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ABSTRACT

New work directed towards practical use of heterogeneous

reactor physics calculations is here reported. The most im-

portant result is given in Section 4 in which thermal utiliza-
tion and resonance escape probability are calculated for infinite

multi-component complex lattices. These calculations permit

for the first time, we believe, straightforward and simple

analysis of certain reactor cores with multi-component lattices,

A description of an IBM-704 code now being written, which
will do realistic heterogeneous calculations is given in Section
I, Several methods for calculating the fuel element thermal

absorption parameter are given in Section 2, The calculation

of more precise rod-to-rod kernels, using transport theory, is

developed in Section 3.
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Section lo Heterogeneous Reactor Calculation Code

1 1 Code Input and Output

Analysis on the initial code for heterogeneous reactor
calculations has been completed and flow charts have been
writteni: This code is designated HET 1 and is being coded for
the IBM-7040 The code will have the following capabilitieso
It will handle up to 80 types of fuel elements and up to 2000
individual fuel elementso It will solve two types of problems;
finite core configqrations and infinite lattice properties. The

inputs and outputs of the code will be as follows;

Inputs

(1) Infinite line kernels in an infinite moderator will
be specified by giving the kernel values at the rod
surface and at a series of mesh points to be speci-
fied, Four types of kernels will be given in this
way "" Fnmd fnm' gnm” ¥Tm ' corresponding respective-
ly to slowing down from fission followed by thermal
diffusion”® thermal diffusion alone, slowing down to
resonance, and slowing down from resonance followed

by thermal diffusion,

cGeE
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(2)

(3)

Fuel element (or absorbing element) parameters
including * and A for each individual element
HET 1 will treat only one equivalent resonance
occurring at the same energy in each rod,, It will
not include fissions at resonance energies and all
fissions are assumed to Occur at thermal energieso
Input information concerning the geometry of the

reactor latticeo

* All notation in this report will be identical to that used

in Quarterly Progress Report No, 1 NYO-2673 except for the

kernel subscripts) The kernel subscripts have been reversed

in significance to conform with

an give the contributions from a fission neutron at the

m—-th rod to the thermal flux at the n-th rod.

Output

The outputs of HET 1 will be as follows if the problem

configuration is that of a finite lattices

(1)

(2)

If the problem configuration is that of an infinite lattice

The reactivity of the configuration, obtained as the
maximum eigenvalue of a certain matrix.

The relative absorptions in the individual rod types,
obtained as the eigenvector corresponding to the

reactivity.

the outputs will be the following::

J 007
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(1) The reactivity of the configuration, ®

(2) The relative absorptions in the individual rod types
for the complex (multi-component) lattice

(3) The lattice parameters p, and f for the complex
lattices.

The basic assumptions implicit in the code are:

(a) The source rod can be represented by a line source,
ioevolume source effects and volume absorption

effects within the rod are not explicitly considered,

(b) Displacement of moderator by fuel is not considered,
(c) Fission at non-thermal energies is ignored,
(d) Only one equivalent resonance is considered,
(e) The rod parameters are independent of the inter-rod

separation distances,
(£f) The fuel and absorbing rods are assumed infinitely
long in the axial direction,
(9) The moderator is assumed infinite in extent.
The code will be written in separately contained sections
to allow replacement of many of these assumptions one by one as
the generality of the formulation is extended. Although initially
the kernels to be used will be derived from age-diffusion theory,
the code will be able to use kernels of arbitrary type, e,g,
transport theory kernels, as long as they are displacement

kernels, i,e,, functions of only the source and receiver points.
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1.2 Mathematical Treatment

In matrix notation the HET-1 code solves the following
problems

ai=k 8i-8i (i.1)
where i is the vector whose components are the relative absorp-
tions in each rod type and §, and ] are matrices relating
these absorptions to each other” k is the reactivity of the
configurationo The HET-1 code solves for k and the vector i
of relative rod absorptions in the wvarious rod types.

All rods of identical composition” geometry, and spatial
symmetry in the reactor are said to constitute a rod type. All
rods belonging to the same type will be physically identical at
all times during reactor burnup, and will experience identical
neutron absorption (and fission) rates. The number of such
different rod types determines the order of the matrices in
(I4) . Thus in an M type configuration the matrices Q, Z and
y will be M by M and the vector i will be of order M The
elements of the matrices are as follows?

2 is a diagonal matrix whose diagonal elements are the
values 7n for each of the rod types.

The Z matrix is obtained from the thermal flux kernel £
We shall designate rod types by a Roman letter subscript and a
particular rod of that type by a Greek letter subscript. Thus
£ will be written with four indices, f£ the two to the right

of the comma referring to the source rod(The p rod of the m~th type)

CcOoo
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the two to the left of the comma referring to the receiver
rod (the a rod of the n-th type), Then the element 2 of the

matrix is defined as

nm "na’mp'

the summation extending over all rods of the m-th type. Note
that Znm is independent of a because of symmetry.

The G matrix is obtained from the kernel F nm which
represents slowing down from fission followed by thermal

diffusion, with corrections for the flux diminution due to

resonance absorption,
*
“nm ~ § “na“mp n
-t m

It is convenient to define the following matrices:

T\ with components T
nm

na,mp
I , with components T- Fr
nm na,mg
S j with s" =2 g°
S with components S’ = g gnajm8
~ , a diagonal matrix with components Am

In terms of these matrices G may be written as follows

S = (T-TrA S ) 3

1 v CIO
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Equation (1.1) can be written as

ii="el d. 3)

where L = 2 + 2° This equation takes the conventional
eigenvalue form as follows?

