r i ng  a s  d e s c r i b e d  i n  

t h i s  r e p o r t  could yield use fu l  in format ion  th rough  a deg raded  second 
4- 

s c a t t e r i ng  f o r  p -F p - IT f d  ana ly s i s  n e a r  400 Mev; o r  r e m e a s u r e m e n t  .. 
of t e n s o r  components  at about 150 Mev th rough  a degraded  second  

s ca t t e r i ng  could b e  ut i l ized t o  check  the  315-Mev ana ly s i s  with g r e a t e r  

a c c u r a c y .  
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F-ormulae fo r  - Nucleon and - De'uteron.Scatteron 

A s  an aid in comparing nucleon and deuteron polarization on 

a mathematical and physical basis ;  the 'more  important formulae 

are here summarized'. . . 

Gerie'ral Formulae  . 
. . 

.Density &at;i i  describing.final . . polarization s tate  of 'g beam of ' 

' .  ? . .  

part ic ies:  '.: . * . . 

. . .  
~ x ~ k c t a t i o n : v a l , u e ' o f  any operator  in t e r m s  of density mat r ix :  

6 
Wolfenstein-Ashkin relation describing beam after  scat ter ing:  

Here n. i s  the dimerisionality of the init ial  spin space ,  M is the 
1 

scat ter ing mat r ix ,  arid R or S is a act of basis opcsatnrs in  terms 
I 

of which the 'density or  scat ter ing ma t r ix  may  be expressed  (for .  

example., the Paul i  ma t r i ces  or  the TJM). 

~ u c l e o n  Formulae :  (spin-zero nucleus) 

P I - 
Density mat r ix :  p = $ (1 t 0 )  = (1 t P . 0). 

t 
Polar izat ion ~f s i n g l y s c a t t e r e d  beam: P = - 

N + + N -  

(with N the number of par t ic les  with spin up; 
.. f 

N ; ' the number with spin down). - 



C r o s s  sect ion a f te r  second sca t t e r ing :  I2 = IU (1 t e cos  6 ) .  

IL - IR , ' .  
Asymmet ry :  e  = ' P I P  = , . . ,.: . I  

I  + IR 
L 

In t e r m s  of quant i t ies  obtained f r o m  impulse ' approx imat ion ,  
, . .  

M = g  (6) + h  (6) F .  E ,  . . .  , 

S C  

Deu t e ron  F 'ormilae  ( s p i n - z e r o  nuc leus )  

Densi ty  m a t r i x :  p = 1/3 
J M  

N+ - N - 9 '  

Pola r iza t ion  of s ingly  s c a t t e r e d . b e a m :  P y = N + t N  + N o  
- 

(with No the  pa r t i c l e s  h iv ing  sp in  i n  !.( 

plane of sca t t e r ing) .  

c r o s s  sec t ion  a f t e r  second s ca t t e r i ng :  I2 = I  (1 t d + e c o s  + 
u 

-3- f  co s  2 4 ) .  
. . 

A s y m m e t r y  of second sca t t e r ing :  .. . \  

d T  
:where  ( i ~  equa l s  - P .  

' 2  Y 

In t e r m s  of quant i t ies  obtained f r o m  impu l se  approx imat ion ,  



(f (K) being the  sticking f ac to r ) .  . .  .. . . 

. . 

Polar iza t ion  exp re s s ions  may b e  wr i t t en  i n  . t e r m s  of spin  wave 

Then 

and 

f o r  ' the  i t h  deuteron.  

with the s u m s  takeri over  a l l  pa r t i c lca  in the beams; -_ __ 



. ,. 
AP.PEND.IX B. 1 . . 

. " 
, .. ..."...._..,.. ' 

. I  . 
Opera to r s  -- in the ~ e u t e r b n  Spin Space -- 

Usual Spin Opera tors  -- 

JM. ( I r reduc ib le )  Ope ra to r s  . 
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APPENDIX B,. 2. 

