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Abstract 

s ta t is t ical  problems, presented by the '  granularity of nuclear t rack  
emulsion have been t reated.  . In c0ncentrate.d emulsions a l a rge  fraction of the 
volume i s  occupied by solid s i lver  halide c rys t a l s  of var ious diameter 's .  This 
excluded volume makes inapplicable considerations that presuppose the conditions 
leading to s imple distributions.  A.n exact t reatment  of the elementary t rack-ce l l  
i s  given. A. cor rec ted  f0.r.m of the Jdanov formula i s  derived. .The effect of the 
emulsion granular i ty  on the energy-loss  straggling i.s calculated. A general 
formulation of the developability c r o s s  section of an  emulsion grain i s  made. 
The mean p r i m a r y  grain density and the. 'grain-density distribution a r e  calculated. 
The gap-length distribution i s  derived. It i s  proved that this is exponential fo r  
gaps of a l l  lengths,  and that the gap-length coefficient i s  equal to the- t rue  grain 
i The cffsct of secundary ionization is discirssed. 

b 

~ a r a m e t e k s  have been introduced that can  b e  evaluated experimentally.  
Knowledge of these quantities will presumably be.use.fu1 in fur ther  resolving the 
problem of s i lver  halide sensitivity. The s tat is t ical  methods developed m a y  be  
useful in  other excluded- space problems.  
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A .  Introduction 

When l ~ u c l a a r  t rack  emulsion int'er.cepts a charged par t ic le  a s e r i e s  of 
developable grains i s  left in  the emulsion along the par t ic le  t rajectory.  F r o m  
an analysis of the developed t rack  i t  may be requi red  that the par t ic le  charg'e, 
velocity, and ,mass  be determined with minimum e r r o r .  To do this entails a n  
understanding of how these part ic le  quantities a r e  t ranslated by the emulsion 
instrument into measurable  fea tures  of the t rack.  F r o m  the t rack  s ta t i s t ics ,  
a part ic le  quantity can be determined,only within a cer ta in  confidence interval.  
It may often be cruc ia l  cor rec t ly  to es t imate  'what this interval  i s .  On the other  
hand,. somet imes  it  i s  des i red  t b  obtain the maximum amount of information .from 

. t r acks  with no. m o r e  than a given amount of labor .  A.n important respect  in  
. which emulsion can be improved a s  an instrument  is in the "information density" 

contained in the  t rack.  One may ask hew, 3n.d how'mush,  this can bc raised.  
' ihese  examples suggest that to attain mastery .of  emulsion a s  an ins t rument ,  . 
an understanding of i t s  s tat is t ical  behavior i s  necessary .  That i s  what i s  attempted 
in this paper'. 

Silver halide, which 'is the sensitive component of nuclear t r ack '  emulsion, 
i s  present  a s  c rys ta l s  o r  grains of variable  s ize  that a r e  randomly distributed 
throughout the. gel matr ix.  The emulsions a r e  normally concentrated, s o  that a 
l a rge  fract ion of the volume i s  occupied by the crys ta ls .  This causes  the 
s tat is t ical  problems presented by emulsion to be complex. 

' .Electron micrographs have shown, however,  that the d ivers i ty  of 
' crys ta ls  can  be reasonably well represented  by a single p a r a m e t e r ,  t h e d i a m e t e r .  

Only a few of the l a r g e s t  c rys ta l s  do not appear  to be spheres ,  and no appre,ciable 
e r r o r  i s  introduced in t reat ing them a l l  a s  if they were. 4: 

One always undertakes an analysis  such a s  this with a number of postulates ,  
s tated o r  implicit. The assumption of a spher ica l  shape fo r  the c r y s t a l s  has  been 
stated. Some others  ' a re  a lso  perhaps worth mentioning. , 

' ~ n  principle,  an a r b i t r a r y  distribution of c rys ta l  shapes a s  well a s  s i zes  could 
be t rea ted  with additional pa ramete r s .  If the c rys ta l  shape were descr ibed  by a 
spherical  harmonic analysis relat ive to the axes o f ' i t s  iner t ia l  ell ipsoid, a se t  of 
coefficients would be obtained. A. joint distribution function of these coefficients 
would exist describing the c rys ta l  population. F o r  each c rys ta l  t h e r e  would.be in 
addition th ree  space and two angle coordinates.  These  could be t rea ted  a s  random 
variable s subject to the constraint of noninterpenetrabili ty introduced l a t e r  in this  
paper. P e r h a p s  in cer ta in  c a s e s  such a t r ea tmen t  m a y  become necessa ry  and 

' 

pract ical .  It can a lso  be seen  that various r e s u l t s  obtained in this paper  do not 
depend' cr i t ical ly on the gra in  shape,  and a r e  t rue  fo r  grain populations on which have 
been imposed only slight r e s t r a in t s .  



It i s  assumed,  of cour se ,  that the mixing i s  complete; that there  i s  no 
s t rat i f icat ion o r  marbling. of the emulsion that might destroy the randomness.  
The randomness a l so  c.ould be affected' in another way i f  the concentration of 
s i lve r  halide were s o  high that locally a fur ther  increase  might sometimes be 
impossible.  Were the c rys ta l s  a l l  of one s ize ,  the maximum volume concentration 
i s  r /3=  or  about 3/4 .  ~ e c a u s e  of the s ize  distribution of grains  present  
in the emulsion, the limiting concentration i s  considerably higher ,  and with a 
co r rec t ly  chosen spec t rum of grain s i zes ,  the concentration could b e  made to 
approach unity. 

Even i f  the average concentration were not near  the maximum, if 
a t t rac t ive  forces  between c rys t a l s  caused them to aggregate,  the assumed in- 
dependence and randomness of the c rys t a l s  would be compromised,  The . 

assumption has  been made in this LreaLlllal~L tllat tllc frnctiuri uf bile total vnliirnr. 
consisting of such sa tura ted  volumes i s  negligible. The average volume con- 
centrat ion of s i lver  halide in s tandard einulsion i s  about 1 / ~ ,  and there  i s  d- 
most  no evidence for  the presence  of c r y s t a l  aggregates.  The eiiect of c rys t a l  
clumping on measured  variances therefore  i s  expected to be smal l .  

