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ABSTRACT

The pion-momentum spectrum from K -absorption stars in helium
is calculated in the impulse approximation. The kaon is assumed to be
pseudoscalar and to be captured from the ls state. A final state consisting
of free particles is used. The effect of final bound states is considered and
taken into account phenomenologically. All final-state interactions are
neglected.
It is shown that fhe shape of the momentum spectrum is determined
mainly by kinematics--i.e., the shapes and positions of the spectral pe'ak.s ‘
are quite insensitive to detailed dynamical assumptions such as the assumed

K parity and capture orbit. The effect of final-state interactions is discussed.
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INTRODUCTION

It has recently been found that A®'s emerge from K~ absorption stars
in helium in great profusion. 1 It is possible to estimate the expected rate of
A° production frorﬁ the reaction :

(a) K + He4—> A° + 7w+ 3N
on the basis of the K -p absorption re,sﬁ.ltsZ and charge independence. This
expected rate is ~ 8%; the observed rate is larger, by a faétor of roughly 4.
It would seem then that a large proportion of the emergent A%'s o'riginate.:s
from K interactions which produce a >, with a subsequent T-nucleon inter-
action giving rise to a Ao, 3 ac¢cording to the reaction

(b) K +He*s>Z+m+3N; z+N=-A°+N, |
In order to estimate the relative contributions of (a) and (b) to the total A°
production, the pion-momentum spectrum from K absorptions yielding
neutral hyperons is studied. In the absence of internal motion, the momentum
spectrum from (é) and (b) would show sharp spikes at 244 Mev/c and 160 Mev/c
respectively. The initial-state internal motion, detailed dynamics of the
process, etc. broaden the spectrum into two peaks of finite width. The purpose
of this study is to calculate the spectrum explicitly and investigate its '
dependence on detailed dynamical assumptions. .

The emergent pion Spectrum 6f Reactions {a) and {b) is calculated in the
impulse approximate . 4 The kaon is taken to be spin O and pseudoscalar.'
All final-state interactions are neglected; 1s-state K capture is assumed.
A final state consisting of free particles is used. The effect of final bound

nucleon states is considered and taken into account phenomenologically.

¥ On leave from Syracuse University
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It is shown thatlh the shape of the momentum spectrum is essentially
determined by kinematics. The spectral peak widths are quite insensitive in
shape and positioﬁ to dynarhical assumptions, i.e., they are little affected by
the relative importance of terms in the traﬁsAition matrix or by details of the
internal motion. The spectrum is likewise insensitive to the assuiméd K parity

and capture orbit. ‘The effect of final-state interactions is discussed.

DESCRIPTION OF CALCULATION
In the laboratory system, the matrix elements M, for both processes

(«) and (b),
_ -
- 24 A
K +Hel—» 1r‘+(.2,+ 3N),
e

: . . * . ~—> —D-E»—» —_ ! .'-» .
is Mé < Xg ULLf (rj,rﬂ) T(pj,k,q, 01) ¢n1( | e " R ‘) q’;i(rj’r.k)drj |X1>’

where Lpi " = initial helium wave function,
qu - = final-state wave function,
¢n£ = K meson bound-state wave function,
T = a transition operator, the form of which depends upon the

dynamics of the process,

X xof= appropriate spinors,

-:J = baryon lab coordinate j = 1, 2, 3, 4,

¥ = piou lab coordinate j - 1,2, 3,4,

?k = kaon lab coordinate j = 1, 2, 3, 4,

k = pion lab momentum,

E;D = kaon lab momentum,

1;; = center-of-mass momentum of baryon j in the final-state

four-baryon system (4 BS).
See Fig. 1 for a diagram of the coordinate systems.
- For the purposes of calculation, it is convenient to transform. from
;J. to -a. particular set of relative coordinates ;Z-’ ?).3, 5’4, f{.(:where,’ iii accordance
with the impulse approximation, the K capture is presumed to take place on

nucleon No. 1).
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This transformation is defined by:

Py =T, =T
Py = T3 - T
- - ' (1)
Py ™ Tg T T, ' :
R =mY+m(r2+r3+r4),

i

where m nucleon mass,

m

Y
M

hyperon mass, and B

3m + My -

In terms of these variables, M becomes

f % - > > s \
M = <Xf I 'L‘Jf (pJ) T(p_]’ q.k, 0, )¢nﬂ q{i(p_j)dp'lépzdp:&] Xf> . (2)

. The ingredients of M are now considered in the order in which they appear
above. '

A. The Helium Wave Function

.The helium wave function . is given by Dalitz;7 L‘Ji is_taken as a,
! = _ .-aXZ |r. —r.I

j_: Lpl = e L J

where a is determined by the condition that the micleon density fit the data of

2He,

Gaussian function of the relative coordinates T, - r !