Eigenfunctions, in  the .Deute ron  Spin Space ..- - -- 
It i s  c o n ~ e s i e n t  t o  know the,e.igenfunctions ,of .the spin. ope r -  

, '  . 

a t o r s  in  a represen ta t ion  having the  z ax i s  a s ,  the ax i s  of . . quanti-  

zation.  . These  m a y  be  found b y  solving eigenvalue equations o r  by  

t rans forming  the  usual  S eigenfunctions by  per forming  a rota t ion 
z 

about the  x o r  y axis ; f o r  example ,  , ,  ' 

r I 
Y - z x i  - exp (isx + ( C O S B  -1) s2 x + i pin B S  , x ] X i  . . 

. > 

. The eigenfunctioris fourid a r e  gi.yen in  the  f o l l o w i ~ .  t ab le .  Those 
. 

asspc ia ted  with :S give the  spin  functions ;sed b y  Baldwin, while 
Y ,  

the usual  S eigenfunctions a r e ,  spec ia l  c a s e s  of the  functions 
z . . 

d i scus sed  b y  Lakin. 

Eieenvalues  Ope ra to r s  



, APPENDIX C.  

The density ma t r ix  in  the representat ion in which the z axis 

i s  the axis  of quantization and i s  paral le l  to  incident momentum, 

hilt the y axis i s  the normal  to the scattering plane, takes the form 

(I i s  taken a s  1 ;  (TI> does not appear because i t  i s  ze ro  in this 
u 

representat ion) .  The deuteron wavc function in  thi.; system for  
2 

t ime  = 0 ( or'X = p. H t /3  = 0 ) a s  expressed  by Baldwin i s  
1 z 

(a. -h ) 

and follows f rom the c,ombination of y-axis wave functions (Appendix 

B.  2) given by 



Taking c a s  ze ro  and hence eliminating . . the t r iv ia l  case  when (sy) 
must  equal ze ro  gives the self-adjoint form of the density matr ix:  

Comparison of these two. f o r m i  of the  d,ensity ma t r ix  yields 

values of. the tensor  components for  :special  state.^, .for example, 

the f 1 state  when .b = 0 and a = l / f l . . ( ~ o m ~ a r e  Section 11. E. ) 

1 

P = T  
1 .Li. '..,$ ( a 2  -b2, * a 2  + b2 * i f i ' (a2 * - b2 

-a b + ab 1 , t a * b  + ab  

2 2 -in (a2 - h 2 '  
-a - b  a2  t b2 * * t * .  *. . *  

+ a  b + ab +a b - ab !. -a - b - ab  

where  the def?nition of p .g ivenin  Section 11. B has  been used. 



. . 
A P P E N D I X  C .  2. 

Laltin Inequality 

In another  represen ta t ion ,  that  with the z  ax i s  along the n o r m a l  

t o  the  s ca t t e r i ng  plane,  the density m a t r i x  talccs quite a different  

f o r m  and p e r m i t s  the der ivat ion of an  inequali ty given by Lakin and. 

useful  f o r  r e s t r i c t i ng  the  values  u l  t en so r  components.  If the pilre 

s t a t e s  of polar izat ion a r e  de sc r ibed  b y  

wi th  X + l  , x0 , and  x - I  the  e igens ta tes  of S and if these  
z J  

s t a t e s  have s t a t i s t i c a l  weights .of A1 ., A- , and A 3  , the  densi ty  
Z 

m a t r i x  ha s  the  f o r m  

Equating t e r m s  in th i s  m a t r i x  to  those  in the 
T~~ represen ta t ion  

and noting that  ( T ~  = ( T ~ ~ )  = 0 (a l so  making A and B r e a l  

by choosing the  X and Y a x e s . i n  the  plane of sca t te r ing  a s  the  t e n s o r  

p r inc ipa l  a x e s )  g ives  



2 2 
Obviously, then,  s ince  ( A 2  - kg) _< ('AZ t A g )  t h e r e  r e s u l t s  

9 

Thi s  inequali ty is r e p r e s e n t e d  b y  F i g .  26,  which shows the  cone 

containing a l l  poss ib le  s t a t e s .  P u r e  s t a t e s  a r e  a t  e x t r e m e  points  

on the  cone,  a s  indicated.  
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' ig. 26. Lakin cone showing res t r ic t ion  of <;f,) values in the spin space defined by the c oice 
of z axis normal  to  the scattering plane. The $ 's  
re fer  to  the pure polarization s tates  described in 
the Lakin ar t ic le  . 