Another  assumption i s  that the volume .ink whicli no c rys t a l  can intrude 
i s  just the volume occupied .by the other  .c rys ta l s ,  thus neglecting possible effects 
of the. e lec t r ica l  double layer  a t  c r y s t a l  sur faces  o r  the protective gel enveloye 
surrounding each crys ta l .  This  i s  not a fundamental deficiency of the theory, 

.and the s ta t i s t ics  can be reformulated to pe rmi t  the.excluded volume to be  en- 
la rged  if th'e increased  complexity i s  warranted,  and i f  these effects a r e  
physically important.  



B. Stat is t ical  Geomet ry  of the Gra ins  

l . ~ x ~ e . c t a t i o n  Values . . 

In a n  emuls ion,  suppose .the f rac t ion  of c r y s t a l s  with d i amz te r s .  exceeding .. . 

. . 
b 

D' i s  F( D)dD. Le t  a cryst ,a l  be  pene t ra ted  by. a pa r t i c l e ,  the  segment  of: 
. . 

path i n  the gra in  being of length 6. The joint probabi l i ty ,  U(6, D),  that  the 
c r y s t a l  d i ame te r  should be in  the  in te rva l  dD and that  the  path s egmen t  should 

.. be in  the in te rva l  d6 i s  given by 

26 d6 u ( 6 , D )  = - F ( D )  dD, 
(D 2) 

(1)  

. . . , 
. . with the  employment  of .the following definitions: . . t .  

, . .  . .. . . 
' ,  . ;. 

DF'(D)dD, c.> 6 < .  . 

2 (D2> [;2 F-~D)  dD = .(+ t Q .. . . 

Then a l s o  . 

\ 2 . Q .(A)= 2- 4 ( ~ 2 ) -  t [ D 2 F ( D ) d D  = Z- 4 ("1 t - 2 1 , 

the  m e a n  c r y s t a l  c r o s s  sec t ion ,  and 

the  m e a n ' c r y s t a l ' v o l u m e .  The m e a n  length,  ( b \  , of path s egmen t s  i n  c r y s t a l s  i s  
1 



2 
and the i r  var iance,  G 2 ) - ( 6 )  is: b 

The average  number n 'of gra ins  encountered in unit path i s  

. where N , the average  number o l  g ra ins  pe r  uni t ,volume,  i s  given hy 

Her-e C i s  the volume concentration of s i lver  halide in the emulsion. 

A. formula known a s  Jdanov's re la t ion  has  frequent1 been used  
incor rec t ly  to calculate no Since N (.=and n = N (A$, one can  wri te  

The  t e r m  - 2 u2/ (D) i s  not p resen t  in Jdanov's re la t ion ,  a s  usual ly 
' employed, and this m a y  re su l t  in a cons iderable  e r r o r .  F o r  Ilford G.5 

emulsion i t  i s  about 7% The  r e a s o n  for the d iscrepancy can  be s ta ted  quite 
simply: The probabili ty for  encountering a g ra in  is weigllted by thc aquare  of 
i t s  d i amete r ;  consequently the gra ins  t r a v e r s e d  by a pa r t i c l e  a r e  on the average  
l a r g e r  than typical emulsion g ra ins .  

2. Distribution Functions 

Le t  emulsion containing F (D)  dD c r y s t a l s  p e r  unit volume with . .I' 
d i a m e t e r s  exceeding D be  t r a v e r s e d  by a pa r t i c l e  moving in a s t ra ight  l ine.  
T h e  number.  of c r y s t a l s  whose cen te r s  l i e  at  a d is tance  between p and p +dp . 

f rom the pa.rticle t r a j e c t o r y ,  and whose diam.eters a r e  contained in the in te rva l  
d D ,  i s  

p e r  unit path. A pa r t i cu la r  c r y s t a l  of the above descr ip t ion  i s  labeled "c rys t a l  C ,  ' 
and any o ther  such c r y s t a l  i s  of "type C . "  , 



Now one considers  a different c rys ta l ,  C ' ,  the diameter  of which l i e s  
in the interval 'd Dl, and the center  of which i s  removed f rom the t ra jec tory  a 
distance in the interval,  d .  p '. The center of C' .rnay.,be found anywhere with 
equal probability except in , an  excluded sphere  of diameter  ' 

+ around crys ta l  C. The probability th,at it be found in  a volume element 
2 

d V  i s  N F  (D') d .D1 d V .  
. : . . ,. . - - . .  

In o rde r  that a segment o f  the par t ic le  path l i e  within crystal-  C,. p ',: 

rnust,be l e s s  than ~ / 2 .  Therefor 'k , . f rbm Eq. (7), the'rri'eain number of ' c rys ta l s  
with d iameters  i.n, the interval dD that a r e  penetrated by th.e par t ic le  in unit 
path i s  

. . 2 
" N D  .. . F ( D ) ~ D ,  . ,.. 

4 
and the probability that any part icular  c rys t a l  encountered belongs to c l a s s  C i s  

One measures  distance, p,, along the t ra jec tory  f r o m  the point 
defined by the projection of the center  of ::i C on the traject0r.y. The "distance" 
between crys ta l s  C and C' i s  the distance between the projections of their  
centers  on the 'par t ic le  path. 

The probability that a cr.ysta1 satisfying the descripti0.n of C' should 
be found a t  a distance between p, and p, + d p, f r o m  c r y s t a l s .  C , is  ' . 

1 

One now asks  for ' the  probability p. that the par t ic le  reach  a distance 
p, af te r  t ravers ing  C withoit penet ra t i ig  a c r y s t a l  of type C': This i s  formulated 
a s  follows: 

1 d p  = -  - -  l b r r N  p p '  F(D) F (Dl) d D d D 1  d p d p '  . 
(D2 j , . 