LAG i =k i (1.4)

The procedure in HET-1 is as follows? First one computes
the type-to-type matrix elements Z * G |, etc. by actual
summation of the rod-to-rcd kernels» One then adds § + * to
obtain L. L % is then calculated by an iteration technique” The
first guess at the reciprocal matrix is formed by a Gaussian
elimination procedure» Subsequent iterations use the following
algorithm

ij+l = Ij(2I - L Rj) (1.5)

where Rj is the j-th estimate of the reciprocal matrix* J is the
identity matrix* and Bj+qg is the next estimate of the reciprocal
matrix,, When this procedure has iterated to convergence (accord-
ing to a criterion specified in the code)* the code goes on to
the next step.

The next step is a matrix multiplication to obtain t Q.
At this point one is ready to solve equation (1.4)« The power
method iteration technique is used to obtain the maximum eigen-
value* which is equal to the reactivity of the configuration* and
the eigenvector that corresponds to it. This eigenvector represents

the relative absorptions in the various rod types, From the

450 011
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relative absorptions the code calculates the ratios of power
generation in the wvarious rod typeso This concludes the
calculation for a finite reactor.

When the problem is that of an infinite lattice an option
is available in the code to calculate the lattice parameters
£, p* and il xhe code follows the calculation scheme presented

in Section 4,

12
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Section 2. Determination of the Rod Parameter 7

2.1 Discussion of 7

7 is a physical property pf a given rod in a given moderator

1

which is utilized in heterogeneous calculations. Tn is defined

as follows;

asy.
n
- (2.1)
n
where ®asy = asymptotic thermal flux at' the nth rod due to all
‘n
the rods in the lattice. This asymptotic flux
differs from the actual flux in that the source
rods are considered to be line sources which only
see moderator surrounding them.
. . . tl?
i = thermal Absorptions in ft ' r°d

cm sec

In this”section we will consider three diffgrent methods

: 1
of obtaining 7 for a particular rod-moderator combination. In
a loosely packed lattice, 7 is independent of the distance
between rods (lattice spacing) and the number1of rods present.
[ ' :

Thus we can consider any lattice arrangement of the rod and
calculate 7 for the rod in this configuration. In this way we
obtain the 7 for the rod in the moderator. Since one of the
simplest lattice configurations to study is an infinite square
array, we have developed methods of calculating 7 for this type
of rod configuration. It should b? noted that an infinite square

s

lattice of one rod type has only one symmetry. Thus, as in

¢;s¢ 013

Author*s Note; The subscript u is used to indicate that the

symbol refers to uranium.
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heterogeneous diffusion theory, an effective cylindrical cell

can be associated with any rod "n" in the lattice.

2,2 Method 1 - Evaluating
“mod

The first method we shall discuss utilizes the equation

03
asyn

“mod

where

= cross section area of the nlL rod

aau= macroscopic absorption cross-section of the n
! \\1

rod

aa mod = macroscopic absorption cross-section of the

moderator

Oasyétng = asym?totlc thermal flux due to all rods at

any point of the moderator surrounding the
th
n rod
(rm) = actual thermal flux due to all rods at any

point tjjj of the moderator surrounding the n

rod

-_o

mod = average flux in the moderator included in the
. . . . til
equivalent cylindrical cell surrounding the n
fuel rod

th
b = average flux in the n fuel rod

D (disadvantage factor) = mod

u 14
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1.00

We can obtain equation 2,2 from 2,1. by substituting
1II - OHOAU$ into 201 and multiplying numerator and denominator

“modo

Since (r ) will differ from $(r ) only very near the
asy m v nr
rod itselfj it is wvalid to replace fCr ) by ® (r ) when
averaging $(r ) over the entire cello This is true because the
volume of the moderator in an equivalent cell of a loosely packed
lattice is largeo Therefore the error incurred by using an in-
correct representation for S ("w)over a small part of this volume

is small Since we are considering infinite rods* we need only

average over the areal Thus,.

p 1 I" ~v . Rl
2.3
mod mod ( )
A
moo th
where Amod - cross section area of the moderator in the n cell
We obtain dnsy(rm) as a second order Taylor expansion about the

rod nl To facilitate this calculation, the quantities Afn(rm)

and AFN(tm) were introduced (defined below)o The Taylor
1

expansions of these quantities and the results for Afr and AF”*

for age diffusion kernels are cited in appendix 2.2. Below is
the result for $ < in terms of AF , AF and reactor
moo. n n
constantso
11104 ) (2,4)
- Aqll q£nq
( fflo
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11.

where

is a point in moderator surro&nding the nth rod
g 1is taken over all rods
I - fission neutrons emitted
thermal neutron absorbed in the rod
P = resonance escape probability
an and ﬁ1> are the rod to rod kernels discussed in

section I»

The disadvantage factor can be calculated directly from
the thermal utilization which can be computed analytically or

determined experimentally,

(2.5)

where f = thermal utilization

ftmod |
I

From D and the ratio we can readily calculate 7n using

equation 2,2
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2.3 Method 2 - Heterogeneous Technique
For the case of an imfinite lattice,
. (3)
equations can be stated as:
75 —idamt ai 24
'm T kS mn ntn 8<1 nm'n

for m,1, 2>(0

12.

the criticality

(2.0)

For an infinite square lattice where all the rods are physically

identical, the constants q and y do not

the next.
Thus we

all the rods must be the same.'

cancel the i's and obtain for this case.