Hofstader's electron-helium scattering exper{ment, 8 yielding a =%ZT
(RHP = 1.44 fermi). With the transformation (1), \pi:becomes
. : 7 . -

b, = e F P forj=2,3,4. . (3)

B. The Transition Operator and K Wave Function

The most general form of the transition operator p can be written
in terms of vector products created from all vectors entering the problem;
see, for example, the work of Pais and Triéman. 9 The transformation
properties of the vector products contained in T are determined by the
condition that M be scalar. Since the pion is pseudoscalaetr, if the relative
KA parity is odd, T must transform as a sca'lar. We assume here that this

is indeed the case, althoxigh theé final results are insensitive to this assumption.
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The most general scalar form of T is rather complex:

T = A+szj2+ Ck2+DJz'§j. '1Z+Ez?r'."p’j XKk

+ HEp, . qg+JK.q+K=Zo . }?J.x?;'} Lo . kXq.
This expression becomes considerably less formidable as a result of our
physical approximations. _ '

T is an operato‘r acting on the K wave function. Since in the impulse |
approximation T is different from 0 only at ;1 (the position of the nucleon
on which the process is laking place), Td)ne m‘qst be evaluated at r-
Physically, since the kaon coordinate corresponds to a Bohr orbit of

aozﬁz . z'1510-13, which is ~ 10 times the helium radius, this is equiva-

(mm ‘)ez

| m¥Fmn

lent'to evaluating T¢n£ ( | T - T |) at 0. N
If we consider ls-state capture only, terms in T independent of q

give Tqus(O) ~1, and terms in T proportional to q give TV 4115(0) ~0. We

therefore drop all terms proportional to E]i in considering S-state absorption.

‘Calculation of the rate of pion emission requires ‘|'< X ¢ | [T(bl_‘s_] 0.
IXi > IZ. Expanding (Td»ls)oz and dropping higher-order terms (21{3), . we get

| < T¢ls°$ F~a® 42 R_ a*b ( zpj)2 +R_ akc 1
(4)

% - = * —% —_
+2Readﬁ‘:,p.R+2Reaprj.pi.

In the spirit of the impulse approximation, we further drop the terms pro-

protional to 1—;1 . -15)3., representing internal correlations within the 4 BS, and
obtain the relatively simple expression '
|Z

| < T¢IS°> ~1+ak®+ b'JZPJ. oy (5)

-

where p; = cos GJ. and Gj is the angle between -;; and k.
The undetermined constants a, b, ¢ representing detailed dynamics can be
calculated only with further assumption. No attempt to calculate a, b, and

c is made here in view of the lack of a reliable dynamical theory of strong

interactions.
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C. The Final-State Wave Function

Neglecting final-state interactions (seg p. 13), the final-state

ik T, - )
5 ™ J,J4Bs(rj, pj). It has been

. shown that the hyperon emerges as a free particle in ~99% of all K inter-

wave function can be written as qu = e

actions. The extent to which bound-nucleon states emerge from K stars
is not well known yet, but is éstimated to be small; LlJf is therefore taken to

be a free-particle-product wave function:

- - > - , - -
* ik~ T ik . R -LZp p
- == =T .

l‘lf = e &f . e: e j j . j °

In accordance with the impulse approximation, we evaluate

r at r, = R-m Z;
m 1 == T
Mij j
- then ¢*=e-—i £ p.. (p.+m k) (6)

-THE GENERAL FORM OF THE RATE
Evaluation of the matrix element is straightforward.
(6) and (2), we obtain

From (3) and

37 e -
M = (2m)°TT. ng. (p, + m k)
] J U Vi

2

where

then

where

1 1

. = cos @B,
I\LJ' -]

1 -
6j = angle between pj, P: ,
P.O = .+ mk,

J )™
m K = K
M

3 )
= <
M= (2m) T¢ls
e b
V. -
J
0 1

‘ . 0
-1p. [p. i — 2 2
e pJ |p_] 'p'J | exp{-ap. |p, dp. .
1 J J J
du :

X< T, ¢1s.>‘|

=0
J

ST v,
J ]

0.

e

=u

.

2 1
. dp, dp. ",
J PJ PJ HJ
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o~ 4

Letting a = TR T 5410 , we have .