P dp, 

The next s tep i s  to calculate.the probabili ty P that the par t ic le  m a y  go 
a distance exceeding p, without t ravers ing  a c rys ta l  of any description. This i s  
found f r o m  



The .projected distance A, measured  along the.part ic le  path, between 
centers  of c rys ta ls  successively t r ave r sed  by a part ic le  in emlllsion is the 

' -  

elementary t rack-cel l .  Equation ( I  1) provides the fundamental .stati,stical law .-- 
describing how this  quantity varies,  F r o m  Eq.. ( 1  l)', the probabi1ity;'that the .. . . . 

length of the elementary cell  exceed p i s  . . . . . . . . 

Because crys ta l  C occupies a finite volume from which a r e  excluded 
al l  other grains,  a res t r ic t ion  on the limit,s of integration exists.  The constraint 
can  be written most  simply as '  

. . 
9 .  ' " D '+ D'. .. .> 

To evaluate Eq. (12) one distinguishes two regions of. . :(E - D).. - 
L 

When i t  i s  l e s s  than p, the above inequality' imposes .no res t r ic t ion  o-11 p and 
p ' ,  and the integral 

7 

d p d p ' has the value . - -  - . .  . 

D& D ( - - . . The distances p and p ' are constrained only to ... remain 
1.6 2 . . 

~ C C E  than ~ / 2  and ~ ' / 2  - respectively. . . 

When.. :a i s  g rea te r  than p three subregions must  be distinguished. 
. . . . 
' For.  the moment one simply defines 

for ' , a n d  Eq. (1 1) i s  written 



The functions F(D) and F(22-D)  fail to over1ap.wh.e ... r:e? p exceeds a cer tain 
length p O ,  and the second integral  vanishes .  !'or coinpletse r igo r ,  ' must  
be  se t  equal to the la rges t  diameter  occurr ing in the gra in-s ize  d i s t r i  ' '% ution. 

. . . . . . :Y)y ... . . .... 
In the f i r s t  i n t i g r i l ,  when"the rna2imui-n diameter  i s  p and 

0' p > p , the integration over D and D' a r e  independent and unrestr ic ted.  
  hen ?he right i ide  of Eq. (14) becomes.  a constant:  

, The probability P that &. part ic le  t r a v e r s e  a distance exceeding p ( p > p  ) with- 0 out encountering any c r y s t a l ' i s  therefore  , .  
,. ., 

. . 
I .  

. . . . 
P = W exp ( -  np), . 

, . .. 
(16) 

in which the constant .. . factor W 'i's given by 

. . 

- . .  C 

. . . , 

The function M (Q, D, p.1 has  a different value in each of th ree  sub- 
regions in the integration range of D. The three  functions M I ,  MIIy and 

M~~~ have been evaluated, and a r e  a s  follows: 
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Then, in general ,  the pr.obability '.P ' t h a t  the elementary cel l  length 
A exceed p i s  

2D . ?  . .. 

+ ~ d ~ ~ s I I F . D ) F ( 2 , g - D ) d ~  . . dp } , # ' ' . . ' (18) 

j. 
2 2 2 

with .p  = 2 - p, . 
Themean 'va lue  A of A i s f o u n d f r v ~ ~ l  ( )  

2 while the v a r i a n c e  (A~) -<A)' : , u A  i s  
. . 



. . .  3.  Heterogeneity Range Straggling . . . ., ., . . . . . . .  . . 

The range: R of a par t ic le  i s  generally calculated f rom 
T 

. - 
R =l-%!- , where T i s  t h i  k in i t ic  of the p a r t i c l ,  i n d  i s  a cLrtain 

4 
- 9- . . 

. . average energy l o s s  per  unit path. i s  the range in pure halide, 
. .  , 

T - 

dT a Rg i s  the range in pur:e gel, then A = ;% -... h +4 (c- .CiLwhere 
g ' >  . . 

g . - 

. . .  . . . . . .  
T. i.a the volume c o n c c n t r a t i s ~ ~  of halide in  the emulsionb This insure's ' that 
the range in .emul.sion will be  the same  a s  in a homogeneous ma te r i a l  of the 
same average composition. 

1 In addition to other causes  'of r'ange straggling, the ranges of a mono.- 
energetic group of par t ic les  in emulsion fluctuate because of . the granular i ty  of 
the emulsion; the stopping power of the s i lver  halide c rys t a l s  i s  grea ter  than 
that of the gel in which they a r e  embedded. 

Ifrin a path length p the s u m  of the halide paths i s  h ,  then the energy 
l o s s  c in this path i s  

. . . . .  
4 and 8' being energy 10s s e s  in  unit :..paths of halide and gel respectively.  

g 

2 2 The variance . o of the energy l o s s  in  a path p i s  dh -3 g ) 2  oh , 
2 € !  

a being.the variance of h in path .p: The mean  value of h in path p i s  h 
(h) = C p. 

The variance o of h i s  calculated a s  fdllows: The probability that 
h a t  a distance in the interval dp f r o m  c r y s t a l .  C, a c rys t a l  C' m a y  b e  found 

in  which the segment of path l i e s  in  the interval  

4 ITN 
p d p 6'  db" F (D) F (Dl) ,d.. D. d D' dp. . . . . 

. . . . .  . . . . .  
(D" > ,  . . . . . . . . . . .  . . 
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Then oh2 may  be  calculated f rom . . . . . . . . - .. . . -  

4 -rr N ', z =  - \ 2 
h .  

(6'' - ( 6  ) 6 6 p d p F(D)F(D1)d.D d Dl d p.. 

- ( D z )  . . .. 