_n=Ifnm
We have proved in appendix 2,1 that for

lattice.
»

24=1Fnm P~1l
mn

A

AFmn

«t0
Substituting for 2

equation 2.7 becomes.

7 = F_ -

Z f
tn=1{ mn n=1"mn

When the above equation

to as the heterogeneous technique since

kernels F and f are used.

where we consider only age and diffusion kernels,

Since there is only one symmetry,

from equation 2,

is utilized to find 7,

differ from one rod to
the absorptions in

can drop subscripts,

(2.7)

an infinite square

(2.8)

8 and noting k = gpf,

(2.9)

it is referred

the heterogeneous

For an infinite square lattice

the sums in

equation 2,9 are readily evaluated by the Poisson Summation

0 17
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13.
(4)

Formula. For an infinite square lattice of lattice constant

a and rod radius R . we obtain

ZF (2.10a)
n Mn
mod
£ a2 f, §£~ wRn 1
vE = 4L2(in( )+ (2.10b)
n mn
a mod
where L = diffusion length in the moderator.
Since the kernel sums are known,, if the thermal utilization is

calculated or experimentally determined, we can obtain y directly
from equation 2.9.

Note that no assumptions have gone into the derivation of
2.9, This method is also completely independent of resonance
absorption effects. Furthermore an extremely important result
concerning Y when it is obtained by equation 2,9 is shown in
appendix 2,3, In this appendix we see that defining y by equation
2.9 will give the correct k even if the kernels used are in-
correct. Thus the 7. obtained from equation 2,9 when incorrect
kernels are used, tends to balance cut the effect of the incorrect
kernels when both are used in the eigenvalue equation.

From the foregoing discussion, it may seem that this
second method represents a panacea for obtaining 7 for all rod-
moderator combinations. However, we shall later show that 7 as

obtained from equation 29 has such a large dependence on the

50 0i8
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140
thermal utilization (the same is true for the first method) that
it may be less useful for calculating 7*3 for rods in a D20
moderatoro
204 Method 3 - Diffusion Calculation of 7

Multiplying the numerator and denominator of the term on

the right of equation 2,1 by ~“iff~o” and diff where

$diff (RO) ~ on the periphery of the rod calculated

by diffusion theory

*u d'ff = oarage flux in the rod calculated by diffusion

theory

we obtain after rearranging;

- _ 0 R0 s (2011)
7 - oauAu *udi£f<R°'>
where R - asyn
ldiff (N7
¢
udiff
S =
u

a actual average flux in the rod

The simplest type of ¥y calculation is to ignore R and S in
"qiff ~o

equation 2,11» Doing this* calculating — for an infinite
adiff
source rod of radius R_s we obtain
ILu Io<Ro/V
o Du VG i N (2 012)
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15,
This is the way 7 is calculated by Galani”~lnd others. However,
this is only an approximation and should be recognized as such.
From physical reasoning we know that S will be slightly greater
than one. We do not know* however,, in which direction and by how

much K differs from one.

2.5 Applying Methods 1 2% 3 to a Uranium-Graphite Lattice

We have performed computations on a realistic lattice which
was one of the configurations studied by Brookhaven National
Laboratory _ We took a = 8-3/8 in. and Rg = 1 cm. We have con-
sidered our moderator to be AGOT graphite* whose properties have
been determined experimentally. The experimental wvalue of L is
2800 cm2; oAmZa 4 x 10 cm for this type of graphite. We used
the values of the thermal cross-sections for natural uranium as
quoted in Weinberg-Wigner

Since f(r) is a more rapidly varying function of distance
than F(r)* we found that when wfe applied method 1 to this lattice

that A-? > AF , Thus AF can be ignored in the second term of
n n n

equation 2.4. Utilizing the equations in appendix 2,2 we found

Af*= ,254 cm o Then substituting our diffusion wvalue of
p - .94; £F = 5,49 ecm ; 2f = 5,74 cm * into equation 2.4 we
m IUU m nm A

obtained “asy .8130 Calculating D from our diffusion wvalue of

4>mod
the thermal utilization (f = .826)* we obtained 7 = .95 cm from

equation 2,2 for a uranium rod of radius 1 cm in an AGOT graphite

20

TECHNICAL RESEARCH GROUP



160

latticec Utilizing chs,values of the thermal utilization, %an

and m referred to above, we obtained 7 = =91 cm * from equation

209 of method 2, The diffusion theory result was 7 = «93 cm

It should be noted that the diffusion theory result becomes more

inaccurate as the rod becomes blacker - as the radius is in-
creased.,
(z&*
For a 1 cm I asvi 72 (het) 7~ (diff)
Hat U rod in
AGOT graphite 95 o091 093

Let us evaluate the error in the 7 computed by method 2,
as%uqing thgt the thermal utilization calculated by diffusion
theory is 1% too large, To do this we shall use equation 4 of
appendix 2.4 Substituting the values quoted above for ZFnm,
éfnm and.f%, we find a relative error in 7 of about 7%, Thus
a 1% error in f .generates a 7% error in' 70 This indicates the
importance of starting out with a correct thermal utilization,
measured experimentally if possiblel

When methods 1 and 2 are applied to a D7G moderator, the
error introduced in 7 by using an incorrect thermal utilization

is larger than in the case of a graphite moderator, However,

TECHNICAL RESEARCH GROUP



17,

the thermal utilization is known mere precisely for a D-,0
moderator since for. practical lattices its value lies between
=95 and 1lo Thus it is reasonable to assume these methods for
determining j will be +valid when the moderator is D-.0.