\

M = (E) 937[- z ‘(pjo)zjl <T ¢1S(O)> ,
J

a

or, from (5),

M~ [1 +a k2 +b Z 'p.Z + ck:Z p. p.:l exp _zp1+ k'o : (7)
: J ) S) ) § Tra .
Since only relative rates are ca.lculate_d here, all multipliéative normalization
factors will be dropped throughout the caleulation.
The total rate for processes' (a) and (B) is :
r L '
Ry ~'j | M(p,) | “dp; db, 4P, S(E-E) dF,

where E is the initial energy a.nd-Ef is the final energy of the system. The

relative rate R(k) dk for producing a pion with momentum - is then

VA
!

] :
7w ~ak | 2 g gt
R(k) dk ~d | | M|" 8(E-E,) dp, dp,, dp; (8)
Using (7) and (8), one can write the desired spectrum in the form

R(k) dk ~ [Ro(k) + aRl(-k) + bRZ(k) + cR3(k)] dk, - (9)-

where |

e}
|

1l ~ = 2 '
- 2T fe' 55 (B +k0') pjz . 5 (E-E,)

S|
I

: , ~ | 1 = 2. o , :
; 2 -5— (p. +k ) 2~ ‘ '
> k /WJ e' 2a 7] o pj dpj dpj Ze) p‘eZ & (E-E

£

' 1 > 2 : 2 .
R A Tl (au; p% apy) 8 (-Ep .

(10)



-10- UCRL-8747

The 1ntergrat10n of R (k) is straightforward and the results are

summarized as shown on the next page. The general form of R (k) is

Rjuq~krﬁkﬁ/2e g [ﬂk%FA

where r and s are integers and

‘+m—my—B-Vk2+|.L2 -Ak2 )

flk)= m

k M
, = 3m K
= 22

The zerath nrder rate, R‘u(k)’ is evaluated explicitly in the Appendix; it is
shown in Fig, 2. For cumparison, the A peaks of both R.O(k) and Rl(k) are
shown in Fig. 3. Mathematically, the similarity of all terms R.(k) is
evident from (11). For low values of k, R, (k) is supressed by the factor

k" ; R.(k) increases monotically up to the reg1on of the maximum, where its
behaviour is primarily determined by the exponential exp [—? f(k)] . Note
that all R. (;<) are proport10na1 to this term. For very large values of’

k— —i,e., k ~0.95k ~——the factor f(k) s/2 rapidly damps the spectrum.
Since all R, (k) are 51m131§r functions of k, the felative importance of each
term — —1 e., the relative magnitude of a, b, and ¢ —- does not seriously -
affect the total spectrum (9). R(k) can thus be represented to a good

approAlmatlon by the function R (k) alone.

DISCUSSION OF RESULTS

‘ The insensitivity of the spectrum R(k), as calculated in the impulse '
approximation, to details of dynamics of both the initial state and the inter- |
action can be easily understood on physical gr'o,unds. The effect of the Fermi-
motion dynamics is apparent from the appropriate Fourier transform of the

helium wave function:

5 i ' ko
L 2 _ a1 --plkO‘ ar . -p
|¢(ijj)| ﬂ; e j  cos Gjﬂ;. e

a

' -3 -10 p.2
- -510.-"p.  cos B.]]. e . , 12
-ﬂ’j e P; j HJ i L (12)
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General Form of the Spectrum

R (k)| = &0 g7 /? -m/atti + 8],
Ry(k)|= 1 f(k)7/2 e—m/@[f(k) + A] ,
. . 2 4 ﬁ‘ 5 e - 1
| R,k |= ]‘l[f(k) /2 4 .%m/“z) (_;%) £y L 1/2 k4] e-rn/a];f(k) ¥ AJ ,
o3/ m
R3(k) k f(k)'?/Z[l + 21;/;(1 K+ 1/3 —Ts Kk f(k)] m/a(f+A),
= 2 2
where f(k)—mk+m_m - B Ko+ pc -k
' ZM
.
— 3m k
A = MM
For example, for a=b=c = 1, one has
'_, -m/a (f(k) + A| .9 .7/2 2 1/2m3/2 lm!}l kaZJ
R{k) [ ] f [Z+k f+ '3 k+ 5 |
_ a
+ Zm k6f
Z. 4