. . .  . A P P E N D I X  D. 1. 

Rotation' of the Polarization Tensor  by a Magnetic .Field - -  - - 
Three  methods may  be used to  t ransform the 

( a ) .  Finding the expectation values of spin operators  a s  

t ransformed in coordinate space with the use of precessed  spin wave 

functions; i. e . ,  making separate  spin-system and coordinate-system 

transformations.  

(b) ~ r a n s f o ' r m i n ~  the (TJM) direct ly  for  a relat ive spin ro t a -  

tion A = .y (p- 1) q by means of the K r a m e r s  method of transf.orming 

the spherical  harmonic " JM' 
which uses  the analogy between the 

three-dimensional rotation of the Y . and.a  two-dimensional t r a n s -  JM 
formation of eJ'MqJ-M, where 5 and q a r e  unit vectors  of the . .  . 

> .. 
spinor plane. . (An equivalent m e t h 0 d . i ~  the Use . of . t he  rotation . ,. 

2 7  
. mat r ix  given ,by, Fano and Racah. ) . : . .  . . . 

( c ) :  Expressing S.S. (Like Stapp's . SiSj ,  but without his 
1 J 

. - 2 / 3  d. . )  in t e r m s  of the . T and carrying out .an or.tliugoual 
JM. .. 13 . . 

t ransformation represent ing r  ot,ation through the angle A.  . . .  

The last  i s  most  easi ly  understood physically. . Just a s  a spin 

.vector. .expressed in the x-y-z .coordinate system can be t ransformed 

for  rotation A .  about the y &is by taking 

cos. A 0 -s in1 
I .s, : = 
1 

'x aimsm o r  S" - = 

m sin  A 
z 

s o  the tensor  spin products can be t ransformed with the same  

ma t r ix  .A:  - 

The f i r s t  problem i s  t.o express .S.S in t e r m s  o f .  T 
1 j , JM ' 



t '  

. .  . . , .  . By using , I . . . , . , . ,  . . 

. . . . . . 
. . . .  and 

.I ' .  . .  , 

S . S  - s s = i s  , etc.', x y  .y  X .  z. . . . ,  . . . 

. . 
i t  can be shown on combining the TJh4 and T;Ta' -M t e rms ' ,  that 

1 

\ Carrying out the above t ransformation,  one obtains (S S)  in t e r m s  
i - - 
I of the original - S S - (T JM) and t r igonometr ic  fulrctions of X .  

I I 
Equating the T JM expression for  each (S S )  t e r m  to  the associated - - 
(T JM, A )  expression then gives the formulae included in Baldwin's 

appendix (though with opposite signs f u r  the sin2X t e r m s ) .  F o r  

example,  the S S element gives 
X Z 

2 + (1/*r3) ((TZ> - ~ ( T ~ J )  s in21  + (1/0) (- ( T ~ ~ )  - 2 (T~)) cos X. . Y.; ..9 

Thus, 

( ~ ~ 3 '  = ( T ~ O )  (1/2) *rj75. sin 2 -I- ( T ~ ~ )  c i s .  2 x - ( )  T~~ (sin 2 ~ / 2 ) .  



APPENDIX D. 2. 

Polarization Ellipsoid 

The ellipsoid represent ing the. polarization tensor  provides a 

simple way of performing the.above t ransformation by geometry 

r a the r  thanalgebra .  This e l l ipso id  i s  analogous to  the  moment of 

' inertia ellipsoid. 