' ,1 , . 
(21) 

: . I '  

A.s in calculating the distribution 'function for  the elementary cel i ,  
p + p 1  i s  subject to a constraint if ve ry  shor t  p i t h s  p ,  a r e  of ' in terest .  
Straggling of ran'ges. that a r e  l e s s  t,han the diameter  of the l a rges t  c rys ta l  a r e  : s 

of l i t t le  importance. Although. feasible b y  the ab0ve.m ethbd, i t  is 'thought 
' .unnecessary  to evaluate this  case ,  and, the integration . . i s  performed without 

r e s t r a in t s .  The resu l t  i s  

Now, a €  

This  i s  t h e v a r i a n c e  of the enesgy l o s s  in an  element of path p caused 
by  the emulsion heterogeneity. If g . i s  the vari.ance of the residual  range,  

T 
8 and a is the variance of t h e , r e s i  ual energy of a par t ic le  f r o m  a n  originally I .  

monoener getic 

. . 

. .  . 

, . 
wherek-9 = (g --) of energy los s .  

. ' 6  '7 
- 6 T h e r e f o r e t h e r a n g e v a r i a n c e  o i s g i v e n b y  . . R 

1 

R . ; 
dR . 

8 ' ,  

, , ' (24) 

d h  -"g 
' var i e s  slowly with v&lpcity. If i t  i s  sufficiently The rat io  

9 
accura te  to consider i t  constant, the heterogeneity range variance i s  



where (R) i s  the mean range. If u a l i o  i s  sufficiently smal l  th is  &ay be 
further approximated by .. . .. . .. . 

-3 
. . 

This is'  to be added to other variance t e r m s  to obtainlthe total range 
variance of a monoenergetic group of part ic les  in emulsion. 



C. Theory  of P r i m a r y  Grain Density 
- ' ., . 

. .A, 

1. General  Considerations 
. . 

Man individuals have writte'n on the theory. of the emulsion grain 
density. '- lYI While s o m e  of these attempts a i e  chiefly of his tor icdl  intere.st ,  
o r  contain unacceptable p r e m i s e s ,  s eve ra l  introduce important.  conc'epts and 
observat ions that throw light on the nature, of the t rack-forming process .  Their  
resul ts .  cannot be ignored, and an improved theory must  f i r s t  of a l l  find accord  
with what has  already been'  established. 

In this new treatment  a determined effort has  been made to s t a r t  with 
fundamentals,  and to ,avoid, a s  f a r  a s  possible,; art if icial  models.  the peculiarit ies 
of w h ~ c h  will have unknvwn cullsequFli,ca'3, and which m u s t  rnl-we. I-!Y ! es 5 a , 6 ~ i o u ~ l y .  
des t roy  one's confidence in the t reatment .  Good fortune permit ted the finding of 
means  for solving al l  the mathematical  difficulties encountered. Thib: has  enabled 
a seemingly over -ambitious undertaking to be  surprisi11gl.y succes sful. It i s  too 
much to expect, however,  that en t i re  generali ty can ever  be achieved, and one 
can  point out seve ra l  r e spec t s  in which the present  theory  doe^ not make provisi.on. 
for  var ious complications. 

In the title of this section the expression "pr imary  grain density" i s  
used  because a full and general  t reatment  i s  yet to be given for the additional 
gra in  density a r i s ing  f r o m  energetic delta r a y s ,  and no provision has  been made 
fo r  the effect of photons produced in the gel. In the theory i t  i s  supposed that 
gra ins  a r e  rendered  developable only by being penetrated by the moving part ic le .  
Certainly,  the probability that a grain will develop fal ls  ve ry  sharply with the 
dis tance f r o m  i ts  surface to the par t ic le  t r a j e c t o r y . .  Only secondary effects ,  
such a s  delta r a y s ,  can be  of any importance in rendering nonpenetrated grains  
developable, a s  the range of the par t ic le  field i s  orily about one atom diameter .  
Since the explicit f o r m  of this probability function i s  not known, one rep laces  
this "boundary layer"  by  a mathematical  surface.  -There  i s  l i t t le  evidence that 
th i s  simplication leads  to ser ious  e r r o r  for normal  emulsions,  but in very-fine- 
g ra in  o r  hypersensi t ized emulsions i t  may  be  important ,  

A ?related l imitation on the generali ty of this work i s  that i t  a s sumes  that 
each c rys t a l  i s  completely independent of others .  This i s  not t rue ,  for example,  
when depletion of developer r e s t r i c t s  the degree  of development of strongly  ̂ exposed 
portions of emulsion. The theory makes no provision for  proximity devclopment 
induced by  a conceivable emulsion additive which would provide conduction bands 
fo r  low-energy electrons to migra te  f r o m  one crys ta l  to Lhe next,  o r  f rom gel to 
c rys ta l .  It i s  a l so  possible that the enlargement of a grain on development may 
cause  protuberances of s i lver  to intrude on an adjacent grain and break through 
i t s  gelatin envelope. This could cause the neighboring grain to develop. The 
influenc on the gra in  density of infectious development has  been considered by 
Ahmad. P5 The effect should be chiefly to reduce the number of shor t  gaps. 

Provis ion  h a s  been made in deriving expression (41) below fo r  the 
enlargement  of the d iameter ,  c ,  that takes place on development to be a 
function of the gra in  d iameter  ,' but the additional , implicit  postulate that the 
enlargement  i s  symmetr ica l  perhaps . reduces fur ther  the generali ty of the 
calculations. 



No attempt has  been made to allow for the possibility of nonuniform 
development, etching of surface gra ins ,  fog background, mechanical .distortion 
of the emulsion, and many other conceivable complications that might affect 
empir ica l  data. 

It i s  also supposed that the sensit ivity i s  the s a m e  f rom grain to grain.  
To t r ea t  mixt r e s  of two emulsion types,  such a s  have been used by 
VanderhaeghP6 and his collaborators , would require  additional' t e r m s  and 
cross-product  t e r m s  in the final equations. The c a s e  of a par t ia l  population 
of totally iner t  gra ins ,  as  postulated by Bai l lard,  l4 h e r e  would requi re  that 
the emulsion be t rea ted  a s  i f  it  contained a second group of 'grains  th.at is, 
peculiar only in that i t s  sensitivity vanishes. 