Returning to our definition of

i =41 & (2 cl13)
y asy
we can make some qualitative observations as to how Yy varies
when the radius and enrichment of a uranium rod are changed.
assuming the properties of the moderator are fixed. As we in-
crease the radius cf the rod, for a given as> we expect an
K{
increase in absorptionst Thus Yy must decrease with increasing

rod radiuso For precisely the same reasons we expect y to

decrease with increasing enrichment.

2,6 Thermal btilizaticn for an infinite square 1lattice

If we set the two relations for Yy (equations 2,2 and 2,9)
equal to each other, we can solve for the thermal utilization,
in this simple case, entirely in terms of the heterogeneous

kernels. Doing this, we obtain

450 (22
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19.

°a AuC - W~~
£ U Iéln (2.14)
a A CQ - -
au u mn
where 2f

Q= srmsnl> |

G = asv<l
mod
From 2010, SRmn co 2 ¢ &
a a a mo
mod mod

for a heterogeneous system.

Also Ca, A = c A .
4 Tu a mod. ,
u mod

Substituting these into equation 2.14 we obtain the desired

result
(2.15)
Q-G

For a given moderator-rod configuration where the properties of
the moderator are fixed, the largest wvalue of the thermal

utilization occurs for G-K). This 1leads to

3
mn
(2.16)

Linax

It should be noted that the same result can be obtained directly

with equation 2.9 since 7 - 0 is a lower bound on 7. Equation
2.16 indicates that no matter how much you increaselthe uranium

enrichment, there is an upper bound to the thermal utilization

which is determined by the properties of the moderator and the

geometrical arrangement of the rods. ”
c’2d
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Section 30 Transport Kernels

3.1 Transport Point Kernels

A transport theory approximation to the flux from a unit

point isotropic source in an infinite moderator is (815
-Xr
Be

<Kr) 4ir Dr (3 1)

where X=Y3aaa(l-p) " (1-2aa/5a)
» 5 4dJa

0= ~0; p=1-~

At large values of r, the first term predominates. This term is

constant p, Lo In the region near the source, however,
diffusion theory is inapplicable and gives a smoothed out flux
with 1/r dependence which is much too small. Thus the second
term in the transport approximation gives a more realistic —2
dependence for the flux close to the source. We can determ;ne
the transport kernel for a line sburce of thermal neutrons in
an infinite moderator by integrating over point sources. We
shall do this for infinite and finite line sources. These
kernels can be substituted for the simple diffusion kernel in
the heterogeneous equations.

3.2 Transport Kernels for Line Sources

Let us define the following integrals for the flux at

the center of a rod of length at a radial distance r”* away.

04
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Let z be the distance along the rod measured from its center,

0
V

Let r be the distance between any point on the rod and the point

rQs Then for a rod of length 2£() the transport kernel is of

the form.

-i€r a
A —
AN

define £~r~ - J° £-~I1.dz

—*(
°y= aar

f2 (r .dz
drr

(302)

(Jo3a)

(3 3b)

The second integral (303b) has been evaluated numerically

in connection with gamma ray uncollided dose theoryl

(V - in;F(tan'l o C;Ar

1
a o
4

where the F functions can be found in graphical form.

(9)

We have.

(304)

The only

difficulty with using these graphs is that the F is not plotted

on a fine enough mesh over the range 0 < o = 1,
range of interest for graphite or DgO moderators»

infinite rod.
fec- F(T/2s0 r )

o

r25
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It can be shown using the Feynman Technique (Appendix 3 1) that

F(“~aaro) = £ ' Kjo(aar) (306)

where KjO (aar) are integrals evaluated for small values of the

argument. . Thus for an infinite rod we have:
2<\V = Ll ° Kjo<Vo=]
(3.7)
Let us evaluate the integral (3.3a)
L
Te—<EfEf7T
o _a— ___ ) 2 6
(r) =X —— . ....... dz since 2z + r (3,3)
Now the integral is an even function of =z
1
? =-Hl1/z2 + r 2
i(roy = 2—-/ iz, (3.9)
~ 2
Vg~ + r~ -
o
separating f£1(r0) into 2 integrals”
I 2
z + r. Y*-Mlz + I
e §a G
£f1(r0) = 2 (3010)
T

Let us look at the first integral. Pulling ro out of the square

root we have

26
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i -
of ¥ \/]l -r z'
A
dz (3 0il)
r J1 + z2/r 2
oV ' o
. ) . 2 2
Now make the variable substitution i =1 + z /rQ
Then we obtain
—-«<roW
-4n = KO~ rxo) (11) (3012)
VAL -1
For an infinite rod (3010) would be the only term in £% (ro) ¢
) S
Now let us evaluate the second integral which is of importance
for finite rods. Making, a substitution of wvariable t2 —X.2 (22+ roz)
we have,,
co ., r2~. 2
-Ww* T , 1
e dz = dt (3013)
/ 2
vz + ~/t .R -f r,
1o
Taking t/”“out of the square root we obtain
£?
e-'t dt (3 014)

We know t2/~ ~ i2 + ro¥: Thus for il > > rQ> -9—3j < < 1,
T -
t At

f;o P2‘
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Expanding the square root in powers of we have

Cj0

. 2X 2 4 4
le”t p R 3 ro <* +
~~ 7 4 12 27—+ (3.15)
1
t
2 2
the integral 3.15 becomes
| AR \ AN}
E! ‘m'1£02+ rp2) + 1/2 ( rz) Eo (K1402+ 2)+ . £ (3.16)
r B i
o o
n-1 e
where En (b) b "y dt and has been evaluated,
numerically. Now.
En(b\ = YT.e”b “ bEn-11

(3.17)

is a recursion relation which enables us to obtain EQ in terms

of E-* and exponentials. Thus we obtain for the second integral

in equation 3.10.