334°M
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where ] ¢ ]2 represents the distribution. of internal momenta pj and their
c.m. angles 6, which enter the problem. It is clear from the first exponéntial
that l ¢ IZ is insensitive to the magnitude of the'aﬁgles 6.. Thus the pion
spectrum is insensitive to the probability distribution of GJ., 1.e., to the detailed
dynamics of the initial state. The second exponential in {12) shows that internal
momenta ~ 200 Mev/c are of importance —- this corresponds to an averagek

nucleon velocity BN < 0.2, which in the impulse approximation is also the

effective c. m. transformation velocity. Since the pion velocity (B-rr ~'O..‘8) is much

larger than f.,, the pion-mementum spectrum R(k) isnot seriously spread by

the internal mI:)Ition,

it should be stressed that this insensitivity persisls uo matter what
the form of the transition matrix, since the spectrum is mainly determined by
the impulse-approximation kinematics in which the K capture is considered
- a K -N interaction. )

It is not difficult to show explicitly that the assumptions of s-state
capture and pseudoscalar kaon can be relinquished without any qualitative change
in the pion spectrum.

We consider, firstly, the possibility of p-state capture. In this case,
only terms in the transition matrix proportional to a,, will contribute to Rzp(k)',

since

‘ ¢'2p(0) ~0 and (Vcbzp) {0) ~ const.

From {(4) and (7), it foliows that the 2p-state matrix element is

12

| -Bp, + k),
2p J

_J 9
2a

'iM ~ dk2+eZipj2 e

leading to essentially the same results as {9)

Rzp{k) ~d R (k) + e R, (k).

Secondly, we consider the possibility of a scalar K . In this case,
the T matrix must transform as a pseudoscalar. The most general form

for T 1is then

T {scalar K) ~go . sz?. +ho . B+46. 7.
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From (8), this leads direActly to a rate

2

. 5 .
h R,(k),
R(K) g catar K”g R,(k) + h” R (k) + 2Re g 5(K)

‘again, extremely similar to the spectrum (9). |

It is clear from the above consideration that the pion-momentum
spectrum is essentially vdetermined by the kinematics of the K-N iﬁteraction
and that its shape is insensitive to detailed dynamical aséumptions within the
framework of the impulse approximation.

The effect of bound-nucleon final-state production on R(k) is
essentially a kinematical one. The unly kinematic difference between the free-
particle and bound—stafe problem is the available kinetic energy in the final
states. This difference appears in the energy $ function (see Appendix). In
‘the bound-state problem § (E-Ef) becomes & (f(k) + V - €, = €5 - 64),
where V = final-state potential energy, 0 & V27 Mev. To the.extent, then,
that internal correlations in the final bound states are ignored, the problem
reduces exactly to the free-particle problem, with the exception that f(k) be
replaced by f (k) + V.

. | ;o
Therefore Ro b(?(l}nd’.t 'k9 [f(k) + V]7/2 exp {_% (k) + V + A)).

It is easily seen that in t-he‘productionv of bound final states, the peak position
differs by only ~ 0.6 V Mev/c from its value in free-nucleon final-state
production. Thus the qualitative features of the speéf‘rum are not changed by
the presence of bound final states. '

The impulse-approximation theory of A + w production described above .
is, without doubt, a severe oversimplification. The neglect of final-state 4inter—
actions is, in particular, its most serious defect. This statement should be
qualified—the omission of final-state pion interactions is not unreasonable, while
a neglect of final-state T interactions is seriously inadequate. This is so simply
because pion-nucleon interactions are important only near resonance, i.e., at
a c.m. energy of ~200 Mev in the I = 3/2 state. Since energy conservation
requires that the m-N c. m. energy be £ 70 Mev in both reactions (a) and (b),
pion scattering is likely to be negligible. On the other Hand, the T is known to
interact quite strongly, as evidenced by the importanée of the Z-A conversion

process. Further, Z interactions could take place off the energy shell, which -
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of course would lead to a significant broadening of the emergent pion-momentum
sp'ectrum. An estimate of the importance of this effect has been made recently
by Karplus and Rodbergll for K_-d.euterium interactions. They findthat widely
different pion spectral shapes are indeed possible. Since Z- A conversion is

at least as important in heliurr’a as it is in deuterium, it seems likely. that this

. spectral Broader'ling should also appear in K -He absorption., . The significant
question whether the broadening is sufficient to vitia‘te the usefulness of the
spectrum in distinguishing between direct and indirect A production cannot at
this:time be answered by further calculation, but must be referred to experiment.

Tt. can be hoped, 'in spite of its ﬁaivetg, that the simple iimpuloe
approximation theory is sufficient to describe A production at least qualitatively
* (this is the casé in K—-D'aBSOrpti‘on). The fact that the calculated pion spectral
shape is insensitive to all dynamical assumptions, excepting final-state Z inter-
actions, is an encouraging aspect of the theory, so far as it concerns the
separation of 'd_ire'ct and indirect A production.