2. c r ea t ion  of Developability 
-- . . . . 

A.ll cur rent  theory of the latent image contemplates the initial c rea t ion  , . 
of a f r e e  electron-hole pair  in  the c rys t a l  la t t ice .    his i s  the p r i m a r y  ac t ,  
and i t  i s  immater ia l  for  this t rea tment  whether the electron i s  captured in an , 

impurity center  o r  whether imperfections in the c rys ta l  la t t ice  o r ' o n  th,e surfa-ce 
(as  proposed by ~ i t c h e l l l 9 )  se rve  a s  points where f r ee  s i lver  a toms aggregate.  
Th'e detailed mechanism will, however,  affect the coefficients Aiik, introduced 

below, and i t  i s  to be hoped that fundamental problems of s i lver  hglide sensit ivity 
m a y  be resolved by a study of the influence on the A of physical and chemical 
conditions, . for  example,  the temperature.  ijk 

In this  t reatment  i t  i s  assumed that the effect  of a moving charged part ic le  
i s  a s  follows: The vir tual  photons of the e lec t r ic  field of the par t ic le  dis turb . 
the electrons of a s i lver  halide c rys t a l  and induce transit ions between their  
energy s tates .  This produces electron-hole pa i r s  in the c rys ta l  la t t ice ,  a s  
f r e e  photons do. Some of the electrons re leased  a r e  given sufficient energy to  
produce fur ther  electron-hole p a i r s  in the c rys t a l ,  just a s  an x - r a y  photoelectron 
i s  capable of doing. 

. . 

Let  - dB dw be the c r o s s  section for  a moving charged part ic le  to dw 

t r ans fe r  energy in the interval  dw to the electron in  the c rys t a l ,  and l e t  
no be the electron density. Then 

max  

Ah  = no ( +  W dw dz -' dw 

i s  the energy los s  p e r  unit path in the c rys ta l .  ( F o r  the purpose of this  
discussion one need not distinguish between the ,different c l a s ses  of e lectrons - 
a separa te  integral over each c l a s s  would in general be required.  ) 

In the above formula w i s  the maximum energy that the electron 
m ax can  absorb f rom the field of the moving part ic le .  This  m a y  be  so  l a rge  that 

the range of the electron far  exceeds the dimensions of the c rys ta l .  F o r  this 



, r eason  Messe l  and .Ritson suggested that the u.pper..lirnit-of .w be cut ~ f f  at  
some  valu'e w corre'sponding.to the electron energy .required for  escape. .  . 0 
f r o m  the crys ta l .  20 Then . . . . . .  

. . 
the r e s t r i c t e d  rd te  of energy  l o s s ,  .was .to b e  considered the.app'roprirate 

' I 

variable  for  deter?ni,ning the effkdtiveness of a charged p,article in c rea t ing  
developability. 

This  procedure  does not yet see111 c o r r e c t .  It i s  suggested that one 
cannot weight equally al l  t r a n s f e r s  of equal amourlls of encrgy i r r e spec t ive  of 
i t s  fo rm.  There  i s  cer tainly a quantily of energy,  w l ,  of optimum s i z e ,  s o  
that  p e r  unit of energy a highest probabili ty of development occur s .  A re la t ive  
eff ic iency E ( w )  for energy.util izatiun should then be defined, (E (w) mair b e  
calculable f r o m  the spec t r a l  sensi t ivi ty  curve  for  the e r n ~ ~ l s i o n  obtained by 
measur ing  i t s  sensit ivity to  photons of a l l  energ ies .  ) Then 

W 
max 

dZ w- E (w) d w 
dw 

i s  the function affecting the probabili ty of development of a, c r y s t a l  t r ave r sed  - 
by a charged  par t ic le ,   his one m a y  c a l l  t h e  effective r a t e  of energy los s .  

. . 

The function E ( w ) ,  however ,  i s  probably pcalrrd w.ell below'  wo, and 
dx - m c u m  chiefly a s  a f ac to r ,  one may  since.  the velocity dependence uf - 
dw 

expect a large range  ul lrigh velociticc over which& " i s  proportional to Q'.:.. 
The  distinction between them never the less  should be retained.  

A theory. that does  not take account, of thc s ta t i s t ica l  nal.lire of thc cnergy- 
l o s s  p r o c e s s  can have no fundamerltal validity. The l o s s  of ene rgy  when a 
charged  a r t i c l e  t r a v e r s e s  a gra in ,  a s  has  been e m  has ized  by Barkas .  
Brown,  Fowler  and P e r k i n s ,  l 3  and Bogomolov, l i s  a highly s tochast ic  
p r o c e s s .  The mean  r a t e  of energy  l o s s  has  l i t t le  d i r ec t  connection with the 
ene rgy  l o s s  in a par t icu lar  grain.  Suppose one cons iders  a 100-micron path 
of a 3-Bev proton in  an emulsion of s tandard  composition with a root -mean-  
squa re  g ra in  d i amete r  of about Oil 7 m i c r o n  il lford L-type emulsion).  The 
average  energy  l o s s  in a g ra in  will be about 100 ev ,  and the proton will 
encounter about 440 gra ins  in  this  e lement  of path. Now, whereas  in about 
190 such t r a v e r s a l s  the proton will l b s e  m o r e  t h i n  100 ev  , in about 19 the 
energy  l o s s  will exceed 1000 ev'. T h e r e f o r e ,  a t  l e a s t  in f ine-grain emuls ions ,  
a l a r g e  f rac t ion  of the  g ra ins  r ende red  de~relopable a t  the minimum of ionization 
can .be  attrlbute'd to the relative1 y r a r e  t r a v e r s a l s  Miith l a r g e  energy  t r a n s f e r s .  



