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DISCLAIMER

This report was prepared as an account of work sponsored by an
agency of the United States Government. Neither the United States
Government nor any agency thereof, nor any of their employees,
makes any warranty, express or implied, or assumes any legal liability
or responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents
that its use would not infringe privately owned rights. Reference
herein to any specific commercial product, process, or service by
trade name, trademark, manufacturer, or otherwise does not
necessarily constitute or imply its endorsement, recommendation, or
favoring by the United States Government or any agency thereof. The
views and opinions of authors expressed herein do not necessarily
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SOME FORMULAE FOR AVERAGE SELF-SHIELDING FACTORS

ABSTRACT

This mcaao presents analytic fcjKaulae
for defk ccavputer calculation of
average self-aid elding factors for /v
and resonance absorbers« Validity of
the results is discussed and a short
table of sense lesser known funetious
for c&JcuJAti.cns is included»

UMCLASSIBTED



y - LED

e
COKTBKTS

VA Jdiitrcduction pfge ¢
II 2/v Absorber 7

III Reoorjanee Absorber
a Upper Bound for</"f-> pr-S6 ~
> . ~Taptotic 'Development for -<f>> page 10
IV~ Short Table of Scsne ConfluentHypergeosEetric Functions pf.ga 11

£ /-3



UliCLASSXFIED

*6.

Xntrodueticaa

The evei'aga of a self-Bhieldixig factorj f(E)? taken with respect

=f—~- LFfEI{E)*(E)JE .

@)
/er(E)MN(E)<3E
For a LtascwelX'*n neutron distribution and an energy dependent
T of the fowa
f(S) = ii
&= — @)
X i a~(E)

where "a" is a constant and J (IS) is the number of absorption
mean free paths in the capturing materiel* cf<>ean be evaluated
exactly for a 1/v absorber and approximated for a Breit-Wigaer
one level system*

Such a form for f(S) has been found reasonable for a slab which
absorbs much nore strongly then it scatters®* Whether f(IE) can
be descri-bed equally well by this form fen? a strong scaiterer

is not known quantitatively* bvit at least within this limitation
the formulae to be stated, provide simple tools fear self-shielding
studies of two types of absorber*

Section II contains exact relations for<?s’and 1~— for a I/v
absorber* Section Ilia presents convergent series ‘developments
which, should be useful principally in dealing with narrow
resonances wf-ii '""nmot too high" self-shielding at peak cross
section* Section Illb contains an asjmrptotic development probably
best for bread or very high resonances* The foregoing qualitative
statements can be made quantitative through consideration of the
expansion pantmeters given in those sections* Section IV is a
table of values of functions not widely available but essential
to sense of the work*
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Vv Absorber

This case is by far the simpler of the two auda within the
framework of the model,<f> is given exactly by

<f-~ = 1 + 2z - kz2e¢%L $ (X/Zs}2}z)

where

lacideatollyy the temperature coefficient for thiscf=is
easily found from P * A d and
<Ur T dz

PJIS =2U-a).2*(2z) e"L F (V2,3/257)
2, -

- (1-2a) fz+]lz (5-2a) e”il Ei(z)
'n

For values of the confluent hypergeametrie function, (ji,

see tables in British Assoc» for Mvo of Scio, Report 9,

28.5 (1926)0 Ei(z) is the exponential integral, of positive
argument in ei.ther WPA Tables of Sine, Cosine, and
Exponential Integrals (1970) or MBS Tables of the Hbgjonential
Integral, for Complex Argumentso Mote, in using the last-
named volume that

El(x) ='"*E,(“x)-*ni9

With x>0, whf/t is desired is the limit of E, (~f) as the
ccsapj.ex variable * approaches ~x on the negative real axis
through values, in the second quadrant# The MBS tabulation
©arbitrarily atopted a non-zero imaginary component in
defining its analytic function; this definition does

not suit our purposes, so the (««i) appears in the conversion
above#
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Illa Hesoaance Absorber; Upper Bound fogCf-?-