Do

(1-to e +,y P.18)

where t =

P28
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Substituting 3,12 and 3,18 into 3,10%,
2r 2 2r 2

) - z[KO«ero) - (1 +-°2 )HYEI1(t')-1/4 ~2— (3
£2 (ro - 19)
Substituting 3,19 and 3,4 into 3,2
Ll
~~ , a“aR0) (3,20)

*Uns(ro) ' WT'— F “-an

2r 2 2r 2 )
Aji['KO(Kr0) - (1l+cL;S~)EL(t') 1/4("LZo ) (i%e’

t*

For an infinite rod, we obtain the simpler expression

F~ /2%aar0) (3,21)

Equations 3,20 and 3,21 express more accurate approxima-
tions for the £ moderator kernels for both finite and infinite

rods. These kernels will be incorporated in some future

problems handled by the heterogeneous code. In this way, we

will determine how sensitive the eigenvalie results are to a

kernel modification.

H4b(i (29
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Section 4. Calculations for Complex Lattices

The heterogeneous method of reactor physics analysis can

be used to calculate thermal utilization and resonance escape

probability for complex lattices., i.eoj, those with several
different kinds of lattice rods,, These parameters can then be
used in homogeneous calculations. The procedure would be as

followss First one calculates © f5; and p for an infinite
complex lattice by the methods to be described,, Then one cal-
culates the effects of the finite, size of the reactor by homo-
geneous methodso

No systematic exploration of the properties of complex
lattices seems to have been carried out, Yet®, complex lattices
with rods of high and low enrichment are of interest for a
number of potential applications,, e g ., extending core lifetime,
power flattening., increasing the conversion ratio, and taking
the effects of burnup into account, Complex lattices with, fuel
and poison rods are of interest for control applications.

The heterogeneous method provides a direct means of cal-
culating the properties of complex lattices with many types of
rods. Formulas were obtained in our previous Quarterly Progress
Report No, 1 for p and f in an infinite lattice. These para-
meters can be used in the following way to carry out homogeneous

calculations consistently for complex lattices.

(ao
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We assume an unreflected (bare) core infinite in longi-
tudinal extent, for simplicity. Then by the conventional two

group homogeneous methods one obtains

K e horn

R (4»1)
horn®

where
B ~ geometrical buckling
“hcm thermal diffusion length for
the homogenized system
T = age to thermal in the

homogenized system

kCO = infinite lattice multiglication
constant
we shall use
= Tjpf (U/Z)
where the fast fission factor has been absorbed into T1j. This

expression for k assumes that resonance fission is negligible.
. . .
The relations between LOOIR and 12001 for the homogenized

calculation and L' and T for an infinite moderator (which are

used in heterogeneous calculations) are
LL. = L2(i"f (4-3
Thom = TCini:xture), i-e°® one

calculates t for the homogeneous

mixture actually present.

31
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Thus if T {» and p have been obtained for a complex
lattice one can calculate k .and for a homogeneous cal-
culationoc A homogeneous calculation of the geometrical buck-
ling* E * is then necessary to apply homogeneous reactor
calculation methods to a finite reactor core with a complex
lattice.

The formulas for f and p obtained in Reference 3 are as

follows for an infinite 1lattice

(404)
(4,5)
R
2 i
r-1 mr (4,6)
00
Lz,
n»1l
A is the average number of fission neutrons per absorption. Thus
00
m

We shall apply these formulas to cylindrical fuel elements of
infinite axial length in an infinite two dimentional lattice.
One equivalent lumped resonance is assumed and fission at
resonance energies will be neglected* since only low enrichment

fuels will, be considered. We define the following matrices:

4O p,32
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E* whose elements 7. . give the contribution of all. thermal sink
kernels fnm of type j to a rod of type i.
That is., Z2.. * Z2 £ *» . , from all rods m of the j~th
ij m “in-' Jjm
type to any' rod n of the i-“th type, Z.~ is independent of n

by definition of a rod type,
J, whose elements give the contribution of the slowing down-

thermal diffusion kernels Fnm of type j to a rod of type il

+

L
That is”*

]
oo

- 2 F
ij m

in*jm |

from all rods m of the j-th type to any rod n of the i-th type,
1 1
S *whose elements Sﬁ— give the contribution of the slowing down

kernels to resonance energy at r!*'l resonance from all rods of

type j to type 1i,

r
T
= Jjwhose elements ng give the contribution of the rth resonance-

to-thermal kernels from all rods of type j to type i

h Sa diagonal matrix whose elements are the nJds for the in-

dividual types

v 5a diagonal matrix whose elements are the ybs for the in-

dividual types

A “a diagonal matrix whose elements are the AJs for the in-

dividual types

O “which is defined as
§ = (J-TrA |r 2
If ywill denote a row vector whose elements are. the relative

number of rods of each type in the lattice

asu 033
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i , will denote a column vector whose components are the relative

absorptions in each type of rod.