3.  De velopability Coefficients and the ,Grain Density . ... . . . . .  . .. 
, .  . 

.. , 
When a charged .. . penetrates a silver halide cjysta1' i t  trarisfkrs. 

energy to elect'rons until, a f te i  a ce'rtain su'ch collision, the crystal  may for . the  
f i r s t  time be in a developable condition. This point may be called the conception 
point. . . . . .  

. . '. . ' .  J .  

' We assume that in any element 'of path the p:robability for swcti..an act 
that of i tself  i s  sufficient to render  the crys ta i  developable depends 6;; the,. 
product of three  factors:  s ,  a measure  of the local sensitivity and the degree 
of development; st', the effective r a t e  of energy l s s s ;  and dy , ,  the element of 
path length. F i r s t  one t r ea t s  the s implest  model .that may have some validity: 
A probability 4 i s  defined that a c rys ta l  of diameter  D remain  undevelopable 
af te r  being penetrated a distance y by a charged part ic le  with an effective r a t e  
of energy loss  4 ". One as sum& s 

a+, = - J l s J n  ay. 
or  

. > . 4 = exp (-sQfl y). 430 )  
' , <'? . . 

The probability G that the crys ta l  be completely t r ave r sed  without being 
rendered developable then i s  G = exp (-. . s  9 " 61, ( 3  1) 
where 6 i s  the length of the t rack  segment in  the crystal .  

- 1 
In ef fec t ,  this model assumes  that there  i s  a mean f r e e  path9 ( sd ' ' ) ,  

for developability. It i s  unlikely, however, that ma t t e r s  a r e  that simple.  . 'A . . 
, : '  

mean.-free. path for devclopability .will exist  only if the rendering of a - c r y s t a l  . . . 5: 
developable by an electron collision is solely determined by this event, and . :, ..,. .! : 
i s  not influenced by a cumulative conditioning effect in the crys ta l  brought 

. 

. .I. about by the pr ior  passage of the charged particle,  through pa r t s  of that c rys ta l  . ... ..I: 

o r  surrounding mat ter .  

I t ' i s  a lso unlikely that s can be independent of position in the crystal .  
Bogomolov has  put forward evidence that the sensitive volume of a c rys ta l  i s  a 
thin surface layer .  Certainly sur face  'sensitivity centers  a r e  m o r e  
accessible to the reducing action-of the developing 'agent9 and such-centers  

. probably a r e  more .  abundant on the sufface.  The migrat ion distance of 
electrons and s i lver  ions is not known. 

The tru.e physical situation cannot be stated precisely a t .present ,  and 
in a general  theory one .must simply make appropriate allowance for any 
reasonable fo rm the facts  ultimately may be found to assume.  This is done by 
the introduction of f r ee  parametdrs ,  the presence o'f which in the theory will 
offer the possibility of their  experimental evaluation. 

If a radial  variation of sensitivity i s  to be taken into account, then 
the t r ave r sa l  of a c rys ta l  of diameter  D with a path s e  ment  in the crys ta l  

gb6 )J that the crys ta l  of length 6 would lead to a probability exp [-J h 6 f (  

would' not be rendered developable. Here  b i s  a charac ter i s t ic  length describing 
how rapidly. the sensitivity var ies  with radius , and the function f i s  unknown 



except that i t  i s  expected to increase  with .an increasing argument ...'.' since one 
. cannot in  general overlook the possibility of cumulative effects,  a s  mentioned 

above, the quantity 4" s 6 f _ ( v )  must  be multiplied by s t i l l  another function 
of 6 .  

One must a l so  now introduce a second charac ter i s t ic  length, a ,  which 
h a s  the significance that the effect of the passagc of a charged part ic le  through 
a segment of the c rys ta l  will have li t t le effect on conception points m o r e  remote 
than the distance a. 

Then to allow for all these possibili t ies one expresses  the probability of 
nondevelopability, G,  by the following ser ies :  

0 0 m 0 0  
D j  6 k i 

G = l -  z Z Z A i j k ( T . )  (a) ( 6 5 3 " )  . 
i=1 j=o k=O 

(321 

. ' 

This  may he compared with the s impler  ' form, Eq. (31), obtained by 
using. the mean-free-path   nod el. This i s  

. , 

00 
i -  1 i 

G = exp ( - 6d" ) = 1 - (-1) (6  SJ I ! )  * 

i = 1  i'. 

F r o m  Eq. (32)  the.tota1 c r o s s  section, G?', for developability of a c rys ta l  
can  be  calculated: 

( 3 3 )  

The t r u e  mean grain density,  g, in  a t rack  then i s  a lso calculable: 

(351 
2 



. . 

F o r  a par t icular  emulsion type, the moments  (Dp) of t h e d i a m e t e r  disti ibution 
may  be established by a grain-diamete nalysis.  The coeffici.ents 
can be identified with the . The product s d  I '  

*i o o 

must  be expressed  in:: reciprocal  len i th  units; s i s  therefore a reciprocal  
energy. 

The remainder  of the coefficients i s  to be determined f rom experiment ,  

but 
r e  dimensionl'ess and as s~~rne 'd .  to be independcnt of .D a rd  dl "; 

s and I '  appear only in the product relationship.  The coeffici.ents can be studied 
by measuring g while varying&", s ,  and the' (DP) separately.  The ' 

sensitivity s i s  maintained constant when the c rys t a l  precipitation, sensit ization, 
and development procedures  a r e  fixed. It is .not  knoyn how varying these 
procedures  affects the quantities a , b ,  and A... In the Ilford G, K, and L ljk 
s e r i e s  of emulsions the standard composition emains the same in al l ,  and 
the grain-size distribution in each s e r i e s  i s  kept constant, but i s  different 
for e a c h . s e r i e s .  The sensitivity var ies  through each s e r i e s ,  being maximum 
fo r  sensitivity 5-emulsion and decreasing a s  one goes through the K series. ,  , 
for  example, f r o m  K.5 to K.4.to K.3, etc.. The concentration of each emul'sion 
type can  also be  varied.  It appears  that these emulsions might be  suitable for  . 
investigations on the c r o s s  section for  developability of a s i lver  halide c rys ta l .  
The v a r i a b l e 4  " i s  of course  under the control of the investigator',  , a s  i s  the 
physical and chemical environment. 