. The moment of iner t ia  for  rotation of a body about an axis n - i s  

2 2 
I  = I x +I y2+ I a + 2 1 x y +  2 I x,z + 2 I ;z, 
. n  x x .  yy zz XY xz YZ 

and if  an ellipsoidal surface i s  represented  by  

with = li/C then I  for  this par t icular  axis - n can be 

found by taking 1/p2 in the direction of n. - 

Similarly,  the spin tensor  SS - can be represented  by a surface whose 

equation i s  

. . - ii.((sx> t ( s ~ )  - . + (s;) Py 

The effects of rotating the polarization tensor  (with .a magnetic , 

.'field) about one of i t s  principal axes can .be  easi ly  determined.by 

consideration of. the effect of rotation of the ellipsoid c r o s s  section 

in the plane perpendicular to  this  axis .  .(See Fig.  3 b'. ) 



E r r o r s  in c r o s s  -.Section P a r a m e t e r s  -- 
. . 

, . .  I,' 

The evpress ions '  f o r  the  d,  e ,  and f  c i o s s - s e c t i o n  p a r a m e t e r s  
j '. . 3 ' .  . 

were  given in Section 111. J. ' E r r o ' r s  $&ring into the  de te rmina t ion  
. . .  , . , . 

bf these  quanti t ies w e r e  caused  b y  t h r e e  f a c t o r s :  s t a t i s t i c s ,  rio.rmal- 

i z a t  ion,  and misa l ignment .  
, . 

F o r  s t a t i s t i c a l  e r ro r ' ,  the  usua l  expre'ss 'ion f o r - e r r o r  in  a 
. . 

was  used :  . 
. . 

. . . . 

T h i s  rcau l tcd  in the following expre 'ss ions  fo r  the  e r r o r s  ili the  

quant i t ies  d,. e ,  and f:  

. . 
T& pola t ized  and r e g e n e r a t e d ' b e a m s  dif fered i n ' t he i r  deg ree  . 

of contaminat ion by  low -energy  pa r t i c l e s ,  and in  calcula t ions  which 

compensa ted  fo r  this '  b y  "normalizing1" the unpolar ized t o  the p o l a r i z e d '  

c r o s s  sec t ions  b y  the r a t i o  of values  a t  EJ2 = 6 d e g  (where  d could 
- 

be  cons-idere-d a h o s t  z e r o ) ,  the  e r ro ' r  was  a t  l eas t  tha t  resu l t ing  f r o m  

'th:e . s t a t i s t i c a l  uncer ta in ty  of the  r a t i o  of the  6 - d e g ' c r o s s  sec t ions .  

If f' /I w a s  equa l  t o  r + Ar , t he  re la t ive  e r r o r  i n  l+d ,  e ,  and 
P .  u .  

f .  due t o  normal iza t ion  was  A r / r  

F o r e r r o r i n a l i g n m e n t ,  I O a n d I  a n d a l s 0 1 ~ ~ a n d I ~ ~ ~  
. 

180 
could not b e  cons idered  a s  independent va r i ab l e s ,  as the  a s soc i a t ed  

\ 
e r r o r s  w e r e  de t e rmined  b y  hor izon ta l  and b y  v e r t i c a l  a l ignments ,  . . 
respec t ive ly .  The  e f f ec t s  of the  l a t t e r  cancel led,  s ince  

a - - a 
- - IZ70 ; and because  the  unpolar ized c r o s s  sec t ion  

- I 9 0  a e a y  



was correc ted  for  mis'alighment ori'~.the..b.asis of the. +-dependence 

a t  one. 8 (beryllium) or by averaging over 4 for  . every  8 (carbon),  . . 

only the horizorital setting :for the polarized b e a m  caused- e r r o r .  

. The expressions:for  thk misalignment er'i-ors..qbtainkd we're 



APPENDIX F. 
. I  . . . . -. . . 

,Formulae  for  TJM . ( e l )  in  T e r m s  of Cross-Section . pa rame te r s  

(' 'pub. Formulae")  

If in te rna l  and external  angles of scat ter ing a r e  the s ame ,  

where 

with:.the a coefficients defined a s  functions of t ensor  rotation angle 

(~2,) ' = E ' M ~ M  ) (Section 11. F) 
M 8 .  



Although these expressions g jve ! 'd i rect  (TJM) evaluation, they a r e  

not ve ry  useful because of considerably biased resu l t s  

owing to the combination of d and f e r r o r s .  
. . 
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