In this matrix notation expressions (4,4)~ (4 5)., (4,6)

become the following;

[4:7)
(4,8)
m(4,9)*
* (4,9) is obtained as follows, (4,6) becomes
If one takes k = “pf and uses the expressions above for
0., F and one obtains (4,9) after some manipulation.
n i
n =
" (4,10

We have, applied these expressions to the two lattices
shown in Figure 1, A square lattice (20 cm on a side) of

natural uranium rods (2 cm i.n radius) in a graphite moderator,

450 f 34
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with 1,3% enriched rods in interstitial positions has been con-
sidered, The inter-rod spacing for the enriched rods is (Case I)
eéual to, or (Case II) double that of the square lattice’

For the special case of infinite” square, interstitial
lattices, the elements of the Za S , T and I ' matrices have been
calculated using the, Poisson Summation Formula” for diffusion
age kernelso This technique greatly facilitates a hand cal-
culation since it converts the unwieldy sums usually encountered
in computing these matrix elements to sums which converge much

more rapidlyl Noting that the subscript 1 denotes the rod type

with the smaller inter-rod spacing, Poisson Formula Results are

cited below for the matrix elements Q22y 21 w'iere Q
represents Is> S , T or T ' For a two component lattice we
obtain Q*2 £rcm utilizing the, relation

H1912  H299;

which holds for any displacement kernel® and H, are the

relative numbers of rods of types 1 and 2'

S Matrix

2
1 26-4r Tr/a% .
ri i=1,2
(4°11)
r 1 2exr~\/al
521 s TT
ai
L Ot
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A A ]
These expressions assume that J.1., a.% is the
a”
i
lattice area per unit rod for the itn rod type.,

Z Matrix

) ?
T, 2 H_; > ~oi
zu1 1 10481 + 1 i= | ,2
ArT
or
a. 0@ i > »m-r-n
1 ¢ g2 .2 (-1) = (4»12)
'21 rrl=«* n=-«» ~7
alaa 4TL m=zxn
where the prime indicates m = n = o not allowed:

Ro* is the radius of the Il rod typel

T Matrix
1 o
Tyd N~ i=1y2
ai aa
/i /L A
T0l = e Zn + e Z i? S(n
21 2. — 2 "ny“tat?-- -co TPy (4.13)
2irL <T,i A

é.’

u50 £'37
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~X 2 + (1/2-n2)2J3

o~

S(ni,n2) - —£7 exp -

a2

-5
b (1/2-n1)2 + (1/2-n2)23 E1[ ~ [ (1/2-nJ
1/2t 1 +
r129)"j

We can obtain x by replacing x by T - Tr

The rod parameters used in these calculations are as

follows s

Enriched rod (numbered 2)

radius = 2 cm
y - 00178 cm *

A 5100 cm2

2
Tr~ 262,.5 cm in graphite
P - 1c605;, including fast fission factor

Enrichment = 1030X

iisQ 038

TECHNICAL RESEARCH GROUP



Unenriched rod (numbered 1)

radius = 2 cm

7 = 0,255 cm *

A = 51,0 cm2

2
262.5 cm in graphite

T

T

4

1 340. including fast fission factor

Natural uranium enrichment

These rod parameters were calculated as followss
Calculation of 7

To calculate 7 for rod 1* for example, we assume an
infinite lattice composed of such rods, i,e,, a one component

infinite lattice The heterogeneous equation becomes

v - & T11 11

f is assumed known for the rod. In this schematic calculation
f was obtained from diffusion theory.
Calculation of A

To calculate A it was assumed that the resonance escape

probability p was available. A was calculated from

where 0 Is the lattice area per unit rod in the one component

infinite lattice for which p was calculated, p was calculated
. . t1238
by standard techniques using the values of the U resonance

integral given by Macklin and Pomeranee.!

y.rfg £ 39
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Calculation of

tj was calculated as the product of the, fast fission
factor, and the conventional obtained frcia measurements by
KOucs,, (13)

Figure 1 shows configurations I and II,
The H vector is the following-?

Configuration I

Configuration II

Other matrices are

The results of the calculation are given in Table I

/t-Q, r 40
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i2
11

.940

.872

1.34

1.095

IAHE | CALC\{IAT |ON RESULTS FOR CffllPLE1l
Unenriched Enriched
Lattice Lattice

11 1

.940 .953

.872 .872

1,34 1,605

1.330

LATTICE

IT

, 7194

,968

1.605

.978

, 7145

1,489

1.214

Complex:
Lattice

11

, 957

, 841

1,400

1.127
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The columns of Table 1 labelled "unenriched lattice'” give
the properties of the one-component unenriched lattice for the
two configurations. Since the unenriched lattice is the same
for both configurations these two columns are identical. The
ratio of absorptions not applicable to the single com-
ponent lattices, k is the infinite lattice static multiplication
factor

The columns of Table I labelled "enriched lattice’ give
the properties of the one component enriched lattice in the two
configurations. Since the configurations are different columns
1 and II are not identical. Configuration I is more tightly
packed than Configuration II* hence f is larger for I and p is
larger for IT

The columns of Table I labelled "Complex lattice" are of
primary interest. This gives the properties of the two component
lattices made up of enriched and unenriched rods. Since Con-
figuration I is more tightly packed than II, f is larger in I
and p is larger in II. h is larger in I where the ratio of
absorptions in the enriched to unenriched rods is 1.214 to 1, as
compared to 1.122 to 1 in the less tightly packed Configuration II(
The ratios i*/i* for these two configurations could not have been
predicted by homogeneous calculations.