4.  Structure of the D e v e l o ~ e d  Track  

Whatever i t s  form,.  one can symbolize by 

the prob'ability that c rys ta l  C will not'develop &hen t r ave r sed  by .a charged 
part ic le .  The quantity . . 

.IT N (1 - G )  6 d6 F (D)  dD 
9 ( 3 6 )  

2g 

then, i s  the that any part icular  c rys t a l  encountered will be of c'lass C 
and will 'be rende'red . . developable by the charged particle'.  

Now t h e  probability that a c r y s t a l  of c l a s s .  C" in the interval  of 
path d will a l so  be rendered developable i s  



" L N L  6 6l d6 d 6 )  (1 - , G )  (1 - GI) F (D) F (Dl) d D d Dl d p  . 
4g 

a , .  

Then the probability i s  q that the par t ic le  render  c rys ta l  C developable and 
t r a v e r s e  the emulsion a distance exceeding p. -without rendering developable 

, a c r y s t a l  of c lass  C'. The probability i s  found fr,om 
" . 

.. . 

2 2 - .  - -  --- - .  
-.- . -  - . l d 9  - 6 6 ' d 6 ~ d 8 ' ( 1 - G ) ( l - G ' ) ~ ( ~ ~ ~ ( ~ ' ) d D d D ' :  

*- -- - --- - .  

Y dp 4g 
(37) 

. One: now i s  in a position to cal.culate the probability Q ,  that the . 

: .par t ic le ,  af ter  rendering a c rys ta l  developable, may  go a distance exceeding + a  

p without creat ing d e ~ e l o p ' a b i l i t ~  in  any other c rys ta l .  This  i s  formulated . . 
. .  . . . . * .  .. 

, . - .  
- .  GI) . (D, F. (,')d,dDt , 
. Q<  !dp . . 

> .  

, . # , .  
. f '  I -  .i (3 8 . 1, .- 

- .  '1  ' - ,  

- GI) F (D) F (D') dDdDIdp 
. 

' ' ' 1  ' . (39)'. 
! 1 

f developed grains  then i s  found f r o m  

(4 0 )  

gra in  spacings a r e  included, and many of the grains  cannot be separately . ' 

resolved with a microscope .  A m o r e  useful approach i s  to study the gaps in 
" 

the t rack .  

Suppose that when the developed'grains a r e  projecded on the pazticiq 
t r a j ec to ry  a gap exis ts  between C and C' only for  p) + - + -+- ; 

2 2 where s and E' (the enlargements  of gra ins  C and C ' )  a r e  functions o? 
the i r  respect ive .grain diari-ieter s D and - D' , but a lso may contain additive -. 

t e r m s  which vary  with the optical conditions'. T h i s  differs  f rom the ru le  
introduced by Fowler and Perk ins13 chiefly by allowing for  a distribution of 
gra in  s izes :  

. . 



After development of c rys ta l s  C and 'Ct a gap of length P = 

D Dt E E t  
P - - -  - - --- i s  left  between them. Therefore ,  on integratink Eq. ( 3 7 )  

2 2 . 2  2 
with respec t  to p, one has ,  for the probability that a gap with a length exceeding 

. . 

-.. - 
. . '-l . .. , . 

I 
. . 

. F (D) F (Dl) d D d Dt j . ' ' .(4,1? 
J 

. , (1n o rde r  .to facilitate c o r n p ~ r i s o n s ,  we shal l  use  the notbtionof , . ~ o w l e r  .. , 

and.perkins,13 for important gap-density qua'itities). 
. . 

... Considering cpystals of all c l a s ses ,  the density H of gaps with lengths 
exceeding 2 i s  . . .  

.. ..-- . 

' *-i _ - . - I - _  & - 
r 

This can be  written - - 

with 

H = B exp ( -  g i )  , 

and 



. . . . 
. . .  , . . .- : L . . :  

the express ion  giving the t r u e  grain density. 

The fo rm oi t h e s e  .equati.?ns displays two importdnt new' ~ e s u l t s .  ,. , 

The gap-length distribution i s  exponential, and the t rue  gra in  density and the 

gap-length coefficiqnt a r e  the s a m e  quantity.. 

The f i r s t  resu l t  was shown empir ical ly  by O'Ceallaigh to be  t rue  over a 
range of gap lengths. l 2  Fowler  and Pe rk ins  extended the lnterval  over which 
i t  h a s  been tested,  of the exponential gap distribution 
has  not the.-gap-length coefficient hqen 

The quantity B i s  &so known as  lie "blob". d e n s i t y  b'ec~~.~''se: i.t 'is the 
density of c lus t e r s  of unresolved gra ins  in the Track. It i s  of course  nbrner2cally 
equal to the gap density.  

. If 

(D+E )F(D] d D 6 (1 - 6) d 6 
- 
% D  = 

6 (1 - 6 )  d 6 

1% the average  diameter  of a developed grain,  then the blob densily 13 can b e  
a t  ten 

- 
U i s  therefore to be identificd with the quantity a defined by Fowler  a'nd . . " 

P e r k i n s .  It should be  noted, however,  that has  not a pure ly .geometr ic  
meaning unless  the gra in-s ize  distribution i s  ve ry  narrow. In general  i t  will be 
slightly dependent on g. The mean gap l e n g t h ,  ( G) , i s  found f rom 

1 (G) = g- 0 

; . I  

The lacunari ty  L :of a t rack  segment i s  the mean  l inear  f ract ion of i t  
that i s  occ'upied by gaps.  F r o m  Eq. (44) this i s  

. .  . 
t ,  . . - . .  '. . . 1 

L = exp ( - 'g . ,B) .. 1' ' (45) 