The impulse—a;pproxima;tion spectrum can be a.deqﬁately represented
by the function . Ro(k) shown in Fig. 1. In order to more readily compare with
experiment, where momentum measurement is limited to an accuracy of
~+ 20 Mev/c, we have folded R(k) into an experimental resolution function,

Pr "k 2
exp| - 1/2 20 .

The resulting spectrum, F—(pﬂ), is shown in Fig. 4. Preliminary experimental

1 .
results are in reasonable agreement with F(p“).
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Appendix

Calculation of the Zeroth Order Spectrum

pz k p.p . Kk :
Letting X.2 - J fec o jjt .o , we see, from (8),
J 2a
o j+k0‘ 5 4 ;
-x,” X.dX. p. dp.
R (k)2 j _‘TJ e 5 TN PPy [8E-E)

ko 0 .-k

. J o

2 o

..- ’ ) 2 R
: 0.k
R “ P +ko . I -PJ O . d 8{E-E
—k—f”] é —;Za sinh LT P; P; ( f) .

Energy conservation gives

2.
: 2 p.
. ) 2, 2 k° B
E-E; = mk-l-m--my B-’\/k—+—|¢d- > JE AV O

where B - He4 binding = 27 Mev and p = ﬂ mass.

Defining 2
’ a ‘ 2 2. k
f)=m +m-m - B AVl Y
2
D writion R . . .
and writing o 1n terms of the varlables ej =S5

we have

( / k:..Z\

- -3/2 --o-

Ro exp ——/
k

6(f—e2 - €3 - 64)>d€j .

Writing the & function in terms of a dummy variable w, we have

©0

e o _ lw(f-€_ -€e,-€¢ )
& (f €5-€3 64)— f e 2 "3 4 do
%0
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RO. becomes

Letting 7 = am +iw, we fmd

ey
§1(T) _ﬁz e \? ?‘ 3 thus 4

' ' [3+ioo o :
roo " [3k % v
> m [, (3m K2 1 £t (ko m 1
Ro~k e a. M/ 2M | 2mi ‘ e e 2 LT

2a dr

p-ie 972

T

This integral is, e>;cept for numerical factors,' a well-known integral >
representation of a Bessel functionlz' of order vy = 7/2_ Let A = 3;\17[ 12<M
(note A < <1 except for very high k) .

f D isra) T/ 112 -1/2. | 3k, |
Then R~ e o ) (k) k / i J7/2 <i ?7‘— mf )

Noting that the argument of J / is 50.07, we ma.'y take, to a

1 2
very good approx1mat10n

b

[ Bz 7/2 - |
-7/2 7/2 \ —o.mff (R-:V f ) * . Then the rate becomes:

20.2

o ,
R (k) ~19 f(k)?/z o o3 [ f(k) + Ai‘



11.

12.
13.

o 0 o N o

-20- UCRL-8747

REFERENCES

Leitner, Harth, Block, and others, Bull. Am. Phys. Soc., New'York
Meeting 1959. '

Alvarez, Bradner, Rosenfeld, Solmitz, and Tripp, Nuovo cim,entoi, 1026
(1956). ‘ '

This process has been discussed by Horwitz, Miller, Murrary, Taft, and

. Schwartz in connection with K -d absorption, Bull. Am Phys, Soc. II,
3, 363 (1958).

A. Fuji and R. Marshak, NYO Report 2166, University of Rochester,

March 1957. 7
Pevsner, Anderson, Block, and others, Bull. Am. Phys. Soc., New; York
Meeting 1959. ‘

Data from K -P and K -d absorption are consistent with pure s absorption.
R. Dalitz, Phys. Rev. 111, 967 (1958).

R. Hofstadter, Revs. Modern Phys. 28, 214 (1956).

A Paié and S. Trieman, Phys. Rev. 107, 1396 (1957).

.- Fuji and Marshak, 4 using perturbation theory and global symmetry, have
calculated analogous constants for K -d absorption. The results do not

cagreg.with-experimeunt,

B. Karplus and L. Rodberg, Inelastic Final-State Interactions:
K™ Absorption in Deuterium, (submitted to Phys. Rev., 1959),
A. Magnus, Special Functions of Mathematics Chelsea, 1949), p. 131.

Jahnke and Emde, Tables of Func;cions (Dover Press Publications,
New York, 1949), 1. 103.

Information Division

CA



This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained 1in this
report, or that the use of .any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission™ includes any employee or contractor df the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.