The interesting and surprising conclusion demonstrated for
the complex lattice in Table I is that k* is actually smaller for
the more tightly packed lattice Configuration I, than for the
loose packed Configuration II. This is due to the lower p in I,

which is not sufficiently compensated by a higher

450 C42
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Appendix 2,1

“Tc Show 2 F - P2 ,F for an infinite square lattice”’|
g-i 4 mq

Let us look at the heterogeneous equations for an in-
finite square lattice with only one rod type when resonance

absorption is present (subscript 1) and when it is not

(subscript 2), We assume that 7 and q of the rods are known.

Cancelling the i?s, we have

(1)

Setting the two expressions' for 7 equal to one another) we

obtain

(3)

For an infinite square lattice with no resonance ab-
sorption present,, utilization of the Poisson Summation
Formula yields the result that the asymptotic slowing down
density at thermal energies 1is a constant throughout the

moderatoro For resonance absorption present., we f£find that: the

0
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asymptotic thermal showing down density is again a constant

(with smaller magnitude) throughout the moderator if the

condition

j-L >> 1 (4)

a
where Tr is the age from the resonance energy to thermal

a 1is the lattice constant

is satisfiedo This condition is fulfilled unless the lattice
constant a is unreasonably large. Thus we see for the case of
the infinite square lattice that the spacial distribution of
the thermal slowing down density is not affected by the presence
of resonances. It then follows for this case that the thermal
utilization, calculated by the heterogeneous method, is in-
variant to the presence of resonances. Therefore” reactivities

in the two cases* with and without resonance absorption present¥*

reduce to

ki - vp (5a)

k2 = 'Bf (5b)

Returning to equation 3* we obtain the immediate result

~0-

0 Cca4
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Appendix 2,2

""Calculation of " "

asyn

A, Derivation of equation 2,4

We represent % (r”*) by “aSyCrm) throughout the moderator

when averaging Thus
N f
*mod “ A R
mod (J asy' m m dAa

Area of moderator

ef>
We define a quantity “~aCy(rm) ftom the following equation

A® r ) r -«
asy‘$ m) asy"( m) asy (2)
For an infinite square lattice., where each rod has I thermal
absorption/cm sec,
t (r ) - 12F*(|lr -r I) - 2£(1lr - ? 1) 3a)
asy nr g vlm q'l q xm
= - Zt
asy_ a ng g nq
where q is over all rods”®
Subtracting 3b from 3a
Kt Arm* = 1lAF *(r ) - Af (r )
asy n s m] ns m/
where we define.
AF F O F X]I C5
n '(rrrg - éi P tm rq ) nq J a)
A — : - 1
Afng%}I Z m r;) f&%J 5b)
AF (?) - 2CEC1lr " r. _ M 5
n' oo . = F qﬁ‘ (5¢)
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It is the difference quantities (5) that we shall later expand

in a Taylor Series,, We want to obtain im0(* in terms of these
quantitieso To do this let us return to equation 2 and in-

tegrate over drm When we do this substituting equation 4 for

At, (r )¢
asy nr
. . AR /AF *(r )d? - — |Af (r )dr
&moas $asyn ! g!mod / n m_ n Amod/ " m m (6)
| mod inod

If we consider the integrals divided by the area as averages

AFn and A?nrespectively then equation 6 becomes

ok
= a + W AT

mod asy. n
If we divide by t P
asyn
*
*mod = 1 reEnar | £ (7)
asy._ qknqgq ngq

We shew in appendix Zd that for the case of an infinite square

lattice with one rod type;,

zZhg - P»,,,

It follows that the same relations hold for Wo Making these

substitutions we obtain

asy. 'an nq

48
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Bo Evaluating ATn and AF“by a Taylor Expansion

Since the principal contributions to the. ker?el sums

rll
Af (£f ) and AF (r ) (5) comes from the nt rod itself, this con-
n nr nt{ nr "
tribution was evaluated exactly. For all other rods (q 4 n)>
the contributions to Af{r ) and AF(r ; were taken into account
nm n m
1?
by a second order Taylor Expansion about the ntA rod. Defining

p as the radial distance from the rod n to the point r111 in the
m ‘
moderator and summing over all rods in the infinite square

lattice of pitch a, we obtain

+ 1
Afrfrm) = f}(Pnr.) + tn ga dr
ga
11irl
dr
av? Ilie
avg + s aﬁqliéz
-£ (RO)

In equation 9, the first term on the right represents the con-
tribution from the rod n itself. We can also see that the.