It m a y  b e  noted that this i s  a ve ry  sensit ive function of g, and that i t  r ema ins  
useful when g i s  l a rge .  . .  . 



o f t h e b l o b d e n s i t y ,  B ,  c a n a l s o b e c a l c u l a t e d i n  
good 

= B FI - L + L P  n ~ )  (46) 

because 
under ex t reme '  conditions the secondary ionization influences the gap-length. * 

coefficient. Consider a cylindrical volume, the axis of which i s  the par t ic le  
path and the radius  of which i s  defined by the consideration that any grain whose 
center  l i e s  within' this distance f r o m  the part ic le  path i s  considered a t rack 
grain.  Now, the l inear  density of developed grains  within this cylinder,  
i r respec t ive  of whether they a r e  gra ins  t r ave r sed  by the moving part ic le  o r  
grains  rendered developable by secondary effects,  will be the observed gap- 

. length coefficient. Con'sequently, i f  the par t ic le  velocity i s  high enough for  
delta r ays  to be  produced, and the emulsion i s  of a type that i s  sensit ive to 
electrons,  the saturation value of the gap-length coefficient can be  expected to 
exceed n,  the total l inear  density of grains  t raversed .  An interest ing example 
df this effect was reported by Fowler and Pe rk ins ,  l 2  who f rom the t r acks  of 
relativistic magnesium and silicon, nuclei in G.5 emulsion found a saturat ion value 
of the gap-length coefficient equal to 5 per  micron ,  whereas n in G.5 emulsion 
i s  only about 3 per  micron:  

A fu r the r  r e m a r k  on experimental r e su l t s  should a l so  be made.  Whereas 
a!: nbservers  find an exponcntial d i s t r i lu t iun  of long gap lengths,  a number of 
investigators2'report deviations a t  shor t  gap lengths cont rary  to  the data of 
Fowler and Perk ins  and the general  theoretical resu l t  obtained he re .  In the 
published c a s e s  i t  s eems  a s  if the log frequency vs.  gap-length curves  might 
be s t raight  l ines i f  a few tenths of a micron  were to be subtracted f rom all  gap 
lengths (exclusive of ze ro  which cor responds  to the blob density).  The possi?ili'ty 
that the effect i s  an optical one suggests i tself .  What one s e e s  i s  the superposition *. 
of grain diffraction pa t te rns ,  and the measured  length of shor t  gaps can be 

- 
strongly affected by the microscope numerical  apera ture ,  a s  well a s  light wave 
length and intensity. In addition, when the length of the gap i s  measured  by 
the length of t ime that a key i s  depressed ,  a s  in  many automatic ins t ruments ,  
the observer  react ion t ime,  the width of the hair- l ine in the eyepiece and the 
instrument  react ion t ime a lso  may  introduce an additive constant to the gap 
lengths. If the effect i s  optical, it may  be slmply that a gap between C and 
C'  i s  not recognized a s  such unless  the distance between centers  exceeds 
DtD'  + E + E ' 

2 + go,  but when the distance is grea ter  than this ,  say  

\ 
D + D 1 + E  + E F  

2 + P , the gap length i s  measured  to be 1 . Then the gap (blob) 

density i s  rea l ly  the density of gaps whose lengths exceed l o .  
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T h i s  r e p o r t  was  p r e p a r e d  a s  a n  a c c o u n t  o f  G o v e r n m e n t  
s p o n s o r e d  w o r k .  N e i t h e r  t h e  U n i t e d  S t a t e s ,  n o r  t h e  Com- 
m i s s i o n ,  n o r  a n y  p e r s o n  a c t i n g  on b e h a l f  o f  t h e  C o m m i s s i o n :  

A. Makes a n y  w a r r a n t y  o r  r e p r e s e n t a t i o n ,  e x p r e s s e d  o r  
imp1 i . e d ,  w i t h  r e s p e c t  t o  t h e  a c c u r a c y ,  c o m p l e t e n e s s  , 
o r  u s e f u l n e s s  o f  t h e  i n f o r m a t i o n  c o n t a i n e d  i n  t h i s  
r e p o r t ,  o r  t h a t  t h e  u s e  o f  a n y  i n f o r m a t i o n ,  a p p a -  
r a t u s ,  m e t h o d ,  o r  p r o c e s s  d i s c l o s e d  i n  t h i s  r e p o r t  
may n o t  i n f r i n g e  p r i v a t e l y  owned r i g h t s ;  o r  

R .  Assumes a n y  l i a b i l i t i e s  w i t h  r e s p e c t  t o  t h e  u s e  o f ,  
o r  f o r  d a m a g e s  r e s u l t i n g  f r o m  t h e  u s e  o f  a n y  i n f o r -  
m a t i o n ,  a p p a r a t u s ,  m e t h o d ,  o r  p r o c e s s  d i s c l o s e d  i n  
t h i s  r e p o r t .  

A s  u s e d  i n  t h e  a b o v e ,  " p e r s o n  a c t i n g  o n  b e h a l f  o f  t h e  
C o m m i s s i o n "  i n c l u d e s  a n y  e m p l o y e e  o r  c o n t r a c t o r  o f  t h e  Com- 
m i s s i o n ,  o r  e m p l o y e e  o f  s u c h  c o n t r a c t o r ,  t o  t h e  e x t e n t  t h a t  
s u c h  e m p l o y e e  o r  c o n t r a c t o r  o f  t h e  C o m m i s s i o n ,  o r  e m p l o y e e  
o f  s u c h  c o n t r a c t o r  p r e p a r e s ,  d i s s e m i n a t e s ,  nr  p r o v i d c o  a c e c s s  
t o ,  a n y  i n f o r m a t i o n  p u r s u a n t  t o  h i s  e m p l o y m e n t  o r  c o n t r a c t  
w i t h  t h e  C o m m i s s i o n ,  o r  h i s  e m p l o y m e n t  w i t h  s u c h  c o n t r a c t o r .  