For a Breit-Wignar resonance with

v/ /7S
<r —_— -
~ S (E-Er)2 + 7Z"2
IT
3
The tr3,nsfo;.Tsation E-Srx ' and the notation ?=E T*
~j = abosr'oer thickness at resonance” give
X2 e-pat i
W2 e e
& (x -1) +7
=

x2e™
r-'—n—7r Ax

In NoSoEoj Yci, X No* 5" the denceninator af<<f?is evalxiated
in a form wMch is convenient for accurate numerical work
when S7  2: namely*

D = ne”3[(M++™>) cos ™ + (TP+-P-) sin

2 7 VA2
&
\ £20 (-i~"CPY)Y™ {31f(1/2, 2n-i- |35p)- 0 (1/2, Sn+ |iS)

- (2n*§)3 2n+)S J

Actually, D results from the form in [JoS»E* after sane
njanipulLaticsiSo The statsaents therein on accuracy continue

to belreleviant: one of them is that truncation of the series

to or less provides }Vp or better, depending cn specific
values of 0 and 7 in the ccaputation)_ That ar-fcide dso
describes a method for obtaining the ~’s* Note that equation (6)
in it"should, be multiplied by (*7) on the right hand side to
give cr/cT; the same error appears in KAPL-I522, fraa which

the KSE naterial was extracted®

» The CalcuXaticn of Haxwellian Averaged Cross Sections for Resonance
Absorbers
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The nuiseratoy zozCr"inn equation (5) is less tractable;

ia this section there will be a given relation that is

an approximate upper bound. In most cases which are fairly
realistic, the flux peaks where ~~ 1 and. most of the
absorpticm will occur for x<l1 near X = Xo Thus either
an upper bound or a close apprcacixaaticai to f(x) is

and the numerator of an average value for fj, is
(Ch))

Expression (55) approximates o'(E) only within f(E), not
in the absorption rate % Caaparison of (5°¢) with the
dencsainatoy of eqi\ation (5) shows that J3) is exactly
equal to an expression tri.th the form of D but with y
replaced by

A - AXxXVYy

The wutility of (6) with 7- jpeplacing y may be decreased;

this certainly will be the case for large values of | #
unless the resonance is vary narrow. Since the formulle
for<f> in th.s section deal only with a bound, it win

be left to the user’s discretion whether calculating a
number of teriis in (6) first with y and then with 7 is
worthwhile. llae "1$ criterion" stated earlier is quite

a restrictive condition, and experience with the series

for D has proved that obtaining numerical results of known
accuracy from it is really a very simple and quick procedure.

An even simpler expression for <f\> is desirable for cases
in which a resonance is so narrow as to make 07 fl1+hlT
sanewhat less than 1. 1In this event, terns in (6) asd4r

expanded in power series in yz7 , P7 and py to give
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/X c-* 9 _where (@)

/I-teLr g0O.7)

g % 1% 7 + | (14"p-4i3&), 8)

The acciracy of equation (7) is to be judged according to
decreasing magnitude of terms in equation (8)*

I11b Resonance Absorber: As”iaptoti.c Ttevelcpaent for -c£?"
If a resonance has a very high peak cross section or is fairly
broad* so that the conditions for utility of section Ilia are

not fully satisfied, a different approximation may be usefuls
It is

D<f=>"v.__

®

The expansion parsaieter in this development is 1 ; it should

of course” be sEaH” It can be shewn that the terns in equation (9)
strictly alternate in sign; but the series is only asymptotic and
terms are to be retained only so long as their magnitude decreaseso
P depends only on (&,?) and should be readily calculable from
equation (6) provided that largeness of is not essential for
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The tearperaturs coefficient is again available through ™~ f~
note that D also depends on &p

Short Table of Seme Confluent Hypergectaetric Functions

Becavice the <§ function tables are not widely available, there

is given below a set of values for different arguments which
may be useful® These numbers were obtained either directly
frean the British work mentioned or by means of so-called
contiguity relations satisfied by such functions.

S
X 1 2 4 8
; 2.7133 7.3391 54.598 2981.0
23 1.4627 2.3345 8.2265 201.51
g 1.2522 1.6624 3.6447 41.691
Z 1.1708 1.41$9 2.4083 14.66
g 1.1234 1.3029 1.9081 7.242
Ng 1.0102 1.2554 1.6543 4.493
’ ﬂg’ 1.08 1.192 1.505 3.250
t- I
) 1.04 1.162 1.409 2.591
1; 1.14 1.34 2.20
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