2
second order expansion depends on Pm , thus it3s radially

symmetric. We would obtain an exactly similar expression for
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For any set of displacement kernels Afn (rnt) is of the form
£(Pm) * ’ w ~2* where C-* and C2are constantso This can be
readily averaged over the equivalent circular cell if £{Pm) is
integrablel We. cite the results for the case of diffusion and
age theory kernels where it is the reciprocal diffusion length in

the moderator and R is the radius of the rodso

R,

a
2irf” a (i Ré,)
amod ir o
(10)
~T ¥ T 9
where B 2 2 K (Una) Ko “nalT?2) + 2 9(0 I221 K CKay jl{
n=1 ° n=2 j_l °
48
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Appendix 2,3

"To show k is independent of the diffusion kernel used when

7 is obtained by Method 2"

Suppose we have 2 sets of kernels, the primed and the
unprimed For an infinite square lattice where the thermal
utilization is known, we can obtain y and y from equation 2.9

for each set of kernels.

C oot (1a)
ran

Zf (1b)

‘n
Substituting each of these -y's into the eigenvalue equation
for the infinite square lattice with the appropriate kernels

used in each case, we obtain

%ZFhm zf - rzF % - Zf (2a)
mn k mn mn

IzF = ZFf 7

p i zf (2b)

Solving for k and k fro: equations and taking the ratio.
* kl. ?mn“Fmn
k 2Fr  JzF
mn

mn
For the case of an infinite square lattice, with only one rod
type and one effective resonance absorption, we can obtain the.

above summations in terms of the matrix elements discussed in

section 1. If We did this.

c49
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we would find that k is independent of the thermal diffusion

kernel approximation used. However., this conclusion follows
i
more readily from the result in appendix 2,1, That is*,
*
£ nm
P =5

ran

Substituting this relation into equation 3, we have

Since the p’s only depend on the slowing down density distri-
bution at resonance energies,, they are independent of the
thermal diffusion kernel approximation utilized. Thus the k's
are also independent of the diffusion kernel approximation

when 7 is obtained from equation 2,9,

( CO
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Appendix 2.4

88Error in y due to a Diffusion Theory Thermal Utilizationl

Since the f calculated by diffusion theory is too 1large,

the wvalues 7~ of 7 obtained using a diffusion theory thermal

utilization must be too small, In the. following discussion
f = true thermal utilization; = diffusion theory thermal
utilization;

/if = £~ - £

A) Error in Method 1.

l SF " ~fmn
o * I Fun
v — Fm- (1b)

I

Substituting for fD in a and subtracting b-a.

1
7=7 = i ond g 2fmt ~ Efmn (2)
Now Af«f r
7" 79 = .,c_iian_rzlfmn . £ L‘)' At o v ZE (3)
7 » ?ﬁ = ﬁi EF , where the term on the right represents

the error in using

E) Error in Method 1

Following the same routine as before we obtain after

a few steps?

0 051
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[{ 11 af g Af
Iip T~ 7 (5)

Neglecting terms in (Af)

_ vy = "£S81 1 Af
7 D r aA.c 72 (6)
mod a.s n
Now by definition a”AGC =

o . Since the area of the cell
$nod mo<i'

2 ! U
a ~ A for most heterogeneous systems,
mod
a AC~a A - —~~ from equation 12 of Section 2. (7)
au a ajnod r21an
Substituting (?) into (6)
7 - “ kb (iFmn) ( €£p ) (8]
mod

|
r

Since _as® h 1, the error in method 1 introduced by a diffusion
“mod

theory f is slightly less than in method 2)

052
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Appendix 3«1

Evaluating £2*ro* ='£ﬂ %? "B» by the Feynman

Technique,
The solution to the helmholtz equation

el20,(') = S(Z

v vHV(r/ (1)

with an infinite line source of unit strength

e-0¢ dl

T (2)

arr lr - I\
info line

In the above equation 1 is the vector to any point of the line

(e
source; r is the wvector to the point in the moderator at which

we want to evaluate the kernel, ro is the radial distance from

P

the rod to the point r. Since the 1line source is infinite we
expect (GH = $H(ro)
Suppose we consider to be $H(r”>r0) and integrate

with respect to a¥*,

sr~ /05 do lerd 1z _dj = £2(xo) (3)

4F Sr - i}
line
Thus if we can find by solving the helmholtz differential

equation using the boundary conditions for an infinite rod, we can

8&
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integrate with respect to al and obtain £2(ro) as shown in
equation 3=

Therefore”, we lock at the inhomogeneous helmholtz equation
with only one independent variable - the radial distance rQ

from the rodl

d 1
° = (x0) /2Trr (4)
r° “o
The homogeneous solution is
5H'*ro”* A O — (5)

We apply the source boundary condition to evaluate A;

limVt » d.8 = 1limA ckK-j (@ r ) 2rx = 1 (6)
r +o r (o]
(o] (o]
We know lim k-. (oar) = Thus
ar
r ->0 a o
o
a="! (7)

Substituting (7) into

T (8)

J
K (Ogr )
Substituting *jjCr0) = °,2£ ° into equation 3, we

obtain

os~
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00
K (a r2) da.
c J£ aj
£2 (ro] —— . (9)
"a 9
Making a change of wvariable z = ch{b" we obtain
00
= i K d
£2 (ro) Yirr. ° (Z)y z (10)
ar
a o
Restating equation 10
°,r.
t 1
NN\ a2 A =~
o~ V1N Ko (z)dz - K (z)dz cio’)
ox y

In HW-30323 we find the integrals y and K.
. o

jo
where 0*
7C = Ko (z)dz
u
0
X
f
K. KO (z) dz
jo
o
evaluated numerically. Thus we can express f£f2(r0) 1ln terms of

these quantities. That is.,

c Zirro o jo (11)

¢ 55
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